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~—Noi dung

On tap 1y thuyét dan hoi tuyén tinh
Cac dang pha huy
Cac truong cua mode 111

Cac truong cua mode I va Il

Bai tap



~ Ly thuyét dan hoi tuyén tinh

Cac phuong trinh co ban
Phuong trinh Cauchy
Yij :%(ui,j +uj,i)
Phuong trinh tuong thich bién dang
Phuong trinh can bang tinh hoc

Oii i +ij =0

Cac di€u kién bién luc va chuyén vi:

o;n; = ti*
Uj = Uj
Pinh luat Hooke
o = Ay, 0 +21y;

Tensor ing suat
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= Cac mode pha huy

o MO hinh hai chiéu

Vét nut 3D > Vét nurt 2D




~Cac mode pha huy

* Ba mode pha huy

Vét nut 3D Vét nat 2D

Mode-I (tension) Mode-ll (in-plane shear)  Mode-lll (anti-plane shear)



~Céc trudong cua mode 111

Truong chuyén vi

U=w(X,X,)e,

Trudng ing sut

O3, = HY 3, = HW (X11X2) w :%
(04 94 N4 a aa
el |

Phuong trinh can bang (dan hoi tuyén tinh)
Oupp =0 == 2y

Diéu kién bién:

biéu kién luc:

IUVW A= O-Bana w m\N,ana = t3 (Xl’ XZ)
Diéu kién chuyén vi:

Asymptotic field near
crack tip
W(X;, X, ) =W (%, X, ) Full stress field




~—Asymptotic Mode 111 Field

Phuong trinh can b%mg (toa dd cuc)
1 1

Viw=w, +=w, +—
: s r

Diéu kién bién: traction free

Woo = Sy

V\(H(F,Q:iﬂ):O
Giai (*) bang phuong phap tach bién
w(r,8)=R(r)T(6)

T (@) =AcosAf + BsinAf.
R(r) — T

Wﬁ(r,€=iﬂ')=0

VEét nirt cat ntra-vo han trong vat
thé vo han.

O,




——Asymptotic Mode Il Field

Phuong trinh can béng (toa dd cuc)

1 1
VszV\l,rr+FV\l,r+FV\l,0¢9:O (*)
T(0)=AcosAif + BsinAf.
R(r) — T

Ma A(—AsinAr + BcosAm) =0,

AMAsinAm + BecosAm) = 0.

W,(r,0=+7)=0 == R(NT'(£7)=0 ==

A=0,A==x1/2,4£3/2,...,
—
A=0,A==x1,%2,....
Chuyénvi ctacéthé: 1=0= A=A,,B=0
A==%1/2,£3/2,..., = A=0
L ==+£1,+£2, =B=0



~—Asymptotic Mode Il Field

Phuong trinh can béng (toa dd cuc)

] 1
ViWw=w, +=w, +=w, =0 (¥
e
V\(g(r,ﬁziﬂ):O
» Trwong chuyén vi
n=-+00
1.
w(r,0) = Z A,r" cosnf + B,r" I sin(n + 1/2)6.
n=—0Q
» Trwong trng suat
03, = '{L?‘j—w’ 039 = E‘;—lg, mmmm) Truwong ng sudt suy bién
r r

Loai bo cac liy thira 4m ctia trwdrng chuyén vi va chi git 4 s6 hang dau tién.

172 i & 3/2 i 0
w(r,0) = Ag + Bor sm§+A1rCOSQ+Bgr sm?-{—u-



~—Asymptotic Mode Il Field

Phuong trinh can béng (toa dd cuc)
1 1

Viw=w, +=w, +—
: s r

V\(g(r,ﬁziﬂ):O

Woo = Sy

» Trwong chuyén vi

w(r,0) = Ao + Bor SIHE—I—AU‘CDSQ—{—BZF sm?-{_...

» Trwong trng suat

o3 = Bou—r sin—+ Ajpucos@ + Byyu—r /“sin — +-- -,
3r oﬁz 5 1L 2,u2 2+
a;,ngguEr CDSE—A],{LSIHQ—I—BQ,[LEF cos?—l—-n.

Quy wée d6 1on ctia sy suy bién dinh vét niet = hé s6 tap trung (cworng d6) trng suat

K= lil%tfzte(h O)V2mr. = B)= \/Z@
rF—

T



——Asymptotic Mode Il Field

Phuong trinh can b%mg (toa dd cuc)
1 1

Viw=w, +=w, +—
: s r

V\(g(r,ﬁziﬂ):O

Woo = Sy

» Trwong chuyén vi

2 K 6 360
w(r,0) = Ao +,/ Z 212 6in 2 4+ Ayrcos@ + Bord/2sin = + - .-
TN 2 2

» Trwong trng suat

(03,,)_ K Siﬂ% +A1PL( cos® )+3Bgﬂr”2 sin%
03¢ V2rr cos% —sin® 2 cos% '




~Full field for Finite Crack in an Infinite Body

Cong thirc bién phirc P o,y =0
Ky hi¢u . 5o—r
T =0, = s
7/0( o 27/30{ T,
Ham l’lvng Suét Z @@@@@@@@@@@@
By T :
Piéu kién bién luc:
T, = X :
: ; ™Th = Ton] — T1hy + i(tyn + Tn))
Phuong trinh twong thich W :
- Vo1 n=n+in,
- Im{7(2)n(2)] = 1*(2)
Ham phtrc
h(z) = y+iuw X UW: thoa phwong trinh Cauchy-Riemann

va la ham diéu hoa nén h 1a ham gidi tich
— 0(2) = 7, +ipw,
< h(2)=7,+ir, =7 va Im[h(z)]= puw



~Full field for Finite Crack in an Infinite Body

Lot gia - 6, =0
Ky hi¢u v O3 =7,
Tl — 0 _0 -a a
rso o0 e
TZ o Too T,
Piéu kién bién: traction free ©ec e o000 e oo

Re[r]=7,=0,—a<x <a,x,=0

Lo1 gidi theo [2]
h(z) = A(z* —a*)"? Ham giai tich???

[2] J.W. Brown, R.V. Churchill,Complex Variables and Applications(McGraw-Hill, New York, 2004)



~Full field for Finite Crack in an Infinite Body

Loigiai h(z) = A(z® —a%)"?

Kiém tra di€u kién bién:

Az
.
(z°-a’%)
Ta co: :
. i e’ =cosp+ising
Z—a=rpe 2 2 _ i(01+62) :
s =) 2 a-=ryne 7 =re'?

Z+a=nme
Xet mat trén: x» =07, —a<x; <a, 6 =7x and 6, =0,
= 72 — a2 =rire! "t = —p1py = —a? +x12

FX e
(-hR)” (@ -x%)"

T {2) =
= Re[r]:O

Twong tw cho madt bén dwoi.

[2] J.W. Brown, R.V. Churchill,Complex Variables and Applications(McGraw-Hill, New York, 2004)



~Full field for Finite Crack in an Infinite Body

Loigiai h(z) = A(z® —a%)"?

Tom lai:
1 4 2 2\1/2
w==Im[h(z)] = Im—=(z* -a%)
7 7
: ; Tl
r=h{Z) =7, Fir — - )
Gan dinh vét nit: z > a
Lot ————— r=rz+i‘r1=Me_f'9”2=Im‘/_(cosﬁﬂ—zsmﬂﬂ)
\/(Z a)\/za z—a=re" V2 2ry

khir, >0
So sanh voi trwdrng trng suat tiém can???

Hé s6 tap trung Gmg suat:

T a
K= j/czi_\;‘ 2T = TooA/TTA.




< Bai toan bién dang phang
* Gia thiet:
u, =0
u, =u,(X,X,)
Luc chi tac dung trong mit phang x,, X,.

Chiéu x5 16n hon nhiéu so v61 2 chiéu con lai

» Cac phuong trinh co ban
1
Yap = E(ua,ﬁ =+ uﬁ,a)s

14+v
Yap = —f (Oup — VOyy8ap),

Uaﬁ,ﬁ — 05




F 3

ac truong ctia mode I va mode 11

Bai toan Gmg suat phang

Gia thit: h

O33 = 0 {— (d—)|

A B
u =u , X
2 - (X, %,) ‘ ‘ I(—;:){
Chiéu x, bé hon nhiéu so vé6i 2 chiéu con lai. !
Y
Céac phuong trinh co ban ¢ ¢ i ‘1’ ¢
V V
VB3 =gy =T Ve

14v Y,
Yap = Gaﬁ_1_|_v0w5aﬁ-



P

ac truong cua mode I va mode 11

Ham Gng suat

H¢ toa d6 Cartesian H¢ toa do cuc
ogg = D,pr,
o011 =P,2, 1 1
o — _CD., _I__@a ’
022 — qball ’ r ¥ d rz 00
o1 =—P,12. 1
ng =_(;®59)1F°

Phuong trinh ludng diéu hoa
Vi =0.
He¢ toa do cuc
Vi® =V? (VD)
1 1

Vio=0 +FCD‘ +r—2c1),99



~Asymptotic Mode | Field

Trudng (g suat ‘ ©
Traction free B /ﬁg )

+ 0
) O==xrx
(O =09 =0
K(D rr = O
- < Gi=4r
(%(D,e),r =0
Nghiém theo Williams [3] Mode I
P (r,0) = P2 [ATOSAD 1 B cos(h 4. 236]

+r* 2 FCsin A8 + Dsin(h + 254},

Mode 11
Mode |
= D, |r=(A+2)(h+ Dr*[Acosiz + Bcos(r+2)m] =0.

M. Williams, J. Appl. Mech.24, 109 (1957)



—As\ -

symptotic Mode | Field

Truong Gng suit ‘ ;

r
Mode | /ig
— . X

®(r,0) =r*"*[Acos 18 + B cos(L +2)0]

> D, Iz = (A +2)(A+ Dr*[Acos A + Bcos(r +2)7] =0.

= (A+2)(A+1)(A+ B)cosim =0.
= (h+ Dr*[—AAsinAmr — B(A +2)sin(A + 27)] =0.

> (1@36 )ﬂ"
r s

= sSinAz[A1+B(1+2)]=0

Chay: A>-1

cosaTt =0 = k=—l,l,§,... B=—-)XA/(A+2)
22 2

sinar =0 = A=0,1,2,..., B=—A.



—As\ -

symptotic Mode | Field

Trudng (g suat ‘ ©
Mode | /ﬁg )

®(r,0) =r*"*[Acos 18 + B cos(L +2)0]

Chon 3 s6 hang dau tién cua chuoi

6 1 36
D (r,0) = ,»3;’2,4_1/2 |:cos > + 3 COS ?:I -+ r2A0[1 — cos 20|

—
6 1 56
+ r5f2A1/2 |:cos 773 COS ?] + H.O.T.
3 R 1 36
Oy = ZA_Ugr_UZ _cos 3 + 3 cos ?] +2Ap[1 — cos 26|
= _

1 ) 56
+ ZAl,fzr]/Z 15 cos 5 3cos ?] + H.O.T.




—As\ -

symptotic Mode | Field

Trudng (g suat ‘ ©
Mode | /ﬁ% )

3 ) v, | 36
Oy = ZA_I/gr_UZ cos 5 + 3 cos 7] +2Ap[1 — cos 26|

1 i 0 50
—+ —Amr”z 15 cos 7~ 3cos ?] + H.O.T.

4

Hé s6 tap trung Gmg suat:

K= limoyglo=oV2nr = A_UQVQJI.

r—0
D(r,0) = — 2| cos — + — cos — | +2A 1 — cos26
(r,0) m!" [ 2-I-3 5 or”[ ]

o 1 0
-+ rsﬁAUg [cos 773 cos %] + H.O.T.



/

Trudng (g suat
Mode |

~Asymptotic Mode | Field

K;= liH}}D‘g,ﬁgm:{]V 2nr =A_1pV2m.
r—

K 0 1 0
d(r,0) = \/Tf_ryz [cos > + 3 cos 3?] + 2Agr2[1 — c0s 26|
T
[ 8 1 56
+ !’5’/214]/2 cos >~ g cos ?] + H.O.T.
- (— cos 32 + 5 cos
N K 1 cos + 3cos? | +4A4
0o | = —F/=—7 2 2 0
Oro 2mr 4 sin 4 + sin 32
k 2 2
56
3A1;2r1/2 3005 9 + cos %= 5%
5cos5 —cos=5 | + HO.T.

4

0 56
sin 3 sin =5

cos2
sin 6
—sinf cosd



—Asymptotic Mode | Field

Truong chuyén vi ‘ Lo
Loi giai Coker va Filon [5] /ﬁg X

z)ufur — _®5r +(1 - ﬁ)rwng ’

1
Qung = — =@, +(1 —D)r?w,, - _
r V=v plane strain
V=V

/ (1+v) plane stress

Vi =(rWyg).,,
Ta co:
D(r,0) = r*?[Acos A + B cos(A + 2)8],

W (r,0) =r"[a) cosmbO + ap sinm0].

VIO =(r¥s).r, A
I —— lp:rkTsinlg_

E.G. Coker, L.N.G. Filon, A Treatise on Photoelasticity (Cambridge University Press, Cambridge, 1931)



~Asymptotic Mode | Field

Truong chuyén vi ‘ Lo
Loi giai Coker va Filon [5] //Agx

@ (r,0) = r*2[Acos A0 + Bcos(h + 2)0],

W =r*—sinA6.
, A
Lay h¢ s6 dau tién:
0 | 39]

b =A_ 3/2| cos — 4+ — cos —
/2t [ 2 73973

7]
Y = SA_U‘ZI‘_]/Q sin E

Truong chuyén vi mode I:

U, 1+v) [r (%—4?)(:05%—%005%
uo | = K E ) 7 — 0 , 1. 30
6 T \—(5—4v)sin3 + 5sin =
Chuyén vi mé vét nat: u2(r, £m) = —ug(r, £
HyEn:iE 0. Vet nik s ( 4)K; :}( ) E' = E for plane stress
uz(r, £1) = —ug(r, £m) = £ —7, [ > E' = —£ for plane strain.

1—p2




~Asymptotic Mode 11 Field

H¢ s6 cuong do ing suat

KH = lim O'rg|g=0wf 2mr.
r—0

Trudng ng sut

Oy | _5sin 2 2 + 3sin 329
K
36
o | = — | —3sin% — 3sin
- 2mr 4 2 2
ré C{}b + 3 cos 2

Truong chuyén vi

(u,_) (1+u) / (——+4jsm2+2sm3§
Ug 4v)c052+ 005329




~ Phuong phap ham bién phirc

Xac dinh day du truong u’ng suat, chuyen
vi va hé so tap trung ung suat cua vét nit
hitu han (mode | va Il) trong tam vO han
chiu tai trong bat ky.

Céac phuong trinh:
Vie =0
» Lo gidi Hellan [6]
2¢ = Re[sz)(z) + lﬂ(z)] ¢  Ham giai tich theo z=x,+iX,

7 = 1 S _ /
Ungsuat ¢j; =Re qb — = (;b” — 51;;” ,  Chuyénvi 4pu; =Re[kp —z¢' — ¥'],
1 [ Apuy = lm[xqb +z¢" + w’],
! = I rr
022 = Re ‘?!" + Eng + 5‘!’ , k =3 — 4v for plane strain

| Kk = (3 —v)/(1+ v) for plane stress.
a12 = Elm[§¢)ff 1 1,!/‘”]-

K. Hellan,Introduction to Fracture Mechanics(McGraw-Hill, New York, 1984)
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~ Phuong phap ham bién phirc

Pé don gian trong viéc giai bai toan, ta sir dung 101 giai cua Westergaard [7]
Mode I: o,,(%,0)=0
=Sy =-10"=2y' =-12¢'"+¢p+C

o11=Re¢’ —x2Im¢”, 2uu = _ Re¢p — x2 Im¢’,
02 =Re¢’ + x,Img”, . K_l_ll ) -

ur» = mao — X c .
o012 = —x2Reo”. HU2 2 2Reg

Mode Il: &,,(x,0)=0
:>W”:_2¢V_Z¢”:>W!:_¢_Z¢I+C
—2Re¢’ — x2Im¢@”, K+ 1
o1l ¢ —x2Ilm¢ Duuy = Red — x,Imap’.
022 = x2 Im¢”,
Kk —1 ,

013 =—Im¢’ —x,Req”. 2pur = Im¢ —x2Req'.

H.M. Westergaard, J. Appl. Mech.61, A49 (1939)



~ Phuong phap ham bién phirc

Nghiém tong quét
Tai trong kéo t= p,(X)e, + p,(X,)e, - ® p: P
Loi giai Sedov [8] T,
Mode |
22
¢ = Hmf_apz(r) — dt.
Mode II
: Var —12
‘Iﬁ_ﬂm.f_am(I) p— dt.

L.I. Sedov,A Course in Continuum Mechanics, vol. 4 (Wolters-Noordhoff, Groningen, 1972)



~ Phuong phap ham bién phu

Vét ntiit mode | trong tAm vo han

(O A S S B (G N N N
X2 X3 Oco X2 ;
: ‘ X]é — |_}(F| + af P
Oco
A A R R
Oco Oco
- 1 “ az—rzd
P a0 T P
& — O oo fﬂ .x,::zZ_err 5 — Onc2 s
—) —ﬂ. —Zz_a2 » s —1t . m—) — Zz_az o0

—) )= OO0V 72 — a? — 0oz + const.

L.I. Sedov,A Course in Continuum Mechanics, vol. 4 (Wolters-Noordhoff, Groningen, 1972)



~ Phuong phap ham bién phu

Vét ntiit mode | trong tAm vo han
Lo1 gia1 Wastergaard
o1 = Re@’ — xr Im@”
02 =Red’ + xoImp” + 04
012 = —x2Re¢”

— 0o | Re[ —= ) =321 : <Y
O'll—O'oo_ c ZZ_az/ — X21m ZZ_QZ_(Zz—az)S/Z |

i z ) 1 2 |
—0’22:0’00 Re( +x21m( — > 232) s
& — 0002 - i 22 —a’*) 2—a? (Z—a?)P?)_

— -_— OC'
2 2 '
- —da

1 z°
012 = —0cX?2 Re(m — . ‘12)3;‘2)'



/ﬁu’ong phap ham bién phu

Vét ntiit mode | trong tAm vo han

Trén bé mit vét nit: z=x,

O~0X1 2
o11(x1,0) =Re — 0o, ) O|] = — O *= Compression

x? —a?

1

OooX] ;
022(x1,0) =Re ; mmssssm) 077 = (0 e= Traction free

x% —a?
o12(x1,0) =0.

Chu y: trén duong nut —a < x| <a.

OooX] —
» Re(-Zil) =0,

1{'1"1‘—1'1



e

/mcmg phap ham bién phu

< Vét nirt mode | trong tim vo han

8] 0'22

11

0<xij/a<2,0<x3/a<l1

..s_ls o -t ~N w
¥ 1 L Vi 1




= Phuong phap ham bién phtrc

Vét ntiit mode | trong tAm vo han
X&c dinh hé s6 K;:
Cho r=x—-a,Xx=r+a;r >0
Ol Osor/a
Jrv2a  2r
> H¢ s6 tap trung ng suat
K =lim, ,902(r,0)s/2mr
) K7 =054/ 7Td.

> Chuyén vi mo vét nut

022(r,0) =

Kk + 1
dp

uy (x1,0) — uy (x1,0) = 00



—_

~ Phuong phap ham bién phirc

Cac hé so cuong d6 ung suat cua vt nit chiu tai bat ki
Trang thai ing suat tai gan dinh vét nat: Z—>a,z+a~2a,z—-t~a-t

vat — 12
dt

Ham &ng sudt: ¢’ =

nmf P2t)— =

— f d
¢ = ?T\/Z—CI\/Q{I _apz(fh/ z.

Ungsudt: 020 =Reg¢’ + x» lm(f)” + 0o
Ung sudt phia trén dinh vét nitt: X1 >a

1
.0 t dr +
022(x1,0) = Y \/x] — _a pz( )1! Ooc-

> H¢ s6 tap trung ng suat

. 1 a
Ky =1lm,_0022(r,0)V2rrr == K;=—— [ ps(1)

I=X1—d JrTa J_g

a-—+t
+tdr.



~ Phuong phap ham bién phirc

Truong tiém can cua mode |
Trang thai ing suat tai gan dinh vét nat: Z—>a,z+a~2a,z—-t~a-t

e - | 1 1 a a-—+t
Ham Gng suat: ¢ = - NG pa(t) dt.
— aJ—a

Hé s6 tap trung Ging suat

a—+t
K t dt.
1= \/ﬁ _apz() p—
& — K; 1 & = Ki 1 _iop
 V2rz—a :—a=re’ V2 T ’
_) )
. K; 1 "o K 1 —3i0/2
¢ =- 3/2° ¢ =- 372 €
V27 2(z —a)?/ 22 3/
K; 1 K; 2
vy @ = , = —L2/z—a=K},/
Chuy Qb \/zﬂ: \/Z_a = (b m Z a ] ﬂ.\/;



= Phuong phap ham bién phtrc

Truong tiém can cua mode |
Trang thai ing suat tai gan dinh vét nat: Z—>a,z+a~2a,z—-t~a-t

Ung suat
02 =Red' + xoImp” + o

X2 = rsinf K; 1 o ) N S'nﬂl 1 . 36
—) 077 = S— —+r sinf ———=sin — |.
2T S\ Jr 2 27327 2
K 0 . 6 . 36
E—) 077 = cos —| 1 + sin — sin — |.
2mr 2 2 2
Tuong tu:
K; 0 .6 . 30
o] = cos —| 1 — sin — sin —
2y 2 2 2
K; 6 0 36
012 = COS — SIn — COS —.

2 2 2 2



/P/hu’O’ng phap ham bién phu

< Trudng tiém can cia mode |

* Chuyén vi:

Kk —1 ,
2”“1: Req’)—xglmqb,
Kk + 1 ,
2uuy = > Im¢p —x2Reg .
K; 2 :
= —2J7—a=Kj,| =re'?"?.
¢=—7=2V Vovr
& = K; 1
V2r Jz—a
K‘r r 7,
Uy = —./—cos —(k —cosf).
2\ 2 2
K; |r 8
Uy = — [ —sin —(k — cos@).

“2uV2r 2



