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1. Dang dai sb ctia s6 phtic

1. Dang lugng giac clia s6 phiic

DPinh nghia.
Ta ky hi¢u i 1a s6 thda man diéu kién 2 = —1. Khi d6 i ¢ R nén i
dugc goi la don vi do.

Tap s6 phaic duge ky hieu C va
C={a+bi|abeR).
Dang dai s6 cia s6 phitc 1a: z = a + bi, trong d6

e a : dudc goi la phan thuec clia s6 phiic z, ky hieu Re(z).

e b : dugc goi la phan do ctia s6 phiic z, ky hicu la Im(z).

Vi du. Cho z =3 — 2i. Khi d6 Re(z) =3 va Im(z) = —2. J
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1. Dang dai sb ctia s6 phtic

Phép toan trén sb phiic

Ta dinh nghia phép toan cong trir, nhan, chia trén C mot cach tu
nhién nhu trén R (cha y i? = —1.)
Ménh dé. Cho z = a +ib;2' = ¢+ id. Khi dé

e z=2 oa=cb=d;

e zt2 =(atc)+i(bLd);

e 22/ = (ac — bd) + i(ad + be);
(ac+ bd) + i(bc — ad)

c2 + d2 :

o Néuz';éOthii/:
z

Vi du.
1) (24 5i)% = 23 + 3.22.5i + 3.2.5%i2 + 5343
=8+ 60i — 150 — 125i = —142 — 65i.
) T+5i _ (T+5)(3+4i) 1+43i 1 L4,
3 — 44)(3 + 4i) 25 25 25

3 — 41
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1. Dang dai sb ctia s6 phtic

S6 phtc lien hop

Dinh nghia. Cho sb phiic z = a + ib. Ta goi s6 phaic lién hop ciia
z, ky hieu 1a z, 14 s6 phitc a — ib.

Dinh 1y. Vdi moi s6 phic z, z, ta c6
i) z=0<2=0;
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1. Dang dai sb ctia s6 phtic

Modun ctia s6 phtic

Nhan xét.
i) z=2 < Im(z) =0, nghia la z € R.

ii) —Z < Re(z) =0, nghia la z = ib,b € R. Trong truong hop

z =
z = ib ta noi z la sO thuan do.

Dinh nghia. Cho s6 phiic z = a + ib. Ta goi modun cla z, ky hieu la
|z|, 1a 86 thyc khong am |z| = va? + b2

v

Vidu. V6i z =3 — 44, ta c6

2| = /32 + (—4)2 = V25 = 5.
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1. Dang dai sb ctia s6 phtic

Vi du. Cho céc s6 phiic z = 3 — 4i; 2/ = —6 + 8. Hay tim modun cla
2,224+ 22— 25222/ 24 va 23,

Giai.
o |z| = /32 + (42 =5= |!] = 2" = 5! = 625;
2] = /(=62 +82 =10 = |2/73| = |2/|7% =103 = 0,001;

0 z+2 =-3+4i=|z+72|=+/(-32+42=5

0 z— 2 =9-12i = |z — 2| =1/9?+ (—12)? = 15;

o |z2/| = |z||7| = 5.10 = 50;
z |z 5 1

o |— — = — ==
21707 T 10 2
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2. Dang lugng giac ctia s6 phiic

2. Dang lugng giac ctia s6 phiic
Cho s6 phiic z = a + bi. Khi d6 ¢6 thé xem z nhu la diém M (a, b)

mit phing toa do Oxy va ta goi M 1a bicu dién hinh hoc ciia z.

Y

A

b M(a,b) & z=ai+b

»r

Goi ¢ 1a goc dinh huéng (Oxz, OM) va r 1a do dai doan OM. Khi d6

r=+va2+0b% a=rcosp, b=rsine.
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iac ctia s6 phic

Nhu vay z = a + bi = r(cos p + isinp).

Dang biéu s6 phiic theo r va ¢ dudc goi la dang lwong gidc cla z.
Trong dé
e 7 1a modun cta z, r = |z

e o dugc goi la doi s6 (hay argument) clia z, ky higu ¢ = arg(z).

Vi du.
e 1 =cos0+ isin0; i:cosg —Fisinz ;

2
1
. 1+i\/§:2(2—l—i\gg):Q(cosg—i—ising);

1 V3 2 2
. —1+i\/§:2(—2+i\2[):2<cos;—l—isin;);

° —1—i\/§:2(—§—i7):2 cos?—I—isin?
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2. Dang lugng giac ctia s6 phiic

Meénh dé. Cho cic s6 phiic z,2 # 0 dudi dang luong gidc

z=r(cosp+ising), 2 =1r'(cosy’ +ising’).

Khi do
o 22/ =rr'[cos(p 4 ¢) +isin(p + ¢')];
z ’r‘ . .
o = leos(p — ¢f) +isin(p — ¢f)].

Vi du. Viét cac s6 phitc sau dudi dang lugng giac:

1—1

21=(1-9)(V3—1i); 2= v
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2. Dang lugng giac ctia s6 phiic

Giai. Ta co

1—i = \/i(\/i—i\f)zﬁ[COS(—Z)vLisin(—Z)};

2
V3—i = 2(\? - i%) =2 {COS(—%) —i—isin(—%)} ,
Suy ra
2 o= (1-49)(V3—i)=2V2 [cos(—% — %) + isin(—% _ %)}

= 22 [cos<—5> ¥ zsm<—";g>}
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2. Dang lugng giac ctia s6 phiic

Cong thitc Moivre

Dinh 1y. [cong thiic Moivre] Cho s6 phic z # 0 dudi dang liong gidc:

2z =r(cosp +ising). Khi dé vdi moi s6 nguyén n ta cé

2" =r"(cosny + isinng).

(4)

Vi du. Tinh (1 —4)!945

Giai. Ta viét 1 — i dudi dang lugng giac

1—i=V2 fcos (—%) +isin (—%)} .

Theo cong thitc Moivre ta ¢6

(1= )9 = [V2 (cos (=T ) + isin (_g))]%
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2. Dang lugng giac ctia s6 phiic

10 = [ (D) i ()]
SN [COS (_ 194577) +isin (_ 194571')}

4 4
= 2972\/2 {cos (_Z> + ¢sin (——)]
= 29(1 1)
Vi du. Tinh cos3z theo cosx va sin 3z theo sin x. J
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Giai. Diat z = cosx + isinz. Theo cong thitc Moivre ta co

23 = cos 3x + i sin 3.
Mit khac
23 = (cosz +isinz)?

= cos®x + 3cos? z(isinz) + 3cosx(isinz)? + (isinz)?

= (cos®z — 3cosxsin® x) + i(3cos® zsinz — sin® z).
Suy ra

cos3z = cos®x —3coszsin?z =4cos®x — 3cosx;

sin3z = 3cos?zsinz —sin®z = 3sinz — 4sin® z.
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3. Can ciia s6 phic

3. Can clia s6 phiic

Dinh nghia. Cdan bac n > 0 ciia sd phitc u 1 s6 phitc z théa 2" = uJ

Dinh 1y. Moi s6 phitc u # 0 déu cé ding n can bic n dinh bdi

k2 k2
2 = \"/F(cosu—i-isinu), (1)
n

n

vdi k € 0,n — 1, trong do r = |z|, ¢ = arg(z).

Vi du. Tim cén bac 5 cta 1. J

Giai. Ta viét 1 dudi dang lugng giac

1 =cos0+2sin0.
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3. Can ctia s6 phic

1 =cos0+2sin0.

Theo cong thic (1), ta c6 cac can bac 5 cua 1 1a

k2 k2
zk:cos?ﬂ—kisin?wv61k:=0,1,2,3,4.
D6 1a céac so phrc
zo = 1;
B 27T+, . 27r_
2 = cos— t+isin—/
B 47r+, A
7 = cos— tisin—
cos67T+'s' 6
z3 = — +isin —;
3 5 57
87T+_ . 8w
z4 = c€oS8— +isin—.
! 5 5
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3. Can ctia s6 phic

Vi du. Tim cén bac 3 ciia 1 + 4.

Giai. Ta viét 1 + ¢ dudi dang lugng giac

1—|—i:\f2(cos£—|—isin%>.

Theo cong thiic (1), cac can bac 3 ctia 1+ 1a

E—i—l<:27r E-l—kQﬂ'

ZE = \6/5((30847 —i—isin%) véi k=0, 1, 2.

3
Vay 1+14 c6 3 can bac 3 la

20 = %(cos——i—zsm—)

12 12

9 9
21 = %(cos%—i—zsml—g)
6 170 . . 17«
29 V2 ( cos 1 + 7 sin 5
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3. Can ciia s6 phic

Can bac hai ctia s6 phiic

Dinh 1y. Cho s6 phitc uw = a +ib # 0. Khi dé u c6 2 can bac hai doi
nhau z = x + iy, trong do

5 a+va?+ b
r = —;
2 )

. a—+va®+b?
frg —f.

Hon nita, tich s6 xy luon luon cung dau véi b (néu b #0).

Vi du. Tim can bac hai ctia 6 phtic z = 3 + 4. J
2 = 4
Giai. Ta c6 a = 3,b=4. Suy ra y? = 1
zy > 0(vib=4>0).
Vay can bac hai cia z la z; = =2 —14; 20 =2 +4.
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3. Can ciia s6 phic

Phuong trinh bac hai

Dinh 1y. Phuong trinh bic hai az® + bz + ¢ =0 vdi a,b,c € C,a # 0,
luon luon cé cic nghiém dinh bdi

z_—bi\/Z

., trong dé A = b* — 4ac,
2a

vdi quy wdc VA la mot trong hai cin bac hai ciia s6 phic A.

Vi du. Giai phuong trinh phiic

222 + (20 + 1)z +8i + 11 =0.

Giai. Ta co

A =b*—dac= (2 +1)* — 4.2(8 + 11) = —91 — 60i.
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3. Can ctia s6 phic

Goi z = x + iy 1a mot can bac hai cia A = —91 — 604. Khi d6

oo TILEVITPE 602
- : — 9.

9 —91 — /912 + 602
Yy o= - 5 = 100.

ry < 0 (cung dau véi —60).

Vay z = £(3 — 104) 1a cac cdn bac hai cia A = —91 — 60i. Suy ra
nghiém phuong trinh da cho la

—b+ VA —(2i+1)+ (3—10i) Lo
20 2.2 RS

b o e 10
Y — VA _ —(2i+1)— (83-100) _ Y
2a 2.2

zZ1 =
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3. Can ctia s6 phic

Vi du. Giai phuong trinh phic

1442% + 1922 + 73 = 0.

Giai. Ta c6
A =b? — ac = 96% — 144.73 = —1296.

Vay VA = /=1296 = /(36)? = £36i. Suy ra nghiém phuong
trinh da cho 1a
W EVAN 96360 2 1

= =24
a 144 374

Vi du. Giéi phuong trinh

22-2z4+1=0.

Giai. Dat z = o + iy. Ta viét lai phuong trinh da cho dué6i dang
(2% — y? 4 2izy) — 2z —iy) +1=0
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3. Can ctia s6 phic

(2% — % 4 2izy) — 2z —iy) +1=0

hay
(2? —y? =20+ 1)+ 2i(z+ 1)y =0
— 2 —y?—22+1=0; (1)
(x+1y=0. (2
N r = -1
Tu’(2):>[y _ 0

e x=—1, (1) tréd thanh 4 — y?> = 0 & y = +2.
e y=0,(1)trdthanh 22 - 22 +1 =0z = 1.
Vay phuong trinh da c6 3 nghiém la

z21=—142t; 20=-1-—24; 2z3=1.
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4. Dinh 1y cd ban ctia Dai s6

4. Dinh 1y co ban ctia Dai s6

Bo6 dé. Cho f(z) € R[z] la mot da thite bat ky vdi cac hé sé thuc. Gid
st a € C la mot nghiém nao do cia f(x). Khi dé @ ctung la nghiém cia

().

v

Dinh ly. [Dinh lyj cin bin ciia Dai o]
Moi da thitc bac lon hon hay bing 1 vdi hé s6 phic déu cé nghiém phic.

Dinh 1y.
Néu f(z) € R[z] va bac cia f(z) lon hon hay bing 1 thi f(x) c6 thé
phan tich thanh tich cdc da thic trong Rlx] cé bac toi da la 2.

Vi du. Giai phuong trinh 24 + 423 + 1122 + 142 + 10 = 0. Biét phuong
trinh nay ¢6 1 nghiém la z; = —1 4 1.

v
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4. Dinh 1y cd ban ctia Dai s6

Giai. Nhan xét z; = —1 44 la nghiém ciia phuong trinh thi
z9 = —1 — ¢ cing la nghiém ctia phuong trinh.

Ta co
(z—21)(z—22) =(2z4+1—-49)(z2+1+4+1)
=22 42242

Chia da thtc ta duge

A4 41127 + 142 + 10 = (22 + 22+ 2) (22 +22+5).

Phuong trinh z? 4 2z + 5 = 0 c¢6 hai nghiem 1a —1 4 2i.
Vay phuong trinh ban dau c6 4 nghiem la

—1+i; —1—d; —1-2; —1+2i.
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4. Dinh 1y cd ban ctia Dai s6
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4. Dinh 1y cd ban ctia Dai s6

No6i dung

Chuong 1. MA TRAN VA HE PHUONG
TRINH TUYEN TINH

1.

Ll

Ma tran

Cac phép bién do6i s cip trén dong
Hé phuong trinh tuyén tinh

Ma tran kha nghich

Phuong trinh ma tran

Lé Van Luyén (DHKHTN HCM) Ma tran va He PT tuyén tinh 06/04/2010

26 / 254



1. Ma tran
1.1 Dinh nghia va ky hiéu
1.2 Ma tran vuong

1.3 Cac phép toan trén ma tran
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1.1. Dinh nghia va ky hiéu

Dinh nghia. Mot ma tran cip m x n trén R 14 mot bang chit nhat
gom m dong, n cot véi mn hé sé trong R c6 dang

ail a2 ... Gip

a a a
A= 21 22 2n

Gml Om2 Amn,

Viét tat: A = (aij)mxn hay A = (aj;), trong d6 a;; € R.
a;j hay Aj; la phan tit & vi tri dong i cot j cia A

M, %n(R) 12 tap hop tat cd nhitng ma tran cap m x n trén R.
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1.1. Dinh nghia va ky hiéu
Vi du.

1 2 3 L2
A= S ngg(R); B = 01 S ngg(R).
01 2 9 3

> Ma tran c6 cac phan tit bang 0 dugce goi 1a ma tran khong, ky hieu
Omxn ( hay 0)

Vi du.
00 0 O
O3x4=1 0 0 0 O
00 0 O
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1.2. Ma tran vuong

Dinh nghia. Néu A € M, «,(R) (s6 dong bang s6 cot) thi A duge goi
la ma tran vudng.

ail  ai2 Aln

a a a
A= 21 22 2n

anl an2 Ann

M, (R): Tap hgp tat ci cAc ma tran vuong cap n trén R.

Vi du.
-1 3 2 0 00
A= 2 -1 1 )eMR); 03=[( 0 0 0
5 23 0 00

v
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1.2. Ma tran vuong

Dinh nghia. Néu A = (a;;) € Myxn(R) thi duong chia cac phan ti
11,99, - . - , py dugc goi 1a dudng chéo chinh hay duwong chéo cta

A.
ai; a2 ... Glp
A= a1 a2 a2n
anl Qan2 Unn
Vi du.
1 3 5
A= -2 -3 3
2 -2 1
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e Néu cac phan tit nam dudi duong chéo ctia A déu bang 0 (nghia la
a;j = 0,Vi > j) thi A dugc goi 1a ma tran tam gidc trén.

e Néu cac phan ti nam trén dudng chéo ctia A déu bang 0 (nghia la
a;j = 0,Vi < j) thi A dugc goi 1a ma tran tam gidc dudi.

e Néu moi phan tit nam ngoai dudng chéo bang 0 thi A (nghia 1a

a;j = 0,Vi # j) dugc goi la ma tran duong chéo, ky hiéu

diag(aj,a9,...,an).

1 5
Vidau. A=|0 -3 3|, B=| 2 0 0
0 1

\
[\
\
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Ma tran don vi

Ma tran vuong cap n cé cac phan ti trén dudng chéo bang 1, cac

phan tit nam ngoai dudng chéo bang 0 dugc goi 1a ma tran don vi
cap n, ky hieu I, (hozc I.)

Vi du.

S
|
VRS
S =
)
N
&
|
S O =
S = O
= o O

Nhan xét. Ma tran A la ma tran duong chéo khi va chi khi vita la ma
tran tam gidc via la ma tran tam gidc dudi.

v
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1.3. Cac phép toan trén ma tran
a) So sanh hai ma tran

Cho A, B € My, xy. Khi d6, néu a;; = b;j, Vi, j thi A va B dugce goi
13 hai ma tran bang nhau, ky hiéu A = B.

. . 2 r+1 1 . 3y —4 1
Vi du. T1mx,y,zde<2$_1 z>_<y—1 2z+2>' J
Giai. Ta c6
r+1 = 3y—4; r = 1
20-1 = y-1L &y = 2
z = 2z+42. z = =2
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1.3. Cac phép toan trén ma tran

b) Chuyén vi ma tran
Cho A € My,xn(R). Ta goi ma tran chuyén vi cia A, ky higu
AT, 1a ma tran cip n x m, c6 dugc tit A bing cach xép cac dong ciia A
thanh cac cot tuong ng, nghia la

ail @12 ... QAln ai;p a1 ... Qamil
A= asy a9 N 0 2 e) thi AT: a1g a2 ... Qam2
aml Am2 Amn A1n A2n Gmn
Vi du.
Lot s oo
A=|6 -8 01 |=AT=
0 4 -3 6 o3
5 1 6
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IE———.y ok Sl

e Néu AT = A thi ta néi A 1a ma tran doi xing.

e Néu AT = — A thi néi A 1a ma tran phdn xing.
1 2 =2
Vi du. A= 2 4 5 | la ma tran déi xing.
-2 5 6
0 -2 1
B = 2 0 -3 | la ma tréan phan xing.
-1 3 0

Tinh chat. Cho A, B € My,xn(R). Khi dé:
D) (AT)T = 4;
ii) AT=BT & A=B.
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¢) Nhan mot so v6i ma tran

Cho ma tran A € My, xn(R), @ € R. Ta dinh nghia oA 13 ma tran
c6 tit A bang cach nhan tat ca cac hé s6 ctia A vé6i «, nghia 1a

(OéA)ij = ()éAij,Vi,j.

Ma tran (—1)A duge ky kieu la —A dugc goi 1a ma tran doi cla
A.

. P (3 4 1 .
Vi du. NeuA(0 1 _3>th1

6 8 2
2= (05 &)

-3 —4 -1
_A_< 0 —1 3>'

Lé Van Luyén (DHKHTN HCM) Ma tran va Hé PT tuyén tinh 06/04/2010 37 / 254



Tinh chat. Cho A la ma tran va a, § € R, ta ¢é
i) (aB)A = a(4A);
i) (d)T =aAT;

iii) 0.A=0va 1.4 = A.
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d) Tong hai ma tran

Cho A, B € My,xn(R). Khi d6 tong ciia A va B, ky hieu A + B la
ma tran dudgc xac dinh bdi:
(A+ B)ij = Aij + Bij.
Nhu vay, dé tinh A + B thi:
e A va B ciing cap;
e Cac vi tri tuong tng cong lai.

Ky hieu A —B:= A+ (—B) va goi la hiéu cia A va B.

Vi du.
23 0 + 10 -4\ (3 3 —4
1 2 -3 78 -3) \ 8 10 -6 )
23 0) (10 —4Y_( 1 34
1 2 -3 78 -3) \ -6 -6 0)/°
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IE———.y ok Sl

Tinh chat. Vdi A, B,C € Myxn(R) vi o, 8 € R, ta co
i) A+ B= B+ A (tinh giao hoan);

ii) (A+B)+C =A+ (B+C) (tinh két hop);
D) Opxcn + A=A+ O = A;

) A+ (=4) = (—A) + A = Omxn;

v) (A+B)T=AT +BT;
i)
i)
i)

iii

iv

vi) a(A+ B) = aA+ aB;
vii

(a+ B)A = A+ [A;
(—a)A=a(-A) = —(ad).

viii
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e) Tich hai ma tran
Cho hai ma tran A € Mp,xn(R), B € My xp(R). Khi d6, tich cha A
v6i B (ky hieu AB) la ma tran thudc Mp,x,(R) duge xac dinh béi:

(AB)ij = AinB1j + AieBaj + ... + Ain By

Nhu vay, dé tinh AB thi:
e Sb cot clia A bang s6 dong ctia B;
e Phan tit thit 4, j cia AB bang dong i ctia A nhan cot j cia B.
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1 3
Vi du. VGiA:(l 2 _1),3: 2 1 ,C:(2 _1),
- 31 2 1 0
3 -1
ta co:
1 3
1 2 -1 2 6
w-(31 (2 1)-(20)
31 2 X 1) 11 8
1 3 10 5 5
BA:21<:15?_;>: 55 0 |;
3 -1 05 —5
1 3 5 —1
BC=|2 1 (i_é): 5 =2 |;
3 —1 5 -3
nhung AC va C'B khong xac dinh.
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Tinh chéat. Vdi A € Myxn(R), B, By, By € Myyp(R), C € Myyy(R),
D1, Dy € Mgun(R), ta co

i) IyA = A va Al, = A. Dac biét, véi A € M,(R), ta cé

I,A = Al, = A.

ii) OpxmA = Opxn V04 AOpyxg = Opmxq. Ddc biét, vdi A € My(R), ta co
OnxnA = AOnxn = Opnxn.

iii) (AB)T =BTAT,

iv) (AB)C = A(BC).

v) A(B1+ B2) = AB1 + ABs

(D1 4+ D9)A = D1 A+ Dy A.
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f) Lay thita ma tran
Cho A € M, (R). Ta goi liay thia bac k cia A 1a mot ma tran
thuoc M, (R), ky hieu A¥, duge xac dinh nhu sau:
AV =1, A = A; A% = AA; .. AR = AR A,
Nhu vay A* =A... A.
——

k lan
Vi du. ChoA:<(1) ?).TinhAQ,A?’, tit d6 suy ra 4200, J
Giai.
1 3 1 3 1 6
2 _ _ _
wear=(o 7)o 7)=(a ")

wera=(5 1) (0 1) =0 1)
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1 200><3>

200 _
Suy ra A —(0 1

Vidu. Cho A= ( é 1 ) Tinh A0,
1 1 1

Vidu. ChoA=| 0 1 1 |.Tinh A" v6in > 1.
0 01

Tinh chat. Cho A € M, (R) va k,l € N. Khi do:
i) I* =1,
i) AR = Ak AL
iii) AM = (Ak)!
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g) Da thic ma tran Cho A € M,(R) va

f(x) = apz™ + 1™V 4 arx+ ag
14 mot da thic bac m trén R (o; € R). Khi d6 ta dinh nghia
f(A) = 0 A™ + a1 A" 4+ A+ ol
va ta goi f(A) 1a da thic theo ma tran A.

Vidu. Cho A= < _f _i’ > va f(z) = 32% — 22 + 2. Tinh f(A). J

7 -9

ens A2
Gidi. Ta co A° = ( _3 4

), f(A) =3A2 —2A +2I,.

Suy ra
7 -9 2 3 10 27 —33
f(A):?’(—a 4>_2< 1—1)”(0 1):(—11 16)
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2. Céac phép bién ddi sd cap trén dong

2. Cac phép bién doi so cap trén dong

2.1 Céc phép bién doi so cap trén dong
2.2 Ma tran bac thang

2.3 Hang ctia ma tran
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2. Cac phép bién ddéi so cap trén dong

2.1 Cac phép bién doi so cap trén dong

Dinh nghia. Cho A € M,,x,(R). Ta goi phép bién déi so cap trén
dong, viét tat 1a phép BDSCTD trén A, la mot trong ba loai bién
déi sau:
Loat 1. Hoan vi hai dong 7 va j (i # 7).
Ky hiéu : d; < dj
Loai 2. Nhan dong ¢ cho mot s6 « # 0.
Ky hiéu: d; := ad;
Loai 3. Cong vao mot dong i véi 8 lan dong j (5 # ).
Ky hiéu: d; := d; + Ad;
V6i ¢ 13 mot phép bién doi so cap, ky hieu ¢(A) chi ma tran cé tir A
qua .

Vi du. 1 _9 o _4 |-
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2. Cac phép bién ddéi so cap trén dong

Vi du.

dieds, L3 6 -1 -3

do:=2do
—_—

—_
|
[\]
w
[N

di:=d1+2d3
—_

— O
—
[\
|
[\
|
(=)
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2. Cac phép bién ddéi so cap trén dong

Twong duong dong

Nhan xét.

1) AZTY, 4o p BT g,

e di:=Ld;
9) A d=edi qr o g BTN 4,

d;—pBd;

d;:=d;+0d; d;:=
—ﬁj> A=A — 0 A,

3) A

Dinh nghia. Cho A, B € My,xn(R). Ta néi A tuong duong dong
véi B, ky hieu A ~ B, néu B c6 dudc tit A qua hitu han phép bién doi
sd cap trén dong nao d6. Vay,

A ~ B < Ton tai cac phép BDSCTD ¢4, ..., ¢ sao cho

AZS A2 P AL = B.

v
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2. Cac phép bién ddéi so cap trén dong

Nhan xét. Quan hé tuong duong dong la mot quan hé tuong duong
trén My, xn(R), nghia la VA, B,C € My,xn(R), ta cé:

i) A~ A (tinh phin za).
ii) A~ B = B~ A (tinh dbi zing).
iii) A~ Bwva B~C= A~ C (tinh bic cau).

1 2 -2 3 2 3 -2 1
Vidu. A=|12 51 |~|58 13 ]|=8B.
2 3 -2 1 3 6 -6 9

Vi B ¢6 dudge tit A qua lan lugt cac phép BDSCTD sau: dy « ds,
do := do + 2d1, d3 := 3d3s.

v

Hoi. Lam cach nao kiém tra hai ma tran tuong duong dong véi nhau?J
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2

2. Cac phép bién déi so cap trén dong

2.2 Ma tran bac thang

Dinh nghia. Cho A € M,;,«»(R). Phan tit khac khong dau tien ctia
mot dong ké tit bén trai duge goi 1a phan i co sd cia dong dé.

0o -1 21
Vi du. Cho ma tran | 3 1 —2 3 |.Khidoé:
0 0 00

Dong 1 ¢6 phan t1t co sé 134 —1, dong 2 ¢6 phan t1 co s 1 3, dong 3
khong c6 phan tit co sé.

v

Dinh nghia. Mot ma tran dudc goi 1a ma tran bac thang néu nod
thoa 2 tinh chat sau:

e Dong khong c¢6 phan tit co s6 (néu ton tai) thi ndm dudi cung;

e Phan t1t co s6 clia dong duéi ndm bén phai so véi phan tit co s6
ctia dong trén.

)
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2. Céac phép bién ddi sd cap trén dong

Nhu vay ma tran bac thang sé c6 dang

0O ... 0 L’lkl e e Ay oeee e A1k, -.. Qln
0O ... 0 0 0 A2y +vr eee A2k, ... Q2n

O ...0 0 ... O 0 ... 0 lapg, .- Grn

0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0
1 2 5 4 2 2 3 21
p 100317 1 00 4 2
Vidw A=150014]" B=lo1 03
000 0O 0 00O
A la tran bac thang, B khong la ma tran bac thang.

v
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2. Cac phép bién ddéi so cap trén dong

ma tran bac thang rat ngon

Dinh nghia. Ma tran A dugc goi 1a ma tran bac thang rut ngon
néu théa cac diéu kién sau:

e A la ma tran bac thang.
e Cac phan tit co sé déu bang 1.

e Trén cic cot c6 chita phan ti co s6, tat ca cac hé sd khac déu

bang 0.
1000 4 13027
) o100 -7 lo1000
Vidw C=1 g 11 o P=1 00100
0000 O 0000 0

C la ma tran bac thang rat gon.

D khong 1a ma tran bac thang rat gon.
v
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2. Cac phép bién ddéi so cap trén dong

2.3 Hang ctia ma tran
Dang bac thang

Dinh nghia. Néu A tuong duong dong véi mot ma tran bac thang B
thi B dugc goi 1a mot dang bac thang cia A.

Vi du. Cho
1 2 3 -2 1 2 3 -2
A=| -2 -5 1 -4 |, B=|0 -1 7 -8
3 6 9 —6 0 00 O

Khi d6 B la mot dang bac thang cia A vi B ¢6 duge tir A thong
qua cac phép bién doi: dy := dy + 2d4, d3 = d3 — 3d;.

Hoi. Dang bac thang ctia mot ma tran c6 duy nhat khong? J
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2. Cac phép bién ddéi so cap trén dong

Hang ctia ma tran

Nhan xét. Mot ma tran A thi cé nhiéu dang bac thang, tuy nhién cdc
dang bac thang cia A déu cé chung s6 dong khdc 0. Ta goi s6 dong
khdc 0 cia mot dang bac thang cia A la hang cia A, ky hiéu r(A).

Meénh d&. Cho A, B € My,n(R). Khi dé:

)

i) r(A)=0< A =0;
) 7
)
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2. Cac phép bién dé

Dinh nghia. Néu A tuong duong dong v6i mot ma tran bac thang rit
gon B thi B dudgc goi 1a dang bac thang rit gon cia A.

v

Nhan xét. Dang bac thang rit gon ctia mot ma tran A la duy nhat va
ki hiéu Ra.

v

1 2 3 =2
Vidu. ChoA=| -2 -5 1 —4 |.Khidé
3 6 9 —6
1 0 17 -—-18
Ra=| 01 -7 8
0 0 O 0

R, c6 duge tit A thong qua cac phép bién doi: dy := do + 2d4,
d3 = d3 — 3dy,ds := —1do,dy := dy — 2ds.

v
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2. Céac phép bién ddi sd cap trén dong

Thuat toan Gauss
Tim mot dang bac thang cia A = (a)ij € Mpmxn(R)

Buéc 1: i :=1,7 :=1.
Buéc 2: Néu i > m hodc j > n thi két thuc.

Budc 3: Néu a;; = 0 thi sang Budc 4. Néu a;; # 0 thi thyc hién cac
phép BDSCTD sau:
Qi

dy :=dj — —2d; v6i k> 1.
Qi

Sau d6i: =i+ 1,5 :=j+ 1 va quay vé Budc 2.

Buéc 4: Néu ag; = 0 v6i moi k > i thi j := j + 1 va quay vé Budc 2.
Néu ay; # 0 v6i mot k > ¢ ndo d6 thi chon mot k& nhu vay va thuc hien
phép BDSCTD: d; « dj, va quay vé Budc 3.
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2. Céac phép bién ddi sd cap trén dong

Vi du. Tim mdt ma tréan dang bac thang R ctia ma tran

7T 1 3 0
7T -1 -2 =2
4 2 7 0
42 3 13 -3

DN ==

Tu d6 xac dinh hang cta A.

Giai.

dyidy—dy r7 1 3 0
4 da=ds—2d 00 -2 -5 -2

_—
dar=ds—6d; 0 0 0 1 0
00 -3 -5 -3
17 1 3 0
da=da—3dy 00 -2 -5 -2
00 o 1 o0
00 0 3 0
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2. Céac phép bién ddi sd cap trén dong

dyr=ds—3dy

dy=ds—32dg

Ta c6 A ~ R va R c6 dang bac thang v6i 3 dong khac 0 nén A ¢6

hang la r(A) = 3.

Luu y. Trong qué trinh dua ma tran vé dang bac thang, ta c6 thé
diing cac phép BDSCTD phit hop dé tranh viéc tinh toan céc so 18.

SO O = OO O -

OO O N OO0 o

1
-2
0
0

1
-2
0
0

3
-5
1
5

2
3
-5
1
0

0
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2. Cac phép bién ddéi so cap trén dong

Vi du.
Tim hang clia ma tran sau:
1 2 3 3
A=12 4 6 9
2 6 76
23 1 4
B = 34 2 9
-2 0 -1 -3
11 -1 21
23 -1 45
¢= 32 -3 7 4
-11 2 -3 1
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Vi du. Tim tit ci gid tri m dé r(A4) = 3 v6i

A=

W N =

1
4
m

O W
— =N

m +

Vi du. Tim tit ci gid tri m dé r(B) = 2 vdi

1 m m
B = m 1 m
m m 1
v
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2. Cac phép bién ddéi so cap trén dong

Thuat toan Gauss-Jordan
Tim mot dang bac thang riat gon cia A = (a)ij € Mmxn(R)

Chi khac Thuat toan Gauss § Bude 3, ta can thie hién cac phép bién
déi sau:

dy = dy— 24, voik #£i;
j
1
aij

Vi du. Tim ma tran dang bac thang riat gon ctia ma tran

7T 1 3 0
7

v
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2. Céac phép bién ddi sd cap trén dong

Giai.

—_

7 1 3 0 daimdy—ds
7 _1 _2 _2 d3::d372d1
B
14 2 7 0 d4q:=ds—6d;
42 3 13 -3

|
N

0

DN ==
|
w

d1:=d1+%d2

dyr=ds—3dy

_—
dy:=—1d,

dy:=dy— 3 ds

dar=da—2ds
_—
da:=da—5d3

OO O+ OO O, OO O
O OO OO N OO0 o

SO RO OO O

Ta thay R4 la ma tran dang bac thang rat gon ciia A.
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2. Cac phép bién dé

3 cap trén dong

Tim dang ma tran bac thang rat gon ctia cac ma tran sau:

Vi du.
4
a) [ O
0
1
b) [ 2
3
1
1
c) 5
1
1
2
d) 1
-2

3 2 2
2 1 1 |;
0 3 3
2 3 6
3 1 6 |;
1 2 6
-1 5 -1
1 -2 3
-1 8 1|
3 -9 7
3 -2 -1
5 =2 1
1 6 13
-6 8 10

v
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3. Hé phuong trinh tuyén tinh

3. Hé phuong trinh tuyén tinh

3.1 Dinh nghia
3.2 Nghiém hé ctia phuong trinh tuyén tinh
3.3 Giai hé phuong trinh tuyén tinh

3.4 Dinh ly Kronecker - Capelli
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3. Hé phuong trinh tuyén tinh

3.1 Dinh nghia hé phuong trinh tuyén tinh
M6 dau

207 — 239y 4+ x3 — x4 + x5 = L

1 + 2xy — x3 + x4 — 225 = 1
4r1 — 10z 4+ bxy — dry + Tz = 1;
20y — 1l4x9 4+ Txz — Txy + 1las = -—1.
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3. Hé phuong trinh tuyén tinh

3.1 Dinh nghia hé phuong trinh tuyén tinh

Dinh nghia. Mot hé phwong trinh tuyén tinh trén R gdm m
phuong trinh, n an s6 1a mot hé ¢6 dang

anry + appxre +---+  apr, = by
axnxry + axry +---+  agr, = by (%)
Am1T1 + amaT2 + -+ QmpTn = bm:

trong do
e a;; € R: céc he sb;
e b; € R: cac hé sb tir do;

e I1,%2,...,%,: Cac an s6 nhan gia tri trong R.
Néu (*) c6 cac he s6 tu do =0 thi ta noi (*) 1a hé phuong trinh
thuan nhat trén R. )
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3. Hé phuong trinh tuyén tinh

Dat
ailr a2 a1n 1 by
a1 G2 aonp x2 b
A= L X = . B=
Aml Am?2 Amn Tn bm

Ta goi A 1a ma tran hé s6, X 1a cot cac an, B 1a cot cac he so tu do
ctia he (x). Khi d6 he (x) duge viét dudi dang AX = B.

Dit
allr a2 ... aip | b1
~ a a e.oa b
A _ (A’B) _ 21 22 2n 2
Aml Am2 Qmn ‘ bm
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3. Hé phuong trinh tuyén tinh

3.2 Nghiém hé phuong trinh tuyén tinh

Dinh nghia. Ta néi u = (a1, ag,...,a,) la nghiém cia hé phuong
trinh (%) néu ta thay thé z1 := a1, 22 1= ag, ... 1, := ay, thi tat ci cac
phuong trinh trong (x) déu thoa.

DPinh nghia. Hai hé phuong trinh dugc goi 1a twong duong nhau
néu ching c6 cling tap nghiem.

Nhan xét. Khi gidi mot hé phuong trinh tuyén tinh, cic phép bién
doi sau day cho ta cdc hé tuong duong:

e Hodn doi hai phuong trinh cho nhau.
e Nhan hai vé ciia mot phuong trinh cho mot s6 khdc 0.

o (Cong vao mot phuong trinh maot boi cia phuong trinh khdc.

v
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3. Hé phuong trinh tuyén tinh

Dinh 1y. Néu hai hé phuong trinh tuyén tinh cé ma tran md rong
tuong duong dong vdi nhau thi hai hé phuong trinh do tuong duong

nhau.

Vi du. Giéi phuong trinh

r — y — 2z = =3
20 — y + 2z = 1 (1)
r + y + z = 4.
] 1 -1 —2|-3 - 1 -1 —2]-3
Giagi. A= 2 —1 1| 1 | ®=EE2A g 1 5| 7
1 1 1| 4 ) %4 0 2 3| 7
3 1 0 3| 4 P 1 001
=didds g 5 7 | 2222001 02
damd=2d \ g o0 —7| -7 ) @ZR7EE \o o 1)1
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3. Hé phuong trinh tuyén tinh

z + 0y + 0z = 1;
(1) < 0Oz + y + 0z = 2
Oz + Oy + =z =1
x = 1
& y = 2
z = 1.

Vi du. Giai hé phuong trinh

r + y — 2z = 4
2r + 3y + 3z = 3 (2)
5r + Ty + 4z = 10.
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3. Hé phuong trinh tuyén tinh

Giai. Ma tran héa hé phuong trinh tuyén tinh, ta cé

. 11 —-2| 4
A=\ 2 3 3| 3
5 7 4110
11 =2 10 =9 9
A d2:=d2—2d1 0 1 7 . d1:=d1—d2 0 1 7 _5
da=ds=dh \ g 9 14|-10 ) BB N0 0 0] 0
Nhu vay,
T - 92 = 9
(2)®{ y + Tz = =5
Nhu vay nghiém cta (2) la
z = 9+ 9%
y = —5-Tt
z = t.
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3. Hé phuong trinh tuyén tinh

Vi du. Giai hé phuong trinh

r + y — 2z = 4
2r + 3y + 3z = 3; (3)
5 + Ty + 4z = 5.

Giai. Ma tran hoéa hé phuong trinh tuyén tinh, ta cé

11 —2]4
A= 2 3 3|3
5 7 4|5
11 —2| 4 10 9] 9
j =2 g 7| 5 | de=hh g 1 7] 5
da=ds=sdi \ (9 qq|_15 ) =BT\ o o o] _5

Hé (3) vo nghiém vi Oz + Oy + 0z = —5.
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3. Hé phuong trinh tuyén tinh

Nhan xét. Hé phuong trinh tuyén tinh thuan nhat

annr1 + appzre +---+  apzr, = 0;
axnxy + axry +---+  agr, = 0;
Am1T1 + amar2 +- A+ ampT, = 0,

luon ¢6 mot nghiem u = (0,0,...,0). Nghiém nay duoc goi la nghiém
tam thuong.

Dinh 1y. S6 nghiém cia phuong trinh tuyén tinh chi cé 3 truong hop
sau:

o Vo nghiém;
e Duy nhat mot nghiém;

o Vo s6 nghiem.
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3. Hé phuong trinh tuyén tinh

3.3 Giai he phuong trinh tuyén tinh

Cé6 2 phuong phap
e Gauss

e Gauss - Jordan

Phuong phap Gauss
Bude 1. Lap ma tran mé rong A = (A|B).
Budc 2. Dua ma tran A vé dang bac thang R.

Bué6c 3. Tiy theo truong hop dang bac thang R ma ta két luan
nghiém nhu sau:

- Truong hop 1. Xuat hién mot dong
(0000...00] #0).

Két luan hé phuong trinh vo nghiém.
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3. Hé phuong trinh tuyén tinh

- Truong hop 2. Ma tran R ¢6 dang

C11  C12 Cln | 01
0 co29 Con | 2
0 0 Cnn | O
0 0 0 0
0 0 00

Khi d6 hé phuong trinh c¢6 nghiém duy nhat. Viéc tinh nghiém
dugce thuce hién tu dudi lén trén.
- Truong hop 3. Khac 2 truong hgp trén. Khi d6 hé c6 vo s6
nghiém, va:
e An tuong tng véi cac cot khong c6 phan tit co s6 sé 1a an ti
do (lay gia tri tuy ¥).
e An tuong ting véi cot ¢6 phan tit co s6 sé duge tinh ti dudi
lén trén va theo céac an tu do.
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3. Hé phuong trinh tuyén tinh

Vi du. Giai hé phuong trinh sau:
1 + 220 + 33 + 4dxy = T
Ty + 211 + 223 + 34 = 6
3r1 + 2x9 + 2x4 + xr3 = 7,
dr; 4+ 3z2 + 223 + x4 = 18,
Giai. Ta c6
1 2 3 4 7
~ 2 1 2 3 6
A=(A]B) = 3 21 2 7
4 3 2 1| 18
i 24 1 2 3 4 7
dai—ds—3d, 0 -3 —4 5| -8
dya:=ds—4dq 0 —4 -8 —10 —-14
0 -5 —-10 —-15| —10
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3. Hé phuong trinh tuyén tinh

iy —2ds 1 2 3 4 7
d3:=d3—3d; 0 -3 -4 -5 -8
dy:=ds—A4d; 0O -4 -8 -—-10| —14
0 -5 —10 —-15| —10
1 3 4 7
dy:=da—ds 0 1 4 5 6
0 -4 -8 —-10| —14
0 -5 —10 —-15| —10
1 2 3 4 7
ds:=d3+4ds 01 4 5 6
dy:=ds+5ds 0 0 8 10| 10
0 0 10 10| 20
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3. Hé phuong trinh tuyén tinh

1 2 3 4 7 1 2 3 4 7
01 4 5 6 dsds 01 4 5 6
—_

0 0 8 101 10 dgi=-Lds 001 1 2
0 0 10 10| 20 0 0 8 10| 10

1 2 3 4 7
dy:=ds—8d3 01 45 6

_—
0011 2
00 0 2| —6

Vay hé da cho tuong duong véi hé sau:

r1 + 229 + 3x3 + 4dxy = T T, = 2;
o + 4x3 + Sx4 = 6 o) T2 = 1;
T3 + x4 = 2 T3 = 9;
2:6‘4 = - T4 = -3.
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3. Hé phuong trinh tuyén tinh

Vi du. Giai hé phuong trinh sau:
1 + 29 — 3x3 + dxy = 1;
r1 + 3x2 — 13z3 + 2224 = -—1;
3r1 + bz + T3 — 2x4 = 9;
201 + 3x9 +  4dx3 — Txy = 4,
Giai. Ta c6
1 2 =3 5 1
~ 1 3 —-13 22| -1
A=(AlB) = 3 5 1 -2 5)
2 3 4 -7 4
dyimdy—dy 1 2 -3 5 1
d3:=d3—3d; 0 1 —-10 17 -2
_
da:=dy—2d4 0 -1 10 —-17 2
0 -1 10 —17 2

Lé Van Luyén (DPHKHTN HCM) Ma tran va Hé PT tuyén tinh 06/04/2010 81 / 254



3. Hé phuong trinh tuyén tinh

2 =3 ) 1
1 =10 17| -2
10 —-17 2
-1 10 -17 2

o O O
|
—_

1 2 -3 5 1
d3:=d3+d2 0 1 -10 17 -2
_
dy:=dy+ds 0 O 0 0 O
00 0 0 0
Vay hé da cho tuong duong véi hé sau:
1 + 20 — 3x3 4+ bSxy = 1;
rog — 10x3 + 17xy = —2.
Chon x3 = a, x4 = 3, ta tinh dugc
Tog = —2+4+10x3 — 17z4 = -2+ 10a—173;
r1 = 1—2x9+3x3—5x4 = 5—17a + 290.

Lé Van Luyen (DHKHTN HCM

LA Az o XL
Ma tran va Hé PT tuyén tinh 06/04/2010
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3. Hé phuong trinh tuyén tinh

Vi du. Giéi hé phuong trinh sau:

T1 — 2x9 4+ 3x3 — 4dxy = 2;
3r1 + 3x9 — bxry + Ty = —3;
—2x1 + To + 2x3 — 3ry = 9;
3$1 + 3$3 - 101’4 = 8.

Giai. Ta co

. 3 3 -5 1| -3
A=(A]B) = 2 1 2 -3| 5

3 3 —10| 8
e 1 -2 3 —4] 2
doi—dy+-2d 0 9 —14 13| -9
dy:=dyg—3dy 0 -3 8 —11 9

0 6 —6 2 2
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3. Hé phuong trinh tuyén tinh

Nej
|
—_
s
—_
w
|

do<d3

OO O+~ OO0 O
Ne) (@)
|
— |
W~ =
—_
w [\
|

N O© O N N O O

d3:=d3+3d2
i SN
dga:=d4+2ds

-3 8 11 9
0 10 —20 | 18

dg:=ds—d3
—_—

oS o+ OO O
o o
—_
o
|
[\~
]
DO
o
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3. Hé phuong trinh tuyén tinh

1 -2 3 -4 2
0 -3 8 —-11 9
0 0 10 —20 | 18
0 0 0 0 2

Vay hé da cho tuong duong véi hé sau:

r1 — 229 + 3xz — 4dxy = 2
— 39 + 8xz — 1llzy = 9
10z3 — 20x4 = 18;

0o = 2

Hé nay vo nghiém. Do d6 hé da cho ciing vo nghiém.
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3. Hé phuong trinh tuyén tinh

Phuong phap Gauss - Jordan
Budc 1. Lap ma tran mé rong A = (A|B).
Bué6e 2. Dua ma tran A v dang bac thang rut gon R4.

Bué6c 3. Tiy theo truong hop dang bac thang riat gon R4 ma ta két
luan nghiém nhu sau:

v

- Truong hop 1. Xuat hien mot dong (00 0 0...0 0] # 0). Két luan
hé phuong trinh vo nghiém.

- Truong hop 2. Ma tran R4 ¢6 dang

1 0 Oa1

1 ... 0| ay
00 1] o
00 0] 0
00 ..0]0
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3. Hé phuong trinh tuyén tinh

Khi d6 hé phuong trinh c6 nghiém duy nhat 1a
Tl =01, Tg = Q2,...,Tp = Op.
- Truong hop 3. Khac 2 truong hgp trén. Khi d6 hé c6 vo s6
nghiém, va:
e An tuong tng véi cac cot khong c6 phan ti co sé 1 sé 1a an
tu do (lay gia tri tuy ¥).
e An tuong tng véi cot ¢6 phan ti co s3 1 sé duge tinh theo
cac an tu do.

S6 an tu do dugc goi la bac tw do ctia hé phuong trinh.
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3. Hé phuong trinh tuyén tinh

3.4 Dinh 1y Kronecker- Capelli

Dinh ly. Néu gl = (A|B) la ma tran md rong cia hé gom n an dang
AX = B thir(A) = r(A) hogc r(A) =r(A) + 1.
Hon nia,
(A) =r(A)+ 1 thi hé vo nghiém;
o néur(A) =r(A) = n thi hé c6 nghiém duy nhat;

o r(A) =r(A) <n thi hé c6 vo s6 nghiém vdi bac tu do la n—r(A).

v

Vi du. Giai va bién luan hé phuong trinh tuyén tinh sau theo tham sb
m

3r1 + bxes 4+ 3x3 — dxy = 1;

21 4+  3x2 + T3 —+ zy = 0

5r1 + 90 + 6xrs — 1bzy = 2;
13x1 + 2220 + 1323 — 2224 = 2m,

v
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3. Hé phuong trinh tuyén tinh

A=(AB) =

di:=d1—d2
_—

do:=da—2dy
ds: =d3—5d;
—_— =

dy: =dyg—13d1

dz:=d3—d2
_
dy: =dg—4d2

(DHKHTN HCM)

3 95
2 3
5 9
13 22
1 2
2 3
5 9
13 22
1 2
0 -1
0 -1
0 —4
1 2
0 -1
0 0
0 0

3 -4
1 1
6 —15
13 —22
2 =5
1 1
6 —15
13 —22
2 -5
-3 11
-4 10
—-13 43
2 =5
-3 11
-1 -1
-1 -1

Ma tran va He PT tuyén tinh

N O =

2m

[y
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3. Hé phuong trinh tuyén tinh

1 2 2 -5 1

ds:=ds—ds 0o -1 -3 11 -2
—_—

da: =ds—4ds 0 0 -1 -1 -1

0 0 -1 —-1]| 2m—-5

1 2 2 -5 1

dy:=ds—d3 0 -1 -3 11 -2
_

0 0 -1 -1 -1

0 0 0 0| 2m—4

Bién luan:
1) 2m —4 # 0 < m # 2: Khi d6 hé (1) vo nghiém nén hé da cho ciing
vO nghiém.

2) m = 2: Hé (1) tuong duong véi hé sau:

1 + 2x9 4+ 2x3 — bdxy = 1;
— ro — 3xz3 + llzy = =2
- T3 - ry = —1.
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3. Hé phuong trinh tuyén tinh

Chon z4 = « ta tinh dugc

r3=1—24=1—q;

To =2 —3xs3+ 1lxy = —1 + 4o
r1=1—2x9 — 223+ 54 = 1 — 21

Vay khi m = 2, hé da cho c6 vo s6 nghiém v6i mot an tu do

(x1,x9,23,24) = (1 — 21, =1 + 1, 1 — o, @)

voi a € R tuy §.

Vi du. Gidi va bién luan hé phuong trinh tuyén tinh sau theo tham sb

m
r1 + X2

1 + 219

xr1T — xI9

dr1 + 3xo

—  x3 +
— 3x3 +
+ 4dx3 —
— x5 +

2.%4
4y
T4
mixg

1;

2;
m
m

)

2 _6m+4,

v

Lé Van Luyén (DPHKHTN HCM)
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3. Hé phuong trinh tuyén tinh

1 1 -1 211
~ 1 2 -3 41 2
A=(AlB) = 1 -1 4 —1 | m
4 3 -1 m| m*—6m+4
i 1 1 -1 211
do: —dy—dy 0 1 -2 211
—_—
d4::d4—4d1 O _2 5 _3 m — 1
0 -1 3 m-—8| m?>—6m
1 1 -1 211
ds:=ds+2ds 01 -2 211
_—
d4: =d4+do O O 1 1 m + 1
0 0 1 m—6| m2—6m+1
1 1 -1 211
da:=ds—ds 01 -2 211
_
0 0 1 1| m+1
00 0 m—7|m2=1"Tm
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3. Hé phuong trinh tuyén tinh

1 1 -1 211

01 -2 211

0 0 1 1| m+1

00 0 m—7|m?>=Tm
Bién luan:
1)m—7#0< m # 7: Khi d6 he (1) cho ta

Ty = m;

r3 = m+1—x4:1;

ro = 14+2x3—2x4 =3-—2m;

Ty = 1—x0+2x3—214 = —1.

Suy ra khi m # 7 hé da cho c¢6 duy nhat mot nghiem 1a

(xy, Ty, T3, 4) = (=1, 3—2m, 1, m).
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3. Hé phuong trinh tuyén tinh

2) m = 7: Hé (1) tuong duong véi hé sau:

Ty 4+ xy — x3 + 224 = 1
T2 — 2x3 + 2x4 = 1 (2)
r3 + X4

Chon z4 = « ta tinh dugc
r3=8—14 =8 — q;

ro =14 2x3 — 224 = 17 — 4oy
r1=1—20+23—224=-8+ .

Vay khi m = 7 hé da cho c6 v6 s6 nghiém véi mot an tur do

(1,22, 23, 24) = (=8 + 0,17 — 4,8 — v, )

véi a € R tuy .
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4. Ma tran kha nghich

4. Ma tran kha nghich

4.1 DPinh nghia

4.2 Nhan dién va tim ma tran kha nghich
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4. Ma tran kha nghich

4.1 Dinh nghia

Mé dau
Xét trén tap so6 thuc R. Cho z € R, héi ton tai hay khong y sao cho

zy = 1.

Hoi. Trén tap hgp ma tran thi sao? J

Dinh nghia. Cho 4 € M,,(R). Ta n6i A khd nghich néu ton tai ma
tran B sao cho AB = BA = I,,. Néu B théa diéu kién trén dugc goi 1a
ma tran nghich ddo cua A.

Nhan xét. Ma tran nghich ddo cia mot ma tran khd nghich la duy
nhat. Ta ky hiéu ma tran nghich ddo cia A la A~

v
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4. Ma tran kha nghich

. (3 5 C e a1 2 -5
Vi du. ChoA-(1 2>.Kh1doA —<_1 3>.

Ménh dé. Cho A € M,(R). Gid sit A khd nghich va cé nghich ddo la
AL Khi dé
i) A=Y khd nghich va (A=1)~! = A.
i) AT khd nghich va (AT)™' = (A=1)T.
1
iii) Vo € R\ {0}, oA khd nghich va (aA)~™t = —A~L,

Q

Meénh dé. Cho A, B € M,(R). Néu A va B khd nghich thi AB kha
nghich, hon nia
(AB)"' =B tA™L
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4. Ma tran kha nghich

4.2 Nhan dién va tim ma tran kha nghich

Dinh 1y. Cho A € M,(R). Khi dé cic khing dinh sau tuong duong:

i) A khd nghich.
i) T(A)

i) A~
)

ii

iv) Ton tai cdc phép BDSCTD 1, ..., @ bién ma tran A thanh

ma tran don vi I,:
AN A — S A=,

Hon nia, khi dé qua chinh cic phép BDSCTD o1, ..., 0, ma
tran don vi I, sé bién thanh ma tran nghich ddo A™':

I, 25 B — ... 25 B =41

v
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4. Ma tran kha nghich

Phuong phap tim ma tran nghich dao

Lap (A|l,) vad dung cac phép BDSCTD bién A vé dang ma tran bac
thang rat gon:

(A|L) 25 (A1 B)) — ... 25 (A B,) — ...

Trong qua trinh bién ddi c6 thé xay ra hai trudng hgp:
e Truong hop 1: Ton tai p sao cho trong day bién ddi trén, ma tran
A, ¢6 it nhat mot dong hay mot cot bang 0. Khi d6 A khong kha
nghich.
e Truong hop 2: Moi ma tran A; trong day bién déi trén déu khong
c6 dong hay cot bang 0. Khi d6 ma tran cudi cliing ctia diy trén
c6 dang (I,|B). Ta c6 A kha nghich va A~! = B.

Luu y. Néu bai todn chi yéu cau kiém tra ma tran A c6 kha nghich
hay khong, ta chi can tinh hang cia ma tran (dung Gauss).

v
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4. Ma tran kha nghich

Vi du. Xét tinh kha nghich ctia A va tim A~! (néu c6)

1 2 3 4
2 5 4 7
A_37812
4 8 14 19
Giai.
1 2 3 4|10 0 0
25 4 7/0 100
(Alfs) = 37 8 12/0 0 1 0
4 8 14 19/0 0 0 1
. 1 2 3 4] 1000
ds:=d3—3d, 01 -2 —-1}/-2 1 0 0
_
dai—ds—Ady 01 -1 0/-3 010
00 2 3/-4001
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4. Ma tran kha nghich

di:=d1—2ds
— =
d3:=d3—d2

di:=dy—Td3
do:=d2+2d3
R

dy:=dy—2d3

d1:=dy+dy
do:=do—dy
_ = =

d3:=d3z—d4

Lé Van Luyén (DPHKHTN HCM)

OO O+ OO0 OO+ OO o

2 3 4] 1 0 O
1 -2 -11-2 1 0
1 -1 0|-3 0 1
0 2 3|-4 00
0O 7 6] 5 =20
1 -2 -1(-2 1 0
0 1 11-1 -1 1
0 2 3|-4 00
00 —-1}12 5 =7
10 1|-4 -1 2
01 1(-1 -1 1
0o 1(-2 2 =2
000510 7 -9
100 -2 -3 4
010 1 -3 3
00 1|-2 2 =2

Ma tran va He PT tuyén tinh
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o= = O OO0 =IO OO

= (Lu]A7Y).
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4. Ma tran kha nghich

Nhu vay, A khéa nghich va
0 7 -9 1

-2 =3 44
AT = 1 -3 3 —1
—2 2 =2 1
Vi du. Xét tinh kha nghich ctia A va tim A~! (néu co)
1 2 3 4
2 11 0
A= 3 0 2 1
4 -1 0 =3
Giai.
1 23 411000
2 11 00100
MW =13 o2 1|00 10
4 -1 0 -3 |0 0 0.1
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4. Ma tran kha nghich

o 1 2 3 41 1.0 0 0

dy: —ds—3dy 0 -3 -5 —-8/-2100

—_—

dy:=d4—4d; 0O -6 -7 —-11/-3 0 1 0
0 -9 —12 —-19|—-4 0 0 1
1 2 3 4/ 1 000

dsi—ds—2ds 0 -3 -5 -8[-2 100

_—

dy:=d4—3ds 0 0 3 5 1 -2 10
0 0 3 5| 2 -3 01
1 2 3 4/ 1 0 00

dy: —=ds—ds 0 -3 -5 —-8[-2 1 0 0

_
0 0 3 5| 1 -2 10
O 0 0 0 1 -1 -1 1

Ta c6 r(A) < 4. Suy ra A khong kha nghich.
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5. Phuong trinh ma tran

5. Phuong trinh ma tran

Dinh ly. Cho cic ma tran A, A" € M, (R) khd nghich va
B e Mnxp(R)7 Ce men(R); D e Mn(R) Khi do
i) AX=B& X=A"'B;
iii) AXA'=D& X =A"1DAL

5 2 2 5

Vi du. Giai phuong trinh ( 31 )X = < -2 3 > .

Giai. Phuong trinh ¢6 dang AX = B. Ta ¢6 A kha nghich, nén

(2 5)(22) (),
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5. Phuong trinh ma tran

. . 3 1\ (-2 3
Vi du. Giai phuong tr1nhX< 5 9 ) —< 9 5>. J

Giai. Phuong trinh ¢6 dang XA = B. Ta ¢6 A kha nghich, nén
o (-2 3 2 -1\ [ -19 11
X =54 _< 2 5 -5 3 ) \ =21 13 )°
Vi du. Tim ma tran X thoa

1 11 1 -2
1 2 2 X(i§>: 3 1
1 2 3 2 -1

Giai. Phuong trinh ¢6 dang AXB = C. Ta c6 A, B kha nghich, nén

X =A1cB™!
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5. Phuong trinh ma tran

2 -1 0\ /1 -2 _2
X=A"'CB™! -1 2 -1 3 1 < 43 >
0 —1 1 2 —1.
-1 -5 3 _9
= 3 95 4 3
-1 -2
17 —13
=1 —11 9
5 —4
) X ) 7 1 2 -1\o [ 1 -2
Vi du. T1mmatranXthoa<_2 _3 1)X—<_1 1>. J
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5. Phuong trinh ma tran

1 I2
Giai. bat X = | z3 x4 |.Taco
Ts Te

1 2 -1 X — T1 + 2x3 — T5

-2 =3 1 - —21‘1 — 31‘3 + 5
T, + 223 — 75

Suy ra hé phuong trinh T2 204 = T

—2x1 — 33 + x5
—2x9 — 34 + Tg

1 0 2 0 -
P o 1 0 2
4 = -2 0 -3 0
0 -2 0 -3
1000 1
0100 1
0010 -1 O
0001 0 -1

IL‘2—|-21‘4—1‘6)

—2x9 — 34 + x4

= -1
= 1.
1 1
0 —-1]-2
1 -1
0 1

0

1

0

1
-1
4
1
-3
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5. Phuong trinh ma tran

Suy ra
.
\
—1—-1
Vay X = 1+t

t

Lé Van Luyén (DPHKHTN HCM)

o O o

L1
T2
T3
T4
L5
L6

0 0O 1
1 00 O
01 0 -1
0 0 1 0
= —-1-4t
= 4—s;
= 141
= —3+s;
= s.
4—s
—3+s
s

0|-1
1] 4
0| 1
-1|-3
t,seR

véi t, s tu do.
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. Phuong trinh ma tran

Bai gidng mon hoc Dai s6 A;
Chuong 2:

DINH THUC

Lé Van Luyén

lvluyen@yahoo.com

http://www.math.hcmus.edu.vn/~1lvluyen/09tt

Dai hoc Khoa Hoc Ty Nhién Tp. H6 Chi Minh
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5. Phuong trinh ma tran

No6i dung

Chuong 2. DPINH THUC

1. Dinh nghia va cac tinh chat
2. Dinh thic va ma tran kha nghich

3. Quy tac Cramer

Lé Van Luyén (DPHKHTN HCM) Dinh thic 25/04/2010
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1. Dinh nghia va cac tinh chat

1. Pinh nghia va cac tinh chat

1.1 Dinh nghia
1.2 Quy tac Sarrus
1.3 Khai trién dinh thiic theo dong va cot

1.4 DPinh thic va cac phép bién doi so cip
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1. Dinh nghia va cac tinh chat

Dinh nghia. Cho A = (aij)nxn € My (R). Dinh thic cia A, duge ky
hi¢u & detA hay |A], 1a mot s6 thyc duge xac dinh bang quy nap theo
n nhu sau:

e Néun =1, nghia la A = (a), thi |4] = a.

e Néun =2, nghiala A = ( ),thi = ad — bc.
ail a2 ... Qinp

e Néun > 2, nghiala A = @21 22 ... G2n , thi
Gnpl  Aan2 QAnn

dong 1
Al

an‘A(l|1)| - a12’A(1|2)} + -+ aln(—l)H”’A(Hn)‘.

trong d6 A(i|j) 1a ma tran c6 duge tit A bang cach x6a di dong i
va cot j cua A.

v
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1. Dinh nghia va cac tinh chat

Vidu. Cho A= ( g _g ) Khi do6 |A| = 4.5 — (—2).3 = 26.
Vi du. Tinh dinh thiic cia ma tran
1 2 -3
A= 2 3 0
3 2 4
Giai.
3 0 2 0 2 3
_q(_1\1+1 V142 1\143
=12-16+15=11.
25/04/2010 113 / 254
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1. Dinh nghia va cac tinh chat

Quy tac Sarrus
Theo dinh nghia dinh thitc, khi n = 3, ta c6

ail a2 a3
A= | a1 a2 a3
azy azz2 as3

Q22 (23
asz2 ass

az1 @23
a31 ass

a1 Q22
azy as2

Al =an — a12 + a3

= Q11022033 + Q12023031 + 13021032

— 413G22031 — 411023032 — 4120210433

T day ta suy ra cong thifgSazus dya vag o depsau:
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. Dinh nghia va cac tinh chét

cotl cot2 cot3 cotl cot2
¥ '

apy Ay

|A| = Q11022033 + Q12023031 + 13021032
—(a13a22a31 + aj1a23a32 + a12a21a33).

(Téng ba dudng chéo do - tong ba dudng chéo xanh)

Vi du.

=125+4+213+341-323-111-245=-31.

W = =
— N DN
Ot = W
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1. Dinh nghia va cac tinh chat

1.3 Khai trién dinh thic theo dong va cot

Dinh nghia. Cho A = (aij)nxn € M,(R). V6i mai 4, j, ta goi
cij = (=1)"det A(il)

la phan bi dai s6 cla he s6 a;;, trong d6 A(i]j) 1a ma tran vuong
cap (n — 1) ¢6 duge tit A bang cach xo4 dong i, cot j.

. Khi dé

111
Vidu. ChoA=| 2 3 1
340

3 1
cll — (_1)1+1 0 4’ 012 — (_1)1+2

2 1
3 O’_g'

Lé Van Luyén (DPHKHTN HCM) Dinh thic 25/04/2010 116 / 254



1. Dinh nghia va cac tinh chat

Dinh ly. Cho A = (aij)nxn € My(R). Vdi méi i, j, goi c;j la phan bu
dai s6 cia hé sé a;j. Ta co

n
o Cong thiic khai trién |A| theo dong i: |A| = 3. apcin.
k=1
n

o Cong thic khai trién |A| theo cot j: |A| = 3 akjck;-
k=1

Vi du. Tinh dinh thiic cia A =

= Ot W
[N NGRS
O NN W

Luu y. Trong viéc tinh toan tinh dinh thic ta nén chon dong hay cot
c6 nhiéu s6 0.
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1. Dinh nghia va cac tinh chat

Ménh dé. Cho A € M,(R). Khi dé:

i) |AT] =14].
ii) Néu ma tran vuong A c6 mot dong hay mot cot bing 0 thi
|A| = 0.

iii) Néu A la mot ma tran tam gidc thi |A| bing tich cdc phan ti
trén duong chéo cia A, nghia la

|A| = a11.a22 ...0pnp.

Dinh ly. Néu A, B € M, (R) thi |AB| = |A||B|. J
Vi du.

2 -1 3 0

0o -3 6 7

0 0 5 9|=2(=3)-5-4=-12.

0 0 0 4
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1. Dinh nghia va cac tinh chat

1.4 Dinh thtc va cac phép bién doi so cap

Dinh ly. ChoA A’ € M,(R). Khi dé
i) Néu ALl A |A'| = —|Al;
#J

i) Néu A L= A1 hy | A = alAl;

P d;:=d;+Bd;
iii) N@A%A' thi |A'| = |A].
i#j
1 3 7
Vi du. Tinh dinh thitc cia A= | 2 6 -8
5 —12 4
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1. Dinh nghia va cac tinh chat

) 1 1 7
2231 1 -4
5 -4 4
_ 117
Bisddiglo 0 —11
5 -4 4

82 g(_11)(—1)2+3 é i‘ = —504.

Luu y. Vi |AT| = |A| nén trong qua trinh tinh dinh thitc ta cé thé sit
dung céc phép bién déi so cap trén cot.
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1. Dinh nghia va cac tinh chat

3 —4 5 0 19 -16 7
do:=do—dq

3 -5 2 4\dy:=ds+2d1|1 —8 6 —1

5 4 3 —2ldi:=di—2d2|0 44 =27 3

4 9 5 g|lFdTSd, o g g3

) 19 —16 7
Ol (-1) |44 —27 3
8§ -3 13
ds:=ds—A4ds 1195 —-751 O
dp=da=3ds | p49 349
di=d=Tds 468 105 1

ot 1 1195 —751|
| 548 —342 = —2858.
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1. Dinh nghia va cac tinh chat

Vi du.
1 1
1 = =
23 6 3 2
11 1| #8455 11 1
2 3 4 ds=60ds 20 15 12
1 1 1
3 4 5
c1:=c1—2co 1 01 0
oG] 2L
c3:=c3—2cy 10 3 6
dong 1 _ 1 -2 1 . 1
4320 | —10 6 | 2160°
Nhan xét. Trong qud trinh tinh dinh thic, phép BDSC loai 3 dugc
khuyén khich ding bdi né khong thay doi gia tri dinh thie.
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1. Dinh nghia va cac tinh chat

Vi du. Tinh dinh thtc cia ma tran sau
11 2 -1 3 2 -1 1
235 0 23 -2 0
A= 3 2 6 -2 | B= -3 1 4 =2
-2 1 3 1 4 1 3 1

Két qua |A] = —19, |B|= —30.

Vi du. Tinh dinh thiic clia ma tran sau
13 18 6 -1 7 3 4 2 1 3
4 7 3 41 2 -3 5 1 8
C= 7T 93 -1 4 )|; D= -4 -7 2 =2 4
6 9 3 -2 3 3 -5 4 35
6 3 1 -2 3 8 6 —4 1 2

Giai. [C| =24; |D|=—174.
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2. Dinh thdc va ma tran kha nghich

2. Dinh thic va ma tran kha nghich

DPinh nghia.

Cho A = (aij) S Mn(R) Dat C = (Cij) voi Cij = (—1)i+j’A(i,j)‘ la
phan bu dai s6 ctia a;;. Ta goi ma tran chuyén vi C'' ctia C la ma
tran phu hop cia A, ky hiéu 1a adj(A).

2 3 1
Vidu Chod=| 2 -1 2
3 4 -2
-6 10 11 —6 10 7
Khi d6 C = 10 =7 1 |.Suyraadj(A) = 10 =7 =2
7T —2 -8 11 1 -8
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2. Dinh thdc va ma tran kha nghich

Nhan dién ma tran kha nghich

Dinh 1ly. Ma tran vuong A khd nghich khi va chi khi |A| # 0.Hon nia,
néu A khd nghich thi
1
A7V = ——adj(A).
| Al

Vi du. Tim ma tran nghich déo cia A =

W N =
O I
O = =

Giai. Ta c6 |A| = —2 # 0. Suy ra A kha nghich.

3 1
4 0

ey = (_1)1+1

‘ =—4; cp= (-1

w N
O =
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2. Dinh thdc va ma tran kha nghich

2 3 1 1
—(_1)143 _ 1. —(_1)2+1 _
013—( 1) 3 4 ’ 1, C21 ( 1) 4 0 ' 4
Co2 = —3;023 = —1j031 = —25032 = 133 = L.
Suy ra
—4 3 -1 —4 4 -2
c=| 4 -3 -1 | wadj4)=| 3 -3 1
—2 1 1 -1 -1 1
Ta c6
1 1 —4 4 =2
A7l = —adj(A) = — 3 -3 1
4] 2\ 1
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2. Dinh thdc va ma tran kha nghich

SO . [ a b
Hé qua. Matr_cmA—(c d

1 d —b
A7l = .
ad—bc< —c a)

. (2 4 o1 5 —4
Vi du. ChoA—(3 5>.SuyraA —_—2<_3 2).

) khd nghich khi va chi khi
ad —bc # 0. Khi do

Vi du. Tim ma tran nghich ddo bing phuong phéap dinh thic cla

1 2 1 ) 11 1 =5
A= 2 3 -1 :>A‘1:—2 -7 -1 3
3 5 2 - 1 1 -1
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2. Dinh thdc va ma tran kha nghich

Vi du. Tim tat ci cac gia tri clia m dé ma tran sau kha nghich

1 1 2 1
2 1 5 3
A= 50 7 m |’
-1 2 3 -3
1 2 1 1 1 1
B = 2 3 m 2 3 2
3 2 -1 5 7 5

1 11
Vidu. Cho A= | 2 3 1 |.Timh:|A7Y; [5A7LY;  |adj(A)|.
3 3 5

Vi du. Cho A, B € M3(R) va |A| = 3,|B| = —2. Tinh |(4AB)7!| v&
ladj(AB)]|.

v
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3. Quy tac Cramer

3. Quy tac Cramer

Dinh 1y. Cho hé phuong trinh tuyén tinh AX = B (x) gom n dan van
phuong trinh. Ddt

A = detA; Aj; =det(4;), jeln,
trong dé A; la ma tran cé ti A bang cach thay cot j bing cot B. Khi
do:
i) Néu A #0 thy (x) c6 mot nghiém duy nhat la:

Ay
T = Kj,j € 1,n.
ii) Néu A =0 wvaAj+#0 vdi mot j nao dé thi (1) vo nghiém.

iii) Néeu A =0va Aj =0Vj € 1,n thi he vo nghiém hodc vo s6
nghiém.

v
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3. Quy tic Cramer

Vi du. Giai phuong trinh

r — Yy — 2z = =3
2z — ;
T + Yy + z =

<
_.I_
N

I
\.I—‘
—~
—
~—

Giai. Ta co

1 -1 -2 -3 -1 =2
A=[Al=|2 -1 1|=-7 Aj=|4]=| 1 -1 1|=-T
1 1 1 4 1 1
1 -3 -2 1 -1 3
Ap=|As]=|2 1 1|=-14; Ag=|A4s/=|2 -1 1 |=-7
1 4 1 1 1 l
Vi A # 0 nén hé c6 nghiem duy nhat
A As Az
TTATY T AT T A
Lé Van Luyén (DHKHTN HCM) Dinh thuc
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3. Quy tic Cramer

Vi du. Giai hé phuong trinh

r + y — 2z = 4
2 + 3y + 3z = 3
5 + Ty + 4z = 5

Giai. Ta co

11 =2 4 1 =2
A=JAl=]2 3 3|=0 A;=|A]=|3 3 3
5 7 4 5 7 4

Suy ra hé phuong trinh vo nghiém.
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3. Quy tac Cramer

Vi du. Giai hé phuong trinh

T 4+ Yy — 2z = 4
2 + 3y + 3z = 3 (3)
or + Ty + 4z = 10.
Giai. Ta c6
1 1 -2 4 1 =2
A=JAl=]2 3 3|=0 A1=|A]=| 3 3 3|=0
5 7 4 10 7 4
1 4 =2 1 1 1
Ay=1]As]=12 3 3|=0; Ag3=]43]=|2 3 3|=0.
5 10 4 5 7 10

Vi A =A; = Ay = A3 =0 nén khong két luan dugc nghiém ctia he.
Do d6 ta phai diing Gauss hoic Gauss-Jordan dé giai.
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3. Quy tic Cramer

Bién luan hé phuong trinh bang Cramer

Vi du. Giai va bién luan phuong trinh

Ty + 2xy  + 223 = 05
27 + (m—2)zgs + (m—5xg = 2
mx1 + 2 + (m+1lzzg = -2
Giai. Ta c¢6
1 2 2
A=|Al=| -2 m—2 m—-5|=m?—4m+3 = (m—1)(m—3);
m 1 m+1
0 2 2
Al—’A1|— 2 m—2 m-—5 :—4m+12;
—2 1 m+41
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3. Quy tac Cramer

1 0 2
A2:’A2|: -2 2 m-—5 :0,
m —2 m+1
1 2 0
Ag=|A3]=]| -2 m—2 2 |=2m—6=2(m—3).
m 1 -2

Bién luan:

> Néu A £ 0 < { g Zi ; XKhi d6 he c6 nghiem duy nhét 1a

( )= —4 0 2
T1,%2,T3) = m_17 7m_1 .

m=1

DNéuA:O@[
m =3

e V6im =1, ta c6 A; = 8 # 0 nén hé vo nghiém.
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3. Quy tac Cramer

o V6im =3, tacé A = Ay = Az = 0. Khi d6 hé phuong trinh la:

12 2] 0
-2 1 =2 2
31 4]-=-2

5
Nghiém ctia hé 1a (z1, 2, 23) = (3t — 2,¢,1 — §t) véi t tu do.

Vi du. Giai va bién luan hé phuong trinh sau theo tham s6 m € R:

(m—-—"Tx + 12y — 6z = m;
—10z + (m+19)y - 10z = 2m; (1)
12+ Uy + (m—13)z = 0.
m—17 12 —6
Gidi. A=| -10 m+19  —10 | = (m—1)2(m+1)
—12 24 m—13
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3. Quy tac Cramer

Bién luan:
> Néu A # 0« m # —1 vam # 1. Khi d6 hée c6 nghiem duy nhat 1a

T A
Y7 A
‘ A

m 12 —6

2m m+ 19 —10 | =m(m —1)(m — 17)
0 24 m—13

m—7 m —6
—10 2m —10 | =2m(m — 1)(m — 14)
—12 0 m-—13

m—7 12 m
—10 m+19 2m | =36m(m—1)
—12 24 0

m(m? —18m+17)  m(m —17)
(m—1)(m2—-1) m?2-1
~ m(m?—15m+14)  m(m— 14)
 (m=1)(m2-1)  m2-1
_ —36m(m—1) _ —36m
 (m—=1)(m2-1) om2 -1

Lé Van Luyén

(DHKHTN HCM)

Dinh thitc 25,/04,/2010
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3. Quy tac Cramer

m=—1

m=1

e V6im = —1, tacé A; = —36 # 0 nén hé (1) vo nghiem.
e VG6im =1, taco A = Ay =Az=0. Hé (1) tr6é thanh

>NéuA =0«

—6z + 12y — 6z = 1;
—10z + 20y — 10z = 2;

—12z + 24y — 12z

Heé vo nghiém.
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3. Quy tic Cramer

Bai gidng mon hoc Dai s6 A;

Chuong 3:

KHONG GIAN VECTO

Lé Van Luyén

lvluyen@yahoo.com

http://www.math.hcmus.edu.vn/~1lvluyen/09tt

DPai hoc Khoa Hoc Ty Nhién Tp. H6 Chi Minh
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3. Quy tac Cramer

No6i dung

Chuong 3. KHONG GIAN VECTO |

1. Khong gian vecto

T6 hop tuyén tinh

Cd s3 va sd chiéu ctia khong gian vecto
Khoéng gian vectd con

Khéng gian nghiém ctia hé phuong trinh tuyén tinh

2.
3.
4.
5.
6.

Toa do va ma tran chuyén cd sé
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1. Khong gian vectd

1. Khong gian vecto

DPinh nghia. Cho V la mét tap hgp véi phép toan +. V' duge goi la
khong gian vecto trén R néu moi u,v,w € V vaa, B € R ta c¢6 8
tinh chat sau:

(1) utv = v+u;

(2) (u+v)+w = ut(v+w);
(3) ton tai 0 € V : u+0 = 0+u = u;
(4

(5) (aB)u = a(fu);

( + B)u = au + Pu;

(
(

7) a(ut+v) = autav;

) (

)t

) ton tai v/ € Vi v/+u = u+u = 0;
) (

6) (a

)
)

8) 1l.u = u.

v
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1. Khong gian vectd

Khi doé ta goi:

mdi phan t u € V 1a mot vecto.
mdi s6 a € R 13 mot vo hwdng.
vecto 0 1a vecto khong.

vecto U’ 1a vecto doi cia wu.

Vidu. XétV =R"={(z1,22,...,2,) | z; ERY,i € 1,n}.

Véi u = (a1, az2,...,a,), v=(b1,ba,...,b,) € R" va a € R, ta dinh

nghia phép céng + va nhan . vd6 huéng nhu sau:

utv = (a1 + by,ag + ba, ..., an + by);

au = (aa, aag, ..., 0ay).

Khi d6 R" 1a khéng gian vecto trén R. Trong dé:
> Vecto khong 1a 0 = (0,0,...,0);

>

Vecto dbi ctia u 1a —u = (—a1, —ag, ..., —ay).
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1. Khong gian vectd

Vi du. Tap hop My, «n(R) v6i phép cong ma tran va nhan ma tran véi
mot s6 thiye thong thuong 14 mot khong gian vecto trén R. Trong doé:

> Vecto khong 1a ma tran khong
> Vecto dobi ctia A 1a —A.

Vidu. Tap hop
Rlz] = {p(z) = apz™ + ... + a1z +ag|n € N,a; € R,i € T,n}

gom cac da thic theo x vdi cac hé s6 trong R 14 mot khong gian vecto
trén R v6i phép cong vecto la phép cong da thic thong thuong va phép
nhan vo huéng vé6i vecto 1a phép nhan thong thuong mot s6 véi da
thiic.

Vi du. Tap hop R,[z] gom cac da thitc bac nhé hon hodc biang n theo
x Vvéi cac he s6 trong R 14 mot khong gian vecto trén R.

v
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Vidu. ChoV = {(z1,72,23) € R® | 2z1 + 323 + 23 = 0}.
Khi d6 V la khong gian vecto trén R.

Vi du. Cho W = {(x1,22,23) € R? | 21 + 29 — 223 = 1}.
Khi d6 W khong la khong gian vecto, vi

u=(1,2,1) e W,v=(2,3,2) ¢ W,

nhung v +v = (3,5,3) ¢ W

Meénh dé. Cho V la mot khong gian vecto trén R. Khi dé vdi moi
u €V vaa€eR, ta co

i) au=0< (=0 hay u=0);
i) (=1)u=—u.
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2. T6 hgp tuyén tinh

2. T6 hop tuyén tinh

1.1 Té hgp tuyén tinh

1.2 Doc lap va phu thudc tuyén tinh
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2. T6 hgp tuyén tinh

2.1 T6 hop tuyén tinh

Dinh nghia. Cho ui,u,..., Uy, € V. Mot t6 hop tuyén tinh cua
UL, U, . . ., Uy 12 MOt vectd cd dang

U= aiui +asus + ...+ amlim vli a; € R

Khi d6, ddng thic tren dude goi 1a dang biéw dién cla u theo cac

vecto uy, ug, . .., Umny.

Vi du.

e Vecto u = (4,4,2) 14 t6 hgp tuyén tinh ciia cac vectd
up = (1,-1,2),up = (2,3, —1),u3 = (0,1, ~2), vi

u = Uy + 2us — ug.
e Vecto 0 luon luon 1a mot t6 hop tuyén tinh ctia uq, us, ..., U, Vi

0=0u; +0us + ...+ Ouy,.

y
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2. T6 hgp tuyén tinh

Ho6i. Lam cach nao dé biét w 1a to hgp tuyén tinh clia i, ug, ..., upm? J

Ta c6 u 1 td hgp tuyén tinh ctia uy, us, ..., Uy khi phuong trinh
U= ul + aoug + ... + gy (%)
c6 nghiém aq, ao,...q,;, € R.

Xét truong hgp khong gian R™. Gia s

u = (bl,bz,...,bn)
ur = (u11,u21...,Un1);
Uz = (u12,u22 .- -,UnQ);
Um = (Ui, U2m - - - s Unm)-
U1 + U2 + .o+ Uiy, = by
Khi do (<) U1 + U + ... + U2y, =  bo; ()
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2. T6 hgp tuyén tinh

. U U U b
Ma tran hoa (*x) ta dugc 2t T 2m | P2
Unpl Up2 Unm ‘ bn
Thc la
T,T T,T
(ugy uy ... u,, |u)

Nhu vay, dé kiém tra « 1a t6 hgp tuyén tinh ctia ug,us, ..., u,, trong R”
ta lam nhu sau:

e Lap ma tran hoa (u] ug ... u) |u') (1)
e > Néu (1) vo nghicm, két luan u khong phai 1a t6 hop tuyén tinh
cla Up, U, ...y Uy

> Néu (1) co nghicm aq, asg, . ..y, thi v 1a t6 hgp tuyén tinh va
c6 dang biéu dién theo 1a wuq,ug, ..., U, :

U= Ul + Uy + ... + AUy,
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2. T6 hgp tuyén tinh

Vi du. Xét xem u = ( 3, ,4) 6 1a t6 hop tuyén tinh clia cac vectd
1 -1 —-2|-3
Giai. (u{ ug ug |u')=12 -1 1| 1
1 1 1| 4
1 -1 -2]-3 10 3 4
do:=do—2d; 0 1 5 7 di:=d1+d2 0 1 5 7
d3:=dz—dy 0 2 3| 7 d3:=d3—2ds 00 —7|_7
e (100]1
di:=d1—3d
dai—da—5dy 00 1)1

Hé phuong trinh ¢6 nghiem duy nhat (aq;ag;as) = (1;2;1).
Vay u la t6 hop tuyén tinh ctia uq, us, us.
Dang biéu dién ctia u 1 u = uy + 2ug + us.
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2. T6 hgp tuyén tinh

Vi du. Xét xem u = (4,3,5) c6 1a t6 hgp tuyén tinh ciia céc vecto
); u

up = (1,2,5),ue = (1,3,7),us = (—2,3,4) hay khong?
1 1 -2]4
Giai. (u{ ug uj |u')=12 3 3|3
5 7 4|5
1 1 -2 4 10 -9 9
do:=do—2dy 01 7| —s di:=dy —d> 01 7|5
Gor=ds=h\ g 2 14|15 ) ®TEE N0 0 o0f-5

Hé vo nghiem vi 0z + Oy 4+ 0z = —5. Vay u khong 1a t6 hop tuyén
tinh cta uq, us, us.
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2. T6 hgp tuyén tinh

Vi du. Xét xem u = (4,3,10) c6 1a t6 hop tuyén tinh clia cac vecto J

up = (1,2,5),ue = (1,3,7),us = (—2,3,4) hay khong?
11 -2| 4
Giai. (u{ ug uj |u')=1{2 3 3| 3
5 7 4110
1 1 =2 4 1 0 -9 9
_tai=da—2dy | 0 1 71 —5 _du=di—dy 0 1 71 -5
d=d=5h \ g 2 14]-10 ) ®=B2 \o 0 0| 0

Nghiém ctia hé 1a (ag; ag;a3) = (94 9t, —5 — Tt t)
Vay u la t6 hop tuyén tinh ctia uq, us, us.

Dang biéu dién ctia u 1a u = (9 + 9t)uy + (=5 — Tt)ua + tus.

Lée Van Luyéen (DHKHTN HCM) Chuong 3. Khong gian vecto 22/05/2010 150 / 254



2. T6 hgp tuyén tinh

Vi du. Trong khong gian R* cho cac vecto u; = (1,1,1,1);
ug = (2,3,—1,0); uz = (—1,—1,1,1). Tim diéu kién dé vectc
u = (a,b, c,d) 1a mot t6 hgp tuyén tinh ctia uq, us, us.

Giai.
1 2 —1la 1 2 —1la
1 3 —1|b 0 1 O0|b—a
T, 17T, T Ty
(wiugug fur)=1f 1 1 1.7l o0o 3 2/ca
1 0 1|d 0 -2 2|d—a
02 —1| a 02 —-1| a
01 0|—a+b 01 0|—a+b
— —
00 2| —4a+3b+c 00 2| —4a+3b+c
00 2|-3a+2+d 00 O0|la—-b—c+d

Dé u 1a mot t6 hop tuyén tinh ctia uy, us, us thi hé c6 nghiem, tic 1a
at+d=b+ec.
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2. T6 hgp tuyén tinh

2.2 Doc lap va phu thuoc tuyén tinh

Dinh nghia. Cho wuy,us,...,uy, € V. Xét phuong trinh
aqu] + asug + ...+ aptly, = 0. (%)
e Néu (x) chi c6 nghiém tam thuong oy = ag = ... = ay, = 0 thi
ta noi uy, us, ..., uy (hay {ur,ua, ..., uy}) doc lap tuyén tinh.
e Néu ngoai nghiém tam thuong, (*) con c6 nghiém khac thi ta noéi
U1, U2, .. ., Uy (hay {ui,ug, ..., un}) phu thuodc tuyén tinh.
No6i cach khéc,
> Néu phuong trinh (%) c6 nghieém duy nhat thi uy, us, ..., uy, doc
lap tuyén tinh.

> Néu phuong trinh () ¢6 vo sb nghiem thi uy, ug, ..., u, phu
thudc tuyén tinh.
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2. T6 hgp tuyén tinh

Vi du. Trong khong gian R? cho cac vecto u; = (1,2, —3);

ug = (2,5,—1); us = (1,1, -9). Hbi w1, uz,us doc lap hay phu thudc
tuyén tinh?

Giai. Xét phuong trinh
aqul + agug + aguz = 0

< a1(1,2,-3) + a2(2,5,-1) + as(1,1,-9) = (0,0,0)

ar + 20 4+ o3 0;
& 200 4+ bag + ag = 0;
—30&1 — Qo — 9013 = 0
1 2 1
Ma tran héa hé phuong trinh, A = 2 5 1
-3 -1 -8

Ta c¢6 r(A) = 3 nén hé c¢6 nghiém duy nhat. Suy ra wuy, us, ug doc lap
tuyén tinh.
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2. T6 hgp tuyén tinh

Vi du. Trong khong gian R? cho cac vecto uy = (1,1,1); uz = (2,1, 3);
ug = (1,2,0). Hdi uq,ug, ug doc lap hay phu thuoc tuyén tinh?

Giai. Xét phuong trinh
a1ul + agug + aguz =0

& (a+202 + az,a+ az + 2a3,a + 3az) = (0,0,0)

a; + 200 + a3 = 0
=4 a1+ as + 2a3 = 0
a1+ 3ag =0
1 21
Ma tran héa hé phuong trinh, A = 1 1 2
1 3 0

Ta c6 7(A) = 2 nén he vo s6 nghiém. Suy ra uj, us, u3 phu thuoc
tuyén tinh.
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2. T6 hgp tuyén tinh

Nhan xét. Ho vecto ui,us, ..., Uy, phu thudc tuyén tinh khi va chi khi
ton tai vecto u; 1o t6 hop tuyén tinh cia cdc vecto con lai. That vay,

o Néu ui,us, ..., Uy phu thuoc tuyén tinh thi cé aq, as, ...,
m

am € R khong dong thoi biang 0 sao cho > ajuj = 0. Gid si
j=1

a; # 0, khi d6

- E :O‘JUJ

i

o Néu c6 u; sao cho u; =Y Bju; thi Z Bjuj =0, trong do
J#i
Bi = —1#0, diéu nay ching té ui,us, ..., uy phu thuoc tuyén
tinh.
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2. T6 hgp tuyén tinh

Ménh dé. Cho V la khong gian vecto trén R va S = {ui, ua, ..., Un}
la tap hop cdc vecto thuoc V. Khi do
o Néu S phu thudc tuyén tinh thi moi tap chita S déu phu thudc
tuyén tinh.
o Néu S doc lap tuyén tinh thi moi tdp con cia S deu doc lap
tuyén tinh.

Hé qua. Cho ui,us,...,un, la m vectd trong R™. Goi A la ma tran cé
duogc bing cach xép ui,us, ..., Uy thanh cic dong. Khi do
UL, U2, . . ., U dOc lap tuyén tinh khi va chi khi A ¢6 hang la r(A) = m.

v

T He qua trén ta sé xay dung thuat toan kiém tra tinh doc lap
tuyén tinh clia cac vecto trong R
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2. T6 hgp tuyén tinh

Thuat toan kiém tra tinh doc lap tuyén tinh ciia cac
vectd trong R™

Budc 1: Lap ma tran A bang cach xép uy, us,. .., U, thanh cic dong.

Budc 2: Xéc dinh hang r(A) cta A.
> Néu r(A) = m thi uy, ug,. .., uy, doc lap tuyén tinh.
> Néu r(A) < m thi ui,us,. .., u, phu thudc tuyén tinh.

Trudng hdp m = n, ta c6 A la ma tran vuong. Khi dé cé thé thay Budc
2 bang Bué6c 2’ sau day:

Buéce 2’: Tinh dinh thic detA.
> Néu detA # 0 thi uq, us, ..., u, doc lap tuyén tinh.
> Néu detA = 0 thi uq,us, ..., u, phu thudc tuyén tinh.
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2. T6 hgp tuyén tinh

Vi du. Trong khong gian R® cho cac vecto u; = (1,2, -3,5,1);
ug = (1,3,-13,22, —-1); ug = (3,5,1,—2,5). Hay xét xem uy, ug, uz doc
lap tuyén tinh hay phu thudc tuyén tinh.

Giai.
U1 12 -3 5 1
Lap A= w | = 1 3 —-13 22 -1
u3 3 5 1 -2 )

1 2 =3 5 1
1 -10 17 -2
0 -1 10 —-17 2

do:=do—dy
—_—
ds:=d3—3d1

[en}

—_

2 =3 5 1
1 -10 17 -2
0 0 0 0 O

d3:=d3+ds

[en}

Ta c6 r(A) = 2 < 3. Suy ra ug, us, ug phu thuoc tuyén tinh.
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2. T6 hgp tuyén tinh

Vi du. Trong khong gian R? cho céc vecto
up = 2m+1,—-m,m+1);
ug=(m—2,m—1,m—2);
ug=(2m—1,m—1,2m—1).
Tim diéu kién dé uq,ug, uz doc lap tuyén tinh.

Uy 2m+1 —m m+1
Gidi. Lap A= | us | = m—2 m—1 m-—2 | Taco
Uu3 2m—-—1 m—1 2m—1
2m+1 —m m+1 o m  —m m—+1
Al =|m-2 m—1 m-2 === 0 m—-1 m—2
2m—1 m—1 2m—1 0 m—1 2m—1
5 —1 —2
Cotlm‘z_l 22_1‘—m(m—1)(m+1).

Do d6 w1, u9, us doc lap tuyén tinh khi va chi khi
Al A0 < m(m—1)(m+1) #0< m #0 vam # +1.
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3. CJd s3 va sb chiéu ctia khéng gian vecto

3. Co sG va s6 chiéu cuia khong gian vecto

3.1 Tap sinh

3.2 Cd sd va sd chiéu
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3. Cd s3 va sb chiéu ctia khong gian vectd

3.1 Tap sinh

Dinh nghia. Cho V la khong gian vects va .S C V. S dugce goi la tap
sinh ctia V néu moi vecto u ciia V déu 1a to hop tuyén tinh ctia S. Khi
do, ta néi S sinh ra V hoac V dugce sinh béi S, ky higu V = (S).

v

Vi du. Trong khong gian R?, cho
S={u=(1,1,1);u2=(1,2,1);u3 = (2,3,1)}.
Héi S 6 1a tap sinh ctia R? khong?

Giai. V6i u = (7,y, 2) € R3, kiém tra xem u c6 14 t6 hop tuyén tinh
cua u1,uz,us khong?
Ta lap hé phuong trinh

11 2|z 11 2|z
(uf ug ug |u )= 1 2 3|y | =0 1 1|-2+y
1 1 1|z 00 —-1|—-2+4+=2
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3. Cd s3 va sb chiéu ctia khong gian vectd

Hé c6 nghiem. Suy ra v la t6 hop tuyén tinh ctia uq, us, us3. Vay S la
tap sinh ctia R3.

Vi du. Trong khong gian R3, cho
S={{ur=(1,1,—1);u2 = (2,3,1);us = (3,4,0) }.

Héi S ¢6 1a tap sinh ctia R? khong?

Giai. V6i u = (7,y, z) € R3, ta lap he phuong trinh

1 2 3|2 1 2 3|z
(u] ug uj |u') = 1 3 4|y |—-101 1|-2x+4y
-1 1 0]z 0 0 0|4 —3y—+=

Véi up = (1,1,1) thi hé trén vo nghiém.

Vay ug khong 1a t6 hop tuyén tinh ciia w1, ug, ug. Suy ra S khong la
tap sinh ctia R3.

Lée Van Luyéen (DPHKHTN HCM) Chuong 3. Khong gian vecto 22/05/2010 162 / 254



chiéu ctia khong gian vecto

Vi du. Trong khong gian Re[x], cho
S={fi=2"+z+1;fo=22"+3x+1; f3 = 2” + 2z + 1}.

H6i S ¢6 la tap sinh cta Ry[z] khong?

Giai. V6i f = az? + bz + ¢ € Ro[z], kiém tra xem f c6 1a t6 hop tuyén
tinh caa fi, fo, f3 khong?

Xét phuong trinh oy f1 + aafo + asfs = f.

o1 + 202 + a3 = a;
& a1 + 3as + 2a3 = b
oy + oy + as = C.
1 2 11a 1 2 1 a
Ma tran héa, A= 1 3 2|b | - 0 1 1 —a+b
1 1 1]¢ 0 0 1|—-2a+b+c
Hé c6 nghiem. Vay f 1a t6 hop tuyén tinh ctia fi, f2, f3. Suy ra S 1a

tap sinh cta Ro[z].
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& va sb chiéu ctia khong gian vecto

3.2 Co s6 va sb chieu

Dinh nghia. Cho V' la khong gian vecto va B 1a con cia V. B duge
goi 1a mot co sd ctia V néu B 1a mot tap sinh va B doc lap tuyén tinh.

Vi du. Trong khong gian R3, cho

B={u1=(1,1,1);us = (1,2,1);u3s = (2,3,1)}.

Kiém tra B 1a co sG clia R3.

Giai. B 1a tap sinh ctia R3. (theo vi du trén)
Kiém tra B doc lap tuyén tinh.

U1 1 11

Lap ma tran A = | us = 1 2 1

U3 2 31

Ta c6 r(A) = 3 (hodc |A| = —1). Suy ra B d

oc lap tuyén tinh. Vay B 1a
co s clia R3.
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Vi du. Trong khong gian R?, cho

S={u =(1,1,-2);u2 = (2,3,3);us = (5,7,4) }.

Héi S ¢6 1a co 56 ciia R? khong?

Vi du. Trong khong gian R?, cho
S={u =(1,1,-1);u2 = (2,1,0);uz = (1,1,0); us = (1,-4,1) }.

Héi S 6 1a co sé ciia R? khong?

Vi du. Trong khong gian Re[x], cho

S={fi=a?+ax+1;fo=2202+a+1;f3=0>+22+2}

Hoi S c6 1a co sé ctia Ro[z] khong?

v
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3. CJd s3 va sb chiéu ctia khéng gian vecto

S6 chieu

Bb6 dé. Gid stV sinh bdi m vecto, V = (ui,ua, ..., up). Khi dé moi
tap hop con doc lap tuyén tinh cia V cé khong qud m phan ti.

Hé qua. Gid stV c6 mot co sé B gom n vecto. Khi dé moi co s
khdc cia V hitu han va co ding n vecto.

Dinh nghia. Cho V la khong gian vectd, s chiéu clia V, ky hieu la
dimV, 1a s6 vecto clia tap co sd. Trong truong hgp vo han chiéu, ta ky
dimV = oo.

Vi du. Trong khong gian R3, cho
B={ui=(1,1,1);us = (1,2,1);u3s = (2,3,1)}.

Khi d6 B 1a co s6 ctia R3. Do d6 dimR? = 3.
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3. CJd s3 va sb chiéu ctia khéng gian vecto

Vi du. Trong khong gian R™, xét By = {e1, €9, ..., e,}, trong dé

er = (1,0,0,...,0),

Vé6i u = (x1,x9,...,2,) € R". Ta cb

u = x1€1 + T2e2 + - -+ + Tpeén.

Do d6 By 1a tap sinh ctia R™. Mat khac By doc lap tuyén tinh nén By 1a
co 86 ctia R™. By duge goi 1a co s& chinh tac cia R™. Nhu vay

dimR"™ =n
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3. Co sb va sb chieu cia khong gian vectd

Vi du. Khong gian vecto M, xn(R) c6 co s6
By = {EZJ | ,i€lm,j e 17777‘}’

trong d6 E;j la ma tran loai m x n chi ¢c6 mot he s6 khac 0 duy nhat 1a
hé s6 1 & dong i cot j. Do d6 M, x,(R) hitu han chiéu va

dimM,, xn(R) = mn.

Vi du. Khong gian R,[z] gom cac da thitc theo x bac khong qua n véi
hé s6 trong R, 14 khong gian vecto hitu han chiéu trén R c6
dimR,[z] =n+ 1 v6i co s6 By = {1,z,...,z2"}.

Vi du. Khong gian R[z] gom tat cdc da thitc theo x véi he s6 trong R,
14 khong gian vectd vo han chiéu trén R vé6i co s6 By = {1, x,22,...}.

v
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3. Co sé va sb chiéu ciia khong gian vecto

Hé qua. Cho V la khong gian vecto ¢ dimV = n. Khi do

i) Moi tap con cia 'V chia nhiéu hon n vectd thi phu thudc tuyén
tinh.

i) Moi tap con cia V' chita it hon n vecto khong sinh ra V.

B6 dé. Cho S la mot tap con doc lap tuyén tinh cia V vau €V la
mot vecto sao cho u khong la to hop tuyén tinh cia S. Khi dé tap hop
S1 = SU{u} doc lap tuyén tinh.

Dinh ly.
Cho V la mot khong gian vecto hitu han chiéu véi dimV = n. Khi dé

i) Moi tap con doc lap tuyén tinh gom n vecto ciia V déu la co sd
cua V.

ii) Moi tdp sinh ciia V. gom n vecto déu la co sd cia V.

v
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va s6 chiéu ciia khong gian vecto

Nhan dién co sé cua khong gian V' ¢6 dimV =n
Vi dimV = n nén moi cd s6 ciia V phai gom n vecto. Hon nita, néu
S C V va s6 phan tit ctia S bang n thi

SlacosdciaV <« S doc lap tuyén tinh.

< S la tap sinh ctaa V.

Vi du. Kiém tra tap hop nao sau day 13 co s6 ctia khong gian vecto
ciia R3?

a) By ={u; =(1,2,3),u2 = (2,3,4)}.

b) Bs = {u; = (2,1, ) =(2,1,4),u3 = (2,3,1),ug = (3,4,5)}.
¢) By ={u; =(1,— ) ug = (1,3,2),us = (—2,1,-2)}

d) By={u; =(2,-1 0) =(1,2,3),us = (5,0,3)}

v
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chiéu ctia khong gian vecto

Giai.
a) b) By, By khong phéi 1a co sé ctia R3 vi s6 vectd khong bing 3.

¢) By = {uy = (1,-2,1),up = (1,3,2),u3 = (-2,1,—-2)}

w1 1 -2 1
LapA=| w | = 1 3 2
us —2 1 -2

Ta c6 detA = 3. Suy ra B3 doc lap tuyén tinh. Mat khac s6 vecto
clia B3 bing 3 = dimR? nén B3 1a co s6 ctia R?

d) By = {ug = (2,-1,0),us = (1,2,3),us = (5,0,3)}

(51 2 -1 0
LapA=1| us | =] 1 2 3
u3 5 0 3

Ta c6 detA = 0. Suy ra By khong doc lap tuyén tinh. Vi vay By
khong 1a co sé clia R3
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chiéu ctia khong gian vecto

Vi du. Trong khong gian Re[x], cho
S={fi=a’+a+1;fo=22"+32+1;fs =2+ 2z +1}.

Hoi S ¢6 1a co s6 ciia Ry[x] khong?

Giai. Vi dimRy[z] = 3 va s6 phan t cia S bang 3 nén S 14 co sd cla
Ry[x] khi S doc lap tuyén tinh hodc S la tap sinh.

Cach 1. Kiém tra S doc lap tuyén tinh.
Xét phuong trinh oy f1 + asfo +asfs =0

ar + 200 + a3 = 0

& ar + 3as 4+ 2a3 = 0

a1 + oy + a3 0
1 2 1|0 1 2 1|0
Ma tran héa, A= 1 3 2|0 | —=[ 0 1 1]0
1 1 110 00 1]0
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3. Cd s3 va sb chiéu ctia khong gian vectd

Heé c6 nghiem duy nhat a; = as = a3 = 0. Vay S doc lap tuyén
tinh. Suy ra S 1a co s ctia R[]

Cach 2. Kiém tra S la tap sinh.

Vi du. Trong khong gian R?, cho
S={u =(1,m—-2,-2),ug =(m—1,3,3),u3 = (m,m +2,2)}.

Tim diéu kiem m dé S 1a co s6 clia R3.

Giai. Do s6 phan tii ctia S bing 3 nén S 1 co s6 ctia R? khi S doc lap
tuyén tinh.

ul 1 m—2 =2
LaipA=1{ u | =] m-—1 3 3 . Ta c6 detA = m — m?.
U3 m m+2 2

Suy ra, S doc lap tuyén tinh khi detA # 0. Nhu vay, dé S 1a co s clia
R3 thi m # 0 va m # 1.
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4. Khong gian vectd con

4. Khong gian vecto con

4.1 DPinh nghia
4.2 Khoéng gian sinh bdi tap hop
4.3 Khong gian dong ciia ma tran

4.4 Khong gian tong
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4. Khong gian vectd con

4.1 Dinh nghia

Dinh nghia. Cho W 14 mot tap con khéac () ctia V. Ta néi W 14 mot
khong gian vecto con (goi tat, khong gian con) ctia V, ky hieu
W <V, néu W vé6i phép toan (+,.) dugc han ché tir V ciing la mot
khong gian vecto trén R.

Vidu. W ={0} va V la cac vectd con ctia V. Ta goi day la cac
khong gian con tam thwong cia V.

Dinh 1y. Cho W la mét tap con khdc () cia V. Khi dé cac ménh dé
sau tuong duong:

HW<V.
i) Voi moiu,veW ;a€R, tacou+veW viaueW.
iii) Vdi moiu,v € W; a € R, ta c6 au+v e W.

v
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Vidu. Cho W = {(z1,z2,23) € R®| 221 + 29 — 23 = 0} . H6i W ¢6 1a
khong gian con ctia R3 khong?

Giai.
Ta c6 W C R3.
0=(0,0,0) €W (vi 2.0+ 0—0 = 0). Suy ra W # 0.
V6i moi u = (21, x2,x3) € W, nghia la 2z +x9 — 23 =0,
v=(y1,Y2,y3) € W nghiala 2y; + yo —y3 =0
va a € R. Ta c6
o utv=(r1+y1,r2+ Y2, 3+ y3). Ta cod
2(r1 +y1) + (2 +y2) — (w3 +y3) =
(2x1+$2—x3)+(2y1+y2—y3) =04+0=0.
Suyrau+veW. (1)
o au = (axy,azs,axs). Ta co
201 + axg — arg = a(2x1 + 19 — x3) = 0 = 0.
Suy ra au € W. (2)
Tit (1) va (2) suy ra W < R3.

Lée Van Luyéen (DPHKHTN HCM) Chuong 3. Khong gian vecto 22/05/2010 176 / 254




gian vecto con

Nhan xét. Cho V la khong gian vecto va W C V. Khi dé:
e Néu W la khong gian con cia V thi 0 € W.

o NéuO¢ W thi W khong la khong gian con ctia V.

Vidu. Cho W = {(:L’l,xg,xg) € R3 | 3x1 + 229 — 423 = 1}. Héi W ¢6
la khong gian con ctia R? khong?

v

Giai. Ta c6 0= (0,0,0) ¢ W (vi3.042.0-4.0=0%#1). Suy ra W
khong 1a khong gian con ctia R3.

Vi du. Cho W = {(z1,32,23) € R® | 21 = 2z9x3} . H6i W ¢6 1a khong
gian con ciia R? khong?

Giai. Véi u = (2,1,1) vav = (4,2,1). Ta c6 u,v € W.

u+v=(6,3,2) ¢ W (vi 6 # 2.3.2). Suy ra W khong la khong gian
con ctia R3.
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mot khong gian con cia V.

Dinh ly. Néu Wy, Wy la khong gian con ciia V thy W1 N Wy ciing la J

Chimng minh.

e WinNWyCcVViW,CV, WyCV)

e 0 eWLTNWy (vi0e Wy, 0e Ws)

e V6i moi u,v € Wi NWy; a € R.
Viu,v€ Wy nén au+veW; (vi Wy <V).
Viu,v € Wy nén au+v € Wy (vi Wo < V).

Suy ra au +v € Wi N Wa.
Vay WinWy < V.
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Dinh ly. Néu Wi, Wy la khong gian con cia V, ta dinh nghia
Wi+ Wy = {w1+w2 | wy € Wi, wy € Wg}.

Khi do W1 + Wy cing la mot khong gian con cia V.

Chimg minh.
° W1—|—W2CV(V1W1CV,W2CV)

e 0=040eW;+Wsy (vi0 e Wy,0e W)

e Vi moi u =u; +us,v=v1 +v9 € Wi + Wy, € R.
Vi ug,v; € Wi nén auy +v; € Wy (vi Wy <V).
Vi ug, vy € Wi nén aug + ve € Wo (vi Wy < V).

Ta c6
au+v = a(ug +uz)+ (vi+v2) = (aqui+v1)+(aua+vy) € Wi+ Ws.
Vay au +v € Wi + Wa.

Vay W1 + Wy < V.
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4.2 Khong gian con sinh béi tap hop

Dinh ly. Cho V la khong gian vecto trén R va S la tap con khdc rong
ctia V. Ta dat W la tap hop tat cd cic to tuyén tinh cia S. Khi dé:
) W<V
ii) W la khong gian nhé nhdt trong tat cd cic khong gian con cia
V' ma chita S.
Khong gian W duogc goi la khong gian con sinh bdi S, ky hieu W = (S).
Cu thé, néu S = {u1,ua, ..., um} thi

W = (S) = {a1us + agua + - -+ + sy, | a; € R}

Vi du. Trong khong gian R?, ta xét S = {u = (1,2)}. Khi d6
W =(S)={a(1,2) | a € R} = {(a,2a) | a € R}.
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Vi du. Trong khong gian R?, ta xét
S={u =(1,2,1),us = (—1,2,0)}.
Khi dé
(S) = {tus +suz | t,s e R} = {(t — 5,2t +2s,t) | t,s € R}

Nhan xét. Vi khong gian sinh bdi S la khong gian nhé nhat chia S
nén ta quy wdc (0) = {0}.

Vi du. Trong khong gian R?, cho
W ={(a+2b,a—b,—a+2b) | a,be R}
a) Chitng minh W 1a khong gian con ciia R3.

b) Tim mot tap sinh ciua W.

Giai. a) Tac6 0 € W vi 0= (0,0,0) = (04 2.0,0 — 0, —0 + 2.0)
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Véi u,v e W va a € R,
U= (a1 4+ 2b1,a1 — b1, —a1 + 2[)1) v6i a1, b1 € R

v = (ag + 2by, ag — by, —ag + 2by) v6i ag, by € R. Khi dé:

o u+v=_(ar+az)+2(by + b2), (a1 + az) — (b1 + b2)
,—(a1+a2)—|—2(b1—|—bg) ) eWw (Vi a1 + as, by + by GR)

e au = (aay + 2aby, aay — aby, —aa; + 2aby) € W
(Vi aay, by € R).

Vay u + v, au € W. Suy ra W < R3.
b) Ta c6 W = {(a + 2b,a — b, —a +2b) | a,b € R}
={a(1,1,-1)+b(2,-1,2) | a,b € R}

Vi moi vects thuoc W déu la t6 hop tuyén tinh cta
up = (1,1,—1),us = (2,—1,2) nén S = {uy, us} la tap sinh ctia W.
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Dinh 1y. Cho V la khong gian vecto va Sy, Se la tdp con cia V. Khi
dé, néu moi vecto cia Sy déu la to hop tuyén tinh cia So va nguoc lai
thi (S1) = (S2)

Chitng minh. Vi moi vecto ctia S déu la t6 hop tuyén tinh ctia Sy
nén Sy C (Sz). Mat khac (S7) 1a khong gian nhé nhét chia Sy nen
(S1) C (S2). Ly luan tuong tu ta c6 (Sa) C (S1).
Vi du. Trong khong gian R? cho

Sl = {’U,l = (1, *1,4),11,2 = (2, 1,3)},

SQ = {’LL3 = (_17 _27 1),U4 = (57 15 10)}
Ching minh (S7) = (S2).
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4. Khong gian vectd con

Dinh 1y. [vé cd sé khéng toan ven] Cho V la mot khong gian vecto
hitu han chiéu va S la mot tap con doc lap tuyén tinh cia V. Khi dé,
néu S khong la co sdé cia V thi cé thé théem vao S mot so vecto dé dugc
mot co sd cia V.

v

Vi du. Trong khong gian R?, cho
S ={u; =(1,0,2,1},ue = (1,0,4,4)}.

Chitng t6 S doc lap tuyén tinh va thém vao S mot sb vectd dé S tré
thanh co sG cia R*.

e, (wm)_ (1021 1021
G‘a"LapA_(u2>_<1044> (0023)‘

Ta c6 7(A) = 2 bang s6 vecto ctia S. Suy ra S doc lap tuyén tinh.

Dua vao A ta c6 thé them vao S hai vecto
us = (0,1,0,0),uq = (0,0,0,1).

Ro rang S = {u1, ug, u3, us} dltt. Suy ra S la co s6 ciia R*,

Lée Van Luyéen (DHKHTN HCM) Chuong 3. Khong gian vecto 22/05/2010 184 / 254
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Dinh ly. Cho V la mét khong gian vecto hitu han chiéu sinh bdi S.
Khi dé ton tai mot co sé B ciia V sao cho B C S. Néi cich khdc, néu
S khong phai la mot co sé ciua V thi ta cé thé loai b6 ra khéi S mot sé
vecto dé dudec mot co sé cia V.

Vi du. Trong khong gian R3, cho W sinh béi
S={u =(1,1,1),us = (2,1,3),u3 = (1,2,0) }.

Tim mot tap con cta S dé 1a co s6 cia W.

Giai. Xét phuong trinh
aqur + agug + aguz = 0

& (a+2a2 + az,a+ az + 2a3,a + 3az) = (0,0,0)

ar + 200 + a3 = 0
& ar + a 4+ 2a3 = 0
a1+ 3ag =0
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4. Khong gian vectd con

Ma tran héa hé phuong trinh,

1 21 1 2 1 1 0 3
A= 11 2 | —=1]1 0 -1 1 ]—-(01 -1
1 30 0 1 -1 00 O
Suy ra hé c6 nghiém la oy = —3t, g = t, a3 = t. Vay

—3tuy + tug + tug = 0.
Chot =1, ta ¢c6 —3uy + us + ug = 0 nén
U = 3U1 —us.

Suy ra ug 14 t6 hgp tuyén tinh clia u1, uz. Do d6 {uj,us} 1 tap sinh
ctia W, hon nita né doc lap tuyén tinh nén né la co sé ciia W.
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4.3 Khong gian dong ctia ma tran

Dinh nghia. Cho ma tran A = (a;;) € Myxn(R)

ail ai2 ain
a a a
A= 21 22 2n
Aml Am2 Amn
Dat
’ ur = (a11,a12, .. -,a1n),
uy = (ag1,a22,...,a2,);
Um = (amlvam%”- 7amn)
va
WA = <U1,UQ, ey um>

Ta goi uy,us, ..., un la cac vecto dong cua A, va Wx la khong gian

dong ctua A.

v
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B6 dé. Néu A va B la hai ma tran tuong duong dong thi Wy = W,
nghia la hai ma tran twong duong dong co cung khong gian dong.

Dinh 1ly. Gid st A € My, xn(R). Khi do, dimWy = r(A) va tap hop
cdc vecto khac khong trong dang ma tran bac thang cia A la co sd ciua
Wy

Vi du. Tim s6 chiéu vi mot co sé clia khong gian dong clia ma tran

1 2 -1 1
29 5 1 4
A=1511 o 3
9 20 —3 14
1 2 -1 1 12 -1 1
2 5 1 4 01 3 2
Giai. A= . 1 o5 |~ o0 01
9 20 -3 14 00 00
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4. Khong gian vectd con

Suy ra dimW,4 = r(A) = 3 va mot co s6 ciia Wy la

{ur =(1,2,-1,1);u2 = (0,1,3,2);us = (0,0,0,1)}.
Thuéat toan tim sb chiéu va cd sé ctia mot khong gian con ciia
R™ khi biét mot tap sinh

Gia st W = (uy,ug, ..., Un) < R"™ (ug,us, ..., u, khong nhat thiét
doc 1ap tuyén tinh). Dé tim s6 chiéu vi mot cd s§ clia W ta tién hanh
nhu sau:

Budc 1. Lap ma tran A bang ciach xép uq,us, ..., u,, thanh cac dong.
Buéc 2. Dung cac phép BDSCTD dua A vé dang bac thang R.

Bué6c 3. S6 chiéu ctia W bing s6 dong khac 0 clia R (do d6 bang
r(A)) va cac vectd dong khac 0 ctia R tao thanh mot co s6 cua W.
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Vi du. Cho W sinh béi S = {u1,ug, usg, us} trong dé vy = (1,2,1,1);
ug = (3,6,5,7); uz = (4,8,6,8); ug = (8,16,12,20). Tim mot co s cla
khong gian W.

Giai. Lap

U1 1 2 1 1 1 211

U2 3 6 o5 7 0 01 2
A - = —_—

U3 4 8 6 8 0 001

Uy 8 16 12 20 0 00O

Do d6 W ¢6 dimW = 3 va c6 mot co s6
{Ul = (1727 15 ]-);/02 = (0707 172);U3 = (anaoa 1)}

Nhan xét. Vi dimW = 3, hon nita, c¢6 thé kiém ching w1, ug, ug doc
lap tuyén tinh nén ta ciing c¢6 {u1,ug, ug} 1a mot co sé ctia W.
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4. Khong gian vectd con

Vi du. Tim mot co s3 cho khong gian con ctia R* sinh béi cac vecto

u1, u2,uz, trong dé u; = (1, -2,

uz = (3a 76, 747 4)

—1,3); up = (2,—4,-3,0);

Giai. Lap

(51 1 -2
A= u9 = 2 —4
us 3 —6

Do d6 ¢6 dimW = 3 va c6 mot

{Ul = (17 _23 —1,3);’02 =

-1 3 1 -2 -1 3
-3 0 | — 0 0 -1 -6
—4 4 0 0 0 1
co sG

(0,0,—1,—6);v3 = (0,0,0,1)}.

Nhan xét. Trong vi du trén, vi 7(A) = 3 nén uy, uz, uz doc lap tuyén
tinh, va do d6 {u1,us,us} ciing la mot co s6 cia W.
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4.4 Khong gian tong

Dinh 1y. Cho V la khong gian vecto trén R va Wy, Wy la khong gian
con cua V. Khi do:

i) Wi+ Ws la khong gian con cia V.
ii) Néu W1 = <Sl> va W2 = <SQ> tha

Wi+ Wy = (Sl U Sz).

Vi du. Trong khong gian R* cho cac vecto u; = (1,2,1,1);
ug = (3,6,5,7); ug = (4,8,6,8); ug = (8,16,12,16); us = (1, 3,3, 3);
ug = (2,5,5,6); uy = (3,8,8,9); ug = (6,16, 16, 18).

Dat Wy = (uy, ug, us, ug) va Wy = (us, ug, uz, ug). Tim mot co sG va
x4c dinh s6 chiéu ctia mdi khong gian Wy, Wy va Wi + Wh.

Giai.

Lée Van Luyéen (DPHKHTN HCM) Chuong 3. Khong gian vecto 22/05/2010 192 / 254



4. Khong gian vectd con

e Tim co sG cua Wy

uy 12 1 1 1 21 1
3 |lu | |3 6 5 7 00 1 2
Lap A = w |=12 s 6 s|= o000
Uy 8 16 12 16 000 0

Do d6 Wy c6 s6 chiéu 1a 2 va mot co sé 1a

{v1 = (1,2,1,1);02 = (0,0,1,2)}.
e Tim co sd ctia W

us 13 3 3 1 3 3 3
5 luw | |2 5 5 6 0110
Lap Az = e |13 8 8 9|~ 000o0
ug 6 16 16 18 0000

Do d6 Wy ¢6 s6 chiéu 1a 2 va mot cd sG 1a

{vs =(1,3,3,3);v4 = (0,1,1,0)}
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e Tim co s6 ciua Wy + Why

Ta c¢6 W7 + W5 sinh bdéi cac vecto

v = (1,2,1,1);v9 = (0,0,1,2);v3 = (1,3,3,3);v4 = (0,1,1,0).

01 1211 121 1
o |w | (o012 0110
LapA=1t 1=l 1333|0012

va 0110 0000

Suy ra W1 + Ws ¢6 s6 chiéu 1a 3 vA mot co s6 1a

{wr=(1,2,1,1);wz = (0,1,1,0);ws = (0,0,1,2)}.

Lée Van Luyéen (DHKHTN HCM) Chuong 3. Khong gian vecto 22/05/2010 194 / 254



5. Khong gian nghiém ctia hé phuong trinh tuyén tinh

5. Khong gian nghiém ctia hé phuong trinh
tuyén tinh

5.1 M& dau

5.2 Tim cd s cua khong gian nghiém

5.3 Khoéng gian giao
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5.1 M6 dau

Vi du. Cho W la tap tat ca cac nghieém (z1,z2, 3, 74) clia hé phuong
trinh tuyén tinh thuan nhat:
r1 + 2x9 — 33 + dxry = 0
r1 4+ 3x2 — 13x3 + 22z4 = O
3r1 + S5z + r3 — 2x4 = 0
2¢1 + 3x9 + dxry — Txy = 0.
Ma tran héa hé phuong trinh, ta cé
1 2 -3 5 1 0 17 =29
1 3 —-13 22 01 —-10 17
A= —
3 5 1 -2 0 0 0 0
2 3 4 -7 0 0 0 0

Vay hé c6 nghiém la

(z1,22,23,24) = (=17t + 295,10t — 17s,t,s) v6i t,s € R
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Do do6
W ={ (=17t +29s,10t — 17s,t,s) | t,s € R}
= {(—17t,10t,t,0) + (29s, —17s,0,s) | t,s € R}
= {£(~17,10,1,0) + (29, ~17,0,1) | £,s € R}

Dit up = (—17,10,1,0),us = (29, —17,0,1). Theo biéu thiic trén, véi
uw € W thi u 1 t6 hop tuyén tinh clia ui, us. Suy ra

W = <U1,UQ>.

Hon nita {u1,us} doc lap tuyén tinh, neén {uj,us} 1a co 6 ctia W. Suy
ra dimW = 2.

Nhan xét. Vecto u; va us c¢6 duge bang cach cho lan lugt t = 1,5 =0
vat=0,s = 1. Ta goi nghiém wuy, us dugc goi la nghiém co ban cla
he.
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Dinh 1y. Goi W la tap hop nghiém (x1,xa,...,x,) clia hé phuong
trinh tuyén tinh thuan nhat

ay1xr1 + apxre + ... 4+ apxn, = 0
anxry + axpry + ... + apx, = O0;
Am1T1 + Gmar2 + + amprn, = 0

Khi dé, W la khong gian con ciia R™ va s6 chiéu ciia W bang sb an tu
do cua hé.

Nhw vay W = {u € R"* | Au" =0} vdi A la ma tran cho trudc va

U= (131,1'2,. "amn)
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5. Khong gian nghiém ctia hé phuong trinh tuyén tinh

5.2 Tim co s cua khong gian nghiém
Thuat toan
Buéc 1. Giai hé phuong trinh, tim nghiém tong quat.

Buéc 2. Lan lugt cho bo an tu do cac gia tri
(1,0,...,0),...,(0,0,...,1) ta dugc céac nghiém cc ban uy, ug, ..., Un.

Budc 3. Khi d6 khong gian nghiém c6 co s 1a {uy, ug, ..., up}.

Vi du. Tim co s6 va s chiéu ctia khong gian nghiém sau

r1 + 229 — 3x3 + bdxry = 0
r1 + 3x2 — 13z3 + 2224 = 0;
3x1 + dSxe + r3 — 2x4 = 0
2¢7 + 3z + dxs — Txry = 0,

Giai. Ma tran héa hé phuong trinh, ta ¢
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5. Khong gian nghiém ctia hé phuong trinh tuyén tinh

1 2 -3 ) 1 2 -3 )
do:=d2—d;
~ 1 3 —-13 22 d3:=d3—3d; 0 1 —-10 17
A= dyi=ds=3d1 |
2 3 4 -7 0 -1 10 —-17
Y 10 17 =29
ds:=d3+da 0 1 -10 17
—_—
dy:=dy+ds 0 O 0 0
0 0 0 0

Suy ra nghiém cta hé la

u = (z1, T2, x3,24) = (=17t + 295,10t — 17s,t,5) véi t,s € R.

Cac nghiém co ban cia hé la
uy = (—17,10,1,0),ug = (29, 17,0, 1).

Do d6, néu W la khong gian nghiém thi B = {uy,us} co s6 cia W va
dimW = 2.
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5.3 Khong gian giao

Cho V' la khong gian vecto va Wi, W 1a khong gian con ctia V. Khi dé
W1 N W 1a khong gian con ctia V. Hon nita néu Wy = (S1), Wy = (Ss)
thi u € Wi N Wy khi va chi khi u 1 t6 hop tuyén tinh ctia S; v u 1a t6
hgp tuyén tinh ctia So.

v

Vi du. Trong khong gian R* cho cac vecto u; = (1,2,1,1),
us = (1,2,2,3), us = (2,4,3,4), us = (1,3,3,3), us = (0,1,1,0). Dit
W1 = (u1,ug,us), Wa = (ug,us). Tim co s6 ciia khong gian Wy N Wha.

v

Giai. Goi u = (x,y, z,t) € W1 N Wy
e Viu € Wi nén u la td hop tuyén tinh ctia uq, ug, us3.

1 1 2| 11 2|z
2 2 4 01 1jz—=
T T . T1.,,7) — Y
(ol g wgful)=|7 5 317 | = 00 0] -2z+y
1 3 4]t 0 0 O0|z—22z+t

Suyradéu e Wy thi 2z +y=0vazx—2z+t=0 (1)

Le Van Luyéen (DHKHTN HCM) Chuong 3. Khong gian vecto 22/05/2010 201 / 254




5. Khong gian nghiém ctia hé phuong trinh tuyén tinh

e Viu € Wy nén u la té hop tuyén tinh ciia ug, us.

1 0|z 1 0|x
3 1]y 0 1| -3z+y
T T T _
(ul wgful )=\ 35 /|7 |~ 0 0| —y+z
3 0|t 0 0| —-3x+t

Suyradéuec Wythi —y+2=0va -3z+t=0 (2)
Tw (1) va (2) ta co

-2z + vy = 0

T — 2z + t =0

-y + =z = 0

-3z + t =0
-2 1 00
i x 1 0 -2 1
Ma tran héa A = 0 1 1 0
-3 0 01
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5. Khong gian nghiém ctia hé phuong trinh tuyén tinh

-2 1 0 0 1 1 0 -1
P 1 0 -2 1 dy:=d1—dy 0o -1 -2 2
A= 1,
0 -1 1 0 do:=do—dy 0 -1 1 0
-3 0 1 di=di=sdi\ 93 0 -2
P 10 -2 1 dyi=1ds 10 0 —-1/3
di:=d1—d> 01 2 =2 di:=d1+2d3 01 0 —2/3
_—
ds:=ds—ds 00 3 -2 do:=dy—2ds 0 01 —-2/3
d4Z:d4—3d2 0 0 _6 4 d4Z:d4+6d3 0 0 O O
Suy ra nghiém cta hé la
1 2 2
u=(z,y,2,1) = (ga, ga, ga,a) véia € R
1 2 2
Nghiém co ban ctua hé 1a v = (g, 3y 1).
122
Suy ra W1 N Wy ¢6 co s6 1a {u; = <§’ 33 1)}
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Dinh ly. Cho Wy, W5 la hai khong gian con hitu han chiéu ctia V. Khi
do
d1m(W1 + Wg) = dimW; + dimWs — d1m(W1 N Wg)
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6. Toa do va ma tran chuyén cd sé

6. Toa d6 va ma tran chuyén cd sé

6.1 Toa do
6.2 Ma tran chuyén cd sé
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6. Toa do va ma tran chuyén cd sé

6.1 Toa do

Dinh nghia. Cho V la khong gian vecto va B = {uy, ug,...,u,} 1a
mot cd sé ctia V. Khi d6 B dudc goi 1a co sd duoe sdp ctia V néu thit
tu cac vecto trong B dugce ¢d dinh. Ta thuong dung ky hiéu

(ug,ug,...,uy)
dé chi co s6 dugc sip theo thit tu wi, us, . .., up.
Dinh ly. Cho B = (u1,us,...,uy,) la co sé cia V. Khi dé moi vecto

uw eV déu duge biéu dién mot cich duy nhat dudi dang

U= 01Ul + Uy + -+ + Qply.

Chimng minh.
e Sy ton tai. Vi B la co sé ctia V neén B la tap sinh. Véi u € V thi u
la t6 hop tuyén tinh ctia B. Suy ra, ton tai o, ao,...a, € R dé

U = QU1 + QU2 + - - + Qply.
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6. Toa do va ma tran chuyén cd sé

e Su duy nhét.
Gia st u c6 mot dang biéu dién khéc
u = Pruy + Pouz + -+ + Bpln.
Nghia la:
U= aius + -+ apu, = Brur + Paug + - - - + Buun.
Khi dé
(1 — Br)ur + (a2 — Ba)uz + -+ + (i — Bn)uyn =0
Do B 1a co s6 nén B doc lap tuyén tinh, ta c6
ar—fr=ay—fr=-=ap— 3, =0
hay
a1 = P, = P2,...,an = B

Diéu nay chitng t6 u c6 mot dang bicu dién duy nhat.
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6. Toa do va ma tran chuyén cd sé

Toa do

Nhu vay, néu B = (u1,us, . .

S, Up) lacosdcliaV vau eV thi uséco
dang biéu dién duy nhat la:

U = U1 + au + - -+ Qpln.

Ta dat
aq
(&%)
[ulg =

Qp

Khi d6 [u]s duge goi 1a toa do cla u theo co sé B.

Vi du. Trong khong gian R?, ta c6 co s3 chinh tic

B[) = {61 = (1,0, 0), €y = (0, 1, 0), €3 = (0,0, 1)}
V6i u = (21, x2,x3) ta c6: u = x1€1 + x2e3 + T3€3.
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6. Toa do va ma tran chuyén cd sé

I
Suy ra [ulg, = | z2 | =u
3

Nhan xét. Ddi vdi co sd chinh tac By = (e1,ea, ...

gian R™ va u = (x1,22,...,2,) € R" ta ¢d

1
)
o= | . | =u

Tn

,€n) cta khong

Vi du. Khong gian Ry[x] ¢6 co s6 chinh téc 1a
By = {z? x,1}.
a

Véi f = ax® +bx +c, taco [flg, = | b
c
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6. Toa do va ma tran chuyén cd sé

Phuong phép tim [u]p

Cho V la khong gian vecto c6 co sé 1a B = (ug, ug,...,u,) vau € V.
Dé tim [u]p ta di giai phuong trinh
U= Qrul + aug + -+ auy (%)
v6i an aq, g, . ..a, € R. Do B la cd sé nén phuong trinh () c¢6 nghiem
duy nhat
(1,09, ...,0p) = (c1,¢2,...,¢p)-

C1
2

Khi d6 [u]|g =

Cn

Luu y. Khi V = R", dé giai phuong trinh () ta lap hé
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6. Toa do va ma tran chuyén cd sé

Vi du. Trong khong gian R?, cho cac vecto
up = (1,2,1),us = (1,3,1),u3 = (2,5, 3).
a) Chitng minh B = (uy, ug,u3) 13 mot co s6 ciia R3.

b) Tim toa do ciia vects u = (a,b,c) € R3 theo cd s6 B.

Giai.
1 21

a) Lap A= | wuq 1 3 1 |.Taco|A|=1, suy ra uy,us, us
2 5 3

doc lap tuyén tmh Vay B la co s6 ctia R3.

b) Véi u = (a,b,c), dé tim [u]g ta lap he phuong trinh
1 0 0j4a—-0b—c
— |1 01 0|—-a+b-c
0 0 1|—-a+c

1 1 2
(u] ug ug |u')— 1|2 3 5
11 3

Qo o e

C
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6. Toa do va ma tran chuyén cd sé

Vi du. Trong khong gian Rs[x] cho
fi=a?+a+1,fo=222+3x+1, fs =2* 42z + 1.

a) Chung minh B = (f1, f2, f3) 1&a mot co s6 cua Ro[z].
b) Tim toa do clia vecto f = 2% + 3x + 3 theo cd s6 B.

2
c¢) Cho [g]p = 3 |, timg?
—4

Giai.
a) Kiém tra B 1a co sd (tu lam)
b) Véi f = 22 + 3z + 3, dé tim [f]p ta di gidi phuong trinh

f=aifi+asfo+asfs

a1 + 200 + a3 = 1
& ar + 3as 4+ 2a3 = 3
a + oy + a3 = 3.

Lé Van Luyén (DPHKHTN HCM) Chuong 3. Khong gian vecto 22/05/2010

212 / 254



6. Toa do va ma tran chuyén cd sé

~ 1 2 1)1 1 0 0 1
Ma tran héa, A= 1 3 2|3 | - 0 1 0] -2
1 1 13 0 01 4
1
Vay [flp = | —2
4
2
c) Ta co [g]p = 3 |,suyrag=2f +3fo—4fs
—4
g=2(x*+2+1)+3(22% + 3z +1) —4(z2 + 22+ 1)
=422 + 3z + 1.

Meénh dé. Cho B la co sd cia V. Khi dé, vdi moi u,v € V,a € R ta
co:

o [u+v]g=[up+ [v]B.

o [au|p = afuls.
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6. Toa do va ma tran chuyén cd sé

6.2 Ma tran chuyén co sé

DPinh nghia. Cho V la mét khong gian vecto va
Bi = (ui,ug, ..., up), Ba = (v1,v2,...,0p).
l1a hai co s& cia V. Dat
P = ([v1]B, [v2]B, ---[vn]By)-

Khi d6 P dugc goi 1a ma tran chuyén co sd tit ¢o sé By sang ¢ sG
Bs va dugce ky hieu (B; — Bs).

Vi du. Trong khong gian R3, cho
B=(u =(1,-2,3),us = (2,3,—-1),u3 = (3,1,3))

1a co sé ctia R3. Goi By 1 ¢6 s6 chinh tic ctia R3. Khi d6
1 2 3
(Bo — B) = ([u1]B, [u2ls, [uslg,) = (u] ug ug)=| -2 3 1
3 —1 3
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6. Toa do va ma tran chuyén cd sé

Nhan xét. Néu B = (ui,us, ..., u,) la mot co sé cia R™ va By la co
sd chinh tdc cia R™ thi
(Bo — B) = (u] ug ... u,)

Phuong phap tim (B; — B2)
Gia st By = (u1,ug,...u,) vd By = (v1,v2,...v,) 1a hai co s6 cua V.
Ta thuc hién nhu sau:

e Cho u la vecto bat ky ciia V, xac dinh [u]g, .

e Lan luot thay thé u bang vy, vs,...v, ta xac dinh dugc

[v1]Bys [V2]Bys - - s [Vn]By -
Khi dé
(Br — B2) = ([v1]s, [v2]B, - - [vn]B,)
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6. Toa do va ma tran chuyén cd sé

Dac biet, khi V = R”, dé xac dinh (B; — Bs) ta c6 thé lam nhu sau:

e Thanh lap ma tran mé rong (u] ug ... u, |v] v ... v,)

e Diung cac phép bién ddéi so cap trén dong dua ma tran trén ve
dang (I,|P).

e Khi d6 (B) — B2) =

Vi du. Trong khong gian R3, cho hai co s&
Bl = (u1 = (1, 1, 1),71,2 = (1,2, 1),U3 = (2,3, 1))

va

BQ = (111 = (1, —3, 2), Vo = (—1, —2,4), V3 = (3, 3, —2)).
Tim ma tran chuyén co sé tit By sang Bs.

Giai. Cho u = (a,b,c) € R3, xac dinh [u]g,. Ta lap
11 2|a 1 0 Ojla—-b+c
(uj ug uglu™)— | 1 2 3[b | =01 0|-2a+b+c
1 1 1|e¢ 0 0 1I|la—c
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6. Toa do va ma tran chuyén cd sé

a—b+c
Nhu vay [u]p, = | —2a+b+c¢
a—c
Thay lan lugt u bdi vy, ve, v3 ta dude
6 5 —2
[vl]Bl = -3 7[,02]61 = 4 7[’03]31 = )
1 -5 5
6 5 —2
Vay (Bi — Ba)= | -3 4 -5
-1 -5 5

Cach khac
Lap ma trén md rong

1 1 2 1 -1 3
(uf ug ug |v{ vg v4)— [ 1 2 3| -3 -2 3 | —
1 11 2 4 =2
100/ 6 &5 =2 6 5 -2
01 0|-3 4 =5 |.Suyra(Bi—By)=| -3 4 -5
00 1]-1 =5 5 -1 -5 5
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6. Toa do va ma tran chuyén cd sé

Dinh 1y. Cho V la moét khong gian vecto hitu han chiéu va By, B2, B3
la ba co sd cia V. Khi do

Hé qua. Cho By = (uj,ug,...,uy); Be = (v1,v2,...,v,) la hai co sd
ctia khong gian R™. Goi By la co s6 chinh tdic cia R™. Ta cé

v
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6. Toa do va ma tran chuyén cd sé

Vi du. Cho W la khong gian con ctia R* sinh béi cac vecto:
up = (1,2,2,1),u2 = (0,2,0,1),us = (—2,3,—4,1).

a) Ching minh B = (u1,u2,u3) 1a mot co s6 cia W.
b) Cho u = (a, b, c,d), tim diéu kién dé v € W. Khi d6 tim [u]s.

¢) Cho v; = (1,0,2,0);v2 = (0,2,0,1); v3 = (0,0,0,1). Chitng minh
B’ = (v1,v2,v3) ciing 1a mot ¢ s6 ciia W. Tim ma tran chuyén co sé tit
B sang B'.

v

Giai.

a) Ching minh B = (u1, us,u3) 13 mot co sd ctua W. J
Ul 1 2 2 1

Lap A= | ue | = 02 01 ].Tacor(A)=3,suyralBB
U3 -2 3 -4 1

doc lap tuyén tinh. Vi W = (B) nén B la co s ctia W.
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6. Toa do va ma tran chuyén cd sé

b) Cho u = (a, b, ¢, d), tim diéu kien dé v € W. Khi d6 tim [u]g. J

Ta c6 u € W khi u 1a t6 hop tuyén tinh cta B.
Lap hé phuong trinh

1 0 —2]|a 1 0 0|a+2b—4d
2 2 3|0 01 0|—a—3b+7d
wl g uglu) =5 0 ale | 7 00 1 b-2d
11 1|d 0 0 0|—2a+c
Dua vao hé phuong trinh, dé v € W thi —2a + ¢ = 0. Suy ra
a+2b—4d
[up=1 —a—3b+7d
b—2d
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6. Toa do va ma tran chuyén cd sé

¢) Cho v1 = (1,0,2,0);v2 = (0,2,0,1);v3 = (0,0,0,1). Chitng minh
B’ = (v1,v2,v3) ciing 1a mot cd s§ ctia W. Tim ma tran chuyén co s tit
B sang B'.

Ta thay cac vecto vy, vo,v3 déu thoéa diéu kien —2a + ¢ = 0 nén theo
cau a), cac vecto nay thuoc W.

Mat khac, dé thay rang B’ = (v1,v9,v3) doc lap tuyén tinh nén B’ cling
1a co 86 cia W (do dimW = |B| = 3 = |B'| ). Dung két qua & cau b) ta
co

1 0 —4

=1 =1 | ,[wvals=| 1 |,[v2]sg= 7

0 0 —2
1 0 —4
Suyyra(B—-B)=[ -1 1 7
0 0 -2
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6. Toa do va ma tran chuyén cd sé

Vi du. Trong khong gian R3, cho
S=(u1=(1,1,3),ue = (1,-2,1),u3 = (1,—1,2))
T= (vl = (17 —2,2),’1}2 = (17 _23 1),03 = (17 _172))
a) Ching t6 S va T 1a cd s6 ciia R3.

b) Tim ma tran chuyén co sd tit S sang T (ki hieu (S — T))).

2
¢) Chou € R3 thda [u]lr = [ —3 | . Tinh [u]s.
-2
Ching t6 S va T 1a co sé ciia R? J
Ta c6 dimR? = 3 = s6 vec to ctia S. Do d6, S 1a co s6 ctia R3 khi S doc
(51 1 1 3
lap tuyén tinh. Lap A= | wo | = 1 -2 1 |].Tacor(A) =3,
us 1 -1 -2

suy ra S doc lap tuyén tinh. Vay S 1a co sé ctia R3.
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6. Toa do va ma tran chuyén cd sé

b) Tim ma tran chuyén cd sé tit S sang T (ki hieu (S — 7)) J

Lap ma tréan md rong
1 1 1 1 1 1

(uj ug ug |v{ vg v3)— | 1 -2 —1|-2 -2 -1 | —
3 1 2 2 1 2
1 0 0j-1 00 -1 0 0
—-1010/-110].Swyra(S—=T)=| -1 10
0 01| 3 01 1
2
c) Cho v € R3 théa [ulr = | —3 | . Tinh [u]s.
—2
-1 0 0 2 -2
Taco [ulg=(S—>T)ulr=| -1 1 0 -3 = -5
3 01 -2 —4
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6. Toa do va ma tran chuyén cd sé

Bai gidang mon hoc Dai s6 A
Chuong 4:

ANH XA TUYEN TIiNH

Lé Van Luyén

lvluyen@yahoo.com

http://www.math.hcmus.edu.vn/~1lvluyen/09tt

Dai hoc Khoa Hoc Ty Nhién Tp. H6 Chi Minh
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6. Toa do va ma tran chuyén cd sé

Noi dung

Chuong 4. ANH XA TUYEN TINH |

1. Dinh nghia
2. Nhan va anh citia anh xa tuyén tinh

3. Ma tran biéu dién anh xa tuyén tinh
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1. Dinh nghia

1. Pinh nghia
1.1 Anh xa

1.2 Anh xa tuyén tinh
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1. Dinh nghia

1.1 Anh xXa

Dinh nghia. Cho X va Y la hai tap hgp khac rong. Anh za gita hai
tap X va Y la mot qui tic sao cho mdi x thuoc X ton tai duy nhat
mot y thuoe Y dé y = f(x).
Ta viét
f: X—Y
z—y = f(z)

Nghia laVz € X, Jly € Y,y = f(x).

Vi du.
e f:R — R xé4c dinh béi f(z) = 2 + 2 — 1 1a anh xa.

e g:R? — R? xac dinh béi g(x,y,2) = (22 +y,x — 3y + 2) 14 anh
xa.

o h:Q — Z xac dinh béi A(2) = m khong 1 anh xa.
n

4
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1. Dinh nghia

Dinh nghia. Hai 4nh xa f va g tit X vao Y dugc goi 1a bang nhau
néu Vz € X, f(z) = g(z).

Vi du. Xét anhxa f(z) = (z —1)(z+1) vag(x) =22 -1ttt R — R.
Taco f=g.

Dinh nghia. Cho hai anhxa f: X - Y vag:Y’' — Z trong d6
Y CY'. Anh xza tich h cla f va ¢ 13 4nh xa tit X vdo Z xac dinh bai:

h: X —Z
x — h(z) = g(f(z))
Ta viét: h = gof.

Vi du. Cho f,g:R — R xac dinh béi f(z) =2z + 1 va g(x) = 2> + 2.
Khi do
fog(z) = f(g(x)) = f(2® +2) = 2(z® +2) + 1 =222 + 5.

gofsa:; = g;f:a:; =g(2x +1) = 2z + 1)2 +2 = 422 + 4 + 3.
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1. Dinh nghia

Anh va anh ngugc ciia anh xa

Dinh nghia. Cho f: X — Y la anh xa, A C X, B C Y. Khi dé:

o f(A)={f(a)lre At ={yeY|[IeAy=f(z)}
dugce goi la danh cua A.

e f71B)={xe€ X|f(x) € B} dugc goi la dnh nguoc cia B.

e f(X) dugc goi la danh cia anh xa f, ky hiéu Imf.

Vidu. Cho f:R — R duge xac dinh f(x) = 2% + 1. Khi dé:

F([L,3]) = [2,10] f(=2,-1]) = [2,5]
f(1=1,3]) = [1,10] f((1,5)) = (2,26)

FH) = {0} @ ={-11
fH=5)=0 FH2.5) = [-2,-1]U[1,2]

o
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1. Dinh nghia

Phan loai anh xa

a) Pon anh. Tanéi f: X — Y 1a mot don dnh néu hai phan tit khac
nhau bat ky ctia X déu c6 anh khac nhau.

Nghia la: Vry,x0 € X, 21 # xo = f(21) # f(x2).

Vi du.
e f:N — R dugc xac dinh f(z) = 22 + 1 (14 don anh)

e g: R — R dugc xac dinh g(x) = 22 + 1 (khong don anh)

b) Toan anh. Tanéi f: X — Y 1a mot toan dnh néu f(X) =Y.
Nghia la: VyeY,dx € X, f(x) =y.
Vi du.

e f: R — R dugc xac dinh f(z) = 2° 4+ 1 (Ia toan anh)

e g: R — R dugc xac dinh g(x) = 22 + 1 (khong toan anh)

Le Van Luyéen (DPHKHTN HCM) Chuong 4. Anh xa tuyén tinh 25/05/2010 230 / 254



1. Dinh nghia

¢) Song anh. Tanéi f: X — Y 1la mot song dnh néu f la don anh
va toan anh.

Vi du.
e f:R — R dugc xac dinh f(z) = 2z + 1 (1a song &nh)
e g: R — R dugc x4c dinh g(x) = 2% + 1 (khong song 4nh)

Anh xa ngudc

Xét f: X — Y 1a mot song anh. Khi d6, véi moi y € Y, ton tai duy
nhat mot phan ti x € X thoa f(z) = y. Do d6 tuong ting y — x 1a
mot anh xa tit Y vao X. Ta goi day la anh xa ngugce cia f va ky hiéu
f 1. Nhu vay:

fl:y —X
y+— f~(y) =z sao cho f(z) =y

1
Vidu. Cho f:R — R véi f(z) = 2z + 1. Khi d6 f~1(y) = yT

4
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1. Dinh nghia

1. 2. Anh xa tuyén tinh

DPinh nghia. Cho V va W la hai khong gian vectd trén truong R. Ta
néi f:V — W la mot anh xza tuyén tinh néu né thoéa hai diéu kien
duéi day:

) flutv) = f(u)+ f(v),Vu,v €V,

i) flau) =af(u),VaeR,VueV.

Nhan xét. Diéu kién i) va i) trong dinh nghia cé thé dugc thay thé
bing mot dieu kién :

flau+v) = af(u) + f(v),Va € R,Yu,v € V.

K¢ hisu.
e L(V,W) la tap hop céc anh xa tuyén tinh tax V. — W.

e Néu f € L(V,V) thi f dugc goi la mot todn ti tuyén tinh trén
V. Viét tat f € L(V).
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1. Dinh nghia

Nhan xét. Néu f € L(V,W) thi
o f(0)=0;
o f(—u)=—f(u),YueV.

Vi du. Cho anh xa f:R3 — R? xac dinh béi
f(CL‘,y,Z) = ($+2y - 32?2x+z)
Chitng t6 f 14 anh xa tuyén tinh.

Giai. Vu = (21,y1,21),v = (22,92, 22) € R3. Ta c6

flu+v) = flz1+x2, 51+ Y2, 21 + 22)
= (@1 + 22+ 2y1 + 2y2 — 321 — 322,221 + 222 + 21 + 22)
= (1 +2y1 — 321,221 + 21) + (22 + 2y2 — 322,222 + 22)
= flu)+ f(v).
Tinh chat Va € R, f(au) = af(u) kiém tra tuong tir.
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1. Dinh nghia

Dinh 1y. Cho V va W la hai khong gian vecto, B = {uy,ug,...,u,} la
co 6 cia V. Khi d6, néu S = {v1,va,...,v,} la mot tap hop cia W thi
ton tai duy nhat mot f € L(V,W) sao cho

flur) = vy, flug) = va, ..., fluy) = vy.

aq

£ Qa2
Hon nia, néu [ulp = ) tha

F(u) = o f(ur) + o (uz) + ...+ cn ()

Vi du. Trong khong gian R? cho cac vecto:
up = (1,—1,1);u2 = (1,0,1);us = (2,—1,3).
i) Chiing t6 B = (u1,us, u3) 13 mot co sé ciia R3.
ii) Tim anh xa tuyén tinh f:R3 — R3 thoéa:
flur) = (2,1, =2); fluz) = (1,2, -2); f(us) = (3,5, 7).
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1. Dinh nghia

Giai.

a) Chitng t6 B = (u,us, uz) 1a mot cd sG caa R3. J
Ul 1 -1 1

Lap A= w2 | =11 0 1 |.Tacéd|A|=1.Suyra B doc lap
us 2 -1 3

tuyén tinh. Vi dimR3 = 3 bing s6 vecto ctia B nén B 1a mot co sé ciia
R3.

b) Tim anh xa tuyén tinh f: R — R3 thoa:
flur) = (2,1, -2); f(uz) = (1,2, =2); f(ug) = (3,5, =7). J
Cho u = (z,y,2) € R3. Tim [u]s.
Lap
11 2|z 1 0 0lz—y—=
(uf ugug [u')=1 -1 0 =1y | =10 1 0[22+y—=
11 3|z 0 0 1|—-2+=%
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1. Dinh nghia

T—y—2
Vay [ulp=| 2z4+y—=z

—T+z
Suyrau=(x—y—2)u; + 2z +y— z)us + (—z + 2)us.
Vay, ta co

fw) = (x—y—2)f(ur) + 2z +y — 2)f(u2) + (=2 + 2) f (u3)
=(x—y—2)(2,1,-2)+ 2z +y —2)(1,2,-2)
+ (=2 +2)(3,5,-7)
=(r—y,y+2z,x—3z2).
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2. Nhan va anh ctia anh xa tuyén tinh

2. Nhan va anh ctia anh xa tuyén tinh

1.1 Khong gian nhan

1.2 Khong gian anh
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9 2

2. Nhan va anh cta anh xa tuyén tinh

2.1 Khong gian nhan

Dinh nghia. Cho f:V — W la mot anh xa tuyén tinh. Ta dit
Kerf ={ueV|f(u) =0}

Khi d6 Kerf 1a khong gian con ciia V', ta goi Kerf 1la khong gian
nhan cua f.

Nhan xét. Duva vao Dinh nghia, ta duogc

u € Kerf < f(u) =0.
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2. Nhan va anh ctia anh xa tuyén tinh

Vi du. Cho f:R3 — R? dugc xéac dinh baéi:
flryy,2)=(xr+y—2,2x+ 3y — 2,3 + by — 2)

Tim mot co sG cia Kerf.

Giai. Goi u = (z,y,2) € R3.
ueKerf < f(u)=0

r + y — 2z =0

&S 2 + 3y — 2z =0

3z + 5y — 2z = 0
11 -1 1 0 —2
Matranhéa, A= 2 3 -1 | - 0 1 1
3 5 —1 00 0

Heé phuong trinh ¢6 nghiém (z,y, z) = (2t, —t,t) véi t € R.
Nghiém co ban cta hé 1a u; = (2, —-1,1).
Vay, Kerf c6 co s6 la {u; = (2,-1,1)}.
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2. Nhan va anh ctia anh xa tuyén tinh

2.1 Khong gian anh

Dinh nghia. Cho f:V — W la mot anh xa tuyén tinh. Ta dit
Imf ={f(u)|ueV}

Khi d6 Imf 1a khong gian con ctia W, ta goi Imf la khong gian danh
cua f.

Dinh 1y. Cho f:V — W la mot dnh za tuyén tinh. Khi dé, néu

S: {ul,ug,...,um}

la tap sinh cia V' thi

la tap sinh cia Imf.
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2. Nhan va anh ctia anh xa tuyén tinh

Nhan xét. Dwa vao dinh lyj trén, dé tim co sé Imf, ta chon mot tap
sinh S ciia V (dé don gidn ta c6 thé chon co sd chinh tdc). Khi dé Imf
sinh bdi tap dnh cia S.

v

Vi du. Cho f:R3 — R3 dugc xéac dinh béi:

flzyy,2) =(xr+y—22x+ 3y — 2,3z + 5y — 2)

Tim mot co sé cua Imf.

Giai. Goi By = {e1, e, e3} 1a cd s6 chinh tic ctia R3. Ta c6

f(el) :f(17070) - (1a273)
f(e2) :f(O,l,O) = (17375)
f(e?)) :f(0,0, 1) = (_17_17_1)

Ta c¢6 Imf sinh béi {f(e1), f(ez2), f(e3)}.
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2. Nhan va anh ctia anh xa tuyén tinh

fler) 1 2 3 12 3
Lapmatran A= | f(e2) | = 1 3 5| —=(01 2
f(e3) 1 -1 -1 00 0

Do d6, Imf ¢6 co s6 1a {v; = (1,2,3),v2 = (0,1,2)}.

Dinh 1y. Cho f:V — W la dnh za tuyén tinh va V hitu han chiéu.
Khi do
dimIm f + dimKer f = dimV.

Meénh dé. Cho f:V — W la dnh za tuyén tinh. Khi do
i) f la don cau khi va chi khi Kerf = {0}.
ii) f la toan cau khi va chi khi Imf = W.
iii) f la ding cau khi va chi khi Kerf = {0} va Imf = W.
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3. Ma tran biéu dién anh xa tuyén tinh

Dinh nghia. Cho V ¢6 co 86 B = (u1,ug, ..., u,), W cb co s6
B = (v1,v9,...,0y) va f € L(V,W). Dat

P = ([f(u)ls [f(u)lp - [f(un)ls)

Khi d6é ma tran P dudgc goi la ma tran biéu dién cha anh xa f theo
cap co s6 B, B, ky hieu P = [tz 5 (hoic [f]g/).

Néu f € L(V) thl ma tran [f]g g dugc goi 1a ma tran biéu dién toan tit
tuyén tinh f, ky hieu [f|z

v

Vi du. Xét anh xa tuyén tinh f: R? — R? xac dinh béi

flx,y,2) = (z -y, 22 +y+2)

va cip ¢o 86 B = (u; = (1,1,0),us = (0,1,2),us = (1,1,1)),
C= (v =(1,3),v2=(2,5)). Tim [f|p¢c.

v

Lée Van Luyéen (DHKHTN HCM) Chuong 4. Anh xa tuyén tinh 25/05/2010 243 / 254



3. Ma tran biéu dién anh xa tuyén tinh

Ta c6
f(ul) = (073)
fluz) = (-1,3)
f(U3) - (074)

Véi v = (a,b) € R?, tim [v]c.

1 2

tap o of 10— (5 3

a\ _ 1 0| —-5a+2b

b 0 1|3a—-0
—b5a + 2b

Suy ra [U]c:< 35—6 )

Lan lugt thay f(uy), f(u2), f(us) ta co

e = (5 ) twae = (15 )t = (_3).

foe=( 215,
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3. Ma tran biéu dién anh xa tuyén tinh

Vi du. Cho anh xa tuyén tinh f : R* — R? dinh béi
f@y,2t)=(@—2y+z—t,o+2y+z+t2z+22).

Tim ma tran biéu dién 4nh xa tuyén tinh f theo cip co s& chinh tic.

Giai.
1 -2 1 -1
feosy, =11 21 1
2 0 2 0

Vi du. Cho f € L(R?) x4c dinh béi f(z,y) = (22 + v,z — 4y). Khi d6
ma tran biéu dién f theo co s6 chinh tic By la:

[f]B():(? _i)
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3. Ma tran biéu dién anh xa tuyén tinh

Dinh ly. Cho V va W la cdc khong gian vecto hiu han chiéu; B, B’ va
C,C' tuong ting la cdc cdp co sé trong V va W. Khi dé, vdi moi dnh xa
tuyén tinh f : V — W ta cé

i) Vu € V,[f(u)lc = [flBcluls.
i) [fleer = (€ —=C) HflpeB — B).

Hé qua. Cho B va B' la hai co 56 ciia khong gian hitu han chiéu V.
Khi dé doi vdi moi todn tii tuyén tinh f € L(V) ta cé

i) Yu € V. [f(u)ls = [f]s[ulB.
i) [flg = (B— B)7'[fls(B— B).

Vi du. Trong khong gian R? cho co sé
B= (u1 = (1, 1,0);71,2 = (0,2, 1);U3 = (2,3, 1))

va anh xa tuyén tinh f : R? — R3 dinh bdi:
flz,y,2) = 2x4+y—z,2+2y— 2,2x —y+3z). Tim [f]s
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3. Ma tran biéu dién anh xa tuyén tinh

Giai. Goi By 1a co s6 chinh tic cia R3, ta c¢6

2 1 -1
flsg =11 2 -1
2 -1 3

Ap dung hé qua, ta c6

[f18 = (Bo — B) ™[ f]5,(Bo — B),

1 0 2
trong d6 (By — B) = (u] ug ud)= |1 2 3|, dodo
0 1 1

-1 2 -4
(By—B)t=|-1 1 -1
1 -1 2
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3. Ma tran biéu dién anh xa tuyén tinh

Suy ra

~1 —4\ /2 1 -1\ /1 0 2
fls=|-1 1 —1|{1 2 —1|[ 1 2 3
1 -1 2/\2 -1 3/\o0o11
-8 7 —13\ /1 0 2 -1 1 -8
=1-3 2 -=3|[1 2 3|=[-1 1 -3
5 -3 6/ \0 1 1 2 0 7

Vi du. Cho anh xa tuyén tinh f : R? — R2, biét ma tran biéu dién
ctia f trong cdp co sé B = (u1 = (1,1,1);ue = (1,0,1);us = (1,1,0)) va
C=(mn=(11);v=(21))la

mse= (23 71).

Tim cong thic cia f.

Giai.
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3. Ma tran biéu dién anh xa tuyén tinh

- 2 1 -3
Cach 1. Do [f]&c = ( 0 3 4 ) .

Ta cb

e [f(ur)le = < g > Suy ra f(u1) = 2v1 + Ovy = (2, 2)
o [f(u2)lc = < :1)) > Suy ra f(u2) = v + 3ve = (7,4)

o [flus)le = ( - ) Suy ra f(ug) = 30, + 403 = (5,1)

Cho u = (z,y,2) € R3. Tim [u]s.

11 1| 1 0 0lz—y—=
Lap (uj ugug u')=| 1 0 1|y | - 0 1 0|2x+y—2
11 0]z 0 0 1|-2+z2
—T+y+=z
Vay [uls = T =y
T —z
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3. Ma tran biéu dién anh xa tuyén tinh

Suy rau = (—x +y+ 2)u; + (r — y)uz + (x — z)us.
Vay, ta co
fu) = (=2 +y+2)f(u) + (& —y)fluz) + (x — 2) f(u3)
=(—2x4+y+2)(2,2)+ (z—y)(7,4)+ (z — 2)(5,1)
(10z — by — 32,3z — 2y + 2).

Cach 2. Goi By va Cy 1an luot 1a co sd chinh tic ciia R3 va R2. Ap
dung cong thtc ta cé

[f]Bo,co = (C = Co) [ f]s,c(B — By).

Ta c6
-1 T.T L2
ce—e) =0 =6lh= (] 7)
111
o (By—B)=(ujuguj)=|( 1 0 1
110
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3. Ma tran biéu dién anh xa tuyén tinh

—1 1 1
Suy ra (B — By) = (By — B)™! = 1 -1 0
1 0 -1

Vay

(flBocy = (C— Co) 'flpe(B — Bo)
_ 12)(21—3) _1 10
(1 1 03 4 L o0 1
_ 2 7 5) 1 -1 0
(2 4 1 L o0 1
B 10 -5 -3
- 3 -2 1)

Suy ra f(z,y,z) = (10z — 5y — 3z,3x — 2y + 2).

|
—_
—_
—
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3. Ma tran biéu dién anh xa tuyén tinh

Ménh dé. Cho V,W la hai khong gian vecto n chieu va f € L(V,W).
Khi dé f la song dnh khi va chi khi ton tai cdc co sé A, B lan lugt cia
V va W sao cho [f|ap khd nghich.
Hon nita, khi dé f=' : W — V cing la mot dnh za tuyén tinh va
[f B4 = 15
Dac biet, neu’ V=W va A = B thi

[F s =[f15"

Vidu. Cho B= (u1 =(1,1,1),ue = (1,1,2),us = (1,2,1)) 1a co s6
ciia R3. V6i f 1a toan ti tuyén tinh trong R® c6

1 -1 2
fls=[1 0 2
1 21

Chitng minh f 1a song anh va tim f~!.

v
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3. Ma tran biéu dién anh xa tuyén tinh

1 -1 2
Giai. Taco |[flsl=|1 0 2 |=—1.Suy ra [f]s kha nghich. Vay f
1 2 1

la song anh.
Goi By 1a co s6 chinh tac ta c6
[fl5, = (B — Bo)~'[f]8(B — Bo)

= (Bo — B)[f]s(Bo — B)~!
1 11
Tacé (Bo—B)=(uf ug uj)=11 1 2
1 21
3 -1 -1
Suyra (By—B)t=| -1 0 1 |.
—1 1 0
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3. Ma tran biéu dién anh xa tuyén tinh

Vay
111 1 -1 2 3 -1 -1
[flg, = 1 1 2 1 0 2 -1 0 1
1 21 1 21 -1 1 0
315 3 -1 -1
= 4 3 6 -1 0 1
4 1 7 -1 1 0
3 2 -2
= 3 2 -1
4 3 -3
3 0 -2
Suy ra [f_l]Bo:[f][_sOl: -5 1 3
-1 1 0

Vﬁy f_l(x7y7 Z) = (333 - 227 —ox +ty+ 3Z, —33+y)
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