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who will enjoy these theorems one day.
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Tai lieu nay 1a két qua ciia qua trinh hoc tap va rén luyén ctia nhom bién soan tai
khoa Toan-Tin hoc, trusng DH Khoa hoc Ty nhien TP.HCM, dong thdi ciing 1a ticu
luan ctia nhém cho mon hoc Ham bién phitc. Vé bé cuc, tai lieu nay gom 4 phan

chinh véi cac muc tiéu khac nhau.

Phan dau 1a nhitng kién thiic co ban vé ham phitc mot bién, nhém bién soan da
tham khao va trinh bay theo huéng tiép can bang hinh hoc tir cuén sach [1]. Véi loi
thé truc quan va khong kém phan chat ché, huéng tiép can nay cho ta nhiéu két qua
tong quat v6i nhitng chiing minh chan phuong hon viée tiép can bang chudi trong
cu6n sach [2]. Tuy vay, mot s6 két qua vé chudi van duge dé cap, nham phuc vu cho
nhitng phan sau. Ciing v6i Iy do nay, mot s6 dinh 1y, két qua da duge nhém bien
soan thay do6i thit tu trinh bay cling nhu cach phat biéu sao cho phit hop nhat véi
phan bai tap va cac dé thi.

Phan thit hai gom cac bai tap tinh toan co ban duge tap hop tit cudn sach [4] véi

muc dich gitp ngusi doc réen luyén ki nang tinh toan cting nhw trinh bay ¥ nghia cta

tich phan phtic trong cac bai toan ve vat ly va ki thuat.

Hai phan cudi ctia tai lieu bao gom céc bai tap 1y thuyét. Néu nhu phan thit ba chi
yéu la cac bai tap ciia cac chuong 10, 11 va 12 tit cuén sach [2] thi phan thi tu 1a
cac dé Qualifying Exam clia cac truong dai hoc 16n ctia My nhu Harvard, Stanford,
UCLA, Wisconsin-Madison, Rutger, Courant Institute, Indiana... Mot s6 dé thi cii
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tUr trude nam 1998 da duge nhém bién soan tham khéo tit [3], mic du hau hét cac
16i gidi déu duge nhom tiép can theo huéng khac. Ngoai ra, mot s6 dé thi méi hon
ciing duge bd sung dé cap nhat xu huéng ra dé ciia cac truong. Cu thé, cac dé thi tit
nam 2009 dén nay ctia cac truong Harvard, UCLA va Wisconsin-Madison déu dugc
dé cap va ban luan cu thé ¢ phan nay. Khac véi mot s6 tai lieu hién c6 trén internet
chii yéu gii cac bai tinh toan trong dé thi, tai lieu nay tap trung nhiéu hon vao céic

bai toan ly thuyét.

Du da dugc kiém tra rat nhiéu lan mot cach doc lap béi cac thanh vien khac nhau
trong nhom bién soan, tuy nhién véi kha nang va thoi gian lam viéc c¢6 han, chac
chan tai lieu van con mot s6 sai s6t nhat dinh. Nhém bién soan van luon c6 ging
chinh stta dé tai lisu ngay cang dude hoan thieén hon. Moi déng gop vé tai lieu nay

xin gii vé dia chi email tth1ak10.ca@gmail.com

Thanh phé H6 Chi Minh, ngay 29 thang 06 nam 2012

Truéng nhém bién soan

Nguyén Manh Tién
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I

Ly thuyét co ban
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4 Dai so ctia so phic

1.1 DPai s6 ctia s6 phic

1.1.1 Su ton tai ctia s6 phiic v cic phép toan co ban

Ta da biét rang R 1a mot trudng, nghia 1a phép cong va phép nhan duge dinh nghia,
thda tinh chat két hgp, giao hoan va phan phdi. S6 0 va 1 14 hai phan tit trung hoa
duy nhat ctia phép cong va phép nhan. Hon nita, phuong trinh 8 + 2 = « luén c6
nghiém va phuong trinh Sx = « ¢6 nghiém vé6i moi 5 # 0.

Tuy nhién, khong phai da thic hé sé thuc nao ciing c6 nghiém tréen R, tiic R chua
phai 1a mot truong déng dai s6. Phuong trinh 22 + 1 = 0 1a mot trong s6 nhing
phuong trinh don gidn nhéat thuoc loai nay, vi o? + 1 luén duong. Ta mong mudn
xay dung mot truong F nhan R lam truong con va trong truong F nay, phuong trinh
22+ 1 =0 c6 thé giai duge. Gia st da xay dung dude T, ta ki hieu mot nghiem clia
phuong trinh 22 + 1 = 0 1a 4. Ta dé dang kiém tra dugc

C={z€F: z=a+ifvéia,BeR}

la mot truong con clia F va chita R. Trude hét, biéu dién clia cac phan tit trong
C la duy nhat, vi néu a + i = o + i thi ta suy ra « — o’ = —i (8 — /'), nén
(o —a') = — (B — B')°. Didu nay xéy ra chi khi o = o/, 3 = /. Ngoai ra ta ciing
kiém tra duge

(a+iB) + (v +1i0) = (a+7)+i(B+9)
(a+iB) (v +id) = (ay—By) +i(ad+ B7)

a+if3

P 1a mot s6 phiic v6i v + id # 0. Néu thuong s6 1a x + iy, ta

Ta sé chitng minh
phai ¢6

a+if = (y+1id) (x+1y),
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1.1 Dai s6 cia so phic 5

suy ra
a+i8 = (yr —dy) +i(0x + yy)

va do d6 ta c6 hé phuong trinh:

_ay+ B0
a =T — 0y g_i_(;Q
v —ad
=9 —
g T +yy y Py

v6i v2 + 6% khac khong. Vay nén

a+i  ay+ B30 2.57_045
Y+id 2402 2462

Ta da chiing minh dugc O‘“B 12 mot s6 phite. Tuy nhién ta cé thé tinh gia tri clia né

mot cach don gian hon nhu sau:

a+if _ (a+if)(y —i0)  (ay+ B0)+i(By — ad)

y+i6 (v +id) (y —id) v2 + 42

Truong hop dic biet, nghich ddo ctia mot s6 phitc khac khong la:

1 a . B
= —q
a+if a2+ 32 a? + 32

Khi d6 da thiic 2% + 1 = (z — i) (z + 1) c6 ding hai nghiem trong C, 7 va —i. Vay C
14 truong nhé nhat chita R ma trong dé phuong trinh 22 + 1 = 0 c¢6 nghiém.

Vay cong viéc con lai cua ta sé la xay dung mot truong F sao cho phuong trinh
2% + 1=0 c6 nghiem. Lay lai ¥ tudng tit phép cong va nhan cia truong C nhu trén,
ta xay dung F nhu R? véi phép cong va nhan dude dinh nghia nhu sau:

(@, ) + (o, 7)) =(a+d,f+7)
(@, 8) (o, 0) = (ad = Bf,af" + ')

(1.1.1)
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6 Dai so ctia so phic

Viéc kiém tra F 1a mot truong hoan toan tuong tu nhu trén. Khi dé truong C tuong
ting ciing dng bang F va dudc goi 1a truong so phite. Nhu vay, cho ta thay C
14 khong gian vector vdi phép cong hoan toan giéng véi R2. Vay néu xem chuan ctia
mot phan ti trong C chinh 1 chuan ctia phan ti tuong tng trong R? thi moi khéi
niém metric (va do d6 1a topo) trén C giong véi R?. Sy khac nhau gita ching gio
chi con 14 phép nhan, chia. Chinh diéu nay 1a nguyén nhan dan dén mot loat nhiing

diéu bat ngo vé dao ham, tich phan ciia cac ham trén C 6 nhiing chuong sau.

Ta nhan thay {(«,0) € C: a € R} ding cau (truong) véi R, do do ta cé thé xem
R c C, ky hieu i = (0,1), ta c6

i = (1,0)=1
(a,8) = a+if

Goi « la phan thyc va S 1a phan 4o ctia s6 phiic z = («, 3), ky hiéu 1a Re (z) va
Im (2), ta c6 day di co sd 1y thuyét cho ki hi¢u hinh thiic a + i quen thude tit phd
thong.

1.1.2 Lién hop va tri tuyét déi

Cho a = a+ip € C. Khi d6 a — i3 goi 1a lién hop cua « + i va ki hiéu 1a a@. Mot
s6 phtic 1a thie khi va chi khi né va lien hgp ctia né bing nhau. Biéu thic

Re(a):a;a, Im(a):a_a

biéu dién phan thuc va phan 4o qua s6 phiic va lien hgp clia né.

Tinh chat co ban ciia s6 lien hop 1a

1. Phép lay lien hgp tuong thich vé6i tong va tich theo nghia,

a+b = a+b
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1.1 Dai s6 cia so phic 7

Do d6 néu z = g thi ax = b, suy ra az = b, va do d6 @ = g do thuong nay

ton tai duy nhat, titc phép lay lién hop ciing tuong thich véi thuong.

2. Xét phuong trinh
coz+c2" gzt =0
Néu ¢ 1a mot nghiém ctia phuong trinh thi ¢ sé 14 nghiém ctia phuong trinh:
Goz+a . ezt =0
Do d6 mot da thitc ¢6 hé s6 thie P () nhan ¢ la nghiém thi né ciing nhan ¢

14 nghiem. Diéu nay, két hop véi viee ¢ 4+ ¢ va ¢C 1a s6 thuc cho tinh chét quen
thuoc: Moi da thitc trong R [z] ¢6 bac 16n hon 2 déu kha quy trong R [z].

3. Tich aa = o? + 42 luon khong am. Can bac hai s6 hoc clia n6 dudge goi 1a
modulus hay tri tuyét doi (absolute value) cia a, ki higu 1a |a|. Day chinh la
chudn ma ta nhic dén & phan trén, bat déng thic tam giac sé dude ta kiém

chiing ngay 6 phan sau. Dic biét hon, ta c6 tinh chat
lab|* = ab - ab = aabb = |a|* |b|”

va do do
Jab| = la] - o

Mot cach tong quat thi

larasy . .. a,| = laq| - |as| - - |an]
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8 Dai so ctia so phic

Va v6i ti s6 ¢ (b #0), ta c6 b(a/b) = a, do d6

7 b||a/b| = |a|, nghia la

‘9‘_M
bl o]

4. Ta co
la+ 0> = lal’ + [b]> + 2Re (ab)

la —b> =|a|* + |b]* — 2Re (ab)

do d6 ta c6 ddang thic hinh binh hanh

ja+ 0" +la —b* =2 (Jaf* + [B]°)

1.1.3 Bt dang thiic

Ta sé ching minh mot vai bat ding thic quan trong. Vi trong C khong c¢6 quan
hé thit tu, cac bat dang thic chi ap dung gitta nhitng s6 thuc. Tit dinh nghia ctia

modulus, ta co

—la] <Re(a) < |qf

~Ja] <Im(a)< laf

Céc déng thic lan luot xay ra khi va chi khi a c¢6 dang —t,t, —it, it v6i t 1a sd thuc
khong am. Sit dung két qué nay vio phuong trinh |a + b|° = |a|* + |b]° + 2Re (ab),
ta nhan ducc

ja+ b2 < (Jal + bl)?

la 4+ 0] <a|] + 0]

Vay ta da ching minh duge bat ding thite tam gidc, dé dang kiém chimg cac tinh

chit con lai, ta két luan |.| 1a mot chuan trén C, titc (C, |.|) 1d mot khong gian dinh
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1.1 Dai s6 cia so phic 9

chuan. Khéc v6i mot khong gian dinh chuan tong quat, ¢ day ta quan tam nhiéu hon
dén trudng hop dang thic x4y ra. Déi v6i truong hop trén, dang thitc xay ra khi va
chi khi ab > 0, néi cach khéc 1a ¢ > 0, néu b 1a s6 phiic khac 0. Tong quat hon, ta

ciing c6

Dinh 1y 1. (Bat ddang thitc tam gidc) Véi ay,as, . .., a, la cdc s6 phiic, ta co
|ay + ag + -+ an| < ar| + [ag| + - + |an]
Dang thic zdy ra khi va chi khi ti s6 cia hai s6 hang khdc khong bat ki la duong.

Chitng minh. Bat dang thic dude suy ra dé dang tit trusng hop 2 s6. Ta quan tam
dén truong hop 2 vé bang nhau xay ra. Gia sit ddng thic xay ra, thé thi

lar| + |ao] + ...+ an| = [(a1 +az) +az+ -+ ay

IN

a1 + ag| + [as| + - - - + |ay|
< ar| + lag| + - + an]

Do do6 |ay + az| = |ay| + |az] v& néu ay # 0, ta thu duge @ > 0. Mot cach tuong tu,
ta c6 ti s6 clia hai s6 hang khac khong bat ki phai 16n hon 0. Gia sit ngudc lai rang

dieu kieén trén duge thda va s6 hang a; khac 0, khi d6 ta co

a Qa
oy +ag+ -+ a, = |a|[14+=+-+2
aq aq
a an,
|a1| <1+|_2’+...+u)
s |1

= ||+ ag[ + ... + |an]

Vay dang thtc xay ra khi v chi khi ti s6 ctia hai s6 hang khac khong bat ki 1a
duong. O]
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10 Dai so ctia so phic

Mot béat dang thitc khac ciing rat thong dung la
Dinh 1y 2. (Bat dang thitc Cauchy) Vdi a;, b; la cic s6 phiic, ta c6

n

Z aibi

=0

2 n n
<D _lal* ) 1ol
i=1 i=1

Chaing minh. Dé ching minh diéu nay, dat A 1a mot s6 phic tiy 7. Ta da biét

i=1 i=1 =1 =1

Ta ¢6 thé chon

n
E a;b;
1

n )

> bl

1

A:

va don gian biéu thic, ta suy ra

n 2

. e
a; 2_ 1L b >0
> lail n
! > bl
1

Day 1a diéu ta can chting minh. O

1.2 Biéu dién hinh hoc ctia s6 phiic
Nhu da phan tich ¢ phan truée, C chinh 1a R? nhung trang bi thém phép nhan. Vay

nén ta co thé biéu dién sé phitc o+ 43 bdi vector (a, ) trén mit phang. Truc hoanh

(truc o) biéu dién cho cac s6 thuc va duge goi 1a truc thyc va truc tung (truc y) bidu
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1.2 Biéu dién hinh hoc ctia s6 phic 11

dién cho céc s6 thuan 4o va dugde goi 1a truc do. Mat phang chia truc thuc va truc

40 goi 1a mat phdang phic.

1.2.1 Dang lugng giac cta sé phiic.

Ta biéu dién mot s6 phiic khong chi bang mot diém, ma con bing mot vector xuat
phat tit gbc toa do dén diem dé. S6, diem va vector d6 déu duge ki hiéu chung la a.
Ta ciing thiy ring bat dang thiic tam giac |a + b| < |a| + |b] v déng thiic hinh binh
hanh |a + 5> + |a — b]* = 2 (|a|* + |b[?) trd thanh nhing dinh 1y hinh hoc don gian.
Trén mat phang phiic, phép cong dé dang biéu dién béi tong 2 vector, tuy nhién dé

biéu dién phép nhan mot cach thuan tien, ngusi ta ding toa do cuc. Néu toa do cuc

cia («, B) 1a (1, ¢) thi ta c6

= rcosy

= rsingp

Do d6 ta c6 thé viét a = a+if = 7 (cos ¢ + isin @) véi r = |a|. Day goi la dang hiong
gidc ctia s6 phiie. Goc o goi 1a argument cia s6 phiic, ki hiéu 1a arg a. Gio ta xét hai

s6 phtic a; = 71 (cos 1 + i sin ;) VA ag = 19 (COS g + 1 8in ), tich clia ching la

ajay = 1179 [(COS 1 COS g — Sin @y Sin pg) + ¢ (Sin 1 COS Yo + COS Y1 Sin o)

= 71172 [cos (p1 + @2) +isin (o1 + )]

Vay két qua ctia phép nhan dang lugng gidc don gian va dé nhé hon dang dai s rat
nhieu, va dac biét, ta co

arg (ajas) = arga; + argas

Ta quy udc rang argument ciia 0 1a khong xac dinh. Trong truong hop phép chia thi

biéu thitc trén tré thanh
a
arg—1 = arga; — argas.
a2
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12 Dai so ctia so phic

Mot cach tong quat, ta ciing tinh dugc lity thita clia a = 7 (cos ¢ + isin ) 1a

a" =r" (cosny + isinngp)
va biéu thitc nay van dang khi n < 0. V6i r = 1 ta c6 cong thitc de Moivre noi tiéng
sau:

(cosnp + isinng)” = cosny + isinng

Diéu nay gitip ta dé dang tim dugc can bac n clia mot s6 phiic, tiic giai phuong trinh
dang

Z =a

voia # 0 vaa=r(cose+ising). Dat z = p(cosf +isind), ta c6
p" (cosnb + isinnb) = r (cos ¢ + isin p)

Phuong trinh nay théa néu va chi néu p" = r va nf = ¢ + k2m, k € Z, tuy nhién chi
khi £ =0,1,...,n—1 thi 2 méi nhan nhiing gia tri khac nhau, vi vay can bac n cta

mot s6 phiic a c¢6 ding n gia tri la:

2 2
L C/?[Cos (EJF;{;_”)HSm(ij/{;_”)}, k=0,1,...n— 1.
n n n

n

Nghiém ctia phuong trinh 2" = 1 dudc goi 1a céc can ctia don vi, va néu ta dit

nghiém c6 argument nhé nhat 1a

2. 2w
W = cos— + 18I —
n n
thi tat ca cac nghiem la 1,w,w?,...,w" ! Biéu dién trén dudng tron, ching chinh

13 dinh ctia mot n gide déu noi tiép duong tron don vi.

o) phan trén, ta da nhic lai dang lugng giac clia s6 phtic, trong dé sit dung cac cong

thiic lugng gidc ciing nhu khai niém “géc” ctia hinh hoc so cap. Viéc trinh bay tuong
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1.2 Biéu dién hinh hoc ctia s6 phic 13

minh diéu nay bang ngon ngit giai tich sé duge néi dén & chuong sau, khi ta dinh

nghia lai ham arg bang cac chudi s6.

1.2.2 Hinh hoc véi sé phic

Trong hinh hoc giai tich c¢6 dién, phuong trinh ctia cac quy tich dudc dién ta bang
mot phuong trinh gitta x va y hoac hai phuong trinh gita z,y va dai luong ¢ thit ba

(phuong trinh tham s6). Diéu nay, khong la gi, giong khi ta lam viéc vdi cac vector

Chang han, phuong trinh mot dudng tron tam a, ban kinh r c¢6 biéu dién kha don
gidn 1 |z — a| = r trong khi biéu dién ctia mot duong thang trong mat phang phiic
c6 thé duge biéu dién béi mot phuong trinh tham s6 2 = a + bt, v6i a va b 1a nhing

s6 phiic va t 1a mot sd thyc tuy .

Hai phuong trinh 2z = a + bt vi z = @’ + V't biéu dién ciing mot duong thang khi va
chi khi @ — @’ va o' 13 mot boi thyc ctia b. Diéu nay duge nhan ra dé dang bang viéec
viét cac phuong trinh tham s6 tuong tng. Tuong tu, hai dudng thang nay song song
néu b’ 1a mot boi thiye ctia b va cing huéng néu b 1a mot boi thie duong cia b. ta
c6 thé nhan ra arg b chinh 14 goc (c6 huéng) gitta truc thuc va dudng thing. Do do,

"

goc gitta hai dudng thing néi tren la arg%. Hai dudng thing nay vuong goc néu T

1a s6 thuan ao.

Ngoai ra, bat dang thiic |z — a| < r biéu dién phan trong ctia mot duong tron. Don
gian hon, mot dudng théng c6 huéng z = a + bt xac dinh mot nita bén phai mat

z—a

74 < 0 va mot nia bén trai mat

phéng (theo huéng dang xét) moi diém z c6 Im

phang cac diem z thoa Im*3* > 0.

Ngudi ta cling md rong truong sé phiic bang cach théem mot diém vo cuc oo véi cac

quy uéc

at+o0o = oo (a# o)

b-oco=o00-b = oo Vb#0
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14 Dai so ctia so phic

Hinh 1.2.1: Gap mit phing ve phia sau.

a/0 = o
b/joo = 0 (b# o0)

Viéc biéu dién phan ti oo nay khé cé thé thuc hién, mot cach dé nhin, trong mit
phang ngoai trit viec st dung trf tudng tuong. Khi dé, ta tudng tuong cé mot diém
oo nim phia sau mat phing, la diém ma moi dudng thing déu di qua (va do d6 moi
nita mat phang déu khong chita diém vo cic). Chinh tudng tugng nay da dua ta dén
viéc gap mat phang vé phia sau thanh mot hinh cau (hodc nhu mot cay gay bong
chay) nhu Hinh . Va do d6, ta c6 biéu dién ciia s6 phiic trén mit cau Riemann
nhu sau. Xét mot mat cau S va mot diém A tréen mit dé. V6i mit phéng phic P
khong di qua A\ v& c6 vector phap tuyén song song véi ban kinh ctia S di qua A. Khi
do, ta tuong ng moi diém z trén mat phang P véi giao diém (duy nhat) ctia dudng
thing néi z va A v6i S. Ta kiém ching duge ring day la mot song anh gitta P va
S\ {\}. Vay ta c6 thé xem mit cau S chinh la mat phang phiic, v khi b sung them
diem A\ (biéu dién cho co) ta dugc mat phang phiic mé rong. Y tuéng nay duge cu
thé héa bang céac tinh toan nhu dudi day.

Xét mot mat cau don vi S ¢6 phuong trinh trong khong gian ba chicu 1a 2 + 23+ 22 =
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1.2 Biéu dién hinh hoc ctia s6 phic 15

1, v6i moi diém Z trén S, trir (0,0,1), ta c6 mot tuong ting

T1 + 129

va tuong ting nay la mot song anh véi
22 = ri+a5 1+ as

_<1—.7}3)2_1—.Z'3.

Do d6 ta tinh dudc cac thanh phan ctia Z

B
X =
’ 2 + 1
o= 212 (1.2.2)
14+ |2|
z—Z
Ty = ————5c
2(1+\z|2)

Nhu da néi & trén, ta sé tuong tng diém (0,0,1) v6i co. Khi d6 toan bo mat cau
la mot biéu dién clia mat phang phiic mé rong. Ta c6 thé nhan thay ring ban cau
r3 < 0 ting v6i dia |2] < 1 va ban cau zz3 > 0 tng véi phan ngoai cla dia: |z| > 1.
Mat cau nay duge goi 1a mat cau Riemann (Hinh

Do ta da xem mit phing phitc Ozy nhu mit phing Oz, (1.2.1) cho ta
xpix:(l—x3)=z:y:1,
nghia 1a cac diém (0,0, 1), Z, » thaing hang nhu ¥ tudng ban dau. Do d6 tuong ting

dang xét goi 1a phép chiéu lap thé.

Phép chiéu lap thé dua moi dudng thing trong mat phang phiic thanh mot dudng
tron tréen S di qua diém cyc (0,0, 1), va ngudc lai cling ding. Tong quat hon, moi
dudng tron trén méit cau tuong tng véi mot dudng tron hodc mot duong thing trong

mat phang phiic. Dé chiing minh diéu nay, ta xét mot dudng tron trén mat cau, chinh
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16 Dai so ctia so phic

/AN
5

Hinh 1.2.2: Mit cau Riemann

la giao diem clia S véi mat phang ayz; + aats + a3z3 = g, v6i af + a2 +ai =1 va

0 < o < 1. Thay x,, 25, x5 béi cac biéu thiic tuong ting theo z va Z, ta c6
a1 (z+Z) —ani(z—2) + a3 (|z|2 —1) =« (|z|2 +1),

tue 1a

(ap — as) (2% + ) — 2042 — 200y + g + a3 = 0

Vay néu oy # as thi phuong trinh trén 1a phuong trinh cia mot duong tron, con
néu ay = a thi do la phuong trinh ciia mot duong thang. Nguge lai, mot hé phuong
trinh sé cho thay moi dudng tron hosic duong thang déu dude biéu dién dudi dang
nay. Vay tuong ing dang xét la mot song anh.

Tiép theo ta tinh khoang cich d(Z, Z') gifta hai diém trén S dya trén hinh chiéu
lap thé ctia z va 2’ clia ching. Néu nhitng diém Z,Z’ trén mit cau co toa do la

(-1'15 T2, Z’g), (xlla .1',2, xg) thi

2

1Z — Z')° = (21 — 1) + (22 — 25)? + (w3 — 7})° = 2 — 2 (012 + w2y + 232})
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1.2 Biéu dién hinh hoc ctia s6 phic 17

Két hop v6i thay cac thanh phan ctia Z va Z’ béi (1.2.2)), ta thu dugc

(4+7) (7 +7) — (=) (Z = F) + (2P~ 1) (= - 1)
(1+|z| ) (1—|—|z’| )
(T+ 127 (L+2)) = 2]z — 2
(L+ 1213 (1+ 2]

/ / /
T1X + ToZy + T3x3 =

Va nhu thé ta cé
2|z — 2|

VP (4 [2P)

v6i 2 = oo thi biéu thitc trén trd thanh d (Z,\) = m trong d6 A = (0,0,1).

Z-7|=
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20 Tinh gidi tich va cdc ham so co bdan

2.1 Giéi han va dao ham ctia ham phic

Nhu da néi 6 trén, cac khai niem vé topo (déng, md, compact) ciing nhu cic van dé
ve hoi tu va giéi han ctia C gidng hét nhu R2. T dinh nghia, ta cling dé dang chiing
minh dugc

lim f (z) = A

T—ra

dan dén

lim Ref (r) = ReA

Tr—a

limImf (z) = ImA

Tr—a

Ngudc lai, néu co6

limRef (z) = R

r—a

limImf (x) = I

r—a

thi limf (z) = R+ /. Khai niém dao ham cta ham phic ciing duge dinh nghia
T—ra

tuong tu v6i ham thiye nhu sau.

Dinh nghia 3. Dao ham ctia ham f tai a dugce ki hiéu 1a f’ (a)va duge dinh nghia

nhu sau:
f'(a) = lim M_

r—a Tr— a

Do céc tinh chat bao toan gidi han clia tong, hieu hai ham s6 nén néu f va g c¢6
dao ham tai a thi (f £g¢) (a) = f'(a) £ ¢ (a). Ta ciing d& dang kiém tra dugc
(f.9) (a) = f'(a)g(a) + f (a) ¢’ (a). Di v6i ham phitc, ngusi ta quan tam dén sy
ton tai clia dao ham trén lan can ctia mot diém hon, chinh vi vay khai niem ham

giai tich duge dinh nghia nhuw sau.
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2.1 Gidgi han va dao ham cia ham phic 21

Dinh nghia 4. Ham f dudc goi 1a gidi tich tai a néu ham f c6 dao ham trong mot

lan can nao dé cua a.

Tit day, ta cling rat ra dude két luan tong va tich hai ham giai tich tai a 1a cdc ham
giai tich tai a. Ham thuong ctia hai ham giai tich f va ¢ ciing la mot ham giai tich
tai a néu g (a) # 0. Tiép theo ta sé tim diéu kien dé ham f = u + iv (u vh v 1a hai

ham thyc bién phiic) 1a giai tich.
Khi d6, ta c6 thé viét lai dinh nghia ctia dao ham nhu sau:

f) - i lEEN =10

h—0 h

Gi6i han sé la khong thay doi néu ta chon h tién dén 0 bat ki. Do do, ta chon h la

s6 thuec thi ta suy ra
== Ttridt
S R T

Tuong tit, néu chon h = ik (v6i k € R) 14 s6 thuan 4o tién vé 0 thi lai c6

sy Of  Ou  0Ov
f(z) = o @ay—f-ay.
T do, ta suy ra
@_82}
or Oy
@__ya_v (2.1.1)
oy Oz

He thic (2.1.1) duge goi 1a hé thiic Cauchy-Riemann ciia ham giai tich f. Ta nhan

thay ring néu f c6 cac dao ham thi f’ c6 thé duge biéu dién nhu sau

B ou Ov

f (Z)_%+Z%7
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22 Tinh gidi tich va cdc ham so co bdan

|f'()|2_ @ 2+ @ 2_@@_@@
=\ oz ox) — Oxdy Oyodx’

Khai trién nay cho ta thay duge |f’ (2)|* 1a Jacobian cia (u,v) theo (z,y). Néu u va

do d6 ta co

v ¢6 cac dao ham riéng lién tuc (thyc chat, & chuong sau, ta cling chiing minh duge
rang néu f gidi tich thi dao ham f’ ciing giai tich, vi vay viéc nay thuc chat luon

ding) thi ta suy ra

Pu  u
oxdy  Oydx
v 0
oxdy  Oyox
Dung 1} ta dugc:
0’u  0%*u
Au = @ + 8_3/2 =0
v 0%
Av = @ + a—yQ =0

Cac ham s6 u, v théa man phuong trinh Laplace Au = 0. Cac ham nhu thé duge goi
1& ham diéu hoa. Nhu vay, phan thiyc va phan 4o ctia ham giai tich 1a diéu hoa. Néu
hai ham v va v 13 ham diéu hoa va théa man diéu kien Cauchy-Riemann thi v duge

goi 1a ham dieu hoa lien hop cia wu.

Ngugc lai, cho u va v 13 cip ham diéu hoa lién hgp, khi d6 ta ciing suy duge f 1
ham gidi tich. Diéu nay dudc ban o 6 dinh 1y sau.

Dinh 1y 5. Néu u va v la hai ham c¢6 dao ham riéng lién tuc va théa man dieu kién

Cauchy-Riemann (m thi

f(r+iy) =u(z,y) +iv(r,y)

la ham giai tich, cé dao ham f' lién tuc.
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2.2 Cac ham da thic va phan thic 23

Chatng minh. Theo giai thiét, ta c6

u(x+hy+k)—ux,y = @h+—k—|—vh2+k‘2€1(h k)

Ox
v(z+hy+k)—v(r,y) = %h+—k+\/h2+k2€2(h k)

véi g; (h, k) — 0 khi (h, k) — 0. Do d6 ta c6

Flet (htik) — () = <@+z@)h+ (au+za—)k+\/h2+k2[el(h B) + ica (B, )]

ox Oox 0y dy
ou ov , .
_ <% + za—) (h+ik) + Vb2 + k2 [ey (h, k) + ez (h, k)]

do do ta co

. flz+h+ik)—f(z) Ou  .Ov
hiﬁgo h + ik - Ox e Yoz

Vay dinh ly dugc chiing minh. O]

2.2 Cac ham da thidc va phan thic

2.2.1 Ham da thuec.

V6i cong thite tinh dao ham va diéu kien Cauchy-Riemann, ta biét duge ham f (2) = ¢
(hdng s6) va g (z) = z la hai ham giai tich trén C va c6 dao ham lan lugt 12 0 va 1.
Vi céc tinh chat cong va nhan cac ham giai tich 1a ham gii tich, ta suy ra ham da
thiic

P(2)=ag+ a1z + a2 + ...+ ap,2" (an #0)

la ham giai tich va

P’ (2) = a1 + 2a2z + 3a32* + .. .na, 2"
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24 Tinh gidi tich va cdc ham so co bdan

Nhu ta da biét, véi da thitc P (z) bac n nhu trén, thi ton tai bo nghiem {ay, as ..., a,} (m < n)

sao cho:

Pi)=]](z- ).

i=1
Nhu vay véi mot nghiem o bat ki, luon ton tai h; dé P (z) = (z — ;)" Py, (2) v6i
Py, (o) # 0, dan dén

P(a;) =P (a;)=...= P" D (q;) =0 va P") (a) #0

Ta s6 nguyen h; nhu thé 1a bac cia khong diém a;. Ap dung didu nay, ta c6 dinh ly

Sau:

Dinh 1y 6. (Dinh lj Lucas) Néu moi khong diém cia da thic P (z) ndam trén nia
mat phcfng phic, thi moi khong diém cia dao ham P’ (2) cing nam trén nida mdt
phdng dé. Hon nita, bao 10i cia tdp chia cdc nghiém cia P cing chia luon cac

nghiém cia P’ (z).

Chiing minh. Dat
P(z)=(z—a1)(z—)...(z2 —ay)

(trong d6 cac a; khong nhat thiét khac nhau), ta c6

P'(2) 1 1 1
= 2.2.1
P(z) z—a1+z—a2+ +Z—6Ln ( )
2 e g N . Im (z —a) PN
Gia st nita mat phang H trén C cho bdi ¢ z : — < 0, chta tat ca cac

nghiém «o; va z ¢ H, ta c6

Z— ay Z—a o — a
= Im — Im

m— b b
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2.2 Cac ham da thic va phan thic 25

Mat khéc, do ta ¢6 Im (¢) = —Im|(§|)2_1 nén ta suy ra

Im <0 Vkel,n

Z — O

Do do ta ¢6

b
> #0
Zz — O
do ¢6 phan phitc khac 0. Két hop véi (2.2.1)), ta suy ra

bP' (2)
P(z)

# 0,
do d6 P’ (z) # 0. Gia st ¢6 mot nghiem [ ctia P’ khong nam trén bao 161 C' (P) (von
ciing 14 mot compact) cac nghiém ctia P, dinh 1§ Hahn-Banach cho ta mot dudng

thang phan cach 3 va C (P). Diéu nay mau thuan va chitng té tap 16i chita cac khong

diém ctia P thi sé chia luon cac khong diém cta P’ ]

2.2.2 Ham phan thic.

Ta xét ham phan thtc

Khong mat tinh tong quat, ta c6 thé gid st P (2) va Q (z) khong c6 nhan tit chung,
hay néi cach khac la chiing khong cé ciing khong diém. Phan thic R (2) sé c6 gia
tri 1a oo tai khong diém ctia Q (z). Vi vay ta phai xem xét ham véi gid tri trén mat
phéang phiic mé rong, va khi d6, R (z) ciing 13 ham lién tuc. Khong diém ctia Q (2)
duge goi 1a cyc ciia R (z) va bac cta cyce duge dinh nghia bang gia tri bac cia khong
diém Q (). Khi d6, ta c6 dao ham clia R (z) nhu sau

P(2)Q(z) -Q'(2) P (%)

R() = @)
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26 Tinh gidi tich va cdc ham so co bdan

ton tai khi Q (z) # 0. Déang thiic trén cho ta thay R’ c6 cing cuc véi R va céc cuc
c6 bac trong R’ 16n hon trong R (z) 1 don vi.

Ta c6 thé dinh nghia R (0o) nhu la gidi han clia R (z) khi 2 — oo, nhung cach nay
khong xac dinh duge bac ctia khong diém hodc cuc tai oo. Vi vay, ta quan tam dén
ham Ry (z) = R (1) v6i quy udc

Ry (0) = zlggoR (2)
Néu R; (0) = 0 (hogc 0o) thi bac ciia khong diém (hoic cire) tai co ctia R duge dinh
nghia nhu 14 bac ciia khong diém (hay cuc) clia Ry (2) tai goc toa do. Cu thé, néu

dat:
B ag+a1z+ ...+ a,z"

R(Z)_ bo+b12+bmzm

thi
ap?" + a2V M+ . 4 a,

R — m—n
1(2) =2 boz™ + bizm 1+ ...+ b,

Néu m > n thi R(z) c¢6 bac clia khong diem oo 14 m — n, mit khac néu m < n thi

oo 1a cue bac n — m. Con m = n thi
R (00) = /by # 0,00

Khi d6 oo khong la cuc, ciing khong 1a khong diém ctia R. Nhu vay, vi da thic bac
n thi c6 diing n nghiém nén ta c6 thé kiém chiing duge dé dang ring tong sé6 khong
diém (tinh cd bac) ding bing tong s6 cuc (tinh ca bac) va chinh 1a max {m,n}. S
nay duge goi la bac cia ham phan thiic. Nhu vay, ham phan thiac R c¢6 bac p thi ¢6
p khong diém, p cuc va phuong trinh R (2) = a c6 p nghiém véi moi @ € C. Dinh ly
sau day sé chitng minh moi ham phan thic R (z) déu viét duge dudi dang tong ctia

cac da thiic bién z va ﬁ

Dinh 1y 7. Cho R la mot ham phan thic co 5; (1 < j < q) la cic cuc khdic co. Ta
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2.2 Cac ham da thic va phan thic 27

c6 R viét dudi dang

R(z) =G () + )G <z—15j>

7j=1
vdi G va G; la cic da thic va duge goi la cdc ham rieng phan cia R. Khi d6 G va
G; lan lugt duoc goi la phan ki di ciia R tai oo va B;

Chatng minh. Dau tién ta tim G, da thitc nay chi khac 0 khi bac & tit 16n hon bac &
mau clia R. Néu R c6 cuce tai 0o, ta thic hien phép chia da thic cho tit va mau clia
R va do d6 c6 thé viét

R(z)=G(2)+ H (2)
v6i G (2) 1a da thiic khong c6 hé s6 tu do va H (00) # oo. Gid ta goi cac cuc khac oo

cia R 1a (31, 0s, ..., B, Cac ham R (BH—C

oo lam cuce, do do lai ap dung phép chia nhu trén, ta dugc

1
—> la ham phan thtc ctia ¢ véi cing nhan

R(647) =650+ ().

Thuyc hign d6i bién z = 3, + %, ta ¢

Rle) = j(z—ﬁj)”fj (z—@)

Véi G, (€) 1a da thic theo ¢ =

va H; ~ 5,
j

Rz . G](Z_ﬂj)

J=1

— ﬁ] ) khac oo v6i z = 3. Vay ta xét

téng

Day la ham phan thic c6 khong cuc nao khac ngoai 34, B, . . . 3, va oo va do d6 phai
13 ham hing (luu ¥ réng cdc da thitc déu c6 cyc tai 0o). Vay moi ham phan thiic R
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28 Tinh gidi tich va cdc ham so co bdan

déu viét duge dusi dang
I 1
=1 !

v6i G, G 1a cac da thitc va B; 1a cac cuc (khic oo) ctia R. Déng thite nay thuong

xuyén dudce stt dung dé tinh toan nguyen ham, tich phan ctia cac ham phan thic. O

2.3 Ham mu va ham lugng giac

Trong phan nay, ta sé noéi vé si lien hé ctia ham e* va ham lugng giac. Thoat dau
thi hai ham nay khong c6 gi lien hé v6i nhau, vé syt ra doi 1an hinh thidc nhung
chiing lai c6 quan hé rat chat ché véi nhau qua khai trién chudi va cong thiic Euler:

1z

e = cos z + isin z. Trude hét ta sé dinh nghia cadc ham mi bang chudi liy thira,

sau d6 dinh nghia cdc ham lugng giac va ham logarithm. Khai niém s6 do goc va

argument sé dugc ta xem nhu hé qua cta ciac dinh nghia nay.

2.3.1 So lugc vé chudi lity thira

Ta nhic lai mot dinh 1y quen thuoc sau day cho cac chudi lity thita phiic, phan chiing
minh hoan toan tuong ty nhu véi s6 thuye.

Dinh ly 8. (Dinh lyj Abel vé ban kinh hoi tu) Véi moi chudi liy thia

f(z) = Zanzna

n=0

ton tai mot s6 0 < R < +o0 théa cdc tinh chat sau:

1. Chudi f hoi tu tuyét doi vdi moi z théa |z| < R. Ngoai ra, chudi hoi tu déu

tréen 0 < |z|] < p vdi moi p < R.
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2.3 Ham ma va ham luong gidc 29

2. Vdi |z| > R, day {anz"} khong bi chan va do dé chuoi f (z) phan ki.

3. Ham f ¢6 dao ham khi |z| < R va dao ham f' duge cho bdi cong thic

P =3 0+ 1"

n=0

R dugc goi la ban kinh hoi tu cua f va dugc tinh boi cong thic Hadamard:

1 §
o = Jim sup /]an|.

Tuy nhién, ta kho c6 thé kiem soat duge sy hoi tu ctia chudi tai cac diém nim trén
dudng tron tam 0, ban kinh R. Nhiéu phan vi du c6 thé dugce chi ra dé cho thay diéu
nay. Dinh Iy, cling ctia Abel, sau day thiét lap dicu kién cho sy hoi tu tai duong tron

N

nay.

Dinh 1y 9. (Dinh ly gidi han Abel)Cho chuoi liy thia

f(z)= Z anz"

n=0

théa man dieu kien f(z) hoi tu khi z = 1. Khi d6 ta c6 f(2) hoi tu vé f (1) khi z
[1—2|
1—|z|

z thuoc mot géc (cé 50 do khong qud ) ¢6 dinh nam tai 1 va nhan truc thuc lam

tién vé 1 théa man bi chan. Thuc chat ta cé thé zem diéu kién nay nhu la viéc

tia phan gidc. Géc nay con duge goi la goc Stolz (thuc ra tdp cic diem z € C théa
[1—2|
1—|z|

< M khong la mot géc, nhung cdc dieu kien nay la tuong duong).

122l < M, khi d6 ta c6

Ching minh. Gia st B

f) =5l =

Zan (1—2")
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30 Tinh gidi tich va cdc ham so co bdan

Hinh 2.3.1: Gée Stolz va tap cdc diém théa 1= < M

1= 2|

Zan(1+z+~--+z”*1)
n=1

St dung khai trién Abel, v6i S, = ag + - -+ + an, ta ¢c6 S, — f (1) khi n — oo va

N N
San(1+zt+2 ) = D (S, (1424420
n=1 n=1
N-1
= —50—512—5222—~-—SN_lzN_1+SN( Zn>|
n=0
N-1 N-1
= |(Sy—f (Zz)— (Sp —
n=0 n=0

bat P, =S, — f(1), tac6é P, — 0 khi n — oo va

N N—1 N—1
S (-2 < M- [P (z |z|n)+z|m|z|n
n=0 n=0 n=0
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2.3 Ham ma va ham luong gidc 31

N—-1
= M (1Pu] (1= 1) + (= 12 Y Rl
n=0
N—-1
< MIPyl+ M (1= |2) Y P J2]"
n=0

Véi e > 0, ton tai C. > 0 dé |P,| < & véi moi n > C., khi d6 ta c6

N Ce N
dan(1=2") < MIPy[+M@A—z) D [Pllz"+e > yz\”]
n=0 n=0 n=C:+1
Ce
< 2Me+ M(1—|2)) ) | Pul]2]"
n=0
Chon 2z du gan 1 sao cho
Ce
(L=1=) D IPall2l" < e,
n=0
khi do, ta co
N
Zan (1—-2")| <3Me
n=0

Cho N dan veé vo cung, ta suy ra |f (2) — f (1)] < 3Me va do d6

lim f (z) = f(1).

z—1

2.3.2 Ham ¢*

Ta bat dau viéc dinh nghia ham e* bang cach giai phuong trinh vi phan sau:
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32 Tinh gidi tich va cdc ham so co bdan

v6i f(0) = 1. Ta viét lai:

f(z) = a0+a12+a222—|—...+anz”+”‘
f,(Z) = a1+2a22—|—3a3z2—|—...+...anzn—1_|_”.

néu f l1a nghiém ctia phuong trinh néu trén thi ta phai c6 a,_; = na,va ag = 1. T

doé suy ra a, = — Ta ki hieu ham f théa tinh chat trén 1a e* hay expz. Vay:
n!

> 22 n

z_ Z_Z .
e —1—1—1!—1—2!—{—...—1-”!—1—...

dexp z

hoi tu theo tieu chuan ti s6 va do dé ta cling c6 dudc -

= exp z. V6i ham exp

duge dinh nghia nhu trén c6 cic tinh chat sau:

b a+b

1. C6 phép nhan giong ham exp thuec, tic e®.e’ = 4™, That vay, ta c6

(ezecfz)’ — %eCF 4 o7 (_ecfz) -0

V6i mot ham phiic ¢6 dao ham triét tiéu, ta cling c6 dugc cac dao ham riéng
theo phan thuc va phan phic lan lugt triet tieu. Do dé ta c¢6 thé két luan
e*.e % 1a hang s6 (theo z). Thay z = 0 ta dugc e*.e* = e°. Tiép tuc thay

z=avac=a+btaco dieu phai chitng minh.

2. Doe*.e™® = e’ = 1nén ta c6 e* # 0 v6i moi 2. Néu x € RT thi theo dinh nghia

ham e? nhu trén, tacé e® > 1 vanéuz € R~ thi 0 < e® < 1.

3. Do cac hé s6 trong chudi liy thita trén déu 1a s6 thyc nén ta suy ra e* = ez, tu

d6 ta c6 |e¥]> = ¢W.e~ = 1, dan dén |e*T¥| = ¢”.
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2.3 Ham ma va ham luong gidc 33

2.3.3 Ham luong giac

Cac ham lugng giac duge dinh nghia nhu sau:

eiz + e—iz eiz _ e—iz
cosz = ———, sing = —— 2.3.1
2 21 ( )

Tit cach dinh nghia ham e* da néu trén ta suy ra khai trién chudi cho cos va sin la

0 " ZZn 22 2’4
cosz = ZO(_l) (272,)!:1_5—’_1_“'
. o " 22n+1 23 2’5
e Z%(‘” Gnrl T E TE

Néu z la s6 thue thi cong thic trén chinh 1a khai trién Taylor ctia ham cos z va sin z.
Do d6 cac ham trén chinh 14 mé rong ciia sin va cos trén C. Ngoai ra khai trién chudi
sau ciing cho ta cong thitc Fuler ndi tiéng sau:

€' = cos z + isin 2. (2.3.2)

Cac tinh chat ctia ham lugng gidc cling giong nhu ham lugng gidc thuc, titc ching

thoa cac tinh chat sau:

1. sin? z + cos? z = 1, dng thitc nay thu duge tit (2.3.2)) |cos z + isin z| = |¢¥].
2. Tinh chat dao ham ciia ham e cho ta (cosz)’ = —sinz va (sinz)’ = cos 2.

3. Tinh toan truc tiép tit (2.3.1)), ta c6 cac cong thiic cong lugng gidc quen thuoc:

cos(a+b) = cosacosb—sinasinb

sin(a+b) = cosasinb+ sinacosb
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34 Tinh gidi tich va cdc ham so co bdan

Ham tanz ciing duge ta dinh nghia la thuong cua sinz va cosz, tic tanz =
2 —iz

e” —c

t eiz + e~z '

Gio ta sé chitng minh cac ham exp 1a tuan hoan va tim chu ki co s§ ctia n6. That
vay, gid st ta muén tim chu ki 7" ctia ham exp, khi d6 ta c6

el =e =1,
suy ra T phéi ¢6 dang iw véi w € Rt. Vay ta can tim w dé e = 1. Thuc chéat ta
sé chi ra mot s6 wo thda man diéu nay va ching té cac s6 w can tim chi c6 thé la

nhitng boi nguyeén ctia wy. That vay, ta cé bat dang thiic quen thudc sau

2 4
Y Y
cosy < 1— o + a
Do dé ta suy ra cos0 =1 > 0 > cos v/3, nén ton tai Yo € (0, \/§) sao cho cosyy = 0,
vay ta co6 dugc

e = cosyy + isinyy = +1,

suy ra e = 1 va chon wy = 4y,. Ta sé chiing minh moi s6 w khac déu 1a 16n hon

wy, tic ™ # 1 v6i moi w € (0, wp). That vay, véi moi y € (0,y,) C (0,v/3), ta c6

y?
siny>y(1—g) > 0,

nén cosy la ham giam trén (0, o), tic cosy > 0 véi moi y € (0,yp). Do d6 ta lai suy
ra duge sin y 1& ham tang trén (0, o), nghia la 0 < siny < sinyg. Vay ta co sinyy = 1
va siny € (0,1) véi moi y € (0,yy) nén

e = cosy +isiny # 1, +i.

Vay nén ta suy ra e = (ei%)4 £ 1do et # +1, +i v6i moi w € (0,4y). Didu nay

chiing t6 iwg 1a chu ki ¢o s clia ham e* va do d6, ta ki hieu wy béi 2r. Ta c6 thé
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2.3 Ham ma va ham luong gidc 35

kiém chitng duge moi chu ki w déu 1a boi nguyen ctia chu ki co sé wg béi phép chia
lay du w = nwy + w’ véi w' € [0,wg) va la mot co s6. Trong phan chiing minh trén,

ta ciing da khang dinh céc ding thic sau

Vi moi s6 phiic z ¢6 |z| = 1 déu viét duge dudi dang e” va exp (i [0,27)) = exp (iR)

nén luon ton tai y; € [0,27) dé ta c6
2 = e,

Biéu dién nay sé dudc ta stt dung dé dinh nghia khai niéem argument ¢ phan sau.

2.3.4 Ham Logarithm va ham mau.

Ta dinh nghia ham [ogarithm phiic nhu la ham nguge ciua ham mi, tic z = logw
néu va chi néu z 1a nghiém ctia phuong trinh e* = w. Nhan thay do e* # 0 nén 0
khong c6 logarithm. V6i w # 0, dit z = x + iy, ta c6 phuong trinh e*t% = w, dan
dén:

ez:|u}|a 6iy:_

ta suy ra x = In|w| (day la logarithm thyc va dé tranh nham 1an, ta sit dung ki hiéu
In thay cho log). Phuong trinh con lai luén c6 nghiém do \%\ c6 modulus bang 1.
Ngoai ra, nghi¢m ciing 1a duy nhat trén [0,27) va khi cit thém 27 vao mot nghiem
thi ta sé c6 mot nghiém khéc clia phuong trinh e® = @ Vay ta suy ra v6i moi s6

|w]

phiic khac 0 déu c6 vo s6 logarithm va ching sai khac nhau boi nguyén ctia 27i.

Phan 4o ctia logw dude goi 1a argument ctia w, ki hiéu 14 arg w nhu ta da néi 6 phan
trude. Ta da dinh nghia lai duge mot trong nhitng khai niem co ban ctia hinh hoc ¢

dién - géc (v6i don vi do la radian). Ta nhan thay argument ctia mot sé phiic cling
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36 Tinh gidi tich va cdc ham so co bdan

c6 vo sO gié tri va ching sai khac nhau boi clia 27 va
logw = log |w| + i arg w.

Tt céc tinh chat clia ham exp, ta nhan thay dude tinh chat ctia ham log va arg nhu

Sau

log (z122) = logz; + log 2o

arg (z122) = argz + argze

Quy udc.

1. V6i cac s6 thuc duong w, ngudi ta thuong quy uée logw 1a don tri va nhan gia

tri bang ding Inw.

2. Diing khai niém argument, moi sé phitc z déu c6 thé viét dudi dang

v6i r = |z| v& @ = arg z. SO phiic viét dusi dang nay c6 thé dé dang dugc st
dung trong cac phép nhan, Ity thtta hay khai can,...

Gio ta sé dinh nghia ham mil véi co s6 1a mot s6 phiic bat ky. Véi a, b 1 hai s6 phtic
bat ki va a # 0, ta dinh nghia

CLb — ebloga‘

Néu a € R*, theo quy uéc trén thi loga € R va do d6 a’ 1a don tri. Trong nhing
truong hop con lai, ta hiéu log a 1a logarithm phiic, do d6 a® c6 nhan nhing gié tri
sai khac nhau céc thita s6 €?™. Nhitng gia tri nay bang nhau néu va chi néu b € Z.
Tém lai, biéu thic a® 1a don tri néu va chi néu a € RT hay b 1a s6 nguyén. Diéu nay

phtt hop vé6i phép lity thita s6 phtic ma ta da co.
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Tich phan phiuc va tng dung

Chuangg

Muc luc
3.1 Cackhdiniéemcoban/. .. .. ... ... .......... 38
13.1.1 Tich phan phitc, dudng va chu trinh| . . . . .. ... ... 38
13.1.2 Chi sb, dong déu va dong luan| . . . . . . ... ... ... 41
13.2 Dinh ly Cauchy cho cic hinh don gian.| . . ........ 47
13.3 Cong thic Cauchy cho cac hinh don gian.). . . . ... .. 51
13.4 Cac tinh chit dia phuong ctia ham giai tich| . . ... .. 58
13.41 Dinhly Taylor) . . .. ... ... ... ... ... ..... 58
13.4.2 Khong diem va diem ky di . . ... ... ... ... 61
13.4.3 Tinh chat dia phuong ctia ham giai tich.| . . . . .. .. .. 64
13.5 Dinh ly Cauchy tong quat| . . . .. ............. 67

Trong phan nay, ta quan tam dén cac tich phan ctia ham phitic trén mot duong tron

ting khtc . Ta tiép can bai toan bang cach dua ra cac diéu kién clia f, mién xac

dinh ctia n6 ciing nhu tinh chat ctia duong v dé fv f(2) dz = 0. Qua do6, ta c6 dugc

Dinh ly Cauchy va cac hé qua quan trong ctia no.
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38 Tich phan phic va dng dung

3.1 Cac khai niém co ban

3.1.1 Tich phan phtic, dudng va chu trinh

Trude hét, ta dinh nghia cac khai niém vé tich phan phiic ma dau tién 1a khai niém
tich phan duong. Véi mot ham phic f xac dinh trén R viét dudi dang f = u + iv,
trong d6 u, v 14 cac ham thyc, ta dinh nghia fab f (t) dt nhu sau

/abf(t) dt:/abu(t) dt+/abv(t) dt.

Khi dé ta c6 cac tinh chat sau

Meénh dé 10. Ta c6
1o [Pef () dt =c [ f(t) dt.
2 |0 r @ a < [V1F @) ae

Chaing minh. Tinh chat dau tien dugce suy ra tryc tiép tit dinh nghia. Tinh chat thi
hai ¢6 thé duge chitng minh ngén gon bing tinh chat thi nhat nhu sau. Néu vé trai

bang 0, ta hién nhién c6 két luan, ngudce lai, goi 6 1a argument clia vé trai, ta c6

/abf(t)dt’ = /abe—i"f(t)dt
= Re (/abe”f(t) dt>

= /Re(e_wf(t)) dt
< [1rol

Tinh chat, do d6, dudc chiing minh. O
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3.1 Cac khai niém co ban 39

Tu day ta dinh nghia tich phan duong nhu sau. Ta cfing nhan thay ring tich phan
dudng phiic ciing c6 cac tinh chat nhu tich phan duong thiuc, bao gom: khong doi
qua cic phép dbi bién (tham s héa lai duong) va doi dau khi dudng ddi nguge dinh
huéng. Trong tai liéu nay, ta quy uéc ki hiéu dusng thu duge khi ddo nguge dinh
huéng ctia duong v 14 —v va néu khong néi gi them thi cac duong duge gia st 1a
tron tiung khic.

Dinh nghia 11. V6i f la mot ham phtc lién tuc trén Q va + 1a mot duong tron
ting khiic trong mit phang phiic ¢6 khodng tham s6 1a [a, b], ta dinh nghia tich phdn

cua f trén v la

b
[ ramyoa
va ki hieu la /f (2) dz. Trong trudng hgp 7 la duong déng, ta c6 thé sit dung ki
vy
hiéu %f (2) dz dé chi tich phan ctia f trén .
v

Néu Y1, 72, - - ., Yo 12 mot phan hoach ciia dudng v, tic ta c6 thé tham s6 héa lai cac V;

trén khoang tham sb [j — 1, j] va v trén [0, n] thi v (¢) = ~; (t) véi moi t € [j — 1, ],

thi .
/f(z) dz:Z f(z) dz.

Diéu nay giai thich cho st lam dung ki hiéu khi ta viét v = Zj:1 V;-

Ngoai ra, v6i mot duong « tron ting khuc xac dinh trén khodng [a, b], ta dé dang
nhan thay rang v c6 thé viét duge dudi dang vy (t) = () + iy (t) v6i =,y 1a cac ham
tron tung khtc. Khi dé ta dinh nghia

[rae - [ remea
/Vfdy _ /:f(v(t))y’(t)dt

Do d6 ta co fy fdz= f7 fdr+i f7 f dy. Diéu nay giai thich ki hieu dz = dx + idy.
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40 Tich phan phic va dng dung

Mot tong hinh thic 1 biéu thitc v, + vo + - - - + 7, trong dé cac 7; khong nhat thiét
la phan hoach clia mot duong nao dé. Ta dinh nghia tich phan ctia f trén tong hinh
thitc nay nhu la tong céc tich phan trén cac duong ;. Nhu vay, ta sé gap phai trudng
hop nhiéu tong hinh thic cting biéu dién cho mot tap hop diém, diéu d6 dan dén
viéc chia 16p tuong duong céc tong hinh thic nay, va dua ra dinh nghia day chuyén

nhu sau.

Pinh nghia 12. Hai tong hinh thic duge goi 1a tuong duong néu nhu tich phan
ctia moi ham lién tuc ting khic trén ching 1a bang nhau. Dé dang nhan thay day la
mot quan hé tuong duong va phan 16p tap cac tong hinh thitc. Ta goi mdi l6p tuong

duong nay 1a day chuyén va xem cac tong hinh thic 1a mot biéu dién ctia day chuyén

ay.

Tinh chat sau day dudc suy ra tric tiép tit dinh nghia trén. Phan chiing minh khong
c6 g1 kho khan.

Ménh dé 13. Hai tong hinh thic cung biéu dién cho mot day chuyéen néu nhu ta
thu duogc tong nay tu tong kia bing cdc phép

1. Hodn vi hai duong thanh phan vdi nhau.

2. Phan hoach mot duong thanh phan.

3. Ghép cac phan hoach da co thanh mot duong.
4. Tham s0 lai cdc duong.

5. Triét tiéu cac duong ngugc nhau.
Ta dinh nghia tong ctia hai day chuyén nhu la tong clia cac tong hinh thiic, tic néu
I' = Zj 7]1 va I'y = Zj %2 thiI'hy + 1y = Zj le + Zj 7]2. Ta nhan thay rang cach

dinh nghia nay khong thay ddi khi ta chon céc cach biéu dién cac nhau ciia cling

mot chu trinh. Luu ¥ ring ta c6 thé thuc hieén cong hai day chuyén mot cach don
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3.1 Cac khai niém co ban 41

gian hon néu ta chon céc biéu dién phit hop, v6i cac duong thanh phan triing nhau.

Gia st ta mudn cong hai day chuyen I'y va I'y, ta viét chung dudi dang
n
Moo= D a4
=1
n
Ly = Y by
=1

trong d6 aj, b; 1a cac s6 tu nhien, 16n hon 0 néu nhu dudng v; bi lap lai, bang 0 néu
duong nay bi triét tieu hodc khong chita trong day chuyén dang xét, nho hon 0 néu
sau khi triét tieu van con duong —v;. Khi dé ta chi can cong céc he s6 tuong ting dé

c6 dugc tong hai day chuyen.

Dinh nghia 14. Mot day chuyén v duge goi 1a chu trinh néu né c6 thé biéu dién
thanh tdng cac duong déng.

V6i dinh nghia trén, ta nhan thiy ring mot day chuyén 1a chu trinh néu va chi néu
trong moi cach bicéu dién, cac duong thanh phan co lap (ttc khong cé giao véi céc
duong con lai) déu déng. Diéu nay c6 thé duge chitng minh dé dang bing phan
chiing.

3.1.2 Chi sb, dong déu va dong luan

Ta di dén mot loat khai niém quan trong sau, trong dé bao gom chi s6 ctia mot diem
2o do6i véi duong cong kin . Khai niém nay mo ta mot cach ro rang cac van dé kha

cam tinh, ching han nhu s6 lan ma dudng v “quay quanh” diém z.

Dinh 1y 15. (Chi s6 ciia mot dieém) Cho ~ la mot dudng cong kin tron tiung khic va

diém a khong thuoc dnh ctia v. Khi dé so

20 Z—a

1 1
Ind(v,a) = — 95 dz
v
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42 Tich phan phic va dng dung

luon la mot s6 nguyén va duge goi la chi sé (index) ciia a doi vdi . Chi s6 nay
khong thay doi khi a di chuyén trén mot thanh phan lién thong cia C\ v* va bing 0
trong thanh phan lién thong khong bi chan.

Chitng minh. Ta chi cin ching minh % =% = 1. Dé lam didu nay, ta tham sé hoa
bdi ham z (t) ¢6 khoang tham s6 1a [0, 1]. Khi d6 dat

z 2/ (t)d
I3 S Vo € [0,1]

g(xr)=e

va can chiing minh g (1) = 1. That vay, ta c6

/) =iy @),
suy ra [(z (r) — a) g ()] =0, cho ta g (z) = e Vay tac6
g1) = o = =g (0) = 1.

z(1)—a z(0)—a

Vay chi 86 cia a v6i v luon 1a mot s6 nguyen. Do Ind (v, a) 1a ham lién tuc theo a
va chi nhan cac gia tri nguyén nén khong ddi trén cac thanh phan lien thong cla
C \ 7*. Trén thanh phan liéen thong khong bi chan, ta cho @ — oo thi nhan dugc
Ind (v, a) — 0. Vi chi nhan céc gia tri nguyén nén chi sé nay phai la 0. Dinh 1y duge
chiing minh. O]

Ta c6 cach sau dé xac dinh chi s6 ctia mot diém a cho truée déi véi dudng cong kin
~v. Khong mét tinh tong quat, ta cé thé gia si a 1a gbc toa do. Khi dé ta co Bo dé

Sau:

Bé dé 16. Xét z1, 2z la 2 diém tréen duing cong kin v khong di qua goc toa do.
Ky hiéu v, la phan cung di tic z, dén zy, o la phan cung di tw zy dén z. Gid si
ring 2 ndm ¢ nia mat phang phia dudi, z, ndm ¢ nida mat phdng phia trén va
Y NR™ = NRY =0. Khi dé ta ¢é Ind(v,0) = 1.
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3.1 Cac khai niém co ban 43

Chitng minh. Goi d 1a khoang cach tit 0 dén compact v*, € = % va C; la duong tron
tam 0, ban kinh € dinh huéng duong. Bing cach tham sé héa C. bdi e?™ trén khoang
0,1], ta tinh duge Ind (C.,0) = 1.

Goi n; 1a nita duong tron C. xac dinh béi €7 vi —ei, khong cat R™ va 1, 1a nita duong
tron con lai ¢6 cung dinh huéng véi C.. Xét vy la duong cong kin xac dinh bdi hgp
noéi y1, duong thang I'y tit 2o dén i, —n;, dudng thang 'y tit —ei dén 2 va 1 13
duong cong kin xac dinh bdi hgp ndi v, —I'y, —12, —I's, ta c6 v khong cat ]Ra“ VA Uy
khong cat Ry, tiic 0 déu thudc cac thanh phan lién thong khong bi chan ctia C \ v
va C\ vy. Do d6 ta suy ra

Ind (7,0) = Ind (v1,0) + Ind (5, 0) + Ind (C., 0) = 1.

]

Mot cach hinh tugng (va hinh thitc), ta c6 thé tinh duge chi s6 ciia diém 2z, d6i v6i
dudng v bang meo sau. T 2, ké mot tia bat ki, cit v tai hitu han diém ¢, G .. ., G,
goi A la s6 diem ¢; ma tai do v di theo chiéu duong va B 1a s6 cac diém ¢; ma tai d6

~ di theo chiéu am. Khi d6 chi s6 clia 2z chinh 1a

Ind (v, 2,) = A+ B.
V6i muc dich phan 16p tuong duong cac dudng cong kin trén mot mién €, ta quan
tam dén chi s6 ctia cdc duong nay va do dé ta cé cac dinh nghia sau.

Dinh nghia 17. V6i mot mién Q va 2 dudng cong kin 71, 72, ta néi v, va v, dong
deu (homologous) v6i nhau néu va chi néu Ind (y;,a) = Ind (72,a) v6i moi @ ndm
ngoai Q. Khi do ta viét

M~ (mod ).

Dic biet, néu Ind (v, a) = 0 véi moi a ngoai 2, ta néi v dong deu vdi 0 (homologous

to zero) va viét v ~ 0 (mod ).
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44 Tich phan phic va dng dung

Hinh 3.1.1: V6i moi tia duge chon, cach tinh chi s6 trén déu cho két qua nhu nhau.

O phan sau, ta sé thiy ring tich phan ctia ham giai tich tren céc duong dong déu
v6i nhau sé bing nhau. Dac biét, ta sé nhanh chéng chi ra ring néu duong 7; c6 thé
thu duge tit v5 qua mot sd phép “kéo dan” thi ching sé dong déu véi nhau. Nhung

truée hét, ta can mot dinh nghia 16 rang cho tinh chat méi nay.

Dinh nghia 18. Cho v va 7, 1a cdc duong déng trong mien 2, ta tham s6 hoa
lai cdc dudng nay sao cho khoang tham s6 déu 1a [0, 1]. Khi d6 v, va v, duge goi la
Q—dong luan (homotopic)véi nhau néu ton tai mot ham lien tuc H tu [0,1] x [0, 1]
dén Q thoa tinh chat

H(0,s) = m(s)
H(l,s) = 7(s)
H(t,0) = H(t1)

v6i moi s, t trong [0, 1].
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3.1 Cac khai niém co ban 45

Duong v dugde goi 1a dong ludan vdi 0 (null homotopic) néu va chi néu n6 dong luan
v6i mot ham hing (tic duong cong kin chi gom 1 diém). Mot mién Q thda man tinh

chat moi dudng cong kin trong né déu dong luan véi 0 duge goi 1a don lién.

Nhu da néi & tren, gio ta sé chitng minh hai duong dong luan thi dong déu. Y tudéng
4 day la néu 2 duong v; va v, ¢6 cliing khodng tham sé va “di gan nhau” thi sé c6

chi s6 bang nhau.

Bo6 dé 19. Cho v, va v, la cdc duong déng vdi khodng tham s6 la [0,1], o la mot s6
phiic khong thuoc vi va ;. Khi dé, néu

71 (8) =22 (s) <In(s)—al  Vsel01]
thi ta phai c¢é Ind(y1, @) = Ind (72, @).

Chitng minh. Ta c6 ||y (s) —a] — [ (s) —a]| < |n (s) — a|, do do6

Y2 (s) —

<1,
7 (s) —a

-

nén chi sé ctia duong v = 2=2 v6i 0 bi triét tieu, nghia 1a

[

Nhung lai c6

Vay ta suy ra

Ind (72, ) = de _ o _ Ind (72, a) ,

’Yl<_a 72(—0[

va do dé bd dé dude chitng minh. O
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46 Tich phan phic va dng dung

T bo dé trén, ta c6 dude dinh 1y sau, khang dinh 2 duong dong luan thi dong deéu.
Dinh 1y 20. Néu v, va v, la cic duong dong Q-dong luan thi ta cé v, ~ 2 (mod

Q).

Chiing minh. Ta ching minh Ind (y1, ) = Ind (72, &) v6i moi o & . Do H ([0, 1]2)
1a compact khong chita o nén ton tai khodng cach tit o véi H ([0, 1]2). Ta gié st

|H (t,s) —a| > 2 V(s,t) €[0,1]?,

mit khac H ciing lién tuc déu nén ta suy ra ton tai N dilén dé |H (t,s) — H (u,v)| <
e Vi [t — u|+]s — v| < &. Ta ¢6 ¥ dinh chiing minh chi s6 ctia o khong do6i khi ¢ nhan
cac gia tri 1a £. Tuy nhién diéu nay that bai vi duong H (£, s) lic d6 khong chéc
la tron timg khtc. Vay, ta st dung déy cac dudng gap khic sau dé xap xi H (£, s):

i = () (5 ) (5.0

_ (1+z—N3)H(§,%)+(NS_Z.)H(%¢+1)

n
v6i moi % < s < % Ta kiém dugc I';, duge dinh nghia t6t, lien tuc, tron ting
phan va [Ty — 71| < &, |T'1 — 72| < &. Do d6 Ind (71, @) = Ind (T, @) va Ind (72, ) =
Ind (I'y, @).

Vay ta chi can ching minh Ind (I'y, @) = Ind (T4, @) 1a di. Véi & < s < 2 ta 6

£
N

H () —HHD <e
H (50 - H(5H 5] <e

va vi Iy (s) v Typq (s) 12 céac t6 hop 161 v6i cling trong sb ctia 4 vector trén, ta co
Ty (5) — Diaq (s)| < €. Vay ta chiing minh dugc |T — Tipq| < €. Ap dung b dé ,
ta ¢6 Ind (I'y, o) = Ind (I'y41, @) va do d6 dinh 1y duge ching minh. O
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3.2 Dinh ly Cauchy cho cac hinh don gidn. 47

Ngoai ra, bo dé|19|cho ta nhiéu hon la chi dinh 1y nay. Ta sé diing b dé nay dé dinh
nghia chi s6 ctia mot duong I' dong lien tuc nhung khong tron doéi véi mot diém o
cho true. Ta da biét rang cac duong dong lien tuc c6 thé xap xi bang day cac dusng
tron {7, } (c6 thé lay khai trién Fourier ctia T'), do d6 néu ta chiing minh dugc ring
chi s6 ctia a dbi v6i day céc duong tron nay mot ldc nao doé 1a khong doi thi ta co
thé xem chinh hing s6 nay 1a chi s6 ciia a d6i véi I'. Y tuéng nay duge cu thé hoa

5[Bai 1.28. | phan bai tap.

3.2 Dinh ly Cauchy cho cac hinh don gian.

Dau tién, ta c6 mot két qua vé tinh doc lap duong ctia dudng ciia cac ham phiic.
Mot cach don gian, ham f doc lap duong khi va chi khi n6 1a dao ham ctia mot ham
phitic khac.

Dinh 1y 21. Tich phan fvpdx + qdy trén mién md Q0 chi phu thudc vao diém dau

vao diém cudi khi va chi khi ton tai ham U (z,y) trén Q sao cho

oU oU

%_pa a—y—q

Dac biét, vdi f la ham gidi tich trén 2, ta c¢6 f doc lap duong khi va chi khi ton tai

ham F gidi tich sao cho F'(2) = f(z). Lic dé f(z) dz va pdx+ qdy dugc goi la vi

phan toan phan (exact differential)
Chitng minh. Diéu kien di 1a hién nhién vi

/pdx+qdy = —dr+ —dy
-
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48 Tich phan phic va dng dung

Ta chiing minh diéu kién can bang cach chi ra ham U (2). Xem U (z) = f;o pdx+qdy,
vi tich phan nay khong phu thudc vao duong di nén U (z) xac dinh duy nhat. Ta
chiing minh g—g = p, dang thiic con lai duge suy ra mot cach tuong tu. That vay, tai
2 € ), ton tai e > 0 dé D (z,2e) C Q. Taco

zZ1—¢€ Z1
Ul(z) = / pdx+qdy+/ pdx + qdy

20 zZ1—€

z1—¢€ 21
/ pdr + qdy + / pdx
20 21—€

Do d6 ta c6 92 (z1) = p (1) va dinh 1§ duge ching minh. Khi f(z) la ham giéi tich

va doc lap duong, ta co
b= rerd it =0

Suy ra ton tai ham F dé

oF or .
w1 g =Y
titc F' thoa man hé thic Cauchy-Riemann nén la ham giai tich. O

Theo két qua dinh Iy trén, tich phan ciia cdc ham da thitc déu doc lap duong. Mot
cach tong quat, tich phan clia cidc ham giai tich (trong mot s6 dicu kién nhéat dinh)
ciing sé doc lap dudng. Y tudng dé gidi quyét dicu nay chinh 1a dua bai toan vé
truong hop cac ham da thitc, ma cu thé hon la cdc ham tuyén tinh. Tinh ’giai tich’
duge st dung nham gitp ta xap xi cdc ham gii tich bing anh xa tuyén tinh dao

ham ctia no.

Dinh 1y 22. (Dinh ly Cauchy cho hinh chi@ nhat) Cho f la ham gidi tich trén hinh
ch@ nhat R. Khi dé ta co

f(z)dz=0.
OR

Chatng minh. Nhéc lai rang ham f dudc goi 1a gidi tich trén A khi n6 giai tich trén
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3.2 Dinh ly Cauchy cho cac hinh don gidn. 49

mot tap md chita A. Tit trung diém cac canh clia R, ta chia R thanh 4 hinh chit
nhat bang nhau R’ v6i j = 1,4. Ta c6

8Rf (2) dz = jzl - f(z) dz.

Do d6 ton tai j dé

f(z)dz| <4
OR

f(z) dz

ORI

Ta goi hinh chit nhat R’ nay la R;. Mot cach hoan toan tuong tu, ta xéc dinh dudgc
mot day long nhau cac hinh chit nhat {R,} thoa man tinh chat

L(9R)

< 4"
= on

f(2) dz

OR,

) L (aRn) 7

f(z) dz
OR

Vi {R,} 1a mot day céc compact 1ong nhau c6 duong kinh dan vé 0 nén phan giao
ctia chiing chita duy nhat mot diém zp. Vi f gidi tich tai zy nén v6i moi e > 0 (du

nhé dé f con gidi tich trén lan can ban kinh € ctia zg), ton tai J, > 0 dé
1f(2) = f(20) = [ (20) (= — 20)| < €]z — 20 Y]z — 20| < 0.
Chon n du 16n dé R, chita trong B (z,¢), ta c6

f(z)dz| < 4"

OR

f(z) dz

ORn,

gﬁ ()= f(z0) — ' (z0) (= — 20)] d=
OR,,

4”% elz — 2| dz
ORy,

AL (OR,)’ e
eL (OR)?

471

IN

IN

Vay ta ¢ ¢, f (z) dz = 0 va dinh 1y dugc ching minh. O
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Téng quét hon, trong dinh Iy trén, ta c6 thé bo tinh giai tich clia f tai mot diem (va
sau do la tai hitu han diém). Viéc nay rat co ich khi ta can khao sat cac diém ki di

(co lap) cuia f.
Dinh 1y 23. Cho f la ham gidi tich trén tip R nhdn dugc bang cdch b6 di mot so

diém hitu han & tit hinh chit nhat R. Gid si ring

lim (2~ &) f () = 0

CC—>£j

vt mot j, khi do ta co
f(z) dz=0.
OR
Chitng minh. Ta chi can chiing minh trong trusng hop c¢é 1 diém bi bé di 1a di. Khi

do6, v6i moi € > 0, ton tai d. > 0 sao cho

|2 =20l |f (2) = f ()| <€

v6i moi z thudoc hinh vuong R tam tai zp, canh la 26.. N6i dai cac canh ctia hinh

vuong nay, ta co

f(z)dz| = f(z) dz
AR OR
— |$ [F) - ) iz
oR
€
< — =8
féé Oc
Vay ta suy ra duge ¢, f (2) dz =0 va dinh 1y dugce chimg minh. O

Véi viéc tich phan trén bién cac hinh chit nhat (chita trong mot 1lan can cua zg) bi

triet tieu, ta suy ra tich phan trén cac duong gap khuc kin (c6 cac canh song song
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v6i 2 truc) cing bi triét tiéu. Do d6, ta xay dung ham F trén mot lan can cua z
nhu tich phan trén cac duong gap khic va kiém tra duge F' = f. Diéu nay khién ta
c6 thé, tir viec tich phan trén bién cac hinh chi nhat triét tiéu, suy ra tich phan trén

moi duong cong kin ciing triét tieu. Cu theé, ta c6 dinh 1y sau:
Dinh 1y 24. Cho f la ham gidi tich trén mién A’ nhan dudc bang cdch bé di mot
vai diém &; tir qud cau md A. Gid sit ring

lim (z = &) f () =0

I*}fj

vdi moi j, khi do vdi moi duong cong kin vy, ta co

ygf(z)dz—o.

Chitng minh. Xét zy 1a mot diém trong A’. Vi A’ 1a tap mé lien thong nén véi moi
z € A vae >0 dinhé dé B (z,¢) chiia trong A’, ton tai cdc dudng di y1,70 tit 2o
dén z — e v z — ic v6i cac canh song song vdi 2 truc toa do. Do tich phan cia f
trén bién cac hinh chit nhat déu bang 0 nén ta suy ra dudc tich phan trén ~; va 7,
l4 bing nhau. Do d6 f (z) dz la vi phan toan phan va ton tai F' gii tich trén A’ dé
F’:f.Suyragsvf(z)dz:O. O

3.3 Cong thirc Cauchy cho cac hinh don gian.

V6i khai niém chi s6, ta dé dang chiing minh duge Cong thiic Tich phan Cauchy sau
day:

Dinh ly 25. (Cong thitc Tich phan Cauchy) Cho f (z) la ham gidi tich trén mot qua
cau md A va v la mot duong cong kin trong A. Khi dé vdi moi a khong nam trén
v*, ta co

Ind(vy,a) f (a) = i % dz.
gl
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52 Tich phan phic va dng dung

Chitng minh. Xét ham F'(z) xac dinh trén A\ {a} théa man F (z) = fE)a) Ty

zZ—a
c6 F giai tich va

lim(z —a) F(z) =lim[f(2) — f(a)]=0

z—a z—a

nén suy ra ¢ F (z) dz = 0. Do d6 ta c6

(Z) dz = M dz = 2miInd (")/, a) / (CL) :

A/Z—CL WZ—CL

Dinh Iy duge chiing minh hoan toan. O]

Ta quan tam dén mot cong thic tuong tu véi cong thitc Cauchy cho dao ham cia

f, ciing nhu viéc tinh cac tich phan (Z‘pfz;n trén mot duong cong kin. Vay nén mot

trong nhitng ¥ tudng kha tét 1a 1lay dao ham ctia cong thitc Cauchy mot hodc nhiéu

X

lan:

1 f(©)

0 = g de
na @) = gL

n(y2) f0 () = ”—!yﬁﬁds

A% —Z

Vay van dé duy nhat ma ta can phai gidi quyét 1a viec “lay dao ham” nhu thé c6

dugc chitng minh chat ché hay khong. Cu thé, ta c6 Bo dé sau:

B6 dé 26. Cho ¢ (&) la ham lién tuc trén duong cong . Khi dé ham sé

[ p§) &
Fn(Z)_/w,(f—Z)n

la gidi tich trén moi thanh phan lién thong duoc chia bdi v va dao ham cia né duge
tinh bdi F! (z) = nF,41(2).
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3.8 Cong thiic Cauchy cho cic hinh don gidn. 53

Chaing minh. Ta bat dau véi truong hop n = 1. Khi d6 ta c6 F (2 f7 ‘pég)zdf
p (§) dS
Fi(z)—Fi(z) =(z—=z
v =) = °)£<5—z><s—20>

Goi ¢ 1a khodng cach tit zp dén 7* va xét z thda |z — 2| < £, ta 6

IFi(2) = Fy (20)] = |7 — 0] /I¢|d€

nén suy ra Fi () la ham lién tuc.

Xét gi6i han

. - e v (§) d§
3]

do ham £%~ lien tuc theo £ nén tuong ty bén trén, ta co
§—20

. p(de [ e&)dE
Zlﬁzo ) (& —2) (&= 20) Zlﬁzo/; (& — zo)

Diang thitc duge chitng minh khi n = 1. Ta sé st dung quy nap dé ching minh phan
con lai ctia Bo dé. That vay, gia st da c6 F!_, (z) = (n — 1) F,, (z) v6i moi ¢ lien

tuc, ta xét
3 [ dE [ p(§) d
RG-RG) = [ G5 [y
o ¢ (£) e (£) dg [ el dE
- Z°>/<£ 2" (€ _ZO)JF/V(S—Z)TL_I@—ZO) /Aé—zo)”
Ap dung gia thiét quy nap cho & ) ta co f % - j; (‘g(fzfn — 0 khi

2z — zp. Ngoai ra thi

. ¢ (£) dg
(= 0)/7(5—2)"(5—20)

2n
<z = 20)l gy | lol
Y
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54 Tich phan phic va dng dung

nén ta suy ra F, (z) la ham lién tuc. Ta c6

Fo(2) = Fu(20) _ / p()dg 1 / ek / ey
Py 2 (E=2)"(€—2) z-z2 ) E—2"" L(€—2)""]

(&)
(&—20)

Ap dung cac két qua F, lien tuc va F'_, (z) = (n — 1) F, () cho ham lien tuc

theo &, ta ¢o
p (§) d§ p (§) d§
/y E— " E-2) /y (€ —=20)""

1 el \ P (€) dg
z— 2 [/ (-2 /7(5—2’0)”_1 I 1)/7@—20)““

khi z — z9. Do do ta c6

E, — F, d.
F, (20) = lim () (20) = n/ &75»1 = nly41 (20) -
Freo T 0 v (€ — 20)
B6 dé dugc ching minh hoan toan. O

Nhu vay, mot ham giai tich sé c6 dao ham vo han 1an va dao ham nay dude cho béi

1) = g p T

véi C' 1a duong tron di tam z c¢6 ban kinh di nhoé. Diéu nay cho ta nhitng hé qua la
Dinh 1y Morera, Uéc luong Cauchy va Dinh 1y Liouville, ¥ toan va ki thuat ching
minh khong cé gi phic tap.

Dinh 1y 27. (Dinh ly Morera) Néu f (2) zdc dinh va lién tuc trén Q va 957 f(z) dz=
0 vdi moi duong dong ~ trong Q thi f la ham gidi tich. Hon niia, ta ciing chi can
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3.8 Cong thiic Cauchy cho cic hinh don gidn. 55

M A B N
o > C—)
E < 4—3G

M, Na

F F“ P“] 8:
. 4 .
Q C D P

Hinh 3.3.1: Hinh chi nhat M, N, P,Q,, dan vé hinh M N PQ.

by f (2) dz triet tieu vdi R la mot hinh vuong trong lidi chinh tic cé khodng cich 5
la du.

Chatng minh. V6i vé dau tién, vi tich phan ctia f 1a doc lap duong nén ton tai ham
F giai tich trén €2 sao cho F' (z) = f(z). Méat khéc, F' giai tich nén c6 dao ham vo

han lan, ta suy ra f ciing 1a ham giai tich.

V6i vé thit 2, xét dia tron m chiia trong €, ta sé chiing minh rang tich phan
ctia f trén bién moi hinh chit nhat trong D (2o, 7) déu triét tieu dé suy ra dicu kien
clia vé thit nhat, vd do d6 f giai tich trong D (29,7). That vay, xét hinh chit nhat
R bat ki ¢6 bao déng chita trong D (zo,7), véi moi n € N, ta goi {Ri}per, 1a ho
cac hinh vuong trong lu6i chinh tic khodng cach 2% va chtta trong R. Khi do, dat
R = Uprer, Bx 1a hinh chi nhat thi khoang cach gitta cac diém ctia OR t6i OR nhd

1
h(jl'l on -

V6i cac dinh ctia hinh ch nhat duge dat tén nhu Hinh |3.3.1f, vi f lién tuc trén }_A%

neén lién tuc déu v ¢6 modulus bi chin béi L. Do d6 véi moi €, ton tai n di 16n dé
1f (z1) — f (22)| < & v6i moi 21, z trong R thoa |z — z| < 27 Do d6 ta ¢6

L
< L|A—-M|< o

[ ey NA:nf(Z)dz <cla-B|. '/Ajf(Z)dz
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56 Tich phan phic va dng dung

Thiét lap céc dang thic tuong tu cho cac canh EF, CD, GH va ME, NB, NG,
PH, PD, QC, QF, ta cb

8L
2n

Af<z)dz_ ~f(Z)dZ <el(R)+
OR ok

trong d6 [ (R) 1a chu vi ctia R. Bat dang thic nay cho ta ¢, f (2) dz =0 i

aRf<Z>dZ:Z f(z)dz=0.

kel Ok
Dinh 1y do d6 dugc chiitng minh. ]

Dinh 1y 28. (Udc lugng Cauchy)

Cho f 1a ham giéi tich trén qua cau A tam a ban kinh r théa man |f (2)| < M véi

moi z € A. Khi dé ta ¢6 '

,,an

Chaing minh. Két qua dudc suy ra tryc tiép tir cong thitc Cauchy. O

Dinh ly 29. (Dinh ly Liouville) Cho f la mot ham gidi tich, xdc dinh trén C. Ta
goi ham f nhu vay la ham nguyén (entire function). Khi dé néu f bi chan thi f la

hing so.

Chitng minh. Stt dung uéce lugng Cauchy cho f'(z) va dudng tron tam z béan kinh r,

ta co v
"(z) < —.
IUCEE.
Cho r dan vé co ta suy ra duge f'(z) = 0. Do d6 tacé?:g—f:OvaviClién
2 Y

thong nén ta suy ra f 1a hang so. O

Céch lay dao ham & bo dé |26 c6 thé duge md rong béi dinh 1y sau. Dinh 1§ nay cho
ta tinh kha tich cia mot ham c¢6 dang g(z) = [ ¢ (z,t) dt dong thoi giup ta tinh
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3.8 Cong thiic Cauchy cho cic hinh don gidn. 57

duoe dao ham ctia né. Y tudng ctia didu nay 1a viec ding cong thite Cauchy va dinh
Iy Fubini dé dua ham g vé dang & bd dé [26]

Dinh 1y 30. Cho ¢ (z,t) la ham phic xdac dinh trén Q X [a, ], lién tuc theo ca 2
bién z,t va la ham gidi tich theo bién z khi t co dinh. Khi dé ta cé

B
F(z) :/ ¢ (z,t) dt

la ham giai tich voi z € Q) va dao ham dugc tinh boi

F'(2) = /B 89051?) dt.

Chitng minh. Ta sé ding bd dé dé chtng minh dinh 1y nay. Trudc hét, xét tai

diém 2y € Q, ta ¢
L[ ()
£ = — d
SD(Z, ) 27_(_7[%%’ C_Z C

v6i C = dD (2p,7) 1a mot duong tron dinh huéng duong véi ban kinh r di nhé deé

D (zp,r) chita hoan toan trong  va z nam trong D (2, 7). Khi d6 ta c6

PO = o [P ]

B 12 (¢t dt
B 27?2%0[ (—=z dc

Trén compact D (29,7) X [a, 8], ham ¢ lién tuc déu, do d6 ta c6 f (¢, t) dt 1a lien
tuc theo ¢. St dung bd dé , v6i z € D (zo,7), ta co

S [2 (¢t dt
Fiz) = 27Tz§£c[ (¢ —2)? ]dg

_ % f [ﬁé (92 <_C’;>>2 dg] dt
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58 Tich phan phic va dng dung

Lai stt dung bo dé ta co

1L oe(Gt) . 9p(zt)
2my§(g—z)2d<

do do6 ta suy ra
va do d6 dinh ly duge ching minh. O

3.4 Cac tinh chat dia phuong ctia ham giai tich

3.4.1 Dinh ly Taylor.

Gia st ta dd c6 mot ham gidi tich f tréen © \ {a} va f thoa nhing dicu kién nhat
dinh, khi dé, ta c6 thé mé rong f thanh mot ham giai tich trén Q bang cach gan cho
f mot gia tri thich hop tai a. Diéu nay dugc cu thé hoa bing dinh 1y sau day.

Dinh ly 31. Cho f(z) la ham gidi tich trén mién € nhdn dudc bang cdch bé di
diém a tu mién Q. Khi dé diéu kién can va di dé ton tai mot md rong gidi tich cho
f tréen Q) la

lim (2 —a) f(2) = 0.

zZ—a

Hon nita, ham md rong nay, néu ¢, la duy nhat.

Chitng minh. Xét ham f xac dinh trén lan can ban kinh e cia a nhu sau: f(z) =

o {Ej_) j)f v6i moi |z —a| < € va C. la dudng tron tam a bén kinh e dinh hudng
duong. Khi d6 f 1a ham giéi tich tren B (a,¢). Mat khac néu ta dinh nghia f 1a ham
nhan moi gia tri ctia f trén ' va nhan moi gia tri cta f trén B (a,e) thi f hoan
toan xac dinh (do 2 ham nay bing nhau trén phan giao cia 2 mién x4c dinh). Ham

f khi d6 giai tich va la mot md rong cta f tren €.
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3.4 Cdc tinh chat dia phuong ciia ham gidi tich 59

Md rong nay cing la duy nhét theo tinh lien tuc tai a cia f. Dinh 1y dude chiing
minh. ]

Néu khai trién Taylor sau cho gitp ta viét duge ham thiue f dusi dang mot chudi liy
thita thi Dinh 1y Taylor sau day ciing gitp ta viét f dudi dang tong cac liiy thita v6i
bac 16n tity ¥ va cac hé s6 giong khai trién chudi, tuy nhieén phan du duge viét dusi
dang mot ham giai tich. Vi cac ham giai tich c6 nhiéu tinh chat quan trong nén viéc

biéu dién nay cho nhiéu hé qua quan trong hon ca khai trién chudi.
Dinh 1y 32. (Dinh lij Taylor) Cho f la ham gidi tich trén mién Q chita diém a. Khi
dé ta c6 thé viét

f'(a)
1!

/" (a)
2!

£ = @ e — a5 - a0 T () (2 - )"

vdi f, la ham gidi tich trén ).
Ngodi ra ham f, cing cé thé duge tinh thong qua f bdi cong thic

1 95 f(§) dg

AT Y e )

Vz: 0<|z—a|<r (3.4.1)

vdi C duong tron dinh hudng duong tam a vdi ban kinh v di nhé dé qud cau twong

ing nam trong €.

Chiing minh. Xét ham giai tich W tren Q\ {a}, vi lim,_,, (2 — o) L2210 —

zZ—a

nén ton tai ham giai tich mé rong F (2). Do d6 ta c6

f)=[f@)+(z-a) Fi(2),  Fi(a)=[(a).

Fn(2)—In(a)

Tiép tuc goi F, 4, 14 md rong clia ham giai tich , ta c6 F,, giai tich va

f(z2) = fl@+F(a)(z—a)+-+F,(a)(z—a)"+ Fopr (2) (z—a)" .
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60 Tich phan phic va dng dung

Lay dao ham bac n + 1 tai a cta 2 vé ta duge f™+V) (a) = (n + 1)!F,1 (a). Do dé

ta co F4q (a) = fi%li)(!“), hay mot cach tuong tu thi
f (a)
Do do6 v6i moi n € N, ta co
/ " (n—1)
F(z)=f (a)+f1—(f) (z — a)+f2—@ (z —a)’+- -+ﬁ (z—a)" "+F, (2)(z —a)".

Ta ciing ¢6 thé tinh duge F, theo f. Ta c6

Mat khéac ta c¢6

B d& * 1
h““‘ﬁwe—@@—¢>‘%mm—z>

[Ind (C,a) — Ind (C, z)] =0

vl moi a thuoce hinh tron va do dé

1 dg¢
h® () = Eﬁé e 0.

nén ta suy ra dugce

RE) = omf 2
L e

B AT

Dinh ly duge ching minh. O]

Khéac véi cac ham thue, khai trién Taylor cho ham phic gidi tich thuong dude st
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3.4 Cdc tinh chat dia phuong ciia ham gidi tich 61

dung & dang tong hitu han nhiéu hon & dang chudi ham. Chinh vi vay, danh gia
(3.4.1) c6 mot vai tro nhat dinh. Vai tro nay sé duge thay 16 ¢ phan sau, khi ta
chitng minh cap ctia mot khong diém déi véi mot ham gidi tich khac 0 1a hitu han.

3.4.2 Khong diém va diém ky di.
T khai trien Taylor, ta c6 duge bo dé sau:

Bo dé 33. Cho f la ham gidi tich trén Q va s6 phiic a théa man f (a) va f™ (a)

déu triét tieu véi moin € N. Khi dé ta co f bi triét tieu trén toan €.

Chaing minh. Tit (3.4.1)) ta co

1 f (&) dg

R =G sn ¢ e

Ky hiéu R la ban kinh cta C, ta dugc

M
<lz—al". W N.
]f(z)|_\z al Rnfl(R—‘CL—ZD n e

v6i M la gia tri 16n nhat cha |f (2)| trén compact C. Cho n — oo ta thu duge
f(z) =0 trén B (a, R).

Tat nhien diéu nay sé khong du dé ta két luan f bi triét tieu trén , tuy nhién, néu
ta goi A la tap cac diém a dé f (a) v dao ham moi cap theo a déu triét tiéu thi ta
sé c6 duge A la tap md. Mat khac Q \ A bao gom nhitng diém b c6 f (b) hodc mot

dao ham bac n ndo doé tai b khac 0. Ta ¢6 thé viét

Q\ A= ec\{opulJ s {o})

neN

va nhan thay duge Q \ A 1a md tit ddng thiic nay. Diéu nay, két hop véi viec Q lien
thong va A khéac trong, cho ta f triét tiéu trén €. O
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62 Tich phan phic va dng dung

Ngoai ra, nhs dinh 1y sau, ta ciing xac dinh duge cac ham giai tich bi triét tiéu tai
“qua nhieuw” diém. Thuc chat ching chinh 1 cac ham dong nhat 0. Nhs vao Dinh 1y
Taylor, ta ciing chitng minh duge mot két qua vé bac dai s6 ctia cac khong diem va
cac diem ky di.

Dinh 1y 34. Mot ham gidi tich néu cé sé xdc dinh duy nhat mot tap A C C chiia
diém tu. NGi cach khdc, néu ton tai f, g gidi tich trén mién Q chita A va f (2) = g (2)

vdi moi z € A thy f va g bing nhau trén Q.

Chitng minh. Xét h = f — g, ta c6 h giai tich trén  va bang 0 trén A. Goi z, 1a mot

diém tu ctia A, ta c6 thé viét
h(z)=(z—2)"h(2)

voi h(z) # 0. Do d6, ta goi B (z0,¢) la lan can d nho ciia zy dé h(z) # 0 trén
B (20,¢). Khi &y ta c6 h(z) # 0 v6i moi z € B (29, ¢). Dinh ly dugc ching minh. [
Dinh 1y 35. Cho f la ham gidi tich trén Q ngoai tri cic cuc. Goi a la mot diém ki

di cia f, ta Tét 2 ménh dé sau:

lim |2 = al"|f (2)] = 0 (342
lim s —al*|f ()] = o0 (343

Khi do chi co dung 1 trong 3 truong hop sau xay ra:

1. diung vdi moi o va f bi triét tiéu.
2. Ton tgi h € Z dé ding vot mot o > h va ding voi moi o < h.
3. va deéu sai vdi moi «.

S6 nguyeén h duge ta goi la bac dai s6 (algebraic degree) ciia a doi vdi f. Ro rang
bac dai so am néu a la khong diém, duong néu a la cuc va bang 0 néu f gidi tich va
khac O taz a.
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3.4 Cdc tinh chat dia phuong ciia ham gidi tich 63

Ching minh. Ta c6 cac truong hgp sau:

Néu ding véi moi a, khi do ta sé c6 a 1a khong diém c6 bac vo cung doi véi
f. Do d6 ta suy ra f (z) triet tieu tren 2. Ngoai ra, néu dang véi a = ag thi
n6 ciing ¢ ding véi s6 ty nhien N > ag. X6t ¢(2) = (2 —a)™ f(2), ta c6 ¢ 1a giai
tich va khong dong nhat 0, ta suy ra

v6i §(a) # 0, do d6 ta co (z —a)N M f(2) =g (2). Dt h=N — M ta c6

lim(z—a)*f(z) = 0 VYa>h

zZ—a

lim(z—a)*f(z) = oo Va<h

zZ—a
Tuong tu, néu (3.4.3) ding véi o = ag thi ciing sé dang véi s6 nguyen N < a. Khi
do6 ta dat ham giai tich (z — a)fN ﬁ c6 diém ky di bé duge tai a va néu dat p (2)
1a ham md rong thi ta ciing ¢6 p (a) = 0. Do p khong 1a ham dong nhét 0 nén ta c6

M -~ 1
p(z)=(z—-a)" pz)=(2—a

(2)=(z=a)"plz) =z —a) 7 5 B
v6i p(a) # 0, do d6 ton tai mot lan can dit nho cta a dé (z —a) ™M N f(2) = ﬁ(lz).
bat h = —M — N thi ta c6

lim(z—a)*f(z) = 0 VYa>h

zZ—a

lim(z—a)*f(z) = oo VYa<h

zZ—a
Diém h nhu vay xac dinh duy nhéat va do dé dinh 1y dugce ching minh. O]

Cac diém ma tai d6 ca (3.4.2) va (3.4.3) déu khong xay ra véi moi a duge goi la diém

ki di cot yéu (essential singularity) diém nay cé tinh chat kha dic biet duge dé cap

dén ¢ dinh ly sau:
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64 Tich phan phic va dng dung

Dinh 1y 36. (Dinh ly Casorati- Weierstrass) Gid tri cia ham giai tich f trong moi

lan can cia mot diem ky di cot yéu tru mat trén C.

Chitng minh. Goi zy la diém ky di c6t yéu clia f va gia st ton tai diém a, lan can

B (a,6) cta a va lan can B (29, ¢€) clia zp ma cac gia tri sao cho

|lf(2) —al >0  Vze B(z,¢).

Ta c6 ‘m < % trén B (zg,¢), do d6 lim (z — 20) g (2) = 0, tic ton tai ham giéi
Z—20
tich mé rong g (z) cta ﬁ trén B (zg,¢).

Vi g 1a gidi tich v& khac 0 trén B (2o, €) nén ta suy ra ton tai M duong dé |g (2)| >
M >0 trén B (zo, %) Suy ra

£ <1f () = al + lal < 52+ lal,

nén ta c6 lim (2 — 2g) f (z) = 0, trai v6i gia thiét. Vay dinh 1y duge chiing minh. [

Z—20

3.4.3 Tinh chat dia phuong ctia ham giai tich.

Gid stt ta c6 f (z) = wo c6 mot nghiém 1a zp, trong phan nay, ta khéo sat s6 nghiém
clia phuong trinh f (z) = w v6i w kha gan wy va cac nghiém z kha gan zy. Diéu nay
cho ta nhiéu tinh chat ctia ham giai tich nhu 4nh xa md hay kha nghich (néu ham

nay béo giac). Trude hét ta c6 dinh 1y sau.

Dinh 1y 37. Cho z; la cdc khong diém cia ham f(2) gidi tich trén qud cau md A
va khong bi triét tiéu. 0 day, moi khong diém duge dém lip lai theo s6 lan ding bing

bac cia né. Khi dé vdi moi duong cong kin vy trong A khong di qua cdc z;, ta cé

e,
zj:[nd(%%)_Qm’ygf(z) dz.
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3.4 Cdc tinh chat dia phuong ciia ham gidi tich 65

Trong dé tong & vé trdi chi ¢ hitu han phan ti khdc 0.

Chitng minh. Khi f dong nhat 0 thi két luan hién nhién ding. Trong trudng hgp
ngude lai, vi v 1a compact nén né bi chita trong qua cau déong A’ ¢6 cliing tam véi A
va ban kinh nhd hon. Trong A, f chi ¢6 hitu han cac khong diém (do tap cac khong
diém khong c6 diém tu). Theo dinh ly Taylor, ta c6 thé viét

F) =g ]]G-2)

%

v6i g khong bi triet tiéu tai bat ctt diém nao trong A’. Ta c6

Lgre, e 1],
2mi 7f(z)d 27 7[g(z) +Zj:z—zj] d

= Z Ind (77 Zj)

do ham % giai tich tren A'. O

Néu chon v 1a duong tron thi dinh 1y nay cho ta thiy sé nghiém ctia f & trong hinh
tron chinh 1 s6 1an ma dudng f () xoay quanh diém 0. Ngoai ra, tai zy bat k¥, néu
ta xét g (2) = f(2) — f (20) va ap dung dinh 1y vé6i ¢ thi ta ciing c6 duge s6 tao anh
ctia f (zo) trong hinh tron chinh 1 s6 lan f (y) xoay quanh diém z,. Vay néu chon a
tuong doi gan f (), ta cling ¢6 duge s6 tao anh ciia a trong hinh tron ciing chinh

la 86 tao anh ctia f (20). Diéu nay chinh 1a y tudng ctia dinh 1y sau:

Dinh ly 38. Cho f la ham gidi tich trén Q2 va f (z0) = wo va f(z) — wy ¢ khong
diém bac n tai zy. Khi dé vdi moi e > 0 dii nhd, ton tai 6 > 0 sao cho: Vdi moi a

trong B (wy,0), phuong trinh f (2) = a ¢ ding n nghiém phan biét trong B (2o, €).

Chiing minh. Ta c6 f(2) —wo = (2 — 20)" g (2) v6i g (29) # 0. Vay v6i moi € > 0 du

nhé dé g (2) khac 0 trong qua cau B (2o, ), ta c6 s6 tao anh clia wy 1a n, do d6, néu
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66 Tich phan phic va dng dung

xét v la duong tron tam zg, ban kinh € va goi I' la anh ctia duong déng v qua f , thi
chi s6 ctia wy déi véi I 1a n.

Mit khéc, ton tai qua cau B (wp,d) di nhé dé chi s6 clia moi diém trong qua cau
nay véi I' déu 1a n, tiic phuong trinh f (2) = a ¢6 ding n nghiém (duge tinh theo s6
boi) trong B (2o, €).

Tuy nhién, néu ta chon ¢ > 0 dit nhé dé f'(z) # 0 trén B (20,¢) \ {20} thi moi
nghiém ctia phuong trinh f (2) = a déu 1a nghiém don va do d6 phuong trinh nay c6
ding n nghiém phan biét trong B (2o, €). ]

Dinh 1y trén cho ta nhiéu hé qua tryc tiép quan trong sau, phan chiing minh hoan

toan khong c¢6 kho khan gi dac biét.

Dinh 1y 39. (Dinh lij dnh va md) Mot ham gidi tich khdc hing s6 sé chuyén mot
tap md thanh mot tap ma.

Dinh 1y 40. (Dinh lyj ham ngugc) Néu f gidi tich tai zo va f' (z0) # 0 thi f la mot

dong phoi bdo gidc gitia mot lan can cia zg vdi mot lan can cia f(z).

T cac dinh 1y trén, ta c6 duge Nguyén Iy modulus cuc dai sau day. Dinh 1y nay,
cling véi ban sao clia n6 cho cac ham diéu hoa sé dugce khai thac nhiéu hon ¢ nhiing

chuong sau.

Dinh 1y 41. (Nguyén ly Modulus cuc dai) Cho f (z) la ham gidi tich khdc hang trén
mien Q. Khi dé modulus | f (z)| khong dat cuc dai trén €.

Chitng minh. Goi z 1a diem ma |f (2)| dat cuc dai. Vi f khong 1a hing s6 nén né
I3 4nh xa md, bién qua cau B (z, ) thanh tap md chita B (f (2),d.). Hién nhien
trong qua cau B (f (20) ,9.) c6 mot diém v6i modulus 16n hon | f (z0)], diéu nay mau

thuan va két thic ching minh. O
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3.5 Dinh lij Cauchy tong qudt 67

3.5 Dinh ly Cauchy téong quat

Dinh 1y 42. (Dinh lij Cauchy tong quat) Néu f (z) gidi tich trén Q th

éf(z)dz:o

vdi moi chu trinh v ~ 0 (mod Q).

Chaitng minh. Ta chi can chting minh dinh 1y trong truong hop € bi chan 1a du.
That vay, néu Q khong bi chin, khi d6 ton tai dia tron D (0,7) chia v*. Xét Q' =
QN D (0,r), hién nhién ta c¢6 Ind (v, @) = 0 v6i moi ¢ D (0,7) nén Ind (7, ) = 0 véi
moi o & . Ap dung két qua trong truong hop Q bi chiin, ta c6 ngay 557 f(z) dz=0.
Vay ta sé chi xét khi €2 bi chéan.

Ta chiing minh ton tai khoang cach gitta v* va 9€Q. That vay, do v* 1a compact nén
bi chin trong D (0, N), vi D (0, N + 1) N 9Q va v* 1a cac compact nén ton tai § < 1
sao cho khoang céach gitta 2 diem trong ching khong nhoé hon §. Mat khac, khoadng
cach gitta cac diém trong dQ \ D (0, N + 1) va v* luon 16n hon & neén ta co thé két
luan

lr —yl <d Veedd, yey.

V6i moi n € N, xét lu6i tao béi cac hinh vuong canh % va ¢6 toa do cac dinh 1a
(%, %) (a,b € N) trén mat phang phitc. Goi {Ri} <i<;, 1a cdc hinh vuong trong ludi
nay nam trong 2. Goi €, 14 phan trong ctia Ufil R; va dinh huéng theo chiéu duong
cho cac OR;. Ta co

In
0, =Y OR;
=1

va Ind (0€2,, 2) = Zfll Ind (OR;, z) = 1 v6i moi z € €2, do ¢6 ding mot hinh vuong
R; chta z.

Ta chon n du 16n sao cho % < %, khi d6 ta sé c6 v* C Q,, va 9Q, N~* = (). That vay,
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3.5 Dinh lij Cauchy tong qudt 69

véi moi z € v*, khoang cach tit z dén O luon 16n hon §. Ta goi R, 14 mot trong s6

cic hinh vuong trong ludi c6 chia z thi R, € {R;},_;,; . Mat khac, khodng cach tir
V2

moi diém trong z dén R, déu nhd hon Y2 <0 nén moi diém trong R, déu thuoc ,
vi néu ton tai 2, € R, \ Q thi trén doan thing néi z vd 2z; sé c6 mot diém z, nam
trén bien clia €2, diém 2z, nay ciing thuoc R, cho hinh vuong nay la tap 16i. Diéu nay

mau thuan va ching t6 v* C Q,, do d6 99, N~v* = (.

V6i moi z € +*, do ton tai duy nhat mot hinh chit nhat trong {R;}, <i<g, Chita 2 nén

cac tich phan

1 f(Q)d¢

20m IR, C—Z

c6 dtng mot tich phan bang f (z) va céc tich phan con lai triet tieu. Suy ra

ORUR A L

um Joo, (—2°

do do ta co

frove = §(=f, La)
B 5‘@9 (i?g ! & dz) ¢

= f(¢)Ind (v, ¢) d¢

0

Vay ta chi can chiing minh Ind (v, ¢) = 0 véi moi ¢ € 99, 1a di. Xét diém ¢ € 99,
ton tai hinh vuong R C Q va hinh vuong RN # 0 cing chita ¢. Do v* N R = () nén
¢ ¢6 cing chi s6 véi cac diém trong R, nhung vi v ~ 0 (mod ) nén ta suy ra

Ind(7,¢) =0 V(¢ € 0Q,.

Diéu nay két thic chitng minh ctia dinh 1y. O
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70 Tich phan phic va dng dung

Hé qua 43. Néu f gidi tich trén mot mién don lien thi

ygf(z)dz:()

vdi mot chu trinh kin .

Chitng minh. Két luan 13 hién nhién do moi duong v trong mién don lién déu c6 tinh

chat v ~ 0. O

Hé qua 44. Néu f gidi tich va khdc O trén mién don lien Q thi ta co thé zdc dinh
duoc cac ham gidi tich log z, {/f (z) trén Q.

Chitng minh. Dudc suy ra trie tiép tit viec tich phan trén moi duong kin déu triet
tiéu. O
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72 Chudi so phic va thing du tich phan

4.1 Chubi sé phiic

4.1.1 Dinh ly Weierstrass

O phéan nay, ta quan tam dén sy hoi tu ctia mot day cac ham gidi tich {f,}. Goi f
12 gidi han ctia ching, ta thiay mién x4c dinh €, clia cdc ham f, ndy va mién xac
dinh © ctia f c6 thé khong bang nhau, thuc ra ching chi can théa méan tinh chat:
V6i moi z € €, ton tai N € N dii 16n sao cho z € ,, v6i moi n > N. Vay nén trong
truong hop ©; C Q2 C -+ C Q, C ... va Q= U2, thi ta van c6 thé két luan
duge sy hoi tu. Ngoai ra, ta chi xét su hoi tu nay trén céc tap dong va bi chin (ttic
compact) nao do6, diéu nay xdy ra dic biet nhiéu khi ta quan tam dén sy hoi tu cta
cac chudi lity thita chang han. Ta c6 két qua sau, qua dé cho thay gisi han clia mot

day ham giai tich ciing la mot ham giai tich.

Dinh ly 45. (Dinh Iy Weierstrass) Cho { f,} la mot ddy cdc ham gidi tich trén mién
Q,, va day ham nay hoi tu déu ve ham f trén moi compact chita trong mien Q. Khi
dé f gidi tich tréen Q2 va day dao ham {f.} cing hoi tu deu vé f' trén moi compact

trong Q.

Chaing minh. Dé ching minh f giai tich tai mot diém z, € Q, ta chitng minh no giai
tich trong dia D (zg,7) nao do6 chita trong € va cac ,. Stt dung Dinh 1y Morera, ta

nhan thay chi can ching minh

ygf(z)dz:O

v6i moi duong «y trong D (zg,7) 1a di. Mat khac ta cing c6

ygmz) dz =0
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4.1 Chudi sb phic 73

nén khi cho n dan vé vo cling, vi v* 1a tap compact nén ta suy ra

n—oo

géf( ) d2 = lim ¢ fu(2) d= =0

Vay f giai tich trén Q. Dé ching minh sy hoi tu clia dao ham, ta st dung Udc lugng
Cauchy dbi v6i dao ham cap 1. That vay, trén moi z trong dia déng D (zq,7) chita

trong 2, ta c6
Ifo = £l

r

[fn(2) = F(2)] <

voi ||fn — |l 1& gi& tri 16n nhat cha |f, (2) — f (2)| trén D (29,7). Vay {f.} hoi tu
déu vé f tréen moi dia D (29,7). Vi moi compact chita trong €2 déu 1a hoi ctia hitu

han dia nhu thé nén ta ciing c6 diéu phai chitng minh. O

Nhu vay, mot chudi gom cidc ham giai tich

f(2)=FHE)+ )+

hoi tu trén moi compact trong mién €2 sé c6 tong ciing la ham gidi tich va ta c6 thé

lay dao ham 2 vé mot cach binh thuong.

4.1.2 Khai trién Taylor

Dé tim khai trién lity thita ctia mot ham giai tich, mot cach tu nhien nhat, ta nghi
dén viéc sit dung Dinh 1y Taylor:
F™ (2)

(z—2)+---+ —a (2= 20)" + far1(2) (2 — Zo)nH

f' (20)
1!

f(z) = f(2) +

véi moi z trong qué cau D (zg, R) ¢6 bao déng chita trong €, f,,1 giai tich va

1 f () d¢
fn+1 ( ) 2 éD(zo,R) (C o Zo)n+1 (C . Z) :
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74 Chudi so phic va thing du tich phan

Khi do6 ta ¢6

M|z — z|"™ Mz — 2| (|z—2]\"

n+l 0 0 0

n - < =

ot ()G =20 S ) T R- =\ R

Vi |z — 29| < R nén ta suy ra foi1 (2) (z — 2)™"" tién vé 0 khi n dan vé vo cing. Do

d6 ta co khai trién Taylor nhu sau:

Dinh ly 46. (Khai trién Taylor) Cho f (2) gidi tich trén mién Q0 chita diém zy, khi

do ta co biéu dién

. r(k) 20 L
Fe =Y gy

vdi moi z thuoc dia D (2o, R) chita trong €.

Ta c6 khai trien Taylor ciia mot sé6 ham quen thuoc nhu sau:

[eS) Zk
¢ =D
k=0
e _1)kz2k
COSzZ = ZW
k=0
‘ o0 (_1)k22k+1
Sinz = Z—
|
2" (2k + 1)!
1 =
i) DE

e
I
o

4.1.3 Khai trién Laurent

Trong mot sé truong hop, ta can tim khai trién liy thita véi tam 1a nhitng diém ma
tai d6 ham chua giai tich. Dé lam dugce diéu nay, ta can dung khai trién Laurent. Ta
hay bat dau véi hinh vanh khan A = {z : R; < |z — a| < Ry}. Khi d6, § tudng duge
stt dung & day la viec tach ham f thanh tong ctia cac ham fi, f, sao cho f; giai tich

trong {z : |z —a| < Ry} va fy gidi tich trong {z : |z —a| > Ry }.
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4.1 Chudi sb phic 75

V6i moi z € A thoa |z — a| < Ry, khi d6 ton tai ry thoa |z — al < ry < Ry, ta dinh

1 £ (O
RO =g o

Néu |z — a| > Ry, khi d6 ton tai r; théa Ry <7 < |z — al, ta dinh

_ 1 /(¢
ST A (L)

C3 hai tich phan trén déu khong phu thuoc vao cach chon ri, 75 nén cac ham fi, fo
duge xdc dinh va giai tich. Mat khéac, theo dinh 1y Cauchy, ta ¢6 duce f = f1 + fo
giai tich trén A.

St dung khai trién Taylor cho fi, ta ¢
A=) A (z—a)
n=0

vil A, = &,(a) hoac ciing dugce tinh béi

1 f(Q) d¢
A, = — —_ =
Y 2mi y|§Ca|=7“2 (¢— a)n+1

Dé tim khai trién ctia f, ta thuc hien phép doi bién

z =a+%
¢ :a+%

khi d6 thanh
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76 Chudi so phic va thing du tich phan
o f (CL + %) 4
N _% |C/|:L C/. (C/ — Z’) C
1
- Sae
n=1
v6i
1
1 f (CL + _/)
B, BN A &

o y m—+1
27TZ |</‘:% C

Vay ta co thé viét f dudi dang

véi ¢, duge tinh bdi

I A(S TS
T J|¢—al=r
f(z) = Z Cn (2 —a)"

i £(0) de

Cn = 7— Lol o
211 Jic—al=r (¢ — @)™

Trong d6 ta luu y dén c_; = ﬁ Eﬁc—alzr f(¢) d¢, s6 nay thuong dugce goi 1a thing du

clia f tai a va sé duge tim hiéu k§ hon & phan sau. Nhu vay ta c6 duge khai trién

Laurent ctia f nhu sau

Dinh 1y 47. (Khai trién Laurent) Cho f(z) gidi tich trén mién vanh khan A =
{2 : Ry < |z —a| < Ry}, khi dé ta cé biéu dién
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4.2 Thang du tich phan va dng dung 77

v0i ¢, dugc cho bdi cong thic

_ L RAOKIS
Cp = 927i \ﬁa:r (C . a)n—i-l .

4.2 Thang du tich phan va ing dung

V6i © 1a mot mién da lién sao cho phan bit clia n6é ¢6 hitu han thanh phan lién thong
A; (1 <i<n), tacé thé gia sit A, 1a thanh phan lien thong chiia co. Khi d6 ton tai
cac duong «; (1 <i <n—1)sao cho Ind (v;,a) = 1 v6i moi a € A; va Ind (y;,a) =0
khi a ngoai (2.

That vay, ta xét luéi cac hinh vudéng ¢6 do dai canh 1a % nho hon khoang cach gitta
2 tap A; bat ky (khoang cach nay ton tai do A; 1a compact v6i moi i = 1,n — 1).
Khi d6 v6i mdi i < n, ta goi R; (k) 1a cac hinh vuong trong ludi ¢6 phan giao véi A;
khac rong. Lap luan hoan toan tuong tyw (va don gidn hon doi chut) nhu 6 Dinh 1y
Cauchy tong quat, ta c6 Ind (73, a) bang 1 véi moi a trong A; va triét tiéu ngoai Q.

Vay v6i moi dudng v, néu goi ¢; 1 chi s6 ctia v ddi véi cac diém trong A; (1 <i <n — 1)

(chi s6 nay khong doi tren mdi tap A;), ta co
Y~y e Cpe1 V-1
Vay, mot cach hinh thiic, ta c6 thé coi méi dusng v nhu mot to hop tuyén tinh ciia

cac dudng ;. To hgp tuyén tinh nay 1a duy nhat vi Z?;ll civi ~ 0 khi va chi khi

c¢; = 0 v6i moi © = 1,n. Vay ta co

ygfdzziciﬁlgfdz.

Khi d6 s6 P, = 957_ fdz chi phu thudc vao f va Q dude goi 1a module tuan hoan
(module of periodicity) cia vi phan f dz. Tén goi nay hop 1y khi ta xem xét su thay
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78 Chudi so phic va thing du tich phan

ddi ctia ‘(}37 f dz theo 7.

Trén thyc thé, ta thuong gap truong hop ham f gidi tich trén mién  nhan dugc
bing cach b di hitu han diém a; tit C. Véi moi diém k¥ di a; ctia f trong Q, xét dia
tron m chtta trong €2, khi do6 ta dat

1 1
R‘ == _P - d )
I om0 T 2 fgm%mf (2) dz

thi ham f (2) — =% ¢6 tich phan tréen moi dudng  nim trong D (a;, ;)\ {a;} bing 0

z—aj

va do d6 la dao ham ctia mot ham giai tich trén hinh vanh khan {z : 0 < |z — a;| < r;}.
Dé nhan ra rang R; la so6 phic duy nhat théa méan tinh chat nay, vay ta c6 dinh

nghia vé thang du tich phan nhu sau

Dinh nghia 48. Thdng du tich phan cia f (z) tai diem ky di 6 lap a 1a s6 phiic R

duy nhat sao cho ham P>

zZ—a

f(z) =

la dao ham clia mot ham giai tich trén hinh vanh khan {z : 0 < |z —a| < ¢}. Khi
do ta ky hieu R = Res(f (2),a).
Tt dinh nghia trén, ta c6 dinh 1y sau day

Dinh 1y 49. (Dinh ly Thang du) Cho f(z) la ham gidi tich trén Q ngoai tri cdc
diém ki di co lap a; trong §2. Khi do

%;lgf(z) dz = Zlﬂd(%%) Res (f (2),a;)

vdi moi duong v ~ 0 (mod Q) va khong di qua cdc diem a;.

Chaing minh. Ta sé chiing minh rang thuc su chi c¢6 hitu han diém ky di co lap c6
chi s6 khéac 0 (d6i véi v). That vay, vi tap cac diém c6 chi s6 khac 0 14 mot tap md

bi chin, do dé néu chita vo han diém ki di ¢o lap thi ta sé thiét lap duoce day b, cac

CuuDuongThanCong.com https://fb.com/tailieudientucntt


http://cuuduongthancong.com?src=pdf
https://fb.com/tailieudientucntt

4.2 Thang du tich phan va dng dung 79

diém nhu thé hoi tu vé b. Néu b € Q, ta suy ra b ciing la diém ki di ¢6 lap va do dé
mau thuin phat sinh. Trong trudng hop b € Q, ta c6 duge Ind (v,b) = 0 va do dé
ciing mau thudn vi chi s6 clia cac diém trén mot lan can di nhd ctia b déu triet tieu.

Vay chudi & vé phai thuc chat 1a mot tong hitu han.

Goi R; la thang du tich phan ctia cac diem ki di a;, ta c6

9 y{f ) dz = Zlnd v, a;) Zlnd v,a;) R

Dinh Iy duge ching minh. O]

Viéc st dung Dinh Iy trén phu thudc gan nhu hoan toan vao viéc tinh toan duge cac
gia tri thing du. Chinh vi vay viec 4p dung dinh 1§ nay véi cac diém ki di cbt yéu
gan nhu la khong thé. Tuy nhién véi cac cuc, ta co

f(Z)ZmJF"'

Ta nhan thay rang f(z) — <%

tich phan ctia f tai a chinh 1a c_;, nhu da gi6i thiéu ¢ phan trude. Trong trudng hop
da biét f, ta c6 thé tim c_; tit ding thic sau:

(z=a)"f(z) = chnt-Fea(z—a)"""+(z=a)"0(2)

Suy ra lim,_,, i—hh (z—a)" f(2) = (h— Dle_y, tite 1a

1 d"
C1= my_{% doh (2 — a)hf (2)

trong truong hop a 1a cic cap h cua f.

Stt dung thing du tich phan, ta c6 thé tinh duge mot sé dang tich phan thuc sau
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80 Chudi so phic va thing du tich phan

day.

2m
Dang 1. Cac tich phan I = / f (cos@,sinf) db.
0

bDit z = €, ta co

dz =1zdf
241

cosf = 5
1

. zZ—=
sinf = ==

do d6 tich phan can tinh thanh

Dang 2. Céac tich phan [ = / R (z) dz v6i R 1a ham phan thic c6 khong diem
bac 16n hon 2 tai vo cung.

Nhan xét rang vi bac ctia mau lén hon bac clia ti 2 don vi nén tich phan nay luon
hoi tu. Vay néu goi [ (X) 1a duong thing néi tit —X dén X va C% 1a nita trén dudng
tron tam 0, ban kinh X va dinh huéng duong, thi v6i X du 16n, ta co

I = lim R(z) dz

= 2mi Z Res (R (2),a;) — )}1_1}20 o R(z) dz
y>0 X

v6i a; 1a cac cuc clia R nim trén nita mat phang trén. Mat khéc, ta ciing c6

| [, re

< 7R sup |R(2)].

|z|=R
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4.2 Thang du tich phan va dng dung 81

Vi zR (z) — 0 khi 2 — oo nén suy ra f—CE R (z) dz ciing dan ve 0, do d6

=2 Res(R(2),aq)

y>0

o0 o0 o0

R (z)sin kx dx, / R (z)cos kx dx

— 00 — 00 —0o0

Dang 3. Cactichphanl = / R (z)e™ dx hoéc/

v6i R 1a ham phan thitc c6 khong diém tai vo ciing.

Néu R c6 khong diém bac 2 tai vo ciing thi ta dé dang tinh dugc tich phan nay theo
Dang 2 vi |¢"**| < 1. Trong trudng hgp oo chi la khong diém bac 1, ta khong thé tinh
tich phan nay bing cach st dung nita dudng tron C3 nhu trén. Nguyén nhan cta
dieu nay la do ngay tit dau, ta chua c¢6 I hoi tu nhu 6 Dang 1, do d6 ta can chiing
minh tich phan trén hoi tu khi hai dau mut tién vé +oo va —oo mot cach doc lap
nén khong thé lay 2 dau mut la X va —X.

Vay van gitt ¥ tudng trén, ta sé thay Cy bdi cic duong [ (X, X, Y) theo thit tu di
qua cac diem —X;, —X; + 1Y, X5 +4Y, X,. Ta chi can ching minh tich phan trén
[ (X1, X5,Y) hoi tu vé 0 khi (X, X5) tién vé co. That vay, chon X, Xo > M v6i M
dt 16n sao cho |R (2)| < € v6i moi |z] > M, ta co

Y Y
/ R(—Xl,me—ky—““ldy] = [IREXule iy <
0 0

Y Y
/ R(Xz,me—ky”mczy] = [ IRCGetay < e
0 0

Mat khac ta cling co

Xo
‘/ R(z,Y)e™dz| <e¥ (X1 +Xs) sup |R(z,Y)|<e¢
-X;

:rG[—Xl ,Xz}

v6i Y dugc chon di 16n sao cho e (X + X5) < 1 va sup,e_x, x,) [R(2,Y)] < e
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82 Chudi so phic va thing du tich phan

Vay ta c6
/ R(z) e** dz| < 3e
1(X1,X2,Y)
va do do ta co
I = 27TiZRes (R(2) €™, a;).
y>0
Va vi €** = coskz + isin kz, ta cling tinh dugc cac tich phan

/ R (z)sinkzdr = Re(/ R(J;)eik"”dx>,

/ R (z)coskrdr = Im(/ R(x)eikxdx),

tuy nhién chi trong truong hgp R khong ¢6 cie bac 1 trén truc thire. That vay, cac
tich phan [*°_ R (z)sinkz dz, [*°_ R (x)cos kx dz van ¢6 thé ton tai néu nhu cyc don
ctia R roi vao dung nghiém ctia cac ham sin va cos. Gia stt a la cuc don cia R trén

true thye, khi dé ta van ap dung y tudng trén, trong dé

\ Res (R (2) €2, a)

zZ—a

R(2)€” + Ry (2)

v6i Ry 1a ham giai tich va duong [ (—X;, X3) noéi —X; vd X, trén truc thyc duge
thay béi [ (—X1,a —0) + C5; + 1 (a+9,Xs) véi C5 1a nita duong tron dudi tam a
ban kinh § dinh huéng duong. Hién nhién tich phan trén [ (X, Xo,Y) vAn hoi tu vé
0, do do6 ta co

(/_;6+/—+/:5> R (z) e dz = 2mi

Mat khac ta ciing co

/_ R(z)e*dz = /C {Res (F(z)ea) | o (z)} dz

Z—a
5 s

Z Res (R (z) €%, a;) + Res (R (2) €”, a)] :

y>0
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1 iz
= §Res (R(z)€e”*,a) +/ Ry (2) dz

é

Vi Ry (z) lién tuc trén mot lan can ctia a nén ta suy ra

%1_2% ch(Z)e dZ—QRes(R(z)e ,a),

do do6

a—90 9
I:lim(/ +/ )R(Z)eizdz:Zm'
6=0 —o0 a+o

Mot cach don gian va dé hinh dung, ta van sit dung cong thic cii, nhung véi cac cuc

Z Res (R (2) €7, a;) + %Res (R(2)€”,a)

y>0

nam trén truc thuyc cia R, ta sé chi tinh mot nita thing du clia n6 vao cong thiic.

Dang 4. Cac tich phan [ :/ 2R (z) dr v6i R 14 ham phan thic c6 khong
0

diém it nhat bac 2 tai vo ciing va 0 < a < 1 va ¢6 t6i da cuc don 6 0.

Nhan thay tich phan trén hoi tu vi s6 bac tai co clia ham trong dau tich phan 16n
hon 1. Mat khac, v6i 0 < a < 1 thi ham 2* khong phai 1a ham nguyén va khong giai
tich tai cac diém nam trén mot duong cat nhanh ctia ham arg z va viéc nay khién ta
phai xtt 1y khéo hon. Tuy nhién, trude hét ta sé doi can ciia tich phan thanh tit —oo

dén oo bang cach dat x = t2, khi d6 ta c6
I= 2/ t*** R (¢%) dt.
0

20+1

Chon duong cat nhanh ctia ham z tai phan am cta truc do, tic ta st dung

arg_, s, khi d6 z%**! gidi tich tai moi diém trir dudng cdt nhanh nay. Ta c6

/ 2R (%) dz = / 2R (2%) dz+/ (=)' R (2%) d=
0

—00 0

CuuDuongThanCong.com https://fb.com/tailieudientucntt


http://cuuduongthancong.com?src=pdf
https://fb.com/tailieudientucntt

84 Chudi so phic va thing du tich phan

= /oo [z%‘“ + (e"z2) MH] R (2%) dz

0
C e [T
0

Vay ta chi can tinh [ 2**™ R (2?) dz. Ta st dung dudng théng [ (6, X) n6i § > 0
v6i X > 0 val(—X,—0) ndi —X véi —4 trén truc thuc cing v6i hai nita trén dudng

tron C;” va CF tam 0, ban kinh § va X, véi X di 16n va § dt nho, ta c6

— 2a+1 2 _ . 2a+1 9 '
(/I(X,(;) /Cg—{—/l(a,)()—{—/c;)z R(z)dz QWZZRGS(Z R(z),a]) dz

y>0

Mat khéac, ta co
|z|=8

/ Zretlp (22) dz| < w6** ™ sup |R (22)‘ —~0 khid—0
cy

/ Zretlp (22) dz| < wX*2 sup ‘R (22)‘ — 0 khi X - 400
Cx

j2l=X

do R c6 t6i da cuyc don tai 0 va c6 khong diém it nhat bac 2 tai co. Vay cho X — 400

va d — 0, ta co

+oo
/ PR (2%) dz =2mi Y Res (2R (%) ,q5) dz,

2 y>0

do do ta co

/Oo atip (22) g 2mi Y7, Res (22T R (2%),a;) dz
0 1 _ 627Tia :
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4.3 Nguyén ly Argument va ing dung
V6i dinh 1y Cauchy mé rong, ta md rong cadch dém s6 nghiém ctia mot ham gidi tich
f & chuong truée bang dinh 1y sau:

Dinh 1y 50. (Nguyén ly Argument) Cho f la ham chinh hinh trén Q vdi{a;} la cdc
khong diém va {bx} la cic cuc. Khi do ta co

1 L)
2mi J, f(2)

dz =Y Ind(y,a;) =Y Ind(7,by)
J k

vdi moi chu trinh v ~ 0 (mod Q) khong di qua cdc khong diém va cdc cuc. Trong do

tong ¢ vé phdi dugc hiéu rang cuc va khong diém cap h sé duoc tinh h lan.

Chiing minh. Véi mdi khong diém a cAp h, ta c6 f (z) = (z — a)" fu (2) v6i fi (a) # 0.

Khi do6 ta tinh dugc
FE_ b R
f(z) z—a  fu(z)

titc a 14 mot diém ki di ciia f7/ c6 thang du bang h. Ngudc lai, néu b 1a cyc cap h cta

fotaco f(2)=(z—a) " fn(2) vado d6

F2) —h e
F) " ob )

tife b la diém Ki di ciia & c6 thang du bing —h. Mat khéc, ta thay rang i di clia £

chi ¢6 thé co nhiing dang trén nén theo Dinh 1y thang du, ta c6

1 f(z)
%é 18 dz = zj:lnd (7, a;) — zk:Ind (7, bk) -

O

T dinh 1y trén, ta ¢6 hé qua la dinh Iy Rouché sau day, dudc tng dung nhiéu dé
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86 Chudi so phic va thing du tich phan

tim s6 nghiém ctia mot phuong trinh.

Dinh 1y 51. (Dinh ly Rouché) Cho chu trinh vy ~ 0 (mod Q) sao cho Ind (v, z) nhan
gid tri la 0 hodc 1 vdi moi z & ~v*. Gid st rang f (z) va g (2) gidi tich trén Q va théa
man ding thic

1f () =g ()] < |f (2)]

trén~y*. Khi dé f (z) va g (2) ¢6 cung so nghiém trén tap bao bdi~y, tic {z € C\ v*: Ind(v,z) = 1}.

Chitng minh. R6 rang ca f va g déu khac 0 trén v, tit dang thiic da cho, ta c6

—1'<1

trén 7%, do d6 % (v7) nam toan bo trong dia tron D (0, 1) nén c6 Ind <3 (") ,O) =0,
tiic s6 nghiém cua, 4 § cung chinh 13 s6 cuc cu’a , do d6 ta suy ra g va f c6 cling s6

nghiém. Dinh 1y dugc chiing minh. O]

Ta c6 mot cach sit dung Dinh 1y Rouché nhu sau. Gid sit ta can tim nghiém ctia f
tren mieén D (0, R), stt dung khai trién Taylor, ta tim duge da thitc P, kha gan véi
f. Gid stt ta da c6 |f — P,| < P, hay |f — P,| < f, khi d6 s6 nghiém trong D (0, R)
clia f cling chinh 1a s6 nghiém ciia P,. Vay ta da dua duge bai toan tim s6 nghiem
clia f vé bai todn tim s6 nghiem ctia mot da thitc trén D (0, R), von di dé hon rat
nhiéu.

Ngoai ra Dinh 1§ trén c6 thé dusc md rong nhu sau:

Dinh 1y 52. Cho f la ham chinh hinh trén Q vdi {a;} la cdc khong diem va {by.} la
cac cue. Khi do ta co

| r
o ,YgUf((j))dz—Zf”d va0)glag) = 3 nd(2,5) 9 ()

vdi moi chu trinh v ~ 0 (mod Q) khong di qua cic khong diém va cdc cuc. Trong do

tong ¢ vé phdi duge hiéu rang cuc va khong diém cap h sé duoc tinh h lan.
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4.8 Nguyén lyj Argument va ing dung 87

Chiing minh. Hoan toan tuong tu ¥ tuéng ct, nhung & day ta c6 hg (a) 1a thang du
tai khong diém a bac h vi —hg (b) 1a thang du tai khong diém b bac h ctia ham
gf7/. O

Dinh 1y nay cho ta thém cong cu dé khao sat cac ham nguge. Chang han ta muén
khao sat anh ngudc clia f tai mot lan can ctia mot khong diém wy cap n cia f, ta
gid st f (z9) = wp. Khi d6 phuong trinh f (z) = w v6i w thudec mot 1an can D (wy, )
d nhé cta wy sé ¢6 ding n nghiém trong D (zp, ), ap dung dinh 1y véi g (2) = z,
ta co
1 /' (2) -

— ————zdw=") zj(w)

2m |z—20|=¢ f (Z) —w ]Zl ’
v6i {z; (w)} 1a cac anh ngude clia w. Ta tinh duge tdng cdc &nh nguge tai diem w
bang mot tich phan ciita f. Tham chi trong truong hop phuong trinh c6 nghiém duy
nhat, ta ciing tinh duge nghiém nay béi

- 1 /' (2)
T w) = — ————zdw.
(w) 270 J |y spj=e f(2) —w
Ngoai ra, khi ap dung dinh 1y véi g (2) = 2™ v6i m = 1, m, ta ¢
1 ! -
P f—(z)z dw=» z"(w),

tic tong cac liy thita bac m clia cac nghiem la mot ham giai tich theo w. Miit
khac, mot két qua quan trong trong ly thuyét da thitc cho ta: moi da thitc déi xiing
P(z1,2,...,2,) déu bieu dién dugc dudi dang da thic Q (S, Ss,...,S,) cla cac
tong liy thita Sy = Y1 | zF. Do d6 ta suy ra 21 (w), 29 (w),. .., 2, (w) 1 nghiém cta

phuong trinh

2"ty (W) 2"+ ag (w) =0

véi cac he s6 a; (w) 1a ham giai tich theo w.
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5.3 Dinhly Schwarz. . . . . . . . .o v i it 98
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5.1 Cac dinh nghia va tinh chat co ban.

Dinh nghia 53. Ham thuc u (z) hay u (z,y) x4c dinh trén mién Q duge goi 1a diéu

hoa trén € néu né kha vi lien tuc cap 2 va théa man phuong trinh Laplace:

Pu  Pu

Au:w—f‘a—yz—

0.

Ngoai ra, toan tit A con dugce goi la toan tu Laplace.
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90 Ham diéu hoa

Trong hé toa do cic, ta nhiac lai mot sd cong thiic sau

ou ou ou .

W = %COSQ—Fa—ySIDQ

ou ou . ou

% = —£TSIH0+8—yTCOSH
% = %cos@—%sin&
ou ou . ou

8_y = —ESIHG-i—@COSG

dr = cosfdr — rsinfdf
dy = sinfdr + rcosfdf
dr = cosfdxr — sindy
dd = % cos Ody — sin Odx

T cac cong thic trén, bang tinh toan truc tiép ta tim dudc phuong trinh Laplace

9 (0w Ou_,
"or \"or ) T2 T

Do dé cac ham s6 c6 dang u = alogr + b déu la ham giai tich. Ngoai ra, dang thiic

trong toa do cuc la

Cauchy Riemann trong toa do cuc cho ham diéu hoa f = u + v 1

du _
r@r_ﬁﬁ
ou v
00— or

Ta da biét rang phan thuyc va phan 4o clia mot ham gidi tich 14 cdc ham diéu hoa.
Tuy nhién diéu nguge lai chwa hén ding vi ham lién hop diéu hoa ctia mot ham diéu
hoa u c6 thé da tri. Dé lien két 2 khai niem “giai tich” va “diéu hoa”, ta tan dung
tinh gii tich ctia dao ham mot ham giai tich. That vay v6i ham dieu hoa u, ta xét
ham f xac dinh bai
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5.1 Cdc dinh nghia va tinh chat co ban. 91

ciing 1a ham diéu hoa. Viéc nay c6 thé duge kiém chiing bang tinh toan cu thé, tuy
nhién ta quan tam dén nguon goc ctia né hon. Ham f nay bat nguon tit viéc lay dao
ham ctia ham F = u + iv, tuy nhién ham F khong dugc dé cap vi né c6 chita lien

hop didu hoa v (c6 thé lam ham da tri) ctia u.

Tiép tuc khai thac cac khai niém vi phan, véi “niém tin” dF = f dz = du+idv, bang

tinh toan cu thé, ta c6

ou ou ou ou
dz = |(—dr+—d | ——dr+ —d
fdz (83; x+ay y)—irz( By x—l—ax y)
= du+1 <—§—Zdw+%dy)
Khi do ta goi *du = —g—;dx + %dy la vi phan lien hgp cia du thi sé c6 dugc
fdz = du+i*du. Mot cach khién diéu nay tré nén dé nhd 1a st dung ki hiéu hinh
thiic sau

u  Ou

*du = —a—udm + %dy =| % 9

dy Ox dr dy

Ta c6 tinh chat co ban sau day:

Ménh dé 54. Vi moi chu trinh v ~ 0 (mod §2), ta cé

}lg*du—O.
il

Do dé ciac ham diéu hoa trén mot mién don lién thi deu cé lién hop.

Chitng minh. Dang thiic tich phan hoan toan hién nhién do

}ﬁ*du:ygfdz—y{du:o.

Do trén mot mién don lién © thi moi duong v déu c6 tinh chat v ~ 0 nén ta suy ra
tich phan ctia *du khong phu thuoc duong, do d6 ton tai v sao cho dv = *du. Ta suy

ra v 1a lien hgp diéu hoa cia w. O
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92 Ham diéu hoa

Dinh 1y 55. Cho uy va uy la cac ham dieu hoa trén mién Q va y ~ 0 (mod ). Khi
do ta co
yﬁ(ul * dug — ug * dug) = 0.

v

Chaing minh. Ta chi can ching minh diéu nay cho cac hinh chit nhat. Vi cac hinh

chit nhat déu la don lién nén ta chi can chiing minh
% (Uld’l)g — Ugd’Ul) =0.
OR

vGi v1, v 1 cac lien hgp diéu hoa clia ug, us. Mat khac do ujdve — usdv; = uidvy +

viduy — d (ugvy) nén ta chi can chitng minh
% (uldvg + Uldu2) =0.
OR
Tuy nhién tich phan & vé trai chinh 1a phan 4o ctia tich phan sau day
§1§ (uy + vy) (dug + idvsy)
OR

Day chinh Ia tich phan ciia (u; + v;1) (ug + 7v2)' nén triet tieu. Do d6 ta c6 dicu phai

ching minh. O

Dinh 1y 56. Gid tri trung binh cia ham diéu hoa u trén B (0,R) \ {0} la ham bac
nhat theo logr. Cu thé, ta cé

1

— udf = alogr + (.
27

|2|=r

Ngoai ra, néu u la ham dieu tréen B (0, R) thi a = 0 va 8 = u (0), tic gid tri trung
binh nay la hang so6. Khi dé, bang mot phép doi truc toa do, ta cé

1

27
u(zo) = %/0 u (zo + Tew) do.
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5.1 Cdc dinh nghia va tinh chat co ban. 93

Ching minh. Xét C va Cy la duong tron tam 0 ban kinh ry, 79 v6i vy < r9 < R.
Xét v =C1 — Cy, ta c6 v~ 0 nén

55 Uy * dug — U * duy; = const
c

v6i moi duong tron C' tam 0, ban kinh » < R. Bang céac tinh toan truc tiép, ta co

dugc:
ou ou
xdu = —8—yda: + 8_xdy
ou . u . ou u ,
= — (_E sin 0 + 59 %8 9) (cosOdr — rsin0df) + (E cos ) — 5 Sin 9) (sin @dr + r cos 0df)
ou . ou ou
= (E sin 20 — @) dr + (TE) de

Trén duong tron ban kinh r, ta ¢6 dr = 0 nén suy c6 thé xem *du = 'r’g—:dﬁ. Gio ta

thé u; bdi u va uy bdi logr, ta cod

1
— (}5 udQ—logr*du) = const = (3
27 C

Mt khac ta cling ¢6 3= ¢, *du = const = o v6i moi 0 < r < R, suy ra

1
— O udf = alogr + f.
27 C

Trong trudng hop w diéu hoa tai ci tam 0, ta c6 a = 27 950 xdu = 0, suy ra

1 . 1 27 ;
ﬁzﬁéudé’:}g% [%/0 u(ree) d@] =u(0).

Bing mot phép doi truc, ta suy ra
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[]

Tu dinh Iy trén, ta c6 duge Nguyeén 1y cyc dai cho ham diéu hoa sau day:

Dinh 1y 57. (Nguyén lij cuc dai cho ham diéu hoa) Ham dieu hoa u khdc hang so
khong dat cuc dai hodc cuc tiéu trén mién xdc dinh. Do do, diém cuc dai va cuc tiéu

cua u trén mot tap E dong va bi chan dat dugc trén bién ciua E.

Luu 3. Nguyeén ly module cuc dai cho ham giai tich 1a truong hgp dac biét ctia dinh
Iy trén khi ta xét u (2) = log | f (2)|. Ngoai ra, stt dung dinh 1y nay, ta c6 thé md rong
nguyén ly trén thanh Dinh 1y 3 dudng tron Hadamard (sé duge néi dén mot cach chi
tiét ¢ phan bai tap).

5.2 Cong thic Poisson.

O phan trén, ta da tim dude gid tri tai tam ciia mot ham didu hoa u khi biét gia tri
tai cac diém trén duong tron. Trong phan nay, ta sé tim lai gié tri clia u tai moi diém
trong hinh tron. Dé tinh w (z) khi biét u (z) v6i |z] = R, ta ding mot dong phoi S
gitta hinh tron don vi va hinh tron ban kinh R, bién goc toa do thanh z,. Dong phoi
nay la )
s =

+ Zo€
Mot cach chit ché, ta ¢6 dinh 1y sau.
Dinh 1y 58. (Cong thic Poisson) Cho u (2) la ham diéu hoa vdi |z| < R wva lién tuc
vdi |z| < R. Khi do ta co

1 2 — |z
u(z) = ¢|_Rud9

o ]2—20]2
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5.2 Cong thic Poisson. 95

Chaing minh. Xét ham dieu hoa uy (§) = u (S (£)), ta c6

1

0) =
w0 =5 =1

u (S (§)) dargg.

Dé it gon biéu thiic nay, ta quy doi tich phan ctia & vé tich phan ciia diém z trén

duong tron ban kinh R (tuong ting qua S). Ta ¢6

¢ s darg€=%=1< ! % )dz:< O )d@.

Rz — 7z’ i€ i \z—2 R2-—Z2 z—zy R?—7%2

Mit khéc ta ciing c6 R? = 2% nén ta c6 thé viét thanh

dargé = ( - +_ZO_)d9:< = +_Z_)d9:Re(Z+ZO)d9
Z— 20 Z— 20 Z— 20 Z— 20 Z— 20

Tu day ta ¢6 duge hai dang ctia Cong thitc Poisson nhu sau:

w(z0) = = B —lal’ g L /MR Re ('Z + ZO) w(z) do.  (5.2.1)

7% |z|=R ‘z—zO‘Q 2T Z— 2y

Ngoai ra trong hé toa do cuc, ta c6 duge

L [
e = or 0 R2+r2—2ch08(9—go)u “ '

trong d6 dai lugng R? 4 r? — 2Rr cos (6 — @) c6 dugc tit Dinh 1§ cos. O

0 cong thiic Poisson trén, ta st dung tinh diéu hoa ctia v trén hinh tron ban kinh R
(tic trén mot tap mdS chia hinh tron nay). Tuy nhién cong thiic trén cing ding khi
u lién tuc trén hinh tron va giai tich 6 bén trong. That vay, ta ap dung cong thiic
cho cac hinh tron ban kinh R (1 — %), sau d6 tinh lien tuc déu clia u sé két thic

chiing minh khi ta cho n dan vé vo cling.
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96 Ham diéu hoa

Luu . Cho u = 1, ta c6 ding thitc quan trong sau:

R? — |z|°
# =2 g — or,
2=k |2 — 2|

Ngoai ra, tit (5.2.1)), ta c6 dugc

_ ! §+2)uld)
10 = g R () e

_ L §+2ulf) }
N Re{QmﬁézRf—z' £ g

Do dugc lay phan thuc ¢ ding thic trén la giai tich nén ta suy ra ham giai tich nhan

u lam phan thue 1a

! £zl e 4o

2w \5|:R§—Z. 3

f(z)

véi C' 1a hang s6 thyc. Hang s6 C nay khong phu thudc vao ban kinh R vi khi thay
z=0,taco C =Im(f(0)). Ta da chitng minh xong dinh 1y sau:

Dinh 1y 59. (Cong thiic Schwarz) Cho u(z) la ham diéu hoa trén D (0, R) va lién
tuc vdi |z| < R. Khi dé ham giai tich f trén D (0, R) zdc dinh nhu sau nhan u lam
phan thuc:
1 {42 u(() :
fz:—,yg > —=>d¢+iIm(f(0)).
D=5 ()
Cong thiic Poisson ciing cho dinh 1y sau, khang dinh gi6i han (déu) ctia mot day

ham diéu hoa thi diéu hoa.

Dinh 1y 60. (Dinh lyj Harnack) Cho {u,} la mot day cic ham diéu hoa trén mién
Q. Khi do ta co

1. Néu u, hoi tu déu vé u trén moi compact thi u la diéu hoa.
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5.2 Cong thic Poisson. 97

2. Néuuy < uy < ... thy hodc {u,} hoi tu déu trén moi compact hodc u, () —

400 vdi moi z € €.
Chitng minh. Ta lan lugt ching minh cac khang dinh.

1. Ta cé

up (a+ re'?) —i/27r 7= u, (a+ Re) df
" 2t )y R2+12—2Rrcos(p—6) " ’

nén do tinh hoi tu déu, ta c6 u cling théa man dang thic nay, diéu dé ching

t6 w 1a ham diéu hoa.

2. Ta c6 thé gid st uy > 0, vi néu khong ta ap dung két qua véi day v, = u, — uy.
Nhan thay néu {u, (z)} hoi tu v6i moi z thi sy hoi tu nay chic chin la déu,
theo dinh Iy Dini. Vay néu c¢6 a € 2 dé {u,, (a)} hoi tu, ta chi can chiing minh
{u, (2)} hoi tu tai moi diém la di. V6i moi zy € Q, ton tai 7 > 0 sao cho dia

D (29, 7) chia trong €2, khi d6 ta c6

Uup (2 —I—rei‘P):i/27T R®—r*
AT 21 Jo R*41r2—2Rrcos(p —0)

Uy, (zo + Rew) do,

suy ra

R — A
R+:u”(zo)§“n<20+7’ew) SR_;

Diéu nay chiing t6 day {u, (20)} hoi tu khi va chi khi cac day {u, (z)} hoi tu

v6i moi z € D (29, 7). Vay néu goi
A={z€Q: {u,(2)} hoitu}, B={z€Q: {u,(2)} = oo},

taco ANB =0, AUB =Q va A, B déu mé. Do d6 ta c6 A = Q) hodc B = Q,
diéu nay két thtc ching minh.
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98 Ham diéu hoa

5.3 Dinh ly Schwarz.

V6i mot ham U (0) lién tuc ting doan va xéac dinh trén [0, 27], ta xac dinh tuong

ing v6i n6 mot ham dieu hoa

Ham diéu hoa nay duge goi la tich phan Poisson ciia ham U. Y nghia hinh hoc cla
tich phan Poisson c¢6 thé duge hiéu nhu sau. Véi z 1a mot diém thuoc mién trong hinh
i0*

tron don vi va méi diém e tren dudng tron, ta goi e??” giao diém con lai ciia duong

9 va z v6i duong tron. R6 rang quan hé gitta 6 va 6* 1a mot song anh

thing nbi e’
(thyc chat né 13 mot phép vi dong phoi tréen duong tron don vi). Dya vao phuong
tich ctia z v6i dudng tron, ta c6 dang thitc sau (tat nhieén né c6 thé duge kiém chitng
ma khong ding dén hinh hoc so cap):

1ot = o 2] =] = = (¢ = 2) (¢ ).

Xem 0 di dong, z c¢6 dinh va lay vi phan 2 vé, ta c6

e do e~ do*

el —z e —%

suy ra dugc
do* N
— =) =— 5.3.1
a ~© el — 2 et — z| ( )

Déng thitc (5.3.1)) ¢6 thé duge hiéu ring ti 1é van toc gitta 6 va #* khi ching di chuyén
ciing chinh 1a ti 1é giita 2 doan thing noi ching véi “diém tua” z. Ti lé nay, do do,

cling chinh la .
do* e —z| 1|
do e =z  |eio — 2
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5.8 Dinh ly Schwarz. 99

Vay ta co thé suy ra

1 2 1 2
P = — 0) do* = — 0*) do
v =g [ VO = o [Cue)
tiic tich phan dugc lay khi 6 di dong va thay U (0) bdi gia tri ctia U (9*) doi xiing

qua z, sau do lay gia tri trung binh.

Néu nhu & phan trén, ta xay dung lai mot ham diéu hoa u bang cach tich phan Poisson
ham thu hep ctia chinh né trén bién thi gio ta sé tra 16i cau hoi nguge lai: Véi mot
ham U x4c dinh trén [0, 27], liéu c6 ton tai ham u giai tich tréen D (0,1) va lién tuc
tren D (0,1) sao cho cac gia tri trén bién clia n6 chinh 1a U, tic u (e") = U (6).
O day hién nhién ta chi xét cic ham U théa man U (0) = U (27) va kha tich trén
0, 27]. Cau hoi nay duge tra 161 bang dinh 1y sau day:

Dinh 1y 61. (Dinh ly Schwarz) Cho U la ham lien tuc tung khic trén [0, 2] thda
U (0) =U (2r). Gid st U lién tuc tai 0y, khi dé ta c¢6 Py la ham diéu hoa va

z—e%0

Chitng minh. Hién nhién ta c6 Py la phan thuc ciia mot ham giai tich nén ciing 1a

ham diéu hoa. Ta chi can chiing minh vé con lai ctia dinh 1y. Tt dang thic

2w 2
1 —
o e — z|

bén trén, ta co6

%w—mwziéﬂfﬁi

eif z|2

[U(0) = U (6)] db.

Véi e > 0 cho trude, ton tai § dit nhé dé |U (0) — U (6y)| < e v6i moi |6 — 6| < 4.
Goi O 1a cung xac dinh bdi [# — 6y] < § va Cy 1a phan cung con lai ctia dudng tron,
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100 Ham diéu hoa

ta co

[U(0) = U (0o)] db) <

1 1— |22
_5—/ e |Z|2 df| < e.
2m C1 |€ZG_Z’

1/ 1— |z
21 1 ‘€i9_2|2

Mat khac, ta chon z di gan e sao cho

1— |z <5‘ei5—1|2

5] <31

dat M = SUPge(o,27] |U (9)|7 ta co
1 / 1—|z|? M
27 Je, | e — 2f*

e

[U(6) = U (6h)] do

IN

1 — 2
[ ]
|e?? —Zl
M —1
g A
’619 _ 6190‘ _ ’6190 _ ZD

4e {e“s
<
- |67,€ _ 67,90|

4e !e“s — 1‘
/ df < 8Me
leid — 17

IA

Vay ta suy ra

1 1—z)?
e -vel < o (| 4| L]) |te | w© - v e o
27T Cy Cs |619 — Z|
< BM+1)e
Do d6 ta c6 diéu phai chiing minh. O

Dinh 1§ Schwaz cho ta két qua sau, khing dinh moi ham théa tinh chat trung binh
thi n6 1a ham diéu hoa. Tinh chat trung binh & day dude hiéu la ton tai mot day so6
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5.4 Nguyén ly doi xing 101

thuc duong {r,} hoi tu vé 0 sao cho

1 2m ]
u(z9) = %% u (20 + rne”) db.

Dinh 1y 62. Ham lién tuc u zdc dinh trén mién Q va théa tinh chat trung binh thi

la ham diéu hoa.

Chatng minh. Véi diém zy € €, ton tai r > 0 sao cho dia D (z,7) chita trong Q, va
ta chi can chiing minh u 1a ham diéu hoa trong D (2o, r) 1a dii. That vay, xét ham P,
la tich phan Poisson ctia ul,p,, ,)- Khi d6 ta c6 P, la ham diéu hoa, vay nén ham

u— P, triet tieu tréen 9D (zq,7) va 2o, dong thoi cling théa man tinh chat trung binh.

Ta ching minh v — P, < 0, that vay, gia st ngugce lai, ta suy ra v — P, nhan gia
tri cuc dai la M > 0 tai mot s6 diém trong trong D (z0,7), do tap céc diém ma tai
d6 ham nhan gia tri cuc dai 1a compact, khong chita 2o, nén ton tai diém z; sao cho
u(z1) — Py (21) = M va z; & gan 2z, nhat. Mt khac, do u — P, thoa tinh chat trung
binh nén ton tai dia D (z1,7) di nhd dé chita trong D (2o, 7) va khong chita zp. Do
gia tri clia ham tai z; 1 trung binh ctia cic gid tri trén D (21, 7;) nén moi diém trén
0D (z1,71) déu lam cyc dai v — P, va trong s6 chiing c6 diém
29 =21+ oA,
|20 — 21
gan zy hon z;. Diéu nay mau thuan va ching t6 v — P, < 0. Lap luan tuong tu cho

truong hop con lai, ta c6 v = P, va 1a ham diéu hoa. O

5.4 Nguyén ly déi xing

o) phan nay, chiing ta quan tam dén viéc mé rong mot ham diéu hoa qua mot mién
ddi xting (véi truc Ox). Cu thé, xét mién Q thda man tinh chat 2 € Q khi va chi khi

z € Q. Vi Q mé va lien thong nén né c6 giao véi truc thyc tai it nhat mot khoang
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102 Ham diéu hoa

md. Ta goi QO 1a giao ciia Q va nita miit phang trén va o 1a giao clia Q v6i truc thuc.

Nguyéen 1y déi xting phai biéu nhu sau:

Dinh 1y 63. (Nguyeén ly doi xing Schwarz) Gid st v (z) lien tuc trén QT U o, diéu
hoa trén QF va bang 0 trén o. Khi dé v c¢6 md rong diéu hoa V trén Q théa man tinh
doi xing

V(E)=-V(2).

Ngodai ra, néu v la phan do cia ham gidi tich f trén QF thi khi dé f c6 md rong gidi

tich F' théa man

F(z)=F(2).

. . N v (2) tren QT Uo
Chitng minh. Xét ham V' xéc dinh béi V' (z) = voi 27 la
—v (Z) trén 2~
phan giao ctia ) v6i nita mat phéng dusi. Hién nhien ta c6 V déi xing va lien tuc
trén 2. Ta sé chiing minh V' diéu hoa. That vay, ro rang V diéu hoa trén QF va Q.
Ta chi viéc chiing minh V diéu hoa trén o. Xét mot diém z, € o va mot dudng tron
ban kinh 7 di nhé dé bao déng ciia n6 chita trong Q. Xét ham lien tuc V/ (zo + reia)

va tich phan Poisson Py ctia né la

Py (2) 1§£ L=l y ey an.

B 27 |z—20|=r ’ZO + re — Z‘

Theo dinh ly Schwarz, ta ¢6 Py diéu hoa ¢ mién trong D (zg,7) va lien tuc trén
bien. Dat V) = V — Py, ta ciing ¢6 V; diéu hoa trén D (29,7) N QF, lien tuc trén
D (2, 7) N Q. Mit khac V; triét tieu trén bien ctia D (2o, 7)NQ* (do trén oND (2, 7)
thi V' = Py = 0), theo nguyén 1y cuc dai va cuc tidu, ta c6 V4 = 0, tic V = Py va
do d6 V diéu hoa trén o. Vé dau ctia dinh 1y dugc chitng minh.

u(z) tréen QT Uo

O vé thit 2 cia dinh 1y, ta xét ham U xéc dinh béi U (z) = ,
—u (Z) trén -
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5.4 Nguyén ly doi xing 103

ta kiém chiing duge dé dang ring

oU oV U aV

T Y paatua
oxr Oy 0Oy Ox e

Do d6 ta chi can chitng minh U va V lién hop diéu hoa trén o 1a du. Véi z € o, ta
lai xét duong tron ban kinh r nhu trén, do ta c6 V' diéu hoa trén D (zg, r) nén ton tai
ham diéu hoa —U; lien hgp v6i V' trén hinh tron nay va bang U tren D (zp,7) N Q7.
Goi f (z) = Uy (2) — Uy (Z) xéc dinh trén D (zo,7), ta ¢6 f 1a diéu hoa va

of _oU; oU,
e (a,b) = Dy (a,b) — oy (a, —b)
of _oUy U,
a_y (CL, b) ay (aa b) + ay (aa _b)
Do do6 trén o, ta co
of
9 = 0
af oUy ov
oy oy ox 0

or
D (zg,7). Vi qua cau md 1a mién don lién nén ta c¢6 f 1a phan thic clia mot nguyén

Suy ra dugc ham diéu hoa g = 2L + ig—£ bing 0 trén o, do d6 dong nhat 0 trén

ham ctia g, va do d6 1a hang s6 thuyc. Ta ciing suy ra dudc hiang s6 nay bang 0 khi
x6ét z chinh bang 2. Vay ta suy ra U; (z) = U; (%), ttic Uy = U, hay U diéu hoa tai
2. Ta da ching minh dugde vé sau va két thic dinh ly. O

Nguyén ly ddi xiing ctia Schwarz cho phép ta md rong cac ham giai tich trén mot
tap mdé thanh mot ham gidi tich trén tap md 16n hon. Diéu nay c6 ¥ nghia dic biét
v6i cac diém trén bién vi sau khi mé rong chiing c6 thé tré thanh diém trong, va do

do viec két hop nguyen 1y nay véi cac nguyen Iy cuc dai thuong xuyén dude st dung.

Mac dit phat biéu cho truong hgp doan thing trén truc thuc, tuy nhién ta cé thé st
dung nguyén 1y nay cho céc truong hgp phong phi hon bang cach dung cac anh xa
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104 Ham diéu hoa

bao gidc dua vé truong hop cii. That vay, trudng hgp sau day hay dudc sit dung, khi

ta muén mdé rong ham gidi tich trén dia tron don vi.

Dinh ly 64. Xét v la mot cung mdo chia hoan toan trong duong tron don vi, f la
ham gidi tich trén D (0,1), lien tuc trén D (0,1) U~y va chi nhan gid tri thuc trén .
Khi dé ton tai md rong gidi tich F cia f xdc dinh tréen D (0,1) Uy U {z: |z| > 1}.
Dac biét, trong truong hop f bi chan, ta cing cé |F|| = || f]|-

Chitng minh. Ta xét ham ¢ (z) = L bién nita mat phéng trén thanh D (0,1)\ {i},
trong d6 7 thanh 0, va bién nita mat phang dudi (trit {—i}) thanh {z : |z] > 1}. Ky
hiéu IT* 13 nita mat phang trén, II- 14 nita mit phang dudi, o = ¢ () 14 khodng md
trén truc thiyc. Khong mat tinh tong quat, ta c6 thé gia st v khong chia i, truong
hop ngudc lai duge gidi quyét dé dang bang cach thém mot phép xoay vao . Dit
g(2z) = f(¢(2)), ta c6 g xac dinh va lién tuc trén ITT U o va gidi tich trén II*. Theo
Nguyén 1y déi xting, ta c6 thé mdé rong ¢ thanh ham giai tich G trén IIT UII~ U o.

Gio ta xét ham F (2) = G (¢! (2)) v6i moi z thuoe D (0,1) Uy U {z: |z| > 1}, ta
c6 F = f tren D (0,1) U+, F giai tich trén mién x4ac dinh va

IEI =Gl = lgll = 171

Dinh ly duge ching minh. O
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Chuong 6
|

Cac nguyén ly cuc dai

Céc nguyen 1y cue dai cho ham gidi tich va ham diéu hoa duge sit dung nhiéu dé dua
ra cac uéc lugng vé gia tri toan mién hoic cuc bo clia ching. Trude hét, ta nhac lai

Nguyén 1y ciic dai cho ham diéu hoa nhu sau:

Dinh 1y 65. (Nguyén lij cuc dai cho ham diéu hoa) Ham dieu hoa u khdc hang so
khong dat cuc dai hodc cuc tiéu trén mién zdc dinh. Do dé, diém cuc dai va cuc tiéu

cua u trén mot tap E dong va by chan dat duogc trén bién cua E.

V6i mot ham giai tich f, ap dung Nguyen ly cuc dai cho ham diéu hoa u = log | f|, ta
da ching minh lai, theo mot con duong khac, Nguyén 1§ modulus cyc dai & chuong
trudce:

Dinh ly 66. (Nguyén lij Modulus cuc dai) Cho f (2) la ham gidi tich khdc hang trén
mien Q. Khi dé modulus | f (z)| khong dat cuc dai trén €.

Day 1a nguyén 1y quan trong va dugce ting dung dic biét nhiéu. 0 chuong nay, ta sé
di qua mot s6 ing dung ciia né trong cac truong hop mién  bi chan va khong bi
chan ciing nhu lién hé ctia né véi Nguyén 1y cuyc dai ctia ham diéu hoa. Trude hét 1a

mot s6 hé qua ciia nguyéen 1y nay.
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106 Cac nguyén ly cuc dai

Dinh ly 67. Néu f (z) dugc zdac dinh va lién tuc trén trén tap doéng bi chan E va
gidi tich trén mién trong ciia E. Khi dé cuc dai cia |f (2)] trén E c6 thé dugc gid si

la nam tai bién.

Chiing minh. Do f lién tuc trén mot compact nén |f (z)| dat duge gia tri 16n nhat
tren £. Néu f 1a ham hang thi dinh 1y hién nhién ding. Trong trudng hgp ngugc lai,
gi4 tri 16n nhat nay khong thé ndm & mién trong ctia £, do dé ta c6 thé gia sit nhu
|f (2)| dat cuc dai tai bién. O

B6 dé ctia Schwaz sau day thuong dude st dung nhu hé qua ctia Nguyeén 1y cuc dai
nham dua ra danh gia tét hon cho cidc ham giai tich trén dudng tron va cic mién c6

lien hé v6i n6 (nhu cac nita mit phang, hinh vanh khan,...).

Bo6 dé 68. (Bo de Schwarz) Cho f(2) gidi tich trén |z| < 1 théa man dieu kien
If (2)] <1, £(0)=0. Khi dé ta cé |f (2)] < |z| va |f (0)| < 1. Néu ton tai z # 0 dé
|f (2)] = |2| hodc néu |f' (0)| =1 thi f(2) = cz vdi hang s6 phiic ¢ ¢6 modulus bang
1.

Mot cich tong qudt, néu f gidi tich trén B (0, R), |f (2)] < M va f (z) = woy vdi
|wo| < M thi ta co
M (f () — wo)
M? — g f (2)

S’R(z—zo) |

R2 — 7z

Chitng minh. St dung Dinh 1y Taylor, ta c6 the viét f (2) = z [f’ 0) + zf (z)] Suy

ra
1
2|

O +:f ()] <

Vi f/(0) + zf (z) 1a ham giai tich tren B (0,1 — 1) valien tuc tren B (0,1 — 1) nen

n

ta c6 thé gia st )f’ (0) + zf (2)| dat gid tri cyc dai tai bien, nghia la

f/<0)+zf(z)‘§1_l:1+ni1 We?(o,l—%)
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Do U, B (0,1— 1) = B(0,1) nén véi moi = € B(0,1), ta c6 )f’ (0) + 2f (2)] <

1+ L5 v6i moi n di 16n. Do d6 ta suy ra | f (2)] < |z].

Trong trudng hop ton tai z; # 0 dé dau bing xay ra, ta co

£ (0) + 2f (z)’ dat cuc
dai tai z; nén la hang s6, tic f 1a ham tuyén tinh. M#t khac, khi f/(0) = 1, ta c¢6
1(0)+ zf (2)| dat cye dai tai 0, 1y luan tuong tu ta cling c6 diéu phai chiing minh.

Trong trudng hgp tong quét, ta sit dung cac dong phoi gita cac qua cau dé dua bai
toan vé trudng hgp dac biet. Cu thé, dong phai bién qua cau B (0, M) thanh B (0,1)
va bién b € B (0, M) thanh 0 € B (0,1) 1a

M (z —b)

2= M2 — bz

Gid stt ta co |f (2)| < M tréen B' (0, R) va f (z0) = wg v6i |wo| < M, ta xét cac dong
phoi T gitta qua cau B’ (0, R) thanh B’ (0, 1), zo thanh 0 va S gitta B’ (0, M) thanh
B’ (0,1), bién wy thanh 0. Dit g = So foT ! tacod g ()| < 1V|z| <1vag(0) =0,
ta suy ra |g (2)| < |z| trén B’ (0, 1), tic la

S(F(T7'(2))| < 2| V]| <L
Tasuy ra |[S(f(2))| <|T(2)] V]|z| <R. Vay ta co

M (f (2) — wp)
M? —wof (2)

R?2 — %2

S‘R(z—zo) |

Déi v6i cac mién khong bi chan, doi ldc ta ciing ¢6 thé 4p dung Nguyeén 1y modulus
cuc dai. K§ thuat ctia Phragment va Lindelof sau day thuong duge st dung dé
dédnh gid modulus ctia ham giai tich. Gia st ta da c6 |f (z)| bi chdn bdi mot ham

F: C — R* va muén nhan duge mot danh gia t6t hon, ta c6 thé thuc hien nhu sau:
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108 Cac nguyén ly cuc dai

Buéc 1. Timmot ham G, : C — Ctang nhanh hon F', néi cach khac lim; %(ZZ)) =
0 va G. (z) gidm theo ¢ khi z ¢6 dinh.

Budc 2. Xét g(z) = f(2).GZ1 (2), ta ¢6 lim|,jo |g (2)] = 0, tic ton tai mién bi

[

chan € sao cho g (z) <1 trén C\ ©, sit dung Nguyén 1y modulus cuc dai, ta c6
|f (2)] < |G- (2)]

Buéc 3. Co6 dinh z va cho € — 0, ta nhan dude mot danh gia mdi.

Dé thay ré hon phuong phap nay, ta lan lugt xem xét cac dinh 1y sau, khéo sat gia
tri ctia |f (z)| trén cAc mién gi6i han bdi hai duong thang song song. Dinh ly dau

tien sé cho chtuing ta thay mot ham giai tich “tang khong dt nhanh” thi sé bi chan.

Dinh ly 69. Xét mien
Q:{x+z’y: ]y|<g}, §:{$+iyi |y\§g}
va ham f lien tuc trén Q va gidi tich tréen Q. Gid st
|/ (2)] < exp[Aexp (az])]

va |f(z)] <1 trén Q. Khi dé ta cé |f (2)] < 1 vdi moi z € ).

Chitng minh. Dé chon mot ham tang nhanh hon | f (2)[, ta nhan thay két qua chinh
Ia exp [exp (z)] v6i nlta mat phang bén phai v exp [exp (z)] ¢ nita mat phang bén

trai. Nhu vay, dé thuan tién hon, ta sé xét ham s6

_ f(2)
he (Z) - exp [5 (egz I 6752)]

vl a < < 1, tic

e (2)] = SO

exp e (ef* + e~F7) cos By]
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Hinh 6.0.1: Mo t4 mién nam ngang ).

Trong d6 viéc thém [ vao gitp ta giam bét stc lao dong 6 cac truong hgp tai bién.
That vay, ta can phan mau clia h ting nhanh hon exp [A exp (a |z|)] khi |z| dan ra
vo ciing, dieu nay gip rac roi tai cac diém kha gan bien cta €, béi néu khong o su
xuat hién ctia B, ta phai ap dung Nguyén 1y modulus citc dai cho mot mién c6 hinh

dang nhu sau (Céac duong cong biéu dién cho nghiém ctia mot phuong trinh siéu viet.
Tré lai bai toan, véi ham h, xac dinh nhw trén, ta cé

exp [Ae®™ — ¢ (7 + e777) cos By] .
< exp [Ae”"z‘ —¢ (eﬁm + e‘Bz) cos ﬁg]

e (2))]

IN

Vi cos 35 > 0 nén ta khi x| dan ra vo ciing thi h. (z) sé dan ve 0. Vay ton tai B > 0
du 16n sao cho
|he (2)] <1 Vz e Qsaochor > B

Mat khéc trén hinh chit nhat R c6 céc canh 1a 9 va cac dudng thing x = +B5, ta
déu c6|h. (z)] <1 trén OR. Theo nguyeén ly modulus cuc dai, ta ¢6 |h. (2)] < 1 trén
), nghia la

£ (2)] < exp [ (7% + e77%) cos By]

v6i moi z € . C6 dinh 2 va cho e dan vé 0 ta c6 dude két qua ctia dinh ly. O

Tuy nhién, khong phai lic nao viéc tim mot ham “tdng nhanh hon |f (z)]” va thoa
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110 Cac nguyén ly cuc dai

man cac tinh chat can thiét tren 9. Dinh 1§ sau day xét dén truong hop |f| da bi
chan trén Q sé cho ta thay dieu d6. Két qua ctia dinh 1y nay ciing 14 mot syt mé rong

ctia Dinh 1y modulus cyc dai khi € khong con 1 mién bi chan.

Dinh ly 70. Xét mien
Q={z+iy: a <z <b}, Q={z+iy: a<z<b}

va ham f lien tuc trén Q, gidi tich tren Q. Gid s ring |f (2)] < B < +oo vdi moi
z € Q. Goi
M () =sup{|f (x +1y)|: —o0<y<+oo}

vdia < x < b, khi d6 néu M (a), M (b) khac 0, ta cé
M (I)bfa S M (a)bfx M (b)xia

Chaing minh. Ta c6 gang dua bai toan vé truong hop M (a) = M (b) = 1. That vay,
gid sit da gidi quyét dude bai toan trong trusng hop trén, ta dit

khi d6 ¢ 13 ham giai tich théa man tinh chét |g (2)| = 1 tren 9. Ap dung truong
hop dic biét ctia dinh 1y v6i ham ¢ ta c6 ngay diéu phai chiing minh. Vay ta chi can
giai quyét bai toan khi | f (z)| = 1 trén bién, tiic ta chi can chiing minh

lf(2)] <1 Vz e Q.

Ta xét ham h, xac dinh nhu sau

f(z)

he (z) = The(z—a)

ta c6 h. xac dinh trén Q vi 1+¢ (2 — a) ¢6 phan thyc la 1 +2 —a > 1 > 0 nén luon
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| |
| |
|
| |
| |
1 1

Hinh 6.0.2: M6 t& mién nam doc €.

khac 0. Do dé h. lién tuc trén Q va giai tich tren Q. Mat khac ta ciing c6

G B
[he (2)] = 1+e(z—a)l = Y

nén tai Q; = {x +iy: |y| > B}, ta c6 |h. (2)] < 1. Nhan thay |h.| <1 trén 0 nén

ta suy ra

|he (2)] <1 Vzed(Q\ Q)

Vay nén theo Nguyén 1y modulus cuc dai, ta suy ra |h. (z)] < 1 v6i moi z € Q. Do
do ta co
fR<N+e(z-a) VzeQ

C6 dinh 2 va cho € tién vé 0, ta ¢6 |f (2)| < 1 v6i moi z € Q va dinh 1y duge ching
minh. ]

Dinh Iy trén dugc tong quat hoa trong phan bai tap, khi mién Q duge cho bat k.
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112 Cac nguyén ly cuc dai

T dinh 13 tréen, st dung anh xa e* dé bién Q thanh mién {z eC: e <z] < eb},
ta dé dang ching minh duge dinh 1y sau. Phan chiing minh trong tai liéu stt dung
Nguyeén 1y cuc dai cho ham diéu hoa nhim cho thay méi lien hé gitta 2 dinh 1y cuyc

dai nay.

Dinh 1y 71. (Dinh ly Ba duong tron Hadamard) Cho f(z) la ham gidi tich trén
hanh vanh khan ry < |z| < o va lién tuc trén bao déng cia mién nay. Goi M (1) la

gid tri l6n nhat cia |f (2)| trén duong tron {z € C: |z| =r}, khi dé ta c6

M (r) < M (r)* M ()"

_ log (%)

Chitng minh. Y tudng cia ching ta 1a xét mot ham diéu hoa

(07

I

u(z) = alog|z| + blog|f (2)|

v6i cac hé s6 a, b thich hop va 4p dung nguyén 1y cuc dai dé dan dén két luan cla
bai toan. Dé phan gia tri clia | f (z)| trong u khong bi triét tiéu, ta can c6 b # 0, tiic
ta c6 thé chon cho b = 1. Theo Nguyen I3 cuc dai, ta cé

u(z) < max{alogr +log M (r1),alogry +log M (r5)}

Dé huy di viec chon s6 16n nhét, ta sé chon a sao cho ca 2 biéu thic bing nhau, tic

N

la
alogry +log M (r1) = alogry + log M (r3),

tic la
_log M (ra) —log M (r1)

logr; — logrs

CuuDuongThanCong.com https://fb.com/tailieudientucntt


http://cuuduongthancong.com?src=pdf
https://fb.com/tailieudientucntt

113

Vay, trén dudng tron {z € C: |z]| =1}, ta cd

log|f(2)] < a(logr, —logr)+ log M (1)
log M — log M
I (ra) — log M (r1) (logr — logr) + log M (ry)
logrs — logr
log “*
— fog 72 [log M (r9) — log M (r1)] + log M (r1)
T1
log & log ™
= [1——%|logM (r)+ —=log M (r3)
log = log =
= alog M (1) + (1 — a)log M (r3)
tic 1a
M (r) < M (r1)® M (r5)' ™"
Dinh 1y do d6 dugc chiitng minh. O
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Chuong 7
I

Phu muc

7.1 Anh xa bao giac va phép bién ddi tuyén tinh

7.1.1 Cac khai niém cg ban
Truée hét, ta dén véi dinh nghia ciia phép bién ddi tuyén tinh nhu sau.

Dinh nghia 72. Ta goi cac phép bién doi tuyén tinh (linear transformation) 1a cac

ham S giai tich trén mit phéng phiic mé rong c6 dang

az+b
cz+d

S(z) =

Thong thuong ta chi xét truong hop ad — be # 0 vi néu ad — be = 0 thi S trd thanh
ham hang. Khi d6 ta c6

S (00) = % S (—@) = .
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116 Phu muc

Ciing nhu cac toan ti tuyén tinh, ta thuong ki hieu Sz thay cho S (z). Phép bién
ddi S duge goi 1a chuan tdc (normalized) khi ad — be = 1. Nhu thé, mdi phép bién

doi tuyén tinh c6 ding 2 biéu dién chuan tic.

Trong mot sé trudng hop, chang han nhu khi ta can tinh hop néi ctia 2 phép bién

doi tuyén tinh, hodc tinh S” = S0 So---0 5, cac sau day cé thé rat hieu qua. Viét
—

n lan
z=2vaw=S8z=% taco
z2 w2
Z1
wy az—2+b _az + bz
wy  cZ4+d  cnt dze
Xem
w; =az + bz
)
wy =cz1 +dz

ta c6 thé xem phép bién doi S nhu phép nhan ma tran
)= (22)C)
w2 c d 22

a b e )
v6i < ) 1& ma tran bieu dién cta S. Khi d6 v6i [S1] va [S] 1a cac ma tran bieu
c

dién cta Sy va Sy, w = S (S (2)), ta co

(1) = si1s (7).

Do vay hop ndi ctia cac phép bién ddi tuyén tinh ciing 1a mot phép bién déi tuyén
tinh v6i ma tran biéu dién bing tich cic ma tran biéu dién ctia cac phép bnén doéi

thanh phan. Mot s6 phép bién hinh quen thudc ¢ pho thong duge liet ké ¢ bang sau
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Tén goi Phép bién déi Ma tran bicu dién

2 1 «

Phép tinh tién theo vector o Sz=z4+a« ( 01 )
Pa . 2 Z k O
Phép vi ty tam 0, ti so k € R Sz=kz 01
. ) 0 e 0
Phép quay tam 0 mot goc 6 Sz=¢e"z e
. . R b 1 01
Phép nghich dao tam 0, phuong sai Sz = Lo

V6i moi phép bién doéi tuyén tinh S, ta c6 thé viét

az+b be — ad a

Szzcz+d202(z+%)

Nhu vay, moi phép bién ddi tuyén tinh déu 1a hop ndi ciia 4 phép bién doi tren.

7.1.2 Tisb kép

Ti s6 kép dude stt dung nhiéu trong hinh hoc so cap va trd nén rat quen thuoc véi
cac ban hoc sinh chuyén toan. o) day, ching ta sé dinh nghia va chitng minh céc tinh
chat ctia ti s6 kép mot cach hé thong va chit ché hon cach ma cac cong cu hinh hoc

phang van lam. Trudc hét, ta dinh nghia ti s6 kép nhu sau

Dinh nghia 73. Ti s6 kép (cross ratio) gitta 4 diém 2y, 2y, 23, 24, ki hidu 1a (21, 2o, 23, 24)

la 4nh Sz, cta diém z; qua phép bién doi tuyén tinh S bién 2o, 25, 24 thanh 1,0, co.

V6i 3 diém 2, 23, 24 cho trude, phép bién dbi tuyén tinh dua ching lan lugt thanh

1,0,00 la
Z — 23 29 — X3

Sz =

Z—2z4 29—24
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néu 2o, z3 hay z; nhan gia tri 1a oo, ta c6 Sz lan luct 1a

Z — Z3 Z9 — Z4 Z — Z3

z—2z4 z—2z4 29 — 23

Phép bién ddi tuyén tinh S nhu thé ciing 1a duy nhat. That vay, gid st ton tai phép
bién déi tuyén tinh T sao cho né bién 2y, 23,24 thanh 1,0, 00, ta c6 T o S~ ¢6 3
diém bat dong 1a 1,0, co. Bing cac tinh toan truc tiép, ta ¢c6 T o S~ = Id¢ va cho
ta S = T. Nhu thé, mot cach don gian, ta c6

21 — 23 R2— X3

(21,22,Z3,Z4) — . .
21 — R4 R2 T 24

Tuy vay, dinh nghia nhu trén sé gitp ta khai thac t6t hon céc tinh chat cta ti s6
kép, chang han véi cac dinh 1y sau. Néu nhu trong hinh hoc so cap, ta van biét ring
cac phép chiéu, tinh tién, nghich dio, quay bao toan ti s6 kép thi dinh 1y sau 1a mot
phat biéu téng quat cho cac tinh chat nhu vay.

Dinh 1y 74. Néu 21, 2o, 23, 24 la cdc diém phan biet trén mat phdng phitc mé rong va
T la mot phép bién doi tuyén tinh bat ki, ta c6 T bdo toan ti s6 kép clia 2, 2o, 23, 24,
nghia la

(Tz1,Tz29,T23,Tzy) = (21, 22, 23, 24) -

Chaing minh. Xét Sz = (2, 22, 23, 24), ta c6 (21, 22, 23, 24) = Sz;. Mat khac S o T~}

bién Tz, Tz3, Tz, lan lugt thanh 1,0, co nén ta suy ra
SZl =So T’i1 (TZl) = (T,Zl, TZQ, T,Zg, TZ4) .
Ta suy ra (T'z1, Tz, Tz3,Tz) = (21, 22, 23, 24) va két thic chiing minh. O

Dinh 1y trén cho ta mot meo dé tim nhanh phép bién doi tuyén tinh T dua 21, 2o, 23

thanh wy, wy, ws3. Theo dinh ly, ta co

<T27w17w27w3> - (zazla 292, 23) )
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7.1 Anh za béo gidc va phép bién doi tuyén tinh 119

tiic
Tz— 1wy Wy — Wy 2—29 21— 2y

Tz —ws w —ws 2—23 2 —23

Khai trién déng thic trén, ta tim duge Tz theo z.

Dinh 1y sau day mo ta cic tinh chat quan trong ctia ti s6 kép trong hinh hoc so cap

ma ta da biét.

Dinh 1y 75. Ti 56 kép (21, 22, 23, z4) la 86 thac khi va chi khi bon diém 2z, zo, 23, 24
nam trén cting mot duong thang hodc duong tron. Néi cich khdc, dnh ngudc cia truc

thuc qua cdc phép bién doi tuyén tinh la duong thang hodc dudng trén

Chitng minh. V6i phép bién déi tuyén tinh T, ta c6 Tz € R khi va chi khi Tz = Tz

nén néu goi *
az+b

T, =¥
: cz+d’

ta c6 z € T~ (R) khi va chi khi

az—f—biﬂ—l—b
cz+d ez+d

tuong duong véi
(at —ac) 2> + (ad — bc) 2 + (be — ad) Z + bd — bd = 0.

Véi a¢ = ac, phuong trinh trén tré thanh phuong trinh duong thang trong mit phing
phtic vi ad — be khong thé bi triet tieu. Trong trudng hop ¢ # a@c, phuong trinh trén

2Dus6i y tudng hinh hoc, ta c6 (21, 29, 23, z4) 1a s6 thue khi va chi khi

21 — 23 22 — Z3
—arg — =0,
21 — 24 22 — 24

arg (Zla 22, 23, Z4) = arg

khi dé ta c6 cac cap goc cing chdn mot cung bing nhau nén tit gidc tao bdi 4 diém nay naoi tiép
(néu cap géc nay khac 0) hoic thing hang (néu cip goc nay bing 0). Tuy nhién, diéu nay chi dimg
lai 6 mat ¥ tuwdng hodc ngudn goc ciia dinh 1y, chit khong duge xem 14 mot ching minh chit ché.
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tuong duong véi

2 2

ad — be

ac — ac

ad — be

ac — ac

Z+

tic z thudc duong tron tam E%j%il, ban kinh ’Z‘é%‘gé‘ Dinh Iy duge ching minh. [
Nhu vay, déi véi cac phép bién doi tuyén tinh, ta c6 thé xem céc duong thing chinh
la cac dudng tron c6 tam & vo cling, vi thie chat, trén mat phang md rong (tic mat
cau Riemann), chiing déu 1a cic dudng tron. V6i viec xem cac dudng thang ciing 1a
duong tron, ta co

(TZb Tz, Tz, TZ4) = (21, 22, 23, 2'4)

nén cac diem Tz, T2y, Tz3, Tz cing thuoc mot dusng tron khi va chi khi 21, 29, 23, 24
ciing thuoc mot duong tron. Do dé mot phép bién doi tuyén tinh sé dua mot dudng

tron thanh duong tron. D6 chinh 1a ndi dung ctia dinh 1y sau

Dinh 1y 76. Mot phép bién doi tuyén tinh thi dua duong tron thanh duong tron.

Ngudc lai, mot dinh 1y ma ta sip nhac dén day sé cho thay mot song anh gidi tich
gitta hai hinh tron thi phai 1a mot phép bién doi tuyén tinh. Luu ¥ ring khai niem
hinh tron § day ciing c6 thé duge hiéu la nita mit phing. Tuy nhien, trudc hét ta sé
xem xét cac phép bién doi tuyén tinh la song anh gitta hinh tron ngudn (Q;) va dich

(), trong d6 dua diéem A clia nguon thanh diém B ctia dich.

Phép bién ddi S Nguon () Dich () A B

r(z— )

1z +1 .

o {r+iy:y>0y D(@O,1) ¢ 0
it {e+iy: >0 D@01 1 0
o] THiy: x :

Nhu da néi § trén, ta két thic phan nay bang dinh 1y sau.
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Dinh 1y 77. Moi song dnh gidi tich giita hai hinh tron (nita mat phang) déu la phép

bién doi tuyén tinh.

Chitng minh. Do hgp ndi clia cac phép bién doi tuyén tinh ciing l1a cac phép bién doi
tuyén tinh nén khong méat tinh tong quét, ta chi can ching minh moi song anh giai
tich f tit D (0,1) vao D (0, 1), trong d6 bién 0 thanh 0 déu la phép bién ddi tuyén
tinh. That vay, theo bo dé Schwarz, ta c6 |f (2)| < |z|. Mat khac f~! ciing 1a ham
giai tich tot D (0,1) vao D (0,1) va gitt nguyén 0 nén ta suy ra |f~'(2)] < |z|. Két
hop hai diéu nay, ta suy ra

If(2)|=|2| VYzeD(0,1).

Ciing theo bd dé Schwarz, f phai la phép quay, nghia la ton tai A € C c6 |\ = 1 sao
cho

f(z) = Az

Day 1a phép bién doi tuyén tinh va do do6 ta cé diéu phai ching minh. O

7.2 Dinh 1y co ban cta dai sb

Ta da biét két qua rat co ban sau, diung nhu tén goi ctia né, dinh 1y nay déng vai rat
tro quan trong trong cac van deé lien quan dén vanh da thitc. Tuy vay, véi cac kién
thitc vé dai s6 thuan tuy, viéc ching minh né hoan toan khong dé. Ta sé tiép can

dinh 1y nay bang cic cong cu ctia tich phan phiic.

Dinh 1y 78. (Dinh lj co bin cia dai s6) Moi da thic P (z) khdc hang vdi hé s6
phiic déu cé nghiém. Néi cach khac, moi phan tii trén C [x] ¢6 bac lén hon 1 deu khd
quy. Do dé, moi da thitc bac n déu cé ding n nghiém phic.

Chitng minh. Ta c6 thé ding dinh 1y Louiville hosic Rouché, tit d6 c6 hai cac chiing

minh nhu sau.
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Cach 1. Xét da thic P (z) ¢6 dang
P(z)=ag+a1z+ -+ a,z",

khong mat tinh tong quat, ta chi can xét khi a,, = 1. Khi d6, néu P khong cé nghiém,

ta suy ra ham

la ham nguyén. Mat khac thi

lag + a1z + ... 2" < |2|" = (|an-1] 12"+ ] 2] + |ao|)

nén
lim |ag+ a1z +...2"| = o0,
|z]—o0
tic
lim |f (2)] =0.
|z| =00

Do vay, ton tai R > 0 sao cho

If(z)|<1 VzeC: |z| >R.

Mat khac ta cting c6 |f (z)| bi chan trén D (0, R) nén f la ham nguyén va bi chin.
Dinh 1y Louiville, ta suy ra f 1a ham hang, ching t6 P ciing 1a da thic hiang. Diéu

nay dan dén két qua ctia dinh ly.

Cach 2. Xét da thic P (z) ¢6 dang
P(z)=ap+a1z+...a,2", a, #0.

Ta biét rang da thiic @ (z) = a,2™ ¢6 ding n nghiém (tinh ca boi) 1a 0 va sé ching
minh P, Q c6 ciing s6 nghiem. That vay, trén duong tron Cr tam 0 ban kinh R > 0
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du 16n, ta c6

[P (2) = Q(2)]

|an_1z"_1 + .. a1z + ao‘

< a2 4 Jaa] 2] + |aol

Ay _ a _ Qa, _
< |an||z|”( w1t |G e [ )
an n mn
< Nanz|"
véi R du 16n dé
Intl =ty | gt |20 pn g,
an, an, a,

Khi d6 trén cac duong tron ban kinh 7 > R, ta déu c6 s6 nghiém ctia P va @ trong

D (0,7) bing nhau. Vi r c6 thé lén tuy ¥, ta suy ra P c¢6 ding n nghiém phtie. O

Dinh 1y trén cho ta thay rang nhitng cong cu vé tich phan phic khong chi gidi quyét
dugce nhitng van dé ma noé duge nghi ra dé giai quyét, ma con ding duge vao nhiéu

viéc khac nita.
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Phan 11
]

Cac bai tap tinh toan co ban
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Complex Numbers
Muc luc
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(1.3 Complex Numbers and the Argand Plane| . . .. .. .. 145
(1.4 Integer and Fractional Powers of Complex Numbers|. . 159

1.5 Points, Sets, Loci, and Regions in the Complex Plane |. 178

1.1 Introduction

Bai 1.1.1 [1.1.1] Xét day tang dan céc tap: Z, Q, R, C. Trong mdi phuong trinh
dudi day, tap nao nhé nhat trong bén tap trén ma ton tai nghiém ctia phuong trinh

nam trong dé (Logarit co s6 e)

1. 42 +3=0
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128 Complex Numbers
2. 22 —x—1=0
3. 22 +x+1=0
4. sinz =0
5. cosz =0

22 4+3r+2=0

7. sin(log(x)) =0
8. 24 —16=0
9. 2 +16=0
Giai.
1. Q(zx=-3/4)
1++v5
2. R (x = —( \/_)>
2
3. Phuong trinh vo nghiém thuyc nén ta chon C
4. Z (z=0)
T
5. R (:v:—+k7r, keZ)
6. Z(zx=-1,2z=-2)
7. Z(x=1)
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1.1 Introduction 129

8. Z (x=42)

9. Phuong trinh vo nghiém thuc nén ta chon C

Bai 1.1.2 [1.1.10] Mot s6 thap phan vo han nhu e = 2.71828... 1a mot s6 vo ti
vi khong c¢6 phan lap lai ndo 6 nhitng chit s6 ndi tiép nhau. Tuy nhién, mot sd thap
phan vo han nhu 23.232323...14 mot s6 hitu ti. Vi nhitng chit s6 duoc lap lai mot cach

tuan hoan, ching ta c6 thé viét s6 nay & dang ti s6 ciia hai s6 nguyen, nhu sau:

Trude tien viét lai : 23(1.010101...) = 23(1 + 1072+ 1074 + 1076 + ..)

1. St dung kién thtic vé cap s6 nhan vo han: 1/(1 —7r) =1+7r+ 72+ ..véir la
s6 théa —1 < r < 1, tinh tong chudi [1 4+ 1072 +107* + 1076 + ...]

2. Sit dung két qua cau trén dé chiing minh 23.232323... = 2300/99. Thit lai bang

may tinh.
3. Tuong tu, biéu dién 376.376376... theo s6 hitu ti
4. Viét 3.04040404...theo s6 hitu ti

5. Ching minh:0.9999... =1

Giai.
1.
1+10724107*+10°+... = 1/(1-1/100)
= 100/99.
2.

23(1.010101...) =23 -100/99 = 2300/99.
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3.
376.376376... = 376 (1+107°+107"+...)
= 376-1/(1—1/1000)
= 376 -1000/999
= 376000,/999.
4.
3.04040404... = 3+ (4-107244-107"+4-107°+4-10°+...)
= 3+44-107%-1/(1-107%)
= 3+4/99 =301/99.
5.

0.9999... = 9(107'+1072 4107 +...).
= 9-107"-1/(1-107") =1.

Bai 1.1.3 [1.1.12]

1. Chitng minh rdng néu mot s6 nguyén 14 chinh phuong va chén thi c6 cin bac

hai cting chan.

2. Gid st v/2 la s6 hitu ti. Khi d6 né phai duce bidu dién dudi dang V2 = m/n,
v6i m va n 1a nhiing s6 nguyén va m/n 1a phan s6 t6i gian (m,n khong c6 uéc

chung). T phuong trinh trén ta c6 m? = 2n?. Giai thich tai sao m 1a s6 chén

3. Viét lai phuong trinh trén thanh n? = m?/2. Tai sao diéu nay ching t6 réng n

1& s6 chan?
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4. Diéu gi mau thuén véi gid thiét v/2 1a s6 hitu ti? Miic di dé chimg minh v/2 13
mot s6 vo t1, khong phai lac nao ciing don gian dé chitng té nhiing s6 khéc 14 vo
t1. Vi du nhu mot ching minh 2V2 1a vo ti khong dude cong bd cho t6i tan thé
ki 20. Chi tiét hon vé van deé nay co6 trong “R. Courant and H. Robbins, What
is Mathematic? (Ozxford, England: Ozford University Press, 1996), p.107"

5. Theo trén, vi sao nhing s6 sau 1a vo ti: n + v/2,v2n2, v/ V2, véi n > 0 va la

s6 nguyen?

Gidi.

1. Dit a la mot sé chinh phuong chan. Khi d6, ton tai s nguyén p dé p?> = a. Ta
chitng minh rang p chin. Gia s p 1é, nghia la ton tai s6 nguyén k dé p = 2k + 1 thi
a= (2k +1)* = 4k* + 4k + 1 1é. Vay néu a chén thi p chén.

2. Vi m nguyén nén m? la s6 chinh phuong. Ma m? = 2n? chin nén m chén (suy

tlt cau trén)

3. Vim chin nén ton tai so nguyén ¢ dé m = 2¢. Suy ra n?> = m?/2 = 2¢® 1a s6

chén. Ma n? 14 s6 chinh phuong nén n chén

4. Nhu vay m,n c6 uéc chung 1a 2, mau thudn véi gia thiét rang m/n 1a phan s6

t61 gian. Vay v/2 khong phai 1a sé hitu ti.

c—nd

5. Glasu’n+\/_1asohu’ut1th1n+\/_ ,c,d € 7. Suyra\/_—
1a 86 hitu ti (Vo 1i). Tuong tu, néu v/2 < th V2==LcdeZ(v

2

hitu ti va v/v/2 —chZthlx/_zg—zla Ohu'utl(VOh).

Q\QJ o
|
3
Il
QR

03]
On

n>0)1
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Bai 1.1.4 [1.1.13] Moi s6 thyc déu roi vao mot trong hai truong hgp: s6 dai s6
va, 5O siéu viet. S6 dai s6 théa phuong trinh 6 dang: a,2"™ + ap_12" 4+ ...+ ag = 0,
n > 1 v hé s6 a; 14 nhiing s6 hitu ti. Mot vi du la s6 vo ti v/8, théa phuong trinh
2?2 — 8 = 0. Tat ca s6 nguyen va sd hitu ti déu 1a nhing s6 dai s6. Nhitng s6 sieu
viét vo han nhu 7 hay e khong thoa phuong trinh ndo. Chung ciing 14 nhitng s6 vo
ti, nhung nhu ching ta vita thay khong phai tat ca sé vo ti déu sieu viet. Dé ching
minh e va 7 khong phai 1 s6 dai s6 thi kho va truong hop ctia 7 da khong duge giai

quyét cho t6i cudi thé ki 19. S6 2v2%ciing la sb sieu viet

1. Biét ring 14 /2 14 56 vo ti dai s6, tim mot phuong trinh nhan s6 nay la nghiem

2. Biét riing v/v/2 1a s6 vo ti dai s6, tim mot phuong trinh nhan sé nay 1a nghiem
Giai.

1. Taco 1+ V2 1a nghiém ctia phuong trinh 22 — 2z — 1 = 0 do (1—1—\/5)2—
2(14+v2) —1=34+2v2-2-2/2-1=0.

4
2. Taco vV \/§ la nghiém ctia phuong trinh 2* —2 = 0 do (\/ \/§> —2=2-2=0.

Bai 1.1.5 [1.14]

1. Mot sinh vién nhin thay chit s6 dau tién ciia s6 e 1a 2.718281828... va két luan
rang bon chit s6 tiép theo la 1828. Chitng minh diéu nay la sai bang cach tinh

e v6i Matlab va stt dung “long format”, hoiic tim e trong so tay.

2. Sit dung may tinh bo tai hién thi day di cac chit s6, chiing té ring khong c6
vong lap tuan hoan nao clia cac chit s6 § trong biéu dién thap phan ctia 201/26
néu ching ta chi st dung bay chit sé6 dau tien. Ban c6 thé tim dang lap trong

day s6 nay khong? Ban c6 thé stt dung Matlab.
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Giai.
1. e~ 2.71828182845904523536028747135.

2. Ta c6 201/26 ~ 7.730769. Ching ta khong thay dugc dang lap clia s6 nay néu
chi biét bay chit s6 dau nhung trong Matlab, ta biét rang 201/26 = 7.730769(230769)

Bai 1.1.6 [1.1.15] Trong cac bai sau, tinh va biéu dién két qua & dang a + ib, véi
a va b 13 nhitng s6 thuc.

1. (-1+3i)+ (5 —Ti)

2. (—1+ 3i)(5 - 7i)

3. (3—2i)(4+ 39)(3+ 2i)
4. Im [(1 + )]

5. [Im (14 4)]*

6. (z+1iy)(u—iv)(z — iy)(u+ ) v6i x,y, u, v 1a nhitng sb thyc.
Gia.
1. (—1430)+(5—T7)=4—4
2. (=1+3)(5—Ti =16+ 22
3. (3—20)(4+30)(3 + 20) = 52 + 30i

4. Im[(1+4)°] =2
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5. [Im(1+)°=2%=38
6. (z+iy)(u—iv)(z —iy)(u+iv) = (z° + y*)(u* + v?)

Bai 1.1.9 [1.1.25] Néu n > 0 la mot s6 nguyén, bon gia tri c6 thé clia "la gi?
Chiing minh ring "™ = ¢".Sit dung két qua nay dé (1 — i) va thit lai bing Matlab
hodc méay tinh bo ti.
Gidi. S6 du ctia n khi chia cho 4 c¢6 thé c6 4 gia tri, xét cac trusng hop:
e Néun =1 (mod4) thii" =i.
e Néun =2 (mod4) thii" = —1.
e Néun =3 (mod4) thi i" = —i.
e Néun =0 (mod4) thii® =1 va ta c6: i"t = ™t =",
Ta c6 (1 —4)?> = —2i nén
(1—i)'9% = (1-0))""(1—i).
= (=20)"*(1 —9)
= (=21 -1
= 2°12(1 —9).

Bai 1.1.10 [1.1.29] Trong nhitng phuong trinh sau x,y 14 nhiing s6 thyc. Tim x,y
1. et 42y = e 2 4§
2. Log(z+y)+iy=1+ixy
3. (Log(z) — 1)> =1 +i(Log(y) — 1)?

4. cosx + isinx = cosh(y — 1) + ixy
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Gidas.
1. Taco
Pty — p2ay > +2xy+y? =0
= 1
r =—y
< 1
Yy = 5
1
r ==
Yy = —5
2. Tacod

¢

¢
)
Il
)
<
—_—T— O
8
I
—_

Vay nghiém ctia phuong trinh 1a (z,y) € {(e,0), (1,e —1)}.
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3. Tacod

Vay nghiem la: (z,y) € {(e? ¢), (1,¢)}

5. Taco
cost = cosh(y — 1) - cosr = W
sint = axy sint = xy
Ta lai ¢6:
y—1 1—y
cosr < 1 < (Cosh(y —-1) = %)
(BDT Cauchy) nén hé da cho tuong duong voi:
COST =1 x = k27
rz =0
sinw =xy < v =1 <
y =1
cosh(y —1) =1 sint = zy

Vay ta hé phuong trinh ¢6 nghiém la (z,y) = (0, 1).
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1.2 More Properties of Complex Numbers

Bai 1.2.1 [1.2.1] Ching ta da ching minh réng z; + 22 = Z1 + 23 , V6i 21 =

T1 + 11VA 29 = Ty + iyp. Chitng minh nhitng diéu sau:

o
/N
g
N—
I
Sl

6. Re(z122) = Re(Z123)

7. Im(z129) = —Im(Z1 23)
Gidi.
1.
2= 2 = (z1—22) +i(y1 —y2) = (21— 22) — i (Y1 — yo)
= (m1—ip) = (B2—ipp) =7 — 2
2.

7172 = (T129 — y1ye) + i (T1y2 + ya122)
= (2122 — Y112) — 1 (212 + Y172)

= (1 —iy1) (v2 —iy2) = 21.%2
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3.
() = Ge) =) ()
21 ri + i ri + i ri + i
B T . Y1 _r iy
= 2 5 Tl = 2 | = 2 2
] + Yy ]+ yp T+ Yq
B 1 B 1
T1—iy Z1
4.
2 omtiy (21 + y1) (22 — 132)
22 Ty +iys (w2 +iye) (T2 — iyo)
_ (2122 + Y192) + (Toy1 — T1Y2)i
x5 + Y3
. Ty — 1Y 1
= (1 +w)—5—5 = 21—
( ) T3+ Y3 22
5.

7~ N
QK
N——"
I
~—
&
SN—
/N
ae
N——
|
S
/N
ae
N———
I
S
Sk
|
S

( Ap dung 2 cau tren)

Re(z122) = Re((z122 — 11y2) + i (z1y2 + y122))

= 122 — Y1y2 = Re(Z1 %2)

Im(z120) = Im((x122 — Y1) + i (T192 + y122))

= Ty + 1r2 = —Im(Z1 72)
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Bai 1.2.2 [1.2.8] Tinh nhiing gia tri sau va viét vé dang a + ib véi a, b 1a nhiing

s6 thuc.
_4iNT
L (5531)

2 (zz) + (£2)

Gidi.
1.
4—4i\’ 1—i\" 12\
— = — oT (2Tt o7 (1—1)
2+ 2i 1+ 2
= (1—i)" =(-2i)" = —128i
2.

4—4\T 4+ 4i\T 1—4\" AN
)+ ) = (20— + (20—

24+ 2 2—2 142 1—12

—2i)"+ (20))" =0

Bai 1.2.3 [1.2.16] Cho 2, 23 23l s6 phiic, phuong trinh nao sau day la ding?

(25)=7(55)
1. — | =21 | —
2923 Z9.23

2. 217Z23 = 212073

3. 1(z1 F 20+ 23) =1 (Z1 + 22+ Z3)
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4. Re (212_223)

Im (21Z323)

Re (Z12273)
(Z12273)

(iZ12973)

!
=)

Re (z1Z223)
Gidi.

1. V6iz =23=1va z, =1 thi ta co

(Ga) = (@)= =) == (55)

nén _
21 _ 1
- 7’£ 21| = .
Z923 29.23
2. Taco
21Z2%3 = 71 22 23 = Z1.%2.%3
3. Taco

i(zl —|— Z9 —f- Zg) = —Z(Zl —f- Z9 —|— 23)
= —i@+R+Hn) Fi(m+R+5).

4. Dat z =212z =241y, v,y € Rthi Z = Z12923. Ta ¢6

Re(z17223) = Re(z) = Re(z +iy) = x = Re(x — iy)
= Re(z) = Re (z12273)

CuuDuongThanCong.com https://fb.com/tailieudientucntt


http://cuuduongthancong.com?src=pdf
https://fb.com/tailieudientucntt

1.2 More Properties of Complex Numbers 141

va
Re(z17223) = Re(z) =2z =Im(y +ix) =Im (i (x — iy))
= Im(i2) = Im (iZ12923) .
V6izy =2z3=1va 2o =1,tacdé z=—1 va z =1, ta co:
Im (21Z223) = Im(—i) = =1 # 1 = Im (i) = Im (Z72923)
nén

Im (21Z323) # Im (Z129%3) .

Bai 1.2.4 [1.2.22] Xét truong hop (3% + 5%) (22 + 7%) = (p* + ¢*). An p, ¢ la nhitng
s6 khong am. Truong hop nay c6 hai bo nghiem: p = 29, ¢ = 31 va p = 41, ¢ = 11.
Ta thay duge ¢ day mot 10i giai tong quat: cho k, [, m, n 1a nhiing s6 khong am, ta
sé tim hai bo nghiém nguyén khong am p va ¢ ma: (p? + ¢*) = (k* + 1%) (m? + n?).
Khong dé thay rang sé c6 nghiém nguyén, nhung s6 phiic sé chiing minh cho ta thay

dieu do.

1. Phan tich thanh nhan tit ta co: (p +iq) (p — iq) = (k +il) (k — il) (m +in) (m —in).

Giai thich tai sao néu (p + iq) = (k +4l) (m + in) thi (p — iq) = (k —il) (m —in).
Chiing minh ring ta c6 thé lay p =| km — nl | va ¢ = Im + kn 13 nghiém

2. Chitng minh ring ciing c6 thé lay p = km + In vi ¢ =| Im — kn | lam nghiém

3. Giai phuong trinh sau dé tim hai bo nghiem (p, q) : (p* + ¢?) = (122) (53)

Glidi.
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1. Taco
(p+iq) = (k+il)(m+in)
& (p+ig) = (k+il)(m+in)
S (p—iq) = (k—il)(m—1in).

Vi vay néu

(p+iq) = (k+1il) (m +in)

thi phuong trinh
(p2 +q2) _ (k;2 —|—l2) (m2 +n2)

dude théa. Tuong tu ta c6 néu
(p+iq) = (L +ik) (n+ im)

thi
(p —iq) = (I — ik) (n — im)

nén phuong trinh
(P> +¢*) = (K + %) (m* +n?)

ciing dugce théa. Trong hai truong hgp trén thi ta cé thé chon p = 4 (km — nl) va

q = Im + kn 1a nghiém ctia phuong trinh nén ta suy ra diéu phai chiing minh.

2. Taco

(p+iq) = (k+il)(m—in)

& (p+iq) = (k+il)(m—in)
& (p—iq) = (k—il)(m+in).
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1.2 More Properties of Complex Numbers 143

Vi vay néu
(p+iq) = (k+il) (m —in)

thi phuong trinh
(p* +¢°) = (K*+ %) (m* +n?)

dugde théa. Tuong ty ta c6 néu
(p+iq) = (I +ik) (n —im)
thi
(p—iq) = (I —ik) (n+im)
nén phuong trinh
(P> +¢*) = (K + 1) (m* +n?)

ciing duge thoéa. Trong hai trudng hop trén ta cé thé chon p = km + In va g =
+ (Im — kn) 1a nghiém ciia phuong trinh nén ta suy ra diéu phai chiing minh.

(1 +¢°) = (122) (53) & (p* + ¢*) = (112 + 1°) (7* + 2%)

Tuong tu nhu trén ta c6 the suy ra hai bo nghiém ctia phuong trinh 1a (p, q) = (75, 29)
hodc (p,q) = (79, 15).

Bai 1.2.5 [1.2.23] Theo Hamilton, ta xét s6 phitc nhu 1a mot cap sé thyce duge

d d .
(e, ) Dat (c,d) = E, vdi e va f 1a hai s
(a,b)

(a,b) f
thuc xac dinh. Gia st (a,b) # (0,0). Néu dinh nghia hgp 1i thi (¢, d) = (a,b) - (e, f)

xép. Ta mudn c6 mot dinh nghia ciia ti s6

1. Thyc hién phép nhan trén bang cach dung luat nhan cho cap sob.

2. Lap phuong trinh tuong tng gitta cac thanh phan (phan thyc va phan &o0) ¢
hai phia ctia phuong trinh & phan trén
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144 Complex Numbers

3. Ta thu dugc mot hé phuong trinh . Giai va tim e va f theo a,b, ¢,d. So sanh
két qua ctia 1f thuyét da hoc.

Gias.
1. Ung dung luat nhan cho ciip s6 phiic, ta co:
(C7d> = <&7b) ) (e>f) = (C7d> = (ae— bf,af—i—be)

2. Theo cau trén, ta co:

ac —bf =c
be+af =d
3. Ta co:
—b
Azdet(a >:a2+b2,
b a
—b
Ae:det<c >=ac+bd,
d a
Ay =det @ = ad — be
b d
Vay
_%_ac—l—bd
CTA T @2t
A ad — be
FoBr
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1.3 Complex Numbers and the Argand Plane 145

Két qua ding nhu phuong trinh

c—l—z’d_ac+bd+ .ad — be
a+ib a2+ b2 ZaQ—I—bz'

Bai 1.2.6 [1.2.24] Trong biéu dién Hamilton, hai s6 phiic (a, b) va (¢, d) bang nhau

? . N ~ N PN PN X N 2 N r P 2 N =
khi va chi khi a = ¢ va b = d. Day la dieu kién can va du. Cho P va L véi tit va mau
q s
s6 1a nhitng s6 phiic. Tim diéu kién can va du dé hai ti s6 nay bang nhau.

Giair. Ta co

g r3 _ \ T
ETEE O | s |” (pq) =| q | (r5) & 5.4 (ps — qr) =

P
q

I
®» | =3
(3

& ps=qr(q,s#0)

Vay ta c6 diéu kién can va du dé hai ti s6 bang nhau la ps = gr.

1.3 Complex Numbers and the Argand Plane

Bai 1.3.1 [1.3.1] Tim modulus ctia cic s6 phic sau:

1. (2—3i)°(3+3i)°

(1+4)°
S (2+30)°
1—14)" .
. ﬁ ,n > 0 la so nguyén
i
1 1 5

=i "1+i 1+

CuuDuongThanCong.com https://fb.com/tailieudientucntt


http://cuuduongthancong.com?src=pdf
https://fb.com/tailieudientucntt

146 Complex Numbers

Gidi.
1.
(2 — 30)* (3 + 30)*| = |918 + 378i| = 702v/2
2.
(1+4)° 1+i\°| /5 —1d)’
(2 + 3i)° 2+3i) | |\ 13
|/ 1900 — 2876i
B 13°
1 44/26
= — 1 2 2 2=
5 V19007 + 28762=
3.
=0 | 1\ (1)
e+2)" | [\"2") |7 \2
4.

= |2 —2i| =2v2

L Ly
1—i 144 1+2

Bai 1.3.2 [1.3.10]

1. Tim hai s6 phtic la lien hop ciia nhau c6 do dai clia tong 1a a va tong cac do

1
daila —vil0<a< 1
a

2. Tim hai s6 phtic c6 tich 1a 2 va hiéu 1a ¢

Glidi.
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147

1. Dit hai 86 phitc d6 1a 21 = x + iy vA 20 = — iy, x,y € R.Ta c¢6

a
2x =a Z D)
1< 1—a*
2y/2* +y? = - y ==+
a 4a?
Vay hai s6 phtic can tim 13
a+ 1—a*
2= —
9 4a?
va
a 1—at
o= — — .
=97V a2
2. Dat hai s6 phitc d6 1a 2, va 2. Ta c6 :
Z9 IZl—Fi Z9 :Zl—i-i
=
2179 =2 21(21+i) =2

Xét phuong trinh thit hai cia (1), ta ¢6

2

()
2 2

nén hé phuong trinh tré thanh

zgz—ﬂéﬁ—i-i zg =5 4
(1) < —i+V7 v —i—/7
1= T 1= T
- 29 = i+2\ﬁ y 29 = 1—2\ﬁ
—i+V7 —i—/7

f1= T 1= T

CuuDuongThanCong.com https://fb.com/tailieudientucntt


http://cuuduongthancong.com?src=pdf
https://fb.com/tailieudientucntt

148 Complex Numbers

Bai 1.3.3 [1.3.13] Nhitng vector sau biéu dién s6 phtic. Biéu dién nhing s6 nay &
dang a + ib

1. Vector c6 diém cudi ¢ (1,2), c6 do dai 1a 5 va tao mot goc 30°véi phan duong

cia truc z.

2. Vector bit dau 6 gbc toa do va vudng géc véi dusng thang z + 2y = 6 tai diem

cudi
z *X N 3 < X 2 A ~ ~ + 2 A . ~ X .
3. Vector c6 chieu dai 5 bat dau 6 goc toa do va diém cuoi trong goc phan tu thi
nhat, trén duong tron (z — 1)2 +9y2=1

Gidi. Dat s6 phiic can tim 1a z = x + 1y, z,y € R

1. Diém gbc clia vector ndm trén dudng tron
(1 4 (g2 =5
va vector nay nim trén dudng thang

y—2=tan(30°)(x— 1) & y—2= (x—1).

Sl

Toa do diém goc thoa he:

(z—1)°+(y—-2)7° =5 - (r-1*+i@-1)° =5
y—2 =5 (@-1) y—2 =& (x-1)
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1.3 Complex Numbers and the Argand Plane 149

r—1 =+28
&
y—2 =g(@-1)
r—1= 583 r—1=—523
2 2
= V
_ 5 _ 5
Yy—=2= 3 Yy—2=—3
r =1+ 3 r=1-— 33
o Y 2
y=3 y=—3

2. Duong thing di qua gbc toa do va vudng géc véi dudsng thang = + 2y = 6 la

22 —y = 0. Giao diém ctia chiing:

r+2y =6 r =

20 —y =10 y =—

la diém cubi ctia vector z c6 diem dau la (0,0). Vay z = (6/5,12/5)

3. Toa do clia vector (cling 1a toa do diém cudi) thoa

s 3

2 &
—1

= o] ©

(z —1)% + ¢ 2 —2r+y*+1
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2?2 + 9 —g —9

y = T =

& § e 8 .

_ _ 9 9
2 =7 W =x/i-0)
9

r =3

& 83ﬁ
y =%

Nhung diém cudi ndm trong géc phan tu thit nhat nen zy > 0, tit d6

(9 3VT
zZ = g’T

Bai 1.3.4 [1.3.18] Tim argument chinh (Argument) ctia nhitng s6 sau theo radians.

1. —4cis (73.7m)

2. 3cis (1.17) x 4cis (1.27)

3£1.57
© 3/ —1.57

Gidi. Goi Argument ciia cac s6 14 0 thi —7m < 0 <7

1. Ta co:
—4cis (73.7m) = 4cis (73. 77 + 7).

Suy ra

- < 0=T3"n+n+k2n<m kel
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1.3 Complex Numbers and the Argand Plane 151

Do d6 k = —37. Vay
0 ="73.Tnr+7—37-27r = 0.7Tm.

2. Ta co:

3cis (1.17) x 4cis (1.27) = 12cis (2.37) .
Suy ra

- < 0=23r+k2r<m kel k=-1.
Vay
0 =231 —2m = 0.3m.
3. Ta co: L5
371.5
— | =Z(2-1. = /3.14.

arg(34-—1.57) (2-157) = 23

Suy ra

—nm < =314+ k2rn<m, keZ<<k=0.

Vay 60 = 3.14 ~ 7.

Bai 1.3.6 [1.3.29] Chuyén nhiing biéu dién sau vé dang rcis (f) hoac rZ6. Biéu

dién gi4 tri chinh ctia @ theo radians va dua ra tat ca nhing gia tri c6 thé cta

L (=1—i) (—v3+1)

2. (—4+ 3i)°

Glidi.
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(—1—4) (—\/§+i)3 = (1+1) (\/3—@')3: (ﬁCiS G)) <2Cis <_%>>3
(AR
— 8v/2cis (—%)

nén argument chinh 1a § = —7/4 va tat ca cdc argument la:

—%+k27r, ke

(—4 4 3i)* = (4 — 3i)* = (5cis (@) = 25cis (a?)

v6i

4
Q. = —arccos (g) ~ —(0.64

nén argument chinh la

IR0

va tat ca cdc argument 1a:

AN 2
(arccos <5)) + k27, k € Z.

Bai 1.3.7 [1.33] Trong MATLAB, ham angle ctia mot s6 phiic z sé cho ra gia tri
chinh ciia arg(z). Cho z; = —1+1, 2 = V3 +1i, 23 = 14+ 4v/3. Thit bing MATLAB
rang: angle (z122) = angle(z1) + angle (22) nhung angle (2123) # angle(z1) +
angle (z3). Giai thich su khac biét nay.
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1.3 Complex Numbers and the Argand Plane 153

Giar. Ta co6:

Arg(-141) = 7 Arg (V3 +1) = % Arg (1+1v3) = %

nén suy ra
3m w  1lxw
angle (z1) + angle (z2) = i =1y = angle (z12)
va
dm w137
angle (1) + angle (z3) = =+ 5 = =
Vay

Arg (z123) = angle (z123) = % # angle (z1) + angle (z3).

Sy khéc biet 1a do khi ta thiyc hién phép toan cong arg ciia 2 s6 phiic thi s6 d6 co
thé khong thuoce [—m, 7] .

Bai 1.3.8 [1.34] Gian wdc nhitng biéu dién sau vé dang rcisdhodc rZ0, chi dua ra

argument chinh

| r-ieis ()
(\/§+ z’)2

NG
(s (57))

Glidi.
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(—1—@)015(2_) ) ( Seis <_T37r)>:is(g): Seis <—_)
) ey )

Bai 1.3.9. [1.3.37]

1. Trong bat dang thitc tam giac |21 + za| < |21] + |22|, 21 VA 2z phai thda diéu

kien gi dé dau bang xay ra?

2. Bing cach thay zp 14 —29, chitng minh réng: |z; — 29| < |21| + |22|. Giai thich
diéu nay theo 3 canh clia mot tam gidc. 21, 2 phai c6 quan hé nhu thé nao dé

A N 2 A 2
dau bang c6 the xay ra?
Guai.
1. Deé dau” =" x4y ra thi hai vector biéu dién z; va 2z phai ciing chiéu véi nhau,
suy ra

arg(z1) — arg(ze) = k2w, k € Z.

2. Thay 2 bang —z, ta co

|21 + (—22)| < |21] + [—22| & 21 — 22| < |21] + |22].
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1.3 Complex Numbers and the Argand Plane 155

Dé dau ” =7 x4y ra, hai vector bieu dién 2; va 2, phai ngugc chiéu nhau, suy ra

arg (z1) — arg(z) = 2k + 1) m, k € Z.

Bai 1.3.13. [1.3.42] Tinh

bang cach st dung toa do cuc cho cac s6 phiic

\/_+

. . 3—1 T
va ket hgp ching minh rang arctan

V3+1 12

Gidr. Ta cod

A
V3+i 2c1s( V2
)

- 0D L (51) - (v5- 1))

15|
~— |

Suy ra

B
L
3

s V3—1
tan <—> = nén arctan = —.

B
+
B
+
—_
N}

Bai 1.3.14 [1.3.43]

1. Xét tich cua (1 +ia) va (1 +1ib), va argument ctia moi nhan t1, chiing minh

rang:

b L
arctan (a) + arctan (b) = arctan <1a—|—_b) , VGi a, bla nhiing s6 thuc.
—a

. 1 1
2. Chiing minh rang 7 =4 <arctan (5) + arctan <§>)

3. M& rong ki thuat & cau 1. dé tim biéu dién clia arctan (a) + arctan (b) 4 arctan (c)
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Giai.
1. Ta co:
(14ia)(14+idb) =(1—ab)+ (a+1b)i
va
arctan (a) = arg (1 + ia) , arctan (b) = arg (1 +1ib),
arctan [ — LA arg ((1 —ab) + (a+b)i).
1—ab
Mat khac

arg (1 + ia) + arg (1 +ib) = arg ((1 — ab) + (a + b) 7)

b
& arctan (a) + arctan (b) = arctan <1a i b> :
—a

Ta suy ra didu phai ching minh. O day ta ciing 6 thé hidu dau bing & day 1a 2 tap

hop bang nhau do ham arctan trong R 1a ham da tri.

2. Taco

N —
Wl

1 1
arctan [ — | + arctan | — = arctan | ————
() +erean (3)
]__
Suy ra
=4 t L + t 1
™= arctan 5 arctan 3 .

= arctan (1) = %

DN | = +
W

3. Tacohd
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1.3 Complex Numbers and the Argand Plane 157

b
arctan (a) 4 arctan (b) + arctan (¢c) = arctan (1a i b) + arctan (c)

—a

a+b

1—ab

= arctan >

J— . C

1—ab

( a+b+c )
= arctan .

1—ab—bc—ca
Bai 1.3.15 [1.3.44]

1. Chimg minh bat ding thitc |21 + 2|> < |21]° 4 |22|® + 2|21| |22|biing phuong
phép dai so.

2. Cha ¥ rng |z + |22|® + 2|21| |22| = (|z1] + |22])* . Ching té réing bat ding
thiic trén sé dan t6i bat dang thiic tam gidc |21 + 2| < |21 + |22

Giaz.

1. Ta co:

’Zl + 22’2 = (21 + ZQ) (Z_1+Z_2>

|21)” + |2o)” + 2Re (21%3)

IN

|21)* + | 22)* + 2 |21 %)

21|* + |22]* + 2|21 |22 ]

CuuDuongThanCong.com https://fb.com/tailieudientucntt


http://cuuduongthancong.com?src=pdf
https://fb.com/tailieudientucntt

158 Complex Numbers

2. Ap dung két qua & cau (1), ta co

IN

’2'1‘1‘22‘2 121|2+|Z2’2+2|Zl‘|22’

A

& |2+ 2l (Iz2] + [22])”

Sz + 20| < Ja| 4zl
T d6 ta c6 diéu phai ching minh.
Bai 1.3.16 [1.3.45]
1. Bat dau véi tich (z; — 29) (21 — 22), chitng minh réng

|21 — z|° = |21]> + |2|* — 2Re (2172)

2. Nhic lai vé dinh 1§ cosines trong luong giac so cap: a®> = b? + ¢ — 2bccosa.

Chitng minh dinh 1y nay cé thé thu dude tit dang thic da suy ra ¢ phan trén

Gidi.

21 — 29 2 = (2’1 — 2’2) (Zl — 2’2)
= |zl + " -2 (2% + 27)

= |z)® + |2|* — 2Re (z173) -

2. Goi a, b, ¢ lan luct 1a do dai ctia ba vector biéu dién z; — 2, 21, 22 thi ching
la do dai ba canh ctia mot tam giac ma goc gitta b véi ¢ 1a a. Dat z; = 1 + iy,
2o = g + 1Yo (X1, T2,Y1,y2 € R). Suy ra Re (2122) = x122 + 4192, d6 chinh 14 tich vo
huéng gifta hai vector biéu dién z; va 2, tiic 1a Re (2,%;) = becosa. Tit didu do, két

hop v6i phuong trinh & phan 1. ta c6 a? = b + ¢ — 2bccosa.
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1.4 Integer and Fractional Powers of Complex Numbers 159

1.4 Integer and Fractional Powers of Complex Num-
bers

Bai 1.4.1 [1.4.1] Biéu dién nhitng biéu thitc sau vé dang a + ib va dang cuc rZ0,

véi goc nhan gia tri chinh.

Lo(1+0)* (V3 +i)°

2. (3 —4i)°
3. (1—iv3) "'
Gidi.

(1+ i)3 (\/§+ i>3 = (ﬁcis (%) 2cis <%>>3 = 16v/2cis (115—;)

157 ) . 157
= 16\/§cos <E) + 216\/§sm (E) .

2. Dat a = —arccos (g), ta co
(3 —44)° = (5cis (a))® = 5% (cos (6c) + isin (6c)) .

3. Tacod

(-8)" = (oo (5)) = s (5)

=L (Y L (T
= o1\ g ) Tl g )
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Bai 1.4.2 [1.4.6] Vdi dinh 1§ DeMoivre, biéu dién sin (36), cos (30) ¢ dang tong

chi bao gom cac ham nhu cos™@sin™0, véi m, n 1a nhitng s6 nguyén
Giai. Ta co

cos (30) +isin (30) = (cos + isinf)?
= (cost + isinf)* (cosf + isind)
= (cos26 + isin20) (cosf + isind)
= co0s20cosf — sin26sinf + i (cos20sinf + sin26cosh) (1)

Xét
0820 + isin20 = (cosf + isind)”® = (cos§ — sin®0) + i2sinfcosh
nén ta co
cos20 = cos?0 —sin%0
_ ' (2)
sin20 = 2sinfcos@

Tt (1) va (2) ta ¢6

cos (30) = cos20cosf — sin20sinf
sin (30) = cos26sinf + sin26cosf

cos (30) = (cos?0 — sin?@) cosf) — 2sinfcosfsind
- sin (30) = (cos?@ — sin?f) sinf + 2sinfcosfcosd
cos (30) = (cos®0 — sin?@) cosf) — 2sinfcosfsind
- sin (30) = (cos?@ — sin?f) sinf + 2sinfcosfcosd

Bai 1.4.3 [1.4.7]

1. St dung dinh 1§y DeMoivre, dinh ly nhi thic va dong nhat thic lugng giac,
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1.4 Integer and Fractional Powers of Complex Numbers 161

chting minh réng véi s6 nguyén n

_ . n—=k g kn—'
cosnf = (Re; (cos 9) (\/1 — 00520) ? ne k:)!k:!)

2. Chitng minh ring biéu thitc trén c6 thé duge viét lai

. Wk n—2m . 29\™M mn—'
cosnf) = mzzo (cosf)" ™" (1 — cos™0) ™ (—1) (n — 2m)!12m!
néu n chin va
" n—2m 20\™ m n!
cosnt) = 3 {eost)" " (1 cos®)" (<) (T Ty

néu n 1é.

3. Biéu thitc trén thong dung vi né cho phép chiing ta biéu dién cosnf, véi n > 0
1a mot sd nguyén, bang mot chudi hitu han chi gom céc lity thita ctia cos véi
s6 mil cao nhét 1a n. Vi du, chiing minh cos40 = 8cos*f — 8cos?6 + 1 bing cach

stt dung mot trong cac bicéu thic trén

4. Néu ta thay cosf bing x trong biéu thiic ¢ phan 2. Ching ta thu dugc mot da
thitc bac n theo x. Ngudi ta goi dé 1a da thic Tchebyshev, T, (z) , sau khi n6
duge tim ra béi Pafnuty Tchebyshev (1821-1894), mot nha toan hoc ngusi Nga

noi tiéng béi nhitng cong trinh vé sé nguyén t6. Chitng minh rang:

Ts () = 162° — 202° + 5z

Glidi.
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1. Ta co:

n |
cosnl = Re(cosf+isinf)" = Re (g (cos™"0) (isind)" (n —nl'{:)!k!>

= Re (Z (cos™ ") (\/1 — c0829)k zkm_n—]L)%J , 0e€0,7].

2. Trong tong trén, néu k 18 thi

Re ((cosnkﬁ) (m)k Zk(n_n—]'g)lk;l) = 0.

Vi vay, chi xét véi nhitng k chin, dat & = 2m, m 14 s6 nguyén duong. Néu n chén
thi

- !
cosnf = Re (Z (cos™ %) (isind)" m>

k=0
n/2 , , ol
= Re Z (COSQ)R_ m (1 — COS20) (Z) m m
m=0 ’ ’
n/2 ) ol
= Z (COS@)n_ m (1 — COSQQ) (_1)m m
s ! !

Néu n 18 thi n — 1 chén, do d6

_ - n—k - k n!
cosnd = Re (kZ:O (cos™*0) (isind) m)

(n=1)
2

o n—2m 27\ [ \2m n!
= Re Z (COS@) (]_ — COS 6) (Z) m

m=0
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3. Taco

cosdfd =

4. Ta co:

T (z) =3

va

: i om 2 41
mzzo(cosﬁ) (1—cos®0)™ (1) T 2m)ml
4! 0 2,\0 4
1 (—=1)" (1 — cos®8) "~ (cost)

! 1 2 2
+ﬁ (=1)" (1 — cos0) (cost)
—i—% (—1)? (1- 00829)2 (cosh)’

(cosf)* — 6 (1 — cos®) (cosh)” + (1- 00329)2
(cosh)* — 6 (cos?0 — cos’@) + (1 + cos’ — 2cos0)
8cos'f) — 8cosd + 1.

Z/z() IniZm (1 o $2>m <—1)m (n—+')'2m' Néu n ChE:Ln

5!

o) = 3 (=) 0" g

m

51 51
= 5 (—1)0 (]_ — IQ)OZEB + ﬁ <—1)1 (1 - .ZL'2)1 .ZU3
5! 2
+I (—1)? (1-2°)"x

= z°—102° (1 — xQ) + 5w (1 — x2)2

= 2°—102° (1 — xQ) + bz (1 + ozt — 2x2)
= 162° — 202% + 5z.
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164 Complex Numbers

Bai 1.4.5 [1.4.8] Chting minh réng:

1+ itand\" 1+ itannf
1 — itanf 1 —itannf

v6in 13 s6 nguyén duong va tan 6, tan nd phai xac dinh hay néi cach khac, tan 0, tan nf #
0

Gidi. Nhan ci tit vA mau cho cos™d, (6 # 7/2 + kr dé tand ton tai), ta co:

1+itanf\"  (cos# +isinf\" (cosf + isind)"
1 — itanf ~ \cos# —isinf ) (cos(—0) + isin (—0))"
cosnb + isinnd cosnb + isinnd

cos (—nf) +isin (—nf)  cosnf — isinnd’
V6i cosnf khac khong thi ta co:
_sinnf

1+ itanf\" _ cosnf + isinnf _ L+ osnd _ 1 + itannf
1 — itanf cosnf — isinnf 1 Z.Sinn@ 1 —itannf’

cosnf

Tu dé ta c6 diéu phai chiing minh.

Bai 1.4.6 [1.4.9] Biéu dién nhiing biéu thiic sau vé dang a + ib. Dua ra tat ci gid

tri vd vé nhitng diém hoac nhing vector bicu dién két qua trong toa do cuc.

W=

1. (1+14)

ST

2. (—644)

3. (—\/§+i)%

Glidi.
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1.4 Integer and Fractional Powers of Complex Numbers 165

1.
(1—1—%‘)% = \6/§<cis (Z))B = %(cis (%—{—k%)) , k=012
V2cis (&) (k=0)
= (V2cis () (k=1)
Vacis (52)  (k=2)
2.

(—64i)7 =

INE
|
\V)
N
/N
o
.
0
|
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166 Complex Numbers

Hinh 1.4.2

(—\/§+z’>_51 - 2%

T (-r 2
cis (5%)) —92% cis (% - k%) L k=0,1,2,3,4

VR

25cis () (k=0)
2% cis (7) (h=1)
= s () (h=2)
25cis (5F)  (k=3)
2% cis (1) (k=4)

Bai 1.4.8 [1.4.22] Xét phuong trinh bac hai az? +bz+c¢ = 0, v6i a, b va ¢ 1a ba s6
1
—b =+ (b* — 4ac)?

phitc. Chitng minh rang z = 5
a

. Phuong trinh ¢6 bao nhiéu nghiém
trong truong hop tong quat?

CuuDuongThanCong.com https://fb.com/tailieudientucntt


http://cuuduongthancong.com?src=pdf
https://fb.com/tailieudientucntt

1.4 Integer and Fractional Powers of Complex Numbers 167

Hinh 1.4.3

O phd thong ban da biét ring néu a, b va ¢ la nhitng s6 thuc thi nghiém ciia phuong
trinh bac hai ho#c 1a mot cap s6 thuc hodic 1a mot ciap s6 phic lien hgp. Néu a, b, ¢

khong nhat thiét 1a sé thuc thi két qua trén c6 con ding khong?

Gidi. Véia #0, ta c6

az> +bz+c = 0
& P4l = 0(a#0)
2 —4ac
& (z+g) = 53
1
2 Aqc)2
) p _ bi(b 2[14 )

Vi b? — 4ac 1a s6 phitic nén (b? — 4ac)1/ ? ¢6 hai gié tri phtic d6i nhau, do d6 phuong
trinh dang xét ¢6 hai nghiém. Ta chi can lay mot trong hai gia tri cua (b* — 4ac)1/ 2

dé thé vao phuong trinh nghi¢m.

Néu a, b, ¢ 1a nhiing s6 thyc va phuong trinh vo nghiem thyc (b* — 4ac < 0) thi

(b? — 4ac)"*1a s6 thuan 4o, cho nén

(SIS

b+ (b* — 4ac)
2a
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14 hai s6 phiic lién hgp ctia nhau. Nhung néu a, b, ¢ khong nhat thiét 1a s6 thuc, ta xét
chiing nhu 14 nhitng s6 phtic. Khi d6 goi 6 = 6; + i, 1a mot gia tri ctia (b — 4ac)1/2.

bat a = a1 +ia, va b= by + ibg, al,(ZQ,bl,bg € R. Ta co:

__ b+ (02 —4dac)? \ by —iby+ 061 —iby by + 0y — i (by + 6a)
' 2a N 2(@1 —’ia,2> N 2(@1 —iag)

ol

_b— (b —4ac)

29 =

_b1+ibz—(51—i62 b1—51+’i(b2—52)

2a  2(ay +ian) 2 (a1 + iay)

N6i chung z7 # 2.

Bai 1.4.9 [1.4.23] St dung két qua thu duge trong bai tap 1.4.8 dé tim tat ca cac
nghiém ctlia nhitng phuong trinh sau. Biéu dién két qua & dang x + iy
Lw+w+2=0
2. w4+ w?+1=0

Gidi. Dat A = b® —4dacva § = x + 1y, z,y € R 14 mot trong hai gia tri ciia
(b? — dac)"’?. Ta co:

1. Taco A=1-—1,

22 —y? =1
P=A o Y

2xy =—-1

- (3) =1
54

2y =-—1

4ot — 422 -1 =0
=

CuuDuongThanCong.com https://fb.com/tailieudientucntt


http://cuuduongthancong.com?src=pdf
https://fb.com/tailieudientucntt

1.4 Integer and Fractional Powers of Complex Numbers

169

22 :1+2\/§
s
_ 1
y =z
o 1+2x/§
=
_ 2
y = 1+v2

Vay nghiém la

%

/1 + v2
1+ \/_ V1+vV2-V2
< w2 \/2(1+x/§)
/1 + V2 o
L+ *f Now 2O

Wi ()

2. Taco A=1—4=-3=6§=1iV3. Suy ra

hay

w:cis<g+k7r> \Y w:cis(—g+k7r), k=0,1

T dob ta c6 cac nghiém cua phuong trinh 1a

(w1:(31s (g—r) (wl—%Jrz'*/Tg
Wy = CIS (—%ﬂ) - Wy = —% — @‘/73
ws = Cis (—%) ws = % — 2‘/7?;

oi=cs ) o=t of
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170 Complex Numbers

Bai 1.4.12 [1.4.29]

1. Gid st rdng mot s6 phic duge biéu dién & dang z = rZf. Nhic lai ring

0 1 1 0 1 1 N
sin§ = 34/ 3~ écose va cosg = 14/ 5 + 50059, ching minh rang
Z;::l:\/F<\/1+20080+\/1—2<:OSHZ,>7 0<6<n

2. Giai thich tai sao cong thitc trén khong diang trén —7 < 6 < 0 va tim cong

thitc dang trén khoang nay.

\ T
3. Sit dung cong thitc duge suy ra ¢ 1. va 2. dé tim can bac hai cia 2cis <E> va

. T
2cis <——)
6

Giai.
1. Taco
1 . (0
22:\/Fc1s(§+k7r>, k=0,1
hay
1 e 1 e
22 = +/rcis B V 22 = —/rcis 5)

Vio<6d<mnén0<60/2<m/2 suyrasin(6/2) >0 va cos(0/2) >0. Do dé:

(o) ()
(o () ()

W
[
|

<
N
[N
I
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1.4 Integer and Fractional Powers of Complex Numbers 171

P \/;(\/1+COS(9+\/1—C0892,)
2 2
1 1 —
Vet _\/;(\/ +COS(9+\/1 COS@Z,)‘
2 2
2. Khi —7 <6 <0thi —7/2 < 6/2 <0, nén sin(6/2) < 0 va cos(0/2) > 0. Do do:

e (o () o (3))
(o (2) o (2))

@z% _ \/7_"< /1+cos€_ /1—(:0892_)
2 2
Vi - (\/1+2(2089_\/1 —2COS@Z,>

:i\/F< /1+20050_ /1_200892'>.

3. Taco0<7/6 <7va—7<—7/6<0 nén:

<
N
D=
I

[NIES

= 2
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Bai 1.4.14 [1.4.31] Cho m 1a mot s6 nguyen khéc 0. Ta biét réing zm ¢6 m gia tri
VA 2 ciing vay. Cho truéec mot gia tri z va m ta tim dugec mot gia tri cta 2w VA
mot gia tri cla P
1. Tich ctia ching c6 duy nhat khong?
2. C6 phai luon tim duge mot gia tri cia 2 dé véi mot gid tri cho trude z%, ta
S8 c6 zmzm =17

Gidi.

1. Tasé chiing minh tich cia n6 1a khong duy nhat. That vay, dit 2 = r (cos 6 + isin 0)

thi ta c6

1 1( (9 ]{3271') L. <9 k27
zm =rm|{cos|{——+—] +1smn E—i——

m m m . r B
L L ( ( 0 k/QW) o ( 0 k/27T>) VOl k, k' = 0, 1...m—-1 (].)
Z7m =r mfcos|——— +sm | —— —
m m m m
Do d6 ta sé thay tich z'/™ va z=%/™ la khong duy nhat. Vidu véi z =1, m = 3. Ta
suy ra
L (cos (0) +isin (0)) (cos (0) + isin (0)) =1 véik=F=
13.1735 =
2 2 1
(cos <§) + isin <§)> (cos(0) +isin(0)) = —3 —l—i\? véik=1, K =0

tit d6 ta két luan réng tich ctia 2'/™ va 2~'/™ khong duy nhét.
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1.4 Integer and Fractional Powers of Complex Numbers 173

2. Theo hé dang thiic(1) & cau trén thi ing véi mot gia tri cla zw hay tng véi

mot s6 k cho trude, ta sé chon k' = k thi ta sé c6 mot gia tri clia 27Ym ga0 cho
1 1
zm. 2z m =1,

( Thuc chat nhu da nhdc dén & mot s6 bai d trén thi Y™ ta co thé hiéu nhu mot tap
hop gom m gid tri nén noi dung cau 1. cé thé hiéu la “vdi moi a € 2Y™ va b € z=1/™
thi a.b ¢6 duy nhat hay khong” va noi dung cau 2. 1o “vdi moi a € 2™ héi ton tai
bezVm déab=1")

Bai 1.4.15 [1.4.32]

1. Chting minh ring néu m va n 13 nhitng s6 nguyén duong véi m # 0 va néu %
13 mot phan s6 t6i gian thi tap hop céc gia tri ctia zm (dinh nghia béi (z% n),
bang véi tap hop cac gia tri ctia (z")%

2. Néu % chua toi gian, thi (z%)n \z:) (z")% khong c6 cung tap gia tri. Hay so

. 2 g ) L, I, L )
sanh tat ca gia tri cia (ﬁ) va tat cd gid tri ctia (12)% dé thay diéu do.
Gidas.

1. Dat z =r(cosf + isinf) véi € [—m, x| thi ta ¢

( L)” n( (9+k27r> . (9+k27r))n
»in = rmw|cos | ——" ) +4sin [ —2C
m m

. 2 2
_ 2 (cos (ﬁe+”k ”) +isin (ﬁf)ﬁm ”)) k=01...m—1.
m m m m

-

(z”)i = [r"(cos (n#) + isin (nb))]

n k2 k'2
= rm (cos(£6+ 7T)—i—isin(ﬁe—l— W)) E=01...m-—1.
m m m m
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Ta dé théy duge tap gia tri cia 2"/™ C (z")"/™. Ta sé ching minh (z")"/™ c zv/m,

That vay, cho &’ bat ki thuoc {0,1...m — 1} ta sé tim k sao cho

k2 k'2
(264—” W)—(£9+ 7T) = p2n (V(ﬁpEZ),
m

m m m

titc nk — k'*m. Ta lai ¢c6 do n/m la phan s6 t6i gidn nén ton tai hai s6 nguyéen u, v

sao cho
un+vm = 1= n(uk')— kK =omk'

Tt d6 ta sé chon k = uk’ (modm) va 0 < k < m thi ta sé c6

k2 k'2
<£9+n 7T)—<£9—i- 7T>:p27r (V(’jipEZ).
m

m m m

Vay ta két luan

khi n/m toi gian.

- 2
(11)2 - cos(l%r)—i—isin(%r)] (voi k =0,1,2,3)

.

[—cos (0) + isin (0)]? 2 =1
B cos <§> + 4 sin (5)] =-1
[cos () 4 isin (7)) =1

cos| — | +esin | — = -1
L 2 2
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va
1 1 k
(12)4 = 14:cos<—7r>+ism
(cos(())—l—ism(O)
5 sisn )
_ CoS 5 7sin 5
cos () + i sin ()
<37r) . (
CoS | — | +18In
. 2
Vay

Tit d6 ta c6 néu n/m chua t6i gian, thi (21/™)" va

Bai 1.4.16 [1.4.33]

1. Xét biéu thic da tri thuc sau ’1% —m

minh ring gia tri nhé nhat ctia biéu thitc trén 1a 2sin (4

2. Tim biéu thtc ctia gia tri 16n nhat cta

N

(2™)"™ khong ¢6 cing tap gid tri.

, v6i m > 1 1a mot s6 nguyen. Chiing
)
—)

1

m |,

1 .
1m — 2

Glidi.
1. Taco
11 2kmw . 2km T 2k o T 2k
)1m—2m = cosS— +1sin—— | — | cos | — +sin | — +
2 2 2m m 2m m
2k T 2kt \ 12 . 2kw ) T 2k'w\1?
= COS —— 4+ Ccos | — + + [sin— +sin | — +
2 2m m 2 2m m
2km T 2k'm o 2k T 2k’
= 2—2(cos—cos| — +sin——sin | —
2 2m m 2 2m m
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2k 2k
= 2 — 2cos om_ T AT =2
2 2m m

v6i p 1a s6 nguyeén trong doan [1 — m,m — 1]. Ta thay

. s T
sin (— + p—) ‘
4m m

T T T T L.

T—— 2>—+p—2>— Vviip>0
m 4m m ~ 4m

T -7 <—7T—|— £<——7r vélip <0

4dm — 4m pm_ 4dm p

nén ta suy ra
2

s
sin [ — + >’>25in<—>.
(4m Pl = 4m
V6i k = K thi ta c6 dang thic x4y ra. Vay gia tri nhé nhét cta

1 B!
1m —gm

la

T
25 (—) .
S11n 4m

Bai 1.4.17 [1.4.34] St dung téng clia chudi hinh hoc va dinh ly DeMoivre dé suy
ra nhitng biéu thiic sau véi 0 < § < 2.

1+ cosf 4+ cos20 + ...+ cosnf =

sinf + sin260 + sin36 ... + sinnf =
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Giai. Ta co
zn: (cis () = 1-— ((:is.(&))”Jrl _ 1 —cos (n+1)6— z:s%n (n+1)6
— 1 —cis(0) 1 — cosf — isinf
2sin (n —1—21) i sin (n +21) b_ zcosw
N 0 00
281I1§ sm§ — zcosé
1 1
N L U0 LA I 0 L
B > 2 2 2 2
9 Cos 575 =+ 281n 57 3
. (n+1)0
= - 2 (cos (n_@) + 1s8in (n_G))
Sing 2 2
2
Mat khac
Re (Z (cis (9))k> = 14 cosf + cos20 + ... + cosnb,
k=0
Im ( (cis (0))k> = sinf + sin260 + sin36 . . . + sinnd.
k=0
Suy ra

1+ cosf + cos260 + . ..

sinf + sin26 + sin36 . . .

CuuDuongThanCong.com
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Bai 1.4.18.[1.4.35] Néu n 1a mot s6 nguyen khong nhoé hon 2. Chiing minh rang:

cos (22) + cos (&) + - -+ + cos [2(”;1)”} =-1
sin (%) +sin (42) + -+ sin | 2201] =g

Gidi. Dat w = e*™/™ Ta c6

”1[ (m) ) (Qkﬁ)] — , 1l-—un
Z Cos +sin | — = w" = =0
n 1—w

k=0

cos (0) + cos (%) + cos () + - - - + cos [2(n—1)7r] -0

n

sin (%) +sin (57) + -+ + sin [2("_1)”} =0

n

coS (2—”) —+ cos (

sy =1
SN—"
_l_
+
wn
@,
=
| — |
8
|
=
3
—_
Il
o

n
sin (2“) + sin (

1.5 Points, Sets, Loci, and Regions in the Com-
plex Plane
Bai 1.5.1 [1.5.1] Dung 16i hodc mot bang tom tat miéu t4 mot phan ctia mat

phéng phiic tuong tng véi nhitng phuong trinh hoiic bat déng thiic sau. Trudng hop
khong ¢6 161 giéi 1a truong hop chi duge théa man béi tap rong.

1
1. Re(z) = —3

2. Re(z) > Im (z +1)

3. -1 <Re(2) <Im(z+1)
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1.5 Points, Sets, Loci, and Regions in the Complex Plane 179

Hinh 1.5.1
4. zz=1+1
5. Re(z) = Im (2?)
6. 1<ell <2
Giai. Dat z =x + iy

1 1 ) 1 )
1. Re(z) = —3 S = ~3 Day la duong thang =z = —3 trong mat phang phtc.

2. Re(z) > Im(z+i) & x > y+ 1. Day 1a mot ntta mit phang phitic nim phia
dudi bén phai duong thang r = y + 1, khong tinh duong thang nay.

3. —1<Re(z)<Im(z+i)e-1<zx<y+1

4. 2z=1+1i< 2?2+ y*> =1+ i. Phuong trinh vo nghiém. Chi c6 tap () tuong ting
v6i phuong trinh nay.

5. Re(z) =Im(2?) & z = 2zy. Tap hop nhitng s6 phiic 2 thoa diéu kien nay duge

2 ~ 2 1 2
bieu dién bdi duong thang r =0 va y = 3 trong mat phang phiic.
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180 Complex Numbers

6. 1<elfl<2e0< |2l <log2 <0< /22+y? < log2. Day la hinh tron xung
quanh goéc toa do, trit di tam, khong tinh bién, c6 ban kinh log2.

Bai 1.5.5 [1.5.19] Gi4 sit cho trudc hai tap A va B. Hai tap nay c6 thé c6 hosic
khong c6 diém chung. Hop ctia hai tap A va B, ki hieu bsi AU B la tap hop tat
ca cac diém thudc A hoac thuoc B. Va phan giao ctia A va B ki hieu béi AN B la
tap hop tat ca cac diém thuoc cd A va B. Trong nhiing tap sau day, tap nao la lien

thong? Tap nao 1a mot mién md lién thong?

1. Tap AU B, AN B v6i A gdm tat ca cac diem |z —i| < 1 va B la tap hop tat

ca cac diem |z — 1] < 1

2. Tap hop AN B véi A gom tat ca cac diem |z| < 1 va B la tap tat ca cac diém
c6 Re(z) > 1

3. Tap hop AN B véi A gom tat ca cac diem |z| < 1 va B la tap tat ca cac diém
c6 Re(z) > 1

Giai. Dat z =x + iy

1. AU B, AN B deéu la nhiing tap md lién thong.

2. A la hinh tron tam 0, ban kinh 1 va B la nita mit phing ké cd bd & bén phai
duong thang z = 1. AN B = (0,1) 1a tap c6 duy nhat mot phan tit. Day la mot tap
khong md.

3. AN B =(. Day la mot tap mS nhung khong lién thong.
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os
K/

Hinh 1.5.2

1.5

0.5

h
1/

-1,5

Hinh 1.5.3
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Bai 1.5.8 [1.5.33] Theo dinh 1y Bolzano-Weierstrass, mot tap bi chan c6 vo han

2 9. P £ ~ + 2 2 ~ 2 LN 2 N . m
diém phai c¢6 it nhat mot diem tu. Xét tap hgp cac nghiém ctia y = 0 va sin (—) =0
x
nam trong mién 0 < |z| < 1. Tap hop nay c6 diem tu ndo? Chitng minh két qua

~ 2 ’ 2 > LI PN ~ 2 . 2 N & , - A ~ « 2 N
mot cach chinh xac rang moi lan can ctia diém nay phai chita it nhat mot diem nam

trong tap hgp da cho.

Giar. Ta co

1 1
e { (b pensa Jof(to)reess )

Ta chitng minh ring O = (0, 0) 1a diém tu, tic
1
Vr>0,dm e Z\{-1,0,1}: ’—‘ <r.
m

bit zo = 1/m thi
z0€ AN(D(0,7)\{0}).

Vi vay,
Vr > 0,(D(0,r)\ {0}) N A% Q.

Nghia 1a O = (0, 0)la diém tu cta A.

Bai 1.5.9 [1.5.34]

1. Khi tat ca cac diem trén duong tron don vi |z| = 1 chiéu lap thé len trén hinh

cau s6 Riemann, ching nam & dau?
2. Khi tat ca cac diém ndm trong hinh tron duge chiéu lén thi chiing nim & dau?

3. Khi tat ca cac diém nam ngoai hinh tron duge chiéu lén thi ching nim & dau?

Glidi.
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1. Khi chiéu cac diem trén duong tron don vi lén hinh cau s6 Riemann, ta sé nhan
duge mot duong tron nam trén hinh cau nay c6 mit song song véi mit chita hinh
tron don vi va cac duong thang sé quét thanh mot mét non c6 truc la truc ¢ va day
la hinh tron don vi. Goi 6 la géc gitta mat nén va mat day, r 1a ban kinh ctia hinh
chiéu. Ta s& tinh r. Ta c¢6 tanf/2 = 1/2 nén

)
2tan—
4
g 24
1+ tang 5
2
va )
1-— tang
2 3
cos) = ————F5= —
1+ tang k
2
Suy ra
¢ - 4
= sinf = —
5
va

2
r COSs 5

Tiic 1a hinh chiéu ctia dudng tron don vi ndm & cao do ¢ =4/5 va ¢6 ban kinh la
2/5.

2. Néu tat ca cac diém ndm tren dudng tron dude chiéu len thi tap hop anh la mot
phan ctia hinh cau tinh tir duéi lén, duge giéi han bdi duong tron hinh chiéu ta vira
tim dugc G trén.

3. Néu tat ca cac diém nim tren dudng tron dude chiéu len thi tap hop anh la mot
phan ctia hinh cau tinh tit trén xudng, dude gidi han béi duong tron hinh chiéu ta

via tim duoc 6 trén.
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184 Complex Numbers

Bai 1.5.10 [1.5.35] Sit dung phép chiéu lap thé dé xac minh ménh dé sau: hai nita
dudng thang vo han y = x, x > 0 vhy = —z, < 0, cit nhau hai lan, mot & goc toa
do va mot ¢ vo han. Hinh chiéu clia hai duong thang nay lén hinh cau s6 Riemann

la gi?

Gidi. Hai nita dudng thang nay hién nhien 14 cit nhau tai géc toa do. Khi cac diem
trén hai nita duong thang tién vé vo cuc, hinh chiéu ciia chiing lén truc ¢ sé tién vé
dinh N ctia hinh cau Riemann. Va hinh chiéu & vo cic ciia ca hai nita dudng thang
nay deu la N. Vi vay, ching giao nhau 6 vo ciyc. Toan bo hinh chiéu ciia cd hai duong
thang nay lén hinh cau Riemann 14 hai duong kinh tuyén ma c6 hai mat phang kinh

tuyén tuong ting vuong goc v6i nhau.

Bai 1.5.11 [1.5.36](khong biét sai ché nao)

1. Néu z = z; + iy;va néu 2’ (hinh chiéu ctia z 1én hinh cau Riemann) c¢6 toa do

2, 9/, ¢’. Chitng minh bang dai s6 rang:

, 2ty N 3+ i , 3+ i
(=5 =0 |\l-—5———|, ¥y=n|\l-—S—F—
ri+uyp+1 ri+yi +1 ity +1

2. Xét hinh tron ban kinh 7 nim trong mit phéng zy. Hinh tron c6 tam la goc
toa do. Hinh chiéu lap thé ctia duong tron nay lén hinh cau s6 1a mot duong
tron khac. Tim ban kinh ctia duong tron nay bang cich sit dung nhitng phuong

trinh trén, kiém tra két qua bang hinh hoc.
Gidi.
1. Dé chiéu z len hinh cau s6, ta vé dudng théng di qua z , cit truc ¢ tai M va tiép

xtic v6i hinh cau s6 tai 2. Lic d6 2’ 1a hinh chiéu ctia z. Goi 79 = 1/2 1a ban kinh clia

hinh cau s6 va 6 1a géc gitta dudng thang qua z va mat phang zy. Khi d6 ¢’ = |z|sinf.
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Khoang céch clia z dén goc toa do 1a |z| = \/2? 4+ yi. Ta c6, tan (6/2) = 1o/ |z|, suy
ra
0 7o
Pan 9.0
- S = 1 1 '
- 0\° ro\® e+ 73
14 | tan— I+ —
2 2]
Vay
9142 2 2, 2
C':|z|sin9: ’;‘ 7o _ |Z’ _ T+ T
’Zl +7n(2) ’Z|2—|—1 e e
4 1 y]_ 4

Stt dung dinh 1y Thales trong khong gian, ta suy ra:

8

/ !
— 0
2 _y _ = lefeost
T n |Z|

Vay
(

¥ =1 (1 — cosh) = xy <%> =1 L
2P +13 ., 1
20" +y "+~

2+ Y+ -

’ . _Y 2r2 o 1
Yy =11 (1 COSQ) = <|Z\2+07"8> = 5 < 1)

2. Dat ' la ban kinh cia dudng tron thi

" = r(l—cost) =r

27‘(2) 2r
fr— T pry .
72 + 12 4r? 4+ 1

CuuDuongThanCong.com https://fb.com/tailieudientucntt


http://cuuduongthancong.com?src=pdf
https://fb.com/tailieudientucntt

186 Complex Numbers

CuuDuongThanCong.com https://fb.com/tailieudientucntt


http://cuuduongthancong.com?src=pdf
https://fb.com/tailieudientucntt

C%uanggz
2\

The Complex Function and Its

Derivative

Muc luc
2.1 Introduction| ... ... ... ... . 188
2.2  Limits and Continuity | . . . . ... ... ... ....... 201
2.3 The Complex Derivative |. . . . . . ... ... ....... 212
2.4 The Derivative and Analyticity | ... ... ........ 221
2.5 Harmonic Functions]| . .. ... ... ... ......... 243

2.6 Some Physical Applications of Harmonic Functions | . . 265

CuuDuongThanCong.com https://fb.com/tailieudientucntt


http://cuuduongthancong.com?src=pdf
https://fb.com/tailieudientucntt

188 The Complex Function and Its Derivative

2.1 Introduction

(z—1i)(2—2)

Bai 2.1.1. Gid stz =z +iy. Dat f(z2) = Erm
z CoS T

. Tai nhitng noi nao trong

nhitng mién sau, ham nay khong xac dinh.

L |z] <1
2. |z| < L1
3. |zl <2
T
4.z —(1+17) | < =
2 (—l—z)2 5

Gidi. Ham nay khong xac dinh khi 22 + 1 = 0 hodc cosx = 0, tiic 1a 2y = £i hodc
™ .
20 = j:§ + 2.

e Néu zp = +i thi || = 1 nén z ¢ {2 : |z| < 1}.

2
. Néuzozj:g—l—iythi |Zo|:\/(g) +y222>1nénzo¢{z:|z]<l}.

Vay ham nay khong noi ndo ma khong x4c dinh trong mién |z| < 1.

e Néu zp = +i thi |2 =1 < 1.1 nén z, € {z: |2 < 1.1}

2
e Néu zozzl:g—l—iythi |z0|:\/<g> +y222>1.1 nén zo ¢ {z: |z| < 1.1}.

Vay ham nay khong xac dinh tai z = +1.
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2.1 Introduction 189

e Néu zp = +i thi [2] =1 < 2mnén 2 € {z: |2] < 2}

T\ 2 72 72
o Néu 2 = :|:2+1yth1|zo|— (§> +12 <2 — 4—Z<y< 4—Z.

2
Vay ham nay khong xac dinh tai z = i hodc trén duong thang » = :I:g, —\/4 - % <

2

m
4——.
y < 1
4.
Né thi (1+)‘ \/+<1 W)Z \/(2 )+(W)2<W
[ ) e = — — = —_— = — — —_
u zo = 7 thi |z )5 5 m 5 5
nénzoe{z:‘ (1+1) ‘<g}
Né [ thi |20 — (144) ‘ ¢L+O+ﬁ>2 ¢@+ y+(v2>ﬁ
e Néu zp = —i thi i) =| = LI R ™ ™
° 2 2 YT\2) 73
nénzogé{z: z—(l—l—i)g‘ g}
2
oNéuzOZZ—l—iythi zo—(l—{—i)z‘: <y—z> <z<:>0<y<7r.
2 2 2 2
2
oNéuzoz—g—i—iythi zo—(1+i)g‘—\/(ﬂ)2+<y—g> 27r>g. nén

zogé{z: z—

(1+wg‘<g}

Vay ham nay khong xac dinh tai z = ¢ hodc trén duong thing « = g, 0<y<m.

Bai 2.1.2. V6i mdi ham sau day, tim f (1 + 2i) 6 dang a + ib. Néu ham khong x4c
dinh tai 1 + 24, chi ra ham doé

1. 2241
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190 The Complex Function and Its Derivative

1
3. 2+ — +Im(z)
z

z
cosT + isiny
Giai.
1 f(1+2)=(1+2)°+1=—-2+4i.

2. Ham nay khong xac dinh tai 1+ 2i vi (14 2i) (1 —2i) —5 = 0.

3. f(142) =142+ 75 +Im(1+2)=1+2+ 2 +2=104%

N 142 142i - :
4. f(1+2i)= cosliisin2 = 0.5403++i.9093 = 2.1085 + 0.1531z.

Bai 2.1.3. Viét nhitng ham theo 2 sau thanh dang u (x,y) + v (z,y), v6i u (z,y)

va v (x,y) 1a nhitng ham thuc cta = va y.

Glidi.
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1. L 1 — z=ilty) x s 14y

= = i .
i ati(ly) 24 (14y)? | 24 (14y)? | 224 (14y)2

1 -1 - Ty - T ; __Y¥
2. Z+Z—x+iy—|—1—x2+y2+l——x2+y2+l<1 12+y2>.

4. Ptz=(r+iy) +otiy= (" = 3wy’ +2)+i (B2 -y’ +y).

5. P +z=(r—iy)’ +a—iy= (" = 3wy’ +2) +i(=3y +y’ —y).

Bai 2.1.4. Viét nhitng ham sau theo z va néu can thiét Z nhu 13 hang. Nhu thé

thi z va y khong duge xuat hien. Don gian héa cau tra 15i dén miic c6 thé

1. 412y
1 1
2. —+ —
Ty
3. ix? + 9P
T ) 1Y
4. x4+ ——+ 1w+
72 92 Yy 22 + 42
S __ z+z 3 _ z—Zz A
Gidai. Thay z = 5% vay = 5=, ta ¢

; __ ztz F)Z—Z 3, 1%
1. x+i2y = 5= +i257 = 52 — 52
1 1 _ 2 24 2 2 4z
2 z + Wy 24z + i(2—%) 24z + z—Z 2272
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4. =z + ng_yQ + Zy + W —

21y?

i z+z — 222
z+z 2 c2—Z 2
2 + zz +1 21 + 2z zZ+

SO

Bai 2.1.5. V6i mdi ham sau, 1ap bang gia tri cia ham véi nhing gia tri cua z

1,144, 4, —1+14, —1. Chi ra biang do6 thi sy phu hop giita nhiing gia tri ciia w va
nhitng gia tri ctia z béi bieu do giéng Fig. 2.1-2

1. w=1i(z+1)

2. w=1i/z

3. w = arg z gia tri chinh

4. w =23
Glidi.
1.
z w=1(z+1)
1 -1+
1+ 241
1 -2
-1+ -2 —1
-1 —-1—3
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2 2
16} - 15¢ -
] I B
1F [ ] [ ] [ ] B 1r #E LIS b
05t B 05t B
OF [ ] [ ] B OF *C b
E A
051 B 051 B
-1F B -1 &0 ®E b
16} B 15¢ B
iy 1 1 1 2 1 1 1
-2 -1 0 1 2 -3 -2 -1 0 1
Hinh 2.1.1
2.
y4 w = i
z
1 1
. 1 7
1414 513
1 1
. 1 i
-1 —1
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2 T 2 T T T T T T T
1581 b 158F b
D C B
1+ L] L] L] B 1r B
0&F B 05 B
oF » * b OF LIS L) b
E A
0.5 b 0.5 L0} L5} b
1+ B 1r L% b
148F B 151 B
2 L I I I I I I 2 L L L L L L L
2 15 1 05 0 0s 1 15 2 -2 14 1 05 0 05 1 15 2

Hinh 2.1.2

z w = arg z gia tri chinh
1 0
U
141 -
+1 1
. 7t
Z f—
32
7
144 °C
+1 1
—1 T
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2 1
15l ] 08¢ .
06r .
1 &0 ®C ®5 -
04r .
oar i 02+t .
0 o Y- A B @C &0 @ -
0sl i 02 .
04t i
A d
0B} .
158} . osl i
iy 1 1 1 -1 1 1
2 1 0 1 2 0 2 3 4
Hinh 2.1.3
4.
z w =23
1 1
1+7 | =24+ 24
1 —1
—14+2| 2+ 2
—1 —1
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2 3
.| | 25t -
2t B .0
1 0 #C e -
15} -
05} - il |
a L= L AT 0.5 _
asl | of LT T
05 -
1t 4
At . -
15} 1 sl l
2 2
2 4 0 1 2 2 0 2
Hinh 2.1.4
< 1 A
Bai 2.1.6. Cho f(z) = -. Tim
z+1
1
17 (2)
2
2. f(f(2)

1 ()

4. f(z+1) theo dang u (z,y) + iv (z,y)

Gidi.
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3. f(7y) =S+ =5 = o

N1 1 _ z—i(y+2) z o yt2
4 fet) = 5m = T = Fre? P e

Bai 2.1.7. Xem Fig.2.1-2. Néu ching ta da tim anh ctia nhiéu diém duéi anh xa,
thay vi bén diém da ding & day, ching ta phai viét chuong trinh may tinh don gian
trong MATLAB, hodac mot ngon ngit c6 thé so sanh duge, khong chi dé tim anh ma

con vé ching trong mat phang w.

1. Xem 10 diém nay nim doc theo mot duong thing ndi diem B va C trong
Fig.2.1-2: 1+0.12,140.24, 1 4+ 0.37, ..., 1 +4. Dung chuong trinh may tinh, thu
dugce &nh ctia nhitng diém nay, dung lai w = 22 + z, va vé chiing. Dung tap

tuong tu clia truc toa do da diing trong mat phang w trong Fig.2.1-2.

2. Lam lai phan (1) nhung ding nhitng diém ,0.1 4+14,0.2 +,0.2 4+ d,...,1 +14,

nhitng diém ndm tren duong thang néi diem D va C.
Gidi.
1. Ta dung doan lénh:

>> syms t

>> t=[0:0.1:1]*1;
>> z=1+t;

>> w=z."2+z;

>> u=real(w);

>> v=imag(w) ;

>> plot(u,v,’*’)
>> grid

>> axis([-1 2 0 3])
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251

2. Ta dung doan lénh:

>>

>>

>>

>>

>>

>>

>>

>>

>>

syms t
t=[0:0.1:1]*i;
z=1i+%;

w=z."2+z;
u=real (w) ;
v=imag(w) ;
plot(u,v,’*’)
grid

axis([-1 2 0 31)
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i I i i L
-1 -05 0 04 1 14 2

Hinh 2.1.6

Bai 2.1.8. Dung MATLAB thu dugc do thi ba chiéu so sanh véi Fig.2.1-3(a)-(c)

va cho z nhiing gia tri trén lu6i trong mién clia mit

31

2
phéng phiic dinh béi —1 <z <1,-1<y <1,

nhung dung ham f(z) =
z

3
rT—1|y— =
f(2) : : - -
z) = 4 = = —1
v+ily=3) ?+(y—3 2 v+ (y—3 2 x? + y—§ 2
2 2 2
Vi thé
1 1
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0.2 | | | | I I

1
Hinh 2.1.8: Im—

_ 3
© T
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-1 —W
1 0s as

o 0.5 E 05 o

Hinh 2.1.9: Re

30

2T

2.2 Limits and Continuity
Bai 2.2.1.

1. Cho f(z) = z. Chitng minh giéng nhu vi du 1 rang lim,_,,, = zg, véi 2o 1a mot

sO phic bat ki.

2. Dung dinh nghia tinh lién tuc, giai thich tai sao f (z) lién tuc tai z.

Glidi.

1. Taco f(z) =2z fo = 2. V6i moi e > 0, thi ton tai § = ¢ sao cho

1f(2) = fol = |z — 20| <¢

v6l moi z théa |z — 29| < e. Vay lim,_,,, = 2.
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2. V6i moi € > 0, thi ton tai § = € sao cho

1f(2) = f(z0)| =]z — 20| <e

v6i moi z théa |z — 2| < e. Vay f (z) lién tuc tai z.

Bai 2.2.2. Cho f(z) = ¢ v6i ¢ 1a hing s6 bat ki. Dung dinh nghia gi6i han va liéen

tuc, chiing minh rang f (z) lien tuc véi moi 2.

Gidi. V6i moie > 0, thi ton tai d = ¢ sao cho

lf(z1) = f(22)|=]c—c=0<c¢

v6l moi 2y, 2o thoa |21 — 29| < e. Vay f (2) lién tuc tai moi z.

Bai 2.2.3. Gia dinh tinh lién tuc ctia ham f (2) = 2z va f (2) = ¢ v6i ¢ 1a hing s6
(da chiing minh trong bai tap 1 va 2), ding dinh 1y 2 dé chiing minh tinh lién tuc

ctia nhitng ham sau. Cho z = = + iy.

1. f(z) =142® 4+, v6i moi 2

L
2. f(2) = % véi moi z # +3i
1+i
3 et
f(z) +z2+3z+2

4. f(2)=|z+1i]+ (1 +1) 2, v6i moi z
5. f(2) =22 + 2% — 9, v6i moi z

6. f(z)= ;:i,v(ﬁ moi z # —1i

Glidi.
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2.2 Limits and Continuity 203

1. Do iz® = izzz la tich ctia nhitng ham lién tuc nén lién tuc, ¢ 14 ham lién tuc,

nén iz> + 4 1a tong ctia hai ham lién tuc nén la ham lién tuc véi moi 2.

2. Do 1+ la tdng ctia hai ham lién tuc nén lién tuc, 22 +9 14 tong ctia nhitng ham

lién tuc nén lién tuc ngoai trit z = +3¢. Do do

142
2249

1 ti s6 clia hai ham lién tuc nén 1a ham lién tuc véi moi z # +3i.

3. Do z* = zzzz la tich cia nhitng ham lién tuc nén lién tuc, 1 + 4 1a téng clia hai
ham lién tuc nén lién tuc, 22 + 3z + 2 1a téng clia nhimg ham lién tuc nén 14 ham

lien tuc trén C\ {—1, -2},
1+

224+ 3242

1 ti s6 clia hai ham lién tuc nén 1a ham lién tuc, 1a tong ciia hai ham lién tuc nén

4+L
2243242

la ham lién tuc véi moi z # —1, —2.

4. Ta c6 |z +i| la ham hiang nén 1a ham lien tuc, (1 +¢) z 1a tich ctia hai ham lién
tuc nén 1a ham lien tuc. Do d6|z + | + (1 +14) 2 1a tong ctia hai ham lién tuc nén 1a

ham lién tuc v6i moi z.

5. Ta co 22 = zz la tich clia hai ham lién tuc nén 1a ham lién tuc, 2° — y? 1a ham
hing nén 14 ham lien tuc. Do d6 2z + 22 — 3 la tong clia hai ham lién tuc nén la

ham lién tuc véi moi z.

CuuDuongThanCong.com https://fb.com/tailieudientucntt


http://cuuduongthancong.com?src=pdf
https://fb.com/tailieudientucntt

204 The Complex Function and Its Derivative

6. Ta co z — i la tong cta hai ham lién tuc nén la ham lién tuc, Z — ¢ la tong cia
. N s ~ N N oA . AN . z z - Z
hai lam lién tuc nén la ham lién tuc ngoai trit z = —i. Do d6 —
Z —

la t1 s6 cta hai

ham lién tuc nén la ham lién tuc v6i moi z # —1

sinx +¢siny

Bai 2.2.4. Ham ro rang khong xac dinh tai 2 = 0. Chting minh réng

T — 1y
n6 khong c6 giéi han khi z — 0 bang cach so sanh nhitng gia tri gid dinh bdi ham

nay khi goc toa do xap xi ba duong: y = 0,2 > 0;2 =0,y > 0;2 = y,x > 0.
Gidi.
o Xéty =0, z>0th

sinx +1isiny  sinx

T — 1y T
) sinx
va lim,_,o+ =1.
e Khix =0, y >0 thi
sinx +isiny  siny
T — 1y N Y

siny 1

va lim, o+ —

e Taiz =y, > 0 thi

sinx +isiny (1+i)sinx  sinx
= i
r—1y (1—i)x x

sinx

va lim,_,o+ ¢ = 1.

Vi cdc gia tri gidi han trén khong bang nhau nén ham nay khong c6 giéi han khi

z — 0.
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2.2 Limits and Continuity 205

Bai 2.2.5. Chting minh rang ham sau lién tuc tai z = 4. Giai thich giéng vi du 4.

Flo) = —2T0 i f) =i

22 —3zi—2’
Gidi. Ta thay f (i) xac dinh va bang . Ta ¢6

z—1 1 1 . .
&) == "o ica =10

khi z — i. Vay f(z) lién tuc tai z = i.

Bai 2.2.6.

. 2 =524+6 N )
1. Ham f (2) = g X dinh v6i z # +2. Ham nay nén dinh nghia nhu
Z —

thé nao tai z = 2 dé f (z) lién tuc tai 2.

1 +102249
2. Ham f(z) = % xac dinh v6i z # 3¢ va z # ¢. Ham nay nén dinh
22— diz —

nghia nhu thé ndo tai z = 3i va z =4 dé f (z) lién tuc tai moi nai.
Gidz.
1. Dé ham nay lien tuc tai 2 thi f(2) — f(2) khi 2 — 2. Ta ¢6

22—5246 (2—-2)(z—3) 2z-3 -1

) = =G+ 12 1
Vay f(2) = —1/4 thi f(z) lién tuc tai 2.

2. Dau tien ta ¢ f (z) lien tuc trén C\ {i, 3i}. Mat khac, ta c6

4102249 (2 —0) (244) (2 = 30) (= + 3i)
I&) =5, =3 ~ (2 =) (= = 30)

= (2 414) (= + 30).
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206 The Complex Function and Its Derivative

Nhu vay khi z — 3i thi f (2) — —24, va khi z — ¢ thi f (2) — —8. Vay f (3i) = —24
va f (i) = —8 thi f (2) lién tuc tai moi nai.

Bai 2.2.7. Trong bai nay ching ta chiing minh chinh xac, dung dinh nghia cta

gidi gian tai vo cling, rang

im =
z—o00 1 + 2
e . a1 1
1. Giai thich tai sao, cho £ > 0, ching ta phai tim mot ham r (¢) sao cho ) <
z

e v6i moi |z| > r.
2. Diing mot bat ding thitc tam gidc, ching minh ring bat ding thitc nay thoa

néu ta chor > 1+ =.
€

Gidi.

1. Theo dinh nghia, néu
z

lim =1
z—00 | + 2z
vl moi € > 0 cho trude, ton tai r (g) sao cho
2
-1} = -1 = <e
7 () | ‘ I+2 ' z+1

v6i moi |z| > r. Vay v6i moi € néu ta tim duge mot ham r (¢) sao cho |1/ (2 +1)| < e

véi moi |z| > r thi ta ¢6 diéu phai chiing minh.

2. Theo bat dang thiic tam giac, ta c6

DS N DR
z4+1] Jz+1] |z =1 " r—1
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2.2 Limits and Continuity 207

v6i z # —1. Do d6 ra can chon sao cho 1/ (r — 1) < e hay r > 1/e + 1.

Bai 2.2.8. Bai toan sau dya vao dinh 1y 2(d). Cho f(z) =z —i.

1. Trong mién R cho bdi |z| < 1, ta ¢6 |f (2)] < M. Tim M sao cho ton tai z
trong R sao cho|f (z)| = M . Noi nao trong mién déng nay |f (z)| = M.

2. Lam lai cau (a) nhung R 1a |z — 1] < 1.

3. Lam lai cau (a) nhung dung ham va mién R dinh nghia trong cau (b).

z—1
Giaz.
1. bat z=x+1iy. Taco
[f ) = Je+(y—1)1
= 22+ (y-1)°

= Va2+y2 -2 +1

\/1+2\/;1:2+y2+1
2

IA

<

Diang thitc x4y ra khi va chi khi # = 0, y = —1. Vay M = 2, va khi z = —i thi
f)=2

2. Taco
z—1<ley/(z -1 +y2 <1,

(z—1-y)?
N ) Y, Y

do do
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208 The Complex Function and Its Derivative

FE = a2+ -1
— Je-1 20—y

< \/1+2<\/§+1>

= V2+1.
Déng thic x4y ra khi va chi khi
14 -
Tr = =) = —
vz TR
Vay M = +/2 + 1, va khi
1 —1
z2=1+—+
V2 V2
thi |f(2)] = M.
3. Taco
z—1]<e/(z -1 +y2< 1.
Mat khéac,

V-1 42+ 22+ 172 -1+ (y—y+1)° = V2.

P4 y-1>V2— [z - 1) +y2 > V21,

suy ra

1
|f(2)] = < :
:c2—|—(y—1)2 V2-1
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2.2 Limits and Continuity 209

Diang thitc x4y ra khi va chi khi

1
Vay M = ———, va khi
N V21
1 1 n 1
z=1——+—
V2 V2
thi f (z) = M.
Bai 2.2.9.

1. Biét rang f (2) = 22 lien tuc moi ndi, dung dinh 1y 2(c) dé giai thich tai sao

ham thyc zy lién tuc moi noi.
2. Giai thich tai sao hamg (z,y) = zy + i (z + y) lién tuc moi nai.
Gidi.
1. Dit z =z 4y thi f(2) = (z +1iy)” = 22 — 3% + 2izy. Vi f (2) lien tuc moi noi
nén theo dinh 1y 2(c) thi ham 2zy cing lién tuc moi noi. Vay ham xy lién tuc moi

noi.

2. Vi ham zy va z +y lién tuc moi noi nén theo dinh 1y 2(c) thi ham zy + 1 (z + y)

lién tuc moi nai.

Bai 2.2.10. Ching minh bang phan thi du, ring téng ctia hai ham khong c6 giéi

han tai diém 2z, c6 thé c6 giéi han tai diém do.

1 1

Gidi. Xét hai ham f(z) =14+ - vag(z) =1— —, thl f(2) va g(z) khong c6 gi6i
z z

han tai zp = 0. Nhung ham f (z) + ¢ (2) = 2 1a ham héng, c6 gidi han tai zy = 0.
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210 The Complex Function and Its Derivative

Bai 2.2.11. Chiing minh bing phan thi du, ring tich ctia hai ham khong c6 gidi

han tai diém 2y, c6 thé c6 giéi han tai diém do.

Giai. Dat
g(z)=1 ,néuxz>0

g(z)=-1 |, néuz <0

h(z)=-1 , néuz >0

hiz)=1 ,néux<0'

Ta thay g (z) va h (z) khong c6 gi6i han khi z dan vé zy = 0. Mit khac g (2) h(2) = —1
1a ham hing v6i moi 2. Vay da da dua ra phan thi dy, rang tich ctia hai ham khong

c6 giéi han tai diém 2, c6 thé c6 giéi han tai diém do.

Bai 2.2.12 Chiing minh ring, trong trudng hgp tong quét, néu g (z)cod giéi han
khi z dan t6i 2o nhung & (2) khong c6 gidi han, thi f (2) = g (2) + h (z) khong c6 gisi
han khi z dan t6i 2.

Gidi. Gia st f (2) 6 gidi han khi z dan t6i 2q, thi do g (2) cling ¢6 gidi han khi 2
dan tdi 2, nén f (2) —g (2) cling ¢6 gi6i han khi z dan t6i zo. Ma f (2) —g (2) = h(2).
Do d6 h (z) ciing c6 gi6i han khi z dan t6i zg. Diéu nay mau thuan véi gid thiét h (2)
khong c6 gidi han. Vay f (z) khong c6 gi6i han khi 2 dan t6i zg.

Bai 2.2.13. Bai toan nay ddi v6i nhitng ham bién phiic c6 giéi han clia vo cling
(hodic o0). Ching ta néi rang lim, .., f (z) = oo néu, cho p > 0, ton tai mot § > 0
sao cho |f (2)| > p v6i moi 0 < |z — 2| < §. N6i cach khéc, ta c6 thé lam do lon ctia
f (2) vugt qua sb thuc p cho truée néu phan du bat ki noi dau trong lan can bi bd di

cla zp. Ban kinh ctia lan can nay, ¢, dac trung phu thudc vao p va co lai khi p tang.

CuuDuongThanCong.com https://fb.com/tailieudientucntt


http://cuuduongthancong.com?src=pdf
https://fb.com/tailieudientucntt

2.2 Limits and Continuity 211

N 1
1. Dung dinh nghia, chitng minh rang lim,_,o — = co. Chiing ta nén chon ¢ la gi?
z

2. Lam lai bai toan truéc, nhung ¢ day la khi z — 1.

z— i)
3. Xem lai gidi tich thyc va gii thich tai sao ta khong néi rang lim, o — = oo.
x

Tuyén bo chinh x4c 1a gi? Trai nguge diéu nay dén két qua cau (a).

4. Dinh nghia diing & trén va trong cau (a) va (b) khong thé ding cho nhiing
ham ma giéi han tai vo6 cung la vo cung. 0 day ching ta thay doi dinh nghia
nhu sau: ta néi rang lim, ., = oo néu, cho p > 0, ¢6 r > 0 sao cho |f (2)] > p
v6i moi 7 < |z|. N6i cach khéc, ta c6 thé lam cho do 16n ciia f (2) vugt qua sd
thuc p cho truée néu tai diém it nhat mot khoang cach r tit gbc toa do. Dung

dinh nghia, chiing minh rang lim,_,o 22 = oo. Ta nén chon 7 nhu thé nao?.

Gidi.

1. Cho p >0, tim ¢ > 0 sao cho |f (z)] > p v6i moi 0 < |z — 0| = |z| < §. Ta ¢

1
2|

SO

nhu vay ra chon § sao cho 1/0 > p, hay 6 < 1/p. Liac d6, theo dinh nghia thi

lim, ,o1/2 = occ.

2. Cho p >0, tim 0 > 0 sao cho |f (2)| > p v6i moi 0 < |z —i| <. Ta co

1 ‘_ L1
]z—z']z 62’
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212 The Complex Function and Its Derivative

nhu vay ra chon d sao cho 1/6% > p, hay § < 1/,/p. Lic d6, theo dinh nghia thi

, 1
lim —5 = 00.

z—1 (Z — Z)
3. Trong giai tich thyc, giéi han ctia mot ham xac dinh phat biéu ring néu giéi han
trai va giéi han phai ton tai, va hai giéi han nay bang nhau. Ta khong thé khang
dinh lim,_ o 1/x = oo vi ta khong biét chinh xac x tién vé lan can trai hay lan can

phai cuaa 0, vi
) 1
lim, .o+ — = 400

lim, ,o- = = —o0
x

4. Cho p >0, tadi tim r > 0 sao cho |f (2)| > p v6i moi |z| > r. Ta c6
() = |22 = |2 > o2,

nhu vay ta chon r sao cho r* > p, hay r > /p. Liuc d6, theo dinh nghia thi

lim,_, 22 = 00.

2.3 The Complex Derivative

Bai 2.3.1. Vé ham thyc f(z) sau trén khodng x4dc dinh. Nen vé do thi béng
MATLAB hoac mot phan mém vé hinh khac. Trong mdi truong hop, tim mot gia
tri clia x noi ma dao ham tai x khong ton tai. Ham c6 lién tuc tai diém d6 khong.

Khong can thiét chiing minh.

1. f(z)=sin|z],-1 <z <1

2. f(z) = (z —1)*® (ding can thyc) cho 0 < z < 2
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2.8 The Complex Derivative 213

Glidi.

1. Ham f (z) é day khong c¢6 dao ham tai 0, lién tuc tai 0. Ta st dung doan lénh:

>> syms X

>> x=linspace(-1,1,100);
>> y=sin(abs(x));

>> plot(x,y)

>> grid

04

08
0B
05
0.3F

0.2

ol A R L
-1 08 06 04 02 o 02 0.4 06 0.8 1

Hinh 2.3.1: f (z) = sin|z|

2. Ham f(z) é day khong c6 dao ham tai 1, lién tuc tai 1. Ta st dung doan lénh:

>> syms X

>> x=linspace(0,2,1000) ;
>> y=(abs(x-1))."(2/3);
>> plot(x,y)

>> grid
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214 The Complex Function and Its Derivative

1
os|
]

i I i i i I i i
0 0z 04 06 08 1 12 14 16 18 2

Hinh 2.3.2: f (z) = (z — 1)2/3

Bai 2.3.2. Trong vi du 1, ta da chitng minh rang f (z) = Z thi khong c6 dao ham.
Thu duge két qua nay bang cach dung dinh nghia trong Eq. (2.3-3) va chiing minh

rang két qua nay phai tinh lima,_, cis—2 arg Az. Tai sao gi6i han nay khong ton tai.

Giair. Ta co

flz+Az)— f(2) 2+ Az—%Z

Aliglo Az - Az
A
Az
_ |Az|cis(—arg Az)
~|Az|cis(arg Az)

= cis(—2argAz).

Vi gi6i hanarg Az khong xac dinh khi Az — 0.Vay f (z) = z khong ton tai.

Bai 2.3.3. V6i nhiing gia tri ndo ctia s6 phtic z thi nhitng ham sau ¢6 dao ham.
1. ¢ (const)

2. 14y
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2.8 The Complex Derivative

215

S5, y+ix

6. zy(1+1)

7. 22+ 1y

8. x+ilyl

9. e +ie*

10. y — 22y + i (—x + 2% — y?)
11. (z — 1) + iy + 22

12. f(z) = cosz —isinhy

1
13. f(z)zzvc’ji|z|>1vaf(z):zvc’5i|z|§1

Giai. Dat f =u+ v, v6i u, v 1a ham thuec.

1. éday
u=c, v=c
Ta co
g0 o o
or oy oxr Oy

Ham nay théa hé thitc Cauchy-Riemann, nén dao ham ton tai moi noi.
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216 The Complex Function and Its Derivative

2. O day
u=1, v=y.
Ta co 5 5 5 5
u v v u
—_— = _— 1 —_— pu— —_—
Ox 07 oy " Ox 0 oy

Ham nay khong thoéa hé thitc Cauchy-Riemann tai moi noi, nén dao ham khong ton

tal moi nai.

3. Taco 25 1a tich ctia ham z c6 dao ham khap noi. Vay ham nay c6 dao ham tai

moi noi.

4. Ta c6 z7° la tich ctia cac ham 27! ¢6 dao ham khap noi trong mién xac dinh.

Vay ham nay c6 dao ham ton tai moi noi trit z = 0.

5. O day
u=vy, v=21.
Ta co S 5 5 5
u v v u
T g% T Ty
Ox 0 oy’ Ox 7 Ay

Ham nay khong thoa hé thitc Cauchy-Riemann, nén dao ham khong ton tai moi noi.

6. O day
u=2zxy, v=2y.
Ta c6
ou v ) ou
ar oy S P oy

Ham nay thdéa hé thic Cauchy-Riemann khi va chi khi 2 = y = 0, nén dao ham ton

tai tai z = 0.
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2.8 The Complex Derivative 217

7. O day
u=1x* v=y.
Ta co 5
—U:Qx, @21, @:Oz_a_u'
ox dy ox dy

1 N .
Ham nay thoa hé thic Cauchy-Riemann khi va chi khi z = 3 vay dao ham ton tai

tali Rez = —.
al Rez 5

e Néuy>0thiz=x+iy. Datu=2x, v=y. Taco

8u_1_81) 81}_0_ ou
or oy oxr Oy
Ham nay thoa hée thitc Cauchy-Riemann, vay dao ham ton tai moi y > 0 hay
Imz > 0.
e Néuy<O0thiz=a—iy. Ditu=12, v=—y. Taco

ou \¥ ov ov ou

A A T
Ox oy " Ox 0 oy

Ham nay khong théa hé thitc Cauchy-Riemann, vay dao ham khong ton tai

moi naoi.

e Néuy=0thiz=ux, Az =iAy. Taco

 fHA) = f(z) L w4ifAy—x Ay
lim = lim ———— = lim —%.
Az—0 AZ Az—0 ZAy Az—0 Ay
Vi
Vg, néu Ay >0
A , y
|[Ay]

4 =—-1 ,néulAy<0
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218 The Complex Function and Its Derivative

nén giéi han nay khong ton tai néu y = 0. Vay ham nay c6 dao ham tai nhing

noi ma Imz > 0.

Ta c6

@:ex, @:2621", @:O:—@.
ox oy or oy
Ham nay thoa hé thic Cauchy-Riemann khi e® = 2¢?Y, vay dao ham ton tai trén
1 1
duong y = 5:5 —3 In 2.
10. O day
u=1y—2xy, v=—x+2° — 9>
Ta co 5 5 5 5
U v v U
—=-2y=—, —=—-14+2x=——.
Ox Y oy’ Oz e oy

Ham nay théa hé thitc Cauchy-Riemann, vay dao ham ton tai moi noi.

11. Vi 22 ¢6 dao ham tai moi noi nen ta can tim nhiing noi ma (z — 1)* + iy? 6
dao ham. Dat u = (2 — 1), v =y% Ta c6
ou ov ov ou

T _gp 9, Dogy Pog=_2
Ox T oy Y or oy

Ham nay thoa hé thitc Cauchy-Riemann khi 2z — 2 = g, vay dao ham ton tai trén
duong y = x — 1.

12. O day

u = cosx, v=sinhy.
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2.8 The Complex Derivative 219

Ta cb

Ham nay théa hé thitc Cauchy-Riemann khi sinz = coshy, vay dao ham ton tai tai

nhitng diém ma sin z = cosh y.

13.

P 1 —1
° Néuf(z):;,|z| >1thif’(z):?

e Néu f(2) =z, |2 <1thi f'(z) =1

Do 1/z = z chi khi z = 41, nén trén dudng tron |z| = 1 thi ham f (z) khong lién
tuc ngoai trit tai z = £1, nén khong ¢6 dao ham trén duong tron |z| = 1 ngoai trir
tai z = £1. Bay gio ta tinh f’(2) tai 1. Ta ¢6

f(1+Az)— f(1) 1 , néu Az — 0~
%
Ax -1

7
, néu Az > 07

gidi han nay khong ton tai, nén ham khong c6 dao ham tai z = 1.Tuong tu, ham
khong c6 dao ham tai z = —1. Vay f (z) ¢6 dao ham tai moi z ngoai trit trén dudng

tron |z| = 1.

Bai 2.3.4. Tim hai ham theo z, khong c6 dao ham moi ndi trong mit phéng phiic,

nhung téng ciia ching khong 1a hing s6 c6 dao ham moi noi.

Gidi. Dat f(2) =2z+Z vag(z) = 2 —z. Ta thay 2z ¢c6 dao ham tai moi noi nhung
Z khong ¢6 dao ham tai moi noi, vi thé f (z) va g (z) khong c6 dao ham tai moi noi,

nhung f (2) + g (2) = 22z ¢6 dao ham tai moi noi.
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Bai 2.2.5. Dat f(z) = u(z,y) + v (z,y). Gid st dao ham cap hai f”(z) ton tai.
Chitng minh ring

82u 8212 ’u 0%
" _va " __Jv v v
f (2) - a 6 a2 va f ( ) 8y2 Zayz

Gidi. Néu d?f/dz* ton tai thi df /dz phai ton tai. Ta c6

df  Ou O0v
1= or (z,y) +Z%(ﬂ%y)-
Do dé
ef & (x4 Az, y) + 0% (¢ + Az, y) — G (x,y) — 5 (z,y)
dz? Az—0 Ax
8u (x+ Ax,y) — 2% (z,y) % (x+ Az,y) —i2 (2,y)
= lim + lim
Axz—0 AQ} Ax—0 Al’
_ u
Qa2 Z(’?xQ

Tuong tu, ta co

b )~ 12 (ay)
dz Oy Y oy Y
Do dé
& f Sy + Ay) =i (v y + Ay) — G (zy) + 5 (2,y)
— = lim
dz? Ay—0 1Ay
Pyt Ay - F(ry) i (vy+ Ay) —iG (z,y)
= lim hm -
Ay—0 1Ay Ay—0 1Ay
Q2 0x?’

Bai 2.3.6. Ching minh rang néu f’(zo) ton tai, thi f (z) phai lien tuc tai z.

CuuDuongThanCong.com https://fb.com/tailieudientucntt


http://cuuduongthancong.com?src=pdf
https://fb.com/tailieudientucntt

2.4 The Derivative and Analyticity 221

Giai. Ta chiing minh
lim f (20 + Az) = f (20) -
Az—0

Ta c6
i, [P R 2= 1) fi 80
va,
Jim. [f (20 + AAi —f (Zo)] lim Az = lim [f (20 + Az) = f ()]
Do do
dim [f (20 + A2) = f (20)] = 0
hay

Aim f (20 +Az) = f ().

Ta c6 diéu phai chiing minh.

2.4 The Derivative and Analyticity

Bai 2.4.1. Chiing t6 rang ham f (z) = zy + i (zy + x) ¢6 dao ham tai chinh xéc
mot diem. Sau khi xac dinh dude diém nay, tim dao ham tai d6 va cho biét gia tri

nay. Ham nay co6 giai tich tai diem dé khong.

Gidai. Dat

U=y, v =Y+,

ta co

ou_ oo o
or ay_x’ or 7T -
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Ham nay thoa dicu kien Cauchy-Riemann khi

y = €T =

y+1 =—x y =7

Vay ham nay c6 dao ham tai duy nhat zg = —1/2 — /2, va

Flay = Q(L Ly Ov (L Ly L
T o\ 2 2 dr\ 20 2) 22
Ham nay khong gidi tich tai 2o vi dao ham ctia n6 khong ton tai trong lan can ctia

20-

Bai 2.4.2.

1 . N
1. Tim dao ham cia f (2) = = + ( — 1)* + izy tai nhing diém ma dao ham ton
z

tai. Cho biét cac gia tri nay.

2. Noi nao ham nay giai tich?
Giai.

1. Ta thiy 1/z c6 dao ham béng —1/z2 tal moi z # 0. Ta tim dao ham cuta
(z —1)* +izy. Dat

w=(z—1)7°, v=uay

Ta c6
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Ham nay thoa dicu kien Cauchy-Riemann khi
y =0 y =0
Do d6 ham f (2) c6 dao ham tai duy nhat 2 = 2, va

, B 1 Ou .Ov 1 3
['z0) = —5+5-(20)+ig-(2,0)= -7 +2+i0=.

2. Ham da cho khong giai tich tai moi noi vi dao ham clia n6 khong ton tai trong

lan can cua zg.

Bai 2.4.3.
1. Noi ndo ham f (z) = 23 + 2% + 1 giai tich?.
2. Tim biéu thic f’ (z) va tinh dao ham tai 1 + 4.
Gidas.
1. Ham f(2) = 2% + 22+ 1 la tong clia nhiing ham nguyén va giai tich tai moi noi.

2. Taco f/(2) =322+42z,va f/(1+i)=3(1+0)>+2(1+1i)=2+8i.

Bai 2.4.4.
1. Noinao ham f(z) = 22+ ( — 1)> + i (y — 1)* ¢6 dao ham.
2. Noi nao ham nay giai tich? Giai thich.

3. Tim cong thiic dao ham ctia biéu thic nay tai nhing diém dao ham ton tai,

va diing cong thitc nay dé tim gia tri ctia dao ham tai diém z = 1 + 1.
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224 The Complex Function and Its Derivative

Gidas.
1. Ta thay 22 c6 dao ham tai moi noi. Xét ham

(z—1)74i(y—1)7°.

Dat
u=(z—-1)7, v=(y—1),
ta co 5 5 5 »
u v v u
T gp 9, Loy o L _g=2,
Ox T oy ITE o 0 oy

Ham nay théa diéu kien Cauchy-Riemann khi 22 — 2 = 2y — 2, hay = y. Do d6
f (2) ¢6 dao ham trén dusng thang = = y.

2. Ham nay khong gidi tich tai moi noi, vi v6i mdi 2y nam trén dudng thang z =y

thi ham khong c6 dao ham tai mdi lan can cua z.

3. Taco
du 9
F) =242 i s v 20— 2400 =22 4202,
ox ox
va
fA+i)=2(14+1i)+21-2=2+2i.
Bai 2.4.5.

1
€2* cos 2y + ie?* sin 2y

1. Ching minh rang f (z) = la ham nguyén. Chu y t6i kha
nang mau so triét tieu.

- Lz, . .. N . T
2. Tim biéu thitc dao ham ctia ham nay va cho biet gia tri ctia dao ham tai 1—HZ.
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Gidi.
1. Taco
1 1 cos 2y — i sin 2y
€2 cos 2y +ie2®sin2y €2 (cos2y + isin 2y) (cos 2y — isin 2y)
= e 2 cos2y —ie *®sin2y.
Dat
u=e *cosy, v=—e *sin2y,
ta co : 5 5 5
u v v u
— =2 P®cos2y = —, — =2 Fsiny=——.
ox 4 oy Ox < dy

Ham nay thoa hé thitc Cauchy-Riemann tai moi noi nén la ham nguyén.

2. Taco 5 5
F1(2) = 8—“ @'a—v — —2¢7% o5 2y + 2ie~ 2 sin 2y,
T T
va
f <1 + z%) = —2¢2 cosg + 2ie 2 sing = 2je 2.
Bai 2.4.6.

1. Chitng minh rang z [cos z cosh y — i sin 2 sinh y] 1a ham nguyén.

2. Tim biéu thiic dao ham ctia ham nay va cho biét gia tri ctia dao ham tai .

Glidi.
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1. Vi z la ham nguyén, nén ta chi can chiing minh cosz coshy — isinzsinhy 1a

ham nguyén. Dat

u = cosx coshy, v = —sinxsinhy
Ta c6
Ou sin x cosh v v cos x sinh Ou
— = —sinzx =—, — = —coszrsinhy=——.
Ox Y dy Oz Y dy

Ham nay théa hé thitc Cauchy-Riemann tai moi noi nén la ham nguyén, vay
2z [cos x cosh y — i sin x sinh y]

la ham nguyén.

2. Taco
’ R d L
f(z) = [cosxcoshy—zsmxsmhy]+zd— [cos z cosh y — i sin x sinh y]
z
ou Ov
_ v — i sin 2 sinh Ou  .0v
[cos z cosh y — i sin x sin y]+z<ax+zax>
= [cosxcoshy — isinzsinhy| + z (—sinx coshy — i cos xsinhy),
va
f'(i) = J[cosOcoshl —isinOsinh1]+4(—sin0cosh1 —icosOsinh1)
e+e‘1+e—e_1
= =e.
2 2

Bai 2.4.7. Tim dao ham tai z = 7 + 2i cila [sin 2 cosh y + i cos z sinh y/]°.

Gidi. Dat

u = sinx coshy, v = cosxsinhy.
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Ta cb

Ju dv  Ov _ , Ju
a—:cosxcoshy: — = —sinzsinhy = ——.
x

oy’ Oz oy
Ham sinz coshy + icosxsinhy thoa hé thic Cauchy-Riemann tai moi noi nén la

ham nguyeén, suy ra [sinz coshy + i cos z sinh y]5 la ham nguyén. Ta c6

7 [sin z cosh  + 7 cos  sinh y/]°
z

d
= 5 [sinz cosh y + i cos x sinh y]4 " [sin x cosh y + i cos x sinh y]
z

d
o [sin 7 cosh 2 + 4 cos 7 sinh 2]°
z

— 5[sin7 cosh 2 + i cos wsinh 2]* . (cos 7 cosh 2 — i sin 7 sinh 2)

= 5 (sinh 2)* (= cosh 2)
Bai 2.4.8.

z
1. Noi ndo ham f (z) = ———— giai tich?.
f( ) (1+iz)4 g

2. Tim [’ (—1).
Giai.

1. Ta thiy z 1a ham nguyén va 1 + iz 1a tong clia nhitng ham nguyén nén ciing la

ham nguyén, vay f (z) giai tich tai moi nadi trit z = —i (noi ham khong xéac dinh).
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2. Taco A
(2) = (14i2)' —z4(1+i2)%.i
(1+iz2)° ’
va
24 142428 —1
fei) = 2 S

28 16

Bai 2.4.9. Dung quy téc L’hopital dé tinh cac giéi han sau
(2 —1) + (2 + 1)

1. SRy 5 khi z — 4
24— 31z —
(2 +4) .. .

2. m khl zZ—1

Giai.
: (z—9)+(*+1) 1422 _ 142 _ .

1. lim,,, a3, g lim, ;52 = 2 =i — 2.
2. lim,_; m = lim,_,; 32241~ —3+1 _ 2°

Bai 2.4.10. Néu g (2) c6 dao ham tai zgva h (z) khong ¢6 dao ham tai zp, gidi tich
tai sao g (z) + h (z) khong thé c6 dao ham tai z.

Gidgi. Dat f(z) =g(2) +h(2). Gid st f(2) c6 dao ham tai zo. Vi f (2) va g (z) co
dao ham tai zp nén f (z) — g (z) c¢6 dao ham tai tai zo. Nhung f (z0) — g (20) = h (20),
c6 nghia 1a A (2) ¢6 dao ham tai zo. Diéu nay mau thuan véi gid thiét, vay g (2)+h (2)

khong thé c6 dao ham tai 2.

Bai 2.4.11. Tim hai ham, méi ham khong gidi tich tai moi noi, nhitng tong cla

ching 14 mot ham nguyén. Vi vay tong ciia hai ham khong gidi tich c6 thé gidi tich.
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Gidi. Dat g(z) = x + 2iy va h(z) = —iy, ta thay g (z) va h(z) khong thoa dieu
kién Cauchy-Riemann nén khong c¢6 dao ham tai moi noi, va khong giai tich tai moi

noi. Nhung g (2) + h (z) = z + iy ¢6 dao ham tai moi noi nén la ham nguyen.

Bai 2.4.12. Gid stt g (2) la ham giéi tich va khong bang 0 tai zp , va h(z) 1a ham
khong gidi tich tai zp. Ching minh ring f (z) = g (2) h(2) khong thé 13 ham giai

tich tai diém nay.

Giai. Gia st f(z) 1a ham giai tich tai 2o, vi g (z) cting la ham giéi tich tai zo. Nén
h(z) = f(z) /g (2) cung la ham giai tich tai 29. Diéu nay mau thuén véi gia thiét,
vay f (2) khong thé 1a ham gidi tich tai 2.

Bai 2.4.13. Tim g (z) va h(z) khong giai tich tai moi noi trong mit phing phc

sao cho tich ctia chung la ham nguyén.

Gidi. Cho g(z) = z/x =1+ iy/z, v6ix # 0 va h(z) = z. Ta thay g (z) va h(2)
khong thoéa diéu kien Cauchy-Riemann nén khong c6 dao ham tai moi noi, va khong
gidi tich tai moi noi. Nhung g (2) h (2) = x + iy ¢6 dao ham tai moi noi nén la ham

nguyen.

Bai 2.4.14.

1. Cho ¢ (z,y) 1a ham c6 dao ham riéng theo x va y ton tai trong mién D. Gia

, O 0 . .
su a—gb =0, 0_¢ = 0 trong D. Ching minh rang ¢ (z,y) la hang trong D.
T y

2. Dimg tiéu chuan Cauchy-Riemann chitng minh ring néu ham f (z) giai tich va
Im (f (2)) = 0 hodc Re(f (z)) = 0 trong mién mé D thi f 1a ham hing trong
D.
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Glidi.

1. Dau tién ta sé chiing minh rang ¢ (z,y) hing trong moi qua cau md trong D.
R 0 )
Gia stt B la qua cau md trong D. Vi e 0 va e 0 trong B nén ¢ véi hai diem
x Y
(x1,y1) va (w9, o) trong B, ta ¢

¢ (v1,11) = ¢ (22,91) = ¢ (72, 92) -

Bay gio gid st (z1,%1) va (29, y2) nam trong D, ltc d6 c6 mot duong di lien tuc v (¢),
t € [0,1] trong D ndi hai diém d6 lai. Ta c6 {B (v (t) ,74) }ejos 12 MOt ho qué cau
mé trong D va {y~' (B (v () :7t)) }ejo)» 18 mOt ho phit mé ctia [0, 1], ldc d6 c6 mot
$6 0 > 0 sao cho v6i moi a € [0,1 — §] thi ¢6 mot ¢ € [0,1] sao cho

[a,a+ 0] Cy " (B(y(t),r)).

That vay néu c6 mot day 4§, < 1/n, véi moi n € N va a,, sao cho [a,, a, + ,] khong
nam trong mot tap nao ctia phit mé trén. Do [0, 1] compact nén ¢6 day con a,, hoi

tu vé a € [0,1]. Do a € [0, 1] nén ¢6 mot s6 r > 0 sao cho

(a—r,a+7r)N[0,1] Cy H(B(y(a),r.)).

Luc nay ¢6 mot s6 ng du 16n sao cho a,, € (a —5,a+ g) va 0p, < r/2. Khi d6 véi

moi t € [ay, , Gn, + Op,] thi

r

2

t—al |t —an|+lan, —al < S+ 5=

diéu nay mau thuan véi diéu gia st phia trén. Do d6 ta phai c6 mot phan hoach clia
0,1] 1a {to t1,,.. .t} V6L tipq —t; < & v6i moi ¢ € {0,m — 1}. Khi d6 ta co

¢ (z102) = ¢ (7 (o)) = 0 (v (1)) = ... = & (7 (tm)) = & (22, 12)
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2.4 The Derivative and Analyticity 231

Nhu vay ta da chiing minh xong.

2. Gidstulmf (z) =0, dat f =u+ v, tacod

w o
or Oy
nén ta cing co
ou_ o,
or Oy

v6i moi (z,y) trong D. Theo cau 1 thi u hing trong D, vay ta c6 f hang trong D.
Trudng hop Ref (2) = 0 tuong tu.

Bai 2.4.15. Gia st f (z) = u + v la giai tich. Khi nao g (z) = u —iv 1a giai tich.

Gidi. Gia st g (z) cling giai tich, thi g phai thda man diéu kien Cauchy—Riemann,

tuc 1a
ou ov ov B ou

or — 9y’ o Iy

Suy ra
ou Ov ov  Ou B

— S 0 _— = — =
oxr Oy " 0x Oy
Theo [Bai 2.4.14.[thi u va v 1 nhiing ham hing, nén f va g ciing 1a nhitng ham hing.

0.

Bai 2.4.16. Cho ham giai tich f(z) = u + v ¢6 modulus |f (z)| bang héng sb k.

Chitng minh rang diéu nay xay ra néu f (z) 1a hang.

Gidi. Truong hop k=0 thi w = v =0 nén f = 0 14 hing s6. Truong hop k # 0 thi

u? +v* = k%, suy ra

k2 k?
(u+1iv) (u —iv) U+
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K2R

u+iw f
giai tich, suy ra u — v cling 1a ham gii tich. Theo [Bai 2.4.15.[thi f 13 ham hang.

Bai 2.4.17.

1. Gid stt cd f (z) va f () xac dinh trong mién D va f (z) la giai tich trong D.
Gia st f (Z) = f (z) trong D. Chitng minh ring f (z) khong thé giai tich trong

2. Ding két qua trén dé chiing té trong mot vai duong thi (2)° 4z khong giai tich

moi noi.
Giai.
1. Dat
f(2) =u(z,y) +iv(z,y)
thi

f(z) = f(Z) = U(l‘,y) —’iv(a:,y).
Theo bai [Bai 2.4.15.| f (2) khong theé giai tich trong D trit khi f(z) hang.

2. Vi f(z) = 2%+ 2 la tdng ctia nhitng ham nguyén nén la ham nguyén, va

[ =F+z=F =10,

nén theo cau trén thi (2)3 + 7 khong giai tich tai moi noi trong mit phang phiic.
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2.4 The Derivative and Analyticity 233

Bai 2.4.18. Lam nhu vi du 7, ching minh réing nhiing ham sau khong giai tich

mol noi:

L (Z+1)°

2. 73
Glhids.

1. Gia st (Z+1)% ¢6 dao ham, thi

dz

L=t Lo T

dz dz _dz

z=

Nhung dz/dz khong ton tai. Tuy nhién néu z + 1 = 0 hay z = —1 thi dao ham van
ton tai, nhung khong c¢6 dao ham trong lan can ciia diém dé. Tom lai ham nay khong

giai tich tai moi noi.

2. Gia st 2% ¢6 dao ham, thi

Nhung dz/dz khong ton tai. Tuy nhién néu z°> = 0 hay z = 0 thi dao ham van ton
tai, nhung khong c¢6 dao ham trong lan can clia diém d6. Tém lai ham nay khong

giai tich tai moi noi.

Bai 2.4.19. Bai toan nay gidi thieu ching ta ham phtic cia mot bién thue, f (¢) =
w(t) + v (t), v6i u vd v 1a nhing ham thuc ctia bién thyc ¢. Quy tdc lay vi phan
f (t) giong trong tinh toan thyc. Ching ra dung Eq. (2.3-1), viét lai 6 day f' (to) =

t At) — f (¢ 5 )
lima;_0 flto+ A?ﬁ f 0). O day, ham f (t) xac dinh vé6i bién thuc, ta khong xét
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dén khai niem giai tich. Tat cd quy tac da hoc trong tinh toan co ban cho dao ham

mot ham thue clia bién thue 4p dung cho f (¢), véi thém vao dé phat biéu 16 rang

rang f'(t) =« (t) + v’ (t). Chiing ta c6 thé vé trong mit phang phitc quy tich badi

f () nhu tham s6 héa ¢t qua mot khoang.

1.

Gidi.

Cho f (t) = cost +isint. V& quy tich trong mat phang phitc midu ta f (¢) véi
t tit 0 dén 27.

Cho ham nhu cau (1), tim f/ (¢) va chitng minh ring vé6i ¢ biéu dién vector ctia

f’(t) vudng goc véi f (t).

Chiing ta c6 thé nghi vector ctia f (t) nhu ham thoi gian khi hat di chuyén,
va vector ctia f’ (t) nhu toc do (dao ham thai gian cta vi trf). Giai thich bang
hinh trong cau (1) tai sao vector vi tri va téc do 1a goc cho bdi ham thoi gian,
cho ham riéng biét nay. Chitng minh rang vector ctia gia téc f7 (x) thi vuong

goc véi van toc.

Néu duong bicu dién béi f (t) trong mat phang phiic, nhu bién ¢, thi phiic
tap, ching ta mudn ding méy tinh dé vé quy tich nay. Ding MATLAB

hodc phan mém khéc, biéu dién quy tich trong mit phéng phic ham f () =
cost

14+ 0.5 (cost +isint)
nén ban c6 thé dé dang vé dudng véi sy ting t.

khi ¢ di tit 0 dén 27. Dudng véi di s6 clia gia tri clia t

Néu ching ta xem f () & trén nhu la vi tri ctia clia hat nhu ham theo thoi
gian, tim biéu thitc tuong tng ctia hat va vé téc do nay trén khoang thoi gian
diing trong cau (4), chi 16 thoi gian trén do thi. Kiém tra bang mat trong cau
nay va cau (4) rang vector toc do tiép xic duong cho bdi hat tai mot vai thoi

gian, két qua nay co ding chinh xéc trong truong hop tong quat.
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1. Do thi ctia f (t) 1a dudng tron don vi.

Hinh 2.4.1: f () = cost +isint

f'(t) = —sint+icost = cos <t+g) + isin <t+g> =cis(t + %),

va f (t) = cis (¢). Vi thé f’(¢) vuong goc véi f (t).

3. Vector vi tri vi van téc vuong goéc béi vi chuyén dong doc theo dudng tron.

Vector van tbc tiép xic véi dudng tron tai moi diém.

@ = —sint—l—icostzcos<t—|—g>—|—isin<t+g>:cis(t—i—g),
f"(t) = —cost—isint =cos(t+m)+isin(t+ ) = cis(t + 7).

. ~ ~ 2,0 T ~ 2 - ~ , e
Vi hai goc khac nhau béi 5 nén vector cua chung vuong goéc véi nhau.

4. Doan lénh
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>> syms t

>> t=linspace(0,2*pi,100);

>> f=cos(t)./(1+0.5%(cos(t)+i*sin(t)));

>> x=real (f);

>> y=imag(f);

>> plot(x,y,)

8, 15 1 15 i 05 1
Hinh 2.4.2: f (¢) cost
inh 2.4.2: =
14 0.5 (cost +isint)
5.
. [— sint — %z}
)= 1 i 2
[1+ 1 (cost+isint)]

Doan lénh:

>> syms t

>> t=linspace(0,2*pi,100);

>> f=(-sin(t)-0.5%i)./(1+0.5*(cos (t)+i*sin(t))) . 2;

>> x=real(f);

>> y=imag(f);

>> plot(x,y)
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[— sint — %z]

Hinh 2.4.3: f'(t) =
[1+ 1 (cost+ isinzf)]2

Bai 2.4.20. Noi nao trong mit phing phttic ham sau khong giai tich? Khong can

nhic dén goc toa do.

1. rcosf +ir

2. rtsin40 — ir* cos 46
Gids.

1. u=rcost, v=r.Taco

%—COSQ, 1@—O, L ou _Tsme—sine, @:1.

ro0 0 ro0 r or

Ham nay théa hé thitc Cauchy-Riemann khi

cosf =0 T
=0=_.
sinf =1 2
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R ) T )
Dao ham chi ton tai trén nita duong thang 6§ = 5 0 < r < oo. Trén duong thang

nay ham ciing khong giai tich. Vay ham nay khong giai tich moi nai.

2. u=rsin40,v = —r*cos4d. Ta c6
ou 10v  10u ov
— =4rsindf = ——, —— =4dr’cosdf = ——.
or — YT 00 vop T T or

Ham nay luon théa hé thitc Cauchy-Riemann v6i r» # 0 hay z # 0. Vay ham nay giai

tich moi noi.

Bai 2.4.21.

1. Dang cuc ctia phuong trinh Cauchy-Riemann.
Gia stt, cho ham giai tich f (2) = u (z,y) +iv (x,y), ching ta néi rd = va y trong diéu
kién ctia bién cyc r va 6, x = rcosf v y = rsinf (r = \/m,ﬁ = tan~! (%))
Thé thi f (z) = u (r,0)+iv (r, #). Ching ta can viét lai phuong trinh Cauchy-Riemann

trong bién ciye. Tt chudi quy tic ctia dao ham riéng, ta c6

du_(uy (or\ (o (08
or (97"9896y 89T8xy'

Oou Ov Ov

Hay cho biét biéu thitc cia —, —, —.
Y Oy’ Oxr’ Jy
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2. Chitng minh ring

(
(@),

va tim biéu thic cho (—> (

) = cos#f,
_ —sind
= —

> Duing bon biéu thitc nay trong phuong trinh

> R

dy
cho Ou Ju dv v da lam trong cau (1). Chiing minh rang u va v théa phuong trinh
or’ 8y or’ (9y
oh  0Oh g 10h 0.
or  or > r 00 sin
@ = @sm@—l-—@cos@
oy  Or r 00

v6i h c6 thé bing u hoic v.
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3

. Viét lai he thiic Cauchy-Riemann (2.3-10a,b) dung hai phuong trinh 6 phan (2) ctua

bai tap nay. Nhan phuong trinh Cauchy-Riemann dau tién v6i 6, nhan phuong trinh

thtt hai v6i cos 6, va thém chiing minh rang

ou 1@

o rag
Bay gio nhan phuong trinh Cauchy-Riemann thit nhat v6i — sin @, phuong trinh thi

hai v6i cos @, va thém chitng minh rang

v  —10u

o r 00
Quan hé ctia hai phuong trinh trén 1 dang cuc ciia hé thitc Cauchy-Riemann. Néu
dao ham riéng dau tien ciia w va v lién tuc tai nhitng diém toa do cuc la 7, 0 (r #0),
thi hai phuong trinh trén 1 diéu kién can v di cho sy ton tai clia dao ham tai diém

nay.

. Diing Eq. (2.3-6) v& hé thiic Cauchy-Riemann dang cic dé chiing minh ring néu dao

ham clia f (r,#) ton tai, n6 ¢ thé tim dudi dang

, ou  .Ov .
f(z)= {E + @E] [cos O — isin 0]
hoac dang
, ou Ov| [(—i .
f(z) = {% + z%} (7) [cos@ — isin6)].
Gidi.
1. Taco

u = u(r(z,y),0(x,y)),

oo _ (0w (o), (on) (@0
8:17_87’08:1:y 897,8:1731’
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ou _ (Bu) (o), (ou) (20
oy — \or),\9y/, 00 ) \oy/,’
vo= v(r(zy),0(zy),
dv (o) (or\ (o) (09
or — \or),\oz y a0 ) \ 0oz y’
v _ (D) (or) , (ov) (%
oy — \or),\oy/, 20) \oy),
2. Taco
ro= \at+y? (&> =T —cosh
Y ax y /—x2+y2 7
1 — — 1 — S
0 — tan~! <y>’ (%) _ — 312: Y _ SlIl@’
x oz ), 1+ La?+y N R r
va

(
(

or
oy
00
dy

).
).

Y _ing,
/IQ +y2
T 1 B cos

Diung nhitng phuong trinh thu duge trong cau (1), ta ¢

CuuDuongThanCong.com

@
ox
@
dy
)
ox
@
dy

%COSG — %% sin 6,
%SmQ + %% cos f,
%COSQ — %% sin 6,
%Sine + %% cos 6.

\/x2+y2 \/x2+y2 oy
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3. Theo hé thic Cauchy-Riemann, ta co

ou v
or Oy’
ov  Ou
or oy

Thay cac biéu thitc da tim dugc & cau (2), ta dugc

ou 10u . ov . 10v
ECOSQ—;%SIHQ = ESIHQ—F;%COS@,
ov 10v . ou . 10u
ECOS@—;a—QSIHQ = —Esnﬂ—;%cos@.

Nhan phuong trinh dau vé6i cos § va phuong trinh sau cho sin @ 16i cong véi nhau vé

theo vé, ta dudc

ou 10v . ou ov

e cos? ) — =T sin? ) = ~3, sin? 0 + %% cos? 6.
hay 5 5
a—:f [sin2 6 + cos® 0} = %a—z [sin2 6 + cos? 0}
" ou_ 100
or  raf

Tuong tu, nhan phuong trinh dau v6i — sin @ va phuong trinh sau cho cos @ roi cong

v6i nhau vé theo vé, ta dudc

ov  —10u

ar  r 00
4. Ta cod
B ou Ov Ou 10v

1
= —cosf — ——usinﬁ—l—i —UCOSH— ——sinf

&) =g tig, =% " 90 o " 90
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Nhung
10w _ o
r 00  Or
va
~10u _ 0
r 00 Or’
Nén
, ou ov . | ov —ou
f(z) = gcosﬁ—i-&sm@—l—z[gcosﬁ— B sin 0
ou .0v .
= <§+Z§) (cosf —isind).
Ngudce lai, néu thay
o _—10u
or r 00
va
ou_100
or 1ol
thi
, 1w 10u . |—10u 10v .
f(z) = ;%COSQ—;%SHIQ—FZ{T%COSQ—;%SIHQ

ou Ovl| [—i .
= {% + z%} (7) [cosf — isinf)].

2.5 Harmonic Functions

Bai 2.5.1. Noi nao trong mat phang phttic ham ¢ (z,y) = 22 — y* thoa phuong

trinh Laplace?. Tai sao ham nay khong diéu hoa.

Gidi. Ta co

99 _
or

¢ o9 5 0%
a7 By e

2 L
I, ay y ) 8y2

—12¢°.
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2o 0% 1
— +—— =02-12 =0y =+4/-.
8x2+8y2 4 Y 6

1
Vay, ham nay thoéa phuong trinh Laplace trén ducong y = :i:\/g. Tuy nhién tap

nhitng diém nay khong phai 13 mot mién, nén ham khong diéu hoa.

Bai 2.5.2. Noi nao trong mat phang phtic ham ¢ (z,y) = sin (zy) théa phuong

trinh Laplace? Ham nay c6 diéu hoa khong?

Gidi. Ta co

¢ 5 o »
Hpz = & sin (xy), e —y”sin (zy) ,
nén 82¢ 82¢
A O B A
922 + Iy (:E +y )sm (xy) .

Ham nay théa phuong trinh Laplace tai gbc toa do o = 0, y = 0 hoiic trén hypebol
vy = nm(n=—,41,42,...). Tuy nhién tap nhing diém nay khong 14 mot mién,

nén ham khong diéu hoa.

Bai 2.5.3. Cho ham ¢ (z,y) = e sin (mx). Gi4 sit ham nay khong diéu hoa trong
mit phing phiic, tim quan hé gitta s6 thuc k& va m?. Gia st ring m # 0.

Gidi. Ta co

2 2
% = —m?%eM sin (ma) g—yf = k%M sin (ma)
nén
¢ o

@Jr@_y? (k’z—mQ) ekysin(mx) =0 k==+m.
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Bai 2.5.4. Tim gia tri s6 nguyén n néu 2" — y" 1a ham diéu hoa.

Gidi. Ta co

% noo 00 n—2
@—n(n—l)x ) 8—y2——n(n—1)y :
nén Po 9%
S T —n - () =0 n =012

Bai 2.5.5. Dat z = x + iy, bang tinh toan tric tiép, chiing minh nhitng diéu sau

1 N N N
1. Im <—) la ham diéu hoa trong mién khong bao gom z = 0.
z

2. Re(2%) 1a ham diéu hoa.

Gian.
1. Taco
r 1 T — 1y
z  x+iy  a?4y?
nén
1 -y
Im= = _
Sl ¢ (z,y)
Ta c6
do [(w2+y2)—2y2} - { z® —y° }
0y (22 +2)° (22 +2)°
% |2y +1)° — (2®—y?)2(z® + 9% 2
0y? (22 +92)*
—2y3 + 6zy?

(22 +y2)°
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Tuong tu, ta tinh duge
¢ 2y° — bxy?

0r* (a2 +y?)*

do do
0%¢ 0% B

@—Fa—yQ—O.

2. Taco 2® = (z +iy)® = 23+ 222y + 3z (iy)” —iy?, nén dat Re (2%) = 2° — 3a7? =
¢ (z,y).Ta cd

do do

Bai 2.5.6. Tim hai gia tri ctia k sao cho cosx [ey + eky} 13 ham diéu hoa.

Giai. Dat ¢ (z,y) = cosx [ey + eky}, ta co

5 2
g:pf = —COosSZ [Gy + €ky] ) (;—yf = Cosx [ey + ngky] :
Do do
Po 0 ky
k2 -1 = k= 41.
ax2+8y2 e ( )cos:c 0 <

Bai 2.5.7. Néu g (z)[e* — e %] la ham diéu hoa, théa méan g (0) = 0, ¢ (0) =1,
tim g ().
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Glidi.

Ta cb

o? d> 02
8_9:; = d_ag [e® — e ], ﬁf =g(z)4[e?—e].

Do dé

6 P [dg R RN _
o = () -t =0e e =

suy ra g () = Acos2x + Bsin2z. Vi g(0) =0 nén A = 0. Ta ¢

g (0) = —2Asin(2-0)+2Bcos(2-0)
= 2B

Vay g (z) = § sin 2z.

Bai 2.5.8.

1.

Glidi.

Cho ¢ (z,y) = 2%y — vz + y? — 2% + 2. Chitng minh ring ham nay c6 thé la

phan thic hodac phan 4o clia mot ham giai tich.
Gia st ham & trén 1a phan thyc cia mot ham giai tich, tim phan 4o.
Gia st rang ¢ (7, y) 1a phan 4o cia mot ham giai tich, tim phan thuc.

Néu ¢ (x,y) +iv (x,y) 1a mot ham giai tich va néu u (z,y) +i¢ (z,y) cling giai
tich, v6i ¢ (z,y) 1a mot ham diéu hoa tuy ¥, ching minh réng, b6 qua nhing
hing s6, u (z,y) va v (z,y) phai trai dau nhau. Diéu nay c6 dung cho két qua

a (

cau (2) va (3)7
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1. Taco 56 56
Nén
62 2
7o o _
or?  0y?

Vay, ham nay c6 thé 1a phan thuc hodc phan 4o clia mot ham giai tich.

2. Gidsu f(z) = u(z,y) + v (z,y) giai tich, trong d6 u = ¢, ta co

ou ov
— =3y -y’ -2 +1=—
o7 Yy —y TGN oy’
suy ra
329 L4
v(x,y):§xy - —2zy+y+c(z).
Mat khac 5 5
a—Z:3xy2—2y+c'(x):—a—Z:—.753—|—3:1:y2—2y,
suy ra ¢ () = —2®, nén c(x) = —x*/4 + D. Vay
3 4 4
v(x,y)=§x2y2—yz—2wy+y—%+D

3. Gidastu f(z) =u(z,y) +iv(z,y) gial tich, trong d6 v = ¢, ta c6

ou Ov 5
.
or Oy o vy,
suy ra
3 9 9
u(z,y) =— — —x°y* 4+ 2zy + ¢ (y) .

4 2
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Mat khac

ou

dy

0
=3y +22+c (y) = _3_:5 = 3%y +y® + 2z — 1,

suyrac (y) =y —1,nén c(y) = y*/4 —y + D. Vay

.274 4

3 29 )
L2 2y + L —y 4+ D.
u(@,y) = =527y + 2y + 7 —y+
4. Ta c6 ¢ + iv 1a ham giai tich, nén 7 (¢ + iv) = —v + i¢ cung giai tich. Do d6
u+v=(u+i¢) —i(¢p+iv) cing gii tich, theo [Bai 2.4.14.|thi u + v = const. Néu

bé qua hing s6 thi u = —v, va didu nay c6 thé thay & cau (2) va (3).

Bai 2.5.9. Gid st f(z) = u+iv va g(z) = v + iu l1a ham giai tich. Ching minh

rang v va w phai la nhitng hang sb.

Gidi. Taco f(z) = u+idv la ham giai tich nén —if (z) = —i (u + iv) = v — fu cing
1& ham giéi tich, va g (z) = v + iu cing la ham giéi tich, nén theo [Bai 2.4.15 thi u

va v 13 hang s6.

Bai 2.5.10. Tim lién hop diéu hoa ctia e* cosy + €Y cos x + xy.

Giai. Dat

u(x,y) =€ cosy + e’ cosx + xy,
ta co

Ou = ¢” cos elsinxy +y = v

or 4 v= oy
nén

2
v (z,y) :exsiny—eysinx—k%—kc(a@).
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Mat khac

Jv . ou _
— =¢€"siny —eVcosz + ¢ (z) = —— =€ siny — €Y cosz — x,

ox oy

nén ¢ (r) = —z, suy ra c(z) = —2?/2 + D. Vay

2 g2

v (z,y) :exsiny—eysinqu%—l—T—kD.

Bai 2.5.11. Tim lién hop diéu hoa clia tan™! (£> véi —7 < tan™! (E) <.
Y

Gidi. Dat u=tan™! (z/y), ta c6

ou % B
Or 1+ 22492 Oy

nén
1
v = §Log (2® +y*) + c(2)
Mat khac
v x /() Ju 3z x
_— — r)=———= -
or  x%+y? Oy 14+2 22+

nén ¢ (z) =0, suy ra c(z) = D.

Vay
1
v(z,y) = §Log («* +y*) + D.
Bai 2.5.12. Chitng minh rang néu u (z,y) va v (z,y) 1a ham diéu hoa, thi u + v

ciing 14 ham diéu hoa nhung uv khong phai 1a ham diéu hoa. e“e’ c6 phai 13 ham

diéu hoa khong?.
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Glidi.

e Dit ¢ = u+ v, vi u va v 13 ham diéu hoa nén ta c6

82¢+82¢ P (u+tw) +82(u+v)

ox2 Oy ox? 0y?
(P ) (T o
o\ 022 Oy? ox?  Oy?
= 0.

Vay u + v 1a ham diéu hoa.

e Diat & = v, ta co

’d 97 (w) 0 (% v ) Ou  _Oudv 0%

- = Zu) === 49022 -
022 = 022 o \ar’ Tart) T Vo Toror o
Tuong tu
0%P 0*u N 28u ov N 0%v
— =V ——tu
y? oy oyoy  O0y*
suy ra

e e (Pu Puy (O v
a2 a2 C\axz a2 ) T \aa2 T 92

9 ou Ov 4 Ou ou Ov
Ox Ox dy 8y

Ooudv  Oudv
Ox Ox 83/ 8y
(vi u va v 1a ham diéu hoa). Nhung trong trusng hop tong quét, khong chic

rang
@@ L ou Oudv _0
Ordx  0Jy 83/

nén ham wv ciing khong chéc 1a ham diéu hoa, ching han khiu =v =2 + 3.
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Uty = ele?’ = ¢, ta co
d9 . (Ou  Ov
or ~ © (8x * (995) ’
D*¢ wio (Ou OWN\® (0P D%
o2 € (a—+a—) e (%+%)
Tuong tu

@ = eutv %4_@ 2—}-6““’ @_’_@
oy2 oy Oy oy?  0y?)’

nén ta co
2 2
@_’_@:e“‘“’ @_f_@ + @4_@
ox?  0y? Or Ox dy Oy
(vi v v& v 1a ham diéu hoa). Nhung trong trusng hgp tong quat, khong chic

ou, 0\', (0u ovY’
Jr Ox oy Jy

nén ham e“e’ cling khong chic la ham diéu hoa, chang han khi u = v = 2 +v.

rang

Bai 2.5.13. Néu v (z,y) la lien hop diéu hoa cla u (x,y), ching minh rang céc

ham sau 14 ham diéu hoa.

2.

3.

Glidi.

. uv

e' cosv

sin w cosh v
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253

1. Theo [Bai 2.5.12. | ta da tinh dugc

0? (uv)

0? (uv)
+
Ox?

0y?

_, (8u(%

outn _ouon
Ooxdx Oyoy/)

Mait khac, theo hé thic Cauchy-Riemann

ou_ov v _ou
oxr Oy Ox oy’
nén
@@ L ou Oudv —0
Oxrdx Oy ay
Do d6 5 (uv) O (uv)
uw uw
Ox? * oy y,
Vay wov 1a ham diéu hoa.
2. Dbat ¢ =e"cosv, ta co
9 _ qb% — e“@ sin v
oxr ' Ox Ox ’
% dpou  Pu  ,0udv L% NG
ﬁ = %ax @— %%SIHU e @Slnv—e % COS v
Oz Ox 0x? ox Ox Ox 8902
tuong tu
oy?2 Oy dy 0y? dy oy dy  Oy?
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Do dé

2 0%

022 " 0y*  O9rdx  Jydy

" 9*v
—e"sinv

96 du a¢@+¢[

0%v

922 T a2

J¢p Ju

ox?  Oy? ox oy

L w0 0wy
Ordx  OJydy

B 06 u o\’  [ov\®
= oron T oyoy ¢ (a‘) +(0_y>

ou Ov Ov ou

(vi u vd v 1a ham diéu hoa, va theo hé thitic Cauchy-Riemann — = = ).

Mat khac

o¢

dr Oy 0x Oy

or oz
% ou
oy Ty

d¢p Ou

Ox Ox

@ @ 0¢ Ou

ox? * 0y?

+8—ya—y—¢l(§—)+(§—y)]

_ 4 (%)QW (%) -9 [(%)+ (3—5)]

iy (2000
¢ sy Ox Ox

= 0

Vay €% cosv 1a ham diéu hoa.

3. Dat ¢ =sinwucoshv, ta co

9¢
oz ox oz

CuuDuongThanCong.com

L oudn
Oy Oy

u o .
= — cosucoshv + — sinwusinh v,
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2 2 2
% = a—Zcosucoshv—(%) smucoshv—l-g—x%cosusmhv
+@s1nus1nhv+a—8—cosus1nhv+ v 2sinucoshv
0x? Ox Ox oz
2 2
= %cosucoshv%—a—gsinusinhU
T T
+ @ 2— @ 2 S cosh —1—28—@005 sinh
5 e nu v 5 usinh v,
tuong tu
2 2 2
% = %cosucoshv—l—%smusmhv
Y
ow\> [0 v u
+ (8—Z> — (G_Z) ]SIHUCOShv+28_Zé?_y cos usinhv.
Do dé

82¢+@ + @4_@ hv + @4_@ 1 inh

02 ayQ 02 ayQ COS U cosnv 02 3y2 Sinw sin v
MG AN

ox Jy dy ox

+ 2 coswusinh v <8u v, Ou 8U>

oz 0z 0y oy

=0

. 0 ov 0 0
(vi u va v la ham diéu hoa, va theo hé thic Cauchy-Riemann o _ —U, v ——u).
Oor 0y Or dy

C6 cach khac dé kiém chitng cac ham trén 1a ham diéu hoa, d6 1a tim cac ham phiic
giai tich c¢6 phan thuc va phan 4o la cac ham diéu hoa dé. Cu thé 1a uv la phan
4o ctia (u—iv)? /2, e*cosv la phan thyc clia e*t™ va sinwcoshv 1a phan 4o cla
(€U+iu + evariu) /2

Bai 2.5.14. Cho f(2) =2 =u+wv.
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1. Tim phuong trinh biéu dién dudng cong véi u = 1 trong mit phang Oxy. Lam

lai v6i v = 2.

2. Tim diém giao nhau, trong géc phan tu tht nhat, ciia hai duong tim dudc

trong cau (1).

3. Tim gia tri ctia do nghiéng clia mdi dudng cong tai diém giao, da tim thay

trong cau (2), va kiém tra rang nhitng do nghiéng trai dau nhau.

Gidi.

1. Dat z =z +1iy, ta co
(z +iy)* = u+ iv,

suy ra

u=2*—1y% v=2zy,

Ta phai cé

u =1 22 —y? =1
=
v =2 xy =1
2. Taco
$2—y2 =1 1'2—y2 =1 ) 1_ 2_1+\/g
Ty =1 Y :% X

Trong goc phan tu thit nhat, ta chon

[1++/5 51
. +2\/_,y: o f2 '
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3. Tai diém giao nhau ta c6
o 22 —y?* =1, suy ra 2zdxr — 2ydy = 0, nén

@_w

_r_ VL
dr vy VE—1

e vy =1, suy ra xdy + ydxr = 0, nén

dy _
dv

SRS
|
—_

Hai gi4 tri nay trai dau nhau.

Bai 2.5.15.
1. Chitng minh rang f (z) = e®cosy + ie® siny = u + v 1a ham nguyen.

2. Cho dudng cong trong mit phing xzy céi u = 1. Diing MATLAB, vé mot phan
clia dudng nay trén géc phan tu thit nhat. Han ché x vay théa 0 < z,y < 7/2.

Lam lai vé6i diéu kien v = 7 Vé hai do thi trén cting hé truc toa do cuc.

1 s .
3. Lam lai cau (2) nhung vé dudng véi v = 1 va 3 Vé do thi trén cung hé truc

toa do ctia phan (2) sao cho tinh tryc giao clia sy giao nhau duge thay ro.

.. i . . ) e N
4. Tim diem giao nhau ctia duong u =1 va v = 5 Kiém tra tit hinh vé.
. . s e ) . R I,
5. Tinh dao ham, tim do nghiéng ctia dusng cong u = 1 va v = 5 tai diem giao
nhau ctia chiing va kiém tra rang ching trai dau nhau. Xac nhan két qui nay

bang hinh vé. Chi ¥ rang nhitng duong cong trong do thi sé khong xuat hién
tinh truc giao tru khi ban dung cting thanh cho truc hoanh va truc tung.

Glidi.
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1. Taco
u=-e"cosy, v=e"siny,
va
ou . ov
— = e"cosy = —,
ox Y dy
ov . ou
— = e€'siny = ——.
or Y dy

ding véi moi x, y. Vay
f(z) =e"cosy + ie®siny

la ham nguyén.

2-3. Ta dung doan lénh

>> k=[1/2 1];

>> for m=1:2
x=linspace(0,pi/2,1000);
y=acos (k(m)*exp(-x)) ;
plot(x,y);

axis([0 pi/2 0 pi/2]);
hold on

end

>> for m=1:2
x=linspace(0,pi/2,1000);
y=asin(k(m)*exp(-x));
plot(x,y);

axis([0 pi/2 0 pi/2]);
hold on

end
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2.5 Harmonic Functions 259

>> grid
DD D.‘G 1 148
Hinh 2.5.1
4. Ta co
u =1 e“cosy =1 1 y = arctan 5 ~ 0.4636
=1 = tany = - =
v =3 e'siny =3 2 x:10g$z0.1116

) 1
5. Tai diem giao nhau u =1, v = 5 ta co
e y=¢e"cosy = 1, suy ra e*dr cosy — e* sinydy = 0, nén
dy

—— =coty = 2.
I coty

e v=¢"siny = 5» Sy T2 e“dzrsiny + e® cosdy = 0, nén

dy ; 1
—= = —tany = ——.
dx 4 2

Hai gi4 tri nay trai dau nhau.
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Bai 2.5.16. Cho f(z2) =2 =u+iv

1. Tim phuong trinh bic¢u dién dudng cong véi v = 1 trong mat phing Oxy, lam
lai v6i v = 1. Trong mdi trudng hop, vé hinh trong géc phan tu thit nhat cia
hai dudng cong.

2. Tim diém giao nhau (¢, o) trong géc phan tu thi nhat ciia hai dudng cong.

Dé dang nhat néu ban dat z = rcisf. Dau tién tim giao diém trong toa do cuc.

3. Tim do nghiéng ctia mdi duong tai diém giao nhau. Kiém tra ring ching trai

dau nhau.

Gidi.

1. Dat z =x +1iy, ta co
2= (z+iy)’ = 2" - 3zy® +i (32%y — ¢°),

suy ra v = 23 — 3xy?, v = 32%y — y3. Lic do

u =1 3 —3ry? =1 y: = ngl
= 4 5 .
v =1 3%y —y3 =1 2 =¥t

3y
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2.5 Harmonic Functions 261

Hinh 2.5.2

2. Dat z =z + iy = rcis (0) thi

f(z) =2*=7r"(cos 30 +isin 30) = u + iv,

suy ra
u=r>cos30,v = r3sin 36.
Ta co
u =1 rdcos3f =1 ; 1
& stan3l=1=0= op=¢ — -2
v =1 r3sin3fd =1 12 sin 36
Vay

To = T COS 17T—2 ~ 1.083,y9 = rs.inlw—2 ~ 0.29.

3. Tai diém giao nhau u =1, v =1 thi z =~ 1.083, y ~ 0.29
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o u=2x3—3xy? =1, suy ra (32% — 3y?) dov — 6xydy = 0, nén
dy B 1:2 _ y2

= ~ 1.73.
dx 2zy

e v =3z%y —y® =1, suy ra 6zyds + (322 — 3y)° dy = 0, nén

dy — —2zy -1

= ~ ~ —0.58.
dr x> —y?> 1.73

Hai gia tri nay trai dau nhau.

Bai 2.5.17.

1. Cho z = rcosf va y = rsinf, véi r va 0 1a bién toa do cyc. Dat f(z) = u (r,0) +
iv (r,0) 1a mot ham giai tich trong mién khong bao gom z = 0. Dung Egs. (2.4-5a,b)
va gid st tinh lien tuc dao ham riéng cap hai dé chiing minh ring trong mién nay u

va v thdéa phuong trinh dao ham

6 19% 19p

o Trge trar =Y

Day 1a phuong trinh Laplace trong toa do ciuc bién r va 6.

2. Chiing minh rang u (r,8) = 2 cos 26 1a ham diéu hoa.
3. Tim v (r,0), lien hgp diéu hoa cta u (r,6), va chiing minh rang né ciing thoa

phuong trinh Laplace moi noi.

Glidi.
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1. Theo bai|Bai 2.4.21./ta da chtiing minh dugc

@
or
@
or

e Tit phuong trinh dau ta duge

9*u

1 ov

100
r o0’
10u

r 00

1 0%v

a7~ 1200 " rodor

T phuong trinh sau ta dugce

Fo_ 10w 10w 1
orod  r 062 r2 062 rorol’
Cong hai dang thic trén, vé theo vé ta dudc
Pu 10w lov 1o 10 1o
or2  r2002  r2900  rofor robor  r200

Mat khéc tit phuong trinh dau thi

_1ov_ 10u
r200  ror’
thay vao déng thiic trén ta dugc
Pu L Aou_ w10 1ou_
orz  r2902  ror orz  r2062  ror
e Tit phuong trinh dau ta duge
9%u B 1 9% N 1 0%v 1 0*u
orod  r 062 r2002  rorod’
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T phuong trinh sau ta dugc

0% 10u 1 0%

002 1200 rofor

Cong hai dang thiic trén, vé theo vé ta dugc

v 10w 10u 10%u 1 0% 1 Ou

o2 T2 T 200 rogor rordd 1209

Mat khac ttt phuong trinh sau thi

Ton_ 1o
r200  ror’

thay vao déng thic trén ta dugc

o 15 Aov S 108 1o
orz 2002  ror orz 2002  ror

2. Tacod
aQ orcos 20, 2 — 900820
— = 2rcos20, — = 2cos
or " Or? ’
0 0?
8_Z = —2r%sin 26, a—;; = —4r?% cos 20,
suy ra
0*u 10%u 10u
2 + 2902 + o = 2cos20 —4cos26 4+ 2cos26 = 0.
Vay theo cau (1) thi u (r,6) = r? cos 20 1a ham diéu hoa.
3. Taco

1
@ = @ = 2r cos 20,

790 or
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2.6 Some Physical Applications of Harmonic Functions 265

tu do

v = r*sin20+c(r),
ov 10u

5 = 2rsin26 + ¢ (r) = 5 = 27 sin 26,

suy ra ¢ (r) =0, nén ¢ (r) = D.

Vay v = r?sin20 + D. Ta c6

2
% - 2rsin29,%:2sm29,
v 9 8211 2 .
% = 92r (305297@ = —4r“sin 20,

suy ra

v 1 0w* 10v . ) .
92 +ﬁw+;a = 2sin 260 — 4 sin 20 + 2sin 260 = 0.

Vay v ciing thoa phuong trinh Laplace moi noi.

2.6 Some Physical Applications of Harmonic Func-
tions

Bai 2.6.1. Gia st moi noi trong vat lieu hgp thanh cta vector mat do thong luong

nhiet Q 1a Q, = 3,Q, = —4 calo trén mot cm? trén mot giay.

1. B&t dau véi Eqs (2.6-4a,b) tim nhiet do ¢ (z,y) trong do. Gid st ¢ (0,0) = 0

va do dan k ctia vat lieu bang 0.1 calo trén mot cm?.
2. Tim ham dong chéy v (z,y). Gia sit ¢ (0,0) = 0.
3. Phac hoa dang thé ma ¢ bang 0,40, —40.

4. Phac hoa dong chay ¢ = 0,40, —40. Kiém tra rang nhitng dudng nay song song
véi Q).
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Giai.
1. Taco 96 96
Q e 0 pe 3= 30z + ¢ (y)
suy ra 96 A
Y T 4= ( =4
o~ 01 0=C(y)=c(y) =40y +d

Vay ¢ (z,y) = —30z + 40y.

2. Taco
¢ = —30x + 40y,
00 _ W ( g0 o _
ax—ay<:> 30—ay:>w— 30y + c(z),
dp O

- = :—/ = —
3y e <40 d(x) = c(x) 40x + d,

Vay ¢ = —40z — 30y.

3. Taco

¢ =40 ©{-30x+40y =40 ©qy =1+3z
¢ =-40 —30z 4+ 40y = —40 y =-—1+3g
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2.6 Some Physical Applications of Harmonic Functions 267

Hinh 2.6.1
4. Taco
¢ = 40z — 30y =0 y =iy
¢ =40 | 40030y =-40 |y =1-1tu
Hinh 2.6.2
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Bai 2.6.2. Gia st dien thé phtic mo td mot dong chat 1éng nhat dinh cho bdi
1

P (2) = = (m?/s) cho z # 0.
z

1. Tim tdc do chat 16ng phitc tai x = 1,y = 1 (m) bang dao ham dién thé phiic.
Tai V, va V.

2. Tim thanh phan V, va V, tai diém giéng nhu trén, bing cch tim va duing van
toc dien thé ¢ (z,y).

3. Chiing minh riing phuong trinh déng thé thong qua z =1,y =1 1a (z — 1)* +
y? = 1. Vé duong nay.

4. Tim phuong trinh ctia dong chay théng qua x = 1,y = 1. Vé dudng nay.

Gidas.
1. Taco
dP 1 1 x? —y? — 2xy
v = _ = —— = — f— J—
dz 22 x? — y? + 2izy (22 — y2)* + da2y?
2 2 2
St e e VY
(2% +4?)
Z N —2 -1
Neuz =1 y=1thiV, =0, V)= — = —.
4 2
2. Taco
1 0 2 g2 0 -2
p—Re(L) =Ly -0_ v v 0 00 2y
2 22 + y? Or (22 4+ y?) Ay (22 +42)

—1
Taiz=1y=1thV,=0,V,=
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3. Taix=1, y=1th

z 1 2 2
= === -1 =1.
4. Taiz =1, y=1thi
1 -y —1 2
:I — :—:—:>2 _1 :1

¢ m(z) R +(y—1)

2

15}

1

05t

0

05}

gh 05 0 05 1 15 2

Hinh 2.6.3: 3-4

Bai 2.6.3. Gia st rang ® (2) = €” cosy + ie” siny tuong tng dieén thé phiic, trong

von, cho hinh dang tinh dién.

(m).

N | —

1. Dung dien thé phtc dé tim dién truong phic tai z = 1,y =

2. Dien truong phiic thu duge tai diém nhu trén bang cach dau tién tim va ding
dién truong ¢ (z,y).
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3. Gia sit hinh dang nam trong chan khong, tim thanh phan D, va D, ctia vector
1
mat do thong lugng dién taix = 1,y = 5 Trong don vi m.k.s, e = 8.85x 10712
cho chan khong.

1 : .
4. Giatrictagp taix =1, y = 3 la gi?. Dung MATLAB, vé mat dang thé thong

qua diem nay.

1
5. Giatriciay taix =1, y = 3 la gi?. Dung MATLAB, vé dong chay thong

qua diem nay.
Gidi.

1. ®(z2) =e€"cosy +ie”siny = ¢+ i), ta c6

dd 0 0
ad _ o9 —l—z'—w = e” cosy + e’ siny.

dz Oz ox

Dién truong phic tai z =1,y = = la

d® . e P 1
e=— = —(e"cosy —ie"siny) = — ecos 5 — desin g

dz
= —2.39+1.30i = E, +iE,.

N | —

2. Tacod

g 0¢ . 1
y = ——— = —€'Cosy = —ecos—,
Ox 4 2

0 1

E, = —8—y:exsiny:esin§.

Vay e = E, + iFE, giéng cau tren.
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3. Taco

1
D, = —885x 10—126(:055 =—21.1 x 1072,

1
D, = 8.85x 107" sin o = 11.5 x 1072

4-5. Ta c6
x 1 —1 —x 1
p=c¢e cosy:ecos§:>y:cos e ecos§ ,

- 1 . 1
Y =e smy:esm§:>y:sm eecos |

Hinh 2.6.4

Bai 2.6.4.

1. Giai thich tai sao d(z,y) = y + iz c6 thé 1a mat do thong lugng dién phiic

trong micn, nhung d (z,y) = = + iy khong thé.

2. Gid st rang mat do thong lugng dién phitc y +ix ton tai trong mot moi truong
ma e = 9 x 1072 Tim dién thé ¢ (z,y). Gid st ¢ (0,0) = 0. Phéc thao ding

thé o (r,) = 0,6 (s,4) = -
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3. Tim ham dong chéy v (z,y). Gia sit ¢ (0,0) = 0
4. Tim dién thé phic ® va néi 16 dicu kién cia z.

5. Tim thanh phan ciia dién truong tai = 1, y = 1 bang ba cach khac nhau: ti
d, tu @ (2), va tit ¢ (z,y). Ching minh v6i mot phac théo vector cho trudng
nay va dang thé thong qua z = 1,y = 1.

Gidi.

e Néud=y+izxthi D, =y, D, =z, nén

oD, 0D
+ Y =0
ox oy
e Néud=y+iythi D, =z, D, =y, nén
oD, 0D,
I )
ox * oy 7

Vay d(x,y) = y + iz ¢6 thé 1a mat do thong lugng dien phic trong mién, nhung
d(z,y) = o + iy khong thé.

2. Taco
0 _
d:y—i‘il’,Dz:y’Dy:x,—g_qs:Dx:y:>¢:ﬂ+c(y).
ax £
Lai c6
dp B . B B
—eg, ~Dy=rza—cdy)=v=e@)=d

Vay¢:_Txy—l—d.\/“lgﬁ(O,O):Onéngzﬁ:_Txy.
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e Néu ¢ = 0 thi z = 0 hosic y = 0.

. 1
e Néu ¢ = — thi zy = —1.
€

Hinh 2.6.5
3. Taco
—X
(b:_y:
£
op o  —y O -y
Ox_ay(:) 5 _8y2>¢_ 2e +ele),
o 0o x 22
v__% M) = 2 — 2 .y
e ay@c(m) = c(x) 25+
2 _ .2 2 _ .2
Vay = — 2 4 d. Vig(0,0)=0nen o = — 2.
2¢ 2e
vy oty

4. cI>:¢+iz/z:_€ +i = 1,2,
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5. Cach 1,
d
e=—,
€
D, 1 D 1
B ==r_Y_Z Ey:_yzfz_‘
€ e € € e ¢
Cach 2.
dd 1z 1 y+ir 141
EZD E —_— E— = — = - —_— = _— s
TRy (dz> e € (= 1iy) 5 £
nén
1 1
E,=-, E,=-.
€ €
Cach 3. 5 5
-1 1 1
¢:_xya Ex:__¢:g ) Ex:__(b:E:_
€ or & ¢ dy e ¢
Bai 2.6.5.

1. Luu lugng chat 16ng duge mo ta bdi dien thé phite ® (2) = (cosa — isina) z, a >
0. Phac thao dang thé lien két va cho phuong trinh ctia ching.

2. Phac thao dong chay va cho phuong trinh ctia ching.

3. Tim thanh phan V,va Vj, clia vector van toc tai (x,y). Goc ma vector van toc

tao véi truc duong x la gi?
Gias.
1. Taco

¢ = (cosa —isina) (x +iy) =xrcosa+ysina+i(ycosa —rsinw) = ¢+ i

nén ¢ = wcosa + ysina. Dang thé: z cosa + ysina = constant. Suy ra dz cos a +

dy sin o = 0, nén % = —cot a.
X
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-J

/NN N

Hinh 2.6.6

2. Ta c¢6 v = ycosa — xsina. Dong chay: ycosa — xsina = constant. Suy ra

dycosa — dxsina = 0, nén % = tan a.

Hinh 2.6.7

3. Taco
d®
v="V,+1iV, = (d_> = cosa + ¢sina.
z

Vector tao mot goc a v6i truc duong x.
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Chuangg

|
The Basic Transcendental
o
Functions
Muc luc
(3.1 The Exponential Function |. . . . .. ... ... ...... 277
[3.2 Trigonometric Functions |. . . . . ... ... ........ 292
(3.3 Hyperbolic Functions |. . . . ... ... ........... 303
[3.4 'The Logarithmic Function |. . . . .. ... ... ...... 313
[3.5 Analyticity of the Logarithmic Function | . . .. ... .. 321
(3.6 Complex Exponentials| . ... ... ............. 330

[3.7 Inverse Trigonometric and Hyperbolic Functions|. . . . 337

3.1 The Exponential Function

Bai 3.1.1.[1.1] Chting minh ¢* = ¢
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Giai. Dat z = x + iy, ta co

€% = e~ = e7 (cosy — isiny) = e* (cosy + isiny) = €.
Vay ta c6 diéu phai chiing minh.
Bai 3.1.2.[1.2] Hay bién doi cac s6 phtic sau thanh dang a + ib v6i a,b € R. Néu
n6 c6 nhiéu gia tri, hay chi ra tat ca cac gia tri do6
1 pl/2t2i
9 pl/2-2i

3. 7!

1/2+42i ,—1/2—2i
4. e e

8 ei. arctan 1

9. e(=272
Giai.
1.
e/t — e% cos2 + i.e% sin 2
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Bai 3.1.3.[1.13] Tim tat cd cic nghiem clia phuong trinh e* = ¢
Giai. Dat z = x + iy véi z,y € R, ta ¢6 e* = e* (cosy +isiny). T do, phuong
trinh can giai tuong duong véi:

e“cosy =e z =1
& (keZ)
sin y =0 y = k2w

Vay nghiém ctia phuong trinh la z = 1 + i.k27 véi (k € Z)

Bai 3.1.4[1.14] Tim cac phan thuyc v phan 4o clia cdc ham phiic sau, kiem tra

diéu kien phuong trinh Cauchy-Riemann duge théa va tim f/(z2)

L f ()= e
2. f(z) =el/?
3. f(z)=¢"
Giai.

1. V6iz=uz+1y, taco
f(z)=¢e" = e YT — 7Y cosx + de Y sin .

T do ta suy ra:

u(z,y) =e Ycosx

v(x,y) =e Ysinz.
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Vay
ou Y
— = —éYsinzx
ox ’
ou Y
— = —e Ycosuz,
dy
ov y
— = e Ycosx
ox ’
ov —y
— = —e Ysinzx
Jdy
déu 14 ham lién tuc trén R? va
o _ o
ox oy \v/ T c R2
s o (z,y)
oy Oz

Ta suy ra f kha vi v6i moi z hay noéi cach khac f la ham nguyén va

- Ox ox

1 (2) = —eYsinz + ie” Y cosx.
2. V6iz=ux+1y, taco

T—1y

SRS VP v R
f(z) =e’% =e? = es"+2 cos

T
oy
—e® vy’ sIin ——
x? + 3?2 x? + 32

T do ta suy ra:

u(x,y) = e+ cos

ZEZ + y2
va
vz, y) = e sin —2——.
(z,9) Y
Suy ra
@ = es?+v?, y cos i e=*+v? . sin i . 22y ;
81' <x2+y2)2 332_’_3/2 x2+y2 (x2+y2)2
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ou . 2 . 2 _ g2
— = —er? 5 y2 5 COS — d 3 + e=?+v% gin 2y 5 y2 o
oy (22 +y?) 2+ 22+ y? (22 +y?)
ov e 2 _ 2 e 2x
— = —e2’+, y2 g Sin 2y 5 +er?tv? . cos 2y 573 y2 5
ox (22 +y?) 24y 2?2 +y? (22 +y?)
Ov . 20 @ x 2 g2
— = exity?, 5 y2 2sin 2y 5 + e=?+v2 cos 5 5 y2 W
dy (z2 +9?) r? 4y 2%+ y? (2% +y?)
déu la cac ham lien tuc tren R\{(0,0)} va

u _

O () € R {(0.0))

oy ~ oz

nén f kha vi trén C* va:
2 2
oz — X Yy .z Y 2:63/
(2) = e, Y coS + e=®+¥? . sin )
f( ) <x2+y2)2 $2+y2 x2+y2 ($2+y2)2
[ Y 2xy ey y
+1 |e=?+v2 . cos . — ex?+y? sin
22+ 2 (22 + 12)2 (22 + 42) 2 22 1 2

3. V6iz=x+1y, tacod
z r+1iy x i x . . T . .
f(2) =€ =€ " = e CMYTESNY — oY cog (e siny) + ie® “*Ysin (e” siny)

T do suy ra

u(z,y) = e Y. cos (e” siny)

v
x . .
v(z,y) = e “Ysin (e siny).
Suy ra
du _ eTcosy T T et cosy : T T
W =€ ¥ cosycos (e"siny) — e sin (e” siny) e* siny,
x
au _ et cosy T 1 T 2 e’ cosy 3 T 2 T
a —e e’ sinycos (e*siny) — e sin (e” siny) e” cos y,
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ov . o

9 e® Y e” cosysin (e siny) + € “*Y cos (e” siny) e” siny,
x

8U e’ cosy 3 : T 2 e’ cosy T 2 T

5 = ¢ sinysin (e*siny) + e cos (€” siny) €” cos y
Y

déu 1a cac ham lién tuc trén R? va

o _ o
ox Oy 2
z,y) €R
s o (z,)
oy Oz
nén f kha vi tren R? va
Ju 0v . : . .
flz) = e + I = €Sy 6T cosy cos (e siny) — e “*Ysin (e” sin y) e” siny

+i [ Y e” cos ysin (" siny) + e “Y cos (" siny) e sin y|

Bai 3.1.5.[1.17] Dung dinh li IL'Hopital, tinh:

. Z—1
1. im .
z—=i e% — et

1 10
9 lim-—"% vigeR

-1 1 — 62i0
Gidai.

1. Do lim(z —7) = lim (ez — ei) = 0 nén ap dung dinh Ii L’Hopital, ta co:

z—1 Zz—1

lim (1 4 cosf + isinf) = lim (1 — cos 20 — isin20) = 0

00— 0—m
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3.1 The Exponential Function 283

nén ap dung dinh 1i L’Hopital, ta c6

. 1+e? . (1 +cos@+isinf) . —sinf +icosf -1
lim ——— = lim — > = lim — : = - = —,
o0—m 1 — 20 O—m (1 — cos 26 — 1 sin 2&) 60— 2sin 20 — 27 cos 260 —21 2

Bai 3.1.6.[1.19]

1. Cho a la hing s6, chiing minh ) = 0 bang cach st dung nhiing tinh
z
chat ctia dao ham, nhu 1a dao ham ctia e* va dao ham hop. Chu y khong dugc

dung cong thiic e %2 = ¢*1 %2,

2. Sau khi chiing minh e*e®*13 hing s6, goi 1a k. Tinh k£ bang cach st dung cong
thitc € = 1.

3. V6i k = e*e*% da tinh G trén, cho z = z1,a = z; + 29, chiing minh cong thrc

e*l.e”2 = 1172,

Gias.
1. Taco
d(e*e* %) D M v _ _
— z a—=z z a—=z — z,a—z z_ a—z — 0
e () e "+ e*.(e" %) = ¢€e e’e

2. Do g )

ezea_z

=0
dz

nén ta suy ra e?e®* = (C  Vz. Chon z = 0, ta suy ra .20 = % = C.
3. Tacok=r¢e"=c*c" % Dit 2 = 21, a = 21 + 29, ta suy ra e .e? = 112

Bai 3.1.7.[1.20] Dung cong thitc nhu trong vi du 1, tim dao ham cap 5 ctia ham

etsint.
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Gidi. Ta nhan thay

elsint = Im (et”t) .

Dat z(t) =t +it. Ta co:

(ez(t))' — (t) % = (ez(t))(5) _ (Z/ (t))B ez,

(et+it)(5) = (1+0)°"" = —4(1+1).e"(cost +isint)

= —4e'(cost —sint) — 4ie’(cost + sint)

Vay ta suy ra
(e'sint)® = —det(cost + sint)

Bai 3.1.8.[1.21] Trong vi du 1, ta da tinh duge dao ham cap 7 ctia ham thuc
e?* cos 2t. Dung ham dif f trong Matlab dé kiém tra két qua.

Gidi. Trong Matlab, dung ham dif f, ta c6

(e* cos2t) (V) = e'%e* (sin 2t + cos 2t) .

Bai 3.1.9.[1.22] Tim gia tri nho nhat va gia tri 16n nhat cta |f (2)] trén cac tap
R dong sau:

. R={z: |z—1—i| <2} va f(z)=¢"

2

2. R={z:|]z]<1}vaf(z)=¢
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Gidi.

1. Taco
(a:,y)eR(i)\/(x—1)2+(y—1)2§2<:>(.7:—1)2+(y—1)2§4

va

[f(2)] = [€7] = [e*(cosy + isiny)| =
T diéu kién
(r=1)"+ (-1 <4
ta suy ra x € [—1,3] nén ham lién tuc tang|f (z)| = €* dat gia tri nhé nhat 1a e™!

tai 2 = (—1,1) va dat gid tri 16n nhat e3tai z = (3,1).

Bai 3.1.10.[1.24]

1. Gi4 sit ta mudn tinh dao ham cap n theo bién t ctia ham f(t) = 1/ (t* + 1).
Chu y rang f (t) :Re((t — 1)_1). Dung phuong phap 6 vi du 1, nhu 1a nhi thic
Newton dé chiing minh:

4

n+1
2 1
Fo() = Gl (cufee
(t2+1)n+T ATy Y
k=0
n
(n) I(n+1) 2 ktn—&-l 2k i
f” (t) = (t2+1 n+1kz_0 n+1—2k’) n chan
\ —

1 1
2. Dung phuong phap & cau 1, tim dao ham cap n clia —— 71 . Chu y ring —— Pl
1

t—1

Im
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286 The Basic Transcendental Functions

Glidi.

1. Dung quy nap, ta sé chttng minh

n=1 (tiz) - (t:lz')2

ta sé chiing minh diang véi n = k + 1. That vay, ta ¢6

Ta co:

Gia sit diung v6i n = k, tiic

L)(Hl)

t—1

_ 1 k)1 <_1)kk! /
= ()" = =)
(—1)M RNk 4+ 1).(t — )"
(t _ i)2k+2
(=11 (k + 1)1
(t _ i)k+2

(

Vay ta co

1 (D"t (=1)"n

G = @-@m&f@%mwﬂa+“wl

n n+1
_ (= Ztnﬂ—k-k (n+1)!

(&2 + D) & " — k)

Do i? = —1 nén ta suy ra
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e 1 1é thi
il
( 1 )(n) — ( ].)’n,‘(n + ]_) Z ( )ktn+172k
t—1 (12 4+ 1)+t - (k?)(n—i—l_zk)
n+41
( n‘ (n+1) ‘i 1)k+1gn—2k
n+1 0 2]{3—1 n+1_2k)

e 1 chan thi

SR U R N |
t—i)() B (t2+1)n+1z E)l(n+1-—2k)!

(2
nl(n + 1)! 5+l (—1)kt1gnt1=2k

T 1 2 B = 1)i(n+ 1 20)

Tt d6 ta suy ra diéu phai chitng minh.

2. Dung két qua cau trén, ta suy ra:

e n 1a 0 16 thi
n+tl
( 1 >n ( n[ TL—}-]_ ! 2 )kJrltn 2k

241 1)t Z; 2k—1 W(n+1—2k)

e n 1a s6 chin thi
%—*—1 (_1)k‘+1tn+1—2k‘

I \"  nl(n+1)
<t2+1) B (zs2+1)n+1Z (2k — D!(n+1—2k)!"
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Bai 3.1.11.[1.25] Do 16n ctia biéu dién sau:

N-1
P=1+¢eY 42 ... 4 0V-1p_ Zez‘w

n=0

dugc ap dung trong nhiéu van dé ké ca sy biic xa tit N phan tit vat 1f dong nhat (vi
du nhu dng-ten, loa phong thanh). o) day 1 1a mot s6 thuc phu thudc vao sy phan
chia clia nhitng phan ti va vi trf ctia d6i tugng bric xa. | P|cho chiing ta biét do manh
ctia d6i tuong biic xa

1. St dung tong ctia chudi hinh hoc hitu han, chiing minh rang:

- N
sin=*
1P () =|——
SIHE
2. Tim
lim |2 ()]

3. St dung may tinh dé vé |P (1)| v6i 0 < < 27 khi N =3

Gidi.

1. Tacod

i

P = 14e% 12 ... 4 N-Dd _ ot

= 14 (cos(¢) + cos (2¢)) +---+cos:( N —1)v))
+i (sin (¢) + sin (2¢) 4+ - -+ +sin (N — 1) ¢))
cos <—(N51)w> sin (%2) sin (—Wﬁl)lﬁ) sin (%2)

— ©

= S -
B sin (%) sin (%)
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3.1 The Exponential Function 289

Suy ra
=18\ o (N C(N=Dw (N 2
|P|2 B COS — Sin (T) N Sin 3 Sin (T)
B sin(g) sin (2)
2 2
2
_ sinNTw
Sin% '
nén N
sin—*
1P () =|—
SIHE
2. Ta co:

. N . -1
X T ( SIHT SIIIE o
Y [P ()] = Jim |V ( > =N

3. Doan lénh:

>> t=linspace(0,2%pi, 100);
>> f=abs(sin(3.*t.*(1./2))./sin((1./2) .%t));
>> plot(t,f)
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290 The Basic Transcendental Functions

=

—
[ S
L

]
L
Pl

Hinh 3.1.1: Hinh 3.1.11

Bai 3.1.12.[1.26] Cho z = re® véi r, 6 1a cac bién trong toa do cc.

1. Ching minh Re[(1+2) /(1 —2)] = (1 —=7?) /(1 4+ r? — 2rcosf). Tai sao ham
s6 thoa phuong trinh (2.5-14) trén mién 2z # 1

2. TimIm[(1+42) /(1 —2)] = (1 —7r?) /(1 + r* — 2r cos §)] bang két qua cau tren.

Gids.
1. Taco
142z  (I+rcosf)+rsind  (1—r*) +i2sinf
1—2  (I1—rcosf) —rsinf (1 —rcosh)?+r2sin®6
1—r? , 2sin 6

14712 —2rcosf —Hl—i-r? — 2rcos@
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Tu do ta suy ra

Re[(142)/(1—2)]=(1—7r") /(14 r*—2rcosf).

(1—7%)/(1+r*=2rcos) =¢(r,0),

ta sé ching minh

92 1 9% 10¢
That vay, ta co

%(z) B 212 cos ) + 2 cos ) — 4r
or B (1472 —2rcosf)?

N 82¢( ) = —4r3cosh — 12r cos @ + 8cos? O + 12r? — 4
a2 T (14 r2—2rcosf)3
99 (2) = (473 — 4r) sin 0
00 B (14 r2—2rcosf)?

N %9 (2) (473 — 4r) (cos 0 + 12 cosf — 2r cos? § — 8r sin® 9)
Y0 =
06° (1+72—2rcosf)®
¢ () = (473 — 4r) sin 0
00 B (1472 —2rcosf)?

N [a0) ) (47 — 4r) (cos @ + r? cos § — 2r cos® § — 8rsin” 0)
O
06? (1472 —2rcosh)’

T do ta suy ra

0%¢ 1 0% 100 B
W(2)+ﬁw(z)+;§(z)—o Vz # 1.

2. Tacod

2sin 6
1472 —2rcosf’

Im[(1+2)/(1—2)]=(1-7%)/(1+r"=2rcosb)] =
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292 The Basic Transcendental Functions

3.2 Trigonometric Functions

Bai 3.2.1.[2.1] Ding céac phuong trinh 3.2-9 va 3.2-10 dé dua cac s6 phiic sau vé
dang a+1ib v6i a, b € R. Néu c6 nhiéu hon mot gia tri, hay chi ra tat ca. Sau d6 dung
Matlab dé kiém tra két qua, luu ¥ rang Matlab chi cho ra mot gia tri.

1. sin(2 + 3i)

2. cos(—2 + 3i)

3. tan(2 + 31)

4. (sing)/?

5. sin(i'/?)

6. sin(e')

7. cos(2i.arg(2i))

8. sin(cos(1 +1))

9. tan(iarg(1 + v/31)
10. arg(tani)

1 COS % —1lcosi
11. e +e

Giai

sin (2 + 3i¢) = sin 2 cosh 3 + i cos 2sinh 3
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Bai 3.2.2.[2.12] Chiing minh sin® z + cos? z = 1 bing hai cach
1. Dung dinh nghia vé cos va sin trong phan 3.2-5, 3.2-6

2. Dung cong thiic sin® 2z + cos? 2 = (cos z + isin z)(cos z — isin z) va cong thitc

Euler vé s6 phiic.

Gias.
1.
12 —iz\2 %z 12 2
sin®z +cos?z = (" + ™) +(6 <)
4 —4

_ 621'2 + e—2iz + 2 _ €2iz W 6—21'2 + 2

N 4

=1
2.

sin 2z 4+ cos® 2 = (cosz +isinz) (cosz — isin z)

= e =e"=1

Bai 3.2.3.[2.13] Dung dinh nghia ctia ham sin va cos, chitng minh:

d .
1. —sinz =cosz
dz
d )
2. —cosz = —sinz
dz

3. cos’z = 5—1-500822
4. sin(z+27) =sinz

5. cos(z+2m) = cos z
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Gidas.
1.
d . d ezz _ efiz Z'eiz + Z'efzz
—sinzg = — =
dz dz 21 21
iz + e—iz
= = COS 2
2
2.
d d [e* 4+ e * ie'* — jei*
—cCcosz = — =
dz dz 2 2
_eiz + e—z’z ]
- 2—2 = —SInz
3.
) it 4 e~iz 2 e2i% 4 =2z | 9
cos“z = =
2 4
1 1
= —4 = 2
5 + 5 Ccos 2z
4.
6iz+2i7r _ 672'2721'#
si + 2 = -
in(z 4 2m) | 5; |
€%, (cos 2T +isin2m) — e7** (cos 2m — i sin 27)
N 2i
eiz _ efiz )
= ——— =sinz
21
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5.
1z+2im —iz—2T
cos(z +2m) = ¢ +2€
B €. (cos 2 + i sin 27) + e (cos 27 + i sin 27)
N 2
eiz + efiz
= ———— =cC0S%
2

Bai 3.2.4.[2.16] Chiing minh nghiém ctia phuong trinh sin z = 0 trong mit phang
phic la z =nm v6in =0,£1,4+2...

Giai. Ta co

(%4 —1iz

. — € ; i . . .
smz:O<:>T:0<:>e”:e Y"Sihr=—iz+ik2n & 2z =km
)

voi k= 0,%1,£2.... Ta c6 diéu phai chitng minh.

Bai 3.2.5.[2.17] Ching minh phuong trinh sinz — cosz = 0 khong c6 nghiém
phtitc. Giai phuong trinh dé.

Giar. Ta cod

1z —1iz 1z —1z

. e~ —e e”+e ) .
sinz—cosz =0 <& y — =e¥—e ¥ -
21 2 1—2

Tt do ta suy ra phuong trinh trén tuong duong véi
. T . ™ .
222:z§+zk27r(:>7:: Z—l—kwvc’jzk:O,il,j:Q...

Vay ta c6 diéu phai chiing minh.
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Bai 3.2.6.[2.18] Tai mién nao trong mit phang phiic ma cidc ham s6 sau khong

giAi tich
1. f(2) = tanz
2. f(2)= Costiz)
3. f(2) = Sinzsm[la i)
4. f(2) = \/gsmzl— cos 2
Gidi.

1. Ta c¢6 f khong xac dinh tai z = g + km. Ta lai c6 ham sinz va cosz la ham

nguyén nén

f(z) =tanz = il
Ccos 2
kha tich trén tap mé
DIR2\{Z:g+I€ﬂ'}.

2. Taco
. . T,
cos(zz):0<:>2z:§+k7r(:>z:—§+k7r

voi k' = 0,41, £2,... vd ham cos(iz) la ham nguyén nén ham f(z) kha tich trén tap

ma
D=R\{»= —g + kr}.
3. Taco
sin z £0 z #kr (k=0,4£1,£2...)
sinzsin[(1+14)z] #0 < N L
snf(L+1):]) #0 |2 Aoy (=02
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Ta lai ¢6 sin zsin[(1 4 ¢)z] 1a ham nguyén nén f giai tich trén tap mé

D:RQ\{z:lm/\z: (ﬁfi)}.

1
4. T) =
f( ) \/§sinz—cosz

z— % =kr & 2z = %+k7r véi k= 0,41, £2.... Ta lai ¢6 v/3sinz — cos z 1a ham
nguyén nén f giai tich trén tap mé D = R?\ {z = % + k‘ﬂ'}.

. Ta ¢6 V/3sinz — cosz = 0<:>sin<z—%> =0«

. 1
Bai 3.2.7.[2.22] Cho ham s0 f(z) = sin <—)
z

1. Bién ddi ham vé dang f(z) = u(x,y) + iv(x,y) véi u,v 1a cAc ham thye. Tim
mién D dé f gidi tich.

2. Tinh dao ham ctia f(z), tim miém D’ dé f’ gidi tich.
Giai

1. Dbat z =241y, taco
1 T — 1y

Do do

= gi _r h 4 ) SN, Y h _Yy
= sin cos —4COS sin
x2 4 y? x2 4 y? x? + y? 2+ y?

-~

u(z,y) v(;Ty)

Ta c¢6 f(2) =sin(271) c6 dao ham v6i moi z # 0 nén ta c6 f gidi tich trén mién md
D =R\{z=0}
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ERE

Tuong tu nhu trén, ta c6 f' gidi tich trén mién mé D’ = R\{z = 0}.

Bai 3.2.8.[2.23] V& do6 thi ba chiéu cho sin|z|. Xac minh réng do thi cho thay
sin|z| =0v6i z =kmr, k=0,+1,+2,..

Giai.  Nhap doan lénh

>> x=[-2*%pi:0.05:2*pi];
>> y=[0:0.05:1];

>> [X,Y]=meshgrid(x,y);
>> z=X+ixY;

>> w=abs(sin(z));

>> meshz(X,Y,w)
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Hinh 3.2.1

Ta thay tai cac diém duge udc lugng trén do thi la z = 47 (v = £7, y = 0) va
z=22m, (x = £27, y =0), sin(|z]) =0 .

Bai 3.2.9.[2.24] V& do thi ba chiéu cho phan thyc va phan 4o ctia cos z. X4c minh

ring do thi cho thay Re (cosz) =0 va Im (cosz) =0 véi z = +Z, £37 .

Giai. Nhap doan lénh:

>> x=[-2%pi:0.05:2%pi];
>> y=[0:0.05:1];
>> [X,Y]=meshgrid(x,y);

>> z=X+ix*Y;

CuuDuongThanCong.com https://fb.com/tailieudientucntt


http://cuuduongthancong.com?src=pdf
https://fb.com/tailieudientucntt

300 The Basic Transcendental Functions

>> w=real (cos(z));

>> meshz(X,Y,w)

'\ID ':_..
— i
Lr‘l-lllfl'l.l..l_l

=
leasalours

1
=
[}

Ll

Hinh 3.2.2: Re (cos z)

Tai cac diem ma z =+ (x =45,y =0), z = £ (z = £%, y = 0), tren do thi,
ta thay Re (cosz) = 0.

Tiép tuc nhap:

>> u=imag(cos(z));

>> meshz(X,Y,u)

Ta thay do thi sau:
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o ,{@
I||||||I:r||||l!|11|1 2

10 ] n -5 -10 ¥

X

Hinh 3.2.3: Im (cos z)

Tai céc diém ma z = +7 (x: +Z y= ), z = i%” (JU::I:%”, y:O), trén do thi,
ta thay Im (cosz) =0

Bai 3.2.10.[2.25]

1. Ching minh | cos z| = v/sinh? y + cos? z

2. Chting minh |[sin z| = v/sinh®y + sin z
3. Chiing minh |cos 2|2 4 | sin z|? = cosh® y + sinh®
4. Ching minh

sin(2z) + i sinh(2y)
cos(2z) + cosh(2y)

tan z =
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5. Chiing minh
sin(2x) — i sinh(2y)

tz =
core cosh(2y) — cos(2x)

Glidi.

1. Ta c6 cosz = cosx coshy — isinxsinhy, tit d6 suy ra

|cosz| = +/(coszcoshy)? + (sinzsinhy)?2

= \/(3082 (1 + sinh? y) + sin® z sinh® y

= \/sinh2 y + cos?

Vay ta c6 diéu phai chiing minh.

Bai 3.2.11.[2.30]

1. Ta da c6 sinz = sinx coshy + icoszsinhy va |sinhy| < coshy. Hay ching

minh |sinhy| <|sinz| < coshy

2. Suy ra bat dang thtic tuong tit cho | cos z|
Gias.

1. Taco

|sin z| = \/sin2 x cosh? y + cos? zsinh® y > \/sin2 zsinh? y + cos? z sinh? y = | sinh y|

N

va

|sin z| = \/ sin? z cosh? y + cos? z sinh? y < \/ sin? z cosh? y + cos? x cosh? y = coshy

CuuDuongThanCong.com https://fb.com/tailieudientucntt


http://cuuduongthancong.com?src=pdf
https://fb.com/tailieudientucntt

3.8 Hyperbolic Functions 303

T d6 ta c6 diéu phai ching minh.

2. Tuong tu, ta co

|cosz| = \/ cos? x cosh® 7 + sin® x sinh® y
> \/ cos?  sinh® iy + sin® x sinh® yy = | sinh y|
va
|cosz| = \/ cos? z cosh® y + sin? x sinh?® y
< \/ cos? z cosh? y + sin® z cosh? y = cosh y

3.3 Hyperbolic Functions
Bai 3.3.1.[3.1] Dimng cac két qua (3.3-1) va (3.3-2) dé chitng minh:

1. sinh z = sinh x cosy + ¢ cosh x siny

2. cosh z = coshz cosy + ¢sinh zsiny

3. cosh? z —sinh? z = 1

4. sinh(z 4 27i) = sinh z va cosh(z + 27i) = cosh z

5. sinh(if) = isinf va cosh(if) = cosf. T d6 ta két luan sinh ctia s6 thuan &o

14 s6 thuan 4o va cosh ctia s6 thuan ao 1a sé thuc.

Giai. V6i z = x + iy, ta co:
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1.
Gnhy — €€ _¢ (cosy +isiny) — e * (cosy — isiny)
2 2
et — et L . €x+efx
= cosy| —— isiny | ———
Y\ 2 Y\ 2
= sinhzcosy 4+ icoshxsiny
2.
e +e* e (cosy+isiny)+e ¥ (cosy — isiny)
coshz = =
2 2
T +e 7 s et — et
= cosy| ———— isiny [ ————
Y\ Y\
= coshxzcosy + isinhxsiny
3. 2 2 2 2
z —2z 2 z -2z _ 9
cosh? z — sinh? z = & N e e te =1
4 4
4.
sinh (z 4+ 2mi) = sinhzcos (y + 27) + i cosh x sin (y + 27)
= sinhx cosy + i cosh x siny = sinh 2z
cosh (z +2mi) = coshzcos(y+ 2m)) + ¢sinha sin (y + 2)
= coshzcosy + ¢sinh x siny = cosh z
5.

sinh(i0) = sinh 0 cos @ 4 i cosh 0sin § = isin O

cosh(i6) = cosh 0 cos + isinh 0sin 6§ = cos
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(Do sinh 0 = 0 va cosh0 = 1)

Bai 3.3.2.[3.6] Vi cac két qua (3.3-6) va (3.3-7), viét cac s6 sau thanh dang a+ib
v6i a,b € R. Duing Matlab dé kiém tra két qua.

1. sinh(1 + 27)

2. sinh(1 +ig)

3. tanh(exp(i%))

4. cosh(ilogn) (log tu nhién)

Glidi.

3. Tacod

tanh (exp (1)) =

CuuDuongThanCong.com

sinh (e’%)
cosh (e%)
\/§ \/5
sinh [ — -
2 2
Vi
cosh | — -
2 2
V2 2 2 2
sinh - cos \/7— + 7 cosh g sin \/7_

2 2 2
cosh - cos > + 7 sinh £ sin \/7_

2 2

V2 V2 V2 . V2 V2 V2 V2 V2
31nh7c087+zcosh—81n— osh—cos——zsmh—sm—

2 2

2

2

2

)

2
cosh? 5 cos?

oy

— h
5 + sin
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% (sinh (\/5) + 4 sin (\/5))
V2

2
h2 vy an2 YT
COS 5 Sin 5

sinh (\/5)

2
2 cosh? g — 2sin

) V2
2

Bai 3.3.3.[3.10] Tinh cic dao ham ctia ham s6 tai méi diém sau:
1. - sinh(sin z) tai z =i

z

o ik o) tai 5 — g
- sin(sinh 2) tai z =i

Giar. Ta co

sinh’(z) = ———— = cosh(z).
1. Dat f(z) = sinh(sin z). Ta c6

= sinh(sin z) = cosh(sin z). cos z

f'(i) = cosh(sini). cosi = cos(sinh 1). cosh 1.

2. Dat g(z) = sin(sinh z). Ta c6
- sin(sinh z) = cos(sinh z). cosh z

z

g'(i) = cos(sinh ). coshi = cosh(sin 1). cos 1.
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Bai 3.3.4.[3.12]

1. Cho phuong trinh sinh(z + iy) = 0. Dung két qua (3.3-6) dé can bang phan
thitc v phan 4o ctia sinh 2 véi 0. Chitng minh tap nghiém ctia phuong trinh 13
{z =inmw| nelZ}.

2. Tuong tu nhu trén, cho phuong trinhcosh(x +iy) = 0. Chitng minh tap nghiém
cia phuong trinh 1a {z = +(2n + 1)7i/2 v6in =0,1,2,...}

3. Tim mién D dé ham tanh z giai tich

Guai.
1. Taco
. . ) . ) sinhxcosy =0 sinhx =0
sinh(z+1iy) = sinhx cosy+icoshzsiny =0 < &
coshzsiny =0 siny =0

Do coshx > 0 va cosy, siny khong dong thoi bang 0, tit d6 ta suy ra
sinh(z + 1y) < n € 7.
Vay nghiém clia phuong trinh 14 2 = inm v6i n € Z. Tt do ta c6 dieu phai chitng

minh.

o ] coshzcosy =0 cosy =20
cosh z = cosh x cosy+isinhzsiny =0 & & &

sinhzsiny =0 sinhx =0
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308 The Basic Transcendental Functions

Vay nghiém ctia phuong trinh 1a

i2n+ 1)m

véin=0,1,2,...

3. Ta c¢6 sinh z va cosh z 1a cac ham nguyén nén tanh z = sinh z/ cosh z giai tich
tren tap mdé R?\ D vé6i D la tap nghiém ctia phuong trinh cosh z = 0.
Bai 3.3.5.[3.14] Céac ham sau khong giai tich trén mién nao?

o
" cosh[(1 +14)z]

1
" sinh z + cosh z
1
© sinh(722)
Gidi.
1.
cosh[(1+14) 2] = 0<:>(1+i)z:i<g+n7r> (n€7)
(3 )
t\gTnr 1 2n + 1 2n + 1
sr=—d 2 = (e Di(-0) = ”j vin "I

1
cosh[(1 + 1)z]
tap déng D la tap nghiém ctia phuong trinh cosh[(1 +4)z] = 0.

Ta ¢6 ham cosh[(1 + ) z| 14 ham nguyén nén ham khong giéi tich trén
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2. Tacod

) 4% z_ =z
SlnhZ+COShZ:O<:>€ 26 +e 26 =ef=02z€0

1

sinh z 4 cosh z
trén tap dong D = () 1a tap nghiém ctia phuong trinh sinh z + cosh z = 0.

khong giai tich

Do d6 ham sinh z 4+ cosh z 14 ham nguyén nén ham

sinh(12?) =0 & 12 =int (n€Z) &

\

Ta c¢6 ham sinh (72?) la ham nguyén nén ham khong giai tich trén tap

sinh (722)

déng D 1a tap nghiém ciia phuong trinh sinh (722%) = 0.

Bai 3.3.6.[3.17]

1. Chitng minh phuong trinh sinh z —sin z = 0 khong c6 nghieém trén duong thang

=1
2. Chiing minh |sinh 2|2 = sinh® z +sin® y
3. Chiing minh |cosh z|? = sinh® x + cos? y = cosh® z — sin®y

4. Duong thing x = y ¢6 la tap con clia tap nghiém phuong trinh sin z +isinh z =
0?
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5. V& do thi 3 chiéu cho |sin z 4 ¢sinh z| va xdc minh rdng mat thu duge ¢ chieu
cao 1a 0 tai nhitng diém tim dudc 6 phan 4. Gdm ca z = 0 va tai it nhat mot

nghiém khac ctia phuong trinh da cho.

Gidi.

1. Cho z=1+1y, ta cod

sinhz =sinz < sinhlcosy+icoshlsiny =sinlcoshy +icoslsinhy

sinh 1 cosy = sin 1 coshy

~
cosh 1siny = cos1sinhy
cosy = ;;‘}111 coshy
=
cosh? 1 (1 — (=L coshy) 2) = cos? 1 (cosh®y — 1)

) cos? 1 sinh® 1 + cosh® 1 sinh* 1
= cosh”y = — s = A
cos? 1sinh” 1 4 cosh® 1sin” 1

= y = arccosh (\/Z)

Nhung z = 1 + éarccosh (A) khong théa phuong trinh sinh z = sin z, vi vay phuong

trinh vo6 nghiém.
2. Taco
| sinh z|? = sinh? z cos® y+cosh? z sin® y = sinh® z cos? y+ (1 + sinh? x) sin? y = sinh? z+sin?y.

3. Taco

) ) s o o cosh? z cos?yy + (cosh? z — 1)sin®y = cosh? z — sin’1,
| cosh z|* = cosh” z cos” y+sinh” x sin” y =

(14 sinh® ) cos®y + sinh® wsin®y = sinh®z + cos?y
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4. Cho z =z + 21, khi do6 ta ¢

sin z+i sinh z = 0 < sin x cosh x+i cos x sinh x+i sinh 2 cos t—cosh z sinz = 0 < cosxsinhx = 0 < z € {0

5. Dung doan lénh:

>> x=[0:0.05:2];

>> y=[0:0.05:2];

>> [X, Yl=meshgrid(x,y);
>> 7=X+ixY;

>> w=abs(sin(Z)+i*sinh(Z));

>> meshz(X,Y,w)
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Hinh 3.3.1

Tai nhiing diém =<, 0, Z, ta thay chiéu cao cia do thi 1a 0.
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3.4 The Logarithmic Function

Bai 3.4.1.[4.1] Tinh tat ca gia tri ctia Logarithm céc s6 sau, chi ra Log tiéu chuan

clia ching (viét dudi dang a + bi).

4. —\/3+1i

5. €

6. 61—l—4i

7. (—V3+i)
8. elog(isinhl)
9. ¢

10. Log (Logi)
Glidi.

10. Taco

T T T
Log (Logi) = L ('-):1 T il
og (Logi) og 22 og2+z2

T do ta suy ra

1 2
log (Log (Logi)) = log <logg - z%) = —log (log2 T + W—) +i | arctan —=—= + 2k

2 2 4
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T

1 2 9
Log (Log (Logi)) = 5 log (log2 g + %) +1 zaurctam1 27T
og —
2

Bai 3.4.2.[4.11] Giai céc phuong trinh sau:
1. Logz = LogZz.
2. Logz =1+ 1.
3. (Logz)” + Logz = —1

Giai.

1. Logz khong xac dinh khi z = 0.

e Néu z 1a s6 khong 1a s6 thyc am, dat 0 = argz, —m < 0 < pi, va z = |z| cish, Z =

|z| cis (—@), nén|

Logz = Log |z| +i0 = Log |z| — i6 = Logz

e Néu z 1a s6 thuc am thi

Logz = Loglz|+im

Logz = Loglz| —im
nén Logz # LogZz.

Vay ta c6 nghiém clia phuong trinh Logz = Logz la z € C, ngoai trtt 0 va cac s6
thuc am.
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Bai 3.4.3.[4.14] Giai céc phuong trinh sau:

l. e#=c¢
2. ef=¢7 %
3. ef =¢e"%

Giaz.

e = le e =ik2ns e =k2rn (cos (g) + ¢sin (g))

<:>z:10g(k27r)+i(g+l27r) voik,l €z

Bai 3.4.4.[4.22] Tap gia tri cta logico trung tap gia tri clia 2logi khong? Giai
thich.

Giai. Ta co
logi? =log (—1) =i (7 + k2m)
va

2logi = 2log (cosg + isin g) =2i (g + k’27r> =i (7 +4k'm)
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v6i k, k' € Z. Tu d6 ta thay hai tap gia tri clia logi? va 2logi khong triing nhau.
VD: 37 = log i nhung 37 # 2log .

Bai 3.4.5.[4.23] Chiing minh nhing di¢u sau day 1a ding véi 6 € R.

2 cos (Q>
2
1

2. Re[log (re’” —1)] = 2Log(l —2rcosf +r¥)néur>0vae £1.

1. Re [log (1+¢"”)] = Log véi e? £ —1

Glidi.

1. Taco

A 1 1 7
Re [log (1 + ¢”)] = Re[log (1 + cos 6 + isin0)] = élog (24 2cosf) = 3 log (4 cos® 5) = log |2 cos

2. Taco

. 1
Re [log (re” —1)] = Re [log (rcos 6 — 1 + irsin6)] = log Vr2 —2cosf + 1 = 5 log (r* — 2r cos +1)

Bai 3.4.6.[4.25]

1. Ta da c6 cong thic log z; + log zo = log (2z122). Hay cho z; = —ie vi 2o = =2,

hiy tinh gia tri clia log 21, log 2o va log (2122) dé thoa tinh chat trén.

21 .. .
2. VGi z1 va 296 cau 1. ,)hay tinh log 21, log 2o va log ZL 48 tinh chét log z1 —log 29 =
)

z
log . duge théa man.
)

Glidi.
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1. Taco
. . ™
logzy = log(—ie) =141 (—5 + m27r> :
logzy = log(—2)=log2+i(m+ n2m)
va
log (2125) = log (2ie) = log2 + 1 + i <g + 2k7r>
nén dé

log 21 + log 25 = log (21 22)

dugc thoa thi m +n = k.

2. Tacod

2 e T
log— =log— = (1 —log2 (— k2>
0g - =log 5 (1—log2)+1 5 Thk2m

~ 2
nén de

log z; — log 25 = log 2
Z2

dugec thédathim+n=%k—-1

Bai 3.4.7.[4.26] Cong thiic log 2" = nlogz véi n € Z rat c¢6 hieu qué trong viéc

lay logarithm moi vé ctia phuong trinh. Cho 2 =1+ivan=>5

1. Tim gi4 tri ctia log 2™ va log z dé théa man phuong trinh log 2™ = nlog 2.

2. V6i cac gia tri cia z va n da cho, phuong trinh sau ¢6 théa khong nlogz =

Logz".

3. Gid sttn = 2 v& z c6 gia tri khong doi. Héi nLogz = Logz™ c6 thoa hay khong?

Glidi.
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1. Taco

) )
2" = (1+i)5:4\/§<cos£+isin£) =—4—4i

nén ta co

log2z" = nlogz
< log(—4—4i) = 5log(1l+14)
5 5
& log (4\/5 (cos Zﬁ + 7 sin —W)> = blog (\/5 (cos% + ¢ sin f))

4 4
5) [ om 1 [ om
<:>§log2+z<z—|—m27r> = 5(§log2)+z<z+n27r)
Smo= n.

Vay

5 5

log 2" = —log2+1 >4 + m2m

2 4
va

1 5

nlogz=>5 (510g2) +1 (Zﬂ +m27r)

véi m € Z.
2. Taco

5 3
nlLogz = 3 log2 — zzﬂ = Logz"

3. Diat 2 =r(cosf +isind) véi 0 € [—m, 7], ta c6 2% = r? (cos 20 + isin 20) nén ta
co
2Logz = Logz?

& 2(Logr +1i0) = Logr®+i(20 + k'27)
& 2Logr +i20 = Logr?+ (20 + k'27)

voi — < (20 + K'27) < wr. Tt d6 ta nhan thiy véi 2 = cosm+isin7 thi 2Logz = 27
va Logz? = 0 nén phuong trinh khong dugc thoa.
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Bai 3.4.8.[4.27] Diéu ndo la sai sau day? Ta c6 12 = (—1)* neén suy ra log1% =
log (—1)%, vi vay nen 2log1 = 2log (—1) suy ra log1 = log (—1) ma log1 = 0 ta s&
két luan log (—1) = 0. Hay mo t& budc khong hgp 1i dau tien?

Gigi. O day ta hiéu mot cach udc 18 ring log 1 = log (—1) 1a 2 tap hgp bing nhau
hay n6i cach khac 1a vé trai sai khac vé phai 1 boi clia 27 va log 1 = ik27 nén dieu

két luan la sai.

W=

va = log (8i).

Wl =

Bai 3.4.9.[4.28] Bai toan sau day néi vé sy lien hé gitta log (8:)
Chitng minh rang:

wl—=

2
1. log (8)% = Log2 + i (Lrg/m) VGi k= 0,41,+2. ..

6

1 2
2. log (8i)5 = Log2 + i (%+§m7r+2n7r) voim =012vain=041,42.. ..

Vi vay sé ¢6 3 tap gia tri ( ting v6i m = 0, 1,2) cua log (82’)% va moi tap sé cod

vo han phan ti.

N . 1 .
3. Tap gia tri cta log (8@')% dong nhat véi tap gia tri cta 3 log (8i). Dieu nay sé

? ? ]- =
cho ta tong quat hoa de ap dung gitta — log z va log .
p
Gidi.

1. Tacod

o=
|

(81) = 2 <cos (g + m27r> + 7sin (g + m27r)> s

_ 5 7T+2 Lisi 7r+2
= cos 5 3m7r 7 sin 5 3m7r

v6i m=0,1,2
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320 The Basic Transcendental Functions

Vi vay ta co

wl—=

2
log (8¢)3 = Log2 + i (% + 3mT + 2n7r>

v6im =0,1,2 va n € Z nén suy ra

W=

2
log (87)3 = Log2 + i (E + gkfﬂ)

6

vl k € Z.

2. Nhu chitng minh trén, ta c6

o=

log (81)

2
= Log2 +1 (% + gmﬂ' + 2n7r>

véim=0,1,2van=0,+1,+2...

3. Taco

1 2
3 log (8i) = <3Log2 +i (g + k27r>> = Log2 + i (E + —kﬂ')

1
3 6 3

1

voi k € Z = log (8i)*. Tt d6 ta c¢6 diéu phai chiing minh.

Bai 3.4.10.[4.29] St dung MALAB, tim logarithm ctia nhiing s6 —1 + 10~ va
—1 —410~%. Giai thich tai sao hai két qua lai rat khac nhau mac dit hai diém biéu

dién nhitng s6 nay trén mat phang phic thi “gan” nhau.

Giai. Ta co

log (—1 + i10_4) ~  4.9999999750000001667 - 10~ + 3.1414926535901265718i,
log (—1 — i10_4) ~  4.9999999750000001667 - 10~ — 3.1414926535901265718i.
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3.5 Analyticity of the Logarithmic Function 321

Ta co

—1+4+4107* =7 (cosa + isina)
va

—1—410"* =7 (cosa — isina)
nén

log (—1+i107%) =logr +i(a+k2r) (k€ Z)
log (—1 —4107*) =logr + i (—a+127) (L€ Z)

M4y tinh chi hién thi v6i o + k27 vA —a + [27 nim trong [—7, 7] nén

—TT—Q T—Q
o Sk< 5T

-+ < l < T+o
2r  — 7 — 2w

suy ra k = —[. Nghia la hai gia tri trén sé c6 dang

log (=1 +410~*) = logr + i
(6 € [-m,7])
log (—1 —i107%) = logr — i

rat khac nhau.

3.5 Analyticity of the Logarithmic Function

Bai 3.5.1.[5.1] Dimg

1
Logz = (5) Log (:c2 + y2) +rargz
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322 The Basic Transcendental Functions

khi arg z = arctan J hoac x =0, arg z = g —arctan < va
x
ou  Ov ou Ov
’ _ [ Y 0 = 2 -7
fim) = (593 H(%) ( oy 8y)
L 1 \
dé ching minh d—Logz = — trong mien C\ {Imz =0va Rez < O}.
z z

Gidi. Tu gia thiét dé bai ta suy ra ham arg z lién tuc trén truc do. Dt u (z,y) =

1 0 0 —%
(5) Log (22 + y*) va v (z,y) = arg z thi ta ¢6 8_u = aZ = "2 e

51,2 7 2
T rity dr ()" 41
ta co
dL 8u+,8”0 LAy —2 r—1y 1
—Logz==—+i— ) = i = =,
dz 0% oxr O x4+ y? (£)2+1 24y oz
Néu z = 0,

d ov  Ou 1

x 1 2y r— 1y 1
—Logz=|+——t— | =55 — - = =—.
dz dy Oy 224+y? 2 224y 224y? oz

Bai 3.5.2.[5.2] Cho f(z) =log(z) = Logr + i6 v6i 0 < 0 < 2.

1. Tim mién giai tich “l6n nhat” cta f (2).
2. Tim gi4 tri cta f (—€?).

3. Giai thich tai sao khong thé xac dinh f (e?)trong mién giai tich.

Glidi.

1. Tacé f(z) khong lién tuc trén dudng thang thuc duong va c6 dao ham trén tap
md (0, 27) nén mién gidi tich 16n nhat caa f (z) 1a (0, 27).
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3.5 Analyticity of the Logarithmic Function 323

2. Taco
3 3 3
f(—eQ) =f (e2 <cos?7r +isin§)) = 2+i§.

e = €% (cos (0 + k27) + isin (0 + k27))
va (0 + k27) ¢ (0,27) v6i moi k € Z nén ta khong thé xac dinh f (e?)trong mién

giai tich.

Bai 3.5.3.[5.3] Xét mot nhanh ctia ham log z gidi tich trong mién duge tao boi
cat nhanh = 0, y > 0. V6i nhanh d6 thi log (—1) = —im. Tim cai gia tri sau trén
nhanh da cho:

1. log1

2. log (—ie)

w

. log (—e +ie)

4. log (—\/3 + z)
o (e
. log ( cis 1

Gidi. V6i nhanh & gia thiét, ta c6 log (—1) =i (7 + k27) = —im nén suy ra nhanh
S 3
cua dée bai cho la —g <6l< g

ot

5. 0 day ta co

3T 3 oT
| ST _ L om _ o
og(c1s4> z(4+k27r) "
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324 The Basic Transcendental Functions

Bai 3.5.4.[5.8] Cho nhénh ctia ham log 2z giai tich trén mién dudc tao bdi cat
nhanh z = —y va x > 0. V6i nhanh nay thi log1 = —2m¢. Tim céc gia tri sau trén

nhanh da cho:

1. logs.

2. log (\/g—i- 2)

3. log (—ie).

N 9
Giai. Ta c6 logl =i (k2m) = —2mi nén ta suy ra nhanh cia de bai cho la _ZW <

T
0 < ——.
4

3. Ta tinh dugc

Bai 3.5.5.[5.11] Cho ham f (z) = Log (z — 1)

1. Tim cit nhanh dé tao ra mién giai tich 16n nhat ctia ham f.

2. Tim gia tri cha f(—i).

L —1 2 N z
3. Giéi thich visao g (z) = % c6 mot diem ki di trén mieén duge tim thay
z— 21
L —1 .
¢ cau 1. nhung ham h (z) = M thi giai tich trén mien do.
z+2—1
Gidi.

CuuDuongThanCong.com https://fb.com/tailieudientucntt


http://cuuduongthancong.com?src=pdf
https://fb.com/tailieudientucntt

3.5 Analyticity of the Logarithmic Function 325

1. Ta cé cat nhanh can tim 1a

Re((z+iy) —i) < Ohayz <0
Im((z+iy)—i) = Ohayy=1

2. Tacé f(—i) = Log(—2i) = Log (2) +i (—g + k2r)

3. Taco
_ Log(z—1)

90 = =290

c6 diem ki di 1a z = 2¢ khong ndm trong mién tim duge & cau 1. Ta ¢

L ¢
hz) = 28 Gl
z4+2—1

c6 mot diem ki di 1d z = —2 + ¢ ndm trong mién tim dugc ¢ cau 1. nén ham h gidi

tich trén mién do.
Bai 3.5.6.[5.12]
2, id N 1 . X 2. , 2
1. Chiing t6 rang Logz = Log (—) ding trén mién giai tich ctia Logz.
z

. 1 Y o .
2. Tim nhénh ctia log z sao cho Logz = Log (—)khéng ding trén miéen giai tich
z

cua log z. Chitng minh?

Glidi.
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326 The Basic Transcendental Functions

1. Tac6 v6i z =1 (cosf+isinf) (0 € [—m,x]). Khi dé ta co:

1
Logz = Log (—)
z

< Logr+i0 = —Logr—1if
& (r,0) = (1,0).

1 S ems oo ,
Vay Logz = Log (—) ding trén mien giai tich cua Logz.
z

1
2. Ta chon nhanh cua log z 1a —27 < argz < 0 thi ta ¢6 Logz = Log (—) khong
z

ding trén mién giai tich ctia log z vi khi d6 6 = 0.

Bai 3.5.10.[5.17] Vé do thi 3 chiéu clia mat cho phan thyc va phiic ciia ham
Log (z — 1 — 7). Do thi phai thé hién dugc sy khong lien tuc tai diém phan nhanh va

cit nhanh. Kiém tra két qua véi z = 0

Gidi. DO thi ctia ham Re (Log (z — 1 —i)):
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328 The Basic Transcendental Functions

Hinh 3.5.2

Do thi ctia ham Im (Log (z — 1 —14)):
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330 The Basic Transcendental Functions

Hinh 3.5.4

Tai diem v =y =0, Rez = $1log2 ~ 0.35 va Imz = — 37 ~ —2,4.

3.6 Complex Exponentials

Bai 3.6.1.[6.1] Tim tat ca gia tri clia cac s6 phiic sau dudi dang a + ib.

1. 1%
2. 1
3. (V3+i) "

4. (")’
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3.6 Complex Exponentials 331

5. el@)
6. (1.1)"

7. w2

ol

8. (Logi)
9. (1+itan1)¥?

10. (\/5) 1+itanl

Gidi.
1. Taco
121 — e2zlog1 o 621(1+zk27r) — 674k7r+2z
= ¢ " (cos2+isin2)
= e " cos2 +ie T gin 2
v6i k € Z.

Bai 3.6.2.[6.11]

1. Chitng minh rang z° € R néu |z| = "™ v6i n 1a s6 nguyen tiy §.

2. Diing céac cong thiic co ban ctia ham e* va dinh nghia 2¢ = e°'°¢% hay chiing

minh nhitng diéu sau véi a, 8 € C: thi 3 dong nhat véi 27 va 22 2°dong nhat véi 225,
z

Glidi.
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332 The Basic Transcendental Functions

1. V6i|z| = e"™ ta co

i _ logz _ i(Loglz| +i(arg 2 + k27))

o~ (arg 2 + k2m) +inm _ -(arg z + k2m) (cos i + d sin )

te— (argz+k27r)’ LeR

véi moi k € Z. T d6 ta c6 diéu phai chiing minh.

2. Tacod

1 _ 1 __ _—pBlogz

=e =2zP

Zﬁ B eﬁ log 2

Zazﬁ — ealogzeﬁlogz — e(a+,3) logz _ Za+5.

Tt d6 ta c6 nhitng diéu phai chitng minh.

Bai 3.6.3.[6.14] Hay chiing minh nhting diéu sau:

1. V6i n 1a s6 nguyen thi 2™ chi c6 mot gia tri va 2™ = r" (cosnf + i sin nf).

P N . L ~ N n N ~ L F .2 N n 2 P2 . s
2. V6i n,m la hai s0 nguyén va — la phan so toi gian thi emchi ¢6 ding m gia
m

tri va duge xac dinh béi

n 2 . 2
M = (m\/F) (COS (29 + kmr) + 7sin (20 + M))
m

m m m
3. Véi ¢ 1a s6 vo ti thi 2¢ c¢6 vo s gia tri khac nhau.

4. Véi ¢ 1a s6 phitc v6i Imz # 0 thi z¢c6 vo s6 gia tri khac nhau.

Glidi.
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1. Taco

n nlogz __ en(Logr+i(6’+k27r)) _ 6n10gr+i(m9+nk27r)

M=e = 1" (cosnb + isinnh)

T d6 ta c6 diéu phai ching minh.

2. Taco
n n n  k2mn
o eioeimy ot e (on )
o embgzzem< ogr +1 (0 + W)):e N m

n n 2knm o n 2knm
= rm |cos| —0+ +4sin | —60 + )
m m m m

c6 m gia tri v6i tuong tng v6i k= 0,1...m — 1. T do ta c6 diéu phai ching minh.

3. Vé6i ¢ la s6 vo ti thi ta c6

c clog z

£ = e c(Logr+i(0+k2m)) _ ecLogr+1(c€+k27rc) véi k € Z

=e
= % (cos (e + k2mc) + isin (c + k27c))
= O cos (cf + k2me) + e sin (cf + k27e) .

Gia st v6i k # k' ma
08" cos (cf) + k2me)+ie 8 sin (cf + k27mc) = e cos (cf + k'2me)+ie ¢ sin (cf + K'2mc)

thi ta suy ra

cd+ k2rc = b+ K2mc+ 2nm .
n mau thuan doc ¢ Q

k—Fk

= c =

T do ta co 2¢ ¢6 vO sO gia tri.
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334 The Basic Transcendental Functions

4. V6ic =z +1y,ta co

Jr - e(w—i—iy) logz _ €(x+iy)(L0gr+i(9+k27r)) _ 6(3:—9k27r)+i(yLogr+m9+mk27r) ( véi k € Z)

= @2 (cos (yLogr + 26 + xk27) + i sin (yLogr + x6 + 2k27))
= @92 cos (yLogr + o6 4+ xk2r) + i€~ %2 sin (yLogr + x6 + zk27) .

Vé6i k # k' thi

=R cos (yLogr + 20 + xk2r) + ie %2 gin (yLogr + 26 + xk27)
7ée(gc—ek'zw) cos (yLogr + 26 + xk'27) + je@—0k2m) (1 (yLogr + z6 + xk'27) .

nén ta suy ra 2°c6 vo so gia tri. Tt d6 ta c6 diéu phai chitng minh.
Bai 3.6.4.[6.15] Cau db sau xuét hién ngoai qui luat trong Spring 1989 Newsletter

of the Northeastern of the Mathemetical Association of America. Chd nao dudi day

1a sai?

e

i — (ew)g{ _ (eizﬂ)% _(1)F =1

Gidi. Taco ()’ # (") v6i a,b € R. Vi du
(e?™)" =17 = eml8! = ™ = cos (k27%) + isin (k27°)
(eﬂ)iQﬂ' _ 6z‘27rlog e 6i27r(7r+i(k27T)) — 64k7r2 [COS (271‘2) + 72sin (271'2)}

(ei27r)7" % <€7r)i27r )

Ta c6 1€ sé ¢6 vo 80 gid tri véi ¢ la so vo ti. Vi du:

1™ = emlosl — pik2m® _ oq (k27r2) + 7 sin (k;27r2)
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3.6 Complex Exponentials 335

c6 vo sO gia tri nén dicu sau day 1a khong diang (1)% = 1.

Bai 3.6.5.[6.16] Dung nhanh chinh ctia ham s6, tinh dao ham sau:

1. f'(i) v6i f (z) = 2*T.

~Jloo

2. f'(—128i) v6i f (2) = z7.
3. f'(—8i) véi f(z) = 25+,
4. f'(2) va f' (i) v6i f (2) = 2*
5. f'(i) véi f (z) = 252
6. Tinh dilz (20%0#) . Tim mién giai tich cia ham 2002,
7. Tim f' (i) v6i f (2) = i®)

Gidi.

244
nén

1. Ta c¢6 trén nhanh chinh, [’ (2) = (2 + 1)

i2+ﬁ ) )
_ (1 - Zi) (e(2+ﬂ)10gz)

i) = (2+9) @
= (1= 20) (®E)) = (1 2) e F

1 1 2
= (1-2) =(-1)=——5 +i—=.
e2 ez ez

Bai 3.6.6.[6.24]

1. Cho ham f (z2) = 10("). Ta tinh duge f'(z) 1as6 thuc tai 2 = 1. Tinh f’ (1 + 7).

Tim mién giai tich cta f.
. = ) T Cor s , L
2. Cho ham f (z) = 10'*). Ta tinh dugc | f 5 )| =¢ ™ tim f'(z) va f 5 )
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336 The Basic Transcendental Functions

Glidi.

1. Tacé f'(z) trén mot nhanh cia ham la

10 10g10.3.22nenf (1) = 100°) (log 10 + ik27) .3.12
= 30 (log 10 + ik27).

T d6 ta c6 f'(1) € R khi va chi khi k£ = 0 hay ta xét ham s6 trén nhanh chinh. Khi

do ta co

Fa+i) = 100049 16610.3.2i = 6ilog 10.10% 2
— 62 log 106(21'72) log 10
= 6ilog 107219819 (cos (21og 10) — i sin (21og 10)) .

Trén nhanh chinh thi f giai tich trén C.

2. Taco f(z) =10 = 71810 — pe?(log104+ik2m) 4 quiy ra

i
637 (log 10+:k2m)

‘ pi(log 10-+ik2m) |
= |77 (cos (log 10) + i sin (log 10))| = e~**".
nén ta suy ra k = 1. Khi do6 ta c6

f'(2) = elog 10.e* = €** (log 10 + i27)

I (%) = — (log 10 4 i2m) .
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3.7 Inverse Trigonometric and Hyperbolic Functions 337

3.7 Inverse Trigonometric and Hyperbolic Func-
tions
Bai 3.7.1.[7.1] Chutng minh céc cong thic sau:

1. cos™!z = —ilog <z +i(1— 22)%>

2. tan"lz = ilog (Z + Z)

2 1 — 2z

3. sinh™' z = log (z + (22 — 1)%)

Gias.
1. Taco . 4
e’LU) _|__ e*lw
w=cos 2= 2z=cosw = T
Dit e = p thi ta dudc
p+pt

Z = CoOSWw =

2
nén p? — 2pz + 1 = 0. Tt d6 ta suy ra

N

eiw:p=z+(z2—1)

Vay ta c6 diéu can ching minh,

D=

)

w=cos 'z=—ilog (2—1—2’(1—,22)

2. Tuong tu nhu trén, ta co

_1 sin w e —e
w=tan "z =z =tanw = = — — .
cosw  1(e" 4 emw)
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338 The Basic Transcendental Functions

Dat e = p thi ta dugc

p—p" p’—1

ip+pt) i(Pr1)

z =tanw =

(zi —1)p* + (iz+1)=0

o (—1—2’2)é (i+z)2
e =\ —— =1 -
z—i i—z

Tt d6 ta suy ra diéu phai chitng minh,

tan~'z = llog (Z+Z) )

hay

-

2 1 —z
3. Taco )
ev —e ¥ e —1
w=sinh !z = 2 =sinhw = =
2 2ew

nén ta co

e —2z¢" —1=0.
hay

ew:z—(z2—|—1)%.

Tu dé ta c6 diéu phai ching minh,

[NIES

sinh™ 2z = log <z + (22 — 1)

Bai 3.7.2.[7.2]

1. Chting minh ring néu tinh dugc dao ham trén nhanh ciia arccos thi ta c6 cong
-1

thiic - (arccos z) = m
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3.7 Inverse Trigonometric and Hyperbolic Functions 339

d .
2. Chtng minh — (arcsin z) = - bang
dz (1—22)2
22\ 2
2 =sinw=1-cos’w=1- (—Z)
dw
P . d . -1 o . . d -1
3. Twuong ti, ching minh — (smh z) = - tit cong thic — (cosh z) =
dz (14 22)2 dz
1
PN
(22 = 1)
Gidi.
1. Taco
arccos z = —i log (z +i(1— 22)5>
neén ta co L
1(1—2%2
B ek Sl Y )
d TS ATy ) -1
— (arccos z) =1 - = T
dz (z—l—i(l—;ﬂ)?) (1 —22)2

Tu do ta c6 diéu phai ching minh.

2. Tacod

dz 1

—Z — (1 = 2?2

-=(1-2)
tit d6 dan dén

d_w B 1

dz (1 ZZ)%

Vay ta c6 diéu phai chiing minh.
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340 The Basic Transcendental Functions

3. Tacod

d
2z —Costh—l—i—smhzw—l—i—( Z)
dw

nén ta suy ra

dz 1

alad, —1)?2

==
nén

dw B 1

dz (22— 1)

Vay ta c6 diéu phai chiing minh.

Bai 3.7.3.[7.3] Chiing minh ring néu trén mot nhanh xéc dinh cta (2% — 1)% trong
hai déng thic
1
cos 'z = —ilog (z +1 (1 — 22)2>

1
sin~!z = —ilog <z'z + (1 — 22) 2>
thi ta c6

cos 'z +sin !z =2kr + g

v6i moi cach chon ctia ham log.

P2

a CoO

wh—t

Gidi. Trén mot nhanh xac dinh cia (2% —1)2,

=

)

1
cos 'z4sinlz = —zlog<z+z 1—2 2)—ilog<iz+(1—zz)
1
2

1

= —ilog[(z%—z(l—zﬂ) )(iz+(1—z2)§>]
— —ilog(i) =2k + 7 (vGi k€ Z).

Bai 3.7.4.[7.4] Tim nghiém céc phuong trinh sau:

1. cosw =3
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3.7 Inverse Trigonometric and Hyperbolic Functions 341

2. sinhw =1

3. cosw=1+1

4. sinhw = i\/2
5. cosh?w = —1
6. tanw = 21

7. sin (cosw) =0
8. sinh (cosw) = 0

9. sintw=—i
Glidi.

1. Taco

1

w o= arccosBz—ilog( +i(1-3% 5)
1
5

*)

—ilog ( 3 +i2V2 1oL v6i k=0
A V2 \/_>

N 1 1
—1log 34+i2V2 | ——+i— ) voi k=1

V2 V2

—ilog (5+i2) voik =0

= —ilog <3+z

—ilog (1 —2i) véik=1
? , 2 .
—3 (Log29 +1 (arctan = + n27r)) voi k=0

—% (Logb + i (arctan (—2) +n2m)) véi k=1
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342 The Basic Transcendental Functions

Bai 3.7.5.[7.13] Xét xem nhiing diéu sau la ding hay sai
1. tan~! (tanz) = 2

2. tan (tan~'z2) = 2z
Giai.

1. Taco

: Lt
tan~! (tanz) = ! log <w)

2 1 —tan z
. N eiz A efiz
i i (e + e7%)
= 5 log 1z —1iz
2 { e —e

7 (eiz + e—iz)
= i1og <_26_.iz)
2 —2e¥?
1

(—2iz + ik27)

= z—km.
2. Ta c6 tan (tan™! 2) = 2z do theo dinh nghia.
Bai 3.7.6.[7.14] Giai thich tai sao gia tri ctia sinh™'  dugc tinh bing méy tinh
hay may tinh bo tai ¢6 gia tri bang Log (3: + Va4 1). Cht § nhitng nhanh & trong
cong thic

sinh™! z = log (z + (1 + 22)%)

Gidi. Néu tinh bing may tinh, may sé chi sit dung nhanh (—m, 7] nén két qua

1
sinh ™' z = log (x—l— (1 +x2)2) = Log (x—l— Va2 + 1) .

CuuDuongThanCong.com https://fb.com/tailieudientucntt


http://cuuduongthancong.com?src=pdf
https://fb.com/tailieudientucntt

3.7 Inverse Trigonometric and Hyperbolic Functions 343

Bai 3.7.7.[7.15]

1. Chung minh vé6i z 1a s6 thue, vi du z = 2 thi ta c6 sinh ™! z ~ Log2z néu z > 1

va sinh™ 2 ~ —Log (2|z]) néu x < —1.

2. Ding phan mém may tinh véi géi numerical nhu MATLAB, vé sinh™ z va

1
Log2z trong doan 5 <z <A4.

Gidi.

1. Néuz=2z, = € R thi
sinh™ z = Log (m + Va2 + 1) ~ Log (z + |z|)
(viz>> 1) neén sinh™' 2z ~ Log2z v6i > 1. Néu 2 < —1 thi

1
sinh™ z = Log <:L’ +Va?+ 1) ~ Log (—) = —Log (2]z]) .

2 ||

2. DO thi ciia sinh ™' z va Log2z:
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344 The Basic Transcendental Functions

I:I Y T i I

! 2 | 3 | 4
X
sinh ™! (x) — — In(2-x)
Hinh 3.7.1

. . 1 0
Bai 3.7.8.[7.16] Chiing minh ring tanh™' (e") = B log (z cot 5)

Gidai. Ta co

i0
tanh ™! (ew) = %bg (1 i e' )

1— et

0

1 .COS§

= élog i—3
sin —

2

0
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3.7 Inverse Trigonometric and Hyperbolic Functions 345

T d6 ta c6 diéu phai ching minh.
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Chzmng4
|

Integration in the Complex Plane

Muc luc
[4.1  Introduction to Line Integration|. ... ... .. ... .. 347
[4.2 Complex Line Integration|. .. ... ... .. ....... 351
[4.3 Contour Integration and Green’s Theorem |. . . . . . .. 359

4.4 Path Independence, Indefinite Integrals, Fundamental |

| Theorem of Calculus in the Complex Plane| . . . . . .. 369
[4.5 The Cauchy Integral Formula and Its Extension| . . . . 380
[4.6  Some Applications of the Cauchy Integral Formula| .. 393

4.1 Introduction to Line Integration

Bai 4.1.1. [4.1.2-4] Cho C 1a phan dudng cong y = 2z di ti (0,0) dén (1,1). Cho
F (z,y) = v +y+ 1. Tinh cac tich phan sau trén C:

CuuDuongThanCong.com https://fb.com/tailieudientucntt


http://cuuduongthancong.com?src=pdf
https://fb.com/tailieudientucntt

348 Integration in the Complex Plane

Gias.
1. Taco
1,1 1
/ F(z,y)de = / F (z,2%) dx
0,0 0
14
= / (:L‘ + 2%+ 1) dx
0
[ 1
- ? + g + .I) 0
13
= 5
2. Tacod

1,1 1 .
/ F(z,y)dy = /F<y2,y>dy
0,0 0

/

Bai 4.1.2. [4.1.4-6] Cho C la phan dudng cong z? + 3? = 1 trong phan tu mit
phéang thit nhat. Cho F (x,y) = x%y. Tinh cac tich phan sau trén C:
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4.1 Introduction to Line Integration

349

1,0
1. / F (z,y)dx
0

,1

1,0
2. / F(x,y)dy
0

,1

1,0
3./ F(z,y)ds
0

,1

Glidi.

1. Taco
1,0
| Fap
0,1

2. Tacod

,1

CuuDuongThanCong.com

o S

1,0
/ F(z,y)dy
0

[aey

F (:1:, V1-— x2> dx
1
22V1 — z2dx

3

N

(sint)* /1 — (sint)” cos tdt

wf

(sin 2t)° dt

3

2

(1 — cos4t)dt

sin 4t
4

ﬁﬁ

r
2

| = o —= |

N
~

0

| 2

—
(=}

1
— | F(J/T—2y)d
/0 ( yy>y
1
= —/ (1—y?) ydy
0
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350 Integration in the Complex Plane
_ L, 14 ‘1
B (2y 37 ) 0
B 1
4
3. Taco

1

T

I
S~

x2\/1x2J1+<

1 xQ

dx
22V1 — 22 1+1 dz

2
1
22dx

I
wiEs— o~

0,1

Bai 4.1.3. [4.1.7] Ching t6 rang / ydr = —% trén phan dudng tron nam trén

nta mat phéng x> 0.

Giai. Ta co

0,1
/ ydx
0,1

CuuDuongThanCong.com

0,—1

1,0 0,1
/ ydx +/ ydx
0,~1 1,0
1 1
V1 —x2dx+/ V1—(1—2)?(1—x)de
0 0

1 1
—/ \/1—x2d1’—/ V1 — x2dx
0 0
1
—2/ V1 — z2dx
0

%
—2/ \/1— (sint)” costdt
0

H 2
—/ 2 (cost)” dt
0
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4.2 Complex Line Integration 351

4.2 Complex Line Integration

1
Bai 4.2.1. [4.2.4-6] Tinh / zdz trén duong C', cho bai:

1. Doc theo dudng thang z +y =1
2. Parabola y = (1 — z)?
3. Trén duong tron 22 4+ y? = 1 trong phan tu mit phing thi nhat. Hay so sanh
két qua ctia 1, 2 va 3.
Guai.

1. Tham s6 hoa 2z (t) =t +i(1 —¢), t € [0,1], ta c6

1

/Oim - /O(t—z'(l—t))(l—it)dt
/

1 1
(2t—1)dt—z’/ dt
0
1

= (-1 ‘;—z’(t)‘

= —1.

0

CuuDuongThanCong.com https://fb.com/tailieudientucntt


http://cuuduongthancong.com?src=pdf
https://fb.com/tailieudientucntt

352 Integration in the Complex Plane

2. Tham s6 héa z (1) =t +i (1 —t)* t € [0,1], ta c6

/%Zh =:t/ (t—i(1—1)?%) (1—2i( 1—t»dt
0 0
= / (t—2(1 -t dt—i
0
1 1
= [P+ (1—1)
(3+30-27)],
(=50
3 0

((1—1)* +2t —26%) dt
1

—1 1—t2

c\h

[\')

3. Tham s6 héa z (t) =t +iv/1 —t2, t € [0,1], ta c6

/;Edz - /01<t—z‘\/1Tt2> (1—7;\/;__#)&

1 t2
= —i 1—12+ )dt
(VT
/ L
= —
V112

/ cost
= —1
\/1— smt
_ _Z-/ dt

0

™.
= ——i.

2

Cac két qua nhan dugc déu c6 phan thiye bang 0.

Bai 4.2.2. [4.2.8-10] Tinh céc tich phan sau:
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4.2 Complex Line Integration 353

—1
1 N . .
1. / —dz trén phan duong tron |z| = 1 ¢ nita trén mét phang.
Lz
2. / —dz trén phan duong tron |z| = 1 6 nita du6i mat phang.
.z
—1
3. / Zdz trén phan duong tron |z| = 1 § phan tu mit phang thit nhat.
1
Gidi.

1. Dung phép tham s6 héa z (1) = €', ¢t € [0, 7], ta c6

_11
/ —dz = /—e”@dt
1
= /zdt
0

= .

2. Dung phép tham s6 héa z (t) = e, t € [0, 7], ta c6

-1 1 m 1 ]
/ —dz = / —.te_” (—i)dt
1 o €'

3. Dung phép tham s6 hoa z (t) = €™, ¢ € [0, %], ta co

/E4dz = / (e“f e’tzdt
1

6 —i4t ZtZdt

— / —3zt

[en]
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354 Integration in the Complex Plane

™

/ sin 3tdt + / ’ cos 3tdt
0 0
_ cos 3t % sin 3¢
+1
3
1
3

us
2

0

= — =i

W —

i 2
Bai 4.2.3. [4.2.11] Tinh / Zdz trén phan ellipse % + 9? = 1 thuoc phan tu mit
2

phéng thit nhat.

Gidi. Dung phép tham s6 héa z (t) = 2cost +isint, t € [0, %], ta c6

g 3
/ Zdz = / (2cost —isint) (—2sint +icost) dt
2

0

2 3 2
= / ——sin 2tdt + 21 / dt
0 2 0
B 3 cos 2t
N 4

= —— 4 .

2

us
2

+Z7r

Bai 4.2.4. [4.2.13]

1. Tim biéu dién tham s6 clia hai vong cung ngén tren (z —1)° + (y —1)> = 1

noi z=1véi z =i.

2. Tinh ff Zdz trén vong cung trong cau (1), dung tham s6 hoéa tim duge.

Glidi.
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4.2 Complex Line Integration 355

1. Vong cung ngan dé dugc tham sb

z=141i+¢"
T .
vOl t tu ) dén —7
2. Tacod
Z=1—i+e®=1—i+cost—isint,
va

dz = ie"dt = i (cost + isint) dt.

Tu do6 tinh ducce
/Zdz = / (1 —i+cost —isint)i(cost + isint)dt
1

- (1—@')/ —sintdt—}—z'(l—i)/ costdt+/ i (cos®t 4 sin®t) dt

-7 -7 ™

2 2

Bai 4.2.5. [4.2.14]

2+i
1. Xét I = / e*dt tren duong thang = = 2y. Khong lam phép tinh tich phan,
0-+i0

ching minh |I| < V5ed.

2. Xét I = fli tren dudng thing  + vy = 1. Khong lam phép tinh tich phan,

ching minh |I| < 44/2.

dz
54

3. Cho I = fil 1082 tren parabol y = 1 — 2. Khong tinh tich phan, ching
minh ring |I] < 1.479¢™/2.
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356 Integration in the Complex Plane

Gidi. Ta sé diing bat dang thitc ML dé giai nhitng bai tap dang nay:
Buéc 1: Tim M sao cho |f (z)| < M v6i moi z thuoe dusng C.

Buéc 2: Xac dinh chiéu dai ctia duong 1a L, tit d6 theo bat dang thitc ML, ta c6

/Cf(z)dz

Ta sé trinh bay cau 2. va 3. dé minh hoa cho phuong phap néu trén.

<ML

2. Chiéu dai dudng dang xét biang /2. Mt khéc, gid st z = x + iy thuoc duong

nay, ta co

20 @24y T (@t y)

Vay ta phai c6 |I]| = 4/2.
3. Taco

1 2
L = / 1+(@)d
0 dx

1
= / V1 + 422
0

1 1
= [xﬁ%—zlog (x—l—\/xQ—i—Z—l)

= 1.47894 < 1.479.

1

0

V6i —m < 0 < 7,0 =argz, tacod

cilogz

=€ .

ei(Log\z|—i6) ’ _

eiLOg\z|€9‘ 9
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4.2 Complex Line Integration 357

Trén parabol thi # dat max khi § = Nen M = /2. Vay ML < 1.479¢™/2.

SE

Bai 4.2.6. [4.2.17]

1. Cho g (¢) 1a ham phtic ctia bién thyc t. Biéu dién ffg (t) dt nhu gi6i han ciia tong.
Dung argument tuong ty nhu da dung trong Eq. (4.2-14), chting minh rang v6i b > a,

/:g@)dt' < [y

ta co

2. Ding cau (1) dé chiing minh

1
/ \/geitdt‘ <
0

Wl Do

Gidi.

1. Theo dinh nghia

n

b
/ g(t)dt =" g(tx) Aty,n — 00, Aty — 0,

k=1
/abg (1) dt‘ -

suy ra
n

ZQ (tx) Aty

k=1

,n — 00, Aty — 0.

Theo dinh nghia

b n
/ g (O1dt =S (g (t)] Aty — 00, Aty - 0.

k=1

CuuDuongThanCong.com https://fb.com/tailieudientucntt


http://cuuduongthancong.com?src=pdf
https://fb.com/tailieudientucntt

358 Integration in the Complex Plane

Vi b > a nén At > 0, suy ra

D g (te) Atk <Y g (t)] Atk = [g (t)| Aty
k=1 k=1 k=1

/abg@)dt\ < [w@ia

2. Ap dung cau (1), ta 6

1 1
0 0

Bai 4.2.7. [4.2.18] Viét mot chuong trinh MATLAB cho phép ban kiém tra trong
bang trong vi du 1, viét mot chuong trinh xap xi fOl-:_ii (z + 1) dz trén duong y = 22

1 2
dt:/ Vidt = =
0 3

nhu trong Fig. 4.4-2. Chting minh réng néu ban dung 50 xap xi tich phan thi két
qua sé la 1.00010 + 71.99990.

Giai. Doan ma st dung MATLAB:

for n=1:10
u=1:n;
X=u/n;
Y=X."2;
dx=1/n;
Xp=X-dx;
Yp=Xp."2;
x=(X+Xp)/2;
y=x."2;

fz=x+1+ixy;
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4.8 Contour Integration and Green’s Theorem 359

dy=Y-Yp;

ss=fz.*(dx+ix*dy) ;

val(n)=sum(ss);

p(n)=n;

end

a=[p’ val.’]
Trong doan chuong trinh trén, thay n = 1: 10 béi n = 50 thi ta sé dugc két qua la
1.00010 + 21.99990.

4.3 Contour Integration and Green’s Theorem

Bai 4.3.1. [4.3.2-10] Tich phan nao sau day c6 thé tinh bang cach 4p dung truc
tiép dinh 1y Cauchy-Goursat:

1 % sin z I
z]=1 # + 21

5 yg sin z
243i|=1 2 T 22

3. yg e“dz
|z—3i|=6

4. % Logzdz
|z+i|=1

D. §1§ Logzdz
|z—1—i|=1
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360 Integration in the Complex Plane

dz
8. —— 0<b<«1
%4:1,22—{—[)24-1’

1+
9. / 2Bdztrén y =z
0

Gidi. Ta sé phat biéu lai dinh 1y Cauchy-Goursat: Cho C' la mot duong don dong

va trong C 1a mién don lien. Cho f (2) 1a mot ham giai tich trén va trong C, khi d6

éf(z)dz:o

T d6, dé giai duge nhitng bai toan c¢6 dang trén, dau tién ta sé xac dinh C ¢6 phai

ta co

la duong don déng va trong C' c¢6 phai mién don lien hay khong. Sau d6 xem xét
ham f, néu f giai tich tai moi z trong va trén C thi ta c6 thé a4p dung dinh ly
Cauchy-Goursat.

sin 2 N . L2«
Do o giai tich trong {z : |z| < 2} 1a mién don lién nén ta c6 the ap dung
z+ 20
D . . sin z
truc tiep dinh 1y Cauchy-Goursat, va yg -dz = 0.
|z|=1 z 4+ 21

sin z

2. Ham khong xac dinh tai zg = —2i € {2 : |z + 3i| = 1}, nén ta khong thé

2+ 20
ap dung tryc tiép dinh ly Cauchy-Goursat.

3. Ham €* khong kha vi tai zg = 0 thuoc phan nam trong duong {z : |z — 3i| = 6}
nén ta khong thé ap dung truc tiép dinh 1y Cauchy-Goursat.

4. Ham Logz khong kha vi tai zp = 0 thuoc duong tron {z: |z +i| =1} nén ta
khong thé ap dung tryc tiép dinh 1y Cauchy-Goursat.
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4.8 Contour Integration and Green’s Theorem 361

5. Do {z:|z—1—i] =1} € C\(—o0,0] la mién giai tich ctia Logz va la mién don

lien. Do d6 ta c6 thé ap dung truc tiép dinh Iy Cauchy-Goursat, va 55 Logzdz =
lz—1—i|=1
0.

6. Taco(z—1)"+1 =0 xdy ra khi z = 1+ cos (5 +5) +isin(F+5), k =
0,1,2,3. Néu z la mot nghiem thi |2 > |Imz| = ¥2. Vay ham ——————— giéi tich
(z—1)"+1
,
trong {z Dzl < \/75}, ap dung dinh 1y Cauchy-Goursat, thi 515 ———dz
e=3 (z—=1)" +1

1

7. Ham
1 - e?
ta khong thé ap dung tryc tiép dinh Iy Cauchy-Goursat.

khong x4c dinh tai zp = 0 ndm trong dudng tron {z : |z| = 3} nén

1
8. Gidsit 22+ bz +1 =0, khi d6 1 = 2% = |2[*>. Vay ham s gi&i
tich trong {z:|z| <1} 1a mién don lien. Ap dung dinh 1y Cauchy-Goursat, thi
dz
|z]=b 22‘|‘b2+1 -

Bai 4.3.2. [4.3.11] Trong phan thao luan vé dinh 1y Green ¢ phu luc ctia chuong,

néu ta cé P (x,y), Q (x,y) trén mién don lien D sao cho 22, 22 Jien tyc, va ¢, Pdx+

dy’ Ox
Qdy = 0 v6i moi duong cong don dong trong D, thi ta co6 %—I; = %—f trong D. Cho

f(z)=u(z,y)+iv(z,y), trong d6 u va v ¢c6 dao ham riéng lién tuc trong mién don
lien D. Gid stt ¢ f (z) dz = 0 v6i moi dudng cong don déng trong D, ching minh f
giai tich trong D.

Giair. Ta cod

0= %f(z)dz = %udw—vdy—i—i&lgvdquudy.
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362 Integration in the Complex Plane

Suy ra $udr — vdy = pvdr + udy = 0 v6i moi dudng cong C' don déng trong D.

Suy ra
u  _ 9(=v)
oy Oz
v _ Ou
oy =~ Oz

v6i moi x + 1y € D. Vay ta phéi ¢6 ham f giai tich trong D.

Bai 4.3.3. [4.3.12,4.3.13] Chiing minh hai tich phan sau day bing cach tinh
51§ e“dz theo hai cach la dung dinh 1y Cauchy-Goursat va tinh theo dinh nghia
|z|=1

cua tich phan duong:

2w
L = / % (cos (sin 6 4 0)) df = 0
0

2T
I = / % (sin (sin @ + 0)) df = 0
0

Gidi. Ham e* 1a ham nguyén nén EﬁZI=1 e*dz = 0 theo dinh ly Cauchy-Goursat. Mt

khac ta co

2
% efdz = / e’ (eie)/ do
|z]=1 0

cos 0+isin 062'9d9
oS 0+i(sin 6+6)d9
% (cos (sin 0 + 0) + isin (sin 6 + 0)) df

2
e cos (sin @ + ) df — / e sin (sin 6 + 6) db
0
= oy — .
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4.8 Contour Integration and Green’s Theorem 363

Bai 4.3.4. [4.3.14,4.3.15] Ching minh rang:

2w
L = / e cos (6 — cosnf) df = 0
0

2w
I, = / e gin (6 — cosnf) df = 0
0
Giai. Tuong tu nhu bai trude ta c6

2m
—cosnb) df — / e sin (6 — cosnf) d
0

7:]1—[2 — Z/ smn0
0

COS
_ / smn0 COS — COS n@) + 728in (9 — COS ne)) do

0

2
/ smn9 29 fzcosnede

0

2w .
= / e_i(ew) cide
0

= e " dz
lz]=1

I
~.

Vay ta phai c¢6 I} = I, = 0.

Bai 4.3.5. [4.3.16] Chiing minh ring néu ta céa la s6 thyc thoa |a| > 1, thi

2
1—
/ acosf Q0 — 0
o 1—2acosf+ a?
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364 Integration in the Complex Plane

Gidi. Ap dung dinh 1y Cauchy—Goursat, thi

1
}é dz = 0.
lo|=1 = — @

Mat khéac, ta co:

2T . o
?g 1 P / (icosf 81.n.0) ”
=1 2 — Q o cosf—a+isind

T (jcosf — sin @) (cosa — a — isin )
/0 (cos® — a)® + (sin6)
T asinf +i (1 — acosf)
- /0 1 —2acosf + a?

2 : 2
i 6 T o1- 0
_ / a sin d¢9+7j/ a cos 20
o 1—2acosf+ a? o 1—2acosf+a?

27 1_
/ acosf d0— 0.
0

do

do

Vay ta phai c6

1 —2acos@ + a?

Bai 4.3.6. [4.3.18-22] Tinh cac tich phan sau trén dudng C' la bién ctia hinh
vuong co6 cac dinh 1a 4 (2 + 27) bang nguyeén 1y bién dang ctia dudng cong.

1.% dz-
CZ—Z
yg dz
‘ c(z—i)4
3‘%zdz.

CZ—Z

1)"d )
4. §I§ M, v6i m la sO nguyén duong.
c Zm

(\)

ot

2dz o .
. §I§ —— , v6i m la so0 nguyén duong.
c(z—1)
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4.8 Contour Integration and Green’s Theorem

365

Gids.

3. Tacod
4. Ta cod
5. Taco

zdz

=

2Mdz

ém

CuuDuongThanCong.com

S (D¢

https://fb.com/tailieudientucntt

> CZ) 7%1:5 #


http://cuuduongthancong.com?src=pdf
https://fb.com/tailieudientucntt

366 Integration in the Complex Plane

Bai 4.3.7. [4.3.23] Ching minh rang:

% Logz ds — % Logz i
|z—3|=2 (z—1)(x—3) |z—3|=2 4(2=3)

Giai. Ta co

Logz B (z+1)—(2-3) oesds
9%_3“ CEDICED ?§| 111 (z—3) o

B yg Logzdz yg Logzdz
g 4 (2 + 1) Jigm04(2—3)

Ap dung dinh 1y Cauchy—Goursat, ta c6

yg Logzdz 0
og=2 4 (2 + 1)

Tu day suy ra:

yg Logz 5& Logz
dz = ——dz.
|z—3|=2 (z—1)(x—3) |z—3|=2 4(2 —3)

Bai 4.3.8. [4.3.24-25]
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4.8 Contour Integration and Green’s Theorem 367

1. Xét mién n-lien thong D duge bao bdi cac duong cong don dong Cy, Ci,. .., Ch_y
nhu trong hinh Cho f (z) la ham giai tich trén D va trén bién cta no.

Hinh 4.3.1

Chitng minh rang:
(a)
dz = d dz+ ... d
$r@i=¢ f@ izt fdd P f)a:

2. Chitng minh ring:

sin 2 sin 2 sin 2
g f g e,
%‘zﬂ (2 =1) -11=3 (22— 1) =1 (22— 1)

Gidi. Ta c6 thé chitng minh theo quy nap truong hgp n = 2 1a noi dung ctia nguyén
Iy bién dang duong cong. Véi n > 2, ta c6 thé cat nhat cat dé co lap C,_; biang mot
dudng cong don déng bat ki, ching han nhu trong hinh
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368 Integration in the Complex Plane

Hinh 4.3.2

Goi C' 1a duong bao quanh C,_; nhu trong hinh [4.3.2| Tt d6 theo quy nap va nguyén
ly bién dang dudng cong ta co:

f(z)dz = Cf(z)dz—I— Cf(z)dz—i—...—l— (z)dz—l—yg/f(z)dz

CO Cn—2

— (2)dz = > f(z)derng fz)dz+ ...+ f(z)d=.

CU Cnfl

Ap dung cong thitc trén cho Cy 1a dudng tron |z| = 2, C 1a dudng tron |z — 1| = 3,
P2 giai tich tren C\ {—1,1} ta c6

2 _

sin 2 sin 2 sin 2
—dz = 5& ——dz + yg —dz.
é:z (22 -1) 1=t (22— 1) 1=t (22— 1)

2 2

Cy la dudng tron |z + 1| =5 va f(2) =
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4.4 Path Independence, Indefinite Integrals, Fundamental Theorem of Calculus in
the Complex Plane 369

4.4 Path Independence, Indefinite Integrals, Fun-
damental Theorem of Calculus in the Com-

plex Plane

Bai 4.4.1. [4.4.1] Cho hai duong C; 1a dudng nét lien va Cy 1a duong nét diit deu
noi z; vd 2, nhu hinh Cho ham f (z) giai tich trong mién md don lién chita C,
(5. Chitng minh rang
f(z)dz= | f(2)dz.
Cq Cs

N
Ch 1 Cb
/
~
23
ca'’
| Ca
AN
2y
Hinh 4.4.1

Giai. Ta co

f(z)dz = /c f(2)dz

Ca

f(z)dz = /Cf(z)dz

Cy

Cong hai dang thic trén vé theo vé ta dudc

f()dz+ | f(2)dz= f(z)dz+ f(z)dz
Ca Ch Cyr Cyr
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370 Integration in the Complex Plane

Hay
f(2)dz= [ [(z)dz
Cq Co

Bai 4.4.2. [4.4.2-7] Tinh céc tich phan sau trén dusng y = /.

4+2i
L / ¢ dz
4427
2. / 1 + 22
0
z—l—z

/4+2z
0

4427
4. / e?sinh zdz
0

4427
5. / e cosh e®dz
0

4424
6 /
144

Gidi. Cac ham da cho c6 nguyén ham trong mién xac dinh, nén cac tich phan khong

w

)dz

phu thudc vao duong di, va ta co

442 442z 2
/ e sinh zdz = / ef——dz
0 0 2
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4.4 Path Independence, Indefinite Integrals, Fundamental Theorem of Calculus in
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4424 442
/ e®coshe’dz = (sinhe?)
0 0

= sinh (4 4 2i) —sinh 1.

4427 1 4421 1 1
/ 22 dz = —/ ( + )dz
14i 22— 1 2 Jig z+1 z-1

1 4+2i
— 5 (Log(z+ 1)+ Log (= — 1))
2 144
1 4+2i
= —(Log(z*—1
2( 08 (Z )) 1+i
1 44202 —1
_ —Log( + 'Z)Q
2 (1+4)"—1
1. 12+ 16i
= =Log
2 -1+ 27

Bai 4.4.3. [4.4.8] Nhan xét cach tinh hai tich phan sau day trén duong thang

Y= x.
fH—i ds — 2 W a2 ;
0 = 3 0 = 2 = b
. o |14+ 2
1+4i _ 2 =2
fo zdz = 3 o 2 = -t

Giai. Ham f(z) = z la ham nguyén va ta c6 % la mot nguyén ham cia f (z) trén
C, nén tich phan dau tinh dang. O tich phan dudi ham g (z) = %2 néu kiém tra bing
diéu kien Cauchy-Rieman thi chi kha vi tai z = 0, nén cach lay g (z) roi thay can dé

tinh tich phan la chua chinh xac. Tuy nhién, két qua cudi cling 1a chinh xac. That
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372 Integration in the Complex Plane

vay, bang cich tham s6 hoa duong dang xét bang z (t) =t +it, t € [0, 1], ta c6

/OIHEdz _ /Ol(t—it)(l—i)dt
= (1—7L)2/01tdt

(1)’
2

= —I

Bai 4.4.4. [4.4.9] Tinh gié tri / Logzdz trén duong thing ndi z = e véi z = i.

Gidi. Néu ta tham s6 hoa z (t) = e (1 —t) +it, t € [0,1], thi

Logz (t) = In (\/62 (1—1t)°+ t2) +iArg (e (1 —1t) +1it),

va viéc tinh tryc tiép theo dinh nghia c6 vé “bat kha thi”. Ta sé tinh tich phan nay
theo duong khéac, vi ham Logz giai tich trong mién (C\( — 00, O] don lién nén tich
phan trén khong phu thuoc vao duong di néu ta lay tich phan vao duong di trong
C\( — o0, 0] bat ki. Xét dudng

() = TR re(0,1],
ta co

i 1
/ Logzdz = / Loge® We*" ) (2% (t)) dt
e 0

i
= / zefdz
e

= (ze® —¢€%)

%

€

= ge' —¢e' —eef e

CuuDuongThanCong.com https://fb.com/tailieudientucntt


http://cuuduongthancong.com?src=pdf
https://fb.com/tailieudientucntt

4.4 Path Independence, Indefinite Integrals, Fundamental Theorem of Calculus in
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Bai 4.4.5. [4.4.10]

—1—i

L

1. Tinh / 982 1z tren mot dudng trong (C\( — 00, O].
1+i z

2. Tinh / 22dz, ham 23 x6t 6 day la nhanh chinh, va dudng di trong C\(—00,0].
1

3. Tinh / z2dz, ham 22 & day 1a nhanh nhan gia tri —1 khi z = 1, va duong di
1
trong C\ ( — o0, 0].

Gidi. Khi bai todn néi tinh tich phan tréen mot duong C bat ki trong mién D cho
trude thi thuong la tich phan sé khong phy thudc vao viéc chon duong.

Chi ¥ ta chi duge chon duong di trong mién théa dieu kién ctia dinh 1y doc lap vé

duong di. Ta sé minh hoa qua bai tap 1.

1. Ta sé tinh tich phan trén dudng ei&_t), t € [0, 7], khi d6 ta co

—1-i T z‘(l—t) o
/ R = / 08 ") (i)t
1 0

+i z ei ( I _t>

- /OTF(%—t)dt

T 1o\ |7
St— =t
4 2 )

0

Bai 4.4.6. [4.4.14] Tinh tich phan fOZ cos z cosh zdz bang hai cach ben duéi va

kiém tra két qua giéng nhau. Tai sao cac dudng vien khong xac dinh?.

1. Bieu dién cos z v cosh z bdi ham mil clia z. Nhan cac bieu thic két qua roi

tinh tich phan ham md.

CuuDuongThanCong.com https://fb.com/tailieudientucntt


http://cuuduongthancong.com?src=pdf
https://fb.com/tailieudientucntt

374 Integration in the Complex Plane

2. MATLAB Symbolic Math Toolbox c6 thé tinh tich phan thiyc. Dung diéu nay

4im ham c6 dao ham 14 ham thyc cos 2z cosh va st dung két qua nay tinh tich

phan da cho.
Giai.
1. Taco
o 2 cosh — <ez’z -+ e—iz> (ez + e‘Z) _ 4z 4 o(i-1)z 4 o(=1+i)z 4 e(_l_i)z'
2 D) 1

Day la nguyén ham cta ham

1 Te(+Dz (=142 o(=140)  (—1=i)z
[1—1—2’ * 1 —1 jL—l—i—z'+ —1—@']

4
Vay nén
i 1 Te-l4i  p1=i  o=1-i ol
hzdz = -
/Ocoszcos zdz 4_1+i+i—1+—1+i+—1—2}
1] 1 n 1 n 1 n 1
A1+ Tio1 TS C1—d
1 Te-l+i  o-1-i =1 ol
B A R i s
1[et | . _ . € : — -
= 1 T(e (1—d)+e (—1—2))-1-5(6 (14i)+e " (=1+1))
L
- Z—l[e’l(isinl—icosl)—i—e(isinl—i—icosl)]
= % (sinlcosh1+coslsinhl).
2.
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syms x
int(cos(x)*cosh(x))

ans =(cos(x)*sinh(x))/2+(cosh(x)*sin(x))/2

K3
/ coszcosh zdz = 5 (sin z cosh z + cos z sinh 2)
0

= —(sinicoshi + cosisinhi)

= % (sinlcosh 1+ cos1sinh1)

Bai 4.4.7. [4.4.15] Xét hai duong C; va Cy nhu trong hinh Dau tien ta co
2 . dz ‘

the tinh | — = (Logz)
C1 z -

=TT
i

1. Giai thich tai sao khong thé diing nguyén 1y vé tich phan khong phu thuoc vao
z .

) d d
duong di de tinh / & _ / — =m.
Cy # c, ®

z N o ~ , N , 2 N
2. Tinh giéa tri cua — bang cach st dung mot nhanh nao dé cua ham logz
Cy <
giai tich trén mién don lién chita Cs.

3. Dung phép tham s6 Cs béng z (t) = e™™, t € [Z, 2] dé kiém tra két qua tinh

tich phan trong cau héi 2.
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376 Integration in the Complex Plane

Circular arcs

G, c

Hinh 4.4.2

Gidi.

1. Viham £ khong gidi tich tai 0, hai dudng C; va Cy khong cing ndm trong bat

ki mién don lién ndo ma % giai tich trén do.

2. Ham —Log (—%) giai tich trong C\ [0, —|—oo), ¢6 dao ham la % trén d6. Vi vay ta

-

CcO

L5 ()

CuuDuongThanCong.com https://fb.com/tailieudientucntt


http://cuuduongthancong.com?src=pdf
https://fb.com/tailieudientucntt

4.4 Path Independence, Indefinite Integrals, Fundamental Theorem of Calculus in
the Complex Plane 377

3. Véiz=e"te[2, %] th

2 37

dz 2 1 .

—1

Bai 4.4.8. [4.4.17] Cho 2; vA 2 1 hai diém bat ki trong C dugc ndi béi O va Oy
12 hai duong khong cat nhau va khong di qua 0. Giai thich tai sao

/Z2 dz /22 dz
w2 [
o c & °
Xét hai truong hogp:

1. z = 0 khong nim trong mién bao bdi C;va Cy (xem hinh [4.4.3a)).

2. z = 0 nam trong mién bao bdi C; va Cy (xem hinh [4.4.3D)).

22

2y

Hinh 4.4.3
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378 Integration in the Complex Plane

Gidi. Ham —1 gidi tich trong C\ {0}, v c¢6 dao ham bing %, nén ta c6
4 z
/ 2 dz 1|2 / 2 dz
[ z 21z
c G

1
Bai 4.4.9. [4.4.18] Trong phép tinh ham bién thuc ta da biét Dinh ly gid tri trung

binh: néu ham f () lién tuc trong [a,b], luc d6 ton tai s6 x1, a < 1 < b, sao cho

b
/f(w)drczf(wl)(b—a)

Hay lam sang t6 rang diéu nay khong chinh xac cho tich phan duong ctia ham bién
phiic qua cac bude:
i

d 2
1. Chitng minh —j = 1+ trén duong thang x +y = 1.
1 2

. 1
2. Chiting minh rang khong c6 z; nao trén duong dang xét théa man — (i — 1) = 1 + 4.
~1

1 d 1 1
Gidi.  Ta c6 ham — giai tich tréen C\ {0}va - (——) = — nén suy ra
z z

z 22
“dz B 1
L 22 zh
-1)
= —(=-1
i
= 14

1 .
Si—1)—1-i = , -1
29 (Jfl—i‘Z(l—I‘l))
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4.4 Path Independence, Indefinite Integrals, Fundamental Theorem of Calculus in
the Complex Plane 379

21‘1 —1 + Z2$1 (1 — Z’l)
—222 4+ i2 (2, — 1)
2
~1

T d6 ta c6 diéu phai ching minh.

Bai 4.4.10. [4.4.21]

1. Chitng minh rang nhanh ciia 2* (« 1a $6, thyc hodc phiic) ¢6 nguyén ham la

: trong mién giai tich ctia z®. Xem phan 3.6.

2. Dung gia tri chinh ctia tat cd ham trong ham dudi dau tich phan, tim fiz (2* —i*) dz.
Dung mot duong ctia tich phan khong thong qua z = 0 hoac truc thyc am.

Ghids.

1. Taco
d 20z d " (a+1)2*
dza+1 dza+1  a+1

2. Tacod

— v+1) o+ 1] i+1 ,
I SIS h() (i +1) h()
= e ez = cosh =) = (4 cosh ( =

1+ 1 1+1 i+1 2

va
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380 Integration in the Complex Plane

T do, ta dugce

/i (2 —i*) dz = (i + 1) cosh (g) _ & sinh (g) :

™

4.5 The Cauchy Integral Formula and Its Exten-
sion

Bai 4.5.1. [4.5.1] Dé di dén dao ham ctia cong thiic tich phan Cauchy, cho f (2)
1 gidi tich trén va trong duong don déng C. Tu chinh ctia bién dang ctia duong, ta

515 f(2) =7§ O
c R — 20 Co Z— 20
1. Viét lai tich phan bén phai bang cach doi bién z = zy + re, v6i r 1a ban kinh

) d .
cua Cy va 6 tang tt 0 den 27. Cha y d—; = ire®.

co

2. Cho tich phan thu dugc trong cau (1), cho r — 0 du6i dau tich phan. Tinh tich phan
va dung két qua d6 dé chitng minh

¢ 15 o ()

Z — 20

3. Diéu gi lam cho dao ham nay khong chinh xac.
Giai.
1. Dat z = zy + re? thi ta c6 dz = re'df, z — zy = re?. Suy ra:

T 0 T
f(2) ds — 2 f(Zo—l—re >:2'/2 f(Z0+i€i6)d0
0

z— 2 o—o TePre?idd
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4.5 The Cauchy Integral Formula and Its Extension 381

2. Tacod

LEL i [7 s = if (o) [ a0 =2mif (a0

Cc <~ %0 0

3. Ching ta khong co

21

2m
lim f (20 +re?df) = / lim f (20 + 6)
o ™0

r—0 0

Bai 4.5.2. [4.5.2-13] Tich céc tich phan béng cach dung cong thiic tich phan
Cauchy, hoac dinh ly Cauchy-Goursat.

1. ?g sin 2 dz
ol=3 Z — 2

5 yg sin 2 "
=1 2 = 2

cosh z
' 7%2 EEDIEE

1 h (e*
4. %L(e)dz, trén bién hinh vuoéng c6 cacdinhla z =2, 2 =4, z = 3+

w

omi | 22— 4z +3
eiz
5. —dz
§I|§z+§—2i|=2 2Z2+z+1
1 Logz
6. 2— \ D) T 9dZ
T J\|z—4i|=3 ?
1 1z
7. — LN

270 Jlsoa2 (2 = 1)°

8. 9§ S,
a—11=2 (2 — 1)

1 dz
9. — .
210 Jiooqj=2 (2 + 2) (2 — )
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382 Integration in the Complex Plane

10 L COS 2

218 S omaj=2 (2 — )

dz

1. - Sz,
21 [ |yjme 210

o f g,
|z|=2 <

Giaz.

1. Ap dung cong thic tich phan Cauchy, ta c6

§1§ S dz = 27 sin 2.
\

z|=3 7 —
2. Ap dung dinh Iy Cauchy—Goursat, ta c6

55 sin z Qs — 0.
el=1 2 =2

3. Ap dung cong thitc tich phan Cauchy, ta ¢

cosh z %
dz = dz
=2 (2 =3) (= 1) =2 2 — 1
.cosh1

= 2
1-3
= —micoshl.

4. Ap dung cong thic tich phan Cauchy, ta c6
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4.5 The Cauchy Integral Formula and Its Extension

383

1 yg cosh e? p
— (P —dz
2mi | 22 — 4z + 3

5. Ap dung cong thic tich phan Cauchy,

% 622 d
——dz
|z+3—2i|=2 Z2+z+1

6. Ap dung cong thic tich phan Cauchy,

1 Logz
271 |z—4i|=3 22 + 9

dz =

cosh e?
_ L Z—l dZ
271 z—3
cosh e3
2
ta co
eiz
ot 1+iv3
e
1 . . —iTwvo
|s+3-2i|=2 2 5
i—1+i\/§
omi—o
T
—1+iV3 + 14+4v/3
2 2
2 —V3B—i
—e 2

V3

ta co
1 Log-
2431
— ——d
270 J|—gi=3 2 — 30 N
Log3:
31+ 31
—iLog3i
5

7. Ap dung cong thitc tich phan Cauchy, ta ¢

1 eiz

271 Jjz—1j=2 (2 — 9)
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384 Integration in the Complex Plane

8. Ap dung cong thic tich phan Cauchy, ta c6

i

3& = —dz = 2mi(ze?)
a-1=2 (2 — 9)

= 2mi(ze” +€7)|

)

= 27 (—1+41)e".

9. Ap dung cong thiic tich phan Cauchy, ta c¢6

1 dz B ( 1 )/
20 Jloaiz2 (2 +2) (2 —0)" \2+2

10. Ap dung cong thic tich phan Cauchy, ta c6

1 1
— COS% dz = - (cos z)?
B CoS 2
- 2
B CcoS 1
N 2

11. Ap dung cong thic tich phan Cauchy, ta c6

1 sin 2z 1
= Sz — L (sin2 <14>‘
Fl A VIR
B 214 gin 22
- 14! o
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4.5 The Cauchy Integral Formula and Its Extension 385

12. Ap dung cong thic tich phan Cauchy, ta c6

in 2 1
yg Sml(),zdz = 2mi— (sin2z)"” ‘
|z|=2 z 15! 0

21674 cos 22
15!
21674
150

Bai 4.5.3. [4.5.15]

1. Sit dung cong thic tich phan Cauchy kiém tra ring
e a"2mi
dz = )
%A:l Zn+1 n!

2. Viét lai tich phan trong cau (1) st dung phép tham s6 hoa duong tron z () =

e 6 € [0,2n] va thyc hién phép tinh theo §. Chitng minh ring khi a 1a s

thuc, thi
2ma™

2
/ e®% cos (asin @ — nb) do = —
0 n!

2m
/ e*“?sin (asinf — nh) df = 0
0

Gidi. Ap dung cong thic tich phan Cauchy, ta c6
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386 Integration in the Complex Plane

e 271
dz = 222 (e2)™)
%%:1 Zntl n! () 0
27 (a™e")
n!
a™2mi

n!

Mat khac ta co

ez
% on+l dz = /
|z|=1 0
27 )
— / @ cos 0+1i(asin 9—n0)l~d0
0
/0

iede

ei(n+1)6

ea cosf (

icos (asin® — nf) — sin (asin —nd)) df

Vay ta phai c¢6
_ 2ma”

2m
/ e cos (asin @ — nb) do =
0

n!
2w
/ e*?sin (asin @ — nb) do = 0.
0

Bai 4.5.4. [4.4.16]

dz

1. Tinh tich phan % dz trong hai truong hop |a| > 1 va |a| < 1.

el=1 % = @

2. Tai sao ring cach tich trong cau (1) vita st dung khong thé ap dung cho

dz .
§I§ — . Hay tinh tich phan d6 véi trong hai truong hgp véi chu § rang
zl=1 % — @

trén duong tron don vi z = —.
z

Gidi.
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4.5 The Cauchy Integral Formula and Its Extension 387

1. Néu |a| < 1 thi theo cong thiic tich phan Cauchy, ta c6

yg dz o
= 2711,
ol=1 2 — @

Néu |a| > 1 thi theo dinh ly Cauchy—Goursat, ta c6

dz
=0.
%\4:1 Z—Qa

1 2 2
2. Vi ham —— khong gidi tich trén C\ {a} nén ta khong thé tich the sit dung
Z—a

dz

cach tinh tren dé tinh §1§
1 Z—a

||

% dz B % dz
=1 Z—a b=y —a

-1
) — © dz

1
@ Jpl=1 %~ 4

. Mat khac, ta co

—2% néu Ja| > 1

0 néu |al <1

Bai 4.5.5. [4.5.18] D@ chitng minh cong thitc mé rong Cauchy cho dao ham cap

mot ta can chitng minh ring

e fiiiw_z@dz—é%dz\ -

Azg—0 27

Hay hoan tat ching minh nay.
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388 Integration in the Complex Plane

Gidi.  Goi b la khoang cach tit zg dén C, m la gia tri 16n nhat cta |f (z)| trong C,

b
va L 1a do dai cia C, va ta xét |Azy| < 3 Ta c6

/ e o d ) Zdz‘ _

(2 — (20 + Az)) (2 — 20) o (z— )

§§c <zf_(2>2 (z s (2 -+ Azo)> *

Vay ta phai c6

) 1
lim —
AZO—)O 27]'

51% f(z) ds — idz‘ = 0.

(2 — (20 + A20)) (2 — 20) c (2 — )

Bai 4.5.6 Cho ham f (2) giai tich trong va trén dudng cong C' don déng va hai sd

21 Va 2z khac nhau 6 phan trong cta C.

1. Chting minh rang

1 FE) ) =)

omi o (z—21)(z— 2) 21— 29 29— 21

2. Tong quat hon, cho zi, 2s,...,%, phan biét ¢ phan trong ciia C. Ching minh

rang

Gidi.
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4.5 The Cauchy Integral Formula and Its Extension 389

1. Theo dé bai, ta c6 ton tai hai duong tron C; va Cy thudc phan trong ctia C' khong
cat nhau va trong hai duong khong c6 dudng ndo nam & phan trong ciia duong kia
ma zthuoc phan trong ctiaCi, 2z thuoc phan trong ciia Cs. Lic dé theo dinh ly

Cauchy—Goursat, ta c6

| /) B ) | /)
— dz = — dz + —
210 Jo (2 — 21) (2 — 22) 211 Jo, (2 —21) (2 — 22) 211 Jo, (2 — 21) (2 — 22)
1 f(z) 1 f(z)
2mi Jo, (2 — zl) 211 Jo, (2 — 22)
Ap dung cong thic tich phan Cauchy, ta c6
f(2)
1 % (Z_z2) d o f (Zl)

R z =

211 Jo, (2 — 21) 21 — 2o
va £(2)

Lyg (2—21) [ f(22)

21 Jo, (2 — 22) 21— 29
T do6, ta c6 diéu phai chitng minh.
2. Tuong tu nhu trén ta c6 cac duong tron Cy, Cs, ..., C,, bao cac diém 2, 2, ...,
Zn, Va ta co

f(z)
1 f (Z) . 1 (z—22)(2—23)...(z—2n)
2t Jo (2 —z1) (2 — 29) .. . (2 — zn) 211 Jo, z—2
1 1 f(2)
- (2— 21)(2 23 . (2—2n) dz+ ... 4+ — (z—21)(z—22)...(2—2n—1) dz
27rz Oy Z — 29 2 Jo, Z— Zp

Vay theo cong thiic tich phan Cauchy ta c6
1 /() o (=)
21 Jo (2 —21) (2 — 22) ... (2 — 2zp) (21— 22) (21 — 23) ... (21 — 2n)
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390 Integration in the Complex Plane

f () .\ f ()

(20 —21) (22— 23) ... (22— 2n) (zn—21) (2 — 22) .. (20 — Zn_1)

Bai 4.5.7. [4.5.20-23] Dung ki thuat ctia [Bai 4.5.6 tinh nhing tich phan sau

1 cos(z — 1)

i d
2mi oy (24 1) (2—2)

d .
2. %ﬁdz quanh bién ctia hinh vuéng vé6i cac dinh z = 42, va 2 = +21¢
e*(z% —

L
e L

d
1 56 =
o= € (22 — 1)

Gidi.

3. Taco

% Logz g - 5& Logz
m1=3 22— 2+ 3 =3 (2= 50) (- 55
g
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4.5 The Cauchy Integral Formula and Its Extension 391

4. Ta cod

% dz _ % z+1) % (2= 1) dZ
=3 €% (22 — 1)° e-1=1 (2 = 1)? | 1|—— z+1)°
- () b () L)
(z+1) (z—1)
(&

ey

Bai 4.5.8. [4.5.25]

1. Cho D la mién 2-lien thong bao bdi duong don dong Cy va € nhu trong hinh
4.5.1al Cho f giai tich trén D va trén bién ciia nd, va cho zgtrong D. Ching

minh rang
LD s L O,
21 Jo, 2 — 20 2mi o, 2= 20
2. St dung két qua & cau (1) chi ra rang
1 1 1 1 1
27 J|, = (2 — 1) sin 2 sinl - 2mi fi -1 (2 —1)sinz

3. Tong quat, cho D la mién n-lien thong bao béi cac dudsng don dong Cy, C4, ...,
C,—1 nhu trong hinh [4.5.1b, Cho f giéi tich trén D va trén bién ctia né, va cho
2ptrong D. Chitng minh ring

1 1 1
1L fe f() g 10,
Cn-1

dz = — —dz
21 Jo, 2 — 20 : f(z0)+2m' o, 2= 20 + +2m’ L Z— 2
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392 Integration in the Complex Plane

Hinh 4.5.1
Glidi.

1. Ton tai duong tron Cy trong D ma z, thuoc phan trong ctia Cy. Theo dinh 1y

Cauchy—Goursat, ta ¢

1 Mdz_iyé &dzjtiygﬁdz.

21 Jo, 2 — 20 211 Z— 2 211 zZ— 2

Theo cong thiic tich phan Cauchy, ta co

1 (2) . _
i %, z——zodz = [ (20).-

Vay ta c6 diéu can phai chiing minh.

2. Ap dung cong thiic & cau (1) cho ham f (z) = (sinz)”", ta ¢6 didu phai chimg

minh.
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4.6 Some Applications of the Cauchy Integral Formula 393

3. Tuong ty nhu cau (1), ton tai duong tron C, trong D ma z, thuoc phan trong
cua (), ta co

L&é f<z)dz = L&é f(z)dz—i-i,&lg f(z)dz—i—...—i—
27 Jo, 2 — 20 21 Jo, 2 — 20 21 Jo, 7 — 20

1

_,yg SE .

21 Jo, 2 — 20

- f(Zo)—i-L ﬁdz—i—...—i—%énlﬁdz.

LR T2

4.6 Some Applications of the Cauchy Integral For-

mula

Bai 4.6.1. [4.6.1-5] Sit dung dinh 1y gia tri trung binh Gauss, chiing minh

10

1. — e di =1

2. / % cos (sin §) df = 27

™

, 3
© o _ﬂcosQ (% +aew> df = 7 véia >0

T a + cosnb o . o X
4-/7r a2+1+2acosn9d0:7’V01a>1’n1a80 nguyen

27
D. / Log (a2 + 1+ 2a cos n@) df = 4wLoga, v6i a > 1, n 1a s6 nguyén
0

Gidi.
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Integration in the Complex Plane

1. Ap dung dinh Iy gi4 tri trung binh Gauss, ta c6

2. Tacod

1 2

So sanh véi cau (1),

1 2 0 0
— e dd=e"=1
21 Jo
1 2w
= — % (cos (sin §) + isin (sin 8)) d6
2 Jo
1 2 i 2T
= — % cos (sin @) df + — e sin (sin ) dh.
27T 0 27T 0
ta co

2m
/ % cos (sin @) df = 2.
0

3. Ap dung dinh Iy gi4 tri trung bing ctia Gauss, ta c6

1 ™

7 >~ cos’ (% + aei9> dd = cos? %
3
4

4. Dau tien, 4p dung dinh ly gia tri trung binh Gauss, ta c6

Mat khac, ta co

i 1
/_ﬁ ()" + 2

CuuDuongThanCong.com

/ =T
()" +a a

T 1
/_7r cos (n#) + isin (nf) + ad9

/“ cos (n#) + a — isin (nd)

do
1 4+ 2a cos (nf) + a?

—T

https://fb.com/tailieudientucntt


http://cuuduongthancong.com?src=pdf
https://fb.com/tailieudientucntt

4.6 Some Applications of the Cauchy Integral Formula 395

/ cos (nd) +a N Z/ sin (nd) 50

~1+2acos(na)+a® ) .1+ 2acos(na)+a®

So sach hai cach tinh, ta dugc

/7r cos (nd) +a 27
.14 2acos(na) +a>  a’

5. Ap dung dinh Iy trung binh Gauss, ta c6

2w 2m
/ Log (a2 + 1+ 2acos n@) dg = / Log (a + ((3@"9)”)2 do
0 0
= 2rLoga®
= 4rLoga.

Bai 4.6.2. [4.6.6] Hay chi ra rang gia tri trung binh ctia ham g (z, y) = 2? —y*trén
duong tron |z| = r bang gia tri ciia ham g (x,y) tai tam cta hinh tron, véi r > 0.
Mit khéc, tinh gia tri trung binh ctia ham h (z,y) = 22 + y? cling trén dudng tron
|z| = r, gia tri ciia h (z,y) tai tdm hinh tron, va giai thich tai sao lai ¢6 hién tugng

2 gia tri nay khac nhau.

Gidi. Do ham g (z,y) diéu hoa trén R?, nén c6 ham g¢* diéu hoa lién hgp véi g. Xét
ham phic G (z + iy) = g (z,y) +ig* (z,y), theo dinh 1y gia tri trung binh Gauss, ta

-

CcO

g(0,0) +ig" (0,0) = G(0)

1 2w 0
= 5 i G (Te )d@
_ i o ( i@) d@‘f— L o * ( i6') do
= o) g (re 27, g (re :
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396 Integration in the Complex Plane

Vay ta co

1

2T
g(0,0) = %/o g (re’e) do,

tiic gid tri trung binh ctia ham g (z,y) = 2? — y?*trén duong tron |z| = r bing gia tri
ctia ham g (z,y) tai tam ctia hinh tron, véi r > 0. Véi phép tham s6 hoa duong tron
r=rcost, y=rsind, ta co

1 2 1 2

— h(rcos@,rsinf)df = — r2df

2 Jo 2m J,

Trong khi d6 thi & (0,0) = 0. Vi ham & khong diéu hoa nén nén khong tinh gidéng nhu
ddi v6i ham g, va do d6 khong ddm bao riang trung binh ctia ham h (x,y) = 2% +y*trén

duong tron |z| = r bing gia tri ctia ham h (z,y) tai tam cta hinh tron, véi r > 0.

Bai 4.6.3. [4.6.8] Cho f(z) # const la ham giéi tich trén mién R bi chan va lién
tuc tren R. Gid st f (2) # 0 véi moi z € R. Chiing minh gia tri 16n nhat ctia | f (2)]

trén R phai ndm trén bién clia no.

Giai. Xét g(z2)=f (z)fl, ta c6 g (z) #Z const va giai tich trén R nén theo nguyén
Iy modun cyc dai thi modun cua g (z) khong dat giad tri cuc dai. Do d6, modun ctia
f (2) ciing khong dat gié tri cuc tiéu trong R. Do ham | f (2)| lién tuc trén R compact

nén dat gia tri nho nhat trén R, vay gia tri nhé nhat chi dat duge tai bién ctia R.

Bai 4.6.4. [4.6.9-12] Cho tap dong, bi chdn R va ham f (z), tim gia tri ciia z ma
tai d6 |f (z)| dat gia tri 16n nhat va nhé nhat va tim gid tri 16n nhét, nhd nhat cta

|f (2)]. Néu dap 4n khong nam trén bién ciia R, hay giai thich.

. f(z)=2z, Rla|lz—1—4 <1

2. f(z)=2%, Rlalz—1—i| <2
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4.6 Some Applications of the Cauchy Integral Formula 397

3. f(z)=e€*,Rla|z—1—14| <1

4. f(z) =sinz, R1a hinh chtnhat 1 <y <2, 0<ax <27

Gidi. Ta sé ding nguyéen Iy Module cuc dai va cuc tiéu dé gidi nhitng dang bai trén
Buée 1: Chitng minh f gidi tich tai moi diém trén R.
Buéce 2:

Néu f(z) # 0 v6i moi z € R thi theo nguyén ly Module cic dai va cue tiéu ta suy
ra |f (2)| dai cuc dai va cue tiéu trén OR. Tit d6 tham s hoa hodc dat z = x + iy dé
giai bai toan cuce tri trén R.

Néu ton tai zo € R dé f (z0) = 0 thi ta “chi” dugc ap dung nguyén 1y Module citc
dai. Khi d6 |f (z)|dat cuc dai trén R va min |f (2)]| = 0.

Hinh 4.6.1: (z — 1)+ (y—1)> =1
1. Tacod f(z) = z la ham giai tich tai moi diém tren R={z : [z —1—i| < 1} va

f(2) # 0 v6i moi 2z € R nén theo nguyén 1y Module cuc dai va cue tiéu ta c6 | f (2)]
dat gia tri cuc dai va cuc tiéu tren OR =dudng tron tam i + 1 ban kinh 1. Suy ra

z=(cosf —1)+i(sinf — 1)
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398 Integration in the Complex Plane

tu do ta co

1F(2)F = |2]> = (cosf — 1) + (sinf — 1)
= 3—2(cosf +sinb)

= 3—\/§COS<9—§>

ma
T
1< (9——) <1
< cos 1) S
nén
3-V2<|f(2))?<3+V2
hay

V2-1=4/3-V2<[f(2)| <3+ V2=V2+1
Vay ta két luan:
1 ma tai (V24 1) €4, [fl = VE+ 1
|f] min tai (vV2 = 1) ™4, |f]0 = V2 — 1.

Hinh 4.62: 1 <y <2,0<x <27
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4.6 Some Applications of the Cauchy Integral Formula 399

|sin z| = \/simh2 y +sin®x

Gia tri 16n nhat phai ndm trong hinh chit nhat.

Tai x = 0,2 = 7 thi sin?x = 0 nén |sin 2| = sinh y.

Tren bien trén thi [sin z| = v/sinh® 2 + sin® z.

Tren bien duéi thi |sin z| = v/sinh? 1 + sin® z.
L, a1 en R < . . T
Gia tri 16n nhit & bién trén va sin® z dat max tai z = 5
T
Vay max = \/sinh*2 + 1 = cosh 2 tai 2 = 50U = 2.

Ta ¢6 v/sinh?y + sin? 2 nhé nhét 13 sinhy néu z = 0 hodc 7. sinhy nhé nhat néu

y = 1. Vay gia tri nho nhét ctia |sinz| 1a sinh 1, tai x = 0,y = 1 hodc x = 7,y = 1.

Bai 4.6.5. [4.6.13-14] Cho u (z,y) 1a ham thuyc, khong hing, diéu hoa trong mién
R bi chan va lien tuc trén R. Chitng minh ring u (z,y) chi dat gia tri 16n nhat va

nhé nhat tai bién ctia R.

Gidi.  Xét ham phic F (2) = u(x,y) + v (x,y) trén R, 6 dayv 1a ham diéu hoa lién
hop clia u. Goi f(2) = e"®) ta c6 f giai tich trong R va f (z) # const, |f (2)| # 0
nén |f (z)| khong dat gia tri cuc dai, va cue tiéu trong R. Mat khac, do|f ()] = e*(#)
nén ta co két luan rang u khong dat cyc dai va cyc tiéu trong R. Vay u (z,y) chi dat

gia tri 16n nhat va nhé nhat tai bién cta R.

Bai 4.6.6. [4.6.17] Bai nay xay dung mot trong bon cong thitc Wallis, chiing
cho phép tinh fo% (f(0))™d6 v6i m 1a s6 nguyén khong am va f () = sinf hoac
F(0) = cosf. O day, ching ta chi xét m 1a s6 chin.
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400 Integration in the Complex Plane

1. Stt dung cong thiic nhi thitc hay chi ra rang

. 2n 2n (2n) | 2n—2k—1
z ( ) E% T n=0,1,2,...
2. Dung két qua trén, chiing t6 rang
1\ 2n)!
§l§ z7! (z—l— —> dz = 27ri( n)z.
J2=1 2 (n!)
3. Véi z =€, 0 < 0§ < 2m, trén duong tron don vi, tit cau (2) hay chi ra rang
2
T 2n)!
/ (cos 0)*" df = 271'( n)2‘
0 (n!)
4. Dung tinh déi xting ctia ham cos @, va 2n 13 s6 chén, hay chi ra rang
2 2n)!
/ (cos0)*" df = z#
0 2 (n!)”22n
5. Tinh )
3
/ (sin 0)2" o,
0
véin=0,1,2,...

Gidi.
1. Taco
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4.6 Some Applications of the Cauchy Integral Formula 401

2n
_ Z 2n ,2n—2k—1
k

k=0
2n (2n)!z2n—2k—1
B kz; (2n — k)IK!
2. Taco
1 2n 2n
-1 _ 2n—2k—1
554212 (z—l—;) dz = Z 2n— 'k‘% z dz
2n
2n)! 2
_ Z (”)|'§£ 2n—2k— 1d+(”)2§§ 2L
k;o (2n — k)KL Sz (n)? 21
k#n
_ Z Gl 2P pril20)
= (2n—k)k! 2n - 2k " n?
k;én
2n)!
= m'( n)2
(n!)
3. Tacod

1\ A om
55 27t (z + —) dz = / e~ (e’g + e_Z9)2 cido
|z]=1 z 0

2m
= @/ (2cos 0)*" df.
0

4. Tacod

2m T 2m
/ (2cos0)*"d) = / (2 cos 0)*" df +/ (2 cos 0)*" do
0 0 ™
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402 Integration in the Complex Plane

™ 27
= (2cos 0)*" df + / (2 cos (0 — 7))*" do

0 ™

= / (2cos6)*" d
0
= 2 (/ (2cos 0)*" d9+/ (26059)2"d9>
= 2 (/ (2cos 0)*" d9+/ (2 cos (1 — 6))*" d@)

= 4/ 200892n
0

So sanh v6i cau (3), ta dugc

o
M

(=)
N

jus

2 |
/ (2cos0)*" df = r_(n)!
0 2

(n!)? 220’

5. Tacod

/0g (sin@)"do — /0 (sin(%—@))QndQ

™

= /2 (2cos )" db.

0

Bai 4.6.7. [4.6.18] Dinh Iy co ban ctia dai s6 phat biéu ring mot da thitc véi he
s6 phiic p (2) = ap2" +a,_12" 1 +...+ag c6 it nhat mot nghiém z, trong mat phang

phtic. Bai toan nay sé chi ra rang né sé c6 n nghiém zq, z1,..., 2.

1. Chiraring 2" —2z% c6 thé viét lai dusi dang (2 — 2) Rn_1 (2), trong d6 R, (2)
la da thtc bac n — 1 theo z.

2. Chi ra rang néu z, la nghiém cia p thi

p(z):aTL(Zn_Zg)"i_anfl (Znil_zg 1)+---+&1(2—20).
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4.6 Some Applications of the Cauchy Integral Formula 403

3. Diing két qua ctia cau (1) va cau (2) dé chiing minh réng ton tai da thiic ¢ bac

n—1sao chop(z) = (2 — 20) ¢ (2).

3. Tacod
p(z) = an (2" —2}) + an (z”_l — zg_l) +...4+a(z—2)
= an (2= 20) Ruo1(2) + an1 (2 = 20) Ra2 (2) + ... + a1 (2 — 20) Ro (2)
= (z—20)(apRy—1(2) + a1 Rpn—2(2)+ ... +a1Ro (2)).
bat

q=a Ry 1 +a, 1Ry s+ ...+ a1 Ry.

Ta c6 diéu phai chiing minh ngoai ra, theo qui nap ta sé c6 p c6 n nghiém trong C.
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406 Infinite Series Involving a Complex Variable

5.1 Introduction and Review of Real Series

Bai 5.1.1 Viét khai trién Taylor ciia nhitng ham sau:

1 )
1. tai diem z =0
1—x
1
2. —— tairx =0
(1+2)
1 . a2
3. tal diem z = 1
1—2z

4. /7 tai diem z = 1
5. Log (1 —z) taix =0

6. 2®taiz =1

Gias. N
f (I) = ch (.ZU - .Z'())n
n=0
1. Taco
1 e n! |
<1 - 1?> =0 B (1 J;)n—&-l 2=0 =n.
Suy ra
1 “n! =,
i B LA DL
2. Taco
(m) =0 (1+ x)n+2 2—0 =(=1)"(n+ 1)L
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5.1 Introduction and Review of Real Series

407

4. Ta cod

(V)"

r=1

5. Taco

(Log (1 —z))™

6. Tacod

1 (n—1)
a=0 (x — 1)

(z—1+1)°
1+3@x—-1)+3@ -1+ (x—-1)"

Bai 5.1.2 Chiing minh nhting chudi sau hoi tu tuyéet déi hay phan ki:

1. i x"
n=0
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408 Infinite Series Involving a Complex Variable

Gidi.

1. Taco
n+1

| = lal.

Do d6 chudi hoi tu tuyét déi néu |x| < 1 va phan ki néu |z| > 1. Hon nita, néu

|z| = 1, khi d6 2™ - 0, nén chubi trén cing phan ki.

2. Taco
(n+2) 2!

(n+1)an

n+2
n+1

= cx| — |x].

Chudi hoi tu tuyet doi néu |z| < 1 va phan ki néu |z| > 1.

3. Taco
2n+1xn+1

n+1

g™ | ’n—l—l
n

2] — 2|z

Chudi hoi tu tuyet doi néu |z| < 1/2 va phan ki néu |z| > 1/2. Hon nita, néu
r=£1/2, thi

-2x -+ 0,
n+1
nén chudi trén cing phan ki.
4. Ta co
sinh (n + 1) il
entl1 - (z + 1) B sinh(n—i—l)( 1y = et g n—1( o
sinhn n B esinhn o e (" —e™) ’
o (x+1)
oInH2 _
T | 2 (5’7"‘1)‘ — |z +1].
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5.1 Introduction and Review of Real Series 409

Chudi hoi tu tuyet doi néu |z + 1| < 1 va phan ki néu |z + 1| > 1.

5. Taco

(TL+ 1)n+1 n+1

! 1 \"
RSV <n+>x:‘(1+_)x o
nr n
n!

Chudi hoi tu tuyet doi néu |z| < 1/e va phan ki néu |z| > 1/e.

Bai 5.1.3 [5.1.16] Biét rdng chudi Y - hoi tu néu p > 1. Ding tiéu chuan so
sanh dé ching minh nhitng chudi sau hoi tu hodc phan ki

cos® nx véi
12 T -0 < T <0

o
tanhnx .
2. Z—le—oo<x<oo
nll

1
5. Z +COS ne vl —o00 < x < 00
oo
coth nx
6. ) véi |z| > 0
n=1
Gias.
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410 Infinite Series Involving a Complex Variable

1. Taco
1

= p3/2

cos’® nx
372

v6i —00 < z < 0o. Ma > 1/n%? hoi tu nén chudi dang xét hoi tu.

2. Tacohd

1

- plti

tanh nz

nll

Vil —oo < x < co. Ma Y 1/n!! hoi tu nén chudi dang xét hoi tu.

3. Tacod

1+nxr>1

v6i x > 0 nén chudi da cho hai tu.

4. Ta co

1 1
‘wmﬁ‘ o

v6i > 0 va > 1/n%? hoi tu nén chudi dang xét hoi tu.

5. Tacod
‘1—|—COSQTME S 1

i |7V

VOl —oo < x < 0o va y_1/4/n phan ki (1/2 < 1) nén chudi da cho phan ki.

cothnx

1
n

n
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5.2 Complex Sequences and Convergence of Complex Series 411

Vi véi |z| > 0 < o # 0 thi
ki.

cothnz| > 1. Ma > 1/n phan ki nén chudéi da cho phan

5.2 Complex Sequences and Convergence of Com-

plex Series

Bai 5.2.1. [5.2.1] Tit nha, ban di vé phia dong 1 dam, quay 90° va di 1/2 dam

vé phia bic, sau d6 quay 90° va di 1/4 dam ve tay, sau d6 quay 90° va di 1/8 dam

vé nam, 16i lai quay 90° va di 1/16 ddm vé dong. Ctt nhu thé, sau mdi doan di, ban

quay 90° ngude chicu kim dong ho va di mot doan bang mot nita doan vira di. Nhu

vay c¢6 vo han cac sb 1ing véi do dai clia moéi doan. Néu ban vé chu trinh xoan d¢ nay

lén mat phang phitic, ban c¢6 thé dat mdi doan di tuong ng véi mot s6 hang trong
1

chudi vo han ) 2" = = v6i z = ¢

1. Khi két thic hanh trinh, khoang cach gitta diém dén v6i nha ban la bao nhiéu?
2. Ban da di dugc bao nhiéu dam?

3. Néu ban di 3 dam mdi gio thi di hét toan bo hanh trinh trong bao lau? Hanh
trinh gdm vo han cac doan dudng, tai sao n6 khong mat mot lugng vo han thoi

gian dé di?

4. Gia sit ban di giong nhu trén nhung mdi doan bang 90 phan tram doan trudc.

Ban bat dau v6i mot doan dudng 1 dam. Hanh trinh ctia ban méat bao lau?
Glidi.

1. Gia st ta bat dau & goc toa do O va phia dong & phan am ctia truc thie. Sau khi
di doan th nhat, vi tri 1a M; = —1. Sau khi di doan tht hai, toa do 1a My = —1— 2.
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Infinite Series Involving a Complex Variable

412
Tuong tu, M3 = —1 — z — z2. Tong quat,
1 — n+1
M,=—-1—2z—-22—... —2"=— :
1—2z
Va A
1 1 2 2
M, — = = =—=— =1
z—1 -1 1-2 )

Khoang céach giita diém cudi véi goc toa do:

JO (@) -2

Téng chiéu dai ctia quang dusng:

2.
ST
2 22 C1-i

3. Tuy hanh trinh gom vo s6 doan dudng, nhung tong chicu dai ctia né 1a hitu han

va do do, thoi gian di hét quang duong 1a 2/3 gio (40 phut)

4. Toéng chicu dai quang dudng la

va thoi gian di 1a 10/3 gio (3 gio 20 pht)

Chitng minh nhtng chudi sau phan ki trén mién da cho:

Bai 5.2.2 [5.2.3]

1. Z(Zz’z)” voi |z] > 3

n=1

https://fb.com/tailieudientucntt
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5.2 Complex Sequences and Convergence of Complex Series 413

2. (n+1)(i+1)" (z+1)" véi |2+ 1] > &

n=0
“n(i—-1" ,
3. ;z_—%)nVOI|Z—2Z|§\/§

= (2n+2\"
4. Z( ”T:L ) (z+i+n)" véi |z+1+i] > 1

n=1
Gia.

4. Ta cod

'(271;2)”(2—1—@'—1—71)"

:(1+%)n—>e7&0

&)
{(2n;2>n(z+i+n)"}

khong hoi tu vé 0 nén chudi nay phan ki.

Vi day

Bai 5.2.3 [5.2.7] Chiing minh nhitng chudi sau hoi tu bang tiéu chuan ti s6 trén

mién da cho.

I (z—l—%) véi [z 4 3] < 1
n=1

o0

2. Zn!e”QZ véi Re (z) <0
n=0
. (241)"

5 Voi |2+ > V5

— (z+1)" (n+1)

n

.1 /n\n .
4. Zﬁ (;) VOl |Z’ > e
n=0
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414 Infinite Series Involving a Complex Variable

Gidi.

2. Tachd

(n+1)le(n+1)°2

2
nle™ =

Qp+1
G,

_ ’(n_'_l)ez(Qn—i-l)‘

— (n+1) o(2n 4+ 1) (Re (2) + ilmz)

_ (n+1)e(2n+1)Re(2)‘

V6i Re (z) < 0 thi ta c6

Ap 1 . n+1
an | JRe(2)](2n+1)
Dimng quy tac L’hospital,
I n+1 I r+1
im = lim
n—oo |Re (2)| (2n + 1) z—oo |Re (2)] (22 + 1)
1
= lim =0<1.

7229 |Re (2)| 6|Re (2)| 2z + 1)

Vay chudi da cho hoi tu tuyet doi.

3. Taco
(2+Z)n+l
Gt | GH)"T nr 140 |244]| (n+i) V5
an (2+19)" 24| |(n+141)° |2 + i
(z41)" (n+1)°
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5.2 Complex Sequences and Convergence of Complex Series 415

Vi |z 44| > v/5 néen v/5/ |z 4 i| < 1 va chudi da cho hoi tu tuyet déi. Hon nita, néu
|z + 14| < /5, hay V/5/ |z + 4| > 1 thi chudi trén phan ki.

4. Tacod
1 n+1\""
‘anﬂ _ (n—i—l)!( z >
ay, 1 /n\"
2 (3)
T (n+ )"
= |
1 1\" e
= |- (1+= — —.
() =

Vi |z| > e hay e/ |z| < 1 nén chubi hoi tu tuyet d6i. Hon nita, néu |z| < e thi chudi

dang xét phan Kki.

Bai 5.2.4 [5.2.11] Ching minh ring:

(N+1)9)

NG) Sln( B

1. 1—f-COSQ—I—COSQ@—f-...—i—COSN@ZCOS(7 7
Sin (5)

(N+1)9)

e

2. sin9+sin20—|—...—|—sin]\/0:sin<7 7
Sin (5)

Gidi. Dat z = e thi 2" = cosnf + isinnf. Ta ¢

n=0 i=0
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416 Infinite Series Involving a Complex Variable

Mat khac,
1—2N 1 —(cos (N +1)0+isin (N +1)0)
1—z 1 — (cosf +isind)
N+1 N+1 N+1
281n< +1)6 Sin< i >9—icosﬂ
_ 2 . 2
28in§ sin§ — icos§
N+1)8 (N+1)0 = . ((N+1)0
- sin( —;) COS(T—§ + 281n 5 3
o an? O_ ™\ Lian (8 T
5 s\~ 3 isin | 5 = 5
. (N+1)0
B S 9 N6 .. [ N0O
= SlT COS 5 =+ 281n 5 ) )
2
Suy ra
( o (N+1)0
NoY 2

14 cosf4cos20+...4+cosNO = cos (—

2 , (9)
sin | =
2

) (N+1)0
. . . . (N6 S 2
sinf +sin20 4+ ... +sin N =sin| —

2 sin <Q>
L 2

Bai 5.2.5 [5.2.15-5.2.16]

1. Chting minh rang:

Véi |2| < 1
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5.2 Complex Sequences and Convergence of Complex Series 417

2. Chtng minh rang s6 hang thi n ctia > nz""! 1a

2"n(l—2)—1]+1

Sn = 2
(1-2)

Véi z # 1
3. Chitng minh rang

C>On(n+1)n_1_ 1
D B

n=1
Gidi. Ta st dung cong thic tich chudi trong bai nay la

n
cn (2) = Z UjUn—j+1
j=1

V6i ¢, (2) 1a he s6 ctia chudi tich.

1. Dat

ch(z): (I+z+2"+..)(1+z+2"+..)

n=1
Ta co

n(z)=1-2""42-2"?+. =n""
nsévhang
Nén
%) . 1
(I+z4+2"+...) (1—1—2—1—22—1—...):;71,2 1:m.

2. Ta c6 s6 hang thii n cia tong trén la

Sn:ch(z):ijj_l:1+22+3z2+...+nz”_1

J=1 J=1
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Infinite Series Involving a Complex Variable

Ta thay rang

(Sp—1)z = 222432 +...+(n—1)2""" +n2"
= (Sn—l)z+(z2+23+...+z"’1) = S, —1—-2z+nz"
_ n—2
= (Sa—Dz+2="— = S—l-2z—nz"
—z
N S (1—2) = (14+2+4+n2")(1—2)+2%—2"
1—-2
N S — 1+nz"—nz”2“—z”
(1-2)
N 5 - z“[n(l—z);l]—i—l'
(1-2)
3. Taco
1
1+2z+322+42° + ... = 5.
(1-2)
Va
1
(1—|—z+z2+z3+...)(1+22+3z2+4z3+...):(1 )3.
—z
Dat
Q424224284 (14+2: 4327 +45+..) =D dn(2).
n=1
Ta c6
do(2) = 102" 'z (n—1D2"24+22-(n—-2)2"*+... 42" 1.1
1
= (1+2+...+n)2”_1:@zn_1.
Vay nén

[e.9]

n=1
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5.3 Uniform Convergence of Series 419

5.3 Uniform Convergence of Series

Bai 5.3.1 [5.3.5] Dung tiéu chuan Weierstrass, chitng minh chudi sau hoi tu déu:
“— Log (n + i)

Vé6i Re (2) > a, a >0

Giar. Ta co

e~ "7 efnRe(z) e~ na e~ na
‘ S| < ~ < <2
Log (n + 1) [Log (n+14)| ~ |Log (Vn? +1)] |Log (n? + 1)

Ta sé chiing minh rang chudi s6 duong

o0 —na

e
;2|Log ]
hoi tu. Ta co
) 6—(n+1)a
2 2
Log((r+ 1"+ 1| _ 1 [Log(w+1)] 1 _
e e |L0g ((n + 1)+ 1)‘ et

N— — 00000
|Log (n* +1)|

Vi vay theo tieu chuan ti s6, chudi
“~ Log(n*+1)

hoi tu. Theo tieu chuan Weierstrass, chudi da cho hoi tu déu. (Tiéu chuan Weierstrass

yéu cau cdc s6 hang M, phdi diong va chi phu thudc vao j)
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420 Infinite Series Involving a Complex Variable

Bai 5.3.2 [5.3.6] Trong bai nay, ta sé chiing minh tiéu chuan hoi tu Weierstrass.
Ta c6 chudi Y72 u; (2) c6 tong 1a S (2) v6i z nam trong mién R. Ta ciing c¢6 chudi
hang, duong > 2y M; ma trén khap R: |u; (2)| < M. Ching minh >y wj(2) hoi

tu déu trén R

Gidi. Theo tieu chuan so sanh thi chudi Z u; (2) phai hoi tu tuyet déi. Ta co

7j=1
k n k
5(2) = Su (2)] = ‘ (gggo > (z)) =Y =|lm 37w (2)
7=1 7j=1 Jj=n+1
bat T = ZMj va T, = ZM]-. Suy ra
j=1 Jj=1
k
|S(z) = Sn(2)] = [lim u; (2)
k—o00
Jj=n+1
k
- | 3 w0
Jj=n+1
k
< lim Y Ju(2)]
Jj=n+1
k
< lim M; =T —T,.
k—o0
Jj=n+1
Vi
g, (T =T =0
nén

Ve, AINeN: Vn>N:T-T, <e.
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5.3 Uniform Convergence of Series 421

Suy ra
Ve, AN eN: Vn > N: |S(2) — S, (2)| <e.

Nghia 1a day S, hoi tu déu vé S. (Mot lan nita, tir chitng minh trén, ta thdy cdc so
M,, duong dé bat dang thic zdy ra va chi phu thudc vao n dé cho sw hoi tu déu co
thé zdy ra )

Bai 5.3.3 [5.3.7] Chting minh réng

3 5
_ Y Yy
tan ly=y—- L + L _...
an "y =y 3—{—5
Va 1 2 4 6
Y Y Y
L 1 N _Z 47 ...
glog (1+9) =5~ +75

V6i y la s6 thue va |y| < ¢ < 1.

Giai. Xét
S=1-y’+y' =y +y°~
Va
T=y-y'+y" —y +y -
Ta c6
2 S = L
y
T+ 2T = T =
tY Y 1442

Tiép theo, ta chiing minh chudi
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422 Infinite Series Involving a Complex Variable

T = i (_1>n y2n+1

n=0

hoi tu déu véi |y| < ¢ < 1. Ta co

[(=1)" | < [y < g™

(D)™ <y < gt

Va )
o] 2n__
ano 4 = 1— q
oo ont1_ 4
Zn:O q 1— q
Nén theo tiéu chuan Weierstrass, chudi S = Z ()" y"vaT =Y (=1)"y** hoi
n=0 n=0

tu déu véi |y| < ¢ < 1. Suy ra

) 00 Y ) y3 y5
/ "y ) dy =Z</ (—1)"y”dy)=y—§+g—-“
0 0
° y 2 4 6 '
n_ on+1 _ 1) g2t :y__y_ y__...
/0 y )dy Z(/O( )y )dy 5~ 176

Ta da ching minh

NS
NI
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423

¢
n

J
I

(

n

NI
N

tan~! 1Y

1
—Log

2
3 (1+9%)

Vi du: Véi y = 1/+/3 thi tan™' y = 7/6 va ta c6

[

(=}

Bai 5.3.4 [5.3.8]

voi r < 1.
Gidai. Ta co
Va

Ta co

CuuDuongThanCong.com

v od 3 5
y) o 1+y? Y 3+5
v ud 2 4 6
201 | gy — vb Yy Y Y
Y )y /01+y2 2 4%
3 5
2 34 24
2 4 6
(1 3 1\’ 1\’
5 () ()
3 + 5 7 + ..
1 1 1+1 1 1 1
3 3 3 5 37 )

Chu inh S = 771 hoi tu déu vé
ng min Z z Ol tu deu ve 7

j=1
1—2"
Sy =
1—=z
1 2" Kl
Sn| = = :
1—2z] [1—2|

l—|z|>1—r

=1—z[>1—|z|>1—-7

trong dia |z| <r
—z
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424 Infinite Series Involving a Complex Variable

1 1
< .
l—z —1-r

7

nén . ||n .
2 r
’:_SR - 11— 2| = 1—7r
Vé6i moi € > 0, lay N € N sao cho
PN
1_r§6(0§7“<1)
thi v6i moi n > N, ta c6
1 rm rNv
‘1—z_sn Sl—rgl—rge

Hon nita, theo cach xac dinh N, ta thidy N khong phu thuoc vao z. Vi thé chudi da
cho hoi tu déu ve 1/(1 — z).

Bai 5.3.5 [5.3.9] Chting minh ring trong mién R,

Z:O;/Cuj(z):/CS(z)dz

V6i 327w (2) hoi tu deu ve S (2) va u; (2) lién tuc trong R v6i moi j

Gidi. V6i moi s6 nguyén duong n thi

i/cuj(z)dZ—/ciuj(z)dz

CuuDuongThanCong.com https://fb.com/tailieudientucntt


http://cuuduongthancong.com?src=pdf
https://fb.com/tailieudientucntt

5.3 Uniform Convergence of Series 425

= /C dz—/Zuj

= /C S(z)—zluj (z)] dz

Dat L 1a chiéu dai ctia C. Vi chudi Z u; (2) hoi tu déu vé S (z) nén véi moi € > 0,
J=1
ton tai N € N khong phu thudc vao z dé

/CS(Z)dz—il/Cuj(z)dz

v6i moi n > N. Suy ra véi moi n > N,

; [S (2) — Z u; (z)] dz

- Z u; (2)|dz <
j=1

Nghia la

/ dz—hmZ/u] dz-Z/u]
C n—oo

Bai 5.3.6 [5.3.10] Chiing minh rang néu Zuj ) hoi tu déu vé S (z) trong R va
j=1
néu u; (z) giai tich v6i moi j trong R thi S (z) giai tich trong R

Gidi. Goi C la duong cong kin bat ki ndm trong R. Ta sé chitng minh ring

/CS(z)dz:()
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426 Infinite Series Involving a Complex Variable

va khi d6, theo dinh lyj Morera, S (z) gidi tich trong R. Thuc vay, vi Zuj (z) hoi
j=1
tu déu ve S (z) trong R nén
/ Zuj (z)dz:/ S(z)dz:Z/ u; (2)dz.

1

Ma u; (z) giai tich trong R v6i moi j nén
/ uj (2)dz =0 Vj.
c

Suy ra

i/cuj(z)dZ—O—/CS(z)dz.

Bai 5.3.7 [5.3.11] Cho » 7%, u; () hoi tu déu ve S (z) trong mien R. Chitng minh
rang néu u; (z), ug (z),... 1a nhitng ham giai tich trong R, thi v6i moi diém trong
clia mién nay thi

dS = du; (2)

dz — dz

J]=

Giai. Xét chudi Zuj (z) hoi tu déu vé S (z) trong R. Cho 2z la mot diém trong
=1
bat ki ctia mién R. Lay mot duong cong kin C trong R bao quanh z. Khi d6 véi

nhitng diém z trén duong C, ta c¢6 chudi

sé hoi tu déu ve
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5.4 Power Series and Taylor Series 427

Suy ra

/ZQM ZL‘—22 x_z/Qm (x —2) de
<:>/27TZ :v—z _Z/Qm a:—z i

Vi u; (x) gidi tich trong R v6i moi j nén S (x) gidi tich trong R. Ap dung cong thitc
tich phan Cauchy, ta c6

=3 )

Vi z la diém trong bat ki nén biéu thic trén ding véi moi diém trong ciia R.

5.4 Power Series and Taylor Series

Bai 5.4.1. Dinh Iy 15 vé chudi Taylor dudc suy ra tit sy md rong tai diem khéi
dau zp = 0. Dya vao diéu d6 hay chiing minh vé6i truong hop 2 bat ki.

Gidi. Phat biéu lai dinh 1y 15 (Chudi Taylor): Cho f (z) 1a ham giai tich tai 2.
Cho C' la dudng tron 16n nhat tam zp sao cho f giai tich tai moi diém trong dudong
tron. Goi a 1a ban kinh cia C. Lic do, ton tai mot chudi liy thia >0 ¢, (2 — 20)"

hoi tu vé f (z)trong C, ¢6 nghia la:
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428 Infinite Series Involving a Complex Variable

Ta xét v 1a dudng tron tam 2o, ban kinh b < a : {t : |t — 29| = b}. Theo cong thiic

tich phan Cauchy, ta co:
@,

271 t—z

f(Z)—

Ta khai trién

(Z . Zo)n—l—l

(t _ Zo)n+2

(z—2)" R

: <1
’ (t . Zo)n+1

]t 2

~ N . 1 .
nén chudi trén hoi tu déu theo ¢ trong . Nhan ca hai vé cho o f(t) va lay tich

i
phéan, ta co
f(t / (2 — 20)
- t
() 27 t—z Z (t — 2) ”“f )
= Z o (2 —2)"
n=0

v6i

Bai 5.4.2. Tim ba s6 hang dau tién clia khai trién Taylor va khai trién Taylor ham
1

f(z) = - tai zp = i.
z

Giai. Dat f(z) =1/z thi f giai tich trén C\ {0} nén tai zo = 7, ban kinh hoi tu la
1. Ta co
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5.4 Power Series and Taylor Series 429

suy ra
1

1" n!

( 1) n'inJrl .

n!

Cp =

1 .
Ch = — = —1,
2
11 1
Cl = _j:7
(2)
I
Cy = 12,—3:2.

Ta khai trién Taylor ham f tai tam 2y = ¢

= g )

n

véi moi z € B (i, 1).

Bai 5.4.3.

1. Tim tat ca hé s6 trong khai trién 2° tai hing s6 z, va viét toan bo chudi.
2. Tim ban kinh hoi tu cta chudi trén.

3. Giai cau 1. bang khai trién nhi thitc Newton, chit ¥ z = (2 — 2) + 20
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430 Infinite Series Involving a Complex Variable

Gidi. Dat f (z) = 2° do f giai tich trén toan bo mat phang phtic nén ban kinh hoi

tu trong khai trién Taylor tai tam 2z, 1d R = oco. Ta ¢6

(

Co — Zg
f' (20)
=" = 5z
f(2) (20)
Q="pg = 102)
f(3) (20)
G3= "3~ 10z]
4) (4
C4:f 4$ O> :52’0
(5)
o = o) _
5!
(n)
cn:—f (20) =0 v6in>>5
\ n!

T do suy ra

o0

f(2) = D enlz—2)"

n=0

= 204528 (2 —20) + 1023 (2 — 29)” + 1022 (2 — 20)> + 520 (2 — 20)* + (2 — 20)° .
Ciing theo khai trién Newton, ta c6

2L = (204 (z—2))°
= 204520 (2 — 20) + 1020 (2 — 20)° + 1022 (2 — 20)® + 520 (2 — 20)* + (2 — 20)° .

Bai 5.4.4. Cho hai chudi
14+z4+224+23+...
va

z 22 23

Log?2 + Log3 + Log4 e

1+
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5.4 Power Series and Taylor Series 431

Ca hai chudi trén deu hoi tu ve tai z = 0. Tuy vay, chudi thi hai khong 1a

-z
) , 1 . .
khai trien Taylor ctia ham T Diéu nay c6 mau thuan vé6i Dinh 1y 16 hay khong?
-z
Giai thich.

Gidi. Tacoham f(z) =1/ (1 — z) giai tich trén C\ {1} nén chudi thit nhat 1a khai
trién Taylor clia ham f tai zyp = 0 va ban kinh hoi tu R = 1. Ta sé chitng minh véi
z2=1/2€ D(0,1) C C, thi

. 1
1+ 2 2 4.
+Log2—|—Log3jL
khac
L =2
1
2

That vay, dat

(3)
sn=1+z % :1+Z
=1

Logi 2iLogi

thi ta co
s, > 1.1 Vn > 10,

nén ta suy ra

=1
1 . > 2.
+ 21: 2'Logi

T d6 ta nhan thay chudi thit hai khong hoi tu vé ham f tren D (0, 1).

Bai 5.4.5. Tim tam va ban kinh hoi tu ctia cac chudi sau:

1

1. =Y e "
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432 Infinite Series Involving a Complex Variable

]' o0 n
2. P Yoo Cn (2 —1)
1
3 =Y e (2= 1= )"
COS 2 n*OC (Z Z)
1 o0 n
4. Lo = oCn(z—1—20)
]' o n
5. =1 =m0 Cn (2 —2)
zz —1

Gidi. Phuong phép giai:

Tong quét, v6i f giai tich tai zo ta khai trién Taylor

F2) = enlz—z)"

Budc 1: Tim tap hop A cac diem ma tai do f khong giai tich.
Buéc 2: Xéc dinh inf,c4 |2 — 2o/

Két luan tam hoi tu ctia chudi 1a 2z va ban kinh hoi tu ctia chudi 1a inf,c4 |2 — 2.
Vi du bai 1.

Ta c6 ham f(z) = 1/ (2 —1) giai tich trén C\ {i} nén A = {i}. Ta ¢6 zp = 1 nén

tam hoi tu clia chudi 1a zp = 1 va ban kinh hoi tu la |1 —i| = /2.

Bai 5.4.6. Cho
N

zN—zéV:ch(z—zo)"

n=1

v6i moi z € C. N 1a s6 nguyen duong. Hay chiing minh

N—n
Nlzy

o= n! (N —n)!
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5.4 Power Series and Taylor Series 433

Thay z = z + zp va chiitng minh

N N-n
N!z
N _ 0

n—=

Cong thiic nay tuong tu nhu cong thiic khai trién nhi thitc Newton.

Gidi. Dat f(2) = 2V thi f giai tich véi moi 2z € C, ta c6

f'(z0) = Nz,
fP (%) = N(N-1)z2
f(z) = N(N-1)(N—-2)z3,

f™(z) = 0 véin>N.

T do suy ra

Nzév_1 ]\T!zév_1
C = =
\ 1! (N =1)
N (N —1)z)? N1z —2
C = =
? 2 21(N —2)I’
NIV-N
cN = i R
N!

Vay theo khai trién Taylor

= NIZV1 N1z
A V=N 0 0 (= )2
2V = nzzocn(z 20)" = 2z +1!(N—1)!(Z ZO)+2!(N—2)!<Z 20)
NN
+.. #(Z—ZO)N
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434 Infinite Series Involving a Complex Variable

Tt d6 ta c6 diéu phai ching minh. Thay z = 2 + zyvao thi ta c6

N N—n
Nz
N _ 0
(2 +20) _Zon!(N—n)!'

Bai 5.4.7.

1. Cho ham f (z) = Logz, lay nhanh chinh y = 0,z < 0. Chting minh

o0

F(2)=) en(z+1-4)"

n=0

3 -1 n+l —i(37/4)n
V(’jico:Log\/i—i-Hvécn:( ) ¢

1 n(\/§)n , n#0.

2. Tim ban kinh 16n nhat ctia duong tron tam —1 + 7 sao cho chudi § cau 1. hoi

tu vé ham f & bén trong dudng tron.

3. Dung tiéu chuan ti s6 dé chitng minh chudi ¢ cau 1. hoi tu & trong dudng tron
|z — (=1 + )| = v/2 va phan ki bén ngoai dudng tron. So sanh véi dudng tron

4 cau 2.
Gias.

1. Ta sé khai trién Taylor ham f (2) = Logz tai

Zp=—-141= \/iei%f.
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5.4 Power Series and Taylor Series 435

Ta co
1 1 1 3r
" - : _e—z—,
J' (z) 2o —14+i /2
! )
@ () = _l:_ 1! . —z%fg’
a0 (V2)
!
(%) = 3: 2 —i3z 3

T do suy ra

ne1 (n—1)! Listn _ (—1)"+! emiGn/0n

V2T (V)

Vay ta c6 diéu phai chiing minh.

2. Véinhanh chinh y = 0,2 < 0 thi ham Logz giai tich nén ta c6 ban kinh 16n nhat
clia dudng tron tam —1 + ¢ can tim 1a khoang cach nhd nhat tit zp = —1 + 4 dén tia

y =0, x <0. Suy ra ban kinh can tim bang

) il = min -1 — 11
min |z —2—iyl = min | x + i
3. Ta xét ti sd
(1) e
Cn1 (241 — i)n+1 _ (\/i) (z+1—1)

T (w+1+i(y—1))

Sl
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436 Infinite Series Involving a Complex Variable

%\/(x +1)% + (y — 1)°

T dé ta suy ra

. Cnr1 (241 — i)™
| 1
My 00 (Z—|—1 _Z)n <
2
& \/(x—l— ) +(y—1) < V2
EN z€D(-1+4,V2)

Vay ta c6 v6i z € D (—1 4 i.v/2) thi chudi

o0

ch (z4+1—49)"

n=0

hoi tu.

Bai 5.4.8. Gia stt ham f (z) giai tich trong mién bao gom goc toa do phric, va ta
khai trién thanh chudi Maclaurin f (2) = Y07 ¢,2". Néu duong tron |z| = r ndm
trong mién da cho va trén duong tron do, ¢6 hiang s6 K sao cho |f (z)| < K, thi khi

d6, cac hé sb ctia chudi Maclaurin thda man bat ding thic
K
< — VYneN
Tn

Day dugc goi 1 bat dang thic Cauchy va no hitu ich dé kiém tra lai cach khai trién
chudi Maclaurin, néu bat déang thitc Cauchy khong thoa, tiic 1a da co 16i sai. Bat
déing thic c6 thé duge tong quéat héa véi chudi Taylor.

1. Ching minh bat ding thic Cauchy bing céch sit dung déng thic hé s cla
f™(0)
ol

chudi Maclaurin ¢,, = , lay dudng |z| = r va st dung bat dang thitc ML.

2. Cho khai trién e* = > ¢,2". Ta muén chan |c,| ma khong phai tinh céc
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5.4 Power Series and Taylor Series 437

hé s6 ciia khai trién. Qua cach chon thich hop cho r chitng minh riang véi moi
2

e £ i 2
n >0, ta co |c,| <evale,| < o Nhitng he so da biet trong khai trien

z __ 1 2 1 3
6—1+Z+§Z +§Z + ...
c6 théa man bat dang thiic khong?

3. Mé rong bat dang thitc Cauchy dé c6 thé ap dung véi chudi Taylor f(z) =
> o (2 — 20)". Dung két qua vira md rong dé giai thich tai sao v6i khai trién

e* =Y > ¢y (2 —3)", khong can tinh cac he sb, van c6 thé két luan |c,| < e'.
Gidi.

1. Gia st ta ¢6 dudng tron |z| = r ndm trong mién giai tich ctia ham f va c¢6 hiang
s6 K dé |f ()] < K, ta sé chiing minh

(™) (0 K
n! rn
That vay, ta ¢
L [ f(2)
n — o d
2w | zntl :
¥

v6i v 1a dudng tron tam la gbc toa do, ban kinh 7. Tit d6, ap dung bat dang thiic
ML, ta c6

o= (), | L K, K _K
cnl = — e ldz| < —. = < —
2 vl 2 pntl pntl = pn

v

Tt d6 ta c6 diéu phai ching minh.

2. Tathdy f(z) = e* la mot ham nguyén. Ta can xac dinh r dé duong tron |z| = r

f(2)| < K trén duong tron nay. Véi

nam trong mién giai tich ctia f (z) va K dé
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438 Infinite Series Involving a Complex Variable

mot r bat ki thi tren dudng tron|z| = r ,|f (2)| = |e*| < el*l < e". Vay theo bat ding

thitc Cauchy ap dung cho hé s6 trong khai trién Maclaurin e = Yo g cn2", ta o

er
’Cn| S T_n

V6ir=1,taco |c,| <evar=2 taco|c,| <e?/r

3. Ta sé tong quat hoa bat dang thitc Cauchy trong khai trién Taylor nhu sau:

Gia st ham f gidi tich tréen mién D ma dudng tron |z — zg| = r nam trong D, trén
dudng tron do, c6 hang s6 duong K dé | f ()| < K. Khi d6 cac hé s6 cia chudi Taylor

clia f tai 2z, thoa man bat dang thic
K
len] < — neN
/,on

That vay, hé s6 ctia chudi Taylor ciia f tai 2o 1a

. F™ () _L/ f@) e
e 5 (t—2z

n! Comi _ 0)”“

v6i v 1a duong tron tam 2z, ban kinh 7. Tuong tu cau 1., 4p dung bat déng thic ML,

n+1 n+1 n’
— 2p) r r

ta suy ra
eal = 5
Cp| = —
" 2T

T d6 ta c6 dieu phai ching minh. Ta xét trén mat phing phitc, duong tron tam
2o = 3 ban kinh 1 thi ta c6 |e*| < e3*! = ¢*, khi d6 ap dung bat ding thitc Cauchy

ta co |c,| < et/1m = et

Bai 5.4.9. Sau day ta xac dinh chudi Taylor v6i mot s6 du, con duge goi la dinh
1i Taylor. Trong tinh toan theo phuong phap sb, ta thuong dung n sé hang dau tien
ctia chudi Taylor thay cho khai trién vo han. Sai s6 gitta tong vo han ciia f () va

tong hitu han goi 1a s6 dw. Chan trén ctia do 1én cia s6 du dude xac dinh béi dinh
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5.4 Power Series and Taylor Series 439

Iy Taylor. Sau day la truong hop dac biét ctia dinh 1y nay trong khai trién 6 goc toa
do.

1. Dya vao ching minh ctia dinh 1y chudi Taylor, hay chiing minh:

1 1z 22 2t 21\ 1
f(zl)—zm,?glf(z){ + —|—23—|—...—|— e —l—( ) dz

z/) z—2

2. St dung két qua vé f (z1) ¢ cau 1., chitng minh

(2 (n—1)
Fa)=FO)+ 7 0)a+7 2(0)2? +..F j;n - ()!)z?1 + R,
" f(z)
Z{L z
T o 7§ 2" (z — 21)
Cl

3. Ta c6 thé chan sai s6 R, 6 cau 2. . Gia si

tron C’ : |z| = b. Dung bat déng thitc ML dé chitng minh

f(2)] < m v6i moi z trén duong

mb

Ry| <
|| T

21
b

4. Gia sit ta mudn xap xi gia tri clia cosh ¢ bang chudi hitu han

Lay duong cong C’ & cau 2. 1a |z| = 2, ding két qua & cau 3. dé xac dinh sai

sO cuia chudi so véi gia tri ciia coshi la

cosh 2

o = 367 x 107

Gidi.
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440 Infinite Series Involving a Complex Variable

1. Theo tich phan Cauchy ta co6

211 or R — 2

f(z) = 1 &dz = QLm yg %dz

12
z
1
27TZ C/Z<1__1>
z
1 f(z) 22 2t a1
- W W S (2) ;
2mi Jor <+Z+22+ T TG [—= 2
L L a4 Z?_l z1\"* 1
R -t Tt T... —|-<_) dz.
2. Tu két qua clia cau 1., ta suy ra
@ (0 (n=1) (()
Fe=fFO+ 70 a+ I O g
2 (n—1)!
voi
R :iyg f(2)
n 271-2 Zn(Z—Zl)'
C/
3. Taco

PRRERE Bfe I

2mi | 2" (2 — 1)
C/
S f(2)
T or ygz” (z—21)|
C/

Ta lai ¢6 f (z) < m v6i moi z trén dusng tron C’ : |z| = b nén

1 1
<
|z — 21| 7 b— x|
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5.4 Power Series and Taylor Series 441

nén ap dung bat dang thic ML, ta c6

n nmb

b— |zl

z

2r

m

(b — )

21

R, < S27b = | —
B < = |

Tt d6 ta c6 diéu phai ching minh.

4. Dung két qua clia cau 3., véi C’ la dudng tron tam 0 ban kinh 2 : |z] = 2, trén

do ta co
|f (2)] = |cosh z| < |cosh 2|,
nén ta dugc
Ry < coshi|" cosh?2.2 1 cosh 2.2 B cosh 2
=179 2 —eoshd| 21 2—1 210 °

Bai 5.4.10. Cho f(z) la ham nguyén c6 tinh chat f™ (2) = f(2),n=0,1,2,....

Dung chudi Taylor, chitng minh ham f c¢6 tinh chat sau

[+ 22)=f(21) f(22)

Gidi. Do f la ham nguyén trén mat phing phtc nén ta c6

(2) (n—1)
P = £+ r s+ I R
[0, F0) . 0 f0
= f(0)+ T Z+ T + T +...+(n_1>!z +

Ma ta lai c6 e*17%2 = e*1 ¢*2 nén ta c6 dieu phai chiing minh.
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442 Infinite Series Involving a Complex Variable

5.5 Techniques for Obtaining Taylor Series Ex-

pansions

Bai 5.5.1. Dua vao ki thuat doi bién dé sinh ra mot chudi Taylor méi, v6i a la

hing s6, chiing minh céc cau sau:

1 1
1. =l—az+a?2?—a®22+..., |zl < —’.
1+ az
5 ! =1—-22+2"— 2| <1
Sy 42—, |z )
3 ! 1—(z+a)+ (24 a) lz4a| <1
L ———=1—(24a z4+a) —... z+a )
1+a+z ’
24 28
4. e =1—-224+2 - 4 . Va2
e z+2 6+ ,VZ

5. Dua vao két qua cau 4. hay tim dao ham cip 10 clia e = tai z = 0.

Gidi. Phuong phap: Diya theo nhitng ham co ban, ddi bién va tim ban kinh 16n
nhat dé trong duong tron do, chudi hoi tu vé f (z). Vi du bai tap 2:

Ta ¢6 ham f(z) = T2 gidi tich trén C\ {i, —i}, nén khai trién Taylor f(2) tai
z

tam zp = 0 ¢6 ban kinh 16n nhat sé 1a R = 1. Ta ¢6

;:1+w+w2+...,|w|<1
1—w
nén ta suy ra
1 1 2
]_—|—Z2 = m:1+(—22)+(—22) +...7|—Z2|<].

= 11—+

Vay ta c6 diéu phai chiing minh.
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Bai 5.5.2. Bing cach dao ham mot s6 lan ctia ham

1_2:1+z+z2—|—..., 2| <1
hay tim ¢, trong khai trién
RO IR
1= 2", |z

Giai. Dat f(z)=1/(1—-2), taco

ma ta lai co
() =12342342+345224+.. . +(n+1)(n+2)(n+3)2"

T do suy ra

1 o0
(1—2)" 2 o

n=0
n

o= (i+1)(i+2)(i+3)z"

1=0

Bai 5.5.3. Dung ki thuat tinh tich phan v6i duong tit goc toa do dén z,|z| < 1
trong cau 2. ctia bai tap 5.5.1 dé chitng minh

Z2n+l

tan! 2z = Z (—=1)"

n=0

<1
1 A
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444 Infinite Series Involving a Complex Variable

Ta c6 thé dat z = 1 trong khai trién & cau trén dé co
s 1 1
tan'l="=1—>+-—...
N 1 375

Trong khai trién nay, chudi c6 thé nhan gia tri la % miéc du khong thoéa man phuong

phép clia ta véi |z| < 1. Chudi hoi tu dan va khong hitu dung dé tinh 7. Ta da c6
1 1 -1 1 N L 1.4 2 . ~ ~ P

tan 3 + tan 3 =7 va v6i ket qua ctia cau a., ta sé ¢6 sy hoi tu nhanh

hon v6i chudi:

— + ...

11 (L+L> 1,1
(L Ly (s 2t | A3z 243 128 ' 2187
3 5 7

Gidi. Ti két qua clia cau 2. ciia bai tap 5.5.1, dung ki thuat tich phan, ta c6

z 1 z
tan~'(z) = /0 1_|_Z/2dzz/0 (1-2"+2"—..)dz
3
z

5

+

z
= z — — _—
3 )
> z

= >

n

n+1

n+1

tir d6 ta co6 diéu phai chitng minh.

Bai 5.5.4. St dung chudi nhan dé tim cong thiic cho ¢, trong khai trién Maclaurin.
Tim ban kinh R 16n nhat dé trong dudng tron tam la gbc toa do, ban kinh R thi
nhing dicu sau day ding:

coshz o "
1. T, Yoo Cn?
Log (1 —
g Log(1=2) s o

1+ 2
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Gidi. Ta sé giai cau 1. . Theo khai trién Maclaurin, ta c6

2 4

z z
coshz:1+§+1+...
va
1
=1+z2+22+... v6i 2] <1
1—=2
Tu d6, st dung chudi nhan, ta suy ra
cosh z 22 2t )
f(z) = 1—z:<1+§+5+'”)(1+2+2 +...)

_ ] 1Y 5 ] 1Y 4 ] I 1Y\ 4 ] 1 1Y\ 5
= l+z+ +5 25+ +§ 27+ +§+I z°+ +5+I 27+

Vay ta c6
1 1 1 L
I+ =+—+4+...+— véi 2|n
o = ! ! n!
=
1+5+I+‘“+(n—1)! voi 21 n
va R =1.

Bai 5.5.5. Cho 2 da thic P, Q) véi Q 1a da thic phtic ¢6 dang

Qz)=C(z—a)(z—az)...(z —ap)

v6i a; # a; khi i # j. Tu do, ta co6

P(z) P

Q(z)  Clz—a)(z—as)...(z—am)
. Al AQ An
2 —m z—&2+” Z—a,
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446 Infinite Series Involving a Complex Variable

1. Chting minh

P(z)

o = Aj(z—ag)(z—a3)...(z—ay) + A2 (z — 1) (2 —a3) ... (2 — ap)

+...+ A (z—a)(z—a2)... (2 —an_1)

2. Tim A; v6i j =1,2,...n.

3. Duya vao két qua cau 2., chiing minh

Z—raj

A; = lim [(z — )

(224+1)(2—2)

4. St dung két qua cau 2. va 3., khai trién

Gidi.
1. Do y A p
P n
(Pl) 4 2 bt
Q(z) z—a1 z-—a z—ap
va

nén ta suy ra

P(z)

o = Al(z—ag)(z—a3)...(z—ay) + A2 (z — 1) (z —a3) ... (z — ap)

+.. .+ A (z—a)(z—az)...(z —an-1).

2. Véimoij€{0,1,2,...n}, thé z =a; ta co

P (z)
C

= Aj(a; —a1) (a5 — az) ... (a; — aj—1) (aj — aj—1) ... (a; — ay)
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aj;éai(:)aj—ai%o

v6i moi i # j nén ta suy ra

3. Taco n n
Q=0 [
i=1 k#i
Q (a;)=CJ](z— ).
k#j
Vay ta co
N P(z) _ P (a;) _ _ P(ay)
lim {< J>Q(z)} Cllhy; (2 — ) 4 Q' (a;)
4. Taco
@Z+10)(z-2)  (+i)(—i)(:—2)

Ap dung két qua tren ta suy ra

o —i =i i2 i+
V(=) (i—2) —2i(i—2) 2(-1—-4) 10’
L i I U

7 i+ (-2 23G-2) 10

/P —

ST @2+i)@2-4) 5
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448 Infinite Series Involving a Complex Variable

Bai 5.5.6. Dung khai trién Taylor, tim cong thic tong quat cho hé sé thit n va chi

ra dudng tron sao cho khai trién Taylor & trong duong tron théa man.

1. = 1)Z(z —9) khai trién tai z = 0.
2. : khai trién tai z = 1.

(z+1)(z+2)

1 2
3. - khai trién tai z = 2.
z

1 . )
4. = khai trién tai z = .
z

1 .
5. : —; khai trién tai z = 2.
(z=1)(2+2)

1

6. 5 5 khai trién tai z = 2.
(z—1)(z+1)

7 e khai trién tai 0

. al trien talr 2z = U.
(z—=2)(z+1) :
3492 —1 .

g Z AT i tridn tai 2 = 1,

22— 4

Gidai. Ta sé giai bai 2. Ta ¢6

z 2(z+1)—(2+2) 2 1

(z4+1)(z+2) z+1D(z+2) 242 z+1

Ap dung cong thic dao ham ta co:

fM(z) = ( 22)(n):2(_1)”u

Z+ (z+2)"
. 1 \™ o, (n—1)!
6 = () =0

CuuDuongThanCong.com https://fb.com/tailieudientucntt


http://cuuduongthancong.com?src=pdf
https://fb.com/tailieudientucntt

5.5 Techniques for Obtaining Taylor Series Expansions 449

nén khai trién Taylor tai z = 1, ta c6

(z+1 )(z+2) chz

n=0

vei

2_1:1 véin =10
Cn = 313 2?n—1)! (n—1)1\ 1 (=1)" 2 1 I

=) (<z+2)"+(z+1>”)ﬁ_ n ((z+2>"+<z+1)”) =
va

R =min {|1 - (~1)],]1 - (~2)]} = 2
Bai 5.5.7.
1 Cho h () = L) i F(2) =% an(z— 20)" vag(2) = % ba (2 — 20)"

()

v g (20) = by # 0. Ta tim khai trién Taylor ctia ham h(2) c6 dang h(z) =

Q

Yo ocn (2 —20)". Tim ¢, c1 va ¢y .

2. Ap dung cach tim trén dé tim hé s6 co, ¢1, c2 va ¢z clia chudi Maclaurin

Log (1+2)
cos 2 ch

Gidi.

o0
= Z o (2 —2)"
n=0
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450 Infinite Series Involving a Complex Variable

thi ta ¢co

f(z2) = a+ar(z—2)+az(z—2) =...=g(2)h(2)
= (b0+b1(z—zo)+b2(z—20)2—1—...)(co+cl(z—zo)+cg(z—20)2+...).

Tu do ta ¢o

ayg = cCp+ bo
a; = blco + boCl

as = bocy + bycy + bacy

nén )
Co :ao—bo
_al—b1(ao—bo)
T = b
bia; — b —b
ag—blrlal 2(&0 0) —b2((10_b0)
0
Cy = bO
2. Taco
1 22 2P
Cos 2 = —a—l—a—l—-”
va

| 1 ol
Log(1+z):Z+(_1)2+1522+(_1)3+1§Z3+(_1) +1ﬁzn+"'

T do suy ra

Co =0

C1 =1

) 1

Cy = — =
21 s

C = — —_ = —

(P T 2737 6
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5.6 Laurent Series

Bai 5.6.1. [5.6.1] Bing khai trién Laurent, xdc dinh s6 hang thit n v mién hinh

sinhz ..
tal lan can cua z.

khuyén 16n nhét c6 thé ctia chudi biéu dién ham 3
z

Gidi. Ta co

)t () () T N
smhz-—zsm@z-—z(zz— 3 + ST + ... _Z+§+§+ﬁ+'“
Do do6
sinhz 1 P 1 11 2 A o
5 = s\ Ftg gttt —;+§+a+ﬁ+..._21un(z)
trong do
_ &)
w2 = Gy
véin > 1.

Bai 5.6.2. [5.6.6] Khai trién Laurent ctia n
Z+i

véi |z| > 1. Xac dinh s6 hang thi

n cua chudi.

Giai. Ta co

1 - 1 P2 B 1 i 2 B
= ,:; l1-— -4+ | === =4+ = — — 4.

z4+1 1+ z 22 23

z
z

Vil |i/z] < 1 hay |z| > 1.
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452 Infinite Series Involving a Complex Variable

Bai 5.6.3. [5.6.8] Khai trién ham

thanh chudi Laurent trong lan can cua
Z —

2 + 3. X4ac dinh tam va ban kinh trong clia mién, cho biét s6 hang thi n ctia chudi.
Giai. Ta co

pr— pr— 4 p—
z—1 z+3—-4 243 1—Z+3 z4+3

11 1 1 1(1+4+16+64+
z+3 (z—i—3)2 (z+3)2

v6i

4 .
3’ < 1 hay |z + 3| > 4. Vay chudi

-1

1 n
1= Z ¢ (24 3)

n=—oo

V6i ¢, = 4771 ¢6 tam hoi tu 1a —3, ban kinh 13 4.

Bai 5.6.4. [5.6.11]

1
2(z—=1)(2+3)
nhau trong lan can ciia z. Xac dinh ba mién ctia chudi Laurent.

1. Cho f (z) =

. Ham nay khai trién thanh ba chudi Laurent khac

2. Tim mdi chudi v cho biét cong thitc cho s6 hang thit n.

Gids.
1. Taco
L 3.1, 1w
=2 , 0,1,-3
2(z—1)(2+3) z+z—1+z+3 e

Mién ctia chudi Laurent la:

o<zl <1
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I 1 < |2] <3
I |z] > 3
2. Tacod
1
z—1
1
11—z
1
z+3
1
z4+3

Trong mién I:

1
2(z—1)(2+3)

v6i

Trong mien II:

1
2(z—=1)(2+3)

CuuDuongThanCong.com

—! =—(1+z+2"4..), |zl<1
1—2 ’ ’
1
o 1 1 1
= = (1+-4+= .. >1
T Z(+Z+Z2+ ) |2 > 1,
1
3 1 z 22
==(1—-=4+=— <3
1+2 3( 37 ) 2] <3,
1
o 1 3 82
2 = (1-242 - . >3
143 z( z+z2 )’ 2
-1 1(1+ I )+1 1 z+22
— — = z+z )+ —=1—-=4+ = —
3z 4 36 3 32
-1 >
?Z_l—i—chz”
n=0
-1 1 (=1)"
L1, 11
4 36 3"
-1 11 1 1+ n +1 z 22
32 4z z 2 36 3 32
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454 Infinite Series Involving a Complex Variable

v6i
1 <2
Ch = -, N>
4
va .
n:l(_l)’ >0.
36 3" -
Trong mién II1:
1 R S SRR U T WS I A T
2(z—1)(z+3) 3z 4=z z 22 36 2 z 22
—2
Y e
vOl
1 (=1)tg !
Cp = —+

Bai 5.6.5. [5.6.12] Tim chudi Laurent cho ham f (z2) = trong mién hinh

.
z(z—2)

khuyéen chta diém z = 2 4+ 2i. Tam ctia hinh khuyén 1a 2 = 1. Xac dinh mién cla

chudi va cho biét cong thic ctia s6 hang thit n ctia chudi.

Gidi. Ta co
1 —1 1

W=ty =" ey

Ta can tinh chudi Laurent trong lan can cia (z — 1) v6i |z — 1| > 1. Ta ¢6
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5.6 Laurent Series 455

1 B 1 o= 1 m 1 N 1 n
2—2  z—-1-1 1—%1 z—1 z—1 (2—1)2
! ! = + | 1| >1
pumy z_
1 o1 oD
Do do6
£ (2) —1( 1 1 1 )+1< 1 n 1 n 1
z) = — — - -
2 \z=1 (-1 (z-1) 2\z=1 (z=1" (-1
—2
= > e(z-1" |z—1>1L
trong do
1 n
Cn:§(1+(_1))

Bai 5.6.6. [5.6.18] Tich phan mi E; (a) dugce dinh nghia bdi tich phan tam thuong

El(a):/ ex dr, a>0.

Vay
bz
Ey(a) — Ey (b) = —dx.
e T
Diing khai trién Laurent cho € vatich phan titng phan dé ching minh ring
b b —a® b —-a?
Ey (1) — Ey (b) = Log— — (b — =
1) = By (0) = Log s = (b= a) + T555- — g
Gidi. Ta co
e’ 1 1 xr x> 2
T w 2131 4l

CuuDuongThanCong.com https://fb.com/tailieudientucntt


http://cuuduongthancong.com?src=pdf
https://fb.com/tailieudientucntt

456 Infinite Series Involving a Complex Variable

®; ’/’,ﬂ’
\ﬁ___/
Hinh 5.6.1
nén
b —x b b b b .2 b .3
e 1 T T T
a7d$ = A;dx—lldx‘i‘/a'Edl'—/a?dl’ﬁ—/avzdx—
b b —a®> b —a?
= Log— — (b— —
g, —b-a+ ons ~ s *

Bai 5.6.7. [5.6.19] Phép lay dao ham ctia dinh 1y Laurent dugc biét véi truong
hop 2o = 0. Suy ra dinh I nay cho truong hop tong quat hon véi zy khong nhat thiét
la 0.

Giai. Theo cong thic tich phan Cauchy, ta c6

Y e, L1 e,
f( ) i y|§ZZO|=P2

2m0 S sg=py 51 — 2 2mi z— 2

S1/2

Bai 5.6.8. [5.6.22] Khai trién Laurent clia 7 trong dia thing tam tai z = 1.

Cho biét cong thiic ctia s6 hang thit n, va xac dinh ban kinh ngoai 16n nhat cla dia.
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Dung nhanh chinh ctia z'/2

Giair. Ta cod

=N "d (21", z—1]<1
n=0

vl
dy = 1,
L %271/2 _1
- 1! DX
z=1
P16 L B |
2T 2l 2291
z=1
L@@ _1s
5 3! T 2330
z=1
. (-1D)"'1-3.5...(2n—3)
no on n!
Vay
o d,(z—1)" = (2 —1)".
z—1 z—lnzz1 (Z ) nzzlc (Z )
trong do
1 (-1)"1-3-5...(2n—1)
_:1 = -_— n:
e N T (n+1)!

Bai 5.6.9. [5.6.23]

1. Chitng minh ring trong khai trién

CuuDuongThanCong.com

o0

= Z 2", 0< |zl <,

n=-—1

1

sin z
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458 Infinite Series Involving a Complex Variable

ta c6 thé biét ¢, tit cong thitc dé quy

2. Tim c5 clia chudi.

3. Cho khai trién Laurent
sinh z

ddi bién, quan hé gitta s6 hang a,va ¢, ctia phan (1).

4. Suy ra cong thiic dé quy gidng nhu trong phan (1) cho cac s6 hang a,,.

5. [5.6 on the preceding pageDung MATLAB, vé hinh déi chiéu

hang chudi Laurent xap xi ham nay. Dung mién 0 < |z| < 7.

Gidi.

|sinh z|

VOl D s

1. Ta da biét trong vi du 4, tat ca cic s6 hang ¢, véi n chdn dé bang 0. Ta c6

1

23 25 27
Z—g—'—g—ﬁ—F...

suy ra

-1 3 5
= — +Ciz+c32° +c52" + ..
z

22 2 2T c_q 5 5
l=lz2——4+———=—+4... (7—1—01;:—}—032 + c52 —|—>

31 57!

Dong nhat cac heé s ctia 2" vé6i n 18, ta dude

Cn—2 Cn—4 Cn—6 C_1
0=c,— - -
T3 T s T (n+2)!
Suy ra
Cn—2 Cn—4 Cn—6 C_1
o _ S
“T 3 TR T (n+2)
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5.6 Laurent Series 459

2. Taco
C3 C1 C_1
S TR (R
o C1 C_1
R TR
T = 3!.

T vi du 4 ta da biét c_; = 1, nén
CT =

(1) 1

C3 = g —a;
L/ 1 11 /1y 2 1
“ = 3\3) "EH| Ao \3) “mm A

1 Z [oe) o0 oo
. =——=1 g Cn (i2)" = E i"Tle, 2t = E an 2"
sinhz siniz
n=-—1 n=—1 n=-—1
Vay
i"tle, nlé
a, =
0 ,n chan
4. Taco
I 1 2
: =a_12 " t+aytaz+az" + ...
sinh 2
hay
1

3 = = a1z dagFarz+at + ...
z z z
2 T i e
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460 Infinite Series Involving a Complex Variable

Suy ra
. 22 25 . 9
= z—+-§T-+-Ei +—Eﬁ-%—... (a,lz + ag + a1z + asz —+...)
1 = a4 [s6 hang cta 2°]
0 ag [s6 hang cta ']
0 ay + S [86 hang cua zﬂ
0 ag + 5 [86 hang cﬁajz3}
0 = az+ % +% [s6 hang cla 2%
do do6
a1 = 1,
B —1
“ o= g

(1) 1
az = 5_57

va a, = 0 v6i n chan.

>> nm=b;

>> d(1)=1;

>> for k=2:nm

for j=1:k-1;
u(j)=gamma (2xk-2%j+2) ;
end

d(k)=-sum(d./u);

d;
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end

>>

>>

>>

>>

>>

>>

>>

>>

>>

>>

nr=25;
r=linspace(0.05,pi-0.05,nr);
nth=91;

theta =linspace(0,2*pi,nth);
[T,R]=meshgrid(theta,r);
[X,Y]=pol2cart(T,R);

z=X+ix*Y;

mm=length(d) ;

££=0;

for p=1:mm ff=d(p)*z.~ (2%p-3)+ff;

end
% ff=1./sinh(z); % dung cho hinh b

>>

meshz(X,Y,abs(ff))

Hinh 5.6.2: Xap xf —=— v6i 5 s6 hang

|sinh z|
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462 Infinite Series Involving a Complex Variable

Hinh 5.6.3: Xap xi ;hzl v6i 5 s6 hang

|sin

Bai 5.6.10. [5.6.25]

1. Khai trién

t BO B2222 i B42423 362625 i
cotrz = — — —
z 2! 4] 6!

v6i B,, 1a cac s6 Bernoulli.

2. Kiém tra ba s6 hang dau tién ctia két qua trude bang cach nhan chudi Maclaurin
. x. ., 1
cho cos z v6i chuoi Laurent cua .

Sz

Gias.
1. Taco

z ~. B, n

e —1 ZF
n=0

trong do

1 -1 1

0 y 22 67 4 307 6 427
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(Iam tuong tu nhu [Bai 5.6.9. [5.6.23]). Thay z bdi i2z ta dugc

122
€i2z -1
e—z’z
eiz _ efiz
thay z bdi —z ta dugce
eiz
efiz _ eiz
efiz
eiz _ e—iz
Do do
eiz + e—iz
eiz y o efiz =
CcoS 2
78in z
cotz =
Vay
cotz = —
z

CuuDuongThanCong.com

— Bn . n
= ZF(ZQz) )
n=0 ’
o 1 = n 9 n
= @Z—!(@ z)",
n=0
Il =By, .
B —i22§ﬁ(_222) ’

LB, . o

= @ e F(—Z22)
1 - n _n-n n n
n=0 ’
1 - BTL n mn n n
=0 :
Ly Bunin 4 (-2
|
2z —n
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464 Infinite Series Involving a Complex Variable

2. Tacod

cos = — (1_Z_2+Z_4_ )(14_54_7_234_ )

sin z 20 4 ) \z 6 360
1 /1 1 71 1)
;+(6—§)Z+(%—E+E)Z + ...
1
2

Bai 5.6.11. [5.6.26] Mot cach dinh nghia ham Bessel 1 bang tich phan

" or

1 [t
I (w) / cos (nf — wsin ) do,

voi n 1a s6 nguyén. S6 n dude goi 1 bac ctia ham Bessel. C6 mot lien heé giita tich
phan nay va s6 hang ctia z trong khai trién Laurent ctia e®(*=1/2)/2,
Cho
+o00o
=,
e(w/?)(z—z ) 9, Z CnZn, ’Z‘ >0

n=—oo

Dung dinh 1y Laurent chiing minh rang

Cn = Jp (W)
Giai. Theo dinh 1y Laurent thi
1 f (Z) 1 e(11;/2)(,2—,3_1)
Cp = — dz = — p—dz.
2mi | zntl 271 zntl

Dit z = e, —r < 6 < 7, thi

1 T e(w/Q)(ew—e’ie) »
Cp = 2_7TZ . W@e do
1 o
- z(wsmﬁan)de
2m c

—T
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5.6 Laurent Series 465

1 s
= o5 cos (wsin @ — nf) + isin (wsin § — nd) db.
m

vi sin (wsin @ — n#) 1la ham 1é nén

/ sin (wsin @ — nf) df = 0.

—T

Do dé | e
Cn = 5o B cos (nf —wsin ) df = J,, (w).

Bai 5.6.12. [5.6.27]

1. Duya vao [Bai 5.6.11. [5.6.26]| chiing minh ring

[e'e) 9 n+2k
Z (w/2) . n=0,1,2,...
k‘ (n+k)!
=0

2. Cho w 1a bién thuc trong bai truéc. Cho ham Bessel Jy (w), ching ta sé& thi
xap xi ding ba toéng rieng phan khac nhau trong chudi suy ra § trén. Ding
MATLAB, vé trén mot tap ctia hé truc nhiing téng cho truong hop N = 11,12
va 15 cho khoang 0 < w < 10.

Giai.
1. Taco
6("”/2)(5*3_1) — ewz/Qe—w/Qz
2 3 2 3
_ wz (%) (%) —w (32) (52)
= 1+7+ o + 3l + ... 1+ 2z+ o + a3l + ...

S L P
= , n=0,1,2,...
— E'(n+k)!
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466 Infinite Series Involving a Complex Variable

Theo bai [Bai 5.6.11. [5.6.26]| thi

k'7z+—k ’

00 2n+2k
Z ) (w/2) n=0,1,2,...
=0

>> x=linspace(0,10,100);
>> nm=[11 12 15];

>> for i1j=1:3

y=x.%*0;

for k=1:nm(ij)

k=k-1;

y=(-1)" (k) *(x/2) .~ (2%k) / (gamma (k+1) ) ~2+y;
end

plot(x,y);

hold on

end

>> y2=besselj(0,x);

>> plot(x,y2);

>> grid
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0B
o

Hinh 5.6.4

5.7 Properties of Analytic Functions Related to
Taylor Series: Isolation of Zeros, Analytic Con-

tinuation, Zeta Function, Reflection

Bai 5.7.1. [5.7.1] Cho f(2) = 2® — 2% + 32y + i (v* — 32%y), v6i 2 = x + iy.

1. Ching minh ring nhitng khong diém ctia ham nay nim trén truc y = 0, —oo <

x < 00, la khong co lap.

2. C6 phai két qua ctia cau (1) mau thudn véi phat biéu rang nhitng khong diém

cua ham giai tich la c6 lap?. Giai tich.
Glidi.

1. Néuy=0thi f(2)= f(x) =2®— 23 =0 moi ndi trén truc Oy.
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468 Infinite Series Involving a Complex Variable

Bai 5.7.2. [5.7.2]

1. Cho f(z) = e* — €". Chitng minh rdng ham nay bang khong moi noi trén truc

anh ctia mat phéng phic.

2. Ban c6 thé giai quyét tit phan (1) va dinh Iy 19 ring mdi diém trén truc Oy c6

mot lan can ma f (z) = 07. Giai thich.

Giaz.

1. Trén truc anh ctia mit phing phtc thi z = 0, nén

F(2) = fiy) = — ¥ =0

2. Khong thé thu duge diéu nay vi dinh ly 19 khong thé ap dung duge do f (z)

khong gidi tich moi noi (e = cosy + isiny khong gidi tich moi noi).

Bai 5.7.3. [5.7.3]

1. C6 hay khong nhiing khong diém ctia sin (7/ (22 + 1)), trong mién |z| < 1, co
lap?

2. Tim tat ca khong diém ctia ham nay trong mién.

3. Dong nhat nhimg diém t6i han clia tap, va xac dinh ching c6 thuoc mién da

cho

Gidi.
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1-2. Taco
sin (7/ (2 +1)) =0« T e ! :n<:>z2:l—1
2241 22 +1 n
Suy ra
1
z==xi/1——.
n
Vi

|z >1 ,n<0

|zl <1 ,n>0

Vay nhitng khong diém ctia

sin (7/ (22 + 1))

/ 1
z=dn/l1l——n=12,...,
n

trong mién |z| < 1 la

ching thi co lap.

3. Diém t6i han a4 £4, nhung chiing khong thuoc mién da cho vi 22 +1 = 0.

Bai 5.7.4. [5.7.4] Tim bac ctia khong diém ctia ham cos z tai z = nw + /2.

Gidi.

dcos z

= —sinz = —cosnm # 0
dz nr+m/2

Vi dao ham céap 1 khac khong nén bac ctia khong diém ctia ham cos 2 tai z = nr+7 /2
la 1.

Bai 5.7.5. [5.7.8] Chting minh rang néu f (z) c6 mot khong diém bac n tai 2o, thi

[f (2)]™ (m la s6 nguyen duong) c6 mot khong diém bac nm tai 2.
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470 Infinite Series Involving a Complex Variable

Gidi. Vi f(2) c6 mot khong diém bac n tai 2o nén

f(2) = (2= 20)" ¢ (z)
v6i ¢ (29) # 0. Suy ra
[f ()] = (2 = 20)"" [¢ (2)]"",

trong do6 [¢ (2)]™ # 0 tai diém zp. Vay thi [f (2)]™ c6 mot khong diém bac nm tai z.
Bai 5.7.6. [5.7.9] Tim bac ciia khong diém trong ham (Logz — 1)* tai z = e.

Giar. Ta co

1
- :_7&0
e z (&

Bai 5.7.5. [5.7.8] thi (Logz — 1)* ¢6 khong

% (Logz — 1)

e

nén (Logz — 1) ¢6 khong diém bac 1. Theo

diém bac 2.

Bai 5.7.7. [5.7.12]

1. Cho f(2) =1+ 2+ 22+ ...,|z] < 1. Khai trién ham nay trong chudi Taylor
vii z = —3/4, xac dinh ¢, trong khai trien Y °7 ¢, (z + 3/4)" clia no.

2. 6 phai chudi Taylor tim dugc trong cau (1) 1a két qua clia thac trién giai tich

clia f (z) trong mién md rong |z| < 1?7. Giai thich.

Gidi.

1. Taco

=1l+z+224+..., |2]<1
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suy ra
IR 1 B 7
= T TGrD 116D
ALY (Y (42 -
-7 Ty 7) U4
? 4
7

|
SIS
_l’_
VR
SN
~_
VR
N
+
oo
N———
+

I
Mg
O
S
—~
N
+
w
~
S
N~—
3

S
Il
o

trong do

2. Vi chudi tim dugc trong cau (1) hoi tu dén 1/ (1 — z) khi

: + 5 <1
p— Z f—
7 4
hay
n 3 - 7
Z —_— f—
4 4
nén né bicu didn mot thac trién gidi tich cia f (2) trong mién mé rong |2| < 1.

Bai 5.7.8. [5.7.16] Ham zeta:

1. Cho ham dinh nghia ham zeta. Duing tieu chuan Weierstrass M dé chiing minh

rang chudi nay hoi tu déu trong nita mit phang Re (2) > a, véi a > 1.
2. Giai thich tong chudi nay giai tich v6i Re (2) > 1.

3. Dung tiéu chuan s6 hang thit n dé chiing minh ring chudi phan ki véi Re (2) < 0.
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472 Infinite Series Involving a Complex Variable

4. Néu ban khai trién ham zeta trong mot chudi Taylor véi z = 2, vong tron hoi

tu cua no la gi.
5. Cho s6 nguyén t6 p,. Chitng minh ring

1 1 1 1 1
C(2)|1—= 1—— 1——)...|1—— 1—— .o=1
27 37 5% DE Pra1

6. Riemmann tim thay ring khong diém ctia ham zeta gan véi % +1421.022. Dung
MATLAB, vé trong khong gian ba chiéu ctia phan thue va phan 4o ctia 1/¢ (s)

ciing nhu 1/ |¢ (s)| gan diém nay, so sanh hinh vé

100
80

60d. -

R

7 \\\ =
227 “\\\\\\\\\‘\‘\\‘\:\\

=
S
R

u

R
SRR R

)

1350 ’ 0.5

Figure 5.7-5  Reciprocal of the magnitude of the zeta functionnearz = 0.5 + i14.134

Hinh 5.7.1
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473

do dé
|1 =1
)R DS
n=1 n n=1 n
Theo tiéu chuan tich phan Cauchy thi
=1 . . > 1 ,
Z— hoitu < —dx hoi tu < a > 1.
— na 1 l:a

Do d6 theo tiéu chuan Weierstrass M thi

)=

n=1

hoi tu déu trong nita mat phang Re (2) > a, véi a > 1.

3. v6i Re(z) <0 thi

1

1 1
il >
nZ

1
- cRezLogn — 0 1=0

ezLOgn

khi n — oco. Do d6 chudi phan ki véi Re (z) < 0.

4. Vi) > 1/n phan ki nén véi z =1 thi

o0

(E=1)=3"
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474 Infinite Series Involving a Complex Variable

khong giai tich tai z = 1. Day la diém ki di gan nhat nén vong tron hoi tu la

|z — 2| = 1. Ta c6 khai trién Taylor ctia ham zeta tai z = 0 la

C(z)=) em(z=2)"

m=0
trong doé
(m)
L)
m)!
Cu thé
1 1
@ = =Xmty
n=1 2z=2 n=1
d o0 1 (o] o
¢ = EZE :Z(—Logn)— :Z(—Logn) 5
n=1 z=2 n=1 z=2 n=l1
(—Logn)” 1
@ = TR
n=1
>, (—Logn)® 1
en = Y e, m=0,1,2,...
n=1
5. Taco
1 1 1 1
C(Z) = F+§+§+E+ ,
¢z 1 1 1 1
9z o 2z+4z+6z+8z+ ’

(1-2)cor = co-S@oLi L Lid,

O day khong c6 s6 hang nao ben phéi ¢6 dang 1/n* v6i n chia hét cho 2.
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475

(1-5) (1-5)c@ = (1-3)c0-5 (1-53)¢@

O day khong c¢6 s6 hang nao bén phéi ¢6 dang 1/n* v6i n chia hét cho 2 hodc 3.

1 1 1 1 1 C(2) 1 . 1 n 1 n 1 .
o7 37 27 9% = 25%  35%  5H* ’

(-B0-D-2)ee - (-)(-Feor

1 1 1 1

1= 7 11Z+13Z+'”

1

1 — —
3z

)(

O day khong ¢6 s6 hang nao bén phéi ¢6 dang 1/n* v6i n chia hét cho 2 hosc 3 hoic

5. Lap lai cac bude nay véi tat ca cac sd nguyén to thi

1 1 1 1 1 1 1
@ (-5)(-5) 0-5) - (0-5) 0-5) -

>> x=linspace(0.25,0.75,25);
>> y=linspace(20.5,21.5,25);
>> [X Y]=meshgrid(x,y);

>> w=zeta(X+ix*Y)

>> meshgrid(X,Y,real(1./(w)))
>> mesh(x,y,imag(1./(w)))

>> mesh(x,y,abs(1./(w)))
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476 Infinite Series Involving a Complex Variable

20468 02

Hinh 5.7.2: Re
¢ (2)

05 02

Hinh 5.7.3: Im
¢ (2)
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"'z““ N
o
SN
S
T

21

5.8 The z Transformation

Bai 5.8.1. [5.8.1] Chiing minh ring

z
at] __
Z [6 } - 5 — eaT’
v6i |z > [e*T| vaa € C.
Gidi. Ta c6 [ze7*"| > 1, do d6
+oo +oo —aT
_ _ —-n e z z
Z [eat] — E 6anTZ no__ E (6 aTZ) — - — =
e ¢z —1 z—ev

Bai 5.8.2. [5.8.3-4] Cho « la s6 thuc, ching minh rang

zsin (o)

Z [sin (at)] = 22 —2zcos (aT) + 1
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478 Infinite Series Involving a Complex Variable

va
z — cos (aT)

22 —2zcos (aT) +1

Zlcos (at)] = z

Vol |z| > 1.

Gidi. Ta co
Z[cos (aT) + isin (aT)] = Z [¢""]

Mat khac
2 B z
z—ewl 5 cos(aT) —isin(al)
B 2 (z —cos (aT') +isin (aT))
(2 —cos (aT) —isin (aT)) (z — cos (aT) + isin (aT))
2% —zcos (aT) 4 izsin (aT)
B 22 —2zcos (aT) + 1
Vay ta c6
. zsin (o)
Z t)] =
sin (at)] 22 —2zcos (aT) + 1
va
— T
Zcos (at)] = z 2 — cos(aT)

22 —2zcos (aT) + 1

Bai 5.8.3. [5.8.7] Cho Z[f (t)] = F (z), ching minh rang

dF
Ltf (1) = —T—.

Giai. Ta co

—ZTZ—Z = —zTg —nf(nT)z"! = gan (nT)z"" =Z[tf (t)].
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5.8 The z Transformation 479

Bai 5.8.4. [5.8.9] St dungkét quadZ[u (t)] = z/ (z — 1), chiing minh rang Z[u (t — T)] =
1/(z—=1).

Giadi. Ta co

Zlu(t=T)] ==2"Zu(t)] = _

Bai 5.8.5. [5.8.12] Chting minh ring Log (z/ (z — 1)) gidi tich trén m&t phang véi
nhat cat y = 0, 0 < 2 < 1. Khai trién thanh chudi Laurent v6i |2| > 1, va sit dung

két qué nay chiing minh réng

Z {%u(t—T)} = Log (zi1>

O day, ta dinh nghia u (t — T) /t = 0 khi t = 0.

Giar. Ta cod

z 1 —1
Log(m> = Log(l_z_l):—Log(l—z )

+00 +oo
= = T ) = Yo
n=1 n=1

Mat khéc

Bai 5.8.6. [5.8.13] Tim Z~' [F (2)] = f (nT) véi F (2) = 1/ (= — 1)%.

Gidgi. Goi G (z) =Zu(t—T)], ta co

—2TF (2) = —ZT% =Ztu(t—T)].
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480 Infinite Series Involving a Complex Variable

Ta suy ra dugc
~Tf (nT) = (n = 1) Tu((n—1)T),
do d6
0 khin =20

fT)==mn-Du((n-1T) = .
-n+1 khin>0

Bai 5.8.7. [5.8.16]

1. Cho Z|[f (t)] = F (z), chiing minh rang

Z[ef(t)] =F (ze"T).

2. Sit dung két qua [Bai 5.8.2. [5.8.3-4]| chitng minh ring

zePT sin (aT)

Z "' sin (at)] =
[¢7 sin (o)) 22 — 2zePT cos (aT) + €281’

v6i a, B 1a cac 86 thye va |z| > 7.

Gias.
1. Taco

Z[e”f(t) Zeﬁ"T f(nT)z Zf (nT) (e PT2) " = F (ze777).
2. Taco

ze PTsin (aT)
227281 — 22¢=PT cos (aT) 4+ 1
zePT sin (aT)
22 — 22ePT cos (aT') + 28T

Z[e"sin (at)] =
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5.8 The z Transformation 481

Bai 5.8.8. [5.8.18]

1. Chting minh réng

7 {(2_21)2} —h(nT)=n

bang cach st dung tich chap ctia bién d6i nguge cadcham z/ (z — 1) va 1/ (z — 1).

2. Chting minh cau (1) bang cach st dung cong thiic tich phan Cauchy.
Gidi.

1. TacoZut)]=2/(z—1)vaZu(t—-T)=1/(z—1),do dé

= > u((k—=1)T)u((n—k)T)
= En:lzn
k=1

2. Ap dung cong thiic tich phan Cauchy md rong, ta c6

1 z
h(nT) = — "
(nT) 5 c(z—1)2z z
= (zn>/‘1

= n

Bai 5.8.9. [5.8.22,24] Giai cac phuong trinh sau phan véi f (n) sau

L fn+2)=f (1)~ fn), F0) = F(1) =1
2. f(n+1)—f(n)=mn, f(0)=1.
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482 Infinite Series Involving a Complex Variable

Giai. Dat
+o00
F(z)=)Y f(n)z",
n=0

F(z) = fO+fMz"+) (fln=1)—f(n—-2)z"

+oo +oo
= 1+z7" (f (1) + Zf (n—1) z(”1)> — 272 Z fn—2) 22
n=2 n=2

= 1+2'F(2) -2 %F(2).

Rat F (2) ra, ta c¢6

1
F = .
(2) 1—2714 272
Dat
1-iV3
- T
1+iV3
5 ak
ta co
1
F f—
(2) (I —az7h)(1—pz71)
B Q 1 15} 1
 a—f l—az! f—a 1—pz71
o +oo B +oo
_ ZO&”Z_n—F Zﬁn —-n
< f-arg
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5.8 The z Transformation 483

Vay ta co

Bai 5.8.10. [5.8.27]

1. St dung ham ztrans trong MATLAB dé tim z bién ddi clia ham e va doi
chiéu két qua vai [Bai 5.8.1. [5.8.1]|

2. Kiém tra két qua v6i ham & cau (1) nhung st dung ham iztrans.
Gids.
> syms Tnzayhb
>> y=ztrans (exp(a*nxT))
>> pretty(y) z

>> checkl=iztrans(y)

>> check2=iztrans(exp(1/z))

Appendix: Fractals and the Mandelbrot Set

Bai 5.A.1. [5.A.1]

1. Cho b, = n?", chiing minh réng day nay phan ki ra vo ciing.

2. Cho b, = n?cos (n7/2), chitng minh rang chudi nay phan ki nhung khong phan

ki ra vo cung.

Gidi.

CuuDuongThanCong.com https://fb.com/tailieudientucntt


http://cuuduongthancong.com?src=pdf
https://fb.com/tailieudientucntt
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1. Taco

|bn| =n’

V6i n > N thi n? > N? nén day b, phan ki ra vo cling.

2. Néu n chin thi b, = n? phan ki ra vo cling .

Néu n 1& thi b, = 0 khong phan ki ra vo cling,

Bai 5.A.2. [5.A.2] Chiting minh rang néu ¢ thuoc tap Mandelbrot thi ¢ cling thuoc
tap Mandelbrot.

Gidi. Do ¢ thudc tap Mandelbrot nén day so {z,}, ., dinh béi
_& 42 _
Zn=2,_1+¢c, 2=10

la day khong phan ki ra vo cuing. Xét {2}~ dinh béi

thi

o0 ~

nén {2}, cing khong phan ki ra vo cting. Do d6 ¢ ciing thudc tap Mandelbrot.

Bai 5.A.3. [5.A.3]

1. Tim gia tri c trong tap Mandelbrot ma —c khong thudc tap Mandelbrot.

2. Chitng minh ring —2 la diém bién ctia tap Mandelbrot.
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5.8 The z Transformation 485

Gidi. Xét ¢ = —2, vi moi diéem thuoc tap Mandelbrot déu c¢6 modulo khong qué 2
nén ta chi can ching minh ¢ thuoc tap Mandelbrot nhung —c thi khong, 1a c6 két

luan ctia cd hai cau. Xét day {z,} -, dinh béi
— 2 —
Zn=2,—2, 20=10

thi
Zn =2Vn > 2,

do d6 —2 thudc tap Maldelbrot. Tuy nhién, day {2/} -, dinh béi

2l = (Z;L,l)2 +2, 20=0
1a day s6 thyc tién dén +oo khi n 16n, nén 2 khong thuoc tap Mandelbrot.
Bai 5.A.4. [5.A.4] Gia st ¢6 s0 ¢ sao cho day {z,} -, dinh boi

2
Zn=2,_1+c¢c, 2=0

théa man z,,, = 2, (p # 0). Ching minh réng ¢ thudc tap Mandelbrot.

Gidi. Gia st ¢ khong thuoc tap Mandelbrot, khi d6 |zp.s,| tién dén +oo khi n —

+o00, diéu nay mau thudn véi gid thiét.

Bai 5.A.5. [5.A.7] Xét tap Julia v6i phép lap dinh béi f (2) = 2% + c.

1. Gia stt z = 2 thuoc tap Julia, chiing minh ring —z ciing vay.

2. Gia stt ¢ = 0, chitng minh bién ctia tap Julia khong phai la tap fractal.

Gidi.
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486 Infinite Series Involving a Complex Variable

1. Taco f(—z) = f(2),dodo f"(—29) = f" (20). Diéu d6 néi len —z, ciing thuoc
tap Julia.

2. Khic=0, taco
1" (20)] = |20]™",

vay néu zy thuoc tap Julia thi |29| < 1. Vay bien tap Julia ¢ day 1a duong tron don
vi khong phai tap fractal.
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488 Residues and Their Use in Integration

[6.11 Uniform Convergence of Integrals and the Gamma Func- |
I tion | . . o v v e e e e e e e e e e e e e e e e e 575
[6.12 Principle of the Argument | . ... ... ... ....... 578

6.1 Introduction and Definition of the Residue

Bai 6.1.1. [6.1.1]  Ding thang du, tinh tich phan §, o + 5 +2 (2 — 1)+ %dz
, v6i C' cho béi

L. [z—=1|=2
2. |z=5|=2
Glidi.
1. Ham
1 1 3

z—1 z—4

(z—1)
c6 diém ki di ¢o 1ap tai z = 1, va thang du 1 i. Hon nita 3/ (2 — 4) gidi tich tai z = 1.
Do dé

1 ' 3 1 '
§1§ T +2(z—-1)+ dz = 2miRes ! +2(z-1)+—
C

(z—17% z-1 z—4 (z—17% z-1
= 2mit = —2m.

Bai 6.1.2. [6.1.4] Tinh tich phan duéi day bang thiang du
L¢3 e (n—1)(z—1)"dz quanh |z| = 2

2. $3 0 s Grrerends duanh [z —i| =3
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6.1 Introduction and Definition of the Residue 489

3. ¢>°> _ cosh(1/z)dz quanh hinh vuong dinh tai + (1 + 1)

4. $zsin (-5) dz quanh |z| =2

z—1

5. ¢ -L-dz quanh |z| =2

sin z
Gidi.

1. Thang du cua

o0

Y e n-1)(z—1)"

n=—oo

Ia he s ctia (z — 1), hay la e7' (—2). Vi diém ki di co lap tai z = 1 niim tong

|z] = 2 nén
% Z e (n—1)(z—1)"dz = 2miRes Z e (n—1)(z—1)",1
—Ami
= 2mie ! (—2) = m
e

Bai 6.1.3. [6.1.10] Diung thing du dé chiing minh ring néu n > 1 la sé nguyén
thi

2min! |
1 " n—1 n+1Y\y’ n 1é
$(c+3) @ = B
0, ., n chan

véi C' 1a duong don déng bao quanh goc toa do.
Giai. Ta co

1 " - n! n—k —1\k . n! n—2k

G+z)__ TSP Dy res
k=0 k=0
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490 Residues and Their Use in Integration

Thang du cua

la hé s6 ciia z~! trong khai trién trén, tic 1a 2”2 = 27! hay n — 2k = —1.
e Néu n chan thi khong c6 s6 k nao thoéa n — 2k = —1 nén khong c6 hé so cia
-1
27

e Néu n 18 thi

re|(2) ] - m

Vi k = (n +1) /2.

Vay

Bai 6.1.4. [6.1.11] Ta mudn tinh
§1§ (22 - 1)1/2 dz,
|z =R
R>1
noi chiing ta diing mot nhanh ciia biéu thiic tich phan dinh nghia bdi nhanh cait

thang ndi z = 1 va 2 = —1, va (2% — 1)1/2 > 0 trén duong y = 0,z > 1. Chu y ring
nhitng diém ki di dugc bao kin béi dudong clia tich phan thi khong co lap.

1. Chitng minh réng

(2=-1)" =211/ =2—1/@22) +...,|2| > 1.
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6.1 Introduction and Definition of the Residue 491

2. Tinh tich phan da cho bang tich phan ting phan ctia chudi Laurent tim dugc
trong phan (1).

Gidi.

1. Theo khai trién Taylor ta c6

(14 w)'/? = chw”, lw| < 1,
n=0
trong do
Ch —= ]_,
11 oy 1
= —_(1 al
C1 1'2( —|—U}> ™\, 2,
11 (-1 s 1
= ——[— ) _
“ 2!2(2>( ) e 8§
Dat w = —1/2% thi
1\ 11
(——) =logamga o H
nén
1/2
. 1/2 N1
2.
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492 Residues and Their Use in Integration

= 2mR - ———...,0
i es{z 5 ,
_ o -1\ .
= 2m 5 ) = i

Bai 6.1.5. [6.1.12] Tinh tich phan ﬁ e ———~=dz, v6i cung dudng ctia tich phan va
nhanh cia (22 — 1)1/ da dung trong |Ba1 6.1.3. [6.1.10]|.

Gidi. Theo khai trién Taylor ta c6

(1+w) /2= ch "lw| <1

trong do
co = 1,
¢ = %_71 (14 w) /2 . _71,
o = %_71 (_73) (1+w)? u;:(]: g

Thay w = —1/2% thi

1\ V2 1 31
1— — — 14—+ 2 1
( 22) toatga™ =] >
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6.2 Isolated Singularities 493

6.2 Isolated Singularities

Bai 6.2.1. [6.2.1] Dung khai trién chudi Laurent 7 ¢, (2 — 20)" chitng minh
rang ham sau c6 diém ki di c6t yéu tai nhitng diem da cho. Xéc dinh thing du va

cho biet c¢_s,c_1, ¢, c1.

1. sinh (1/2) tai 2 =0

2. (z—1)%cosh(1/(z —1)) tai z =1
3. e"*sinh (1/2) tai z =0

4, 2% tai 2 =0

5. et (et tai 2 = ¢

Gidi.

1. Taco
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494 Residues and Their Use in Integration

nén ham sinh (1/2) c6 diém ki di c¢6t yéu tai 0, va

c_o = 0,
c.p, = 1,
c = 0,
cg = 0.

Bai 6.2.2. [6.2.6] C6 phai ham 081/ ¢ didm ki di cbt yéu tai z = 07. Giai
thich. Ban chat ctia diém ki di 1a gi va thing du la gi?.

Gidi.
Bai 6.2.3. [6.2.7]

1. Dung MATLAB, vé ham

1
(z+2)7(z2—2)7%2

f(z) =

v6i hai cuce bac hai, va mot cuc bac mot.

2. Chiing ta quan sat kich thudc ctia ham khong c6 giéi han vo ciing tai diém ki
di ¢6t yéu. Minh hoa diéu nay bang hinh vé MATLAB ctia kich thudc clia e!/?
trong mién 0 < |z| < 1. Dé cho hinh vé hitu dung, t6t nhat khong cho |z] tién

qua gan 0, ban sé thiy sau mot vai thi nghieém.

Gidi.
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6.2 Isolated Singularities 495

>> x=linspace(-3,3,200);

>> y=linspace(-1,1,200);

>> [X,Y]=meshgrid(x,y);

>> z=X+ixY;

>> £f=((z42) .72) .xz. x((z-2) .~2);
>> f=1./f;

>> f=abs(f);

>> mesh(X,Y,Z);

>> mesh(X,Y,f)

>> axis([-2.5 2.5 -1 1 0 10])
>> view(10,15)

Hinh 6.2.1

>> r=linspace(0.05,0.1,100);
>> th=linspace(0,360,361);
>> th=th/(360)*2*pi;

>> [TH,R]=meshgrid(th,r);

>> [X,Y]=pol2cart(TH,R);
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496 Residues and Their Use in Integration

>> z=X+ix*Y;
f=exp(1./2);
>> f=abs(f);
mesh(X,Y,f)

>

\2

>

\

Hinh 6.2.2

Bai 6.2.4. [6.2.8] Dung khai trién chudi hodc quy tic L’Hopital dé chitng minh
rang ham sau c6 diém ki di bé duge tai nhiing diém ki di. Ban phai chiing minh ring
lim,_,., f (2) ton tai v hitu han tai diém ki di. Xac dinh f (z) nén dinh nghia nhu

thé nao tai mdi diém ki di bé duge. Dung nhanh chinh noi nao tinh nhap nhing.

1. “Ltaiz=0

2. F‘gztalzzl

3. Smhz tai hai diém ki di
z 4

4. 22_11 taiz =1

2 gz —

5. %taizzl

6. 1Log taiz =0
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6.2 Isolated Singularities 497

2 .
7. L o5 tai 2 =10
z z
Gias.

1. Taco

2
:_ 1 l+z+24+...—1
lim & — lim 2! —lml4+ = 4. =1
z2—0 VA z—0 VA z—0 2'

nén (e* — 1) /z c6 diém ki di bé dugc tai z = 0. Ta dinh nghia f (0) = 1.

Bai 6.2.5. [6.2.15]

1. Cho ci g(z) va h(z) gidi tich v& c6 khong diém bac m tai zp. Cho f(z) =
g (2) /h (). Chiing minh rang

(m)
I f(z) = Z(m) ZZ))

2. Giai thich tai sao f (z) c6 diém ki di bd dugc tai zo. Nén dinh nghia f (z) nhu
thé nao dé bé duge diém ki di ctia né?

3

3. Dung két qua trong (1) va (2) dé b diém ki di tai z = 0 trong ham f (2) = 5
bdi dinh nghia chinh xac f (0).

Gidi.
1. Vig(z) va h(z) gidi tich va c6 khong diém bac m tai zy nén

g(Z) = Cnp (Z—Zo)m+cm+1 (Z—Z())m+1 + ...,

h(z) = dp(z—2)" 4 dmp (z—20)" T+ ...

CuuDuongThanCong.com https://fb.com/tailieudientucntt


http://cuuduongthancong.com?src=pdf
https://fb.com/tailieudientucntt

498 Residues and Their Use in Integration

VOl ¢, dyy # 0 VA

(n)
Cp = g (ZO), n=mm-+1,...,
n!
h(™)
i 2ol —mmr1,
n!

Ta co

. m . m+1
lim f(2) = lim Cn (2 ZO)m * Emin (2 ZO)m+1 Ak
Z=20 =20 dyy (2 — 20)" + dpmyr (2 —20)" 7 + ...
Cm + Cma1 (2 — 20) + - ..
im
220 dm + dm+1 (Z - Zo) + ...
cm 9™ (20)

dy R (z0)

2. Vi f(2) c6 khai trién Taylor tai 2

f(2) = Cm + Cmg1 (2 — 20) + ...

= =qay+a1(z—2) + ...
dn+ dms1 (2 —20) + ... ° 1(z = %)

Vi ag = ¢ /dy,. Nén khong c¢6 phan chinh trong khai trién Laurent tai zo. Vi vay
f (2) c6 diém ki di bo duge tai zp, va ta dinh nghia

cm g™ (20)
f (Zo) = % —h(m) (Z(;)
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6.2 Isolated Singularities 499

c6 khong diém bac 3. Nen

6

Vay ta dinh nghia f (0) = 1.

Bai 6.2.6. [6.2.16] Cho f(2) =g(z)/h(2), véi

9(2) =bu (2 — Zo)M + by (2 — ,zo)M+1 R, ..
c¢6 mot khong diém bac M tai z = z, va
hiz)=an(z—20)" +anm (z—20)" T+ ...,

c6 mot khong diém bac N tai z = 2.

1. Chitng minh rang néu N > M, f(z) c6 mot cuc ctia bac N — M tai z = z.

2. Néu N < M, nén dinh nghia f (2o) nhu thé nao dé diém ki di ctia f (2) tai 2o
bi khtt?. Cho truong hop N = M, N < M

Gidi.
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500 Residues and Their Use in Integration

Néu N > M thi

)N+1

- b — N b - ...
(Z—ZO)NMlimf(z) — wm (2 ZO>N+ v (2 — 2o N+1_|_
z—20 GN(Z—ZO) +aN+1(Z—ZO) +.
bar + by (2 — 20) + - -
an +ant1(z —2) + ...

b
= M £0,00,
an

nén f(z) c6 mot cyc cua bac N — M tai z = z.

e Néu N = M thi

by (z— 20)" +b — )V
lim f(z) = lim N (2 ZO)N + by (2 zO)N+1 +
z—20 2220 (z — zg) + an41 (Z - ZO) +...
by g™ (20)
ay W) (%)
Ta dinh nghia
(N)
9 (20)
f(z0) = AN ()
e Néu N < M thi
bar (2 — 20)™ + b — )M
lim f(z) = lim (2= %) o (2 ZO)NH i
220 =20 ay (2 —29)" +anp1(z—20)" 7 +...
= lim bar (2 — 20)" N + bage (2 — 20)M TV L
z—r20 CLN+CLN+1 (Z—Zo)+...
— 0

Ta dinh nghia f () = 0.
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6.2 Isolated Singularities 501

Bai 6.2.7. [6.2.17] Xac dinh tat ca cyc cho mdi ham duéi day va cho biét bac clia

mdi cyc. Diing nhanh chinh cia ham da cho néu tinh nhap nhing.

© 2242241
2 e
3. =
4. (Zgj)Q
6. ————, v6i a 1a s thyc
7. o
g. sinhz
9. (ezi1)4
10. sin(wz/e)[iog(z)q]
11. %
12, snlin/4)
13. s
14, Ly
15. m
Glds.
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502 Residues and Their Use in Integration

1. Taco

11
242241 (z4 1)

c6 cuce diém bac 2 tai —1.

Bai 6.2.8. [6.2.32] Cho f (2) = 108

mien da cho?. Giai thich.

. Co6 phai ham nay 1a ham chinh hinh trong

L |zl <1

2. |z —i| <1

3. lz—1] <1

4 |z+i] <2
Gidi.

1. Ta c6 Logz khong giai tich trong nhanh cdt y = 0, —oco < 2 < 0. Vimién |2| < 1
c6 mot phan nhanh cit y = 0,—1 < z < 0 nén ham khong chinh hinh trong mién

|z] < 1.
Bai 6.2.9. [6.2.33] Cho f(2) c6 cuc diem bac m tai z,va cho g (2) c¢6 cuc bac
diém n tai 2.

1. Chitng minh réing(fg) c6 cuc diém bac m + n tai 2.

2. Néu m # n, chitng minh ring bac clia cyc diém tai zy ctia (f + ¢) thi 16n hon

m va n.

3. Néu m = n, chitng minh rang bac clia cic diém tai zpctia (f + g) khong nhat

thiét 1a m.
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6.2 Isolated Singularities 503

Gida.
1. Taco
f (Z) = Com (Z - ZO)im + C—(m—1) (Z — Zo)i(mil) + ...,
5 = eonlem )™ oy (=20
nén

F(2)g(2) = comCon(z — 20) ™™ 4 .

Vi ¢, C_p # 0 va s6 mit am 16n nhat ctia chudi trén 1a — (m +n). Vay fg c6 cuc

diem bac m + n tai z.

2. Gid st m > n thi
fR)+g(z)=cm(z—2)""+...

Vi c_,, # 0 va s6 mii am 16n nhat ctia chudi trén 13 —m neén f + g c¢6 cuc bac m, 16n

hon n. Nguge lai m < n thi tuong tu.

3. Ta sé cho mot vi du

Ltc dé, f va g déu c6 cuc diém bac 2 nhung

CoS 2 1 1

FR)+g() = — -5+
-2 42 4+...—-1 1
— . + =
z z
e S
20 4T
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504 Residues and Their Use in Integration

c6 cuc diém bac 1 tai z = 0.

Bai 6.2.10. [6.2.36] Mot diém ki di c¢6t yéu khong co lap ctia ham 13 mot diém
ki di c6 moi lan can gdm hitu han s6 diém ki di ¢6 1ap ctia ham. Vi du ham f (2) =

1/sin (1/z) c¢6 diém ki di khong co 1ap tai z = 0.
1. Chitng minh ring trong mién |z| < €(e > 0), ¢6 cuc diém tai z = +1/nm,
+1/(n+1)7w, 1/ (n+2)7,..., v6i n la sé nguyén sao cho n > 1/ (me).
2. C6 hay khong mot khai trién Laurent clia f (2) trong lan can bé di ctia z = 0.

3. Tim ham khéc v6i diém ki di khong co lap tai z = 0. Chitng minh réing né cé

hitu han s6 diem ki di co 1ap trong |z| = e.
Gias.

1. Tacésin(l/z) =0 khi

1
-—=x(nn),£t(n+1)m,£(n+2)m7,...
z

v6i n > 1 1a s6 nguyéen. Do d6
1 1 1
+

=4+ +
Sl PRSI Pty PR gy

I3 nhiing diém ki di ctia 1/sin (271). Nhitng diém nay 1a cyc diém don ctia 1/ sin (271)
vi sin (271) ¢6 khong diém bac mot tai nhing diém nay. Gid st n > 1/ (we) thi voi
mdi cye diém clia 1/sin (271) tai
1 1 1
+

=4+— +
Sl PRI Py PR gy

van théa |z| < e.
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6.2 Isolated Singularities 505

2. Khong c6 khai trién Laurent ctia f (z) trong lan can bé di ctia z = 0. Vi khong
c¢6 lan can bé di ctia z = 0 ma f (2) gidi tich (v6i n > 1/ (we) ta c6 thé tim dugc

diém ki di ctia 1/sin (271) trong lan can).

Bai 6.2.11. [6.2.37] Cho ham f(z) giai tich trong lan can bé di N cho bdi 0 <
|z — 20| < a. Ta gid st f (2) duge bao moi noi trong N, chang han |f ()] < M, va
sé chiing minh ton tai mot gia tri K sao cho lim,_,., f (2) = K. Néu ta dinh nghia

f (2z0) = K ta sé ching minh dugce f (2) giai tich tai zo.

1. Cho u(2) = (z— 2)* f (2) va dinh nghia u (z) = 0. Giai thich tai sao u’(2)
ton tai trong N.

2. Chitng minh rang v’ (z) = 0.

3. Giai thich tai sao néu ban lam khai trién chudi Taylor trude u (z) = Y o0 ¢, (2 —

rang ¢y va ¢; cung bang 0. Giai thich nhu thé nao két qua nay chiing minh

ring u (z) = v (2) (z — 20)°, v6i v (2) 1a ham gii tich tai z.

4. Dimng két qua trude dé thiét lap diéu gan nhu hién nhién ring cho z # 2, ta c6
v(z) = f(2). Ban biét lim,_,,, v () ton tai nhu thé nao?. Ching ta goi s6 nay
la K.

5. Néu ta dinh nghia f(z9) = K, f(z) gidi tich nhu thé ndo trong lan can da

cho?.
Ghids.

1. Trong N thi f(z) gidi tich moi noi. Vay nen u(z) = (z — z)> f (2) la tich cla

nhiing ham giai tich nén la ham giai tich trong N.
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506 Residues and Their Use in Integration

2. Taco
i (z) = lim W Zu) g w2
z—20 Z— 2 z=20 Z — 2
2
N ) G B O
Z—r20 z — ZO Z—20

Vif(z)<M) = 0.

Vi u (2) ton tai trong mién 0 < |z — zp| < a, v v’ (2) tOn tai nén v’ (2) ton tai trong

mién |z — zg|. Va vi vay ¢6 khai trien Taylor tai 2.

3. Taco -
= Z cn (2 — 20)"
n=0
VOl
co=1u(z) =0, ¢, =u (2)=0.
Do d6

o0 [e.9]
u(z) = Z Cnta (2= 20)" = (2 = 20)° Z Cnra (2 — 20)" = (2 — 20)" v (2)
n=0

v(z) = Z Cnaa2 (2 — 20)"

n=0

la ham giai tich tai zg.
4. Ta co

vli |z — 29| < a, nén

(z=20)0(2) = (z=2)" f(2), |2—z|<a
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6.3 Finding the Residue 507

Vay nén v (z) = f(2) v6i 2z # 2p. Va ta ¢6 lim,_,,, v (z) ton tai vi v (z) giai tich tai
2o. Do vay
lim v (2) = lim f(2) = K.

Z—20 Z—20

5. Néu f(z) = K thi f (z)la tdng ctia chudi hoi tu Taylor

o0
Z Cn+2 (Z - Zo)n
n=0

V6l |z — 20| < a va do d6 f (z) gidi tich tai z.

6.3 Finding the Residue

Bai 6.3.1. [6.3.1] Cho f(z) = g (z) + h (z). Chiing minh ring thang du cta f (z)
tai 2o 1a tong ctia thang du ctia g (2) v h(2) tai z9. Gid st ring 2o 1 diem ki di co

lap cua ca g (z) va h(z).

Gidgi. Gia st f, g, h gidi tich trong lan can bd di ctia 29 cho bdi 0 < |z — 29| < R,
giast 0 <r < R. Taco

1 1
— dz = — h d
57 |Z7ZO|:Tf(z) z 5 ‘Z%O‘:T‘Q(Z)Jr () dz
- ! (2)de + - h(z)d
Y giz)az 218 S )4z
|z—20|=r |z—z0|=r
Vay nén

Res [f (Z) 7Z0] = [g (2) ) ZU] + [h (z) ) ZO] .

Bai 6.3.2. [6.3.3] Cho mdi ham duéi day, xac dinh noi va bac ctia méi cyc va tim

thang du. Dung nhanh chinh cho ham da tri.
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508 Residues and Their Use in Integration

1 cosz
toz242+1

1 e® 1
2 i T T e

3. 1

21/2(z2-9)%
cos (%z)
22(z—1)°

5. %
(Lng)(z2+1)

6 sinz—z
* zsinhz

7 281»1
8. L :
(Log(z/e)-1)
9. sinlz2
10. —1021762

11. cos(1/z)

sin z

1
12, oty

Giaz.

1. Tacdé 22+ 2z+1=0khi

1 /3 -1 /3

H=—+—, 2p=—— —.

2 2 2 2
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6.3 Finding the Residue 509

21 va 29 la hai cyc don va thang du la

_ - -1 /3
COS 2 CoS 2 cos (7 "HT)
Res 2—1721 = 5 1 = . )
|22+ 2+ | z+ o iv3
_ - —1 /3
R COS 2 CoS 2 cos (T - 27)
es | ———, 2| = =
242+ 17 20 +1|_, . i3
2 T2

Bai 6.3.3. [6.3.15] Cho ham giai tich f(z) = g¢(z)/h(2), ¢6 cuc tai z,. Cho
g(2) #0, h(z) = h (2) =0, h"(2) # 0. Thi f(z) c6 mot cuyc diém bac hai tai
2 = z. Chting minh rang

29’ (20) ~ 29(20) M (20)

Reslf (=), = 50 T3 (i ()P

Diing cong thic trén dé tinh

Res {&2, e}
(Logz — 1)

Gidi. Theo khai trién Taylor, ta c6

g(z):co—l—cl(z—zo)+02(z—zo)2+...

v6i /()
z
Co—g(Zo),Cl—glloa
Va
hiz) =dy(z—20)° +ds(z—2)° + ...
v6i W ()
dy = T
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510 Residues and Their Use in Integration

Ta ¢6 f = g/h tuong duong véi

CO+CI(2_Z0)+CQ(Z_ZO>2+...
d2(2—20)2+d3(2—20)3—|—...

a_s (z—zo)_2+a,1 (z—zo)_l +ag+... =

Dong nhat hé s6 ta ducc

a’—2d2 = (o,
a’*2d3+a,1d2 = cCp,
apdy = ca.
Suy ra
ag=2, g =N
T b d3
Vay
h/N 2
Res [f (), 2] = =~ — 00;13 9”(20) ~9(20) 3(!20) 2 (20) 29 () h" (20)
d2 d2 h (220) (h"(Z())) h// (ZO) 3 [h// (ZO)]
2!
Dat
g (Z) =cosz, h (z) — (Logz . 1)2
thi
29 2 m
fes {&2’6] T - B _g(e)h (26) = —e’sine + ecose.
(Logz — 1) We) 3 [h ()

Bai 6.3.4. [6.3.16] Tim thang du ctia ham sau tai nhiing diém tuong tng
1. #sin(1/z) tai 0

2. =~ (nhanh chinh) tai 1

z%—1
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6.3 Finding the Residue

511

10.

. — tai —i

(2+i)°

sin z
(z+1)

Z12

tal —1

el 1
——1— taii
sinh(2Logz) ™

1 tai 0

cos( gez +sin z)

1 .
sin[z(e#—1)] tai 0

cos(z—1) + 2

210 z—1

tai z =1

1 .
%Jr%talz':@

Glidi.
1. Taco
z+1 . 1
sin —
z z
Vay

Bai 6.3.5. [6.3.26]

1. Cho n > 1 la s6 nguyén. Chitng minh ring n cyc diém ctia

1

2t b2 4 41

tai cis (2kn/(n+1)),k=1,2,... n.
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512 Residues and Their Use in Integration

2. Chitng minh ring nhing cuc diém 1a don.

3. Ching minh ring thang du tai cis (2k7/ (n + 1)) 1a

cis (%’;) —1
(n+1)cis (2:%?)
Gias.
1. Taco
1 z—1

= z#1
4=l pon=2 4 41 gntl 77 7

nén cuc diém cua

1
vl =2 441

12 nhitng gia tri ma 2" — 1 = 0 hay

2k
zzlnllzcis< W),kzl,?,...,n
n+1

(k# 0 vinéu k =0 thi z = 1 khong phai la cuc diém).

2. Viz—1khac 06 tat ca cac cuc diém, va 2"t — 1 ¢6 khong diém bac 1 & tat ca

cac cie diem. Vi vay nhitng cyc diém nay 1a don.

3. Taco
R z2—1 . [ 2~ z—1 cis(%)—l
es | ————,cis = = :
JoE n+1 (Rt 1)zn| .y (n+1)cis (257
cis( %) "

Bai 6.3.6. [6.3.27] Dumng thang du dé tinh tich phan sau. Ding nhanh chinh ciia

ham da tri
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6.3 Finding the Residue 513

2 quanh |z — 6| =4

sin z

2. gismhl/zdz quanh |z| =2

3. ¢ 222 dz quanh |z] = 3

sinh? z

§[Log<ﬁl—ggz)—l] quanh ’Z — ].6| =5

5. ¢ 5

6. ¢ —%— quanh [z +1| =2

7. ggsmé—zw) quanh |z —9| =5

8. % quanh |z| = a > 0. Cha ¥ ham trong dau tich phan khong giai tich. Cho
a> |b] va a < |b|

Gidi.

1. Tacosinz =0 khi z = k7, cyc diém trong mién |z — 6| = 4 1a 7, 27, 37, nén

d 1 1 1
55 - - Res [ - } + Res {— 37?} + Res [— 3%]
|2—6|=4 SIN 2 sin z’ sin 2z sin z

1 1 1
COS 2 COS 2 COS 2
T 2w 3
= —2m.

Bai 6.3.7. [6.3.36]

1. Cho f(z) = m =2+ Z% + <+ X Z+3 Tim céac hé s6, giai thich tai sao

z—31
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514 Residues and Their Use in Integration

nhing dieu sau ding:

2. Tim a, b, ¢, d bang cach diing thang du, va kiém tra két qua bang cach dat bén
phan s6 trén mot mau sé6 chung va dude m.

3. Tim khai trién phan s6 thanh phan ciia bang cach dung thang du.

(z-l—l)(z—l)2
Giai.

1.

b d
SRS [ 1 e O

Res|[f (2),0] = Res[a, 0] + Res B,O] + Res [z izgl 0] + Res [ dz 3 O] b,

) e |

,—3@'] —{—Res{ d _,—32} =d.
z+ 3t

b
Res|[f (z),3i] = Res B,Bi] + Res {;,32’] + Res L

Res|[f (2),—3i] = Res [g, —31} + Res [%, —37J] + Res [

z z— 31

2.
[ 1 d 1 ] —2z
© = R a2t O}ZLLI%@ug—l%%zug—O'
1 1
b = Res|— 0| = =
s _2(22+9)’] 9
1 i
— Res|——3i| = X,
¢ “l2z1o) Z] 54
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6.3 Finding the Residue

515

1 —1
d = Res|———,-3i| = —.
| =mre ] - 5
Thit lai
L9 s —ifs
22(2249) 22 2-3i z+3i
3. Ta biéu dién
z o a b c
(z+1)(z=1° 2z+1 z-1 (2-1)
Trong do,
I —1
a = Res : 2,—1]2—,
(z+1)(z—1) 4
[ 1
b = Res - 2,1]:—,
(z+1)(z—1) 4
I —1 1
¢ = Res X ) 2,1}:—
(z+1)(z—1) 2

Bai 6.3.8. [6.3.37]

1. Cho khai trién Laurent ctia diém ki di co lap f (z) = > o

n=-—oo

en (2 — 29)". Néu

diém ki di 1a cyc diém, ta c6 thé dimg quy tac I, II, III (cho thang du) clia

chuong nay dé dude c_;. Ching minh ring néu cyuc diém c6 bac N, thi ta cling

¢6 he s6 tu cong thic ¢, = lim, ., (%)Nm [(z — ZO)N f (z)] .

2. Ding cong thiic trude dé tim hé s6 cptrong khai trién Laurent ctia 1/ sin z trong

lan can cta z = 0.

Gidi.
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516 Residues and Their Use in Integration

1. Vi cuc diém c6 bac N nén

~(N-1)

f(z)=c.n (z—zo)_N+c_(N_1) (z — 20) +...

suy ra
(2 — 20)" f(2) = c_nte_vony (2 — 20)F. . e vry (2 — 20) e vy (2 — 20)

Lay dao ham k lan ta ducgc

ok k+1)!
ﬁ [(Z - Z())N f (2)} = k!C,(N,k) + ( 1 ) C_(N—k)+1 (Z — Zo) + ...
nén ot
lim 55 (2 = 20)" £ (2)] = Koy

Dat n = — (N — k) thi K = n + N. Thay lai ding thiic trén ta dugc

¢, = lim (%) o [(z )N f (z)]

2. Vi 1/sinz c¢6 cuc diém bac 1 tai z = 0 nén

@ = lim (di)m (2= 0)" f(2)]

Z—20 v
.0 =z
= lim ——
2—0 0z sin z
. silnz — zcosz
= lim —
z2—0 sin” z

. . COSz—cosz+ zsinz
(L’Hopital) = lim ,
2—0 2sin z cos z

= 0.

Bai 6.3.9. [6.3.38] Dinh nghia Res|[f (z),00] = 4, f (2) dz. Chiing minh rang
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6.3 Finding the Residue 517

1. Res[l/z,00] = —1
2. Néu n 1a s6 nguyén, Res [2",00] = 0,n # —1
3. Res [e!/F79) 00] = —1

4. Res[ L oo]zO

Z4+1 )
Gidi.

1 1 —1 1
Res[l/z,oo]z—% —dz = — —dz = -1
|z

211 =1 % 211

Bai 6.3.10. [6.3.39]

1. Cho f (z) giai tich trong mién |z| > r v cho f (z) c6 khai tién Laurent trong

mién nay f(z) => o0~ ¢,2". Chitng minh ring

Res[f (2) ,00] = —c
2. Cho w = 1/z va dinh nghia F (w) = f (1/w). Chiing minh ring

Res[f (), 00] = —Res [w™F (w), 0]

3. Khai trién Laurent f(z) = Z% véi |z| > 1, va cho biét xap xiI hé 6, tim
Res [f (), o0] bang (1)

4. Tim thang du trong cau (3) bang (2).

5. Cho ham phan thic f () = 2eiitan—1z" Letao  Chyne minh ring néu m—n >

T bmaMtbm—12m T I +b
2 thi Res|[f (z),00] =0
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518 Residues and Their Use in Integration
Giai.
1. Taco
Res[f (2).00] = - 7 (z)d
es[f(z),0] = — 2)dz
2m |z|=R,R>r
-1 > .
- 2 %;m%z dz
—2m
= —C_1
211
= _Cfl
2. Taco -
f(z)= Z 2", |z >
dat z = 1/w thi
P = 1(3)= 3w, Jul<
w) = — ) = cow ", |w| <,
w n=-—00
—w?F(w) = ...—co—cqw ' —cuw?-cuw®—..
nén
—Res [wF (w),0] = Res [~w*F (w),0] = —c_; = Res|[f (z) , 00
3. Tacéb
2
z—1 2 2
fz) = 2+1  z+1 0 141
2 1 1
(it
z z oz
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6.3 Finding the Residue 519

2 2 2
— 1., 2 _ =
z 22 23
Vay
Res [f (2),00] =
4.

w2 (L — 1 /1—
w2 (w) = # E— (_w)
c6 khong diém bac 2 tai w = 0 nén
Res[f (2),00] = -Res[w?F (w),0]
d (11—
— lim — <—w> —9
w=0 dw \w + 1

5. Tacod

1 i R
—w_QF(w) = —w2f (—):—w_zzu U; i
w w—";b—l—w’fnj ...+ by

QW™ "2 £ W™ L+ aquw™ T2
b, + by + ... + bpw™

Vim —n > 2nén Res[w2F (w),0] =0, suy ra Res [f (2),00] = 0.

Bai 6.3.12. [6.3.42] Cho f(z) c¢6 cuc diém bac m tai z = 2, khai trién Laurent

tal 2o la

—(m-1)

f(2)=com(z—2) " 2+ c_mo) (2 — 2) +...

1. Cho W (2) = (2 — 20)" f (2). Gi& sit N > m. Khai trién Taylor cho ¥ (2) tai z
la gi. Chitng minh

1 dN—l

N )i [(Z =) f(2)] = c-1 = Res[f (2), 0]
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520 Residues and Their Use in Integration

2. Gidstt 1 < N < m. Chitng minh rang W (2) c6 khai trién Laurent tai zo. Chiing

minh

lim Nl -
I g (S (z)] -
Gids.
1. Taco
V(z)= (2~ Zo)N f(z2)=cm(z— zO)N_m 24 cmo1y (2 — zO)N_(m_l) N

I3 khai trién Taylor cho W (2) tai z.

av! N N!
W (Z—Zo) f(Z) = (N—l)!C,1+TCO(Z—Zo)+...
Vay nén
1 del
(N — 1)l dzN-1 (= =20)" 1 (2)]

Res[f (2), z0] = c_1 = lim

Z—r20

2. Biéu dién

)me )N*(mfl)

(z—20)~ f(2) = com (2 — 20 2+ c_(m-1) (2 — 20 +...

v6i N < m, nén day la khai trién Laurent ctia ¥ (z) tai z5. Ta c6

N—
jz—Nll [(z — zO)N fEl=WN-m)...(—m+2)c_p, (z — zo)fmﬂ—i—(N —m+1)...(—m+3)c_m
Do do . N1

N T [(Z - =) [ ()] = o
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6.4 Evaluation of Real Integrals with Residue Calculus, 1 521

6.4 Evaluation of Real Integrals with Residue Cal-

culus, I

Bai 6.4.1. Dung thang du, chiing minh cac dang thitc sau:

db 27

I Ry AL S Két qua con ding véi k < 1 khong? Giai
thich.
- do 2
2. = 6ia>0b2>0.
ff”a—kbcos& \/a2—b2V1a -
st cosf 2m a
3. |2 ———dfi=— |1 — 6ia>b>0.
fTa—i—bCOSQ b { a? — 2}\/1&
T 3
4. f02 sin? 0df = Zﬂ
21 27T m' 2,0 . [~ 2, 2, . > -,
5. [ cos™fdf = ———— v6i moi m chén 16n hon 0. Ching minh réng tich
0 om [Tl]
N 2 .
phan do bang 0 khi m 1é.
- do 2 :
6. [ =0 \Gia>b>0.
(a+ bsind) (Vaz —12)
- df 2 :
7 [ — - ia>0.
a + sin“ 0 a(a+1)
. cos 2w
8. = Gi R va > 1.
f*”1—2a0089+a2 0L(0L2—1)VlaE va fal
cos 6 2ma
9. [ o = GiacRvala < 1.
J 1 —2acosf + a? 1—q e vafal

cosnfdd 2w (—1)"e ™
cosha + cosf sinh a

21 de

1. [

10. [*7

0 véin € Nvaa > 0.

T
= —v6ia,beRvaa,b>D0.
a?sin®f + b2cos26  ab vora vada
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522 Residues and Their Use in Integration

Giai. Phuong phép:

2" — 2z 24z dz

Buéce 1: Déi bién véi sinnf = ————— cosnf = ——— va df = —
24 2 1z

n

Bu6c 2: Tim tat ca diém ki di ctia ham f va ndm trong duong tron |z| < 1

Buéc 3: Tinh Y Res[f (2), z0]v6i moi zp tim duge ¢ bude 2.

-1
Xét bai 2: V6i b = 0 bai toan d& dang ching minh, xét b # 0, dit cos§ = = +2Z
d
df = ,—z, ta co
12z

B /7r do B / dz
=) AT beosd &
_ra+bcos Ciz(a+bz+z >
2
v6i C 1a duong tron tam goc toa do va ban kinh 1. T d6 suy ra

;o / 2dz _2/ dz
 Jobiz? +2aiz+bi i Jo b2® 4 2az + b

B 2/ dz
R N S5 2N\
! Cb(z+—a Z b)(z—l——a+ Z b)

z . - 2 N . o
Ta c6 hai diém ki di caa

1
Fle) = bz?2 +2az +b
l1a
—a—aZ —p2
21 =
b
va
Ca T
9 — b

thi ta c6 z; nam ngoai dudng tron don vi 2, nam trong dudng tron don vi nén ta suy

ra:

I = %QM.Res [f(2),20] =4m lim (2 — 29) f (2)

Z—rz22
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6.4 Evaluation of Real Integrals with Residue Calculus, 1 523

2T

= Anf(z) = N

Bai 6.4.2. Tinh nhing tich phan sau. Néu can thiét, diing chu ki hoac tinh chat doi
2 2 N ™ 1 a
xiing ctia tich phan dé chuyén ve tich phan trén doan dai 27. Vi du fo do = 3 02 do

- cosf
1. _—
fO 5+ 4cosf

sin 6

3
) f*% 5 —4sin6

[\

do

s . .
3. fo sin® z sin badx

sin 26
4. [T —= 46
f_” 5 —4sinf

5 fﬁ cos 20 o

02— cosf

f% sin? 6 9
"0 54+ 4cos?6

D

Gidi.

+ 271

d
va df = —Z Ta c6
1z

. z
1. Dat z = € thi cosf =

z+z*1

/7r cos 6 1 7§ 9 dz 1 2241 J
_— = — —_— = — z
o D+4cosb 2 Jae1 5+ 2(2 4271 iz 4i Jo 2(222 +52+2)

_ 22 +1
 2(222 4524 2)°

f(z)
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524 Residues and Their Use in Integration

Ta can xac dinh cac diém ki di ¢o 1ap ctia f (z). D& thay f(2) c6 mot don cuc tai

z = 0 va hai don cyc con lai la nghiém cta phuong trinh
9 1
2z +5z—|—2:()(:>z:—§ V z=—=2.

Vi z = —2 ndm ngoai duong tron dang xét nén

1 241 T | 1
4i 211 2(222+5Z+2)d7«’: E-sz{ReS [f (2),0] + Res [f(z)7—§}}

Ta c6
2241 2241

(223 + 522 + 22)’ T 6224102 +2

Ta tinh ducc
Res[f (2),0] = -,

-] - -2

/”ﬂde_z 1. 5\ __r~
o D+dcosfd 2\2 6) 6

6. Taco

z . 9
/2 sin“ 0 §n -
o D+4cos?d

2 1 — cos 26 1 [ 1 —cosyp
df = — dy
o D+2(1+ cos26) 4 )y 5+2(1+cosp)

1 / 1— 2220 g
2 e 5+ 2 (1+ 2220 iz
1 _ 2

160 J, =1 2 (22 + 72 + 1)

== N =
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6.5 Evaluation of Integrals, 11 525

Tuwong tu cau 1,

1 1 , 3v5 -7
~16i |z\:1f(Z)dz = —1—&-27T2{Res[f(z),0]+Res f(z),T]}
oo 3(3v5 1)
= 73 l”m]
_ 2(0-4)
- 2(7V/5 - 15)

B 3vh 1
- "\ T’
6.5 Evaluation of Integrals, 11

Bai 6.5.1. Nhitng tich phan suy rong nao sau day la ton tai?

1. fooo e 2 dx

2. fooo e*dx

3. fooo re Zdx

=~

) fooo re ®dyx
5. fﬂo e *dx

— 00

+oo _
f < el dy
— 00

D

2+ x
7. [T d
f—oo 1+SC2 X

+00 r—1
8. ffoo 1+x2dm

Gidi.
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526 Residues and Their Use in Integration

7. Tacod

+OOZL‘2—}-ZL‘ +o0o r—1
der = 1 d
/_oo Tra2 /_oo ( +x2+1) "
+oo +oo T +oo 1
= d dx — d
/_oo x+/_oo 21 /_oo 21

= [#]7Z +0 - [arctan 2] 7
= pIZ -
= —I—OO

Bai 6.5.2. Dinh nghia thong thudng cua fj;o f (z) dx duge cho bdéi cong thitc sau

+oof dq::hm/f dx—i—hm/ f(z

b—o0

khong diing bién phiic,chiing minh diéu sau:

1. Chitng minh f sin (z) dz khong ton tai véi dinh nghia thong thuong.

2. Chitng minh gia tri chinh Cauchy ctia tich phan trudce 1 ton tai va bang khong.

dx
OO]_+2

3. Chiing minh rang f = 7 v6i ci hai dinh nghia tiéu chuan va gia tri

chinh Cauchy.

4. Chiing minh rang néu theo dinh nghia thong thuong, fj;o f (z) dx ton tai thi

gia tri chinh Cauchy ton tai va chiing bang nhau.

Glidi.
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6.5 Evaluation of Integrals, 11 527

1. Theo dinh nghia thong thuong, ta c6

+o0 b 0
/ sin (z)dxr = lim [ sin(z)dz + lim sin (x) dx
- b—o0 0 a—00

o0 —a

ma ta lai co
b

lim [ sin(x)dz = lim (1 — cos (b))
b—o0 0 b—o0
khong xac dinh nén ti d6 két luan

/ " i (z) do

—00

khong ton tai vdi dinh nghia thong thuong.

2. Ta c6 theo dinh nghia vé tich phan suy rong hay 1a gia tri chinh Cauchy thi

+0oo R
/ sin(z)dr = lim sin (z) dz

= lim (cos(—R) — cos (R))

R—o0

= 0.

Tu do ta c6 diéu phai ching minh.

3. Theo dinh nghia thong thuong

/+°° dx , bodx , /0 dx
= lim + lim
oo 1+ x2 b—oo Jq 1+ T2 a—oo J_, 1+ xr2

= lim (arctan (b) — arctan (0)) + lim (arctan (0) — arctan (—a))

a—r 00
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528 Residues and Their Use in Integration

va theo dinh nghia gia tri chinh Cauchy

/ N
—00

dx R

1+ 22

dz
1+ 22
lim (arctan (R) — arctan (—R))

R—o0
=

lim dx
R—oc0 _R

s
2

T

2

4. Gia stt v6i dinh nghia thong thuong,
“+o0o

f(z)dx

xac dinh vd bang «. Theo dinh nghia vé gia tri chinh Cauchy, ta co:

/Rf( dx—hm </f dm+/ f(z dx)

/f vydet i [ f(@)da

-R

—+o00

f(x)dx

—0o0

lim
R—o0

lim
R—o0

Ta c6 dieu phai chiing minh.

Bai 6.5.3. Dung tinh chat déi xing clia tich phan, khong tinh tich phan, hay chi

ra diéu nao sau day 1a ding:

o dx 1 .0 dz
1. —_— ==
fO ZE2—|—1 2ffoox2+1
1 dx
2. Z -
'y x2+x+1 2f*°°x2+x+1
foo cos xdx B 1f+oo cos xdx
0 2+ 1 _2 -0 2241
4 [ tanhzdr 1 fﬂo tanh zdz
CJ0 241 2 24
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6.5 Evaluation of Integrals, 11 529

0o X

5. der =0
f_‘x’x‘l—l—l .
o T+1
. dx =0
ff‘”m‘*—i—l v
foo 1+ sinx =0
T A 4241
o xsin(z?)
8. ——dx =0
f*”x4+x2+1 v
o xe'® w dxsinx
9. ——dx = —d
f—oox4+x2+1x f—oox4_|_x2+1$

Gidi. Néu f 1a ham 18 ( tidc 1a f () = —f (—x)) va kha tich thi ta sé c6

/_Zf(:z:)dm—()

Néu f 1a ham chén ( ttc 1a f (z) = f (—x)) va tich phan suy rong clia ham f ton tai

/_:f(:r)dx:2/(]oof(x)dx:2/_:f(:c)dx
1

cos zdx T
h —
ay [ () zt+1

thi ta sé ¢o

Vi du ta nhan thay cac ham f (z) = o f(z)= 1a

cdc ham chén nén cau 1., 3. va 5. 1a dang.

241

Bai 6.5.4. Diung thiang du dé tich céc tich phan sau:

oo dx
1. _
f_oo 2+ao+1
0o dx

2 J°

(24 zx+1) (224 1)

o iz
B e
(64 1)
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Residues and Their Use in Integration

o B4+ +1

4. d
S zt+1 ’
o d
A
< (22 + a?)
0 d
6. [ — 2 abeRb>0
“(x+a)”+b?
Giai. Phuong phap tinh tich phan
P
(@),
0 @ (2)

voi Q () # 0 v6i moi z € R va deg @ — deg P > 2 thi ta sé co
* P(x) , [P(z) }

dr = 2mi E Res , 2

Q) Q)™

v6i moi 2o dé Imzy > 0 va Q (o) = 0. Ta sé giai bai tap 1. va ggi y bai tap 4.

1. Tacé P(x)

=1,Q(z) =2+ 2+ 1+# 0 véi moi z thyc va Q (z) = 0 khi va chi

khi

_ +iV3 -1

T
nén ta suy ra:
> dx P(z)
—_— = 2
/ 2ol MZRGS[Q(Z)’ ]
= 2miRes (Z), iv3 1
Q(z) 2
do .
V3=
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6.5 Evaluation of Integrals, 11 531

T do ta suy ra

& d
/ e 27?2'.2'\/5 = —27?\/5

o2+ x+1

IS
)
D
<\
Q.
o

1a ham 1é nén

0 .3
/ x—l—x:O‘
o Tt 41

B tar+1 * 2241
dr = dz
_ zt+1 o TP

T do suy ra

[e.9] o0

Dung phuong phap da néu trén tinh tich phan nay.

Bai 6.5.5. Cho tich phan suy rong

[e’s} ZE3+I2
5 5 dz
@) (224 4)

Ta c6 thé dinh 1y 4 dé tinh tich phan sau duge khong? Tinh tich phan sau bing cach
cong hai gia tri chinh Cauchy.

Gigi. Tadat P(z)=23+2va Q (z) = (2?2 + 1) (z* + 4) thi ta c¢6 degQ — deg P =
1 < 2 nén khong thé ap dung dinh Iy 4. Dé ¥

$3

@+ 1) (@ +4)

1& ham 1é nén

00 . Qg 00 72
T 1) (22 4dw = > 1) (42 4dx
oo (24 1) (22 + 4) oo (@2 +1) (22 +4)
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532 Residues and Their Use in Integration

- /Z [3(a:24+ 1) 3(.7:21+ 7y %

Dung phuong phéap tinh tich phan

ta suy ra
o 4 4 (> 1
dr = —d
/_003(m2+4)x 3/_Oox2+4$
= —.2miRes [zz 4,22}
_8m 1 27
3 °2(20) 3
va

o 1 1 [~ 1
gy = - d
/_003(x2+1)x 3/_oox2+1x

1
= §.2m'Res LQ+1,2']
o 2m 1 o7
3230 3

T do ta suy ra

/_Z (2 fj;(;: pt = /_: {3(x24+ 1) 3(a:2l+ 1)] da

Bai 6.5.6. V6i a,b,c € R va b? < 4ac,chiing minh:

+o0 dx 2m

1. =
f_oo ar?+bx+c  dac — b2
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6.5 Evaluation of Integrals, 11

533

oo dx 4dra’

2 s (ax? 4 bx + ¢)* N (m)B

Giaz.

1. Theo dé bai thi a # 0, ta c¢6 ax?® + bz + ¢ = 0 khi va chi khi

_ —bEividac— b2

2= 2a

Ap dung phuong phap tinh tich phan

[.aw*

ta co

oo dx , 1 —b + iv/4ac — b?
2miRes

axr? +bx +c az? +bz+c’ 2a

—00

2. Tuong tu nhu trén, véi

_ —b+ividac — b2

20 —
2a

ta co

too dx , 1
5 5 = 2miRes 5 55 20
0o (az?+bx +0) (az? + bz + ¢)
d _ 2
T o)
2220 dz (422 + bz + ¢)

2
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534 Residues and Their Use in Integration

-2
= 2. 3
b+ ividac — b2)
20 +
2a
, —2a3
= 2m 3
—1 (\/4@0 — b2)
4dra®

(\/ dac — b2)3 .

P
Bai 6.5.7. Cho f(z) = 0 22 v6i P va ) 1a hai da thiic theo z va deg Q—deg P > 2.

1. Chtng minh:

SRR

o . P(2)
v6l moi zg 1a cuc cia .
Q (2)
) ¢ z
2. Dung ket qua cau 1., tim tong thang du clia ham f (2) = — 1
z

Gidi. Lay C la duong tron tam goc toa do ban kinh R, do deg Q — deg P > 2 nén
Ei[L, RQ dé

P(z) p
Q (Z) — |Z|degQ—degP
tir do ta suy ra
(2)
S s = [ o6

Vay ta c6 diéu phai chiing minh.

Bai 6.5.8.

1. Giai thich tai sao khong thé tinh [ dx bang cach st dung mot nita

xt+1
dudng tron & nita trén mat phang hoic nita dusi mat phang.
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6.5 Evaluation of Integrals, 11 535

2. Cho C} 1a mot phan tu dudng tron trong géc phan tu tht nhat dinh huéng
duong v6i ban kinh R > 1. Chiing minh réng:

R 0
xdx ydy / zdz , z
— =2 R
/0 vt + 1 /Ry4+1+ o A +1 mi ) _Res |y

v6i moi cyc 2y thuoc géc phan tu thi nhat.

/°° rdx o
o i1 4

3. Cho R — oo, chiing minh

Gidi.

1. Ta khong thé diing mot nita duong tron ¢ trén hay ¢ nita dusi mat phang do

N
d
/0 964—1-131j

tich phan

khong la gia tri chinh Cauchy.

2. Dit C la duong di tit 29 = iR dén goc toa do, di dén z; = R va cudi cung theo
duong C, vé diém zp. Ta c6

/R xdx +/0 zdz +/ zdz /R xdx /0 ydy +/ zdz
o Tr+1 2+ 1 e N A | r Y+ 1 o A +1
. z iT
= QWZZRGS L‘*——l—l’e 4].

vi chi ¢6 cuc zy = /4 thude goc phan tu thi nhét va ndm trong C. Suy ra

2/R xdx +/ zdz 5 -1 T
= 2mi— = —.
o rr+1 o 2441 4 2
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536 Residues and Their Use in Integration

3. Ta sé chiing minh
. zdz
lim 1 =
R—00 o 2 +1

Khi R — oo, trén Cf, ta c6
z R

<
z4+1’_R4—1

nén theo bat dang thiic ML

/ zdz
C1 24 + 1

R TR
< Raiahd
“RA—-1 2

T
2

Vi vay

) R rdx zdz * xdz T
lim (2 . + =9 -
R—o0 o or4+1 0 Jo 241 o rt+1 2

<:>/°° vdr w
o i+l 47

Bai 6.5.9. Cho P(2) = a,2"+an 12" '+ ...+ ap va Q (2) = bp2™ + by_12™ 1 +
...+ by la da thtc trong truong phiic v6i m > n. Trong bai tap nay, ta sé chiing

. p X . .
minh néu f (2) = % thi ton tai hang so p va Ry sao cho f(z) < | |7/Z_n v6i moi
2 z
1. Cho A = max {|a,|,|an_1|,...,|a1|,|ao|}. Diing bat ding thitc tam gidc, hay

chiing minh
[P (z)] < (n+1)Alz]"
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6.5 Evaluation of Integrals, 11 537

Cho B = max{ m-1 , % , Z—O ,1}. Gia st m > 1, chiitng minh
bn-1 | bm—2 bo
>1-— - >
21 [P PR ] 0

véi |z| > 2mB. Va trong mién |z| > 2mB, hay chiing minh

m 1
> _ =
g 21-o— =7
3. Dung két qua trude dé ching minh
bl 12]™
Q) = Pl EL
véi |z| > 2mB.
4. Chiing minh
‘P(z) 2(n+1) A
Q)| ™ bl 2™

Vil |z| > Ry = 2mB.

Gidi.

1. Tacod

|P (z)] |an2" + an_12" 7 4. 4 a1z + ag
Jan] 2"+ fan1| [2" 7 4.+ far| 2] + ol
A"+ 2"+ 2]+ 1)

An+1)z"

INIA

IN

do |z| > 1 nen |z]" > |2|" v6i r < n. T do ta c¢6 dicu phai chiing minh.
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538 Residues and Their Use in Integration

2. Tacod
br—1 bm—2 bo
> 1 -
g )l = bz +bm22+ +bmzm
|bm—1| |bm—2| M
> 1 b + |bm2| +...+—|bmnl
2] E ]

_ 1+1+ 1 . m 1
- om  2m T 2m ) om 2

do |z| > 2mB > 2 nén|z|" > |z|" véi r < n. Tt d6 ta c6 dicu phai ching minh.

3. Dung két qua da chitng minh trén ta suy ra duge diéu phai chitng minh:

[bm| 2™

Q)] > 7

4. Diung két qua da ching minh & trén

[P (2) < (n+1)Alzl"

" 21"
ml| |2
Q) > Pl FL
Ta suy ra
‘P(z) < 2(n+1)A
Q) 7 [bl 2™

Vil |z| > Ry = 2mB.
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539

6.6 Evaluation of Integrals, III

Bai 6.6.1.

va tinh chat clia cac ham chén 18).
L
2. |7,

o €OS(21)

d
®© 2249 o

o Tsin (27)

d
2+ 3 *
o a7ei“
. ————dx
ffoo (.ZL'— 1)2+9

5 [ 23 sin (2z)

> 24416

5. [ xsm(Zx)d

&

7.

5

o2 4 +1 v
foo (x — 1) cos (22)
> 24 x+1

o (2% +2?)cos (V2r) k¢

f_o" 1

dx

iz/3
° xre ~ do
(x—1)"+4

T

xe

T R

10.

11

12.

“eat+a?+1
o rsinx
d
R R Y T

1'2 COS T

RS oy P T

(23 + 2% + x) sin (g)

ey
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540 Residues and Their Use in Integration

s  COST
13. ———dx
I (22 +4)

Giai. Ta sé néu phuong phéap tinh dang tich phan

* P(x)
/_Oo 0@ cos (vx) dx

hoac

< P(x) .
/_Oo 0@) sin (vz) dx

v6i v > 0 va deg Q — deg P > 1. Trudc tién, 4p dung bo dé Jordan, ta cé

lim/ Meivzal,z,
R—o00 ol Q(Z)

nén ta c6 cong thic tinh tich phan
© P . P .
/ (Z) e dy — o Z Res |: (2) ewz:|
—oo @ (2) Q(2)
tai moi diém cuc ctia ham ndm nita trén mat phang. Tt do ta sé két luan

/_ Z gg; sin (vx) dr = Im (27ri 3" Res Mem: )

Ta sé lam bai 13. dé minh hoa.

T

ggxi cos (vz) dz = Re (2m' > Res o (z)em: >

va

Nhu da néi & trén, ta sé tinh tich phan sau bang thing du, tic

& 1 . 1 )
/ ————e%dz = 2mi Z Res [—26’2] .
oo (224 4) (22 +4)
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6.6 Evaluation of Integrals, 11T 541

tai moi diém cuic clia ham nam nta trén mit phang, cu thé 1a v6i diem cyce duy nhat

z =21, ta co

> 1 , 1 .
/ —————¢c"“dz = 2miRes [—26”, 2@}
oo (224 4) (224 4)
d 12
= 2m. lim {—6—2}
22 | dz (z + 2i)

— 9ri lim i€ (z + 21) + 2€'

(22 (z 4 2)°

o 3 . 3
= 2mi | — 1) = .
32¢e2 16¢€2

T do ta suy ra

/ Cosx2dx:Re(3>:3,
o (T2 1 4) 16e2) ~ 162

*®  sinz 3
——dx = 1 =0
/_oo @14 T (1662>

Kiém tra lai theo tinh chat ctia ham tuan hoan, ta thay véi

_sinz —sin(-z) .
f(x)_($2+4)—(<—x)2—|—4)— f( )

[
—oo (22 +4)

1 ham 1é nén

Bai 6.6.2. V6i m >n >0 va a la s6 thye duong, hiy ching minh

o - )
sin ma sin nx T .
ﬁdx = —e ™ gsinhna
0 a*+ 2a
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542 Residues and Their Use in Integration

Gidi. V6i truong hop n = 0 va m = n thi ta dé dang thay két qui, ta sé chiing
minh v6i truong hop m > n > 0. Ta ¢6

/°° sinmzx sinnxd 1 /°° cos [(m — n) x] — cos [(m + n) z] .
0 0

— dr = -
a? + x2 2 a? + x2

. /0°° cosl(m—n)e] 1 /°° cos [(m —m)]

a? + z? 2 ) o a4z
[e.e] 1 o0
I — / cos [(m + n) z] dp — _/ cos [(m +n) z .
0 _

a? + 22 2 a? + 22

oo

do cac ham ( V]
cos|[(m—n)x
filw) = a? + x?

cos [(m + n) z]
a? + z?

fo(z) =

1a cac ham chan. Ta sé tinh lan luct I, I,. Ta c6

r roo 6i(m—n)z
2, = Re/ —dz]

oo @2+ 22
r 6z'(m—n)z
= Re |2miRes | ——,1a
i a? + 22
r i(m—n)ia
= Re 27rz'—6, ,
(ia +ia)

a(n—m)

e
a

00 ei(m—‘rn)z
2I, = Re {/_Oo a2+z2dz]

ez’(m+n)z
= Re [QM'Res [— z'a”

a? + 22’
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6.6 Evaluation of Integrals, 11T 543

i(m+n)ia
= Re |:27Ti c }

(ia +ia)

7.(.ea(—m—n)

a

Tu do ta suy ra
°° sin max sin nx 1 [ pea(n—m)  roa(~m-n)
— s =g - :
0 a*+x 4 a a

Bai 6.6.3. Gia stt v > 0 va cho n la s6 nguyén duong:

+o0 iv:cd
/ e xn _0
—00 (.T - ZO)

1. Chiing minh

v6i Im (29) < 0.
2. Chtng minh

00 vz ] 2\ L iz
/ e :cn _ 2m,(w) e
—00 ($ - Zo) (77, — 1)'

v6i Im (zg) > 0.

3. Diing nhiing két qua trén dé tinh tich phan

/+oo eixd{E
oo (=)

Gidi.

1. Viov >0 van nguyén duong nén ta co

) eivzdx
lim —— =0
R—oo [ (z — ZO)
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544 Residues and Their Use in Integration

v6i C; 1a nita dudng tron trén véi tam la gbe toa do (Tuong ty hinh 6.5-1). Ta ciing

c6 ham '
mwz

(2 — 20)"

giai tich trén nita trén ctia mat phéng phtc nén ta suy ra

f(z) =

] eivzdx
lim — 5 =0

v6i C la dudng di tit diém (—R,0) dén (0, R) theo dudng thang thuc va cong them
duong C. Ma ta lai co

eivz dr eivz dx +oo eiv:(; dr
Rooo Jo (2= 20)"  Boeo Jo (2 — 20)" /_ o (@—2)"

+oo ivxd
/ _dr
—00 (.T - 20)

2. V6i Imzy > 0 thi ta ¢6 ham

tir do ta suy ra

w2z
e

(2 — 20)"

f(z) =

giai tich trén nita mat phing phitc trén ngoai trit zp. Theo bd dé Jordan ta c6

) eivzdx
lim ——=0.
R—oo [, (z — 20)

T do ta suy ra

+oo T vz
/ e—dxn = 2miRes {e—n, zo}
oo (= 20) (z — 20)
1 . dn—l Wz
(n—1)! zlggo dn—1 (e )

= 2mi.
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6.7 Integrals Involving Indented Contours 545

Are &)

Cloged comonr O

& 3 %

Figure 6.5-1

Hinh 6.6.1

_ g e
(n—1)!

6.7 Integrals Involving Indented Contours

1. Tim 9%,2\:1 (z+1) /zdz.

2. Tim [, (2 + 1) /2dz, v6i C la nita duong tron |z| = 1,0 < argz < 7. Tich phan
nguge chiéu kim dong ho.

3. Trong cau (2) ban da tinh tich phan trén nita dusng trong dung trong cau (1).
C6 phai két qua cau (2) bang mot nita két qué cau (1). Giai thich.

Giaz.

1. ¢, *Fhdz = 2miRes [5£1,0] = 2mi.

z z
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546 Residues and Their Use in Integration

2. $dz= [ (L+e7)ie?d) = [¢” +i0]; = ™ +im — 1 = im — 2.

3. im—2# % Vi trong dinh 1y 6 yéu cau r — 0.

Bai 6.7.2. [6.7.2]

1. Tinh fHE (24 1) /(2 — 1) dz quanh nita dusng tron tam (1,0) ban kinh e.
2. Trong dap 4n cau (1) cho € — 0. Kiém tra ring ban sé& dugc

—27mi (1/2) Res[(z+1) /(2 —1),1]

Glidi.

1. DPatz=1+4e€?, 0<l<n7

1+€ 0 10
+1 2+ y
/ z dz = / .606 ieedo
1—e 2—1 . €€

0
- / P (24 ) db
= [—29i+eei9}g
= —2mi + 2e.

2. Cho € — 0 thi dugc —27i, va

z+1

-2 R
Ti— es[ 7

1] = —27ri%2 = —2mi.
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6.7 Integrals Involving Indented Contours 547

Bai 6.7.3. [6.7.4] Tim gia tri chinh Cauchy ctia méi tich phan sau:

oo SIN 2
. fj_ S11n Z)de
© r+4
cos 2x
2. [t d
L T
sin
3. [T d
IR
4 [T CcosSx

S~ e ™

4o COS (gx)
> f_oo (x — 1)2

Glhias.
1. Taco
+oo 2ix 21z 2iz
e e e
dx = miRes —4| =m1 = 7 cos &
/_oo PR L+4’ 1 L ) e
nén

+oo 3 2 +oo 2ix
/ R0 xdw = Re / ¢ dr | = mcos8.
oo TH4 oo T4

Bai 6.7.4. [6.7.9] Ching minh

5 mb . mvVb? — 4dac
COS TN — 7rcos,2—sm—

1. fjoo ——————dr = a 2a , v6i m > 0,a,b,c 1a sb
* ax?+br+c b? — dac

thuc. b* > dac va a # 0.

—mb

+oo COSTIT | —T e »
2. [ b4 —2—b3)81nmb—2—b3,vdlm20,b>0
too Sinbz

3 e

T b
- dr = —tanh —, v6i a > 0
sinh ax a 2a
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548 Residues and Their Use in Integration

Gidi.

1. Cuyc diém cta az®? +bx+2=0la

L —b+Vb? — 4dac

2a

Foo eme , em= —b+ Vb2 — dac
——dr = mi Z Res \
o QT4 br+C ar?® +br +c 2a
eZmZ 6ZmZ
= +
2@2 + b —b+V b2 —4ac 20'2 _I_ b —b—1/b%—4ac
2a 2a

ﬂ-—i eim*l’*\éﬂ_{_ imw
Vb2 — dac
i —ome - my/b? — dac
= ————¢ 2« 2sin————
N o
—27 —imb | m\/m

= ———€ 22 S§In

Vb2 — 4dac 2a

T do ta suy ra

daj = € 2a SIn

ar? +bxr +c V%2 — 4dac 2a

myvb? — dac

/+°° COS M Re< —27 Cimb m\/b2—4ac>

—0o0

5 mb .
— 27 cos — sin
2a 2a

Vb? — 4dac

Bai 6.7.5. [6.7.12] Chiing minh

T sinx
de =7
e T
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6.7 Integrals Involving Indented Contours 549

Giair. Ta cod

= i,

oo iz iz iz
e . e e
—dxr = mRes | —,0| = mi—
_ z z 1

& 0

+00 o
/ 2T 4r = Re (mi) = .

T

—00

Bai 6.7.5. [6.7.13] Chiing minh ring

oo gin? ¢
5 de =7
_ x

o0

Gidi. Ta co

+o00 1 — 2ix 1— 2iz
/  dv = miRes [—e, 0] =mi(—i) =,

oo 227 222

T gin? g T 1 — cos 2x Too 1 — 2w
/_oO 2 alar::/_oO sz‘zRe(/_oo 572 dx>:7r.

Bai 6.7.6. [6.7.14] Chiing minh
[e%¢] t_ —t
/ (cos e )dt
0 t

oo it ,—t 2711 iz .
[ =R [e_,o} _
0 t 4

S _ ot 0 it _ —t
/ <Cost_6)dt:Re</ 1@:0,
0 t 0 t

I
o

Gidi. Ta co
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550 Residues and Their Use in Integration

Bai 6.7.7. [6.7.15] Chiing minh

/JFOO cos ax — cos bx

2

dx =m(b—a)

0o Xz

véi b > 0,a > 0.

Giar. Ta cod

+o0 jiax __ ibx iaxr __ ibx
/ % dr=riRes {L,O} =mii(a —b) =m(b—a),

2 2
o T T

/+°° COSGx_CObed:U:Re </+°° eiax—zeibxd:E) —a(b—a).
_ _ x

2
00 z 00

6.8 Contour Integrations Involving Branch Points

and Branch Cuts

Bai 6.8.1 Dua vao hinh 6.8-1,chiing minh ring

1.
> Logx T
dr = —L
/0 21 a2 v 9q 0%
2.
>~ L
/ e = Log (1)
0 (gj2—|—a2) 4&3 e
3.

oo .2 2
/ xLogmd _7r\/§L +7r\/§
0

T = oga
x4+ at 4a & 16a
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6.8 Contour Integrations Involving Branch Points and Branch Cuts 551

Cowtaur £

Branch
cur for
¥ B P
iapz &
Figure 6.8~
Hinh 6.8.1
Giai.
1. Tacod

“ L L L oL
/ 20gz2d'z+/2|=8 20g22d2_|_/ 20g22dz+/ Qngde
_Rr 2°ta z“+a l2|=R 2~ T a e T+a

L
=2miRes (ﬂ ia) )

22 4+ a?’
Xét tich phan thi nhat, vi

Logz = Log |z| + iArgz = Logx + im

—€ 1 R L —€ .
/ 2Og22dz:/ Qng dx—l—/ LR
_r 22+a . 24 a? _r 2+ a?
Suy ra

R —€ . R
Lo Lo Lo Lo
/ 8T da +/ T _dw + / ,Z|_Eﬁdz+/ & +/ 87
. 24a _r 22+ a? 22 4+ a? s|=r 2* + @? . 124+ a?
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Residues and Their Use in Integration

L
=2miRes 8% ,ia | .
22 + a?

Khie — 0va R — oo thi

0 . [e's)
L L
/ %dm%—Q/ Qng dx = 2miRes ﬂ,ia .
2t a 0 x*4a? 22 4 a?
Ta co
Logz . Logz . Loga + im/2
fres (T) ey T T ga
2
=2miRes —Lng Jia ) = mLoga U
22+ a? a 2a
:>/°° Logx g wLoga
xr = .
0 T2+ a? 2a
3. Ta xét
¢ 2?Logz 2?Logz R 2Logz 2?Logz
A = / 1 g4dz+/ 1 g4 z+/ 1 g4dz—i—/ - g4dz
_r 2" +ta lo|=e 2° T @ . 2t a l2|=R 2~ T @
R 2 R 2L 2L 2L
= z'7r/ 1 4dx+2/ x4 ngdx—l—/ Z—Ogidz—i—/ Z4—Ogidz.
e I*ta e XXt a lo|=e 2~ T @ l2|=R %~ T a

Ta xac dinh cac cuc ctia

D6 la nghiém cta phuong trinh

z4+a4:()<:)z:(—

CuuDuongThanCong.com

2*Logz
24+ at

1/4

4 _i(m+k2m)

ae )1/4

a')

(
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6.8 Contour Integrations Involving Branch Points and Branch Cuts

553

Chi ¢6 hai diém ciyic ndm trong dudng cong kin ching ta dang xét, do 1a z; = ae'i

. 3m
va zo = ae 4. Suy ra

A:

21 {Res <z4—|—a4’

22Logz

2?Logz
Zl) + Res (m, ZQ):|

[ #?Logz;  z3Logzy )
= 2 3 3
427 4z
1 L
_ 1. (Losa Long)
2 Z2
_im Loga —|— iy Loga + @
2 aet’t
_am Loga +1% ) +e i (Loga + z?jf)
2 a
T ) L n % 13T i3z
= — oga + —e —e
2a 8Ty 4
' TV 2 2
_ (i aLega - Y2 V2
2a 2
V2  m/2Loga  .m*\/2
= + +1 .
8a 2a 4a
Ta chiing minh
2L 2L
lim %242 — lim g0
e—0 || Z*+a R—o00 HRZ +a
Xét o
lim T Ogidz,
e—0 |2|=¢ 2=+ a
ta co
/ *Logz (|Loge| + )
dz
jo=e 21+ a? ja* — 1
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554 Residues and Their Use in Integration

Dat e = e7*(x > 0) thi

med (|Loge| +m)  me " (x4 )

la* — 1] et =1
Khi d6
fim med (|Loge| + ) — i T (x+m) _ 0
e—0+ la* — 1] z—o0 €37 |a — 1|
Suy ra
’L
lim 24 Ogidz =0.
e=0 J = 2" +a
Ta tiép tuc xét
2L
lim i—ogidz,
ta co o B2 (ILogR
/ @ Logz Z‘ <2 o8 !4+ ™) iR,
\z|:RZ +a ‘R —(l’
. mR3(|LogR| + ) . wR3(LogR + )
lim = lim
R—00 |R4 — a4‘ R—o0 R — gt
_ 67 R (LogR + )
T Ao 12R?
T
aor =Y
Suy ra
2L
lim e )
Vay

o 2 > 22L 1 L L
in / LA / Plogr, L (Logn | Logs
o T 4a 0o x*+at 2 21 29
V2 m/2Loga w2
+ +1 .
8a 2a da
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6.8 Contour Integrations Involving Branch Points and Branch Cuts 555

Nén
/°° xQLogxd /2 7T\/§Loga
T =
o rt+at 16a da
/OO x? ™2
———dr =
0 T*+a 4a

Bai 6.8.2 [6.8.4] St dung hinh 6.8-1, qua gi6i han hay chiing minh hai két qua

Sau

. /m#d;p:_ﬁ
0 xt+a+1 12

2/00 dv w3
0

?+a24+1 6

Gidi. Ta xét

_ —€  Logz Logz
A= —R 2842211 dz + fz| = z4+22+1dz

+f‘ RZ4L0gz dr +fR Logz dz

+z2+1 2442241

_ R Logx
- Uy f :c4+x2+1 +2 f xt+z2+1 dx

Logz Logz
+f| |=¢ z4+z2+1dz + f| |=R z4+22+1dz

Ta tim diém cuyc clia ham s6 dué6i dau tich phan

- 27
A4 24+1=0z2=¢3, z=¢

Chi ¢6 2 = €™/3 v 2z, = €?™/3 13 ndm trong dudng cong kin ta dang xét. Suy ra

. Logz Logz
A = 7 {Res (m,zl) + Res (m; 2)]

. Lngl Logz2 ' Z% 22%
= urm -+ = N . — 4+ -
(42% +221 423+ 222) (46” +2e'3 fe2im 4 90T
2
= T (-1+iv3).
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Tiép theo, ta chiing minh

L L
e=0 Ji = 24 + 2 +1 R—oo [, =g 2* + 2 +1
Ta co
Logz |Loge| + 7 |Loge| + 7
2242241 T 1= 2222+ T 1—e2(e2+ 1)
Dat e =e ™ (z > 0), ta c6
|Loge| + 7 T+
1—e2(e241) 1—e2(e241)
Nén
/ Logz d r+m
—————dz em
e 2P H 2741 T l—e (e 4 1)
B 7 (x + )
et —e (e 4 1)
T do ta suy ra
L
lim / L O B A ) R
&0 | J e 24+ 22+ 11 z—00 €% — e 7 (€727 + 1)
hay L
lim [ ——o 4z =0
e—0 ‘Z|:€ Z4 + 22 + 1
Xét tich phan
y Logz d
im —dz.
R—o0 |z|=R 24 + 22 + 1
Ta co . n
0gz +
——=" dz| < R
/|Z|:Rz4+22+1 z‘ SRR -1 -1
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6.8 Contour Integrations Involving Branch Points and Branch Cuts 557

nén,
_ Logz _ 7 (R+ )
1 —————dz| < 1 0
Rglio‘/'z|:Rz4+22+1 IR RRE—1) -1
hay
. Logz
lim -5 42 =0
R—oc0 |Z|=RZ +Z +1
Vay

o dx *  Logx 2
: S S N e :—(—1 : 3)
m/o :r4—{—a:2+1+ /0 SR R V3

/°° Logx —m?

T =

0o xr*+ax+1 12

/°° dz ™3

0

At rl 6

4

Bai 6.8.3 [6.8.6]

1. Ching minh réng f;* % = o

2. Gid st P va @ 1a hai da thiic véi deg(P) +2 < deg (Q) va Q (z) # 0 néu x > 0.
Cat nhanh cta log dude xéc dinh béi y = 0,z > 0 va Im (logz) € [0,2m).
Chting minh rang fooo P(i) dxr = — ) Res [log (2) P(Z)} tai moi diém cuc. Kiém

Q@) QR)
tra cong thiic dan t6i két qua da biét [° 2 =7

[t

:/If(z)der/Hf(z)dz—F IIIf(z)dz+/Ivf(2)dZ

:/ERLogxgEi;dx+/I:(Logas+i27r)gggdx—l—/nf(z)dzjt/wf(z)dz
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558 Residues and Their Use in Integration

Contour

Figure 6.8-3

Hinh 6.8.2

=270 > Res {logzg 8] .

Ta cb

lim lim/ f(z)dz= lim lim [ f(2)dz=

R—o00e—0 I R—o0e—0 v

(Vi deg(P) + 2 < deg (Q)), nén

(7) 0 P, P (z)
/ Loga: @) dx + /Oo (Logz + i2m) 0 (x)dx = QWZZ Res [long (2)1,
/oo @) dx = 2mi Z Res {logz

Vay

/OOO gg;d:c =~ Res {logz

23]
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6.8 Contour Integrations Involving Branch Points and Branch Cuts 559

Bai 6.8.4 [6.8.7] Dua vao hinh 6.8-1, thém vao hai nita duong tron nhé tai z = +a.

/"O Logx 72
5 —— 5dr =
0 T°—a 4a

Chitng minh ring

Gidi. Tich phan dang xét bi gian doan trén khodng lay tich phan tai a. Vi vay ta
phéi lay tai £a hai nita duong tron nho, sau d6 qua gi6i han. Tuong tu nhu cac bai

trén, ta co
i7r/
<:>z'7r/0 xd +2/ f(z)dx — miRes (f (2),a) — miRes (f (2),—a) =0

L Log (—

<:>i7r/ +2/ f(z)d Oga+m‘ og(-a) _,

_ 2a 2a

d L

<:>7rz'/ : ot —|—2/ f(z dx—l——(Loga—i—mr)—O

_ —a? 2a 2a

0 d
@iﬂ/ ’ +2/ f:cdx——zo

* Logz 2
dr = 2 N
<:>/0 f(x)dx /o 52l =

Bai 6.8.5 [6.8.10]

—{—2/ f(x d.r—hm f(2)dz — lim f(z)dz=0

z=a+ee? e—0 2=—a—-eei®

© g
1. Tinh / — = sit dung hinh 6.8-4
o zV/*(z+1)

o d
2. Chung minh/ 1—u:7rcotﬁvéia>1vau1/°‘20
o ute(u—1) a

Gidi. Dat 2/ = el/olo80.2x(2),
5 i i2m
Trén truc s6 thyc duong, z = re®™ =r, dz = dr, 2"/ = {/re’s

Trén truc s6 thuc am, z = re'™ = —r, dz = —dr, 2/ \/_ea
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560 Residues and Their Use in Integration

Lontesr ©

Figare 6.8--4

Hinh 6.8.3

Ta co
/f dz+/ £(2)dz — (7 — 27) iRes (f,—1) = 0
<:>/f dr)—l—/ f(r)ydr—(m—2m)iRes(f,—1) =0
(:)/ \/_e (1-1) /\/’ear+1):_m6y
et m/ Fan
Dat - .
| e
=
Ta co
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561

N o
Isin (g) =T
;o s
PN  sin g)
J =mcot (g)
Bai 6.8.6 [6.8.11] Chtng minh
/°° zVedr 7w a/e T
ﬁ:_‘ ﬂ_(l—COS—>
0 T*—a 2asin % «

Giai. Dat
Zl/a _ el/aLOg(o,zw](z)'
Xét 1/
Z «
f (Z> = 22— g2’
Ta c6

[

/°° freadr
0

f(=r)(=dr)+ /000 f(rydr—(m —2m)iRes(f,—a) —

(m —2m)iRes (f,a) =0

X0 o %d
+/0 %:—iW[ReS(f,—a)+ReS(fva)]

2 _ a2
Tinh
e PR
« « «
Res(f,a) = lim =
(f,0) z—a 2+ a 2a

. 1 ae'l™ Ve _ 1/ in
Res (f,—a) =lim,,_, 2= = ( 72)a = ‘;aa o
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Residues and Their Use in Integration
Suy ra
1
. . a o i 27
—im [Res (f,—a) + Res (f,a)] = iy <ea — e’a) :
a
Va
0 1 im 2n 1 T
rdr _ageeo —ea  ga  —isinZ®
—_— = T — - =1
0 T2—a? 20 T 4 2a 14cosZ
1.
Tao sin =
— [0

T all®
2a (1 + cos g) N %Sing

6.9

<1—cosf>.

«

Residue Calculus Applied to Fourier Trans-
forms

Bai 6.9.1 Chiing minh ring

1. Néu f (¢) chén va thyc thi F' (w) ciing 1a ham thyc va chin

2. Néu f (t) 1é va thuc thi F (w) ciing 1a ham thuc va 1é

3. Néu f(t) c6 bién doi Fourier 1a F (w) thi f(t —7) c6 bién doi Fourier la
e TF (w)

Glidi.

1. Ta thay ring
1 © . _
F(w)= o /_oo £ (1) etdt = F ().
biat t = —x thi

fnyerd(oa) = oo [ et = F o).
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6.9 Residue Calculus Applied to Fourier Transforms 563

Vay nén F' (w) 1a ham thuc va chan
3. Datz=1¢t— 7 thi

1 0 ) 1 0 . )
Py /Oo ft—71)e™dt = Py /OO f () e @@ dy = 7T B (W)

Bai 6.9.2 [6.9.3] Tim ham f (¢) tng v6i mé6i F (w) sau (a > 0, b > 0), st dung
gia tri chinh

. w2+a2

w—1a

—ibw

w?+4a?

(w—ia)?

w2—a?

6 sin aw

COS aw
7. w?+4b2

Gidi.
4. Ta cod

Ft) = /_ T B (W) et

o0

/oo 2€iwt p
= —dw
o (w—ia)?

2 izt
= Res {e—,wz‘a}
(z —ia)

CuuDuongThanCong.com https://fb.com/tailieudientucntt


http://cuuduongthancong.com?src=pdf
https://fb.com/tailieudientucntt

564 Residues and Their Use in Integration

Ham % c6 cuc diém cap 2 tai ia nén
2 izt
Res {Q—.Q,ia] = lim [(z —ia)® f (z)},
(Z — ZCL) zZ—r1a
= lim 2ite™ = 2ite™ ™.
zZ—a
Vay

f () = 2ite™ ",

Bai 6.9.3 [6.9.14] Tich chap cta hai ham f (¢) va ¢ (¢) ki hieu la f(¢) * g (¢)

f(t)*g(t)z/_oof(f)g(t—T)dT

1. Ching minh f (t) x g (t) = g (t) * f (t). Nghia la tich chap giao hoén

2. Chitng minh khai trién Fourier ctia tich chap bing 27 nhan véi tich ciia hai

L 2. . 2 N N
bien doi Fourier ctia tiing ham.

3. Chitng minh bién ddi Fourier nguge clia tich chap hai ham theo w 1a tich ctia

hai bién ddi Fourier ngudc tuong tng.

Gidi.

% _: ( /_ Z f(r)gt—1) dT) e dt

= @O (R g - ear) dr

= /_oo f(r)G(w)e ™ dr =2rF (W) G (w)
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6.9 Residue Calculus Applied to Fourier Transforms 565

~¥

Figare 6.9 -6

Hinh 6.9.1

/_Z (/_ZF(J)G(w—U)da) et dw

= [T FO) ([5G w=0)ed) do

_ / F(0)g(t)etdo = f (t) g (1)

Bai 6.9.4 [6.9.21] Gia sit ¢c6 mot day dao dong doc thao chiéu truc z va c6 do
dich chuyén theo thoi gian ¢ so v6i truc y 1a y (x,t). Ta chitng minh dugc ring

Py 10%

a2 2o

V6i ¢ 1a téc do ctia st lan truyén song trén soi day. Ta sé ding bién doi Fourier dé

gidi phuong trinh trén cho mot day dai vo han, tai lac ¢ = 0, ki hiéu y () = y (z,0)

va van toc vg (z) = %. Ta sé dimng khai trién
1 - —iWT
Y(w,t)—z—/ y(z,t) e "dx
™ — 0o
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Giaz.

. Chiing minh réng

d*Y

) (w, 1) + WY (w,t) =0

Ching minh Y (w,t) ¢6 dang
Y (w,t) = A(w) cos (wet) + B (w) sin (wet)

Va .
A(w) = —/ Yo () e dx

—00

Bw) = — l/movo(x)e_mmdx

—00

Chtng minh

y@w:/wm@n%@m+3@ﬂm@mth

—00

. Gid st g (z) = 0 va yo (v) = Ae Il v6i A = const > 0. Dung phuong phéap

thang du, tinh y (z,t) v6i t > 0. Xét 3 truong hop = > ct, |z| < ct, x < —ct.

LY (w,1) + WY (w, t)

at?
= =/ %e_imdx +wi [% oy (2,t) e d
= % ffooo [% +W202y (l’,t)] e—iwmdl,
= g [B @] etrar =0
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6.9 Residue Calculus Applied to Fourier Transforms 567

2. Ta c¢6 phuong trinh
Y + Wity = 0.

Phuong trinh dac trung
N4+ w?? =0 )\ = tiwe.
Suy ra nghiém

Y (w,t) = A(w) cos (wct) + B (w) sin (wct)
= Y (w,t) = we|B(w)cos (wet) — A (w) sin (wet)]

Cho t =0 thi
1 [~ ,
AW =Y @.0) = 3= [ wa)e s
va
o 1 ! _ 1 > ay ([L’, 0) —iwx _ 1 > —iwT
B (w) = &Y (w,0) = Y- /OO 5 © dx = Y- /OO vo (z) e " dx.
3. Taco

y(x,t) = /_OO Y (w,t) e“"dw = /OO [A (w) cos (wet) + B (w) sin (wet)] €™ dw.

o0 —00

4. Viyy(r)=0nén B(w) =0

1 OO —iWwT
Alw) = py Yo (z) e ““dx
A 0o '
= 5 _Ooe_|“”|e_’wxdx

AT [0 . o .
- = |:/ e(lfzw)xdl_ +/ em(1+1w)dx:|
2m —00 0
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568 Residues and Their Use in Integration
é |:/00 e(iw—l)zd$ + /OO e—cc(1+iw)dx:|
2m | Jo 0
A o0 ) )
_ e—ac ewa + 6-'LUJ$ dx
) )
A o
— e " cos (wzx) dx
T Jo
A1
Twi+1
Suy ra
A [ cos(wet) ;..
ylot) = ;/_mm—ﬂ‘f ®Q
Xét ham . - -
f (Z) _ ezazz (ezc z + efzc z)
2(z2+1) 7
ta co
> _ ei7* (eltz 4 emictz) —icosh (ct)  mcosh(ct)
/_Oo f () dx = 2miRes 21 1) V1| = 2mi 5ot = " )

Vay

y (z,t) = Ae " cosh (ct).

6.10 The Hilbert Transform

Bai 6.10.1 [6.10.1]

1. Tim bién doi Hilbert ctia ham g (t) = -

t24+4-

2. Xac dinh g (¢) tit bién ddi Hilbert ctia n6

3. Xét v6i ham g (t) =

Gidi.
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tcost
t24+1

https://fb.com/tailieudientucntt


http://cuuduongthancong.com?src=pdf
https://fb.com/tailieudientucntt

6.10 The Hilbert Transform 569

Figure 6.30-1

Hinh 6.10.1

/Z P - %/Z oETI

(t—2)(22+4)

f(z) =
Ham f(2) ¢6 3 don cyc: tai ¢, tai —2i va tai 2i. Ta ¢6
/ f(2)dz —imRes[f (2),t] = 2miRes [f (2) , 2i]

& /00 f(2)dz = imRes|[f (2),t] + 2miRes [f (2) , 2i]

RN /Oof(z)dZ:ZWIZILI%—ZQ—{—ZL+27”211—I>r21i(t—2)(2+2i)

o - t i t
s dz = -9 = — 1
(/mf@)z it—20) "4 t-2i 14

o 21 — -2
& / f(z)dz:mtJr L T

24+4  $2+4

Suy ra
1 -2r -2

S04 =+ _
g(t) Tt24+4 244
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Residues and Their Use in Integration

1

570
t—2i
1) +ig (1) = - .
90 +19() = 5 = 7o
1

Ki hiéu giai tich
Ham h(2) = 1/ (2 + 2i) gidi tich trén nita mit phang y > 0, mot didu kién can ctia
= 42

viéc ap dung bién ddi Hilbert nguge duge thoa. Tiép tuc thit v6i ham h (z) =

ta thay
R—oo T
(Dinh Iy). Vi vay mot diéu kién du duge thoa. Cong thite bién doi Hilbert nguge cé

thé dugc ap dung.
1
dx.

2/2 (t =) (22 +4)

2

20

2. Dau tién ta c6
1 g 1 [ =
T ) ot—T T ) ot—@ T
Mat khéc
/oo ! d TR t 2miR !
x — imRes = 2miRes
oo (t—1) (22 4+ 4) (t—2)(22+4) (t—2)(22+4)
/Oo 1 p , o T i
T = —mi ) = —
oo (t—2) (22 4+ 4) t2+4 4i(t—21) 2(t—2i) 244
/°° 1 t+2i—2i mt
xT = T =
oo (t =) (22 4+ 4) 2(t2+4) 2(t2+4)
Suy ra
(t)—2 i ot
g S om2(2+4) 244
3. Taco
1 [ 1 [~
A(t>__/ g(m)dx:_/ zeosw
T) ot—x T ) o (t—x)(22+1)
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6.10 The Hilbert Transform 571

Xét ham ,
2622’

(t—2) (22 + 1)

f(z) =

Ham c6 3 don cyc tai t, —i va i. Ta thay f (z) thda bo dé Jordan nén

lim f(z)dz=

R— 2
o0 CR

Vi vay
/ F(2)ds — miRes[f (2) ] = 2miRes [f (=) 1]
/ f(2)dz=mi llm QH + 2milim,_y; %
/ F(2)ds = i (t_i tQtitl) B m(tﬂ';:ll_ teit
;/Oof(z)dzz 1—e IZQZi(iosthiSint)
1 /°° f(2)dz = tsint — e‘lt—?l—j—tl(e_l — cost)
Suy ra

1 [ tsint —e~!
= Re {;/_mf(z)dz] =~ pi

Ki hiéu giai tich:

0 4 i () = LCOSL  tsint—eTl et — e
Z =
g g ) +1 2 +1 241
Ham |
zet* — 71
2 +1

khong gidi tich trén nita mit phang trén, vi vay cong thic bién doi Hilbert ngucc

khong ap dung dugce.
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572 Residues and Their Use in Integration

Bai 6.10.2 [6.10.2] Chiing minh rang bién doi Hilbert ctia mot ham thuc hing 1a
0

Gidi. Véia € R,

Ta c6 tich phan

[l s[5 ]s

Theo nguyeén 1y bién dang dudng cong

oo 2 J?

Suy ra g (t) = 0.

Bai 6.10.3 [6.10.4]

1. Tim bién doi Hilbert cho ham g (t) = =55t

$2

2. Tim ki hiéu giai tich ting véi g (t)
Giai.

1. Dau tién ta co

CuuDuongThanCong.com https://fb.com/tailieudientucntt


http://cuuduongthancong.com?src=pdf
https://fb.com/tailieudientucntt

6.10 The Hilbert Transform 573

Mat khac p

/_Z%—M{Res [ﬁo} + Res {mt” _

/°° dz (1 1 _0
L 2t—z \ee)”

1 [  cosz
J(t) == ——dx.
9(0) 7T/_00$2(£L’—t) v

iz

e

f(Z)Zm-

va

Suy ra

Xét ham

Ham c6 mot diém cuce cap hai tai 0 va mot don cuc tai t. Ham f théa bo dé Jordan

nén
oe) ‘ iz ‘ eiz
/_oof(z) dz — imRes [m,()] — imRes [m,t} =0
) , . , .
0 . ) 67'Z . ezz ) —Zt—]_ 6zt
& /_Oof(z)dz:m l%(z—t) —l—&g; —m( " +t_2)
4 t —sint+i(cost — 1)
& /_ f(z)dz=m m
Suy ra
R 1 o0 t —sint +i(cost — 1) t —sint
00 = re| [ s ] - re ! |-
2. Taco
N 1 —cosz+1z—1sinz 14+ iz —e*”?
g() +ig (2) = = -
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574 Residues and Their Use in Integration

Bai 6.10.4 [6.10.5] Chitng minh ring khong thé thay doi thit tu ctia bién doi
Hilbert va Fourier ma khong lam thay doi két qua cudi ciing. Gia st rang tat ca bién

doi Hilbert va Fourier can thiét déu ton tai va c6 thé ddi thit tu tich phan

Gidi. Xét g (t). Néu bién doi Hilbert trudc:

g<t>=1/mg<x)dx,

T) ot —x

T 22 Jooo | =0 t—z
L[ [ g@e™
= dt| d
272 /—oo |:/;oo t—w !

Va néu bién doi Fourier trudc:

G(w) =55 [~ [foo Md:c] e~ wtdt

Gw =5 | g,

2m J_o
. > o | [Z g (t)e "t
G(w):l/ G), _ 1 Jog(@We "
T o w—x 212 | _ o w—

No6i chung,

I NS =

Bai 6.10.5 [6.10.10] Phan thyc cia mot ham truyen la
w(17w2)
ST

Dung bién doi

_w?
wh—w2+1"

Hilbert ching minh rang phan 4o 1a

Gidi. Phan 4o 1a doi ctia bién doi Hilbert ctia phan thuc

1 /oo $2
— dz.
T ) (T —w) (2t —22+1)
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6.11 Uniform Convergence of Integrals and the Gamma Function 575

Xét ham )

/(=)= (z —w)(z*—224+1)

Hf (z) ¢6 5 don cuc tai w, e*™/6 va e*®7/6 Ta chi xét 3 diém cyc ndm trong nia

mit phing phic phia trén y > 0 w, €'6 vi &

/Zf(w)dx—mRes[f(z),w] zzm'{Res [£(2),€'F] + Res [f( ). ei?}}
/Zf(:c)dx:m{Res[f(z),w]+2Res (£ (2),€'F] + 2Res [f( ), ei?}}
/ f(@)de = ————= (1_w)

wh—w? 1
6.11 Uniform Convergence of Integrals and the
Gamma Function
Bai 6.11.1. [6.11.1] Khong lam phép tinh tich phan, chiing minh ring tich phan

o8] ezzt
F(z) = / T
) o (t+1)*?

hoi tu déu véi z = o +yi, —a <2 <ava 0 <y <b, trong dé a, b 1a cac sd duong.
Tinh F’ (2).

Giai. Dat
eizt
[zt
=0 (t+1)"?
ta co o
|61(:t+zy)t ’ eVt 1

1f (2, 0)] =

- <
t+ 1% 4+ (t+1)%?
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576 Residues and Their Use in Integration

v6l moi t > 0. Ma

+oc0 1
— i =2
/0 (t+1)%?

nén tich phan F (z) hoi tu déu theo z. Luc do

+oo +o0 IR ¥4
F,(Z):/ 8f(z,t>dt:/ Zte_g/?dt'
0 0z o (t+1)

Bai 6.11.2. [6.11.4] Tinh I'(6).

Gidi. T (6) = 5.

Bai 6.11.3. [6.11.5-6] Cho I' (3 + 7i) = —.0044 — :.0037. Hay tinh I (4 4 7) va
T (1+ 7).

Giai. Ta co

T(4+7i) = (3+7)T(3+7i)=0.0127 — 0.0419
T (3 4+ 7i)

PA+7) = e+

= (0.0000487170 4 0.000100491%

Bai 6.11.4.

1. Chting minh réng

Tz
't—z2)I1(1 = .
(1=2)T(1+2) sin (7z)
2. Tinh
D(1—iy)T (1 +iy).
Gidai.

CuuDuongThanCong.com https://fb.com/tailieudientucntt


http://cuuduongthancong.com?src=pdf
https://fb.com/tailieudientucntt

6.11 Uniform Convergence of Integrals and the Gamma Function

577

1. Taco

2. Ap dung cau (1) ta c6

. . Y
I'(l—iy)I'(1+iy) = sin (11’

Bai 6.11.5. Chtng minh

2 22np|

p<n+1>:M

v6i n 1a s6 nguyén khong am.

(o b)) (e k)b ()
= \/%(nJr%— )(n+%—2>%
_ VT (2n—1)(2n—-3)...1

271

Vr(2n)(2n—1)(2n—2)(2n—3) ...

1

27 (2n) (2n —2)...2
V7 (2nl)

22np)|
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578 Residues and Their Use in Integration

Bai 6.11.6. Chiing minh réng thing du cta I'(z) tai —m, v6i m la s6 nguyén
khong am, bang (—1)" /m!.

Giai. Ta co
F(z+m+1)
(z+m)(z+m—1)...2

I'(z) =
Thang du tai —m, dugce tinh bang

lim I'(z+m+1) _ 1 _ (—)™
zv-m (z4+m—=1)(z4+m—2)...2  (=1)(=2)...(—m) m!

6.12 Principle of the Argument

Bai 6.12.2. [6.12.7] Chting minh ring néu f (z) c6 cyce diém cap p tai «, thi thing
du cia f'(z) /f (2) tai « bang p.

Gidi. Ta biéu dién f (z) thanh g (2) /(z — )P, v6i g (o) # 0 va g (2) giai tich tai
a. Khi do ta co6

o (- a)” IICHE:
f(2) g(2) g(z) z—a
(z—a)’

Do ham ¢’ (2) /g (z) gidi tich tai o nén theo ding thic trén ta c6 thing du clia
f'(2) /f (2) tai a bang p.

Bai 6.12.3. [6.12.8] (Dinh ly Rouche) Cho f (z) va g (2) giai tich trén duong cong
don déng C' va phan trong ctia né. Gia st |f (2)| > |g (2)] trén C. Ching ta sé ching
minh ring f () va (f (2) + g (2)) c6 cung s6 khong diém bén trong C.
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6.12 Principle of the Argument 579

1. Giai thich tai sao
A
carg f () =N,
2

" Acarg (f(2) + g (2))
2

trong d6 N 1a s6 khong diém ctia f () bén trong C va Ny, 1a s6 khong diém
cia (f (z) + g (z)) bén trong C.

= Nf+g

2. Chitng minh ring

1 1 z
Niiy= %Acargf(z)—i-%Acarg (1—1— 9 )>

3. Néu |g|/|f] < 1 tren C, giai thich tai sao

Ac arg (1 + %) — 0.

4. Chiting minh rang

Nf == Nf+g.
Ghiasi.
1. Do
f(2)]>1g(2)| =0
va

[F () > [f(2) +9(2) = f(2)]

trén C néen f (2) va (f (2) + g (2)) khong c6 khong diém trén C. Do dé theo nguyén

Iy Argument ta co
Acarg f (2)

=N
27 !
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580 Residues and Their Use in Integration

b Acarg (f () + g (2))
21

= Nyig-

2. Tacod

RS IOETIOM
Nrvo = 2m'/of<z>+g(z>d

9 (2)
i r|re, e |,
2mi o f(z)+1 9(2) d

TG

(H_
= L fl(z)dz_‘_i/—

271 Jo f(2) 27i

3. Do lg|/|f] <1 trén C nén Log(1+g(z)/f(2)) giai tich trén C' va do C' la

duong cong dong nén

(1+g(2)>/
/Cidz:/c(mg(ug»/dzzo.

1+

Do dé
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6.12 Principle of the Argument 581

4. Ta co
Npig = Nj+ Niyg/p = Ny

Vay ta c6 diéu phai ching minh.

Bai 6.12.4. [6.12.9] (Dinh ly co ban cta dai s6) Cho
h(2) = anz" + an_12" "+ - 4 ap2’

la da thitc bac n. Chiing minh A (2) c¢6 ding n khong diém qua cac budc sau.

1. Cho

fz) = an2"

g(2) = 12" M ap 02" 4 a1z +ao.

Xét duong tron C ban kinh r > 1 v6i tam tai 0. Chiing minh rang trén C' ta

2

c6
|ao| + aa| + - - - + [an—|

|an| T

‘ 9(2)
f(z)

va vl r di 16n thi |g (2)| < |f (2)| trén C.

2. Dung dinh 1y Rouche chitng minh réng h () c¢6 ding n khong diém.

Gidi. Néu ag,...,a,_o déu bang 0 thi hién nhién ta c6 két luan ctia dinh ly. Xét

truong hop con lai.

1. Taco
‘g(z) lag + a1z + -+ + ap_12"7|
f(2) |an 2"
Jao| + |a| [2] + - -+ + |ap_1] |2]"™
B |an| |2
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582 Residues and Their Use in Integration

lao| + |ay| 7+« + |an_1|r"!

|an|7"n
a a a
— ‘O| + |1|_ +...+M
an| 7™ Jan| Tt |an| 7
< lao| + lar| + -+ +]a, 1|
|an|7’ .
Ngoai ra, néu
r> max{ ] ,1}
|ao| + Jar| + -+ + |an—1|
thi ta ¢co
‘g(z) <1, ze(l
f(2)

2. D& thay f (z) ¢6 ding n nghiém trong moi dia tron ¢6 tam tai 0. Ap dung dinh
Iy Rouche, ta c6

h(z)=g(2)+ f(2)

c6 dung n nghiém trong dia tron c6 tam tai 0 véi ban kinh du 16n bat ki. Vay ta da

ching minh dinh 1y co ban ctia dai so6.

Bai 6.12.5. [6.12.10-11] Chting minh rang moi nghiém ctia phuong trinh 2% +

234+ 1 =0 déu nam trong |z| = 3/2 va nam ngoai |z| = 3/4.

Gidi. Dat f(z) = 2* vi g (2) = 2° + 1, dé thay ghiém cta f (z) va ¢ (z) khong nam
z| = 3/4. V6i z nam trén |z| = 3/2 ta ¢6

trén cac dudng tron |z| = 3/2 va

35 81
lg(2) = | +1 <P +1="< — =

= <=l =f
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6.12 Principle of the Argument 583

Suy ra s6 khong diém ctia g (2) + f (2) bang s6 khong diem ctia f (2) = 2%, tiic bang
4, trong hinh tron |z| < 3/2. Mit khac, véi 2z nam trén |z| = 3/4, ta c6

81 27
1——=1-zP<[1+2% =g(2)].

F@) =g <1- 2

Nén s6 nghiem cua f(z) + g (z) trong hinh tron |z| < 3/4 bing s6 nghiem cta
g(z) = 22 + 1 trong d6, va bang 0. Vay ta da chiing minh ring moi nghiém ciia

phuong trinh 2* + 2% +1 = 0 déu nam trong |z| = 3/2 va ndm ngoai |z| = 3/4.

Bai 6.12.6. [6.12.14] Chiing minh rang phuong trinh 5sinz — e* = 0 ¢6 mot
nghiém trong hinh vuong |z| < 7/2, |y| < 7/2 va nghiém nay 1a nghiém thuec.

Gidi. Trén hai canh |z| = 7/2, thi
e’ < 5 =5Vsin’z,

trén canh |y| = 7/2, —7/2 < x < 7/2 thi

e” < e™? < 5 < 5y/sinh? (+7/2).

Vay, trén hinh vuong dang xét, ta cé

le*] = ¢e® < 5\/sin2x + sinh?y = |5 sin 2| .

Theo ding 1y Rouche, thi phuong trinh 5sinz — e* = 0 chi c6 mot nghiém trong
hinh vudng dang xét. Mat khéc phuong trinh, ta c6 e™™2 — 5sin (—7/2) > 0 va
e™? — 5sin (7/2) < 0 nén e* + 5sin z = 0 c¢6 nghieém thyc trong khoang (—7/2, 7/2).
Vay ta da chiing minh xong bai toan.

Bai 6.12.7. [6.12.17] Tim s6 nghiém ctia phuong trinh e* — sin z bén trong céc
dudng tron |z| = 2 va |z| = 4 bang cach phan tich trén do6 thi phép bién ddi e* —sin z

CuuDuongThanCong.com https://fb.com/tailieudientucntt


http://cuuduongthancong.com?src=pdf
https://fb.com/tailieudientucntt

584 Residues and Their Use in Integration

trén cac duong tron do.
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Phan 111

Cac bai tap 1y thuyét
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Chuong 1
I

Tinh chat co ban ctia ham giai tich

Bai 1.1. Néu A va B la hai tap roi nhau trong mat phing phtic, A la mot tap
compact, va B 1a mot tap déng. Chitng minh rang c6 mot s6 thyc duong 6 > 0 sao
cho o — | > § v6i moi a € A va B € B.

Gidi. Ta ching minh diéu nay bang phan ching. Gia st v6i moi n € N, ton tai a,,
b, lan lugt trong A, B thoéa man |a, — b,| < % Vi A 1a compact nén ta trich duge
day con {a,,} hoi tu vé a. Khi d6 ta c6 {b,, } cling hoi tu vé a. Mat khac A va B

déu la tap dong nén ta suy ra
a€ ANB #0).

Diéu nay mau thudn va két thic chiing minh.
Bai 1.2. Gia st f 1a mot ham nguyén ,va v6i moi chudi liy thia

F()=) clz—a)
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588 Tinh chat co ban ciia ham gidi tich

c6 it nhat mot he s6 bang 0. Chitng minh rang f 1a mot da thic.

Gidi. Vi moi bieu dién nhu vay déu c6 mot hé s6 bang 0 nén ta suy ra véi moi

a € C, ton tai n € N sao cho f™ (a) = 0. Véi moi n € N, ta dat
Ap={zeC: [ (a)=0} =7 ({o})

thi ta c6 A, Lebesgue-do dugc (vi la tap dong) va A, T C.

Miit khac néu f khong la da thic thi £ khong 1a ham dong nhéat 0 véi moi n. Do
do6 ta suy ra A, 1a tap con dém duge ctia C nén c6 do do Lebesgue 1a 0. Diéu nay

mau thuan vi do do Lebesgue ctia C 1a co.

Bai 1.3. Gia st f v& g 1a cdc ham nguyen, va |f (2)| < |g(2)| v6i moi 2. C6 thé

két luan gi vé hai ham nay?

Gidi. Néu g 1a ham hing thi theo Dinh 1y Liouville hién nhién ta c6 f ciing la ham
hing. Trong truong hop nguge lai, néu f = 0 thi hién nhien giai thiét da cho ding.

Gia stt f # 0, ta goi A la tap cac khong diém ctia ¢, ta chiing minh § c6 diém ki di
bé dugc tai cac khong diém nay. That vay, xét khong diém a trong A va goi bac clia
n6 la n, ta c6 g(2) = (z —a)" §(z) véi g (a) # 0. R6 rang ta thiy a cling 1a khong

diém (gia stt cip m) cta f, do d6 f (z) = (z — a)™ f (2) v6i f (a) # 0. Trong trudng
hgp m < n, ta co

G (2)] vz e C.

f) <l

(Diéu nay diung trén C\ {a} nén sé ding trén C). Nhu vay mau thuin sé xay ra khi

ta thé x = a, diéu d6 dan dén m > n hay

l%(z—a)ﬁiiz() Vae A
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tiic ton tai ham nguyen h dé h(z) = 58 Vz € C\ A. Mat khac vi A dém duge

nén ta c6 C\ A tra mat trong C, suy ra |h(z)| <1 Vz € C. Ap dung Dinh ly

Liouville, ta c6 h 13 hing s6 ¢6 modulus nhoé hon 1.

Vay tat ca cac bo (f, g) théa yeu cau la:

f(z) =a

g(z) = V, f(z)=0 v f(z) =cg(z)
lf <1

la] < [b]

Bai 1.4. Gia st f la mot ham nguyén, va
f ()] <A+ Bl

véi moi z, trong d6 A, B, va k 1a cac s6 duong . Chitng minh ring f phai la mot da
thiec.

Gidi. Trong truong hop k khong 1a s6 tu nhién, ta dé dang tim duge cac hing s
duong C, D sao cho A+ B|z|* < C 4 D|z|" v6i n la s6 nguyen duong nhd nhat
khong nho hon k. Vay ta chi can xét truong hgp khi k € Z*. Khi d6 ta xét dao ham

bac k ctia f nhu sau

B) (L) — 1 f(§) dS
() = 2mi. (k + 1) ?é (€ — 2"

k N N
Ta ¢6 |f(k) (z)‘ < (kil)!.AJnger) v6i moi r > 0. Cho r dan vé vo clung ta dugc

[fP(2)] <

(k+ 1)

Dinh Iy Liouville cho ta f*) =0 va do d6 f la da thic.
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590 Tinh chat co ban ciia ham gidi tich

Bai 1.5. Gia st {f,} 1a day ham giai tich bi chin déu tréen Q ma {f, (z)} hoi tu
véi moi z € Q. Chitng minh rang day ham da cho hoi tu déu trén ting tap compact.

Gidi. Ta gia st rang {f,} khong Cauchy trén K, nghia la ton tai day {z;} trong

K, bo (mg,ng) théa my, ng 16n hon k va e > 0 sao cho

‘fmk (Zk) - fn,rC (Zk)‘ > E.

Vi K compact nén ton tai mot day con ctia {2z} hoi tu, vi viéc trich cac day con
khong lam thay doi ménh dé trén, ta c6 thé gid st day {z;} hoi tu vé 2o trong K.
Mat khac ton tai R > 0 sao cho D (zp, 2R) chita trong £ nén v6i moi z € D (29, R),

ta co
[ (2) = fu (2)] = U (20) = Fu (20)] = yﬁ O O e
I M|z — 2|
Hfm (2)_.fn (Z)]_[fm (ZO)_fn (ZO)” < ‘Z—ZO‘QM.QRQ = 72 .

Chon k dit lon dé M2 20l < = vy | £, (2) — fu (20)] < § v6i moi m, n 16n hon & (do
day {f. (z0)} Cauchy), ta co6

[ o (2) = S, ()| < | fomie (20) = o (20)| + % <e.

Diéu nay mau thudn véi gid thiét va két thic chiing minh.

Bai 1.6. Biét rang ton tai mot mien  théa man exp (2) = D (1,1). Ching minh
rang exp la song anh trén Q va c6 nhicu tap Q thoa tinh chat nay. Chon mot mién

nhu vay va thiét 1ap ham logz véi |z — 1] < 1 1a mot s6 w thuoce Q sao cho ¥ = 2.
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Chitng minh ring log’ (2) = z=!. Tim céc he s6 {a,} dé
1 o0
g Lz —1)",
. ;a (z—1)

tir d6 suy ra khai trién

log z = ch (z—1)".
n=0

Gidi. Dau tién ta chiing minh exp 14 don anh. That vay, gid st ton tai 21, 2, dé
el = e®, ta suy ra 2 — 29 = k2mi, khong méat tinh tong quat, véi k > 0. Do
do voi moi t € [Im (25),Im (29) + 27, ton tai 2, € Q dé Im (2;) = t. Khi d6 ta c6
arge® = Im (z) = t (mod 27). Didu nay vo Iy vi ¢ € D (1,1) nén khong thé c6
argument tuy ¥ (mod 27).

Viéc ton tai nhicéu tap € véi tinh chat nay 1a hién nhién, do ta c6 thé tinh tién
theo vector k2mi. V6i mot mién Q nhu vay, ta ¢6 f (z) = e* 1a mot vi dong phoi, véi

ham ngugc logw c6 dao ham la

dlogw [ de? _17171
dw  \ dz et w

n=0 n=0
do do
logz = i ()" (z—1)"
g N n=1 n
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592 Tinh chat co ban ciia ham gidi tich

Bai 1.7. Giasu f € H (), cong thitc Cauchy cho dao ham cua f,

- omi

no Nl f Q) o
" (2) /1“—(C—z)n+ldg’ (n=1,2 3,..)

ding vé6i diéu kién nhat dinh. Hay dua ra cac diéu kién do6, va chiing minh cong thiic

trén.

Gidi. Diéu nay ding khi Ind (T, z) = 1. Chitng minh cu thé dugc trinh bay ¢ phan
Iy thuyét.

Bai 1.8. Gii st P va Q la cac da thiic, bac cia Q 16n hon bac ctia P it nhat 1a 2,
va ham hitu ty R = P/Q khong c6 cic diém trén tryc thye. Chitng minh rang tich
phan ctia R trén (—o0,00) la 27i nhan vé6i tong thang du clia R trén niia mit phing

tren. Phat biéu tuong tit cho nita mat phang duéi? Ding phuong phap trén tinh tich

o0 2
/ v dx.
oo L+t

Gidi. Vé dau da dugc trinh bay cu thé ¢ phan 1y thuyét, ta chi 4p dung né dé tinh

phan

tich phan & de bai. Ta c6

o 2 B T 2 o 2 o
_001+$4d$ = 27 _Res 1—1—24’64 + Res m,e4

. . 22 . 22

= 2w | lim — + lim -
i .

z—e'd < z—)ez%l7L 4Z

_omi |y Z—ﬂ

3 3
|42y 4z
4t N i3 . N P
VOl 21 = €'1 va zg = €'4 nén 21 + 20 = 1V2 va 2120 = —1. Do d6
* a? 2123 (21 + 29)
pdr = 2mi——
oo 142 42725
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™

V2

Bai 1.9. Tinh [7_e"/(1+ 2?)dx v6i mot s6 thyc ¢, bang phuong phap duge mo

ta trong .

Gidi. Theo cong thiic § phan ly thuyét, ta c6

(e%e] eitx d 2 R eitz -
/_w<1+x2> e ‘”’S(<1+z2>”)

itz

= 2mlim
z2—1 2%2
T

et

Bai 1.10. Cho v la duong tron don vi duge dinh huéng duong, tinh

1 e — e F
211 . z

ef—e *

Gidi. Tich phan trén chinh la tdng thing du tai cac cuc ctia ham f(2) = =

Ham nay chi c6 thé nhan z = 0 lam cuc, va dé tinh bac clia cuc nay, ta nhan thay

22 28 A 22 2 A
G SENIE S T I
e"—e (+z+2—|—6—|—24 ) ( z~|—2 6+24 )
3

z
= 2z+2€ + [25}

Do dé ta c6

1
T = 2273 + 5271 + [Z]

nén Res (f (2),0) = 5. Vay tich phan can tinh bing 3.
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594 Tinh chat co ban ciia ham gidi tich

Bai 1.11. Gia st « 1a mot s6 phiic, |a| # 1, tinh

/27r do
o 1—2acosf+ a?

bing cach tinh tich phan (z — a) " (2 — 1/a) " tren dudng tron don vi.

Gidi. Dat z =% v6i 0 < 0 < 27 thi dz = 2df, va

z+z 24271
cosf = =
2 2
nén
/‘“ db _55 dz
o 1—2acosf+a®>  Joponyz(l—a(z+z71)+a?)

~ dz

\S ygDm —az2+(1+a?)z—«
B dz

N ygD (z—a)(az—1)

e Néu |a| < 1 thi chi ¢6 mot cuc nam trong D (0,1) 1a z = a.
—(z—a)(az—1)

Do do6

dz 1
YgDm,U—(z—axaz—l) I ey y ey

= lim S

e —(z—a)(az—1)
) —1 1

= lim

z=a z — 1 1—a2

e Néu |a| > 1 thi

iy P chi c6 mot cye diem nam trong D (0,1) 1a
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1
z = —. Do do6
a
dz 1 1
= Res —
§£BD(O,1) —(z—a)(az-1) (z —a)(az - 1)
I s
B zl—r% —(z—a)(az—1)
) —1 —1
= lim =
mla(z—a) 1-a?
Bai 1.12. Tinh

.

Giaz.

mat tinh tong quat, ta chi xét trudng hop

nguyén. Ta ¢

) . 2 0
Sin T .
/ ( ) elmd‘r N /
—o0 x —oo

. 2
S xr .
eztacdx
Xz

Tich phan nay hoi tu vi

(tla sO thu.’c) )

N sina:| <
T

< % <2 dz hoi tu. Khong
t >

va tich phan f
0 vi khi ¢ déi dau tich phan van giit

ei22 + 67i2z -9 it
2 e dz
/oo ei(t+2)z ei(t—2) itz
= — dz
o | 422 422 222
i(t+2)z

i(t—2)z itz
. € e e
= —miRes ( 2 + oz o O)

.2
= miRes (%,0) =0
z

néu t > 2. Trong truong hop 0 < ¢ < 2 thi

00 : 2
S T ;
/ ( ) e =
—00 €z

CuuDuongThanCong.com
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596 Tinh chat co ban ciia ham gidi tich

44— 2it ] t
= —m =7n(l1l—-=
4 2

Vay trong tat ca cac truong hgp, ta co

* fsinz\? | |t]
/ ( > e dxr = max {71' <1 - —) ,0}
o T 2

© g
/ T (n=234,..)
0

1+ 2n

Bai 1.13. Tinh

Néu n 1a mot s6 chén, c¢6 thé sit dung phuong phéap trong [Bai 1.8 Tuy nhién, mot
dudng khac co thé duge chon dé tinh don gidn hon va dung duge dé tinh cho ca sb
1&: ti 0 dén R, dén Rexp (2mi/n), dén 0.

Giai.

e Néu n = 2m véi m nguyen va m > 1, ta co

/°° dx _1/C>Q dx _1/°° dz
o L+ar 2/ 14an 2 ) 1+20

Ta tinh tich phan tit —R dén R, qua nita duong tron trén tam 0 ban kinh R(ki

hiéu 1a CR), sau d6 qua gi6i han. Suy ra

> dz o] 1 T o
/ = QWiZRes JCis| —+k— ).
o L2 prd 1427 n n

o0

Res { ! cis (Z + k2—ﬂ>] !
1+ 27 n n B n [cis (X + k2)]" Concis [(1— 1) 7 (2% +1)]

1 1. 2k+1)7
= = ——cis————

ncis |:<7T — —(Qk“)”ﬂ n n

n
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nén
/°° dz 27 e { (2k+ 1)71
= —— cis————
oo L+ 2 n = n
2wt . /m\ 1 — (Cis%)m
= ———cis (—) —
n n 1— cis<r
2wy . /m\ 1 —cisw
= ———cis <—> —
n n/ 1— cis=t
o 2mi2dis (%) 2w 2en
a nl—ms%’r_ n 11— ein
B 271 1 B 21 1 B 271' 1
n ei%—;"% o isin T N nsin T
Suy ra

> dr T 1 4 P
/ = ——— (néu nla so chan)
o l+a® mnsinz

e Neun=2m+1,m >1. Dit f(2) = len va I = [7 f(2) dz, ta xét

/ORf(z)dH/Cf(z)dH/Rzmf(z)dz=2mRes [f(z),cis%],

n

voi C' la cung tron ban kinh R quay tit 0 dén 2¢ theo chiéu duong. Khi d6

duong cong kin ta thu duge quay mot vong quanh mot cic duy nhat z = cis”.

/ dz
Cl+2n

Ta co

/Cf(z)dz

</ dz iy L0 véin>3
< = volrn =~ o,
c|RM—1]  |R"—1|

0 0 d» 0o d (reizf> 0 Li%E . .
27 f(Z)dZ: - 27 1+ n = —QM = 1 n =—€en
Re' Re z R 14+ (7«@@7> R L+
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598 Tinh chat co ban ciia ham gidi tich

Suy ra
<1 —e'n ) I = 2miRes [f (2) ,ms—} = 27 —
n ncis (—ﬂ')
n
2m 1 2mi =x
= _— = ——e n
. s
n el(ﬂ'—;) n
néen .
2w e'n m 1 w1 m 1
I=——F— = = =
n el — e'n —e'n nisint  nsin®
2 n n

Vay tich phan trén hoi tu khi va chi khi n > 2, khi d6, tich phan nay chinh la
/ * de w1
o l+az" mnsinZ’

Bai 1.14. Cho Q; va Qy la cAc mién phang, f va ¢ theo thi tu la cdc ham phiic
khéac hing x4c dinh trén Q; va Qo, va f (Q1) C Qy. Ddt h = go f. Néu f va g 1a cac
ham giai tich thi nhu ta da biét, A ciing 1a ham gidi tich. Gia st ta c6 dude f va h 1a

cac ham giai tich, ta c6 két luan gi ve ¢g? Chung ta c6 duge gi néu g va h gidi tich?

Gidi. Néu f va h giai tich, ta chua thé két luan gi vé g. That vay, ta chon Q5 sao
cho n6 thuc su chita Q; vd f 1a ham dong nhat, khi d6 ta thiét 1lap g = xfq,) thi g
va f deu khac hang, f va h giai tich nhung ¢ thi khong.

Néu ¢ va h giai tich, ta ciing chua thé két luan gi vé f. That vay ta chon f 1a mot
ham khong lién tuc trén 2y, chi nhan 2 gia tri 1a 0 va 1, €y la mot tap md chua
{0,1}. Chon g = 2z (1 — 2), ta ¢6 g va h déu giai tich nhung f thi khong.

Bai 1.15. Gia st Q la mot mién, ¢ € H (), khong c6 khong diém trong (2,
feEH(@(Q),9g=fop, 20 € Qvawy= ¢ (2). Chitng minh rang néu f c¢6 khong
diém bac m tai wy thi g cling c6 khong diém bac m tai zy. Diéu nay thay doi nhu

thé nao néu ¢’ c¢6 khong diém bac k tai z?
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Gidi. Néu f c6 khong diém bac m tai wy thi no viét duge dusi dang f(z) =
(2 —wo)™ fi (2) véi fi (wy) # 0. Do d6

9(2) = fe(2)) = (¢ (2) =@ (20))" f1 (¢ (2))

Ta dém bac khong diém tai zp ctia @1 (2) = ¢ (2) — ¢ (). R rang bac nay 1a 1 vi
¢} (20) = ¢’ (20) # 0. Vay bac khong diém tai tai zo ctia g 1a m.

Trong truong hop ¢’ = ¢} c6 khong diem bac k tai zy, ta suy ra ¢; c6 khong diém
bac k + 1 tai 29, do d6 g c6 khong diem bac m (k + 1) tai 2.

Bai 1.16. Cho p 1a mot do do phtic trén khong gian do duge X, Q 14 mién md

trong mat phang phiic, ¢ 13 mot ham phitc bi chan trén Q x X théa man ¢ (2,t) 1a
ham do dugc theo bién ¢ va 1a ham giai tich theo bién 2. Dat

£ = [ ot du
X
véi moi z € . Chitng minh rang f € H ().

Giai. Ta co

f(Z) _f(ZO) :/ 90(2775) —(,0(20,15) d/L(t)

Z— 20 Z — 20

voi elmebol) 92 (40 4y khi 2 — 2. Vay dé &p dung dinh 1y hoi tu bi chin

Z2—20

Lebesgue, ta chi can chiing minh

t) — t
‘QO(Z’) SO(Z07)‘<M
Z— 20

véi moi z trén mot lan can nao d6 clia zg. Vi zg €  nén ton tai D (z,r) sao cho

D (29,2r) C 9, khi d6 ta c6

@ (z,t) — @ (20,t) 1 < 11 )
2= %0 - 2m (Z - ZO) éD(zoﬂr) i (C7 t) C -z C — 20 dc
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600 Tinh chat co ban ciia ham gidi tich

_ 1 (¢, 1) i

2m 0D (z0,2r) (C - Z) (C - ZO)

Vi || bi chéan trén béi My va |(¢ — 2) (¢ — z0)| > 2r?, ta suy ra

or.2r2

¢ (2,t) — p(20,1) < My.4mr My
zZ— 20

Vay ta kiém chiing dudc cac diéu kien ctia dinh 1y hoi tu bi chin, do dé ta cé diéu
phai chiing minh.

Bai 1.17. Tim mién xic dinh vA mién ma cidc ham sau day giai tich:
1 ootz 1 iz

dt e dt e*dt

/) /0 e 90 /0 T ') /_11+t2

Gidi.  V6i ham f, ta tim duge mién xac dinh 1a D = C )\ (—oo, —1], ta chiing minh
f giéi tich tréen D. That vay, véi moi « € (0, 7), goi

Dy={2€C: Argz € (—a,a)},

ta chi can chiing minh f giai tich trén D,v6i moi a € (0, 7) la di. That vay, v6i moi
2 € Dy, tacoé 14tz € 1+ D, nén |1+ tz| > sina, do dd Tltz bi chan trén [0, 1] x D,,.

theo |Bai 1.16.} ta c6 f giai tich trén D, va do d6 cling giai tich trén D.
V6i ham h, ta chi can chiing minh A gidi tich trén moi dia D (0,r) la di. Diéu nay

hién nhién theo vi

< e|Re(z)| < e

6tz
1+ ¢2

Do dé ta c¢6 h giai tich tréen C.

V6i ham g, tru6c mit ta xem tai nhitng diém nao g sé xac dinh. V6i z = z + iy, ta
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00 6tz
= —dt
9(2) /0 1+t
B /°° e (costy + isinty)
) 1+2

dt

Ta chiing minh tich phan nay hoi tu khi va chi khi # < 0, tic trén nita mit phang

bén trai. That vay, véi « > 0, néu y = 0, hién nhién

Trong truong hop y # 0, ta ¢6

(2k+1)7 I t o 2km (2k+1)7
Y 1n Y Y
CMY gy s 0 sin ty dt
2k 1+1¢2 k1) ]? Joke
Ty 1+ [T} Ty
o 2km
B e 2
=
(2k+1)7 Yy
14 | ]

tién vé oo khi k¥ € N dan vé vo cung. Diéu nay ching t6 tich phan khong hoi

_1_
1-+¢2

nén tich phan ton tai. Vay ¢ xac dinh va lién tuc trén nita mit phang beén trai, ta

tu. Trong khi véi nita mit phang dudi, ham trong dau tich phan bi chan béi

ciing sé ching minh né giai tich trén mién trong ctia nita mat phang nay, tic mién

D ={z€C: Re(z) <0}. Trén mién nay, rd rang ta co

etz

1+ ¢2 <1

nén theo |[Bai 1.16., ta c6 g € H (D).

Bai 1.18. Giasi f € H(Q), D (a,r) C £, v 1a duong tron duge dinh huéng duong
v6i tam tai a ban kinh r va f khong c6 khong diém trén v*. Véi p = 0, ta c6 tich
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602 Tinh chat co ban ciia ham gidi tich

phan )
1 f'(2) ,
oy TG 2Pdz

bing s6 khong diém ctia f trong D (a, ). Tinh gia tri ctia tich phan véip = 1,2,3,...7
Néu ta thay z* bdi ¢ € H () thi két qua nhu thé nao?

Giai.  Xét tich phan

RN ICI
 2mi vf(z)(p( ) dz,
ta co
e (i)
Ind (v,a;) = ZRes (?léj;w (2) ,ai>

v6i a;1a nghiém clia z (s6 nghiém nay 1a hitu han trong B (a,r)). Mat khac

Res <%% ai) = ¢ (@) Res (%(Zz)) ai>

Do d6 ta suy ra I chinh 1a Y7 n;p (a;) hay néi cach khac la tong céc ¢ (2) trén tap

nghiém ciia f (trong d6 méi nghiem duge dém ding bang s6 boi clia no).

Bai 1.19. Goi U la qua cau don vi trong C. Cho f va g giai tich trén U théa man
chiing khong c6 khong diém tren U. Gia st

fTI(%) _%(%) (n=1,2,3...)

Tim méi lien hé (don gidn hon) gitta f va g.
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Gidai. Dat h = § Vi f, g gii tich va khong c6 khong diém nén h € H (U) va h # 0.

Ta co

!/

h (1 h
suy ra 0 <—) =0 v6i moin = 1,2,3.... Do d6 ta co 5= 0 trén U, suy ra
n
h = const = ¢ # 0. Vay f = cg v6i ¢ # 0.

Bai 1.20 (A.Hurwitz). Gia st Q 1a mot mién, f, € H (Q) véin = 1,2, 3..., khong
c6 ham f, nao c6 khong diém trong €, va {f,} hoi tu déu vé& f trén mot tap con
compact ciia 2. Chitng minh riang hosic f khong cé khong diém trong € hoiic 1a
f(z) =0 v6i moi z trong €2

Néu Q' 1a mién chita moi f, (Q) , va néu f, khong phai la ham hing, ching minh
rang f () C .

Gidi. Gia st f nhan 2y lam khong diém va f khong triét tieu tren toan €, khi d6

ton tai mot dia déng D = m chita trong ) sao cho z 1a khong diém duy nhat
trong dia nay. Vay ta co

/' (©)

ap f(C)

Tuy nhién, trén compact D, ta c6 cadc day ham {f,} va {f.} lan lugt hoi tu déu ve

f va f’, do d6 khi n dan vé vo cling thi
"(¢)

£10) r©
PN GRI T

¢ 0.

Diéu nay vo ly do day cic tich phan nay triet tieu. Tir d6 ta c6 két luan dau tien
cua bai toan.

Gia st ton tai wy € f () \ €, ap dung két qua trén cho day ham {f,, — wo} hoi tu
déu vé gidi han f — wy, ta duge f 1a ham hing. Diéu nay mau thuan véi gia thiét va

két thic ching minh.

CuuDuongThanCong.com https://fb.com/tailieudientucntt


http://cuuduongthancong.com?src=pdf
https://fb.com/tailieudientucntt

604 Tinh chat co ban ciia ham gidi tich

Bai 1.21. Giasu f € H (Q) v6i Q chita dia dong don vi, va | f (2)] < 1 néu |z| = 1.

C6 bao nhiéu diém bat dong ma f c6 trong dia?

Giai. Dat g(z) = f(z) — 2z, ta c6 g la ham giai tich trén Q va

9 (2) = (=2)[ = [f (2)] < |==|

tren duong tron don vi. Do d6 s6 diém bat dong ctia f, ciing chinh 1a s6 nghiém ctia
g, trong dia déng don vi ding bang s6 nghiem ctia ham —z. Vay f ¢6 ding mot diém

bat dong trong dia.

Bai 1.22. Gia st f € H(Q), Q chia dia dong don vi, |f (2)| > 2 néu |z] = 1 va
f(0) = 1. Khi d6 f c6 khong diém trong dia don vi khong?

Gidi. Nhan thay khong diém ctia f khong thé nam trén dudng tron don vi, vay nén
ta c6 thé gia sit f khong c6 khong diém trén mot mién €, chita dia dong don vi. Dit
g= % la ham giai tich trén ;. Khi d6 ta co

g(z) < Vz ey, |2| =1,

dicu nay mau thuan véi chi tiét g (0) = 1 theo Nguyéen ly modulus cyc dai va két
thic chiing minh.

Ghi chii.  Ban dau, ta c6 thé nghi dén viec dat f = 1+ zh (2) v6i h 1a ham giai tich
théa méan | (z)| > 1 trén dudng tron don vi. Tuy nhién né luc sit dung|Bai 1.21.|cho

ham h~' dé giai bai toan nay la vo vong vi h c6 thé c6 khong diém trong dia tron.

Bai 1.23. Gidst P, (z) =1+ %+ +2 ,Qn(2) =P, (2) — 1, véin=1,2,3...

ta c6 thé noi gi vé vi tri ctia khong diém ctia P, va Q,, v6i n 16n?
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Gidi. Dau tien ta xét day {P,}, nghiem clia mdi da thitc trong day ddi xing qua
truc thyc vi cac da thitc nay déu thuoc R [z]. Ta chiing minh rang cac nghiém ctlia
diy nay cang lac cang xa gbc toa do, nghia l1a véi moi n € N. Nghia la néu goi 7,
1a s6 thue duong sao cho D (0,r,) khong chita nghiém nhung D (0, 2r,,) chia it nhat
mot nghiém cia P, (s6 7, nhu vay luon ton tai do 0 khong 1a nghiem ciia ho da thiic
nay) thi ta c6

lim r, = 4+oc.
n—oo

That vay, gid st ngudc lai, ta suy ra ton tai day con {r,, } bi chan trén bsi M, khi
d6 v6i moi k € N, ton tai zj 14 nghiem cta P, sao cho |z;| < 2r,, < 2M. Do d6 ton
tai day con {zkj} clia day nay hoi tu vé a € D (0, M). Mat khac day {P,,} hoi tu

déu vé exp tren D (0, M), ta suy ra

Zk . Zk .
Py, (z,) — €™ | + e — e

Pnk]- (zkj) — eo“ <

IN

Do d6 ta c6 |e*| — 0 khi j — oo. Diéu nay vo 1y va chiing t6

Pnkj —exp” + |@ij —ea|

D(0,M)

lim r, = +o0,
n—o0o

titc cac nghiém ctia {P,} cang lic cang xa goc toa do.

V6i day {Q,}, Iy do tuong ti cho ta nghiém ctia mdi da thiic ciing déi xting qua truc
thyc. Ngoai ra, 0 1a moi nghiém cia cac da thic trong day. Ta dat

Qn = ZHn

anl
n!

VO H, =1+ & +5 +--+

H,. Cac nghiém ctia day da thic {H,} nay nhin chung ciing cang lic cang xa goc

, ta ¢6 cac nghiém con lai ctia @), 1a cac nghiém cua

toa do, cac nghiem con lai sé hoi tu vé mot diem trén truc 4o (cu thé 1a céc diem

ik2m v6i k € 7). Cu thé, ta sé chiing minh rang néu ton tai mot day {z;} bi chin
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606 Tinh chat co ban ciia ham gidi tich
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Hinh 1.0.1: Nghiem ctia day {P,} véi n = 15,20, 25, 30, 35, 40, 45.

sao cho z; 1an lugt 14 nghiém cia cac da thic H,,, khi d6 day nay thuc chat 1a hoi

ctia cac day con hoi tu vé cac diém k2 trén truc &o, tidc néu xét
A={ik2r: k€ Z}

thi khodng cach nhoé nhat tit 2, dén A ton tai va dan vé 0. Phan ton tai dudc chiing
minh d& dang, ta sé diing phan chitng dé cho thay {d (z, A)} dan vé& 0. That vay,
néu day nay khong hoi tu vé 0, ta tim dugc € > 0 va trich duge day con {zkj} sa0
cho

d(z;,A) >¢ VjeN

Nhung do {z.} bi chan nén ton tai M dé {zkj} C D (0,M), do d6 ta trich duge day
con {ijt} hoi tu vé . St dung lap luan tuong ty nhu véi {P,}, ta c6 a € A. Diéu

nay mau thuan va ching t6 nhan xét cia ta.
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Hinh 1.0.2: Nghiem ctia day {H,} véi n = 15,20, 25, 30, 35, 40, 45.

Bai 1.24. Chiing minh dang tdng quat ctia dinh 1y Rouché: Cho 2 1a mién trong

ctia compact K trong C.Gia st f va g lién tuc trén K va giai tich trén 2 thoa méan

1f(z) =g () <|f ()] VzeK\Q

Khi d6 f va g c¢6 cling s6 nghiém trong €.

DAL
1a ho cac hinh vuong nhu thé chia trong Q va €, la hoi cdc phan tit trong P,.

1 T 9
Gidi. V6i moi n, xét cdc hinh vuon canh 2—nvé cac dinh dang <— i) .Goi P,

Ta c¢6 Q, 1 Q. Dinh huéng bién cac hinh vuon trong P, theo chiéu duong. Ta c6
> gep, OR = 08, do cac canh khong nam trén 0€, deu triét tieu.

Ta sé chitng minh v6i n di 16n thi cac nghiém trong ) ciia f va g sé nam trong €Q,,.
Gia st ngudc lai, khi d6 ton tai mot day cac nghiem ciia f hoi tu vé mot diém trén
bién 2. Do d6 f ( hoac g) c6 nghiém trén bién ( vo ly). Mat khac mdi nghiém trong
Q2 déu dugc chita trong mot hinh vuong R c¢6 canh di nhé nam hoan toan trong €.

Vay v6i N du 16n, tat cd cdc nghiém trong € clia f, g nam & mién trong €,,.
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608 Tinh chat co ban ciia ham gidi tich

Taco |f(2) —g(2)] <|f (2)] tréen K\Q, suy ra f, g vo nghiém trén K\Q va do K\

13 tap compact nén cé ¢ < 1 dé

—1’<c<1 tren K\

trén 0Qy; v6i M du 16n. That vay, ta cé

9(2) c+1
a1 <

1a ham lién tuc trén compact K\Qy nén lién tuc déu. Do d6 ton tai § > 0

Ta sé chting minh ‘

'g (2)
f(z)

sao cho

—1
1
g(z) 1‘ et
f(z) 2 L
Nhu vay,v6i M > N di 16n sao cho —— < — thi v6i moi z € 9Qy,, ton tai diém z

2M 2
2 —
trong B (z, 24‘;) N €2, ta suy ra

néu z € K\Qy va B (2,6) N (K\Q) # 0.

< ——<1 Vzedy

‘9(2)
2

c+1
f(Z)_l‘

Cubi cling, ta chitng minh 99, théa man nhitng diéu kién ctia Dinh 1y Rouché. That
vay, 1o rang Ind (v, a) = 0 v6i moi a ¢ Q va véi moi a € 2\, ta co

0 néua (OZ
Ind (847, a) = # S
1 néua€ R v6imot RE Py

Trong truong hgp con lai, tiic a € UOR\OSyy, ta gid stt @ ndm trén canh [ ciia hinh
vuong R. Khi d6 xét b 1a tam R v6i R € Py thi a vA b ndm trén ciing 1 thanh phan
lien thon ( d6i v6i ). Suy ra Ind (02, a) = Ind (024, b) = 1.

Bai 1.25. Cho hinh vanh khan A = {2z : r; < |z| < ro} v6i ry va 7y 1a cac s6 duong
cho trudec.
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(a) Chiing minh dinh ly Cauchy

voi f € H(A) vari+e < 2] < m—emn(t) = (mt+e)e ™ nt) =
(ro—e)e™  (0<t<2m)

(b) Dimg cau trén, chiing minh ring Vf € H (A), f c¢6 thé viét dusi dang

f=fi+ f2 v6i fi gii tich ngoai D (0,r)va fo € H (D (0,73)). Phan tich nay

13 duy nhat duéi dieu kien f; — 0 khi |z| — oo.

(c) Dung phan tich trén dé chiing minh Vf € H (A), ¢6 chudi Laurent
S

hoi tu vé f tréen A. Chitng minh rang chudi nay 1a duy nhat va né hoi tu deu

trén moi compact cua A.
(d) Néu f € H (A) va bi chdn trong A, chiing minh réng f;, fo cting bi chan.
(e) Chudi trén nhu thé nao khi r; = 0 ( hay r, = oo, hodc ca hai)?

(f) Chudi trén nhu thé nao khi mién A bi chan bdi hitu han ( nhiéu hon 2)
duong tron.

Gidi. Cac ¥ (a), (b) va phan dau y (c) da dugc trinh bay trong phan 1y thuyét. Ta
chi giai quyét nhitng ¥ con lai.

(c) Do moi compact chita trong A ciing bi chia trong mot hinh vanh khan déng
{z : p1 <|z| < pa}. Mét khac, su hoi tu ctia cac chudi Taylor ctia fi trén C\ D (0, pq)
va clia fo tren D (0, p2) 1a déu nén ta suy ra sy hoi tu clia chudi Laurent vé f ciing

1a deu.
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610 Tinh chat co ban ciia ham gidi tich

(d) Taco
1 /()
fil) = 2m§é1<—zdc
_ f(©)
f2(2) = 2m§é2<—de

nén néu |f| < M thi ta cling ¢6 dugce

|f1 (2)] rM
1f2(2)] < oM

IA

trong d6 bat ding thitc thit nhat c6 duge tit viee | f1 (2)| < rM v6i moi r > 7.

(e) Cac buéc xay dung déu c6 thé duge lap lai khi r; = 0 hay r, = oco. Khi dé
ta van c6 thé tach f thanh tong 2 ham f; va fo (mic dit khi 7, = 0 v& ry = oo thi
chiing ¢6 cting mién xac dinh) va chudi Laurent van ton tai. Tuy nhien, hy vong vé
viéc cac chudi liiy thita c6 hitu han phan ti khac 0 trong truong hop dic biét nay bi
dap tét khi ta xét ham f (z) = e + e* tren C \ {0}.

(f) Trong truong hgp mién vanh khan duge thay bing hoi cdc mién
A:U{z: rr < |z| < Ry}
k=1

v6i r; < Ry < ripq. Lap lai cac xay dung trén, ta van cé thé viét f dudi dang

=" (fi+ )
k=1

v6i fi giai tich tren C\ D (0,74) va gx gidi tich trén D (0, Rg). Chudi Laurent khi &y

van ton tai va cac heé s6 dugc thay doi tren moi thanh phan lien thong ciia A.
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Bai 1.26. Ta can khai trié

dudi dang >~ ¢, 2"

C6 bao nhiéu khai trién nhu vay? Nhitng khai trién nay ding cho viing nao?

Gidi.

tam 0.

Dat f(z) =

1—22

n ham sb

1 n 1
1—22 3—z

X z . . 2 .
+ ﬁ Ta can xac dinh Y > ¢,2", khai trien Laurent tai

Xét trén 3 mién sau: mién I: |z| < 1, mien II: 1 < |z| < 3, mién I1I: 3 < |z|, ta co:

) Lo I S
Z) = =
1—22 3—-2z 2(1-2) 2(1+2 3-=z
Trén mién I,
1 1 1 1 1 1
1@ = 592 2112 3 1-:
Ie= , 1 n L= /2\"
= 52 " +52 (=2 +§Z(§)
n=0 n=0 n=0
/1 =D" 1\ L,
- Z §+ 9 +3n+1 o
n=0
Trén mien 11,
11 11 11
e P s R 3 1-:2
I = /1\" 1 & 1\" 1 /2\»
- 2(5) to: (%) +32(3)
11 & () &\,
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612 Tinh chat co ban ciia ham gidi tich

DS

Trén mién III,

L R S T
o= (1\" 1/ 1\" I</3\"
- =x() 55 ) 20)
n=0 n=0 n=0
_ z(_§+ Vs
k=1

Bai 1.27. Cho Q la mién ndm ngang, giéi han bdia <y < b. Gia st f € H () va
f(2) = f(z+1) v6i moi z € Q. Chitng minh rang f c¢6 khai trién Fourier trong €2,

o0
f (Z) A, Z Cn€27rinz7
hoi tu déu trong {z : a +e <y <b—e} véi moi e > 0.
Hay thiét lap cong thiic tich phan ma qua do, ta tinh dudc cac hé sb ¢, cla f.

Gidi. Xét g (w) = f (*%%), tinh tudn hoan clia f cho ta ¢ don tri va giai tich trén
g g g

2ms

hinh vanh khan {w € C: e?™ < |w| < e72™}. Do d6 ta c6 khai trién Laurent

g(w) = Z cpw".

—0o0

Dit 2z = lgfr;”, ta co w = 2™ = e TVTITT vy g (w) = f(2), suy ra

o0

f (Z) _ chewrinz‘

—0o0
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Chudi Laurent nay hoi tu déu khi

627r56—27rb S |w| — e—27ry S e—27ra€—27r6

v6imoi e > 0, ticlaa+e <Im(z) <b—-e.

Ta ¢6 cong thic tinh ¢, nhu sau, véi exp (—27b) < r < exp (—27a):

1 yg g (w) dw
Cn = S —
27 Jip)zp W™

1
B

~ [ e

Inr
27

trong dé tich phan tht 2 duge lay theo dudng thang song song véi truc thuc. Két
qué nay tring khép, va ciing c6 thé suy ra tit khai trién Fourier ctia ham f thu hep

tren duong thing néi Ri va R; + 1 va tinh duy nhat ctia khai trién Laurent.

Bai 1.28. Gia st I' 1d mot duong déng khong tron titng khic trén mit phing, véi
khoang tham s6 [0, 27] va a & T'*. Xap xi déu I' bang mot day cac duong tron, déng
', (ddy nay ton tai, ching han nhu diy tong riéng phan trong khai trién Fourier
ctia I'). Ching minh rang Ind (I',,, @) = Ind (T',,, @) néu m va n da 16n. Dinh nghia
gi& tri chung nay 1a Ind (T', @). Chiing minh rang n6 khong phu thuoc vao cach chon
{T',,}. Chitng minh B6 dé (19| ding cho dudng cong dong, va sit dung diéu nay dé dua
ra cach giai khac cho Dinh 1§

Gidi. Nhan thay {I',} hoi tu déu vé I' nén hién nhién 14 day Cauchy. Vi I'* 1a

compact va o € I'* nén ton tai e > 0 dé

|z —a] > 2 Vzel”,
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614 Tinh chat co ban ciia ham gidi tich

hay |I' — a| > 2. Mat khac, v6i m, n du 16n thi |, — [',| < e, khido |I',, = T'| < ¢,
ta suy ra
T =Tyl <e<|I'—a| =Ty =T < |y —af.

Do d6 ta ¢6 Ind (T, ) = Ind (T',,, ). Chi s6 nay khong phu thuoc vao day {T',} vi
v6i hai day {T'1} va {I'2} cing hoi tu déu vé T, ta xét day xen k& I, xac dinh béi

khi d6 day {fn} hoi tu déu vé T va do d6 cac chi s6 chung cta T'L va T2 tit mot lac

nao dé l1a bang nhau.

Ta chitng minh rang néu v, va ¥, 1a cac duong déng khong nhat thiét tron véi khoang

tham s6 1a [0, 1] théa man
71 (8) =2 (s)] < fe=m ()] Vs €l0,1]
thi Ind (71, @) = Ind (75, ). That vay, do [0, 1] la compact nén ton tai e > 0 dé
71 (s) =72 (8)[ + e <la=m(s)] Vsel0,1].

Khi d6 goi {T'}}, {2} 1a cdc day duong dong tron hoi tu vé v, va 7. Khi dé ton tai
n du lén dé
: £
‘F; (8) — (3)| < 3
suy ra
1 2 2
ML -T2)] < 2+ (o) - )
5
< o= (s)] 3
< ‘oz —r! (s)‘
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Do d6 ta ¢6 Ind (T'}, ) = Ind (T, ) v6i moi n di 16n. Cho n nan vé vo cung, ta

duge Ind (71, @) = Ind (7, @).

Ghi chi. St dung cac két qua nay, ta c6 thé chiing minh cac duong dong luan thi
dong déu ma khong can phai xap xi day ham trung gian bing cac duong gap khiic.
Thuc chat cach nay chang c6 gl mdi lai, vi viec xap xi déu da dugce thyc hién trong

lac dinh nghia chi s6 cho mot duong khong tron.

Bai 1.29. Dinh nghia

1 1 2 de
f(z)= —/ rdr/ &
T Jo o rev¥+z

Chitng minh ring f(z) =z néu |z] < 1 va f(z) = 1/z néu |z| > 1. Vi thé f khong
giai tich trong dia don vi, dut cho tich phan la mot ham giai tich ctia z. Diéu nay c6

mau thuan véi |Bai 1.16.| khong?

Giai.  Ta sé tinh tich phan fo% 9 trude. Dat w = re, ta c6 df = ‘f—g, do do

retf 4z

55 1 dw
lw|=r 'wa+2’

Vay nén néu r < |z|, tich phan nay nhan gia tri

2mRes (;,0) = Q—W,
w(w + 2) z

va trong truong hgp r > |z| thi nhan gia tri la

o [Res (mo) + Res (m _z)] 0.
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616 Tinh chat co ban ciia ham gidi tich

Ta khong quan tam truong hop |r| = z vi do do Lebesgue (trong R?) ctia dudng tron
nay bang 0. Do d6 véi |z| < 1, ta ¢

1 [l oy |z\2

2
/ ﬂdr—

Ham f khong giai tich va diéu nay khong c6 gi mau thudn véi [Bai 1.16. vi hai tich
phan c6 dang khac nhau.

va khi |z| > 1 thi

CuuDuongThanCong.com https://fb.com/tailieudientucntt


http://cuuduongthancong.com?src=pdf
https://fb.com/tailieudientucntt

Chuangg
|

Ham diéu hoa

Bai 2.1. Gia st v va v 1a nhitng ham diéu hoa thyc trén mién Q. V6i diéu kien
nao thi uv diéu hoa. Chiing minh rang «? khong diéu hoa trong Q, trit khi u 1a ham
hing. V6i f € H (Q) ndo thi |f|” a didu hoa.

Gidi. Dat w = uv, ta c6 w 1a ham diéu hoa khi va chi khi

a_w2_+_a_w2—0
2z %y

tuong duong véi

ou? 28u ov  Ov®  Ou? 28u v Ov?

au . A B e e Y|
82x+ ox 8w+82x+82y+ oy 8y+82y

ma w, v 1a hai ham diéu hoa nén ta c6

ou v o oo
Or 0x 0Oy Oy

CuuDuongThanCong.com https://fb.com/tailieudientucntt


http://cuuduongthancong.com?src=pdf
https://fb.com/tailieudientucntt

618 Ham diéu hoa

Ta sé chting minh u? khong thé 1a ham diéu hoa trir khi « 1a ham hing. That vay,
dat f = u? thita co

2z oxr T\ oz 0%z
va
o2 0(25) o (), O
o2y oy  T\0 0%y
Vi vay
of  of? ou\’ Ou? o\’ Ou>
—_—F+ = = 2. = 20—+ 2. | — 2u.—
82x+82y x + u82$+ y + u82y
|2 (Y] L (2 2
- B By “\a2r T a2y
[/ ou\ ou\ 2|
(5) (&) =0
2 I C o e Ou Ou
Dang thitc xay ra khi va chi khi a—:a—:0hay noi cach khac w 1a ham hang. Ta
T Y

c6 dieu phai chiing minh.

Ta s& chimg minh néu f 1a ham gidi tich thi |f|°la ham diéu hoa. That vay, dat
f = u+iv v6i u, v 1a hai ham thyc bién phic, do f gidi tich nén wu, v 1a cac ham diéu

hoa. Tit d6, véi |f]* = u® + v? va ap dung diéu vita ching minh, ta c6

o> olf? ou\®  [(ou\® [Ov\® [ov\®
o Ty 2[(87:) +(a_y> +(8_x) *(a_y)

> 0

Diang thiic x4y ra khi va chi khi 8_u = @ = @ = @ = 0 hay f = v+ v la ham
Jor Oy Ox Oy
hing.
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Bai 2.2. Gid st f () 1a mot ham phiic trén mat phang 2, f va f2 1a diéu hoa trén
Q. Chiing minh rang f hosic f diéu hoa trén Q.

Gidi. Dat f = u +iv thi f2 = u? + 2iuv — v2 Do f 1a ham diéu hoa nén ta c6
Af = Au+iAv =0, suy ra Au = Av = 0. Tuong ty, do f? 13 ham diéu hoa nén ta
cling c6

Af? = Au® — Av? +iA (uw) =0

suy ra

Au? — Av? =0

A (uv) =0
do do ta c¢6
0u\?, (Bu)' _ (00)" (ovY’
ox oy -\ Oz oy
dude  0uoh
ox'0x Oy oy
Hé nay tuong duong véi @jt@ 2— @—@ 2 r
¢ nay g g v o Tins ) = o Z@y , suy ra
ou _ov ou _ o
or Oy - or a_y
TRl R
or Oy or Oy

Vay ta suy ra f giai tich hosic f giai tich, tit d6 ta c¢6 diéu phai ching minh.

Bai 2.3. Néu v la mot ham diéu hoa trén mién €. C6 thé néi gi vé tap cac diem
ma tai d6 Vu = 0 (day la tap ma u, = u, = 0).
Giai. Ta c6 Vu = 0 khi va chi khi

B ou ou

fe) =50 () =i (2) = 0.
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Ham diéu hoa

Mat khac, ta c6 u 1a ham diéu hoa khi va chi khi f 1a ham gidi tich, do d6 cac diem
lam triét tieu cia mot ham diéu hoa u chinh la cac khong diém ctia mot ham gidi
tich. Do d6 ta c6 thé rit ra nhan xét rang tap nay khong c¢é diém tu ngoai trit khi

u 1a ham héng.

Bai 2.4. Gid st f € H(Q) va f khong c¢6 khong diém trong Q. Chitng minh ring
log | f| 1a diéu hoa trong € bang cach tinh Laplacian ctia n6. C6 con duong khac dé
hon khong?

Gidi. Dat f=u+iv, ta c6 g (z,y) = log (Vu? + v?). Vay nén

99
ox
g
0x?

!
ou v ou v
A/22 2 gu ou ou ov
( U —|—?J) _2u8w+208m_uam+var

Va2 +o2 2w+ u? +0?

1 ou\> 0% a\> 9% 5 o
m % +U@+ % —l—v@ (u +U)

_ %—F @ 2 @4_2 @
“ax U@x u&c U&c

(u2 4 v2)° Ox Oz Ox? Ox?

2 2 2 2
+u? <g_v) + v (@) + u%ai + quﬂ — 4uv%@]
x

(u? + v2)? dy dy dy? dy?

+u? dv 2 + v? Ou 2 + u%a—vz + uU2@ B
y Oy? dy? dy dy

Vi f thoa diéu kien Cauchy-Riemann nén
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suy ra

Oou Ov Oou Ov

o dr oy Oy

Vi u, v diéu hoa nén

Pu  O%*u 0% 821]_

Z 42— —+—=0
o2 * Oy " Oz * oy?
Suy ra
0? 0?
Py g _
ox?  0y?

diéu nay ching to6g 1a ham diéu hoa.

Ta c6 thé chitng minh ngadn hon bang cach sau. Xét ham h = log f = In|f| +
(f), ta c6 h giai tich tai moi diém trit f~' (R™). Do dé In|f| la ham diéu

o ta ¢6 In | f| diéu hoa tai moi

i a‘rg[fﬂ,ﬂ')

hoa tai moi diém trit = (R7). Lai st dung argy
diem trir £~ (Ri).

L7 m
272

Bai 2.5. Gid st f € H(U), v6i U la dia mé don vi, f 1a mot don anh trong U,
Q=f(U),va f(z) =3 c,2". Chitng minh rang mién ctia ) 1a

o
2
WZn\cnl .
n=1

Gidi. Dat f = u+iv, ta co f 1a mot dong phoi tit U vao Q. Mit khac, ta tinh dugc

Uy Vg

2

Uy Uy

Do d6 ta c6 f 1a mot vi dong phoi tit U vao €. Vay nén dién tich ctia Q duge tinh

. //U If'| dx dy = /01 [r /O27r |/ (reig)‘de] dr
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622 Ham diéu hoa

Mot hé qué cia dinh 1y Parseval cho ta

1 21 ) OO
o |f’ (Te’9)| df = Z (n+ 1)2 |cn+1|2 r2n
0 n=0

oo
2 —
—_ § :n2|cn\ 7"2n 2
n=1
Suy ra dién tich ctia € chinh la
1 0 © 1
2 on— 2 on
/ 27TE n?le, | r" | dr = QWE /n2 len|” 72t dr
0 n=1 n=1"0
“n
2
= 27?5 §|cn| dr
n=1

o0
2
= WZTL len|
n=1

Diéng thitc duge ching minh.

Bai 2.6.
(a) Néu f € H(Q),f(2)#0 v6i z € Q, va —00 < a < 00, chitng minh

A = o 1172 ||

bing cach chiing minh biéu thiic

2

99 (o (£7)) = (po £ - |

v6i ¢ kha vi dén cap hai tren (0,00) va
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(b) Giast f € H (Q) va ® 1a mot ham phiic trén mién f (), c6 dao ham lien
tuc dén cap hai. Chiing minh ring

Al@of)=((B0)o ] ||

Chiing minh rang day 14 mot truong hgp dic biet ctia (a) khi @ (w) = @ (Jw])
Giai.

(a) Taco

00 (v (7)) = 32 [0e ()

R P T AN ) BRI AN
1 of 0f _Of of =0%f O f _O%f 827>

- (ff) (25522 + 2= 2L
+4?/1 (ff) ( Ox Ox ¥ dy Oy +f8x2 +f8x2 +f8y2 +f8y2

= WD (PIFE PP 2rTI7E) + 0 (D) (4157)
[ (IFP) 1A+ ()] 1T
= (¢olf?)- ||

Ap dung cong thitc tren vai ¢ (£) = 2, ¢ (1) = %271 taco LA (|f]") = 0‘72 Fiins |f”2,
tic la

INUSETIT e

(b) Dat f=u+iv

0?®

a2

AN[Po f] =

(G (] )+ (3]
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624 Ham diéu hoa

*P (8u ov  Ou 81})
+2

dxdy \ 0z 0z Oy’ Dy
PO 9D\ | .
- (G o)
/12
= [(a®)of]-|f|

Véi @ (w) = &, (Jwl), ta ¢

AD (w) = <I>’1’(w)( z + v )+®’1(w)<< v 7+ z” )g'>

2 +y? 2?2+ y? 22 + y?) (22 + 42
P (w)
|w

o (w) +

Do d6 cong thiic da cho thanh

A, (|f]) = A®(f) = (@'{ )+ ‘Dljf,f )) e

Day chinh la két qua ctia cau (a) véi ¢ (£) = ®1 (V).

Bai 2.7. Gia st Q 1a mot mieén, f, € H(Q) v6in = 1,2,3,..., u, la phan thyc
ctia fn, {u,} hoi tu déu trong tap con compact ctia Q va {f, (z)} hoi tu tai it nhat

mot z € Q. Ching minh {f, ()} hoi tu déu trong tap con compact cia €.

Gidi. Do {u,} hoi tu déu vé u nén ta suy ra u 1a ham diéu hoa. Gio ta sé gidi quyét
bai toan trong dia tron déng D (2o, R) théa man D (zq,2R) chia trong 2. Khong
mat tinh tong quat, ta cé thé gia sit 2o = 0. Mt khac ta co

1 ¢+ 2z up (Q)

= — : d¢ +1iC,
27 Ji¢)=2r (—z ¢

véi C, 1a hing s6 thuc. Do dé véi su hoi tu ctia f, tai diem 2z, cho ta su hoi tu clia

C,, vé Cy € R. Két hop vdi viec ‘gfj < 3, ta ¢6 f, hoi tu déu tren D (z, R).
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V6i trudng hop compact K tong quat, ta xét ho cac dia tron phu kin K

n

K: UD(Zk,Tk)

k=1

théa man D (zx,2rx) C Q0. Vi f,, hoi tu déu tren cac D (zy, ry) nén ta suy ra day ham

nay ciing hoi tu déu trén
n

UD(Zk,T’k) O K.

k=1

Bai 2.8. Gia stt u 1a ham do dugc Lebesgue trong mién Q, va u trong L. C6 nghia
1 tich phan ctia |u| trén tap con compact ctia € 1a hitu han. Chiing minh rang u la

diéu hoa néu no thoa diéu sau ctia tinh chat gia tri trung binh

1
u(a) = m//D(M) u(z,y) dedy

v6i D (a,r) C S

Gidi. Van dé dau tién ta can giai quyét la sy lien tuc cia w. That vay, ta sé chiing
minh u lién tuc bang cach chi ra rang tap u=! ((—oo, M)) 1a tap md. Chiéu con lai
dugde chitng minh hoan toan tuong tu hoac ap dung két qua cho ham —u. Gii st
ton tai zg € Q sao cho u(z9) < M va mot day {z,} trong Q hoi tu vé z sao cho
u(z9) > M. Khi do6, goi 7 1a s6 thyc duong sao cho m C Q. V6i moin € N,

dat r, = |2, — 20| + 70, ta c6 D (z,,7,) tl chi 6 n di 16n nao dé sé thoa
D (z9,70) C D (2n,70) C D (29,2r9) .

Khi d6

U/Dw,m) B //MJ u(@,y) dedy =u(zm) —ulz) 2 M —u(z) =e. (20.1)
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626 Ham diéu hoa

Ta dat A, = D (2n,70) \ D (20,70), ta ¢6 x4, (2) dan vé 0 khi n dan vé vo ciing va z
c6 dinh. Xét diay ham
fn(2) = xa, (2) u(2)

kha tich tren D (2, 2r) va hoi tu diém vé 0, do d6 dinh 1y hoi tu bi chan Lebesgue
cho taffAn u (z,y) dx dy dan vé 0. Diéu nay mau thuan vdéi 1} va cho ta tinh lién

tuc clua u.

V6i truong hop w lién tuc, ta sé ching minh ring khing dinh trén dang véi ca hai
chiéu, tic u 1a diéu hoa khi va chi khi gia tri tai ham s6 tam 13 trung binh clia cac

gid tri trén mot dia tron. Dau tien ta kiém ching ham v thoa tinh chat trung binh

1
u(a) = m//D(M)U(%Z/) dx dy

v6i moi 7 thoa D (a,r) chita trong  thi la ham diéu hoa. That vay, véi R c¢6 dinh

sao cho D (a,7) C Q, vi r < R, ddi sang toa do cau, ta co

u(a)TR® = // u(x,y) dedy
D(a,R)
R 2T
= / / u(a—l—r@t)rdtdr
r=0J0

Lay dao ham 2 vé theo R, ta c6
2w
21 Ru (a) = / u (a+ Re') Rdt.
0

Do d6 u ciing théa tih chét trung binh véi cdch hiéu u(a) = [

o u(a+ Re') dt.

Diéu nay chiing t6 « 1a ham diéu hoa.

Trong truong hop v 1a ham diéu hoa, véi moi r < R ta c6

2w
21ru (a) = / u(a+re')rdt.
0
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Lay tich 2 vé theo r tit 0 dén R, ta c6

R pr2m
TR*u(a) = / / u(a+re')rdtdr
o Jo

= // u(z,y) drdy.
D(a,R)

1
u(a) = 7T_R2//D(a,R) u(z,y) dz dy.

Do d6 ta co

Bai 2.9. Cho I = [a,b] 1a mot khodng dong trén truc thyc va ¢ 1a ham lién tuc

trén 1. Dat
1 [Pe()
- [ YUy I
chting minh rang

lim[f (@ +i5) = f (=2)]  (=>0)

ton tai v6i moi s6 thuc z. Hay tim gidi han nay theo .

Gidi. Ta co

b
flx+ie)— f(x—ie) = = gp(t)( ! ! )dt

2m J, t—x—ic t—ax+ie
I t
= —/ =)y,

Néu z & I, ttic ton tai khodng cach d gitta x va I, véi moi € < 1 ta c6

‘ ep (t) maxer ¢ (t)]
(t —z)* + &2 d?
" maxer | (1)] maxer ¢ (t)]
/a —ti; dt = —ti; (b—a) < oo
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628 Ham diéu hoa

ep (t)

P 0 khie—0
(t—x)" +¢e?

Do d6 theo Dinh 1y hoi tu bi chan ctia Lebesgue, ta c6
b

lim [f (z + i) — f (z —&)] = ~ lim w—(t)dt_l/boczt_o.

e-0 =0 [, (t—x)® + 2 T

Trong truong hgp x € I, ta sé chiing minh tich phan da cho hoi tu vé ¢ (x). That

vay, ta co
1P ep) ep(a) 1 Pelp(t) — e ()]
;/a [(t—x)ere? (t—x)2+€2] dt_ﬂ/a (t —x)* + &2 .

Ta sé& chiing minh tich phan ¢ vé phai dan vé 0. Dat M = sup,¢; |¢ (¢)], ta c6

/abg([fftl)_i(gz)]dt‘ < (/ / /:+5) o) i(;”dt
o] i [

ele(t) — ¢ ()]
S - (t—x) + &2 +/;c_5 (t —z)* + &2 at

Véi moi g1 > 0 cho trude, ton tai 6 > 0 dé |¢ (t) — ¢ (z)] < &1 v6i moi |t — x| < 6, ta

suy ra

z+46 T+
t _
=5 (t — 9(:) 4 g2 o (t — )" + &2

= T&1
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Mt khéc véi phép doi bién u = £2, ta cling ¢6

+oo c +oo 1
/ ———dt = / 5——du = arctan (u)
o5 (t—x)" + &2 s ut A1

Vay néu chon e di nhd dé 5 — arctan (g) < ¢1, ta dugce

“+0o0 T (5)
= — —arctan | — | .
5 2 9

[1eletor,

t— )+ &2
(

‘ S (4M+7T)€1,

do do ta suy ra

lli% {% /ab {(t —gi)(;:— e (t fi;fl 52] dt} -

Mat khac ta ciing co

1 /[ 1 /[
I N [T L g "
e=0 |7 J, (t—x)+ &2 =0 |7 J, (t—x)*+ &2

v6i u = =2, Vay gi6i han da cho hoi tu ve 0 khi z ¢ I va dan vé ¢ () khi z € 1.

Bai 2.10. Gid st [ = [a,b], Q 1a mot mién, I C Q, f lien tuc trong Q, va f €
H (Q\I). Ching minh f € H (Q).

Gidi. Trude hét, ta chiing minh két qua cho truong hgp tap I 1a doan thang [a, b].

Dé lam diéu nay, theo dinh 1y Morera, ta chi can ching minh tich phan cta f trén
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630 Ham diéu hoa

Hinh 2.0.1: Hinh chit nhat M N PQ c¢6 mot canh nam trén [a,b] ctia [Bai 2.10.

moi hinh chit nhat déu triét tiéu. Thuyc ra, ta chi can chiing minh tich phan cta f
trén hinh chit nhat c¢6 4 dinh 1a M, N, P,Q v6i M, N thuoc [a,b] (nhu Hinh [2.0.1)) 1a

di vi céc truong hop con lai 1a hién nhién hodc dua vé trudng hop tren.

Goi M,, = M — MT_Q, N, =N — %, ta co tich phan cua f trén bién hinh chi nhat
M, N, PQ triéet tieu. Do d6 ta chi can ching minh tich phan ctia f trén bién cia
hinh chit nhat R, v6i 4 dinh 1a M, N, N,,, M,, dan vé 0 la du (thyc chat céc fRn fdz
bing nhau). Mat khéc, f lien tuc trong hinh chit nhat M N PQ nén lien tuc déu va

bi chan. Diéu nay cho ta

nf(z)dz — /Nf(z)dz

Np,
N
f(z) = 0
Np,
My,
(z2) — 0

M
khi n dan vé vo cting. Do d6 bai toan dugc ching minh.

Ta chiing minh két qua véi compact K tong quat hon doan [a,b]. V6i mot tap K
bat ki chita trong €, ta xét lu6i chinh tic gom cac dudng thing song song hai truc
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va cach nhau 55 va goi {Ry},; 1a cac hinh vuong (tiic cdc mét ludi) clia ludi chita
trong Q va { R}, 1a ho con clia I,, cac hinh vuong c6 phan giao v6i K khac rong.

Véi tap K théa man céc diéu kién sau:
1. K chia trong (J,,c; Rs tit n di 16n nao do.

2. S6 A\, = |J,,| thoa man {’Q\—Z}neN bi chan trén.

Khi d6 mot ham f lién tuc trén €2, giai tich trén Q\ K thi cing sé giai tich trén toan
Q.

That vay, xét tai diem zy € Q véi dia tron D (zg,7) chita trong Q, ta sé chiing minh
f giéi tich trong D (zp,r), tidc tich phan cla f triét tiéu trén bién céc hinh vuong
R trong ho U, ey { R }ie;, - Ta chia R thanh cac ho &/ hinh vuong con canh 2% véi
n di nhé. Khi d6 phan giao ctia K v6i R duge phtt béi mot ho £ c6 it hon ), cac

hinh vuéng con nay. Vay ta c6

Rf(z)dz:z aRif(z)der ZZ ‘f(z)dz,

R, €A

nhung vi ¢, f (2) dz =0 vdi céc hinh vuong R; trong &/ \ # (do R; C Q\ K) nén
ta co
f(z)dz= Z f(z) dz.
OR Riez” O

Vi f lien tuc déu trén R nén v6i moi € > 0, ton tai n di 16n dé |f (z1) — f (z)| < €

v6i moi 21, 22 € Q2 théa |21 — 25| < ‘2/—3 Do d6 ta co

1 1 1
- (2) dz| < o€ + on€ = Guoic
Nhu vay ta co
fz)dz| <) f(z) dz
OR OR;

R, €A
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632 Ham diéu hoa

1
|%| gn—1 €
A

n
S 262_71
Vay nén v6i {42} bi chan tren, ta sé c6 dugc $p [ (2) dz va do d6 két qua dugce

chiing minh.

Ghi chi.

1. Ta c6 mot diéu kha “hop 1y, d6 1a cac tap K chita diém trong sé khong thoa
tinh chat trén. That vay, néu K c6 diém trong, tiic sé chita mot hinh chit nhat
R thuoc luéi 2LN véi N du 16n. Do d6 s6 hinh vuong trong ludi 2% c6 giao véi
R 8 khong nhé hon (2N)? = 222V ta duge 22 > 222N v do d6 khong

bi chan khi n dan vé vo cling.

2. Cac tap K c6 chita cac diém “qua gan” bieén ctia Q ciing sé khong théa tinh
chat trén vi né khong thé duge phi béi ho {Bh} ey, - Tuy nhién truong hop
nay doi lic van c6 thé giai quyét duge, chang han nhu khi K 13 dudng thing
thie va Q 13 mot mién bi chin c6 phan giao v6i K khéc rdng. Lic nay, ta van
c6 thé sit dung két qua trén bang cach “dia phuong hoa’ diéu kien tht 2 nhu
sau: phan giao ctia K véi hinh vuong R luon duge phit béi ho con chita trong
R ctia ho {Rp},c; - Vi phat biéu nay kha dai dong nén nhom bién soan quyét
dinh giit nguyén diéu kién thit 2 nhu 16i giai phia trén.

Bai 2.11. (Bit dang thic Harnack) Gia sit Q la mot mién, K la tap con
compact ciia 2, zp € Q. Chitng minh ring ton tai mot sd6 duong « va 8 (phu thuoc
VAo zg, K, va Q). sao cho

au (z9) < u(z) < Pu(z)

v6i moi ham diéu hoa duong u trong  va v6i moi 2z € K.
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Néu {u,} la day cac ham diéu hoa duong trong Q va néu {u, (z0)} — 0, mo ta day
{u,} trén phan con lai ctia Q. Lam tuong tu véi {u, (z)} — oco. Chiing minh gia
thiét duong ctia {u,} la can thiét cho két qua nay.

Gidi. Nhan thay rang néu b = a + re? 1a mot diém trong dia D (a, R) C  thi

2 R2—7"2 )
b) = Re') dt
u(b) /0 R2—2chos(0—t)+7“2u(a+ 6)

u(a) = /ngu(a+Re“) dt

Do dé g;:u (a) < u(b) < Hty (a), vay nén néu r < £ thi ta c6

Mait khac Q lien thong nén véi 2, € K, ton tai duong I' trong Q tit 2o dén z;. Véi
moi x € 2, ton tai ban kinh 6, di nhé dé D (x,20,) chita trong . Do K UT ciing

la compact nén ho phi mé

Kur= |J D(z,4,)

re KUT

¢6 phit mé con hitu han
KUT =D (z,0s,) .
k=1
Mit khac, véi 2 diém a, b bat ki trong cting mot dia D (zy, d,, ), ta c6
1

—u (b) <

5 u(xg) <wu(a) < 3u(xg) <9u(b).

W

Do d6 v6i moi z € K UT, ta co
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634 Ham diéu hoa

Diéu nay c6 thé dude lap luan chit ché hon bang viec xét mot do thi c6 n dinh 13 zy,
v6i k = 1,n trong d6 x; dugc ndi véi z; néu va chi néu D (z;,d,,) N D (xj, (53,;].) = 0.
D6 thi nay lien thong vi né khong c6 dinh ¢o lap va do dé tit mot dinh luon c6 dusng
di dén cac dinh khéac v6i chieu dai khong qua n (dudng di so cap). Bai toan duge

chiing minh.

V6i u,, 14 mot day cac ham didu hoa duong thoa u, (z) — 0 thi tai moi diem z € €,

ta c6 {z} cting la mot compact va do do
Bau (z0) > uyp (2) — 0.

Tuong tu véi u, (20) — oo, ta ciing ¢6 u (z) — oo. Cac sy hoi tu nay khong deéu,

chang han khi ta xét ham u,, (2) = Llog|z| tren C\ D (0,1). Ngoai ra, viéc cac u,,

duong 1a quan trong. That vay, ta xét day u, = log |z| tren C\ {0}, ta ¢6 u, (1) dan
vé 0 nhung tai cac diem z # 9D (0,1) thi {u, (2)} 14 day hing khéc 0.

CuuDuongThanCong.com https://fb.com/tailieudientucntt


http://cuuduongthancong.com?src=pdf
https://fb.com/tailieudientucntt

Chu(mgf))
|

Nguyén ly modulus cuc dai

Bai 3.1. Cho A la tam gidc déu trén mit phang phiic ¢6 cac dinh 1a a, b, c. Tim
gia tri 16n nhat ctia |(z — a) (z — b) (2 — ¢)| khi 2z di chuyén bén trong tam giac.

Giai. Xét f(z) =(z—a)(z—0b)(2—c), o rang f € H(A). Do d6 f dat gia tri
16n nhét trén OA. Vi tinh déi xiing, ta c6 thé gia sit 2z thuoc canh ndi b va c. Vi tinh
dong dang, ta chi can xét tam giac déu c6 canh bang 1. Ké duong cao tit dinh a va

goi § 1a khodng cach tit z dén chan dudng cao nay, theo Dinh ly Pythagore, ta c6
(z—a)(z=b)|=1—6"valz—c|=4/3+6% Do do

(z—a)(z—b) (2 —¢)| = (-—52) j+52

< il anls

< 7\/3 ( —362+i+52>
1 2

< Gvima(s)
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636 Nguyén lyy modulus cuc dai

<

YR
o0
S

5/~
(U%)

N —
N| —

Diang thiic x4y ra khi z 14 trung diém mot canh clia tam gidc. Vay gia tri 16n nhat

cia [(z—a)(z—0b)(z —¢)| 1a \/?g la — b|® v6i |a — b| 1a do dai canh tam gidc.

Bai 3.2. Cho f € H (IT*) véi IT* 1a nita mat phang trén, |f| < 1. Tim gid tri lon
nhét cualf’ (7)].

Gidi. Do anh xa =% bién hinh tron don vi thanh IIT va bién 0 thanh i nén ta xét

zZ—1

ham giai tich ¢g xac dinh nhu sau trén U = D (0, 1).

o =1 (5.

Ta ¢6 |g(z)| <1 v6i moi z € U. Theo dinh ly Cauchy, ta c¢6

Sup|z\:r<1 |g (Z)|
r

1

"0)] < < -

9" (0)] < <
Cho r tién dén 1, ta c6 |¢ (0)] < 1, dang thiic x4y ra khi ¢ (2) = 2. Do d6 ta c6

1> 14 (0)] = |2f ()],

suy ra |f' (i)| < i. Déang thic c6 xay ra khi f (z) = ’szl

Bai 3.3. Cho f € H (). Véi diéu kien nao thi | f| ¢6 cuc tiéu dia phuong trong Q.

Gidi. Néu f c6 nghiem trong Q thi hién nhién |f| c6 cuc tiéu dia phuong tai €.
Trong truong hop |f ()| > 0 v6i moi z € Q, xét ham
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ta suy ra g € H (), khi d6 f c6 cuc tieu dia phuong khi va chi khi g ¢6 cuc dai dia
phuong. Diéu nay xay ra khi va chi khi f 1a ham hang.
Vay diéu kién can va da dé |f] c6 cuc tiéu dia phuong trong Q la f hing hoac c6

nghiém trong €.

Bai 3.4.

(a) Cho © 1a mot mién va D la mot dia tron théa D C Q. Xét f € H (Q)va
khac hing s6. Gia stt |f| khong ddi trén bien ctia D, chitng minh ring f c6 it

nhat mot nghiém trong D.

(b) Tim cac ham nguyén f théa man |f (z)| =1 khi |z| = 1.
Glidi.

(a) Vinéu f triét tiéu tren bien D thi hién nhién f 1a ham hing. Vay ta c6 thé gia
st |f(2)] = ¢ > 0 trén bien D. Néu f khong c6 nghiém trong D, khi d6 g = % giai
tich trén D, lién tuc trén D va c6 do 16n bang ¢! trén bien ctia D. Theo Nguyén ly

Modulus cye dai, ta ¢ |f (2)] " = |g(2)| < ¢* tren D. Mat khac 4p dung nguyen

I nay cho f, ta ciing c6 |f (2)| < ¢ trén D.

Két hop hai diéu trén ta c6 |f| = ¢ trén D, diéu nay xay ra khi va chi khi f 1a ham
hing. Vay ta suy ra f phai c6 nghiém trong D.

(b) Ta chimg minh ring f ¢6 dang f = AT[L, ¢F voi [N =1 va

Z—

tic f 1a mot phép bién d6i tuyén tinh bao toan hinh tron don vi. Y tudng clia ching

ta ¢ day la ding cau trén dé sinh tiép nghiém cho f, qua trinh nay chic chin phai
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638 Nguyén lyy modulus cuc dai

dimmg lai do tinh compact ctia U, tic f la tich clia hitu han cac phép bién déi g,
nhu trén. Tuy nhién ta c6 thé kiém ching dudgc tich ctia hitu han cac phép bién doi

loai nay ciing c6 ciing dang va tit d6 suy ra két luan ctia bai toan.

Cu thé, ta chiing minh quy nap theo s6 nghiem N; (khong ké bac) ctia f trong U.
Néu f khong c6 nghiém trong U thi theo cau trén, ta c6 f(z) = A v6i [A| — 1. Ta
chi xét thém céac truong hop khac hing s6, khi d6, véi mdi ham nguyén f khéc 0, s6
nghiém trong U phai 1a hitu han vi moi tap con vo han ctia compact U déu ¢6 diém

tu. Goi o la mot nghiém cia f, ta xét anh xa g xac dinh béi

Vi g_, gitt nguyén 0D nén ta cé |g (z)| = 1 trén 0D. Mat khac ta c6 g (0) = f (o) = 0,
tic la g (2) = 2"h (2) v6i h(0) # 0 va |h(2)] = 1 trén dD. Do v6i moéi nghiem 5 # 0

cia h, ta ¢6 § cing la nghiém cia g nén p_, (5) ciing la nghiém cua f va ¢_, 1a

song anh nén ta suy ra IV, < Ny — 1. Theo nguyén ly quy nap, tacé h = A Hfil @Z’
Suy ra

F(2)=g(pa(2) =¢h(2).A H pohi.

Bai toan két thic theo nguyén 1y quy nap.

Bai 3.5. Cho Q 1a mot mién bi chin, {f,} 13 mot day cdc ham lien tuc tren Q, giai
tich tréen © va hoi tu déu trén bien ctia 2. Chiing minh rang {f,} cing hoi tu déu

tren Q.

Gidi. Ta co6 day {f,} Cauchy trén 95, titc véi moi e > 0, ton tai M, > 0 du l6n dé

|fn (2) = fu (2)] < e v6i moi z € 0.
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Theo Nguyén ly Modulus cuc dai, ta co6
’fm <Z> - fn (Z>| S e v0i in z € ﬁ

Vay day {f,} Cauchy trén Q va do tinh day da ctia C (€2, C), ta c6 diéu phai chiing

minh.

Bai 3.6. Gia st f € H(Q2), I' la mot chu trinh trong 2 sao cho I' ~ 0 (mod ),
|f(¢)] <1 v6imoi ¢ eT™ valndr (z) # 0. Ching minh rang |f (2)] < 1.

Gidi.  Goi ' 1a tap cac diem z € Q théa man Indr (2) # 0. ViT' ~ 0 (mod ) nén
2 14 hoi clia cac thanh phan lien thong ciia Q\ T'*, do dé €' 1a mot tap md. Ta ciing
c6 duge bien ctia € chita trong I'*. That vay, v6i moéi ¢ € 9, néu ¢ ¢ I'* thi ton tai
dia D (¢, ) khong c6 giao v6i T'*. Diéu nay khién D ({,r) chia trong €' va do d6 ¢

khong 1 diém bien.

Do €' C Q bi chan nén theo Nguyén 1y Modulus cuc dai, ta c¢6

sup |f (2)] < sup |f(¢)| <1
zeQY ¢eoy

va bai toan dugc chiing minh.

Bai 3.7. Cho
Q={r+iy: a<r<b}, Q={r+iy: a <z <b},

f lien tuc trén Q, giai tich tren Q. Gia st

f(2)] < B < +o0 véi moi z € Q. Ta dat

M (z) = sup{|f (z +iy)| : —o0 <y < +00} (a<z<b).
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640 Nguyén lyy modulus cuc dai

Khi d6 ta da co
M) "< M@ " M®*"™™ (a<z<Db).
néu M (a), M (b) > 0. Gia stt rang M (a) = 0, chiing minh rang ta cing ¢6 f (z2) =

0Vz e Q.

Gidgi. Dat M (g,z) =sup{|g(z + )| : —00 < y < +00} thi v6i moi A > 0 di nhd,
taco M (f+Xa)=A>0vaM(f+\b)>0.Dodo

b—zx

M(f+ANz)<M(f+\a)=a M(f+\b)ia,

tuc la
If(x+iy)l = A < |f(z+iy) + Al
< Aa M (f+ A\ b)ia
< A (M (B) + A) b
suy ra

Fla+iy) < A+ Nima (M (b) + \)ie

C6 dinh z v cho X dan vé 0 ta c¢6 diéu phai chiing minh.

Bai 3.8. Cho II 1a nita mat phang md bén phai (2 € IT néu va chi néu Re (2) > 0).
Gia st f lién tuc trén bao déng ciia II va giai tich trén II va ton tai cac hang sb
A < oo va a <1 sao cho

|f (2)] < Aexp (|2]%)

v6i moi z € TI. Ngoai ra, |f (iy)] < 1 v6i moi y € R. Chitng minh rang |f (z)] < 1

trén I1. Hay chi ra rang két qua trén sai khi o = 1.

Két qua trén c6 thé mé rong thé nao néu nhu ta thay IT bdi mién bao béi hai tia di
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qua goc toa do, co goc xen gitta khac 7.

Gidi. Trude hét ta ching minh |f ()] < 1 trén II. Dé lam diéu nay, ta xét ham
9= (2) = exp (—2”) v6i a < B < 1 tren 1T\ {0} va g. (0) = 0. Ta c6 g.:

F(@)g: () < |Aexp (2" —e2”)]
< |Alexp (r* — erf cos 0)

Vig<lvafe[-% %] nen 608592005%” > 0. Vay ton tai r. > 0 dé

1f(2)g:(2)] <1 Vr > r..

Trong dudng tron D (0,r.), ta c6

sup | f(2) g- (2)| = sup | f (2) g (2)| < 1,

z€D(0,re) r=Te

do d6 ta 6 |f (2)g- (z)| < 1Vz € C, nghia la | (2)| < |exp (—625)} . C6 dinh z va
cho ¢ tién vé 0, ta ¢6 |f (2)] <1 tren IL

Truong hop a = 1, ta chon f(z) = €*, ta ¢6 f (iy) = 1 nhung f khong bi chin trén

R*. Ta sé md rong két qua nay nhu sau:

Cho w,v la hai diém trén dudng tron don vi, xét hai duong thang tuong ting D, =
{z=tu: teR "}, Dy={z=tv: te R }. va |f(2)] <1 trén D; U D,. Goi Q la
mién duge bao bdi Dy, Dy va ¢ la gbe xen gitta tuong ting. Khi dé néutaco |f (2)] <1
trén Dy U Dy va

| (2)] < Aexp (|2]%)

vl a < 7 thi |f(2)] <1 tréen Q.

That vay, mot cach tuong tu, ta dat g. (z) = exp (—5§5) vl a < < 7 va A= ei%w,
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642 Nguyén lyy modulus cuc dai

khi do
1/ (2) g= (2)] < Aexp (T“ —er’.cos [6 (9 B g)D
<

Dof— % ¢ (—%,%) néntacéﬁ(@—f) € (—ﬁ ,B—‘p) v6i 0 < 22
1f(2)g- (2)] < Aexp (r“ —erP . cos 7) :
Do dé, lap luan tuong tu bén trén, ton tai r. > 0 dé
[f(z)g: ()l <1 Vzel,

nghia la | f (2)] < exp (—5%6) . C6 dinh z va cho ¢ tién vé 0, ta ¢6 | f (z)] < 1 trén Q.

Bai 3.9. Cho II la nita mit phang mé bén phai. Gia st f € H (II) va

v6i moi z € Il va ton tai a € (—%, g) sao cho

fEl<1

log | f (re')|
T

— —00 khi r — oo.

Chitng minh rang f = 0.

Gidi. Tt gi6i han & gia thiét, ta c6: V6i moi M > 0 1én tiy ¥, ton tai Ry > 0 dé

|f (re’®)| < e M7 v6i moi r > Ryy. Do d6 néu dat

9m = f(z) eMza

ta cO g giai tich trén Q = {z eC: a<argz < g} va lien tuc tren Q. Mit khac ta
cling c6
921 (2)] < Aexp (J21”)
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Véiﬁz%(l—l— o >€ (1,%) VéAzsup{eXp<M|z|—|z|'B>: zGQ}<+oo.

T _
b [0}

Vay ap dung phan mé rong ciia [Bai 3.8 ta c6

lgar (2)] < sup |g(Q)] = B1 <00 VzeQ.
¢eon

Hoan toan tuong tu cho phan con lai cia II, ta c6

lgu ()] < maX{sup 19 (O], sup |g (C)|} =B <o Vzell
cedn ¢ed(IN\Q)

Lai ap dung Bai 3.8 ta ¢ ngay
lgv (2)] < sup |g(Q)| =1 Vze Q.
¢ceorm

Vay ta ¢6 dudc |f (2)| < |e™#| VM € R*. Tai méi z trong II, ta cho M — oo va
nhan duge f (z) =0, do d6 ciing ¢6 f = 0 trén I1.

Bai 3.10. Cho I' 1a bién ctia mot mién € khong bi chian va f € H (), lien tuc trén
QUT. Gia st ton tai cac hang s6 B, M < 400 sao cho |f| < M tren ' va |f| < B
tren Q. Chitng minh rang ta ciing ¢6 | f| < M trén Q.

Gidi. Ta ching minh bai toan trong truong hgp C\ 2 chita mot quéa cau md, khong
mat tinh tong quat (qua viéc ddi bién), ta c6 thé gia st qua cau md nay la U, hinh
tron don vi. Xét ham s6 g, (2) = %(z), ta co

lgn (2)] < M™ trén T

B
lgn (2)] < = < M" tren Q\D (0, R)
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644 Nguyén lyy modulus cuc dai

voi R da lén. Vio(QND(0,R)) Cc TUadD (0, R) nén ta suy ra
lgn (2)] < M™ VzeQUT,

tic la |f (2)] < M ]z|% C6 dinh z va cho n dan vé vo cling ta ¢6 diéu phai ching

minh.

Trong truong hop C \ 2 khong chita qua cau md nao, khi d6 f 1a ham phic liéen
tuc tren © = C. V6i moi € > 0, xét Q. 1a tap mé C \ |f|" ((—o0, M +€]), ta c6
Q. C QvaC\Q = |f| " ((—oo, M +¢]) chita it nhat mot tap mé khéc tréng la
||~ ((—o0, M + €)). Mt khéc, néu Q. # 0, ta 6

0. =9 (C\ Q) C|f| " (o0, M +¢]) =C\ Q.

Vi tinh lién thong ctia Q khong dude sit dung trong truong hop trén, ta cé thé ap
dung bai toan véi tap md Q. va ¢6 duoe |f (2)] < M +e trén Q. Diéu nay mau thuin
va ching t6 Q. = 0.

Trong truong hop Q. = @ véimoi e > 0, tasuy ra | f| " ((—oo, M +€]) D |f| ' ((—o0, M +¢)) =
C, nghia 1a |f (2)| < M + ¢ trén C v6i moi € < §. Cho ¢ dan vé 0 ta ciing c¢6 dieu
phai chiing minh.

Bai 3.11. Cho f la ham nguyén. Néu c6 mot anh xa ~ tit [0,1) vao mat phéang
phiic sao cho v (t) — oo va f (v (t)) — « khit — 1 thi ta goi « la mot gid tri tiem
can (asymptotic value) ctia f. Ching minh rang moi ham nguyén khéc hing déu

nhan oo la gia tri tiém can.

Gidi. Goi E,={z€ C: |f(z)| > n}, tacé E, la cdc tap md gidm dan (theo quan
h¢ bao ham) va E,, | §). Ta thiét lap day {z,},-, nhu sau:

e Chon zy = 0.
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e Ton tai it nhat mot thanh phan lien thong U; ctia E) sao cho f (U;) khong bi

chan, khi d6 ta ciing c6 U; khong bi chan. Chon z; 1a mot phan ti cta U;.

e Vif (E2 NU\ D (0, 1)) khong bi chin nén ton tai mot thanh phan lién thong

U, ctia tap mé By N U7 \ D (0,1) sao cho f (Us) khong bi chian. Ta chon zpla

mot phan ti cia U, . ..

e .. Vif (En+1 NnU, \ D (0, n)) khong bi chan nén ton tai mot thanh phan lién

thong U,.;; cta tap mé E, 1 NU, \ D (0,n). Ta chon z,,; 1a mot phan tit ciia
Ui ..

Vay bang quy nap, ta da xay dung duge mot day {2,},,théa man tinh chat sau

|20 >n—1
[f (zn)] >
Zn celU,Vn>1

V6i {U,} 1a day cac tap md va lien thong gidm dan théa man U,, C E,. Do moi tap
md trong R" déu lién thong dudng nén ta c6 thé goi v, 1a dudng ndi gita 2, v 2,1
trong U,. 7o dudc lay triyc tiép la duong thang ndi z, va z;. Ta chon khodng tham s6
cho v, 1a D, = [1 - n%l, 1 —1]. Dudng v duge xac dinh bang cach ndi cac duong

Y nay véi nhau va ¢6 khoang tham s6 1a [0,1). Khi d6 véi t € [1 — n+r1, 1— %], ta

fFOr@®)=Ffm(t)>n doU,CE,
Y@l =@l >n-1  doyw(t) £D(0,n-1)

Vay duong v thoéa yéu cau deé bai.
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Ghi chii. Thyc chat moi thanh phan lién thong ctia E, déu khong bi chan. That
vay, gid st F, c6 thanh phan lién thong mé A bi chan, khi do

sup | f (z)| < sup [f (2)]
z€EA z€0A

Nhung |f (2)| < n v6i moi z € DA (vi néu ngugce lai thi 2z 1a mot diém trong ciia A)

nén ta c6 mot mau thuan.

Bai 3.12. Chiting minh ring ham exp c6 ding hai gia tri tiém can 1a 0 vd co. Doi
v6i cac ham sin va costhi nhu thé nao? V6i

. elZ _ e—ZZ eZZ _'_ e—ZZ
sing=———, cOSZ=——
21

Giai. Do exp la ham nguyén nén theo , n6 nhan oo lam gia tri tiém can
qua dudng tiém can (asymptotic curve) . Mt khac, do e * = eiz nén véi duong —v,
ta ciing c¢6 0 1a mot gia tri tiem can. Vay ta chi can chitng minh day 1a cac gia tri
duy nhat. That vay, gid si ton tai gia tri tiem can o € C \ {0}, khi d6 ¢6 cdc ham
x (t),y (t) xac dinh trén [0, 1) sao cho

OO o — gy tqv, 22 () + 47 (t) = oo

khi ¢ — 1. Vay ta suy ra e*® = |e"®+%®)| — |o, tic () bi chdn, diéu d6 cho ta
ly ()] — oo khi t — 1. Khong mat tinh tong quat, ta c6 thé gia si y (t) — +oo, khi
do ta co

e*Wcosy (t) — u,
suy ra cosy (t) = u|a|”" khi ¢t — 1. Didu nay mau thuén va két thac ching minh.

Ta ching minh ham cos z khong ¢6 gia tri tiém can nao khac ngoai oco. Dé dang nhan

thay oo 1a mot gia tri tiém can clia sin z, gia st a € C 1a mot gia tri tiem can khac,
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khi d6 ton tai v (t) = x (¢) + iy (t) xac dinh trén [0,1) thoa méan
W e 5 3 =2ia, |y(t)] = oo (3.0.1)
khi t — 1. Dat 8 = u + iv, déng thic (3.0.1)) cho ta

cosy (t) (e + W)

siny (t) (e*® —e*®) =
khi ¢t — 1. Do d6 ta c6

2cos 2y (t) + e2*®) 47220 5 42 4 92
cos2y (t) (e + e 22M) 2 — 9?2 -2

Vi u?40242 > 20 =22 > ¢212® nen ta o z () bi chan, vay khong mat tinh tong
quét, ta c6 thé gid st y (t) — +oo. Mat khac, do biéu thiic cos 2y (t) (€2 + e=22(1))
luon cting dau véi cos 2y (t) va cos 2y (t) khong hoi tu khi y (t) — oo nén chi c6 thé

biéu thitc nay chi c6 thé hai tu vé 0, tiic u? — v? = 2. Vay ta ¢
1 2x(t) —2z(t)
|cos 2y ()| < 5 |cos 2y (t) (> + e )|

nén ta suy ra cos 2y (t) — 0 khi £ — 1. Diéu nay mau thuin va chiing t6 cos z khong

c6 bat cit gia tri tiem can nao khac ngoai oo.

Hoan toan tuong ti, ta cling chiing minh dugc oo 1a gia tri tiem can duy nhat cta

COS 2.

Bai 3.13. Cho f 1a ham nguyén va o khong nam trong mién gia tri ctia f. Chiing

minh ring o 13 mot gia tri tiém can ctia f néu f khong 1a ham hang
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648 Nguyén lyy modulus cuc dai

Gidi. Xét g(z) = ﬁ, theo gia thiét clia bai toan, ta c6 ¢ 1a ham nguyén khéc

hang. Theo [Bai 3.11., ton tai ham phitic v x4c dinh trén [0, 1) sao cho

i ! = lim =00
%ﬁm = ng (v (1))

do do ta co

lim f (7 (£)) —a =0,

t—1
titc o la mot gia tri tiém can cta f.
Bai 3.14. Cho ©Q 1a mot mién bi chan, f € H () va
lim sup|f ()] < M
n—oo
v6i moi day {z,} hoi tu vé mot diém trén bién ctia . Chiing minh rang | f (z)| < M

v6l moi z € €.

Gidi. Néu f khong bi chin trén €, v6i moin > 0, ton tai 2, € Qsao cho |f (2,)| > n.
Vi Q0 1a compact nén ton tai day con {z,, } hoi tu vé mot diém 2y trong Q. Néu z 1a
diém trong ciia €2, tinh lien tuc ctia f tai zy cho ta diéu mau thuin. Ngugc lai, néu

2o 1& mot diém bien cia Q, ta ¢
M > lim sup | f (2,,)| = oo,
k—oo
diéu nay vo 1y va chitng t6 f phai bi chan trén Q. Vay ta cé thé goi

B =sup|f(z)| < co.
2€Q

Néu B > M, goi {z,} la mot day trong Q thoa man tinh chét |f (z,)| > B — %, ta

tim dugec mot day con {z,, } hoi tu trong Q. Néu {z,, } hoi tu vé mot diém zp thuoc
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Q, ta suy ra |f (20)] = B nén |f| dat cyc dai trong 2 va do d6 f la ham héng. Lay

mot day trong € tién vé bien, ta c6 B < M va do d6 phat sinh mau thuan.

Vay day {z,,} phai hoi tu vé mot diém zp nim trén bién cta €, st dung gia thiét,
ta suy ra
M > lim sup|f (zn,)| > B.
k—o00

Mau thuan lai phat sinh va két thic ching minh.
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Cac dé thi Qualifying
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Dé 1 (Stanford).

(a) Cho f(z) mot ham s6 phitc. Néu ca f(2) va zf (z) déu dieu hoa trong

mot mién ), ching minh rang f gidi tich trong Q

(b) Gid su f giai tich v6i |f (2)| < 1 trong |z| < 1 va f(£a) = 0 v6i a la mot
s6 phiic v6i 0 < |a| < 1. Chitng minh ring f (0) < a®. Ta suy ra dugc gl néu
dang thiic xay ra.

(c) X4c dinh tat ca cdc ham nguyen f thoa |f' (2)] < |f (2)|
Giai.

(a) Dat f =wu+iv v6i u,v 1a cac ham tur C vao R. Ta ¢c6 Af = Au+ iAv nén ta

suy ra u,v la cac ham diéu hoa. Mit khéc, ta ciing c¢6

z2f(2) =[u(z,y)z —v(z,y)yl +ilv(z,y)z+u(r,y)yl

Do d6 ta ¢6 A (ux —vy) = 0 va A (vz +uy) = 0. Phuong trinh dau tién cho ta
% = g_zj trong khi phuong trinh thit hai cho ta g—z = —%. Vay ta c6 f la ham giai
tich.

(b) Dinh nghia
l—az 1+az

zZ—a zZ4+a

F(z)=f(2)
Khi d6 F (z) giai tich trong {|z| < 1}. Néu |z] =1, ta ¢6

1—-az 14+az

Z—a Z+a

=1,

do d6
lim [F(2)] <1

|z|—1
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Suy ra rang |F (z)| <1 véi |z| < 1. Cho z = 0, ta thu duge

£ (O)] < Jal”

Néu dang thiic xdy ra, ta c6 F (2) = €, nghia la

Z—a z4+a
l—az 1+az

flz)=e"

(c) Do |f'(2)] < |f ()], ta biét raing f khong c6 khong diém trong C, suy ra ];((j))
%‘ < 1 nén % dong nhat véi hang s6 ¢ thoa |c| < 1.

Tu d6 ta co f'(2) = cf (2), suy ra f(z) = Ae®*, véi ¢ va A la hing s6 va |c] < 1.

cing la ham nguyén. Vi

Dé 2 (Indiana). Cho hinh vuong déng don vi Q = [0,1] x [0,1] C C va f 1a ham

giai tich trén mot lan can ctia Q. Gia sit rang

f(z+1)—f(2) € RY Vze|0,q
f(z+i)—f(2) € RT Vzel0,1]

Chitng minh f 14 ham hang.

Giai. Ta ching minh that ra f (2 + 1) = f (2 + i) = f (z). That vay, ta c6

0 = f(¢) d¢

0Q
1 0
= [ ©-fcrvrdcs [ Q- el dc
0 i
v6i cac tich phan tit 0 dén 1 va tit i dén 0 dugc lay trén dudng thang. Do do tich

phan thit nhat ¢6 dang r va tich phan thit hai ¢6 dang si véi r, s € R~ U{0}. Vay ta
suy ra f (2) = f(z+1) = f (2 +1).
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Mé rong f thanh £ nhu 1a mot ham tuan hoan véi chu ki la 1 va 4, ta c6 F 1a ham
nguyén va bi chan nén 14 ham hing. Mit khac moi cac mé rong f déu 1a duy nhat

do @ c6 diém tu. Vay ta suy ra f ciing la ham hing.

Dé 3 (Indiana). Cho f la ham lién tuc trén S véi S 1a hinh vuong don vi
S={z=zx+iyeC: 0<zx<l,0<y<1}

va f gidi tich tréen S. Gid st Re (f) =0 tréen SN ({y =0} U{y = 1}) va Im (f) =0
tren SN ({r = 0} U {z = 1}), chiing minh réng f = 0 trén toan S.

Gidi. Y tudng clia ta 1a ding Nguyén ly dbi ximg Schwarz. Ta gia sit | f| dat gid
tri 16n nhat tai diém 2o € [0,1] (cac truong hgp khac 1a tuong ti khi ta xét cac ham
f(=z4i+1)va f(iz+1)). Khi d6 ta c6 thé md rong f thanh ham f = @+ i0 tren
Q gom S, [0,1] mién d6i xting véi né qua truc thye. Khi d6 ta suy ra v dat gia tri
16n nhat tai diém 2z, nam tai mién trong Q. Do d6 ta suy ra v = 0. Mit khéc | f| dat
cue dai tai mot diém trén [0, 1] nén ta suy ra max, g [u| < max, g |v| = 0. Bai toan

dugc ching minh.

Dé 4 (Courant Inst.). Cho P (z) la mot da thitc bac d v6i nhitng nghiem don

21, %, ..., 2q. Mot bieu dién ctia ham phan thic riéng phan clia % ¢6 dang sau:

Ptz) - - i”Zn (0.0.2)

(a) Biéu dién ¢, theo P

(b) Chiing minh rang ﬁ biéu dién duge ¢ dang (0.0.2

(c) Chi ra cong thiic tuong tu nhu (0.0.2) giai quyét duge truong hop 2 = 2,

nhung tat ca cic nghiem déu 1a nghiém don.
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Gidi.
(a) Taco
. Z— Zn
im —— = ¢,
Z—rzn P(z)
do dé ¢, = -

P (zn)"

(b) Giastt P(2) =a[]’_; (z — 2zn), taco P’ (z) = ]l (25 — 2n). Ta can chiing

minh

d
ZP’ (2 z—zn) X

n=1 n

nghia la

Hh;én — 2n) .
Z Hh;ﬁn n—2m) h

Diéu nay la dang theo cong thiic noi suy Lagrange.

(c) Taco P(z) =a(z— 21)2 Hizg (z — z,), do z 1a cuc bac 2 va z, la cuc bac 1

v6l moi n > 3 nén ta c6 khai trién

1 A B d Cn
= + TH) e
P(z) z2—2 (2_21)2 Z (2

Stt dung céc cong thitc tinh thang du, ta duge A = 7?5(”(2)12) a B = aen Vay nén
1 —2P" (2 2 a 1
= () +

P(2) 3P"(21)*(z—2) P"(21)(z—2)

Dé 5 (Indiana). Cho f la ham chinh hinh trén mot 1an can clia quéa cau déng

D (0,1) va c6 duy nhat mot cuc tai 2 = a € D. Gia st f (0D) C R, chiing minh rang
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ton tai cac hing s6 A € C va B € R sao cho

B Az2+ Bz+ A
&) = oa—a

Gidi. Trudc hét ta dua bai toan vé truong hgp a = 0 bang cach dit

g(z)=1f (fjat)

ta c6 g (0D) C R va 0 la cyc don ciia g. Khi dé ton tai hing s6 phiic A va ham
he H (D (0, 1)) sao cho

M) =o() -2,

khi d6 ta c6 h(z) + AZ = h(2) —i—% € R v6i moi |z| = 1. Vay néu dat
H(z)=h(z) — Az = h(2) + Az — (Az + Az),

taco H € H(D(O,l)) va H (2) € R v6i moi |2| = 1. Vay néu H = u + iv, ta s& c6
v(z) =0 trén 9D (0,1) nén v (z) = 0 v6i moi z € D (0,1), nghia la H (z) = B trén
D (0,1)v6i B la hing sb thyc. Vay ta suy ra

A A A
g(z):h(z)—l—;:H(z)+Az+;:Az+B+;.

D6i bién dé tinh f, ta dugc

e = g(lz—_;z):Alz—_;z+B+@
_ A(z—a)’+B(z—a) (1 —az)+ A(1 —az)’
(z—a)(1—az)

(A—Ba+ Aa®) 2 + (—2aA+ 1+ la|* B — 2aA) z 4+ (A — aB + a*A)
(z—a)(1—az)
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(A— Ba+ Aa?) 2% + (—4Re (aA) + 1 + |a]* B) z + (A — Ba + Aa®)
(z—a)(1—az)

Diat A= A— Ba+ Aa® va B = —4Re (aA)+1+a|* B, tac6 A € Cva B € R, ta c6

AP+ Bz+ A
(z—a)(1—az)

f(z)

Bai toan dugc giai quyét.

Dé 6 (Indiana). Cho Ki, Ks,..., K, la cac dia tron déng rdi nhau trong C va
cho f 1a cdc ham giai tich trong C\ Jj_, K;. Chiing minh rdng ton tai cac ham fi,
fa,- .., fa sao cho f; gii tich trong C\ K; va

fe)=2_fi()  v=eC\JK;

J=1

Gidi. v6i moi z € C\ Kj, goi Cj (z) la dudng tron dong tam véi K, chita thuc su
K; nhung khong chiia z. va C'(2) 1a dudng tron tam 0 v6i ban kinh dii 16n dé chi z

va cac K;. Khi do ta dat
1
fi(z) = [ﬁﬁé_}é] gf)z dg,

ta c6 f; gidi tich tren C\ K; va nhu lap luan dé hinh thanh chudi Laurent, f; khong

phu thuoc vao cach chon C;, C. Ta c6

Zn;fj(z)z é—iﬁ] g(%dng(z).

Bai toan dudgc giai quyét.
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Dé 7 (Harvard). Cho D C C la phéan bu don lién ctia tap déng {7 : 6 € R} U
{0}. Goi log z 1a mot nhanh ctia ham logarithm trén D sao cho loge = 1. Tinh log e'®.

Gidi. Ta xay dung nhanh ctia ham logarithm nay bang tich phan sau:

logz:/ %—1—1

véi tich phan duge 1ay trén mot duong bat ki trong D. Vi D lién thong nén tich phan

nay xac dinh duy nhat. Ta can tinh

1+/d<_<

Lay duong di Ly doc theo hinh xo&n 6c tit e dén e'® va L, 1a duong théng tit e'® dén
e, ta c6 Ly + Ly 13 dudng cong kin va chi s6 ciia dudng nay vé6i 0 dang bang s giao
diém ctia Ly véi (e,00), ciing chinh 1a giao diém ciia dudng xoan 6c véi truc thic

nam gifta e va el®. Ta c6 /T € (e, e'®) khi va chi khi

6 €(1,15)
0 =k2rn

Y

tic 0 = 2 hay 0 = 4. Vay Ind (L,0) = 2 va do d6

(/L1+/Lg> d—g = 2miRes (2,0) = 4mi.

d
loge® = 1+/ —C
IS

= 1+47Ti—/ %
Lo

Vay ta co
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Hinh 0.0.1: Hinh ctia D¢ 8 (Stanford)|

15
o dt
= 1+47Ti+/ ?

= 15+4m

Dé 8 (Stanford). Xét hinh sao nam canh déu nhan goc toa do lam tam trong
mit phang phitc. Cho u 1& mot ham diéu hoa trong mién trong ctia hinh sao nam
canh, bi nhan gia tri 14 1 trén hai doan théng trong Hinh va 0 trén phan con

lai cia bien. Gia tri ctia v ¢ tam la gi? Chiing minh khing dinh ctia ban.

Giai. Goi [; 1a cac canh nhu hinh vé.

Ta xét cac ham wu; diéu hoa xac dinh duy nhat trén bién ctia hinh ngoi sao nhu sau:

Ui(lj> = 0Vi#j
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Xét hinh sao nam canh da cho, vi tinh duy nhat clia cic u; nén ta thay rang

u (z) = wug <615) = us (67’2 5)
ug (2) = uy <e’5> = Ug (e’2 5)

Suy ra

u (0) = wu3(0)=...=1ug(0)
ug (0) = ug(0) =...=1uy(0)

Ma uy (—=Z) = ug (2) nén uy (0) = uy (0). Do dé
U1<0):U,2(0>::U10<0)

Dat v = u; +us + ... u10 thi v bang 1 trén bién, do d6 v = 1 tren toan hinh sao. Vay
v (0) =1, suy ra u; (0) = 55 v6i moi i = 1, 10.
Vay

1 1 1

w(0) = ur (0) +us(0) = 75+ 75 = =

Dé 9 (Indiana). Cho 7 14 mot cung ctia dudng tron don vi, u va v la cac ham diéu
hoa trén D (0,1) va ¢6 dao ham lién tuc tréen D U ~. Chiing minh rdng néu u = v

trén v va 9% = %Y trén v thi u = v trén D (0,1).

Gidi. Ta nhan thay ring chi can ching minh néu u =0 va 2% = 0 trén v thi u = 0

tren D (0,1). That vay, do D 1a mién don lién, ton tai ham diéu hoa v va ham giai
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tich f = w4+ iv. Hé thitc Cauchy-Riemann cho ta

ou Ov

"or o0

Vi u ¢6 dao ham lién tuc trén D Uy (tidc trén mot 1an can mé cia D U+y), ta suy ra

v ciing ¢6 dao ham lién tuc trén D U~y. Két hop véi he thiic trén, ta suy ra % =0
trén +, chiing t6 v 1a ham hang trén v. Vay ta c6 thé chon v lien hop véi u sao cho

v =0 trén ~.

Stt dung Nguyén 1y ddi xtiing Schwarz, ta c¢6 ham F' 1a md rong giai tich cia f trén
{z: 2] <1} Uy U{z: |2| > 1}. Do tap cic khong diém ctia F c¢6 diém tu nén ta
suy ra F' = 0, chiing t6 rang « = 0 trén D (0,1). Ta ¢6 diéu phai chiing minh.

Dé 10 (Harvard).

(a) Cho f la ham giai tich trén dia |z| < 7, c6 cac khong diem lan lugt 1a
ai, Gg,. .., a, (da tinh ca boi). Gid st rang |a;| <7 véimoi j = 1,2,...,n va

f(0) = 1. Chiing minh cong thitc Jensen nhu sau
© /27r log ‘f (rei9)| df = zn:log (L) :
21 Jo = ;]

(b) V6i moi ¢, ta goi n(t) 1a s6 nghiém cta f nam trong D (0,¢). Dung cong
thtic Jensen, hay ching minh rang

’ a1 [T "
/On(t)?—%/o log’f(re )| df.

(c) V6i t <r, hdy chan n(t) theo max {log |f (re?)| : 0 <6 < 2r}.

(d) Ta c6 thé néi duge gi vé khong diém ctia cac ham gidi tich va bi chan trén

dia tron don vi?
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Gidi.

(a) Do cac a; la nghiem, vay nén ta c6 thé dat

r Z—CL]

:j:

(2),
J=1 e

suy ra F'(z) # 0 trong dia |z| <7 va |f (re’)| = |F (rew){. Do dé6 ta c6, theo cong
thiic Poisson cho ham diéu hoa log | F'| thi

1 2m 0 1 2m 0
%/o log}f(re )!d@ = 5 i log‘F(re )|d9

= log|F(0)]

= log|f (0)| + ) log|——
j=1

Ta c6 cong thiic Jensen.

(b) Taco
ZXDOt a;) ZXH%\T]

do do6
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1 27 0
= ﬁ/o log‘f(re’)|d€

Ding thitc duge ching minh.

(c) Tacod
0 1 [ ”
s {1og |7 (e} > o [ tog| s (re”) | a0
" du
= /On(u);
" du
r
Vay nén

maxo<g<ar {log |f (Teie) ‘}
In 3 .

n(t) <

(d) Véi fe H(D(0,1)) va bi chén, ta gid sit 0 la nghiém bac N cta f (véi N =0
néu 0 khong thuc sy 1a nghiem). Khi do ta dit

v f) )
_ . z
@ _ll—r{(l) AN NI

thi g € H(D(0,1)), g (0) = 1 va cac nghiém khac 0 ctia f cling la nghiém khac 0

ctia g. Ta goi cac nghiem nay 1a {a,}, do D (0,1) va tap {a,} khong dugc c6 diém

tu, ta suy ra |a,| — 1 khi n — oco. Khi dé cong thic Jensen cho ta

1 27 P B r
%/0 log’g(re )’ d = Z log<|a—j’>,

laj|<r
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trong d6 tong & vé trai thuc chat 14 tong hitu han khi r < 1. Do

f(re)

log }g (rew)| = log NN | = log ‘f (rew)| — log ‘ON’N‘ ,

nén ta co

—/ log | f (ré’ |d9_21og(| I)+log|arN|.

laj|<r

Do f bi chiin nén ta suy ra hai vé ciia dang thitc trén bi chin khi 7 thay déi, nhung
vi log |ar™| tang khi r tang, do d6 v6i moi ro € (0,1), ton tai M dé

Zlog(‘r|)§M Yr > ro.
aj;

laj|<r

Diéu nay thuyc ra ciing ding véi moi r € (0,1) vi vé trai ting theo r. Vay ta dugc

Zlog(’ ]‘) <M Vre(0,1).

laj|<r

Do log (ﬁ) > 0 nén khi cho r — 1, ta duge sy hoi tu ciia chudi
J

ZlOgQ )

tiic 1a cac tong va céc tich
> loglal, ] lal
J J
hoi tu. Mot hé qua ctia su hoi tu trén c6 thé ké dén nhu sau. Do ham = — log z giam

tréen (0, 1], ta suy ra
1—logl < ’CL]" - log\aj| J
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suy ra 1 — |a;| < log <—‘>, do cd 2 vé deu duong, ta suy ra chudi Y. (1 — |a,|) ciing

1
la;

hoi tu.

Dé 11 (Indiana). Cho w = f (z) la song anh bdo gidc bién mién don lien G' thanh

dia tron D (0,7) sao cho f (a) = 0 va |f’ (a)| = 1 v6i diéem a thude G cho trude.

(a) Chitng minh ring ban kinh r = r (G, a) chi phu thugc vao G va a.
(b) Tim 7 (G, a) néu G la mién gidi han bdi hyperbola zy = 1 v6i géc phan
tu thid nhat (z >0,y >0) vaa=1+%.

Gidi.

(a) Gia st ton tai hai song 4nh fi, fo nhu dé bai, lan lugt bién G thanh D (0,7)
va D (0,73), ta goi
F(z)=f (f{1 (z)) Vz € D(0,ry)

thi F' 1a song anh béo giac bién D (0,73) thanh D (0, ry), gitt nguyen 0 va ¢6
[F (0)] = [ (@] f () = 1.

Véi § tudng clia bo dé Schwarz, ta dat F (2) = 2G (2), ta ¢6 |G (2)| < o Vi |G (2)]
dat cuc dai trén bién nén |G (2)| < ;—; Vay

™
1=[F'(0)| =|G(0)] < —.
)
Vay r1 > ry, chiing minh tuong ty, ta ¢6 ro > 71 va do d6 r (G, a) xac dinh duy nhét.

(b) Ta bién G thanh dia tron D (0, 1) bang cach anh xa sau:

e 2% bién G thanh A; = {z € C: 0 <Im(z) < 2}, trong d6 1 + % thanh 3 + .
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e €27 bién A; thanh A, = {z € C: Im(z) > 0}, trong d6 2 + ¢ thanh ie¥.

3.

e rZ=t bién A, thanh D (0,7).
2+ie8”

Dao ham tai 1+ £ va 2 44 clia hai phép bién déi dau tién c6 modulus lan lugt la v/5

%e%”. Do dé dé dao ham ciia ham hop néi tai 1 + % c6 modulus bang 1, ta can

2

3
VBre8™ ’

va

dao ham ctia anh xa tht 3 ¢6 modulus bang tuc 1a

4
r(G,a) = ——
(G, a) Ton
Dé 12 (Indiana). Cho f 1a ham giai tich trén dia tron don vi, théa man f (0) = 0

va

[Ref (2)] <1 Vze D(0,1).

Chitng minh ring

1 (0)] <

SN

Gidi.  Ta tim mot ham giai tich bién mién A; = {z € C: —1 < Re(z) < 1} thanh

dia tron don vi, trong d6 giit nguyéen diém 0. Ham nay 14 hop ndi clia cac ham sau:
e iZz bién A thanh A, = {z € C: 7 <Im(z) < %}, git nguyen 0.

e ¢* bién A, thanh As = {z € C: Re(2) > 0} 1a nita mat phang bén phai, trong
dé6 0 thanh 1.

e iz bién A3 thainh Ay = {z € C: Im(z) > 0} 1a nita mit phang trén, trong dé
1 thanh 1.

. % bién A, thanh dia tron don vi D (0, 1), trong d6 ¢ thanh 0.
Do d6 néu goi ¢ 1a hgp noi clia f v cac ham trén, ta c6

%

fz) 1
i3 f(2) _|_1Z

[SIEIRRNIE]

€
e
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bién D (0,1) thanh D (0,1) va giit nguyén 0, theo B6 dé Schwarz, ta c6
9" (0)] < L.

Khai trién bat dang thitc nay va st dung f (0) = 0, ta thu dudc

—2i (i3 f'(0)) -
—1(1+1)* |~

tigc 1a | f/(0)] < 2. Ta c6 diéu phai ching minh.

Dé 13 (Idiana). Cho f la ham gidi tich trén D (0, 1) sao cho f (0) = —1 va gia st
L+ f()|<1+]|f(2)] VzeD(0,1).

Chitng minh rang |f' (0)] < 4.
Gidi. Diéu kien da cho tuong duong véi f (z) € [0, +00) véi moi z € D (0,1). Goi
A; 1a mién thu dugce tit C khi bo di [0, +00). Ta dua A; vé D (0,1) nhu sau:

e \/—z la don tri trén A; va bién A; thanh Ay = {z € C: Re(z) > 0} 1a ntta
mat phéng bén phai, trong d6 —1 thanh 1.

;—r} bién A, thanh D (0,1), trong d6 1 thanh 0.

. >0 v/ —f(z)-1 ) N . e R
Vay xét ham ¢ (z) = NaTEIEL ta co g(D(0,1)) € D(0,1) va g giit nguyén 0. Do

d6, theo bd dé Schwarz, ta c6 |¢’ (0)| < 1 véi

9" (0)] =
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Vay nén |f'(0)| < 4.

Dé 14 (Minnesota). Cho P la tap cac ham f gidi tich trén dia tron don vi théa

man
(i) C& phan thyc va phan do cia f déu duong véi moi |z| < 1.
(ii) f(0)=1+1.

bat E={f(3): f € P}. Hay tinh cu thé E.

Gidi. Ta tim anh xa bién phan tu mat phang thit nhat (goi 1a A;) thanh dia tron
don vi bang cach hop ndi cac phép bién doi sau:

e 2 bién A thanh Ay = {z € C: Im(2) > 0}, trong d6 1 + i thanh 7.

. ’jiil bién Ay thanh D (0, 1), trong d6 4 thanh 0.

2 \ )
Vay néu goi g (z) = Z;T: S ’Z'ZQJ:;QZ, tacd F=go fbantu D(0,1) vao D (0,1), trong

dé giit nguyen 0. Tt bd dé Schwarz, ta suy ra

1 1
il < =
G)l=2
nghia la f (1) € < (0, )) Do véi moi ¢ € D (0,1), ta déu c6 ham F (z) = 2cz
bén tit D (0,1) vao D (0,1) va F (1) = ¢, do d6 néu chon f =g ' o F, tacé f € P
va f (1) = g7 (). Vay nen
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Bang céic tinh toan tric tiép, ta co

gil(D(O’U) - {ﬁ:zem}

4
= {\/7‘6’ r —Eorsm9+4<0 9€D<2 ar081n5)}

Do dé, v6i moi § € D ( arcsin %), néu ta dat

w1
402

100 10 100
\/—sm29 —sin 20 — 4\/§sin29—l—\/75m229—4

thi £ duge biéu dién tuong minh duéi dang

1 4
{ :0e D(4 2ar081n5),7“€09}.

Dé 15 (SUNY, Stony Brook). Cho D la nita mit phing trén va goi f 1a a4nh
xa bao gidc khong dong nhat bién D thanh chinh né théa man f o f = Id. Chiing

minh ring f c6 diém c6 dinh duy nhét trong D.

Gidi. Ta c6 f phaila mot phép bién déi tuyén tinh. Do d6 néu goi A =

a b
c d
la ma tran biéu dién ctia f thi ta c6 A%2 = X\, v6i A # 0, a, b, ¢, d 1a cac sd thuc véi

ad — bc > 0, ta suy ra

a>+bc  =d*+be
ba+d) =0
cla+d) =0

Néua+d#0,tasuyrab=c=0vadodotaco f(z)==zhay f(z) = —z. C& hai
ham nay déu bi loai. Néu a +d = 0, ta suy ra d = —a va phuong trinh f(2) = 2

CuuDuongThanCong.com https://fb.com/tailieudientucntt


http://cuuduongthancong.com?src=pdf
https://fb.com/tailieudientucntt

671

tuong duong véi

> —2a2—b=0

c6 A" = a*+bc = — (ad — bc) < 0. Do d6 phuong trinh ¢6 2 nghiém lién hop a + i3,

a — i3 v chi mot trong s6 ching nam trong D. Bai toan dugc gidi quyét.

Dé 16 (Indiana). Cho € la mién md, 16i va f € H (Q) théa Ref’ () > 0 v6i moi
z € . Chitng minh rang f 1a don anh.

Gidi. Gia st ton tai a, b phan biét sao cho f (a) = f (), ta c6

/abf'(z) dz=0

v6i tich phan lay trén duong thang tit a dén b. Nhu vay (b — a) fol fla+(b—a)t)dt=
0. Vib—a # 0 nén ta suy ra

oz/o fla+(b—a)t) dt:/o Re[f' (a+ (b—a)t)] dt+z‘/011m[f/(a+(b—a)t)] dt.

Diéu nay mau thuan do Re[f’ (a + (b —a)t)] > 0 véi moi ¢ € [0, 1] va dan dén diéu
phai chiing minh.

Dé 17 (Courant Inst.). Cho P (z) la da thifc trén mait phang phitc va khong
dong nhéat 0. Goi H = {z € C: Rez > 0} la nita mat phang bén phai.

(a) Chiing minh rang néu moi nghiém ctia P déu nam trong H thi moi nghiém

clia P’ cling nam trong H.

(b) Véi moi da thic P (z) khong triet tieu, dung két qua cau (a) dé ching

minh rang bao 16i ctia cac nghiém ctia P ciing chita cac nghiém cta P'.
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Gidi. Xem dinh 1§ Lucas é phan Ly thuyét.

Dé 18 (Stanford). Cho f 1 ham giai tich trén dia tron don vi thda man tinh
chat
<@ =)

Chitng minh ring cac hé sé trong khai trién Taylor

fz) =) ans"

thoa méan tinh chét |a,| < e v6i moi n > 1.

Gidi. Ué6c luong Cauchy cho ta

) _nl f(¢) ‘
’f (0)| 27TZ ¢C|—R CnJrl dC

< n!maxci=r | f (¢)]
= Rn
S
= R'(1-R)

Vay nén

’f(n+1) (0)| 1

|any1] =

< >
n+1)! — R (1-R)(n+1) -
Mit khéac bat ding thiic Cauchy cho ta

1-R+Y" & e n"
n—+1

R”(l—R)Sn"(

Do dé ta c6
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Viday {(1+ %)n}neN tang vé e nén ta suy ra |a,| < e véi moi n > 1.

Dé 19 (Stanford). Cho f = u + iv la ham nguyén.

(a) Chitng minh ring néu u?(z) > v*(2) v6i moi z € C thi f phai 1a ham
hing.

(b) Chiing minh réng néu | f (2)| < A+ B|z|" véi moi z € C (A, B, h > 0) thi
f (2) la da thic v6i bac bi chan béi h.

Gidi.

(a) Ta dé y riing u?® — v® chinh la phin nguyén cia (u+iv)’, do d6 néu dit
g(z) = f?(2) thi g 1a ham gii tich tit C vao nita mat phang bén phai A, =
{z € C: Rez > 0}. Viéc g khong nhat cac gia tri trén bién ctia A; 1a do ¢ 1a anh xa
md. Ta dua g thanh mot phép bién doi dua C vao D (0,1) bang cach hgp ndi né véi

cac 274, bién A; thanh D (0,1). Nhu vay xét

2

-1

he) =50

f2(z) +1
ham nay xac dinh va giéi tich trén C nhung c6 tap anh chia trong D (0,1), theo
dinh 1y Liouville, ta c¢6 h 13 ham hang. Do d6 f? va f lan luct ciing 1d ham hing. Ta

c6 diéu phai chiing minh.
(b) V6i N = |h| la phan nguyén ctia h, theo Udc lugng Cauchy, ta c6

N1 (N +1)! f(¢) d¢
el - [5G,

< (NRTﬂ)! A+ B(:+R)"|
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Cho R dan vé vo cung, vé phai clia bat dang thitc trén tién vé 0, do dé ta co
fONHD (2) = 0 v6i moi z € C. Ta c¢6 f 1 da thiic c6 bac khong qua N va do dé bac
cta no bi chan bdi h.

Dé 20 (Indiana). Cho f 4 ham nguyén théa man

Re (f () <[] VzeC

v6i n 13 mot s6 ty nhién. Chitng minh rang f 14 mot da thic c6 bac khong qua n.saq

Giai. Cong thiic Schwarz cho ta tinh duge f tit v = Re (f) nhu sau

z L C+zu(§)d 1
f2) f C+

©2mi q=r¢—2 ¢

véi C'=Im (f (0)). Do d6 v6i moi R > |z], ta ¢

R+ |z
< n
F <Ot g R
Chon R =2|z| + 1, ta ¢
32+ 1 .
Fe <o 3B L e oo )

|z| + 1

Nhu vay, f bi chan bdi mot ham da thic bac n, do dé thyc hién tuwong tu nhu
119 (Stanford). ta c6 f la da thiic c6 bac khong qua n.

Dé 21 (Stanford, UCLA 2011F). Cho f la ham gidi tich trén D (0,1) \ {0} va
f € L? dbi véi do do Lebesgue tren R2. Khi dé 0 c¢6 phai la diém ki di bé dude cia
f hay khong? Hay ching minh hoéc dua ra phan vi du.
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Gidi. Ta ching minh ring khéng dinh ctia dé bai 1a DUNG. That vay, xét chudi

Laurent

n=1

v6i g 1a ham giai tich trén D (0,1). Ta ¢6

1

_ n—1
@n = 5 - f(z)2" dz
1 27 0 o
= 5 i f(re )(Te ) df

Do d6 v6i moi r € [0, 1], ta c¢6

27
la-n] i/ |f (re”)| rdo.

n—1 —
r 2m Jo

Lay tich phan hai vé theo r, ta dugc

r<— re')|r r=— x,y)| dedy
o rt 21 Jo Lo 21 JJp(o,1)

Tich phan 6 vé phai hoi tu do L? C L!, nhung tich phan fol Lfln‘—_”ll dr chi hoi tu khi

va chi khi |a_,| = 0 hay n = 1. Vay ta ¢6 a_,, = 0 v6i moi n > 1. Vi g lién tuc nén

g € L?, ta suy ra “=* cling thuoc L?. Thit lai ta co

2 2
a_ a_
// |2 +1| S drdy = // | 21| r dfdr
D(0,1) ¥ Y [0,2x]x[0,1] T
1 |(l_1|2
- / 291 g,
0 r

Tich phan nay hoi tu khi va chi khi a_; = 0 nén ta suy ra 0 la diém ki di bé duge

cua f.
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Dé 22 (Minnesota).

(a) Cho C la dudng tron don vi va f 1a ham lién tuc trén C'. Chiing minh réng

G
Ff—yég_de

la ham giai tich theo z trong D (0, 1).

(b) Tim ham f lién tuc tréen C' khong dong nhat 0 sao cho ham Fy tuong ting
triet tieu tren D (0, 1).

Giaz.

(a) Ta c6 ham £& bi chan tren ¢ € D (0,7), do d6 Fy gidi tich tren D (0,7) voi

moi r < 1. Vay ta c6 diéu phai chiing minh
(b) Xét ham f(z) =271, ta c6

1
Fr = 7@ %

1 1 1
- Z5é~<<—z‘€) &

= 12m' [Ind (C,z) —Ind (C,0)] =0
2

Vay ham f nay thoa man yeéu cau dé bai.

Dé 23 (Indiana). Cho a € C, |a| < 1 va xét da thic

P(z2)= g +(1- |a|2)z— 322.

Ching minh rang |P (z)] <1 khi |z] < 1.
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Gidi. Theo Nguyén ly modulus cuc dai, ta chi can chiing minh |P (2)| < 1 v6i moi

|z| = 1 1a di. That vay, véi moi |z| = 1, ta ¢

IP(2)] = %+(1—|a\2)—gz
Lo 2
= ‘i(az—az)+(1—|a|)

= /Im*(az) + (1 - |a]2)2
< ylal' = le?|+1<1

Ta c6 diéu phai chiing minh.

Dé 24 (SUNY, Stony Brook). Cho f la ham gidi tich trén D (0, 1), lién tuc trén

D (0,1) théa méan |f (z)| =1 v6i moi |z| = 1. Ching minh f 14 ham phan thic.

Gidi. Mot 16i giadi ctia bai toan nay, st dung quy nap, da dude trinh bay 6 phan
Nguyén 1y cuc dai ctia chuong Bai tap 1y thuyét. Tuy nhién ta vAn c6 thé giai truc
tiép nhu sau. Goi {zx}, <, 1a cac nghiem trong D (0, 1) ctia f, s6 nghiém nay phai

hitu han do D (0, 1) 1a compact va f # 0 trén 9D (0, 1). Xét ham g xac dinh béi

UORNIO) | e

k=1~

[®N

ta co |g(z)| = 1 v6i moi |z| = 1. Mat khac g khong c¢6 nghiém trong D (0,1) nén c

modulus dat cyc dai va cie tiéu trén bien. Vay |g (2)| = 1 véi moi z € D (0, 1), ttic
g (z) = X\ v6i A 1a hdng s6 ¢6 modulus bang 1. Vay

fe)=A][—=

nén la ham phan thrtc.
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Dé 25 (Indiana). Cho f l1a ham lien tuc trén D (0,1) va gidi tich tren D (0, 1).
Gia st f = 1 trén nita duong tron {eia 20 €0, ﬂ]}, chiing minh ring ta ciing c6

f=1trén D(0,1).

Gidi.

Cach 1. Xét ham ¢ (z) = [f(2) = 1][f(—==2) — 1], ta c6 g lién tuc tréen D (0,1),
giai tich trén D (0,1) va triét tiéu trén 0D (0,1). Do d6 ta ¢6 g = 0, ching to6
f(2) =1 Vze€ D(0,1) hay f(—2) =1 Vz € D(0,1). Diéu nay c6 thé giai tich

bang viéc trong 2 tap
A={ze€D(0,1): f(2)=1=0}, B={2€D(0,1): f(—2)—1=0}

phai c6 mot tap 1a khong dém dudc, tit d6 ta ap dung tinh chat khong diém co lap.
Trong ca 2 truong hop ta déu c6 f = 1 trén D (0,1) do mién nay doi xing qua goc

toa do.

Cdch 2. Ta sé giai quyét trusng hop tong quét khi v 14 mot cung bat ky ciia duong
tron. That vay, ding nguyén 1y déi xting, ta md rong duge f thanh F giai tich trén
D(0,1)uyu{z € C: |z| > 1}. Mat khac ta c6 F' =1 trén cung 7 c¢6 vo han khong
dém duge diém. Diéu nay ching t6 F = 1 nén ta suy ra f = 1 trén D (0,1). Ta ¢6
diéu phai chiing minh.

Dé 26 (SUNY, Stony Brook). Cho S la phan géc trong mit phang phitc xac
dinh béi

S:{ZGC: —£<argz<%}

va f 1a ham lien tuc trén S, giai tich tren S thoéa tinh chat

(i) |f (2)] <1 véimoizedS.
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(ii) |f (x4 4y)| < eV® v6i moi z + iy € S.

Chitng minh rang |f (z)| <1 v6i moi z € S.

Giai.  V6i moi € > 0, xét ham

9e (2) = f(z) e
lien tuc trén S va giai tich tren S, ta co

|9 (2)] < eV,

Do d6 v6i z > M,, ta c6 |g. (2)] < 1. Xét mien D = SN{z=x+iy: x < M.}, ta

-

c6
lg: )| < |f(2)| <1 Vze0S, |g-(2)| <1 Vz= M.+ 1y.

Vay nén theo Nguyén Iy modulus cue dai, ta c6 |g. ()] < 1 trén S, do dé
If (2)] <e* VzeS.

C6 dinh z va cho € dan veé 0 ta c6 diéu phai chitng minh.

Dé 27 (Iowa). Gid stt f v g 1 cac ham gii tich khac hing trén mién G, lién tuc
trén G va G 1a compact. Chting minh ring |f| + |g| dat gia tri 16n nhat tai bien ctia
G.

Gidi. Hién nhien |f| + |g| c6 gid tri 16n nhat tai trén G, ta gia sit rang cuc dai nay

dat dugc tai diém z, trong G. Goi 61, 65 1 céc sb thoa

|f (20)| = ewlf(zo)a 19 (20)| = 61929(2’0)»
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ta xét ham h (z) = e f (2) + €%¢g (2). Ham h gidi tich trén G, lien tuc trén G va
thoa tinh chat

R < 1F ()] + g (2)] < max{[f (2)] + |g ()]} = h (z0)

Diéu nay, theo Nguyén 1y modulus cuic dai, cho ta h 1a hing trén G va ching to

[F (2) +9 ()| = [h(2)] = h(z0) = [f ()] + ]9 (2)]

nén ton tai s6 thue duong A sao cho g (2) = Af (2), titc |g| = A|f| véi moi z € G. Do
dé f va g c6 modulus dat gia tri 16n nhat tai cing mot diém trén bien ciia G. Ta c¢6

diéu phai chiing minh.

Dé 28 (Iowa). Cho f la ham nguyén théa man

Chitng minh ring f triét tiéu trén toan mit phing.

Giai. Ta tim cach khu % dé dua ra wéc lugng hieu qua hon (tai cac diém tren truc
40). V6i cac diem |x +iy| = R c6 x # 0 va y > 0, xét Hinh ta 6

2 —Ri| 1 1
|| sin  cos¥ V2 12

Diéu nay tat nhién c6 thé ching minh ré rang ti

r+(y—R)i
T

<\[1+ & x2+y2>2=\/2+—2y(y_m <V2

T2

|z — Ri|

|z]
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&y

z-Ri

Hinh 0.0.2: Quan hé gitta = va |z — R

Hoan toan tuong ty, véi nita duong tron dudi, ta ciing c¢6 |Zﬁfi| < /2. Vay vé6i moi
2 € 0D (0, R) c6 Rez # 0, ta déu dugc

|(z — Ri) (2 + Ri)|
Ro] < 2v2R.

Vay véi moi z € 9D (0, R), ta c6
(=~ Ri) (= + Ri) £ ()] < 2V3R

nén theo Nguyén ly Modulus cite dai thi

2v2R 2V2R

< <
‘— |22+R2| — R2— ’2‘2

|1/ (2) Vze D(0,R).

Cho R dan vé vo cling, ta c6 f(2) = 0 véi moi z € C.
Dé 29 (Indiana). Cho f la ham giai tich tren D (0,1) \ {0} va

1

[/ (2)] Slng.
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Ching minh rang f = 0.

Giai. Taco |zf (2)] < ]z\ln‘—i| va

1
lim <|z| In —) =0,
z—0 |Z

do d6 0 1a diém k¥ di bé dude ctia f. Vay ta md rong f thanh ham F giai tich trén

D (0,1). Theo nguyén 1y modulus cuc dai, v6i moi |z| va r > |z| ta ¢
; 1
|F (z)| < max {|F (re”)| : 6 €[0,27]} <In-
,

Cho r — 1, ta dugc F = 0 va do d6 c6 diéu phai chitng minh.

Dé 30 (Indiana). Cho f la ham gidi tich tit D (0,1) vao D (0,1) théa f (0) = 0.

(a) Chitng minh ring |f (2) + f (—2)| < 2|z|* v6i moi z € D (0,1) v néu déng
thiic xdy ra tai mot diém khac 0 trong D (0,1) thi ta phai c6 f (z) = €22,

(b) Ching minh ring

Gidi.

(a) Theo Bo dé Schwarz, ta c6 f (z) = zg(z) véi |g (2)| < 1 trén D (0,1). Do d6
bat dang thic da cho tuong duong véi

9(2) —g(=2)] <2]z].
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Dat h(z) = g(2) — g(—%), ta c6 h la ham giai tich tit D (0,1) vao D (0,2) théa
h(0) =0, do do ta suy ra
7 (2)] < 2]z,

va néu dau biang xay ra tai mot diém khéc 0 thi sé ton tai s6 phtic A c6 modulus

bang 1 sao cho h (z) = 2\z, nghia la
9(2) —g(=2) = 2Xz.
Mat khac, dang thic hinh binh hanh cho ta
9(2) +9(=2)" +1g(2) =g (=2) =2 (g ()" + g (~2)") < 4.
Do d6 ta suy ra |g(z) + g (—2)| <24/ (1 — |2|*), ddn dén bat ding thiic

9(:) =2l < 5120() = (9(2) — g (~2))

= Slo(2)+g(=2)
< N/1—|zf
Vay theo Nguyén ly modulus cyc dai, ta co
lg(2) = Az| <2V1—R2 VYR > |2|.
C6 dinh z va cho R tién dan dén 1, ta c6 g (2) = Az va do d6

f(2) = A2 = €22,
(b) Theo cau (a) ta c6 |f (z) + f (—z)| < 22* v6i moi x € (—1,1) neén

s

- 3| [ ool
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Bat ding thic dudce ching minh.

Dé 31 (Rutgers). Gia sit f 1a ham gidi tich va |f (2)| < 1 tréen D (0,1), ching

minh rang f c6 ding mot diem bat dong.
Giai. Xét ham g = f(z) — z, ta ¢

9 (2) = (=2)| = [f (2)| < 1=

tren 9D (0,1), do d6 Dinh 1y Rouche cho ta s6 nghiém ciia g ding béng sé nghiem
ctia ham —Id trén D (0,1). Do dé f c6 ding mot diem bat dong trong D (0,1). Nhan
thay f khong c6 diém bat dong tai bién, ta suy ra diéu phai chiing minh.

Dé 32 (Iowa). Cho f la ham giai tich trén mot lan can ciia D (0, 1) thda man f
khac 0 tren C = 9D (0,1). Gia st rang

| 1P,
(i) 27”650 1B dz = 2.
y 1 )
(ii) %ﬁézf@) dz =0.
e o /' (2) d 1

(i) i P T e

Hay tim toa do cac nghiém cta f trong D (0,1).

Gidi. Ta nhic lai cong thiic
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Theo cong thiic trén, ta suy ra f ¢6 2 nghiém oy va as trong D (0,1) thda méan

oy + Qo =0
Y
oc% + oz% = %
tu d6 ta ducce
ar+ay =0
1
109 = —

Vay theo dinh 1y Viete, f ¢6 2 nghiém trong D (0,1) la :I:%.

Dé 33 (Indiana - Purdue).

(a) Co6 bao nhiéu nghiém ctia phuong trinh
A +245=0 (0.0.3)
nim trong phan tu mit phing thit nhat.
(b) C6 bao nhicu nghiém ctia phuong trinh trén mién cac diém c6 argument
nam gitta § va I.
Gliai.
(a) V6i D la phan duong tron tam 0 ban kinh R > 2 trong géc phan tu thit nhat,
ta sé ching minh

|(z*+245) — (2" +5)| =|2| < |z*+5| VzeadD
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That vay, vi 2| > 2, ta 6 |24 + 5 > |2' =5 > E5 4+ 8> 82| > |2|. Mat khéc, tren

phan duong ctia 2 truc, bat ddng thic chinh la
2] < |2|* + 5,
hién nhien ding vi |z|* + 3 > 4|z| theo bét ding thic Cauchy. Vay ta c6 dugc
|(z*+2+5) — (" +5)| < |z +5| VzedD

nén véi R di 16n, ta c¢6 s6 nghiem ctia (0.0.2)) trong D ciing chinh 1a s6 nghiem ctia
phuong trinh 2* 4+ 5 = 0 trong D. Phuong trinh (0.0.3) c¢6 diing mot nghiem trong
géc phan tu thi nhat.

(b) Goi D" la mién gdm cac diém trong D c6 argument nam trong khoang tir =

dén %, ta sé ching minh bat déng thc
(2" +245) — (2" +cz+5)| =(c=1)]z| < [z* +5| = |2| < |* + 2 +5

v6i moi z € DT va ¢ € [1,4]. That vay, véi moi diém trén bien ctia D, & trén ta da

z

c6
|24+ 5| > 4]z > |2,

do d6 ta chi can chiing minh bat déng thic tren tia {z € C: argz = 7}, nghia la
() 45 >4n WreR".
Diéu nay tuong duong véi A8 4 25 > 4\ va ding do theo bat ddng thiic Cauchy

thi
A 425 =2 4+16+9>8 (N +1) > 16)\%
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Vay sb6 nghiém ctia (0.0.3) trong D* ciing chinh bing s6 nghiém clia cdc phuong

trinh

24 cz4+5=0 (0.0.4)

trong DF véi ¢ € [0,4]. Chon ¢ = 34/%, phuong trinh (0.0.4) tuong duong véi

,z‘l—l—EzszQ—Ezz—é 1—4z—|ré
3 9 3 3V 3 9’

hay

7z PN 2 Y N N 1 14 - 22
Céc nghiém cua phuong trinh nay la 3 ( =+ z,/—) va ( ,/ 44 2\/_> va ¢6
ding mot nghiem 1a 2 (,/ + i/ 2) nam trong D*. Vay phuong trinh (0.0.3

ding mot nghiém trong mién céc diém cé argument gitta 7 va 7.

Dé 34 (Courant Inst.). Xét ham

1 1
S —
1) + + 2122 oot nlzm

(a) Tich phan sau dém dai lugng gi?

1 /" (z)

211 |z|=r f(Z) e

(b) C6 dinh r va cho n dan vé vo cung, khi d6 tich phan trén nhu thé nao?

(c) Diéu nay cho ta biét duge gi vé cac nghiem cta f (z) khi n 16n?

Gidi.
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(a) Pat¢(=1va

Fn(<>:f<z>=1+<+%<2+ +—¢"
Ta co
1L e, RQ&E, 1 £ Q)
21 J=r f(2) 21 Jicjer—1 F (€) : 21 Jicjzr—1 o (€) ¢

Vay tich phan da cho chinh 1a déi ctia s6 nghiem ctia F (¢) trong dia tron ban kinh

r~! ciing chinh Ia d6i ctia s6 nghiém cta f (z) bén ngoai dia tron D (z,7).

(b) Taco
FQ) _F(Q =g
F, (0) Fn (€) nlF ()

Do F, hoi tu déu vé exp trén D (0,7—1) nén ta c6

—-n
trén (| = 1.

o
‘mo‘j <

Vay véi € > 0 ¢b dinh, véi n da 16n ta co

—n

gn

r
<
nlF, () ‘ ~ n! (max=, e* +€)

nén ’n'lg—:(C)‘ hoi tu déu veé 0. Vay ta co

1 [z, 1 ¢ 1 _
% |z|=r f (Z) de = _% ¢Q=r_1 [1 - ’I’L'Fn (C):| dC - _% ¢d:r—1 dC B 07

tiic 1a tich phan dan vé 0 khi n dan vé vo cung.
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(c) Diéu nay cho ta thay véi moi r > 0, ton tai N, € N da 16n dé v6i moi n > N,
thi ham f (v6i n tuong tng) khong cé nghiém ngoai D (0,7), néi cach khac khi n

cang 16n thi n nghiém ciia f cang gan 0.

Dé 35 (Courant Inst.).

(a) Gid st f(z) la ham giai tich trén D (0, R) va phuong trinh f (z) = w ¢
ding mot nghiém z; trong D (0, 1) va nghiém nay don. Chiing minh ring ta c6

IO
2= Flw

cong thic

(b) Chiing minh rang vé6i s6 nguyén n du 16n, phuong trinh
z n
4
z + 5
c6 duy nhat mot nghiem trong D (0, 2).

(c¢) Chitng minh rang néu goi z, la nghiém trong cau (b) thi ta c6

1

3|~

lim (z, — 1)

n— o0 2
Glidi.

(a) Céng thic nay duge suy ra tryc tiép tit dang thiic

RN PTEERC PR

270 Jo f(z) P

khi thé ¢ = Id.
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(b) Xét f(z) =z—1—(%)" giéi tich trong D (0,2), ta c6

2"
<14+ —.
+ on

F@-2=[1-(5)

£

V6i moi n > 2, ta sé chiing minh 1 + 2—: < |z| trong D (0,2 — €) v6i moi £ di nho,
tic la 1+ (1—£)" <2—¢, hay

g(a):<1—g)n+€—1<0.

n—1

Taco g (e) = -2(1—-%)
trong (0,1) ctia phuong trinh 2 (1 — %)n_l =1.Do dé taco g(e) < ¢g(0), tic la

+1 < 0 v6i moi € < J,, 0, 1a nghiém thuyc duy nhat

f(2) — 2| <|2| Vze€aD(0,2—¢)

v6i moi € < §,. Cho ¢ dan vé 0, ta dugc s6 nghiem ctia f cling chinh bing s6 nghiém

ciia Id trong D (0,2), nghia la phuong trinh da cho ¢6 nghi¢gm duy nhat véi |z| < 2.

(c) Ta ching minh nghiém z, nay la thye. That vay, tacé f (1) = — (%)n < 0 trong

khi £ (3) =1 — (2)" > 0v6in > 3. Do vay f c6 nghiem duy nhét 2, € [1,3] C R.

2 1
Khidc’)tacc’)zn:1+§—§nén
lim ( e Z Zn 1 1+Zﬁ

Nhung do ‘%‘| < % nén ta suy ra giéi han ¢ vé phai la %limn_m (1 + ﬁ) =1 Ta

c6 diéu phai chiing minh.

Dé 36 (Indiana). Cho

Q=D(0,1)\

—N

11
2°2 )"
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Tim tat ca cadc ham f: Q — Q thoéa méan tinh chat: Néu ~ 13 mot chu trinh khong
dong deu véi 0 thi f (v) ciing 1a mot chu trinh khong dong déu vé6i 0 (mod ().

Giai. Do f giai tich trén €2 va bi chan bédi 1 nén ta c6 i—% 1a cac diem ky di bé duge

clia f. Vay ta c6 thé xem f nhu la ham giai tich tit D (0,1) vao D (0,1).
Dau tién ta chiing minh {f (—%) f (%)} - {—%, %} That vay, khong méat tinh tdng
quat, ta gia st c¢o f (%) =aé¢ {j:%}, ta xét

(—1)j i0 =12
v =% ——+ee: 0<O<2r vji=12,

la cac duong tron ban kinh € v6i dinh huéng duong, ta c6 v ¢~ 0 vi Ind (72, %) =1

nhung do f lien tuc déu trén D (3,%) neén [f (12) — {a}| — 0 khi e — 0, do d6

Ind (f (72),£3) = 0. Ta c6 ngay diéu mau thuén.

Gio ta ching minh réng f (—3) # f (3), nghiala {f (=3),f (3)} = {—3, 1} That
vay, khong méat tinh tong quat, ta gid st

1 1 1
(-)-1() -2
ta c6 thé viét f dudi dang

f(z):%—l— (z—%)m (z+%)ng(z)

v6i g (2) vo nghiém trén céc lan can du nhé ctua —% va % V6i moi 7, ta ¢
1 ! 1 !
—_§Ié—f<z)1dz:—_ [ml—i- nl—i—g(z)}dz.
2mi J, [ (2) — 5 2mi fLlz—5 243 9(2)

Vay néu chon v = mvy; — ny, v6i € dit nho, ta sé c6 g # 0 trén cdc duong tron ban
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kinh ¢ tam +1 va f(v) dd gan £ dé Ind (f (v),—3) = 0. Khi d6

1 m n "(z 1 m n
Ll e - Aeh )
2mi fy lz—5 245 g(2) 270 o w) lz—5 2Z+3

Do d6 ta duge f(y) ~ 0 du v £ 0 va diéu nay ching t6 f (3) # f (—3).

Ta xét truong hop f (—3) = —2 va f (1) = 1. Khi d6, goi F' 1a ham sb xéac dinh béi

ta c6 F giai tich (thuc chat 1a ¢6 md rong giai tich) trén D (0,1),|F (2)] < 1 va
F (—%) = 1. Theo Nguyén ly modulus cyce dai, ta ¢c6 F' =1, suy ra

nén ta co f (z) = z.

Trong truong hop f (—%) = % va f (%) = _71, ap dung két qua trén cho ham —f, ta

c6 duge f (z) = —z. Vay cdc ham théa man deé bai chi gom ham Idg va—Idg.

Dé 37 (Indiana). Cho chudi lity thita

o0
g anz"
n=0
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c6 ban kinh hoi tu la r. Goi f 1a gi6i han cia chudi trén, ta gid st f chinh hinh trén

D (0,7) va chi c6 duy nhét cyc don tai zy thoa |zp| = r. Ching minh ring

Qn

lim
n—roo an+1

= 20-

Giai. Goi A # 0 la thang du cua f tai 2o, ta c6 ham F' xac dinh bdéi

A

Z — 20

F(z)=f(2) -

giai tich tren D (0,1). Do chudi Taylor cia F' tai 0 la duy nhat, ta tinh duge cac he

sO ctia n6 nhu sau

F(z) = Zanz"— A

Z — Z
n=0 0
o0 A
n 20
= aAnpz —
> T
n=0 20
[e%s)
= E ay, — A 2"
- n n+1
n=0

vi chudi nay hoi tu tai zp nén ta phai cé

A
lim (a, — —=5 | 20 =0,
n—00 zg

nghia la
: n+1l __
lim a,z;"" = A,
n—oo
do doé .
. a, . anzy”
lim = zp lim 7 = 20
n—00 Ap41 =00 (112,

Ta c6 diéu phai chiing minh.
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Dé 38 (Indiana - Purdue). Cho f 4 ham gidi tich trén D (0,1) thda man f (0) =
0va|f(z)] <1v6imoize D(0,1). Xét day ham {f,} ¢6 dugc béi viec lien tiép

hop ndéi cac ham f nhu sau

fo2) =)

P
n lan ham f

va fn (2) = g (z) v6i moi z € D (0,1). Chitng minh réng g = 0 hoiic g (2) = Id.

Gidi. Theo bo dé Schwarz, ton tai ham A thda man |h| < 1 trén D (0,1) va ta viét
dugce f dudi dang

f(2) = zh(2).
Néu ton tai 29 khac 0 trong D (0,1) dé |h(2)| = 1, khi dé ta c6 f(z) = Az véi
|IA\| = 1. Do vay f, (2) = A"z, hoi tu khi va chi khi

AL lim, o A
A= i — Moo ~1.
bt An lim, o A"

Vay ta ¢6 g(z) = Id. Trong truong hop ngudc lai, tic |h(z)] < 1 v6i moi z €
D (0,1) \ {0}, vi ham nay khong thé c6 modulus cyc dai tai diém trong 0, ta cling
c6 |h(2)] <1 v6imoi z € D(0,1). Do vay, ¢6 dinh R € (0,1), ton tai Ag € (0,1) sao

cho

h(2)| < \x  Vze D(O,R).

Vay ta dugc |f (2)| < Ar|z|, suy ra

[ (2)] < AR |2] < ARR.

Cho n dan dén vo cuing, ta c¢6 f, (2) — 0 trong D (0, R), nghia 14 g = 0 tai moi diém

trong D (0, R), va do d6 ¢ = 0 trén D (0,1). Ta dugc g triét tieu trén D (0,1) hoac

14 ham dong nhét.
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Dé 39 (Harvard). Cho zy, 2s,..., 2, 1& cdc s phiic phan biét, f, g 1a cac da thiic,
f ¢6 bac khong qua n — 2 va

g(2)=(z—21)(z—22)...(z — z,).

(a) Chting minh réng

- f(Zg) o
jzlg/ (25) B

(b) Chiing minh réng ton tai mot da thic f c6 bac khong qua n — 2 thda man
f (z;) = a; khi va chi khi

Gidi.

(a) Xét f 1a da thitc noi suy Lagrange thda man f(z;) = f(z;) v6i moi j = 1,n

nhu sau

Hk;éj — 2k) _ . 5 Hk;éj (z — zx)
Zf M= 2 gy

tacodegf <n—2vadegf<n-—1, suyradeg(f f) n — 1 nhung vi da thic
f(2) = f(2) c6 n nghiém 2,...,z; nén ta suy ra f = f.

Do deg? < n —1mneén he s6 bac n — 1 clia no triet tieu, tic

- f ()
jzlg’ (%) a
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(b) Véi cac b6 a; (j = 1,n) thoa

ng (z)

ta xét ham

p - Hk;ﬁg( — 2) B - alHk;ﬁj (z — zx)
f( ) Z ]Hk¢]< —Zk) _jzl J g’(zj)_'

Khi d6 f (z;) = a; va deg f <n — 1 v6i he s6 bac n — 1 ding bang

Pl

= 9 (z))

Vay deg f < n — 2 va ta c¢6 dieu phai chitng minh.
Dé 40 (UCLA 2011F). Tinh s6 nghiém ctia phuong trinh

z—2—¢=0 (0.0.5)
v6i 2 thuoc nita mit phang trén H = {z € C: Rez > 0}.

1

Gidi. V6i moi z € H, ta xét ¢ = Z5 thi ¢ € D (0,1) va la phép tuong ting nay la

song anh tit H vao D (0,1). Thay z = }Jrg vao (0.0.5), ta dugc s6 nghiem ctia (0.0.5
tréen H ciing chinh 1a s6 nghiém ctia phuong trinh

3¢ —1+(C—1)ec1 =0 (0.0.6)
trong D (0,1). Mt khéc ta c¢6

3(—1+(C—1)e<1—3C‘ - ‘—1+(<’—1)e%

(S
ec1

< 1+[(C=1)
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S 1+6—Rez
< 2<3¢

v6i moi ¢ théa || > % Do d6 Dinh 1y Rouché cho ta s6 nghiém cta trong
D (0,7) ciing dtng béng s6 khong diém ctia ham 3¢ trén D (0,r) v6i moi r € [2,1)

va bing 1. Cho r dan vé 1, ta duge phuong trinh (0.0.5) ¢6 nghiem duy nhét trong
H.

Dé 41 (UCLA 2011F). Cho © C C la mot mién don lién théa man Q # C va
f: Q — Qla mot ham giai tich. Gia st ton tai cac diém z;, 2, khac nhau sao
cho f(z1) = 21 va f(22) = 2. Chitng minh rang f 13 ham dong nhat trén €, tiic
f(2) =z v6imoi z € Q.

Gidi. Dau tien ta chiing minh cho truong hop 2 la D (0,1). Khi d6 ta xét

Z— 21

¢ (z) = e

la song anh, gitt nguyén D (0,1) va bién z; thanh 0. Xét ham ¢ x4c dinh bdi
g(z) =pofop™ (),

ta c6 g(0) = 0 vd g (¢ (22)) = ¢ (22). Theo bo dé Schwarz, ta c6 |g(2)] < |z| trén
D (0,1) va ding thitc c6 x4y ra tai diém ¢ (23) # ¢ (21) = 0, do vay ton tai s6 phiic
A ¢6 modulus bang 1 sao cho g (2) = Az v6i moi z € D (0,1). Thit lai véi z = ¢ (22),
taco A =1, tiic g (z) = z trén D (0,1). Do d6 ta c¢6

fe)=¢logop(z)=¢ ' (p(2))=2 VzeD(0,1).

Bai toan dugc chimg minh cho trusng hgp €2 la dia tron don vi. Trong cac truong

hop khéac, Dinh 1y anh xa Riemann cho ta sy ton tai clia mot ham A giai tich va I
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song anh tr © vao D (0,1). Khi d6, ap dung két qua trén véi ham
f=hofoh™,

thi f ¢6 hai diém bat dong phan biet 1a h (1) va h (2) nén 1a ham dong nhét, suy
ra

f=h"ofoh=Idq.

Ta c6 diéu phai chitng minh.

D& 42 (UCLA 2011F). Cho f: C — C la ham gidi tich v6i f (2) # 0 v6i moi
z € C. Goi
U={zeC: |f(2)| <1}.

Chiting minh rang moi thanh phan lién thong ctia U déu khong bi chan.

Gidi. Ta chiing minh khéng dinh trén bang phan chitng. Vi U la anh ngudc clia mot
tap md qua ham lién luc nén U 1a tap mé. Khi d6 U 1a hoi ciia dém duge cac thanh
phan lién thong va mdi thanh phan lién thong déu mé (diéu nay c6 thé duge chiing
minh cu thé, véi khong nhiéu khé khan, tit cac dinh nghia). Gia st ton tai thanh
phan lién thong Q2 ctia U bi chin, khi d6 ta ¢6 9Q N U = 0, nghia 1a |f (2)] > 1 v6i
moi z € ). That vay, gid st ton tai 2y € 9Q N U, ta suy ra c6 qua cau mad véi ban
kinh di nhé D (zg,7) chita trong U. Khi d6 ta c6 D (z9,7) C U va D (zo,7) NQ # ()
nén QU D (2g,7) 12 mot tap md, lien thong chita hoan toan Q. Diéu nay mau thuan

va cho ta |f (z)] > 1 v6i moi z € 09.

Mit khac, ta cé |f ()] < 1v6i moi z € Qnén ciing ¢6 | f (2)] < 1v6imoi z € Q D IQ,
do d6
If(z)|=1 V]z| € 09.
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Theo Nguyén Iy modulus cie dai, ta ¢6
lf(2)] <1 Vzeq.

Nhung vi f khong c6 nghiém nén ta ciing c6 thé tiép tuc 4p dung Nguyén 1y modulus

cuc dai cho ham % v6i \f(IZ)I =1 trén 0f2. Khi do6 ta co
! <1 Vze(
S z s
|f(2)]

nghia 1a |f (2)] = 1 trén Q. Do vay ta duge f(z) = A tréen C v6i A 1a hang s6 ¢o
modulus bang 1. Khi d6 U = () va khong c¢6 thanh phan lién thong nao nén meénh dé

hién nhién ding. Vay ta c6 di¢u phai chiing minh.

Dé 43 (UCLA 2011F). Mot ham giai tich f : C — C dugc goi 1a cé kicu mi

(of exponetial type) néu nhu ton tai cac hing sé6 duong ¢y, cp sao cho
£ (2)] < el vz e C.

Ching minh ring f c¢6 kiéu mii khi va chi khi f’ c6 kiéu mii.

Gidi. Néu f 1a ham nguyén c6 kiéu mii, nghia la |f (2)| < c;el trén C, theo udc

lugng Cauchy ta co

1 (2)]

iyi Mdﬁ'

21 Ji¢—ai=1 (¢ = 2)°

< max{cle”'q D C—2] =1}

< el

< (max If ()| + cl> e%e2l?!
|z|<1

Do d6 f' cing ¢6 kieu mi.
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Gio ta chitng minh chiéu ngugce lai, v6i gia st f/ c6 kiéu mii, hay |f’ (2)| < cre®?!
trén C. Khi dé ta co

() = ‘f(0)+/ozf’(C) dg\
< WO+ [ 17 G0l a

1

< O+ [ el
0

£ ()] + |2l cre

Vi |2] < ellvéi moi 2 € C nén ta suy ra

1F ()] < (If (0)] + ¢p) el DIl

Vay ta c6 diéu phai chiing minh.

Dé 44 (UCLA 2011S). Ky hieu E C [0,1] la tap Cantor, dugc dinh nghia bdi
E= {ij?rj b= 0,2} :
j=>1
Gia sttrang f : C\ E — C la ham giai tich v& bi chan. Chting minh rang f 1a ham

hing.

Gidi. Bai toan sé rat don gidn néu cdc phan tit cia E déu co lap vi khi d6 f c6
md rong giai tich trén C, tuy nhién ta biét rang moi phan tit ctia tap Cantor déu la
diém tu ctia chinh né va diéu nay khién bai toan trd nén kho khan. Goi Q = C\ E,

ta sé gidi quyét bai toan theo cic budc sau.
1. Chting minh tich phan ctia f trén moi duong cong kin trong  déu triét tieu.

2. Chiing minh f 1a dao ham ctta mot ham F' giai tich trén {2 va lién tuc trén C.
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M N

064

04T

02 M N"

1 1 I IU 1 Il 1 V & Il | Il

| ' 05 bt '

g2 Qn P

0.4

0.5 Q P

Hinh 0.0.3: Cac hinh cha nhat M, N,,P,Q,, va M N PQ).

3. Ching minh F giai tich trén C, tut d6 suy ra f ¢6 mé rong giai tich trén C.
4. Suy ra f 1a ham hang vi bi chan.

Trude hét, ta sé chiing minh tich phan ciia f trén moi duong cong kin trong Q deu
triet tieu. Ta chi can ching minh diéu nay cho moi duong v trong € c6 dang bién clia
mot hinh chit nhat vé6i cac canh song song véi 2 truc la du. Gia st v = JR, ta ciling
chi can xét truong hop v 1a hinh chit nhat M NPQ v6i M, N & nita mit phang trén,
P, @ & ntta mit phing dudi va cac diém nay cling c6 hoanh do nim trong khoang
0,1]. Goi 7, = OR,, 1a bién ctia hinh chi nhat ¢6 cdc canh doc ndm trén cing mot
dudng thang vé6i cac canh doc ciia OR va c6 cac canh ngang cach truc thuc mot doan
béang % va dat tén cac diém nhu hinh vé. Do f giai tich trén €, ta suy ra tich phan

clia f trén ~y cling ding bang tich phan ctia f trén ~,.

Gio ta dat

12
El - 597 9

33

12 12 78
E, = (=2 -z £re
2 (9’9>U(3’3)U(9’9)
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N

N

1 2 . .

En+1 = En U U (aj =+ g (b] — aj) , Qg —+ g (bj — aj)) neu [O, 1] \ E’n = U [CLj, bj]VOl a; < bj < a;
Jj=1

J=1

thi ta c6 E = [0,1]\ Upey Bn va 1 (Bnyr) = 2p(E,) + 3, do do6

() -1 = 2uim - 1= (3) " e -u=-(3)"

tic N

v6i p la do do Lebesgue trén R. Gia sit f bi chan béi K, ta ¢

;lgnf(z)dz +</N

K
dx + 8—
n

N,

< | @ [ re) a
Qn

b))

Véi moi € > 0 cho trudc, ton tai L. € N dt lon dé u ([0,1] \ Ey.) < e. Gia st

Qn
A

>f(z) dz

IA

véi cac khoang (a;, b;) va (aj, b;) roi nhau khi ¢ # 7, dat
’ € £
Fo=J a5 (0= a) b= 5 (0 = a2)|
i:1a+2( a;) 5 (b —ai)

ta c6 F. la compact chita trong Ej_ va

p(F) = (1 —e)p(EL) <(1-e).
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Do vay f lién tuc déu trén
F.x[-L1l|={x+iyeC: zel,, yel-11]}.

Vay ton tai n du 16n sao cho % <eva

'f(qu—Z) —f(m——z)
n n
v6i moi x € F.. Khi d6

I O ) N VR A | { S R )
/Uvaesdx—i— [1—(1-e)]2M

< e+ [1-(1—e)?]2M

dx dx

IN

do p(UV \ F.) < pu([0,1]\ F.) < 1 — (1 —&)®. Vay nén ta suy ra

ygf(z) 0 éﬂf@) i

Cho ¢ dan vé 0, ta suy ra tich phan ctia f trén moi duong cong kin trong Q deéu triét

<e+[l—(1—¢)®]2M + 8Ke.

tieu. Do vay, véi moi z € C, ta xét ham ¢ trén 2 xac dinh bai
92 = [ 10 &
Yz

vii 7, 1a mot dudng bat ki trong Q di tit ¢ dén 2 thi ¢6 duge ¢’ (2) = f (2) trén Q.
Mat khéc, v6i moi 21, z; khac nhau trong €, ton tai duong I' (21, z2) trong  tir z;
dén zp c6 do dai khong qua 7|z, — 2»|. That vay, néu dudng thang ndi 21, 2o nam
trong €2, ta chon I' (21, 2,) diing bang duong thang nay. Trong trusng hop ngudgce lai,
titc z; va 2z cung thuoc [0, 1], ta chon I' (21, z5) 1a nita trén duong tron dudng kinh

21, z2. Trong ¢4 hai trudng hop nay, do dai ctia T' (21, 29) déu khong qua 7 |21 — 22|
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Ta cb

9(21) = 9()] = '(/%1—/%2)]%4)%

[ 10 dc‘
I'(z1,22)

< M|z — 2

nén ¢ la ham lién tuc déu. Vay ¢ c6 thé duge mé rong thanh ham F xac dinh va lien
tuc trén C véi
Fe H(C\,1])

F'(z) = f(2)
Theo |Bai 2.10., ta ¢6 F giéi tich trén C, do vay F’ la mé rong giéi tich cua f trén

C. Vi F’ 1a ham nguyén va bi chan va 1a ham hang, ta ciing suy ra dudge f 1a ham

hing. Bai toan dugc chiing minh.

Ghi chi. Loi gidi trén thuyc chat chi can nhitng giad thiét it hon dé bai vi ta hoan
toan c6 thé thay tinh bi chin ctia f trén toan € bang viéc f bi chan trén mot lan

can chita tap Cantor F la du.

Dé 45 (UCLA 2011S). Cho Q = C\ (o0, 0] va log (2) 14 nhanh ctia ham loga-
rithm trén Q nhan gia tri thyc tren RT (va gidi tich trén Q). Chiing minh rang véi
moi 0 < ¢ < oo thi s6 nghiém clia phuong trinh

log (z) = 2 (0.0.7)

la hitu han va khong phu thuoc vao t.
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Gidi. Vi moi nghiém 2z ctia phuong trinh (0.0.7), ta c6

z=e= (0.0.8)
Ta co
t t t
‘z—ez—z:ez < el
nén ton tai R, du 16n dé
’z—eﬁ—z‘<]z| V|z| > R;.

Vay s6 nghiém ctia phuong trinh (0.0.8) trén C chinh la s6 khong diém ctia ham dong
nhat va ding bing 1. Do d6 phuong trinh (0.0.7) c¢6 t6i da mot nghiem tren C. Mat
khac ta thiy rang phuong trinh
t
In(z) =~
n(z) =

luén c¢6 mét nghiém thuyc duong vi

|
lim ﬁ = +400
Z— 00 —
1 1
lim nfz) = lim %~ =0
z—0 ; z—0 _Z_2

Vay véi moi ¢, phuong trinh 6 hitu han nghiém phitc va s6 nghiem nay khong
phu thudc t.

Dé 46 (UCLA 2010F, Harvard 2011F). Cho f : C — C lién tuc trén C.
Chting minh rang f 14 ham nguyeén trong cac truong hop sau.

(a) f giai tich tren C\ [0, 1].

(b) f gii tich trén C\ R.
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Gidi. Tuong ty|Bai 2.10.| phan Bai tap ly thuyét.

Dé 47 (UCLA 2010F). Goi A () 1a khong gian vector trén C gom tat ca céc
ham gidi tich trén Q. Cho L 1a mot todn tii tuyén tinh nhan tinh (multiplicative linear
functional) tit A(D (0,1)) vao C, nghia la

L(af+bg)=aL(f)+bL(g),  L(fg)=L(f)L(g).

Chiing minh ring néu L khong dong nhét 0 thi ton tai zo € D (0,1) dé L c¢6 dang

L(f)=f(n) VfeAD(1).

Gidi. Tru6e hét, ta tim L (\) v6i A € C chi ham hang, nhan gia tri ding bang A
trén D (0,1). Do L 1 anh xa tuyén tinh nén hién nhién L (0) = 0. Ta tinh L (1) bing
nhan xét

L()=L(1))=L(1)’=L(1*=LQ1)

nén L(1) =0 hay L(1) =1. Néu L(1) =0, taco L(f) = L(1)L(f) = 0 v6i moi
feA(D(0,1)) nén L triét tieu.

Trong truong hop nguge lai, ta ¢c6 L (A) = AL (1) = A. Gid ta sé ching t6 L (Id) €
D (0,1), that vay, néu L (Id) € D (0,1), ta xét ham g € A (D (0,1)) xac dinh béi

1

9(2) =
thi ¢6 duge g (2) [z — L (Id)] = 1 nén
L(g)L(Id—L(Id))=L(1)=1.

Nhung diéu nay mau thuan vi L (Id — L (Id)) = L (Id) — L (Id) = 0. Vay nén ta suy
ra L (Id) = 2o € D(0,1).
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Gio v6i moi f € A(D(0,1)), ta xét ham h € A(D (0,1)) xac dinh bdi

—f(ziifézo) khi z # zg
1 (20) khi z = 2

h(z)=

thi h lien tuc tréen D (0,1) va gidi tich tréen D (0,1) \ {z} nén tat nhien h €
A(D(0,1)). Mat khac thi

L(f)—=f(z) = L(f—f(20))=L((Id— z2).h)
— L(R)L(Id—z) =L (h)[L(Id) — 2] = 0

Vay nén ta suy ra ton tai zo € D (0,1) (2o ding bang L (Id)) dé L (f) = f (20) v6i
moi f € A(D(0,1)).

Ghi chi. Huéng tiép can dé nghi dén ban dau la chiing minh L lién tuc (ttc né la

mot todn tit tuyén tinh) sau do ding khai trién Taylor cho f(z) = > 02 a,2" dé ¢6
L(f)=) anl(1d)" =) anz; = [ (20).
n=0 n=0

Tuy nhién viéc chiing t6 L bi chan bang nhitng dit kien da cho (véi ca hai vé clia céc
dang thiic déu chi gdm cac gia tri cia ham L) 1a khong dé&. Ta c6 thé nghi dén viéc
chiing minh A (D (0,1)) 1a mot dai s6 Banach dé ding tinh chat clia toan tit tuyén
tinh nhan tinh trén day, nhung diéu nay khong kha thi vi rat khé tim mot chuan
tréen A (D (0,1)) du day la khong gian metric v6i ham khoéng cach dinh nghia béi

o LI () —g @)

2€D(0,1-1)

S(fg) =3 2% sp 90
k=0
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Dé 48 (UCLA 2010F). Cho

FE =3 e

1a ham giai tich tren D (0, 1). Chiing minh rédng néu

00
> nlan| < a
n=0

v6i a; # 0 thi f 1a don anh.

Giadi. Ta co

oo o0 o
If (2)] = Znanzn_l > |aq| — Znanz”_l > |aq| — Zn\an| El
n=1 n=2 n=2

Trong trudsng hop a, = 0 v6i moi n > 2, hién nhién ta c6 |f (2)| > 0. Nguge lai, néu
ton tai N dé ay # 0, ta suy ra
o0

1 ()] > || =) nlan| >0

n=2

nén trong ca 2 truong hop ta déu duge |f' (2)| > 0 v6i moi z € D (0,1). Gia si ton
tai 21,20 € D (0,1) phan biet dé f (z1) = f (22), xét

g@)=f(z1+t(22—21)),

ta suy ra g (0) = g (1) va ¢’ (t) # 0 v6i moi ¢ € (0,1). Diéu nay mau thuan va ching
té g 1a don anh trén D (0, 1).
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Dé 49 (UCLA 2010F). Cho 2 C C la mot mién mé khac réng va lien thong. Gia
st f : Q — C la ham diéu hoa va f? cling 13 ham diéu hoa. Chitng minh rang f

hodc f phai la ham giai tich trén Q.
Gidi. Xem phan Bai tap ly thuyét.

Dé 50 (UCLA 2010F). Cho F la ho cidc ham f giai tich tren D (0, 1) v6i

// \f (z +iy)|* dedy < 1.
z2+y2<1

Chiing minh réang véi moi compact K C D (0,1), ton tai hing s6 A sao cho |f (2)] < A
véimoi z € K va f € F.

Gidi. Do moi compact K déu chita trong mot compact ¢6 dang D (0,7) v6ir € (0,1)

nén ta chi can chitng minh trong trudng hop K = D (0, 1) 1a di. Xét khai trién Taylor

cua f nhu sau

/ (Z) = Zanzn,

n=1

ta co

flz+iy)> dedy = rf (re?) f (re) dr df
|
z2+y?2<1 r<l
= // r (Z anr”em9> (Z%r”ei”(’?) dr df
r<l n=0 n=0
_ // (Z yan|2r2"+1> dr df
r<l \ n—o
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theo dang thiic Parseval. Vay ta suy ra

1 o0 0o 2
[ (g 2+

néi cach khac ta co

Mzt khac tréen D (0,7), ta c6

> o

n=0

If ()] = <Z|anH " <Zlan|r-

St dung bat dang thiic Holder (véi do do 16i rac), ta co

Z|6Ln!7” <{27Laj_|1} {Z(n—i-l)r%} .

n=0

Do vay, dat M = 5, ta co

1
VA=)

S (n+ 1) 1
e s ST -

Suy ra ho F bi chin déu trén moi compact.

Ghi chi. Mot hé qué ctia bai toan trén 1a ho F 1a mot ho chinh tac (normal family).

Dé 51 (UCLA 2010S). Cho py, ps,. .., pn la cdc diém phan biét trén mat phing

phitc va U la mién xac dinh baéi

U=C\{p1,...,0n}-
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Goi A 1a khong gian vector gom cac ham diéu hoa thyc trén U va B 1a khong gian
con clia A bao gom cac ham diéu hoa thic viét duge dudi dang phan thic ctia mot
ham giai tich trén U. Tim s6 chiéu ctia khong gian thuong A/B, hay chi ra (kem
chting minh) mot c¢o s clia khong gian thuong nay.

Gidi. Ta chiing minh rang khong gian thuong A/B c6 ding n chiéu bang cach dua
cac yéu to “diéu hoa” vé cac yéu to “gidi tich”, von quen thuoc va cé nhiéu cong cu

hon. Trude hét v6i mdi ham thuyc dieu hoa u trén U, ta xét ham dicu hoa sau

ou . Ou
f=7——1+—.
ox oy
Nhu da néi 6 phan Iy thuyét, v 1a phan thie ciia mot ham diéu hoa khi va chi khi f
la dao ham ciia mot ham F' gidi tich trén U (khi d6 u chinh 1& Re (F'), véi sai khac
mot hing s6 thuyc), tiic tich phan ctia f triet tieu trén moi dudng cong kin trong U.
V6i mo6i ham f giai tich trén U, ta xét ham ¢ giai tich trén U, xac dinh béi

g =f) -3 2

Z—pj

J=1

Vol o = Lfﬁcj f(¢) d¢ va C; 1a duong tron tam p; v6i ban kinh r; di nhé dé

2mi

D (p;,7;) khong chita cic diém py v6i k # j. Khi d6 v6i moi j = 1,7, ta duge

ég@%z=éf@%—§%éﬁﬁ%

J

j=1

=0

Do tich phan clia g trén moi dudgng cong kin trong U chinh 14 t6 hgp tuyén tinh ctia

cac tich phan tren C; nén ciing déu triét tieu, ching t6 g ¢6 nguyen ham 1a G xac
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dinh va gidi tich trén U. Vay néu ta dit

() =L
u; () =In|z — pjl
thi khi do ta c6
fi = % - Zaa—uyj
va v6i moi ham f gidi tich trén U, ton tai cdc sb «; vad ham G giai tich trén U sao

cho

f=> aif;=a".
j=1
biat h = Re (G), ta co

0 (u — > i ozjuj> - ia <U — > i O'/juj> _ oh z@

ox oy ox dy

P S n B DR A R, PRI
Vay néu goi ¢ = u— > 5, aju; — h, ta sé ¢6 ¢ giai tich va 32 =52, tir do

ORe(p) __ _ 9Im(p)
ox - Oy

ORe(p) _ O0Im(y)
dy Oy

nén theo hé thitc Cauchy Riemann, ta dugc Im (p) + iRe () la ham giai tich, hay
n6i cach khac, Re (¢) la phan thuyc ctia ham giai tich Re (¢) — iIm () = @. Vay ta

suy ra

U—ZRe(aj)uj—h:Re(go) = Re ()

14 phan thic clia mot ham giai tich, do d6

u—ZRe(aj)uj:h+Re(¢) € B.
j=1
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Diéu nay ching t6 cac 16p tuong duong chia u; chinh la mot tap sinh ctia khong
gian thuong A/B. Mat khac cac 16p nay ciing doc lap tuyén tinh. That vay, gid st
ton tai cac s thuc ¢; khong dong thoi bang 0 va ham G giéi tich tréen U sao cho

> ¢u; =Re(G),
j=1

khi d6 ta suy ra
& = Ou;  .Ou; ,
Soeiti= e (G i) =6
= ‘= ox y
tic la nguyén ham trén moi duong cong kin trén U cua Z?:l c;f; déu triet tieu.

Chon duong cong kin
7= b0
j=1

ta c6 dugce

0 = 27 ij]

7 j=1

& w o)

k]l

= 27”2&50 brerfr (€
= chbk

k=1

Vay (c1, ¢, . . ., ¢,) €6 tich vo huong véi moi vector (by, b, . .., b,) déu triet tieu. Chon

(b1, ba, . .., by) 1an lugt 1a cac vector don vi, tasuyrac; = cp = -+ - = ¢, = 0. Diéu nay

mau thuén, cho ta khong gian thuong A/B ¢6 ding n chiéu va nhan {u; + B}j:1 -

lam mot co sé.
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Ghi chi. Ban dau ta da hy vong rang néu trit di mot t6 hgp tuyén tinh Z?Zl QU
t ham v sé thu dude mot ham diéu hoa A 14 phan thite cia mot ham giai tich trén U,
titc u—>""_| cju;—h = 0. Nhung viéc nay that bai véi cdc a; khong cting 1a s6 thue,
do do 1vi gidi trén da xit 1y dieu nay bang viéc chimg t6 rang ¢ =u— 37| caju; —h
thite chat 13 lién hgp ctia mot ham giai tich nén phan thic clia né ciing chinh 14 phan

thye cia mot ham giai tich trén U.

Dé 52 (UCLA 2010S). Cho f la ham lien tuc tréen D (0,1) va gidi tich trén
D (0,1) sao cho f (0) # 0.

(a) Chiing minh réng néu 0 < r < 1 va inf,—, |f (2)| > 0 thi
1 2m )
2—/ log | f (re”)| d6 >log|f (0)].
T Jo

(b) Dimg cau (a) dé chiing minh rang [{6 € [0,27] : f(e”) =0}| = 0 véi
|E| 1a do do Lebesgue trén R ctia E.

Giaz.

(a) Tagoi 21,2y, ... 2z, 12 tit cd cac khong diém (tinh ca boi) ctia f trong D (0, 7).

Dat
2

9=

el Gl z;)

— ZjZ

ta ¢6 |g(z)] = |f(2)] trén 9D (0,r) va g khong c6 nghiém trong D (0,r). Do dé
log|g (z)] 1a ham diéu hoa trén D (0,r) va lien tuc tai 9D (0,r). Ta duge

1 2 0 1 2w 0
%/0 log‘f(rez)|d6’ = %/o 10g|g(rez)|d0

= loglg (0)]
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= log|f (0 |+Zlog| |
.]

> log|f(0)]

Do d6 ta c6 diéu phai ching minh.

(b) Giastutap A={0€0,2n] : [f(e”)=0}c6do dolén hon 0 khi do, do f (z)
lien tuc déu tren D (0,1) nén c¢6 modulus bi chan béi s6 thyc duong M va véi moi
n € N, ton tai R,, dé

P <2 VrzR.0cA

Mat khéc, néu véi moi r € [R,, Zutl

} phuong trinh
f (reia) =0

déu c6 nghiem, ta suy ra s6 nghiém ctia f trong D (0, £2t1) 1a khong dém dugc va
do d6 f 1a ham dong nhat. Diéu nay mau thuan véi gia thiét f (0) # 0 va chiing t6

ton tai mot r € [R,, 2] de

inf ‘f 7’6 )|>O.

|z|=r

Do d6, dp dung cau (a), ta duge
1 2 )
—/ log ‘f (rew)| do

_ i0
= 27T(/027r A)log‘f(re )|d9

< o (M10,21] \ 4]~ nA)

- M-

log | f (0)]

IN

M+n

|A]
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v6i moi n € N. Cho n dan vé vo cling, bat dang thitc trén ndy sinh mau thuin va

két thic ching minh.

Dé 53 (UCLA 2010S). Cho F la ham chinh hinh khac hing trén mat phing

phtic sao cho v6i moi z € C thi
F(z+1)=F(z), F(z41i)=F(2).

Goi @ la hinh chit nhat véi cac dinh la zg, 29 + 1, 20 + 4, 20 + 7 + 1 sao cho F' khong
c6 cuc va khong diém trén 0Q. Ching minh ring sé6 khong diém va sb cuc ctia F

(tinh ca boi) trong @ la bang nhau.

Gidi. Do F tuan hoan véi chu ki 1 va 4, nén ta ciing c6
Fl(z+1)=F'(2), F'(z+14)=F'(2).

Do vay néu goi A Ia higu giita s6 khong diém va s6 cuc cia F' (tinh c& boi), theo

Nguyén 1y Argument, ta co

1 1 F(Q)
A = 2m§éQF(g) dq

- TR R LS e )

Do vay ta c6 dudce s6 cuc va s6 khong diém ciia F trong @, tinh ca boi, 1a bing nhau.

Dé 54 (UCLA 2010S). Cho © C C la mot tap md lién thong, zp € Q va U 1a ho
cac ham dieu hoa khong am U xac dinh trén Q théa méan U (zp) = 1. Chting minh

rang véi moi compact K C €, ton tai hing s6 M < +o0o chi phu thuoc vao Q, z va
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K sao cho

supsup U (z) < M.
UeU zeK

Gidi. Theo bat dang thitc Harnack, ton tai hing s6 duong M chi phu thudc vao €,
zp va K sao cho
U(z) MU (z)=M VzeK.

Do d6 hién nhién rang

supsupU (z) < M.
UeU zeK

Ta c6 diéu phai chiing minh.

Dé 55 (UCLA 2010S). Cho F la mot anh xa tit D (0,1) vao D (0,1) sao cho v6i
moi 21, 22, z3 phan biet trong D (0,1), ton tai ham giai tich f., ., ., tit D (0,1) vao
D (0,1) théa méan

F(z)=f(z), j=12,3.

Chtng minh F' la ham giai tich trén D (0, 1).

Gidi. Tru6e hét, véi moi a ¢6 dinh trong D (0,1), ta chi can chiing minh f c¢6 dao
ham tai a. Tru6e hét, véi moi z € D (0,1) \ {a}, ta c6

‘F(z)—F(a) _ F() F(a) ||1—az||1—F(a)F (2)
zZ—a Fa)F(2)|| z—a 1—az
< F(a)F (2)
- 1—az
2
<
~ 1—|q

zZ—a

b, c thuoe D (a,€) v6i ban kinh ¢ dit nhé dé D (a,e) € D (0,1), ton tai ham f giai

Do dé {M : z€ D(0, 1)} bi chan va chita trong D (0, M) v6i M > 0. V6i moi
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tich tit D (0,1) vao D (0,1) dé

ta co
gy = TOZE g FEOZF(
Do d6 g (b), g (¢) déu thuoe D (0, M) suy ra
‘g(b)—g(c) _ [ Mg (b) —g(c)] ‘1—56 M? — g (c)g (b)
b—c M2 —g(c)g(b) || b—c M (1 —¢b)
_ e —g@ee
- M (1 —cb)
2M? _ 2M

T M[1—(la|+¢)? 1-(la|+e)’

bat K = (| \+ o ta o duge g la ham K —Lipchitz tren D (a,¢) \ {a} va K khong

ﬂ khong hoi tu khi 2z dan vé a, nghia 1 ton

phu thuoc vao b, c. Gio ta gia su
tai & > 0 sao cho v6i moi ¥ > 0 nho tiy ¥, ton tai cac s6 phiic b, ¢ trong D (a,v) sao

cho

0.
b—a c—a -

'F(b)—F(a)_F(C)—F(a)

Chon v < ta co

2K’

F) - F(a)  F(e) - F(a)

=lg(b)—g(c)| < K|b—c| <2Kv <.

b—a c—a

Diéu nay mau thuan va ching t6 F 1a ham giai tich tren D (0, 1).
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Dé 56 (UCLA 2009F). Cho f la ham chinh hinh khac hing trén C sao cho
f(z) :f(z—i-\/i) :f(z+i\/§)

(C4 3 ham nay c6 cac cyc trung nhau). Gid st f c¢6 t61 da mot cyc trén dia dong

don vi D (0,1).

(a) Ching minh f ¢6 ding mot cuc trong D (0, 1).

(b) Chting minh cyc nay khong phéai la cuc don.

Gidi.

(a) Gia stt f khong c¢6 cuc trong D (0, 1), theo tinh tuan hoan, ¢ moi hinh vuong
nam trong luéi chinh quy tao béi cidc canh song song véi 2 truc va cdch nhau mot
doan /2 sé khong chita cuc ¢ cac phan sau trong Hinh [0.0.4] M#t khac, Hinh
cho thdy cac phan nay phi hét hinh vuong canh v/2, do d6 ta c6 dude f khong nhan
diém nao lam ciyic va theo tinh tuan hoan, la ham nguyén va bi chan. Diéu nay cho
thay f l1a ham hang va mau thudn véi gia thiét.

Vay ta suy ra f phéi ¢6 ding mot cuc trong D (0, 1).

(b) Gia sit diém cue néi trén 1a don, khi d6 véi mot hinh vuong R c6 céc dinh la

ABCD véi cac canh do dai /2 va khong di qua céc cic, mién trong hinh vuong nay

chita ding mot cyce zg va

s = ([ [

- /D [f(z)—f(z—{—i\/éﬂ dz+/A [f(z)—f<z+\/§)] dz
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Hinh 0.0.4: Cuyc khong thé nidm trong phan gidi han bdi cdc cung tron va bién hinh
vuong.

Hinh 0.0.5: Cac phan é Hinh [0.0.4 pha hét hinh vuong canh v/2.
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Do dé6 ta suy ra
Res (f (2),20) =0.

Diéu nay ching t6 2o khong 1a cie don va két thic chitng minh.

Dé 57 (UCLA 2009S). Cho f la ham nguyén khéac hing théa man phuong trinh
ham

fl=2)=1-f(2) (0.0.9)

véi moi z € C. Chiing minh rang f (C) = C.

Gidi. Dat g(z) = f(z+ 1) -3 tic f(2) = g (2 — ) + 5, phuong trinh ham

tuong duong véi
1 1
1(3-2)+9(s-3) ¢

hay g (z) + g (—=2) = 0, titc g 1a ham 1&. Vay ta chi can chitng minh &nh ctia moi ham
nguyen 1é déu 1a C. Theo Dinh Iy Picard, anh ctia ¢ 1a C hosic C bé di 1 diém. Tuy
nhién néu diém o duge bd di thi diem —a ciing phai duge bé do g la ham 18. Vay
nén ta suy ra g (C) = C. Diéu nay dan dén f (C) = C va két thic chiing minh.

Dé 58 (UCLA 2009S). Cho f la ham nguyén v6i f (0) # 0. Goi {a,} 1a day cac

khong diém ctia f tinh ca boi.
(a) Cho R > 0 théa man |f (z)| > 0 v6i moi |z| = R. Chting minh réng

2
%/0 log | f (Re®)| df =1log|f (0)] + > log (ﬁ)'

lan|<R m

(b) Gia stt rang
f ()] < CelP
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véi C' va M 1a cac hang s6 duong. Chiing minh rang

£() <=

v6i moi € > 0.
Giai.

(a) Day chinh la noi dung ctia Dinh 1y Jensen, 10i giai duge trinh bay chi tiét tai
IDé 10 (Harvard) |

(b) Goin (r)lasd khong diém ciia f trong D (0,7), theo dinh 1§ Jensen (xem ta

10 (Harvard).), ta co

maxo<g<ar {log ‘f (Rew) |}
n(r) < mR—lnr

v6i moi R > r va f(z) # 0 trén |z| = R. Do s6 cac ban kinh R sao cho ton tai
|z| = R dé f(z) = 0 khong nhidu hon s6 khong diém ctia f nén hién nhién dém

duge. Suy ra véi moi 6 > 0 nhd tity ¥, ton tai R trong [2r — 6, 2r] dé

n(r) < maxo<g<2r {log ‘f (Rew)|} < maxo<g<ar {log }f (27’6i9)‘}
- InR—Inr - InR—1Inr '

Do d6 bat dang thitc ding khi R = 2r, nghia la ta c6 duge

n(r) < maxo<g<ar {log | f (2re?)|} < InC + (2r)"
- In2 - In2 '
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Do s6 khong diém trong mot dia tron 1a hitu han, khong mat tinh tong quat, ta ¢

thé gia sit cac khong diém {a,} dugc danh s6 theo thit ty ting dan modulus. Ta c6

0" 2 6

n=1 k=0 k<\an|<k+1 |
1 Ate
n(k)| | -

NG =GR

_ n(k+1) . InC+©2k+2)"
< — <
0= im = e = i

IN
%

+
M

= n( — +Zn (k+1

Do d6, ta chi can ching té chudi sau hoi tu

S (k1) (%)ME ) (ﬁﬂ |

k=1
Ta c6
00 1 A€ 1 e o0 1 2%k 9 A 1 At-e 1 Ate
— k+1 — In2 k kE+1

In2 In2

InC + (
111 2 Z k;/\-i-e

(2k +2)* (2@1

Do d6 ta ciing chi can chiing minh chudi sau hoi tu

i (2k +2)* — (2k)*
P en2

k=2
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Mat khac ta co

lim {
k—o0

(2k+2)A—(2k)A] { 1 }} o @) -
T klte

kAeln 2 k=00 k=11n?2

(242t — (2)

= lim
t—0 tln?2
oA (2 +26)M
= lim —< + )
t—0 In 2
2221
In2
nén chudi » 7, % ¢6 cuing tinh hoi tu/ phan ky véi chudi
=1
k1+s'
k=0
Dinh 1y vé chudi dieu hoa cho ta
=1
AR < 400,
k=0

tir d6 ta c6 dugce diéu phai chiing minh.

Dé 59 (UCLA 2009S). Cho f : D(0,1) — C la ham gidi tich va don anh trén
hinh vanh khan {z : < |2] < 1}. Ching minh réng f 1a don anh tren D (0,1).

Gidi. Gia st f khong don anh, nghia 1a ton tai a va b trong D (0,1) sao cho
f(a) = f(b) = a. Goi R la s6 duong dé

max {|a|, b, 7} < R < 1,
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khi d6 ta c6 f la don anh trén {z : R <|z| <1} nén f (0D (0,R)) la mot dudng

cong Jordan véi mién Jordan tuong tng 1a €. Khi d6 ta chiing minh réng
[(D(0,R) =
That vay, do f (D (0, R)) la lién thong nén ta chi c6 2 truong hgp la
f(D(O,R)CcQ hay f(D(,R)CC\Q=¢Q.

Ta sé ching minh réang f (D (0,R)) = Q hoac f(D(0,R)) = €. That vay, néu
f(D(0,R)) C Q va tdn tai wy € Q sao cho wy ¢ f (D (0, R)), xét w; 14 mot diem
trong f (D (0, R)). Do € 1a lién thong nén ton tai duong v trong  ndi w; va wg véi
khoang tham s6, khong mat tinh tong quat, 1a [0,1]. Goi

to=sup{t€[0,1]:  ~(¢) € f(D(0,R)) V¢ € [0,1]},

khi d6 ta c¢6 tg > 0 vi f(D (0, R)) la tap md. Mat khac, do v6i moi € > 0, ton tai
t € [to — €, to] sao cho v (t) € f(D (0, R)) nén ta suy ra

v(t) € F(D(O.R) C f (D(0.R))

do f (D (0, R)) 1a compact nén dong. Mat khac, néu v (ty) thuoc f (D (0, R)) thi ta
suy ra tg # 1 va do tinh mé ctia f (D (0, R)), ta tim duge € > 0 di nhé dé

Theo tinh chat ham lién tuc, ton tai § > 0 sao cho

7(t>ED(’7(tO>7€>Cf(D(07R>> We(to—5,to+5)~

CuuDuongThanCong.com https://fb.com/tailieudientucntt


http://cuuduongthancong.com?src=pdf
https://fb.com/tailieudientucntt

726

Diéu nay chimg t6 {t € [0,1]: ~(¢) € f(D(0,R)) V¢ €[0,¢]} chita o + 3 nen

khong thé nhan ¢, 1a chin tren.

Vay ta suy ra

Y(to) € £ (DO, B) \ f(D(0,R) (D (0, R)) = 9.

Di¢u nay mau thuan va ching t6 f (D (0, R)) khong thé chita hoan toan trong €.
Chitng minh tuong ty, ta ciing c¢6 f (D (0, R)) khong thé chita hoan toan trong
nghia 1a £ (D (0,R)) = Q hoic f (D (0,R)) C Q. Mat khic thi f (D (0, R)) chita
trong compact f (W) nén bi chan, ta suy ra

f(D(0,R)) = €.
Gio v6i diem o trong €, ta c6
Ind (f (0D (0, R)),a) =1
vi f (0D (0, R)) la duong Jordan. Diéu nay mau thuin véi viec phuong trinh
f(z)=a

¢6 it nhat 2 nghiem 1a a va b trong D (0, R). Mau thuin nay cho ta f la don anh
tren D (0,1) va két thic ching minh.

Dé 60 (Harvard 2011S). Cho f : C — C la ham gidi tich khac hing. Chiing
minh rang f (C) tru mat trong C.
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Gidi. Gié st f (C) khong tru mat trong C, nghia la ton tai dia tron D (a,r) sao
cho f(C)N D (a,r) = 0. Khi do ta xét

1
g\z) = )
Do
ta dugc g la ham nguyén va
1 1
glz)| = < —.
TN e =

Suy ra g va ham hing nén f ciing 1a ham hang. Ta c6 diéu phai chiing minh.

Dé 61 (Harvard 2011S, Harvard 2010S). Chitng minh ring véi moi A > 1,
phuong trinh
zer =1 (0.0.10)

¢6 nghiem duy nhat trong D (0,1) va nghiém nay nam trén truc thuc.

Gidi. S6 nghiem ciia phuong trinh (0.0.10)) chinh 14 s6 khong diém ctia ham

f(z)=e" =2
Mat khéac ta c¢é
FG) = (2 = || = < 1= ]

v6i moi z € D (0,1). Vay nén theo dinh Iy Rouché, ta c6 s6 khong diém ctia f trong
D (0,1) ding béng s6 khong diém ctia —Idp(,1) va bing 1.

Mat khéac ta c¢6
f(0) =e?*>0
f() =e*—-1<0

nén ton tai it nhat mot khong diém ctia f nam trong (0, 1). Vay phuong trinh (0.0.10))
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c6 nghiém duy nhat va nghiém nay nam trén truc thie.

Dé 62 (Harvard 2010F). Cho u 1 ham didu hoa khong am trén C. Chitng minh

rang v phai 14 hing sb.

Gidi. V6i moi z = re¥ € C, tich phan Poisson trén dudng tron ban kinh R > r cho

ta
1 2T R2 _ ,',.2 b
= ) do.
u(2) 27T/0 R? + 12 — 2Rr cos (Q—gp)u(Re )
Suy ra . .
-r +r
< < .
(O Su() S p ()

C6 dinh z va cho R dan vé vo cling ta ¢6 u(z) = u (0). Vay ta duge u phai 1a hang

A

SO.

Dé 63 (Harvard 2010S). Cho f la ham gidi tich tren D (0,3) va gia st ring

Chitng minh rang

£ 0)] < g5 max|f =)

va tim tat cd cac ham dé dang thic xay ra.
Giai. Ham f c6 dang
fz) == (E+)(z-1)(z+1)g(2) = (24— 1)g(z)

v6i g 1a ham giéi tich trén D (0, 3). Do d6 ta c6

max|f (z)| > (3" — 1) max g (2)| > 809 (0)| = 80|f (0)].

|z|=3 |z|=3
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Do d6 ta c6 bat dang thic can chitng minh. Dé ding thiic xay ra, ¢ phai c6 modulus
dat cyc dai tai 0, do vay ¢ 1a ham hang. Thit lai v6i cac ham f dang

fl)=X(z"-1),

ta thay dang thiic dugce thoa man nén do ciing chinh la cidc ham can tim.

Dé 64 (Harvard 2009F). Cho A = {z : |z| < 1} 1a dia tron don vi trong C va
A* = A\ {0}. Mot ham giai tich f dugc goi la c6 diém ki di cot yéu tai 0 néu 2" f (z)
khong thé md rong thanh ham giai tich trén A véi moi n € N.

Chting minh ring néu f cé diém ki di c6t yéu tai 0 thi mién gia tri ciia f tril mat

trong C, nghia 1a vé6i bat ki sd phtic w, ta c6

Ve, 0 >0, Jze€A": |z <dva |f(z) —w|<e.
Gidi. Loi giai chi tiét da duge trinh bay ¢ phan 1y thuyét.

Dé 65 (Wisconsin-Madison 2011S). Cho f,, g, 1a cac ham nguyen trén C va
gid sit rang

fo(2)gn(2) =2 Yz e C.

Gia st rang {f,} hoi tu déu trén moi compact vé ham f v6i f khac hiang 0. Ching

minh ring g, ciing hoi tu déu trén moi compact.

Gidi. Ta c6 ngay f la ham giai tich vi

z) = lim f, (z —— lim IS Je = — ST

n—oo 2min—o0 fio= C— 2 2mi

dc.
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Nén néu f khéac hing 0 thi v6i moi khodng [a, b] khéac trong, ton tai R € [a,b] sao
cho

lf(z)| >0 VzeC, |z|=R

vi néu khong f sé c6 vo han khong dém dugc cac khong diém va do do triet tieu
trén toan C. Gio v6i moi k > 3, trén mdi khoang [k — %, k+ %] ton tai mot so6 Ry
sao cho

If(2)] > M, >0 Vz€C, |z| = Ry.

z z

Ta c6 {Ry} la déy tang va g, (2) = 175 hoi tu vé g (2) = ;&5 khi n — co. V6i moi
z € C thoa |z| = Ry thi

2]

lgn (2) — g (2)] = m’f@)—fn(z”
Ry,
S WM Oh=1h G =) I E
Ry,

My (Mk —lfn — f||m>

nén ta suy ra g, hoi tu déu ve g (z) tren 9D (0, Ry,). Gio ta xay dung ham g trén cic

diém con lai bang cong thitc Cauchy

_ 1 9()
R Mt

v6i moi z € D (0, Ry,) va chiing t6 ham g nay duge dinh nghia t6t. That vay, véi moi
h >k, ta co

9(Q) : 9n (C) : 9n (€) 9n (€)
d¢ =1 d¢ =1 d¢ = d
y|§<|=Rh (—z CTA% y|§<|=Rh (—z = §1§<|=Rk (—z ‘ §£<|=Rk (—=z ‘
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v6i moi z € D (0, Ryingnry) nén g dude dinh nghia tot. Mat khac, ta ciing thay dugc
g gidi tich trén moi dia tron D (0, Ry) v6i
lim R, = 400

k—o00

nén ta suy ra ¢ la ham nguyén. Mt khac do diéu nay, ta ciing chi can ching minh

{g,} hoi tu déu veé g tréen moi compact dang m la da. Véi moi k € N, ta co
19n = 9llop,r,y =0 khin — oo

nén theo Nguyén ly Modulus cuc dai, ta co6
lgn — 9llpomy — 0 khin — oco.

D(0,Rg)

Nhu vay day ham {g,} hoi tu déu ham nguyén g trén moi compact trong C.

Dé 66 (Wisconsin-Madison 2011S). Cho F la ho céc ham gidi tich f : D (0,1) —
D (0,1) sao cho f(0) =0 va f (3) = 3. Tim gia tri cta

w{f () 1o}

Gidi. Theo Bb dé Schwarz, f phai c6 dang

f(z)=29(2)

véi g : D(0,1) — D(0,1) la ham giai tich va

)3
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Xét G 1a ho cdc ham g giéi tich tut D (0,1) vao D (0,1) véi g (3) = 2, khi d6 v6i moi
g € G, tadéuco f(z) = zg(z) 1a mot phan tit cia F, noi cach khac tuong tng gitta
f trong F va g trong G la mot-mot. Ta suy ra

ol Q) rer}-tomfb ] ves)

Ta dimng cac phép bién ddi dé dua g thanh mot ham gii tich tit D (0, 1) vao D (0, 1)
gitt nguyen diém 0. Xét ham
h=@ao0go¢

v6i

o1(2) =5 bién D(0,1)thanh D (0,1)va Othanh }

2
"3

>
0o (2) = — bién D (0,1)thanh D (0,1)va 2thanh 0

Taco h : D(0,1) — D (0,1) va gitt nguyén 0 nhu mong mudn. Mt khac thi

()= (oo () - (5 )) - i

Do |h(2)| < |z| theo Bb dé Schwarz nén

i a+ 2 —10 + 61 8
-1 : < 3| <|—=1/=7.
w{lo(5)] oo} <o {[F7E]s i[5V
Nhung
eti| _3__5 |3 5 _3_ 5  2/IT+6V2
1+2a| |2 6+44a| 2 [6+4a] 2 6+4|al 3/17+4V2

va dang thitc c6 xdy ra khi a = 4/ %. Do vay ta c6

OISO B
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Diang thitc x4y ra khi va chi khi

) —10+6i\ |—10+6i
17 a 17

U2 v6i 0 = — arg (Z12%) | tiic 1a

nén h(z) = €'
F2)=29(2) = 3" (h(p1' (2)) = 03" (1" (2)) -
Vay ta co

ol () ser}- B2

Dé 67 (Wisconsin-Madison 2010F).

(a) Cho k la s6 nguyén duong va A > 0. Hay tim cu thé cac 16p cac ham
nguyén ' : C — C vdi tinh chat

21
/ IF (rew)‘2 do < Ar?k.
0

(b) Cho f la ham giai tich trén D (0,1) va dat u = Re(f), v = Im (f) va gia
stt rang w (0) = v (0). Ching minh rang

27 2T
/ U (7"62"9)2 df = / v (rei9)2 do.
0 0
Gias.

(a) Xét khai trién Taylor ctia F'

F(z)= chz”,

n=0
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ta co

2m 2m 0 o0
/ ‘F (rew)|2 do = / (Z cnr”eme) (Z &r”e‘i"(’) do
0 0

n=0 n=0

[ (Ere)e
- QWZ e, | 72

Nhu vay ta co
>l <

Suy ra

|Cn|2 S _T2k—2n

v6i moi n > k. Cho r dan vé co cling, ta suy ra

¢, =0 Vn > k,

titc F 1a da thiic ¢6 bac khong qua k. Néu A = 0, hién nhién F phai l& da thic 0.
Trong trudng hgp A > 0, ta sé chiing minh mot diéu manh hon rang F phai 1a mot
don thitc bac k, nghia 1a né c6 dang F = cz* véi

o < /=
- o

That vay, goi j 1a chi s6 nhé nhét dé ¢; # 0, gid st j < k, ta suy ra

|C]|+ Z |Cn|2 2n— 2]§ 2k—2j'
S 2

CuuDuongThanCong.com https://fb.com/tailieudientucntt


http://cuuduongthancong.com?src=pdf
https://fb.com/tailieudientucntt

735

Cho r — 0, ta ¢6 |¢;| = 0. Dieu nay mau thudn va ching t6 cac he sd ¢; voi j < k

déu triet tieu. Vay f phai c6 dang

f(z) = c2".

Thit lai, ta c6 dieu kién da cho sé tuong duong véi

A
e < o=
27

Do vay véi k va A cho trude, 16p cac ham can tim chinh 1a

{fGH((C): f(z)=cF e < %}

(b) Tacé f=wu+ivneén

2 =u® —v? + i2uv.

Ta suy ra u? — v? 1a ham diéu hoa, do d6

27 27
/ U (7“6“9)2 df = / ) (rew)Q deo.
0 0

Day chinh la diéu can ching minh.

Dé 68 (Wisconsin-Madison 2010F). Cho f la ham giai tich trén mién nim

ngang

S={zx+iy: zeR, -1<y<l1}

théa man

[f (< A+ 2])
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v6i moi z € S. Chitng minh rang véi moi n = 0,1,2,3,... ton tai hing s6 C, khong
phu thuoc f sao cho

f™ ()| < C (1 +|2))°  VzeR.

Gidi. Dé dang nhan thay duge Cy = 1. V6i n > 1, theo Udc lugng Cauchy, ta c6

) ()] — n! f (<) n,SUP|¢—:c|:r(1+|(|)5
77 ) §1§m (¢ d('g '

2mi — )" "

voi r < 1 1a s6 thyc duong. Nhu vay

() ( n 5 I 5 |
B ‘< ‘.(—1+|x|+r) :E.(1+—T ) <Z(1+r).
,r?”L

(1+]z)®> U 1+ 2]
Cho r dan vé 1, ta dudgc
|f(”) ()] <32.nl(1+ EDES

Vay vé6i C,, = 32.n!, ta c6 diéu phai chitng minh.
Dé 69 (Wisconsin-Madison 2010S). Cho f 1a ham gidi tich trén D (0,1) va gia

st rang
[l dedy =2 < 4o
0,1

(a) Néu f(z) =>.7,a,2", ching minh ring
M?* = W2n|an|2.
n=1

(b) Chiing minh
2m

sup / ‘f (rew) ‘2 df < +o0.
0

0<r<1
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(c) Chting minh ton tai cac hang s6 thuc C, o > 0sao cho |/ (2)| < C (1 —|z])™
v6i moi z € D (0,1). Tim gid tri nhd nhét c6 thé clia a.

Gidi.

(a) Taco

oo
g n+1) an+1r”eme
n=0

Do d6 theo dang thic Parseval thi

// \f' (x +iy)|* dedy = // | £/ (re) rdrd&
D(0,1) D(0,1)
= / (/ [Z (n+1)ant: T”eme] [Z (n+1) an+1r"e_m9] d9> rdr
0 0 Ln=0 =0

n

1
B / <2WZ (n+1)" ans |’ 2“) v
0

n=0
e 4 g
e 2n + 2

Vay ta co
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[ (Ere)s
- QWZ |a, ) 2"

nén suy ra
2w o)
/ |f (re® 9—27r2|an|2 2"<27r]a0|2+27r2n|an|2§27T|a0‘ 1 oM
0 n=1
Do do o
s / |f (re®)|* d6 < 27 Jaol? +2M2 < +oo
0<r<1Jo

(e e}

(c) Theo bat dang thiic Holder (v6i do do 16i rac), ta co

2
e
nla,| |z ]

>_nlanl
n=1

n=1

Sorier] S = |5

Do vay 2 ,
2
—— = 2@,

(=12
ta suy ra
M
M _ NG <
) (1+12])

|f (Z)| < ﬁ(l . |Z‘2) (1 . ‘Z‘

Va a = 1 1a cac hing s6 duong can tim. Gio ta sé chiing minh o = 1 13

3

Vay C' =
hing s6 nho nhat c6 thé, tic néu ton tai a < 1 sao cho

Cy
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v6i moi f thoa
J[ 15wl dedy < o
D(0,1)
thi sé c¢6 dieu vo ly. Xét ham f giai tich tréen D (0,1) xac dinh béi chudi Taylor
o0 Zn

2=0

ta co [[poq 1f (@ + )| da dy < 400 vi chudi sau hoi tu

1
Zn jan]* = Z 142"
n
Do d6, theo gia stt, ton tai hing s6 Cy > 0 sao cho

|z|"1 Cr a alatl) , ala+l)(a+3)
|z||—z _|Z|>a_cf Lt oot — 2"+ - 240,

V6i e dit nho sao cho v < 1 —¢& < 1, ton tai 86 8 € (o, 1 — ¢), ta sé& chiing minh rang
ton tai A > 0 dé

Sy El 1 B BB+, o BE+D(B+3), s
A > —1+= R
; T APt T o] + = |2 + A 2 +
v6i moi z € D (0,1) bang cach chi ra ring
—1 —1\°
frn-1_ (" ) (0.0.11)
n n

tit mot n > N du 16n nao d6. That vay bat ding thiic (0.0.11) tuong duong véi

B<(n—1) [(nﬁl)l_s—ll’
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nhung ta lai co

(I LSS S SEWELTIEE LR

fim <n N 1) n—1 t—0 t t—0

n—oo

vi ¢ = —. Do vay, ton tai N € N dé (0.0.11)) dang v6i moi n > N, do vay, chon

B+n—1
)\:2+maX{ﬁl 1<7’L§N},
ta co
1 -1 12 —1\° W AN+
§.6+ “.B—l—n < AV, -2 r =— < ——F7 Vnel
1 2 n 23 n ne  (n+1)
Do d6 néu dat A = AVt ta c6
— AV B B(B+1) o 1
Af' (|z]) = — 2" > 14+ =2+ = —.
PUED = g B > 1 T+ 2 TemETE

Vi vay, diéu gia st cho ta sit ton tai clia mot s thic Cy >0 dé

L AG
(1—[z)? (A =[=D"

titc néu dat z = |z|, ta ¢
ACy > (1—2)*" vYrzelo1).

Do o — 3 < 0 nén khi x dan vé 1, vé trai sé dan vé vo cuing. Diéu nay mau thuan

v6i viec n6 bi chan béi AC; va két thic ching minh.
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Dé 70 (Wisconsin-Madison 2010S). Cho mién nim ngang S c6 do day la =
nhu sau

S:{wE(C: |Im(w)]<g}

(a) Tim mot song anh giai tich ® : .S — D (0,1) ¢6 ham ngugc cing giai tich.

(b) Cho f : S — S gidi tich véi f (0) = 0. Chitng minh rang

ef2) 1
ef(z) +1

E

e* —1
ez 4+ 1|

(¢c) Cho f : S — S giai tich v6i f(0) = 0. Ta c6 thé két luan dugc gi néu
f(0) =17 Vi sao?

Giai.
(a) Ta thiét lap ® nhu hop ndi clia cac phép bién doi sau:

e ) (2) = €* bién S thanh A; 1a nita mit phang bén phai, trong d6 bién 0 thanh
1.

oy (2) = zjr} bién A; thanh D (0, 1), trong dé bién 1 thanh 0.

Vay néu chon ® = ¢y 0 ¢y, ta sé c6 @ 1a song anh va gii tich ti S vao D (0, 1), bién

0 thanh 0. Ham ngugc ctia ® hién nhién giai tich theo yéu cau.

(b) Xét song anh gii tich g tit S vao S xac dinh béi

g=®ofod,
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khi d6tacd f=d Logodvag(0)=®(f(®1(0))) = 0. Neén theo bo dé Schwarz
thi |g (2)] < |z| v6i moi z € D (0,1). Do vay ta c6

@ (f ()] =g (®(2))] <@ (2)],

tue 1a

ef2) 1 -
ef@) 4+ 1| —

e —1
ez 4+ 1|

(c) Theo quy tac dao han ctia ham hgp, ta c6
J'(0) = (271)"(0).4' (0).9' (0) = ¢/ (0).
Do vay néu f’(0) = 1 thi theo bd dé Schwarz, g phai 1a phép quay, tiic c6 dang
g(z)=Xz, [N =1

Khi d6 f phai c6 dang

e —1

f=® o Ndppo® viid= L

Dé 71 (Wisconsin-Madison 2009F). Cho F : C — C la ham nguyén.
(a) Chiing minh ring néu
// |F (x4 iy)|* dzdy < 400
C

thi F'(z) = 0 v6i moi z € C.

(b) Gia st F' khac ham hang. Chiing minh rang véi moi w € C va e > 0, ton
tai z € C sao cho

|F(z) —w| < e.
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(Luu g: Khong dung Dinh ly Picard)

(c) Gi4 st rang v6i moi w € C, phuong trinh F (2) = w ¢6 t6i da mot nghiem.

Chitng minh rang ton tai cac sd phitc a # 0 va b sao cho
F(z)=az+b.
Giaz.
(a) Xét khai trién Taylor ctia f nhu sau
n=1
ta co
// |F (z+iy)|* dedy = // rF (re”) F (re®) dr do
T2+y2<R r<R
— // r ( anr”e“w) (Z a_nr”eme> dr df
r<R n=0

_ // <Z|an|2 2”+1> dr do
_ / <Z|an|2 2n+1>

|an\ R2n+2
= 2 n+
”Z o+

M = // |F (z +iy)|* dady
C

janl” < e

Vay nén néu dat

thi ta suy ra
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v6i moi R > 0. Cho R dan vé vo cuing, ta c6 a,, = 0 v6i moi n € N, chitng té F' triét
tiéu trén toan C.
(b) Gia sit phan chiing ring ton tai wy € C va & > 0 sao cho

|F (2) —wo| > VzeC.

Khi do xét

()= =
Z) =
g F(2) —wy’
ta c6 g la ham nguyén va bi chan vi
1 1
g(2)|=—=—<-.
lg (=) F(2) —wo ~ 2

Vay ta suy ra ¢ 1a ham hing, tit d6 ta dugc F ciing 13 ham hing. Diéu ndy mau

thuan va két thic ching minh.

(c) Ta sé chiing minh moi ham nguyén F néu la don anh thi phai c6 dang az + b.

o= (1),

ta suy ra g giai tich trén C\ {0} v& 1a don anh. Néu 0 la diém ki di b duge clia

g, ta suy ra g (z) bi chan tren D (0,7), tic F (z) bi chan tren C\ D (0, 1). Két hop

v6i viec F' bi chdn trén compact D (O, %), ta suy ra F' bi chan va phai 13 ham hang.

That vay, xét ham

Diéu nay mau thuan véi viec F' don anh.

Néu 0 1a mot diém ki di ¢6t yéu ciia g, theo Dinh 1y Casorati-Weierstrass, ta c6
g(D(0,1)\ {0}) trtt mat trong C. Mat khac g (D (0,1) \ {0}) khong c6 giao véi tap

mé g ((C \ D (0, 1)) do tinh don &nh ctia g. Mau thuan nay ching t6 0 phai la mot

cyc cua g.
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Néu F khong la da thiic, ta suy ra

F(z)= i a,z"
n=0

v6i a,, khong triet tieu ké tit mot chi sé nao d6. Nhu vay chudi Laurent ctia g ¢6 dang

g(2)= Z anz "
n=0

Vi cac hé s6 ctia chudi Laurent 1a duy nhat nén ta suy ra 0 khong phai 1a cuyc ctia g.
Diéu nay mau thuan véi nhan dinh clia ta va ching t6 F' phai la da thitc. Néu bac
ctia F 16n hon 2, hién nhién F ¢6 nhiéu hon 1 khong diém va do d6 khong la don
anh. Do vay F' phai c¢6 dang

F(z)=az+b

v6i a,b 1a cic s6 phiic va a # 0.
Dé 72 (Wisconsin-Madison 2009F). Cho f la ham gidi tich trén D (0,1).

(a) Gia st |f(2)| <1 v6imoi z € D(0,1). Chitng minh rang

N!

M (N < ————
P

v6imoi N > 1va ze€ D(0,1).

(b) Giasi|f(2)] <1v6imoize D(0,1). Goi0#w; € D(0,1),j=1,N,la
cac khong diém (tinh ca boi) ctia f. Chitng minh ring

7O < [ sl

Ta c6 thé két luan dude gi khi dang thic xay ra?
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(c) Cho {z,} la day cac so thuc phan biet théa man |z,| < 3 v6i moi n > 1

va gia st rang f (z,) 1a 86 thyc v6i moi n > 1. Chitng minh réng

fz)=1()

v6i moi z € D (0,1).
Gidas.

(a) Theo u6c lugng Cauchy, v6i moi r sao cho D (z,r) chia trong D (0,1), tic

r<1l-—|z|, tacod

79 ()] =

N 1) !
%gﬁ—zl:?" (C - Z)N+1 “l= ri

2

Cho r dan vé 1 — |z|, ta c¢6
|f(N) (Z)| <
v6i moi z € D (0,1).

(b) Dit

lap luan tuong tu [Pe 73 (Wisconsin-Madison 2009S) . ta cé duge

lg(z)] <1 VzeD(0,1).

Do doé ta ¢6

7)< Tl
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Néu dang thitc x4y ra, ta c6 g c6 modulus dat cyc dai tai 0 nén la ham hing. Do

vay f phai c6 dang

N z—wj
f<Z):H1—Wz'

Jj=1

(¢) Goiu=Im(f)=DRe(g) véig= —if, tacdu(x,) =0 v6i moi n € N. That ra
ham u sé bang 0 trén toan phan giao clia truc thiyc va mién xéc dinh. Dé cho thay
diéu nay, ta sé chiing minh u ding bing khai trién Taylor ciia chinh né tai 0. Gia st

g =u+1iv, ta co

Do vay ta co

‘8nu 0 S ’g(n) (O)‘ <

s 0)

theo Udc lugng Cauchy. Nhu vay ton tai A > 0 dé

‘g - <0)' <A,
xn
suy ra phan du Taylor
0"u n
0" 1 oap
n! n!
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hoi tu vé 0 khi n dan ra vo ciing, tiic khai trién Taylor (thuyc) ctia u tai 0 sé hoi tu

ve u. Gia st chudi nay 1
oo
u(x) = E anx",
n=0
ta xét ham giai tich sau

h(z)= i anz",
n=0

ta thay ham nay dudce dinh nghia t6t vi ban kinh hoi tu vé6i chudi thie va chudi phiic

1a bang nhau. Mat khéac, ta co
h(z,)=0 VYneN

va day {z,} c6 diém tu trong D (0,1), do vay ta suy ra h = 0, ching t6 u (z) = 0
v6i moi x € (—1,1), titc f(2) € R v6i moi 2z € R trong mién xac dinh.

Gio theo Nguyen ly déi xiing Schwarz, ham thu hep ciia f trén phan nita mat phang

trén c6 mé rong la ham F' giai tich trén D (0, 1) théa man
F(Z)=F(2) V2e€D(0,1).

Do f (z) = F (2) tai vo han khong dém dugc cac diém thuoc nita hinh tron trén, ta
suy ra f = F trén D (0, 1), ching t6

F(Z)=F(z) V2e€D(0,1).

Ghi chii. Thuc ra, ta c6 tinh chat: Moi ham diéu hoa u déu gidi tich thuc (real
analytic), tic v6i moi xy thudc truc thye va ndm trong mién xac dinh ctia u, ton tai

cac s6 thuc {a,} sao cho

f(:z:):Zan(:c—xo)n Vo € (xg—r,z0+7).
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Phan chiing minh ctia tinh chat nay c6 thé dudce thyc hién tuong ty nhu trong loi

giai trén.

Dé 73 (Wisconsin-Madison 2009S). Cho f Ia ham giai tich tréen D (0,1) va
|f(2)] <1v6imoizeD(0,1).

(a) Néu f(2) = >_0% ,a,z" la khai trién Taylor ctia f, ching minh ring

oo
> an <1
n=0

/0)-(2)-

(b) Néu

chiing minh rang

42% —1
<
FE<| 7=
v6i moi z € D (0,1).
Glds.
(a) Taco
Lo i0 |2 Lo 0\ F (10if)
o |, |f(re)|" do = o |, f(re”®) f (rei®) do
1 o - n ind - —,.n ,—inf
2 X

1 2
= — n| 7" dO
o, ;M |7

)
= Dl
n=0
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Do d6 ta c6 dugce
o
Z lan| 7" < 1
n=0

v6i moi » < 1. Cho r dan vé 1, ta suy ra

o0
D anf <1
n=0

(b) Do f (%) =/ (—3%) =0nen f c6 thé viét dudi dang

Do ham =2, vé6i a € D (0,1), gidi tich trén D (0,1), la song anh tit D (0,1) vao

D (0,1) va gitt nguyén dusng tron don vi. Do d6 ta suy ra

zZ—Q

=1.

lim
|z]—1

1 —oz

That vay, gid st ton tai day {z,} trong D (0, 1) sao cho |z,| — 1 va

do D (0,1) 1a compact nén ta tim duge day con {z,, } hoi tu vé zy v6i |29| = 1 va

20 — @
0 <1l-—e.

1-— azg
Diéu nay mau thuan véi viec f gitt nguyén duong tron don vi va chitng t6

Z—

lim = 1.

lz|—1 |1 — @z
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V6i moi z € D (0,1) théoa méan |z] < R < 1, ta c¢6

-1

-1
(-1 <_|_l
|9 (2)] < max g (Q)] = max | —=| |2
¢I=R Kl=r |1 —35C 1+ 5¢
Cho R — 1, ta cb
lg(2)| <1 Vze D(0,1).
Vay nén
-] |z+13 422 —1
< 2 | 2 | _
AU 1—2z| |1+ 32 4 — 22

Dé 74 (Wisconsin-Madison 2009S).

(a) Cho f : C — C la ham nguyén. Gia sit
T [ (2)] = oo
chting minh rang f 1a da thic.
(b) Két luan 6 cau (a) c6 con ding hay khong néu ta thay gia thiét béi: Véi

moi 0 € [0, 27] thi
lim ‘f (rei9)| = +00
r—00

Gidi.

(a) Xét g(z) = f (1), ta c6 g 1a ham giai tich tren C\ {0}. Néu f khong la da

thtc, tic
1 = .
g(z)=1r <;) = nE:o (nz
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v6i {a,} 1a diy cac he s trong khai trién Taylor clia f khong bi triét tieu ke tit mot

lic nao d6. Do dé ta suy ra 0 1a diém ki di c6t yéu ctia g. Do

lim |/ ()] = +oc.

|z]—o0

ta suy ra ton tai R > 0 di 16n dé

lf(z)| >1 VzeC: |z| >R,

1
1 D — .
lg (2)] > Vz € (0, R)

Nhung theo Dinh 1y Casorati-Weierstrass, ta cé g (D (0, }%)) trit mat trong C, diéu

nay mau thuén véi viec g (D (0,%)) N D (0,1) = 0 va két thic ching minh.

(b) Ta chiing minh réng trong trudng hgp nay két luan da cho sé SAI. That vay,
xét ham nguyén
f(z)=z+¢€,

ta co
f(re?) =re’ + ericostrising) — 010 4 oreost [eog (sin 6) 4 4 sin (sin §)] .

Néu cosf < 0, ta co

‘f('r’ewﬂ >r—1

nén dan vé vo cung khi r — +oo. Trong trudng hop cosf > 0, ta dugc

‘f (Teie)l > ercosé) -
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ciing dan vé vo cung khi r — +o0o. Vay trong moi truong hop, ham f déu thoa
lim ‘f (T6i9)| = +00

r—00

nhung roé rang n6é khong la da thic.
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Chi muc

bDao ham,

Dinh 1y Abel vé ban kinh hoi tu,
Dinh ly Ba duong tron Hadamard,
Dinh 1y Casorati-Weierstrass,
Dinh 1y Cauchy cho hinh chit nhat,
Dinh 1y Cauchy tong qua,

Dinh 1y Harnack,

Dinh Iy Liouville,

Dinh 1y Lucas,

Dinh Iy Morera,

Dinh 1y Rouché,

Dinh ly Schwarz,

Dinh ly Taylor,

Dinh 1y Thang du,

Dinh 1y Weierstrass,

Dinh Iy anh xa md,

Dinh 1y co ban ciia dai s6, [121]
Dinh Iy giéi han Abel,

Dinh Iy ham ngugc,

Uéc lugng Cauchy,

dong deéu,

dong déu vdi 0,

CuuDuongThanCong.com

dong luan véi 0,

déng thitc Cauchy Riemann trong toa do
cute, [90]

d&ng thite hinh binh hanh,

don lién,

diéu hoa,

diém ki di cdt yéu,

absolute value, [7]
algebraic degree, [62]
argument, [I1] [35]

asymptotic value,

Bét dang thitc Cauchy,
Bat ding thic tam giac, @
ban kinh hoi tu,

bac,

bac dai s,

bac clia khong diém,
B6 dé Schwarz, [106]

cong thic de Moivre,
cong thic Euler,
Cong thic Poisson,
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Cong thic Schwarz,

Cong thic Tich phan Cauchy,
chi s6,

chu trinh,

chuan, EI

chuan tic, m

cross ratio, [L17]

day chuyen, @I
dang lugng giac ciia s6 phiic,

entire function,
essential singularity,
exact differential, [47]

goc,

goc Stolz,

gid tri tiém céan, M
giéi tich,

giat tich thuc,

ham diéu hoa,

ham lugng giac,

ham nguyeén,

ham riéng phan,

hé thitc Cauchy-Riemann,
homologous, [43]

homologous to zero,
homotopic, [44]

index,

Khai trién Laurent,
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Khai trién Taylor,

lién hop, |§|
linear transformation, [115

logarithm,

mit cau Riemann,
mat phang phiic,
module of periodicity, [T1]
module tuan hoan,
modulus, [7]

Nguyén ly dbi xiing Schwarz, m

Nguyén 1y Argument,

Nguyen Iy cie dai cho ham diéu hoa, [94]
100

Nguyén Iy Modulus cuc dai, ,

normalized,

null homotopic,

(—dong luan,

phép bién doi tuyén tinh,

phép chiéu lap thé,

phan hoach,

phan ki di,

phuong trinh Laplace, ,

phuong trinh Laplace trong toa do cuec,

90

real analytic, [748

tich phan,
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tich phan Poisson,
Tinh chat trung binh,
téng clia hai day chuyen,
téng hinh thic,

Ti s6 kép, |117

Thang du tich phan,
toan tit Laplace,

tri tuyet doi, [7

truc ao,

truc thuc,

truomg s6 phic, [d]

vi phan lién hgp,
vi phan toan phan,
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