CHUONG BON
CONG THUC ITO

Pinh nghia. Cho {W(t)} 13 mot tién trinh Wiener
trong mot khong gian xac suat (€2, @, P), F € H'(0,T),
G € H2(0,T) va {X(t)} 1a mot tién trinh ngau nhién sao
cho

X(r):X(s)+erdt+erdW V 0<s<r<T.
Lic d6 tandi X cé vi phan ngau nhién trén [0,T]

dX = Fdt+ GdW .
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Cho mot ho {5(t)} nonanticipating d6i véi mot tién
trinh Wiener {W(t)} trong mdt khong gian xac suat
(Q, @, P). Taky hiéu € 1a ho cac ham so6 thuc G trén
[a,b]xR co cac tinh chat sau:

e C6 mdt hang so C, sao cho
|16, X(1,0))~G(s, X (5,0))  dP(w) <
<Clli=sl+| 1X(t,0)X(s,0) dP(w)
VX e (a,b,{F()})), s,tela,b].

e G(a,Y) eL*(Q) voi moi Y trong L*(Q) .
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Cong thwre Ito. Cho (€2, @&, P) 1a mot khong gian xac
suat vai mot tién trinh Wiener {W(t)}, f va g trong
St va F trong €, sao cho
sup{E(f %(t) + g?(1)): 0 <t < T} < 0.
Gia stir cac ham sau day déu thuoc €:
OF OF 0°F O°F 0°F ,0F OF

f—,g— va , O°F
ot ox ot o ot ax Pox % ot

Cho X trong H4(0,T, {5(t)}) sao cho
d(X)(t) = f(t,X(t))dt + g(t,X(t)) dW
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Pat
Y(t,w) = F(t,X(1,w)) VtielO0,T],we Q).

Luc do Y co viphan ngau nhién

oOF OF L O°F OF
d(Y) = | g
¥) (8t / ox *° ox? Ox
hay OF , O°F OF
d(Y)= Ll dt 1 17),4
(Y)=( > L g” - 2) -

Phan ching minh dinh 1y nay c6 thé tham khéo trong
sach “Modeling with It6 stochastic differential
equations” cua E. Allen, Springer 2007 (trang76).
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Cong thure Ito c6 thé viét dudi dang sau: cho f, g va
F nhu trong dinh 1y trén, néu v4i moi t [a,b]

4 4
X(1)=X(@)+| f(s,X(s)ds+ | g(s,X(s)dW(s) .

Ta co
F(t,X(t)) = F(a,X(a))

[ (5. X D+ 5 X () S5 X (5Dl

+— jg (s, X(s)

+[ o5, XN L (5. X(5))dW(s) ¥ 1 ela,bl.
“ OX
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Thi du 4.1. Cho F(t,X) = XM, vdi mot sO nguyén
duong m. Néu

X(1)=X(a)+ | £ (s, X(5)ds + [ (s, X(5)dW(s
Ta co

X"(t)=X"(a)

+[ Imf (5. X ()X (5)+ "0 ¢ (5, X(5) X" (5)]ds

2

— Mth(S,X(S))Xm_l(S)dW(S) Y t €la,b].
hay a

d(X™)=(mfX"" + "2 ¢ X" )dt + mgX" " dW .
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Cho {Wj(t)} lam tién trinh Wiener doc lap vo1 nhau
trong mot khong gian xac suat (Q, @, P), Xo.i 1a d ham

thyc trén Q, fyva g; la cac ham thuc trén [0,T] x€ va
{X(t)} 12 d tién trinh ngau nhién sao cho V' t € (0,T ]

X (t,0) =X, +j £.(s,X(s, a)))dHZj g, (5, X (s,))dW,
hay X 1a nghi€ém h¢ phuong trinh Vi phan ngau nhién

(S) <

(dX (1) dW(t )

Pt = £(£,X(1)+ g(t, X(2)) vt e (0,71],

- X(0)=X,

0 day X =(Xp,. . . Xg), 1= (T, . ST, W=(W,,.. W)

vaQg=

(95)-
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Chou=(uy, ..., U)la mot anh xa tir [0,T]xR¢vao RX
vO1 mot sO tinh chat. Pat

Y (tX)=u_ (t,X(t,X)) V (t,X) € [0,T]xQ2, m=1,.. .k

Luc do ngudt ta chirng minh dugc cong thire Ito nhu
sau

82
i dt
Z “i Ox,0x ]

i,j=1

d(Y )=

6
& YW N m=1,0,k,

d
l:1 l:1 l
k
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CAC UNG DUNG CONG THUCITO

Dung cong thtrc Itd chung ta ¢ thé tim 101 giai chinh
xac cho phuong trinh vi phan ngau nhién.

Bai toan 4.1. Cho cac so thuc a, b va ¢. Chiing minh

Xt)=ce " +e” jo e bdW (s)

La nghiém cua phuong trinh vi phan ngau nhién

/ ax@ _ 6+ VD
S) | dt dt
X(0)=c .

Vte(0,T],
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H.D. bit F(t,s) = e?s va Y(t,x) =F(t,X(t,X)), dung cong

thuc Ito F 2 F
d(Y) = - L g? dt + —dX
(F)=5 28 )t o

Taco f=a va g=bva

OF OF O°F
de“’X()=—dt+—dX +1
(e7X(1)) Ot Ox * Ox?

= ae” X(t)dt +e”[—aX(t)dt+bdW ()] = e”"bdW(t).

g dt

Suy ra ;
e X(1)— X(0) = jo e“bdW(t).
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Bai toan 4.6. Cho s6 thuc ¢ va hai ham s6 lién tuc h,
va h, trén [0,T]. Ching minh

X(1) = cexpl[ (h(s)—1h; (s)ds+ [ hy(s)dW(s)]

La nghiém ctia phuong trinh vi phan ngau nhién

X _ X0+ hy (X (1) 2D
\ dt dt

X(0)=c .

Vite(0,T].
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H.D. bat g(t,X(t)) = h,(O)X(t), F(t,s) =In s va Y(t,x)
=F(t,X(t,X)), dung cong thirc It0

2
d(Y):(aF:% 2 O°F 2)dt'8FdX
Ta Cé t 5 ax
~ Ou ou 82u 5
1 1 ? 2
= ﬁ[h (OX@)dt+h, (1) X(1)dW(1)] - X2 (0) h, (£)X~ (1)dt

=[h, (1) - % he (0)dt + h, (1)dW(1).

S , t
e InX(t)—Inc = IO [h,(s)— % l122 (s)]ds + jo h, (s)dW (s).
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Dinh nghia . Cho X trong H"(QQ) , ta go1
E(X'()) =] X'(t,0)dP(w) ¥ 1€[0,T]

la cac moment cua X .

Dung cong thure It ta co thé tinh moment cua cac
nghi¢ém phuong trinh vi phan ngau nhién.

Bai tap 4.3. Cho X 1a nghiém phuong trinh vi1 phan
bién ngau nhién dX(t) = dt + X(t)dW(t) , X(0) =
Tinh cac moment cua X.

HD. Theo thi du 4.1, ta co
d(X™)=(mX"" + m(m D o* X" )dt +mgX" ' dW.

Véif=1,va g=X
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Vay d(X")=(mX"" + 2222 X" )dt + mX" dW

hay
X" (1) = jo (mX™ " (5)+ "D X" ($))ds +m jo X" ()dW(s).

2

Dat u_(t) = E(X(t)), dung bai toan 2.3. ta co
0, (1) = [ (mu,,.,(5)+ "% u, (5))ds.

m(m—1)

—u, (7).
P&y X(r)= jo ds + j;X(s)dW(s) — 14 j;X(s)dW(s).

Dodou,(ty=t.Suyra u, (£)=2t+u,(t). va
U,(t) = -2t — 2 +2et. Tuong ty  Us(?) = 248 -3¢ +1¢*

Suyra u (t)=mu, (1)
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