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TINH CHAT

- Ménh dé 1:

- -
Néu a, va E b, hoéi tu thi chuodi téng E (a, +b,) la hoi tu va
=1 n=] =1
» (a,+b,)=>D a,+> b, .
pi—1 r=I1 =]
- -
Néu a, thivoimeiso a, chuoi E o a, ctng hoitu va

=1 =]

EE{ {1,1:5:'5 a, .

n=1 r=I

- Ménh dé 2 Néu Za” hoi tu thi lima, =0.

1 —l
n=|

LA LY o :'-L 5t T # :'Ll . 5 u 5
Chiy Tir ima_ =0 chua thé suy rachuol Zaﬂ hot tu. Thi du chuot Z— phén ky, mic du
n—=%
1=l el 1

| .
a, =— la hoi tu dén 0.
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CAC DAU HIEU HOI TU CUA
CHUOI SO

Tiéu chuén so sanh 1

+x +
Haichudi ) a,.> b, thoadieukién 0<a <b Vn>n,

n=l1 n=1

1) Néu chudi 35, héitu, thi chudi 3o héi tu.
n=1 n=1

2) Néu chudi > a, phanky, thi chubi > a, phanky.
n=1 n=1




CAC DAU HIEU HOI TU CUA
CHIINI /A

Tiéu chudn so sanh 2

+ao +o
Haichudi > a, (1).>°5, (2) thod 0O<a <b, Vn>n,
=1 =1

) a
K= 1Iim Z&
n—>+o b

1) K =0: Né&u chudi (2) hdi tu, thi chudi (1) héi tu.
2) K htru han, = o : Chudi (1) va (2) cung HT hoac cung PK

3) K = +oo: Né&u chudi (1) HT, thi chudi (2) HT.




Chu y: trong thwc hanh, mdt sé chubi quen
thu6c sau sé dwoc dung dé so sanh:

1) Chuoi cip s0 nhdn Y ag", #0161 tu khi 0€ g < 1 vi phén

12l
khi g2 ]
-~ L
2) Choi Dirchlet: ), — hoi tukhi o> 1 va phan ky khia < 1.
il [l

. . I ) L
Thi du Ching minh chuoi ZL 31”” ho1 tu.
n=|

HD: So sanh vé&i chuc Z



Tiéu chuan d'Alembert

+
Chuiduong Y a, .Gidsk lim=2L=D
n=1

H—C
{IF’E

1) D<1:chubihditu.  2) D>1:chudiphan ky.

3) D=1 khong két luan dworc, chudi cd thé HT, hodc PK.




Tiéu chudn C6 si

Chudidwong > a, .Giast limz/a, =C
r=1

Fl—C

1) C <1:chudi hdi tu. 2) C >1:chubiphan ky.

3) ¢ =1: khéng két luan dwoc, chudi cod thé HT, hodc PK.




o0 1 |
Vi du Khao sat suw hdi tu cia chudi ZS 7
=1 ” =1

3 3+ 3.3"-(n+1)-n! _3-3"-m
T =D () (nr ) (n+1)

a., 3-3"-n »n 3 nw 3 o
= - = H >—>1 Phan Kk
a ()" 3 .m  (1+1/n) c y
I > r e > = . - 5 3”+2 -
Vi du Khao satsw hdi tu cua chudi Zﬂ T Zaﬂ
=1 m=1

llm\/_ —11m3”+§ n —%{1 HT theo t/c Cb si.

Fl—»IC H—}:c:




Vi du Khao sat sw hoi tu cta chudi 2.4,

n=1
2.5-8---(3n—1)
ﬂ —
Y 1-6-11---(5n—4)

 2.5.8---B(n+1D)-1)  2-5-8---(3n+2)

ol — —
6 11---(B3(n e 1) —4)  1-6-11---(5n+1)

2:5-8--B3n—-1)3n+2) _ _(3n+2)
1-6-11---(5n—4)(5n+1) " ((n+1)
a 3n+2 3

= lim 2L = lim —~ -1
n—% g n—x Spp+1 5

Chudi héi tu theo tiéu chuan d'Alembert.




Il. Chudi c6 dau tuy v. Hoi tu tuyét dbi.
Binh nghia hoi tu tuyét déi

Chudi 3 a, goi la héi tu tuyét déi néu chudi 3"|a,| héi tu
n=1

=1

Dinh ly

Néu chudi 3 |a,| hoitu, thi chudi 3 a, hoitu.
n=1

=1

Theo dinh ly: chudi héi tu tuyét ddi thi hoi tu.
Ménh dé nguoc lai khdng duang: ¢6 nhirng chudi hdi tu,

tuy nhién chudi cua tri tuyét déi khéng héi tu.

20 m -
- - —1) : P - 1 :
Thi du Chuoi E ( s hoi tu tuyét doi vi chuoi E P hoi tu.

=l e =] <&

_ _1 1 ) . . - 1
Chudi Z( ) hoi tu khong tuyét doi vi chudi > — phan k.

1 il

=l



(2n+3)cos3n
\/n +n+1

Vi du Khéo satsw hdi tu cta chudi Z

Chudi c6 dau tuy y. Xét chubi i| a, |1a chudi dwong
n=l1

(2n+3)|cos3n| _  2n+3 o 2 HGI tu

|- S == 2 tuyetdd
Z %/H’f P ;,\v/”; o+ 3 3 tuyét doi




Il. Chudi dan dau. Tiéu chuan Leibnitz.

Pinh nghia chudi dan dau

oo % . A
> (-)'a,. Vn,a, >0 hoac vn.a, <0 goila chudi dan dau.

=1

Pinh nghia chubi Leibnitz

Chudi dan dau Y (-1)"a, goila chudi Leibnitz, néu:
n=1

1) lima =0

FI—» 00

2) day (a,)>_, la day giam.




1. Chudi dan dau. Tiéu chuan Leibnitz.

Pinh Iy (Leibnitz)

Chudi Leibnitz hdi tu. Téng cla chudi nay thoa 0 <|S|<aq




Vi du Kha&o sat sw hdi tu ctia chudi Z\/— Z( )'a,

. _ . : 1
Chudi khéng héi tu tuyét déi. lima, = lim =0

Fl—»C & F1—>0 m
1 ’ . = -2 o x % - . . . -
( ;—H+2L1Ia day giam. Day la chudi Leibnitz va hoi tu.

1 H+11 o ,
Vi du Khao satsw hoitucta > )\F“”—Z(—l) a,
=1

=1

lima, —hmln—ﬂz(}

: day giam (co thé k/s dao ham
H—>C H—}:::I (\/;TJ yg ( )
Chudi Leibnitz nén hdi tu (theo tiéu chuén Leibnitz)



HAM SO LIEN TUC



Khal niem ham so:
Cho X va Y 1a hai tap con khéc rdng cha tap so thuc R.
Phép umg [ tir X vao Y duoc goi la dm s trén X.
Ta viét y = f(x) c6nghia y la gid i (trong ¥) ing v6i x (trong X ).

Neguoi ta goi x la hién dic lgp (hay dor sd) va v 1a bién phy thudce hay gid tri cha
ham s6 f tai x.

Tap X duoc goi la mién xdc dinh cta ham so f.
Tap R, ={ye¥/Gxe X :f(x)=y} dugc goi la mién gid tri (hay tdp dnh) cia ham f.

I e— II e II_I

[ A i Al it |

FIGURE 1 p

Machme diagram for a functin f 4 — E

FIGUERE =X
Armowy cdiagmum for F



Cac phuwong phap biéu dién

ham so6
- 1. Phwong phap giai tich

- 2. Phuong phap bang
- 3. Phuong phap do thi

- 4. Phuvong phap vé do thi



Cac phép toan trén ham sb6
Gia str f va g 1 hai ham s0 xdc dinh trén tip X.

. f=g néu f(x)=g(x) v&i moi x thudc X.
. [#8 néu ton taj® e m /lu)#en).
f16n hon (nhd hon) g né/Y2¢w
3. (fteg)x) = fx) +g(x):
(f-glx) = fix)-g(x);
(f.g)x) =f(x). g(x):

v moi X € X,

[f]( ) =L hi g(x) = 0)

g g(x)



Binh nghia (ham hop)

Chohalham g: X >7Y.f: Y >Z.
Khi d6 ton tai ham hop fog: X > Z.

h=feog=f(g(x))

Vidu  e(x)=x-3; f(x)=x°

= fog(x)=f(g(x)= f(x~3)=(x-3)

= go f(x)=g(f(x) =g(x")=x" -3

can luvu ¥ ring néi chung go = fo g.




Vi du.

Cho f(x)=+x; g(x)=~2—x Tim cac ham sau va mién

xac dinhclanod: a) fog: bygef: ¢)fof: d)geog.

a) fog(x)=+v2—x=32—x = Dp,p = (—0,2]

b) go f(x)=+2—x = D, =[0.4]
©) fof(x)=4x = D =[0,+0)

d) gog(x)=~2—-2—x =D, =[-2.2]



X DPauvao ~

flg(x)) Paura 4—/



binh nghia (ham 1-1)

Ham y = f(x) dwoc goila ham 1 - 1, néu Y #x, € D

thi f(x) = f(x,).

aaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaa
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Vi du.

\
7

Khong la ham 1 -1



Binh nghia (ham nguoc)

Cho y = f(x) 1a ham 1 — 1 v&i mién xac dinh D va mién
gia triE. Ham ngwoccua y =f(x)la ham tr E vao D,

ky hiéu x=f"'(»), xac dinh bédi x= f'(y) < y= f(x)




Chuy:

Vi a=f1(®) < b= f(a), nén (a,b) thudc dd thi y = f(x)
khi va chi khi (b,a) thuéc dd thi clua !

Y4 (b,a)
.1
! i
/ N
;f _ > (a,b)
“j{____..-"' A -
X
y = X Y= —
F YN Alxy)y = & for every x in A
FF "xy) = x  for every x in B2




Pothi y=f(x) vadodthicia ! @i xirng nhau qua

qua duwdng thang y = x.

Vi du.Vé dbd thicla
y = fix)
Vé dd thicla y=+—x—1

()

va dé thi ham nguoc. =10 71 o))




Cac ham so cép thuong gap

. Ham da thtrc )f:fl{]x’r+f{]x’r']+...+nﬁ_]xﬂiﬁ
Ham phan thiic

H n-1
- {T{JJ{ -|'{T]I +...+ L’IH_]J{+H”

Y= 5
box" +bx™ +..+b_x+b

n-1

i

la thiwong cua hai ham da thic.
3. Hamldy thira: y=x",0eR
4. Himmi y=a'véi 000 a bit ky (a20,021)

5. Ham logarit ¥ =In(x)



2. Gi®i han cua ham sé
Pinh nghia.

Cho D la tap s thuc. Piém x, dwoc gol la diém tu cla
tdp D néu trong moi khoang (x, — ¢,x, + &) déu chira vd

s cac phan tir cta tap D.

Vidu. D=(0,1) PiémtuctaD la[0,1]

D:{LHEN} D ¢6 duy nhat mét diém tu 13 0
¥l



2. Gi®i han cia ham sé

Binh nghia. (ngbn nglr ¢ -0 )

Cho x, 1a diém tu ctia mién xac dinh.
lim f(x)=a < Ve>0 16> 0

x—}xu

Vxe Dy |x—x|< 5= f(x)—al<e.

Chuy:
Trong dinh nghia khéng doi hoi la f(x) phai xac dinh tai x,

Vidu o Emizes*_1  méc du ham khong

120 x? 2 xac dinh taix = 0.




2. Gi®i han cia ham sé
Pinh nghia.

lim f(x)=a S Ve>0  J4=0

X+

VxeDrx>A=| f(x)-al<e.

Pinh nghia.

lim f(x)=a << Ve>0 dB<0

X—>—

VxeDrx<B=| f(x)—ale




lim f(x)=L

T thi f(x) trong
" khoang nay
y= flx)
y=Lte¢ / i "'\
- fe / \ — flx)
N Lle / "
‘\Hx y - L —g f;.,r ‘
\ / .
Qh B ,f/ N X
,,:-::f; i

kKhi x trong khoang
nay




thi f(x) trong
khoang nay

Im f(x)=L

X——x

Vi
y= flx)
R y=L+e
{ — L
S y=L-e
T _j,f'
N 0
Khi X trong

khoang nay

-




2. Gi&i han cda ham sé
binh nghia.

Im f(x)=+0 oVM>0 36>0

I—}ID

‘G’xeDf,

X—xp ko= f(x)>M.

Binh nghta.

lim f(x)=-—0 <VM<0 d6=0

x—}xﬂ.

VxeDr|x—xyl<o = f(x) <M.




2. Gi¢i han cia ham sé

Binh nghia. (ngbn nglr day)

Cho x, la diém tu ctia mién xac dinh.

im f(x)=a & V(x,)eD,, x,#x5.X,——>x
I—}ID

= f(x,)—"">a

Chuy: Thwong dung dinh nghia nay chirng t© ham
Khdng ¢o gidi han.

Néu tim dwoc hai day (x).(x,) > x, ma f(x,), f(x,)

héi tu vé hai s khac nhau thi ham khéng c6 gi&i han.



2. Gi®i han cia ham sé

Vidu.  Chirng t6 khéng ton tai gi¢i han lin%sinl
x— x

Chonday x, = 21 2F 50 = f(x,)=sin2nr=0—-0
nit

. 1 x
Chonday x, = =50
2nr+ /2

jf(xﬁ)zsin(2nﬁ+§):1—>l

Suy ra khéng ton tai gi¢i han



Tinh chéat cla gi¢i han ham sb

Im f(x)=a, im g(x)=>0

X—Xg X%

1) Im(erf)=aa, aeR 2) lim(f+g)=a+b

3) im(f-g)=a-b 4) limizi_ b+#0
X=X, XX g h

5) (VxeV.(x,). f(x)< g(x))=>a<bh

) {f(x) < g(x) < h(x) = lim g(x)=a

lim f=limh=a T
I_}I[:, I_}I[:,




Ménh dé

(lim u(x)=a>0 .
Vi X
J T = lim (u(x)) ~ =a°
lim v(x)=5b %
[ %
lim (u(x))v':x;' _ lim @ n(x) ~ lim v()In(u(x)
X=X X=X — €

_ IF:_;_.E:llrnsl' _ c:},‘b_




lim (1+ x)lz =e

x—0)




Cac gi&i han co ban thwdng gap khi x— 0

) lim=——==1 6) lim XY _
=0 5 x—0 Y
. e —1 arcsin x
2) lm =1 7) lim =1
x—0 X 30
X
3) ﬁml—cosx_l  tan x
0y 2 8) ]gc} N =1
4) lim (+x) =1 9) hm(l -I-Jf)l =e
x—0 X x—0
@ _ . 1/x 1
5) lim(1+x) 12{1’ 10) E_I}g(l—x) =
x—0 X ) e




Cac gi¢i han co ban thwdng gap khix —>+«

1
2)
3)
4)

S)

Im x“ =400, a >0

X—+iC

lim (lnx)" =+, >0

X—+o

lima” =400, a>1

X—+o0

lim [1 + l) = e
X—+C x

limsin x khéng ton tai

X—tC




Cac dang vo dinh

0
1 —
) 0
3) 0-0

5) 17

7) 0"




Binh nghta. (gi¢l1 han trai)

Sé a goi la gioi han trai cla y = f(x) tai diém x,, néu

Ve>036>0 VxeDs.0<xy—x<0 = f(x)—alke.

Ky higéu }Lm f(x)=a

Binh nghia. (gi®i han phai)

Sé a goi la gioi han trai cla y = f(x) tai diém x,, néu

Ve>0 10>0 VxeDr,0<x—x;<0 = f(x)—alke.

kyhieu  lim f(x)=a




. 1 1

lim —— = —© lim —— =+

.‘-r:—}l_x_l ‘-r:—}l+x_1
lime'* =0 lim e = +o0
x—0

r—0"




SIN X

lim =1
x—0 x
L . Sinx
Khongtontai lim
x—0 ‘ x‘
. SInx .. SInx
vi LIim =lim =1
x—0" ‘ x‘ x—0" X
... smmx ,. sinx
va lim = lim = —]

x—0 |x| x—0 —X




Dinh ly.

Ham s0 y = f(x) ¢6 gi¢i han tai x, khi va chi khi no6 c6 gioi

han trai va gi&i han phai tai x, va ching bang nhau.

Chuy

Dung dinh Iy trén dé chirng t& ham khong cé gidi han.




Ham so lién tuc

Gia sir ham f xdc dinh trén moét doan chia x .

Dinh nghia Ham [ dwoc goi la lién tuc tai diéem x, néu:

1) Ton tai gioi han Iim f(x);

X—¥X

2) f(x,)=lim f(x).
MOt dinh nghia twong
diroona-

|

Ham f duoc goi la lién tuc tai x, néu voi moi ddy {x, { tién to1 x, ta déu co

lim f(x,)=f(x,).

X R

i

Néu ham khéng lién tuc tai x,, ta n6i ham gian doan tai
diém nay.




.\? "

thi f(x) tién | '
dénfa). | /

0 e x

Khi x tién dén a.

dd thi lién nét (khong dirt doan) tai diém (a, f(@)).



Theo ngon ngit & — 6 thi
Ham f dugc goi la lién tuc tai x, néu vai moi & >0 ton tai mot s6 6 >0 sao cho voi

Moi X: ‘x—al <0 taco ‘1}“(3{)—1;‘“(1{:,)‘ <¢g.

Ham f dugc goi la lién tuc phai (lién tuc trdi) tai x, néu

lim f(x)= £ () (lim f(x)= f(x,)

X—4X; X=X,

Ménhdé Ham f lién tuc tai x, khi va chi khi né lién tuc trdi va lién tuc phdi tai dé. Khi dy

lim f(x)= lim f(x)= lim f(x).

X=Xy X=X+ X=Xy —



Pbiém gian doan:

Nhimg diém ma tai dé ham so khong lién tuc (nic la gici han lim f(x) khong ton tai hodc
XY,

gioi han do ton tai nhung khong bang f(x,) ) duoc goi la diém gidn doan cua f.

Tuong tu ta ¢6 thé dinh nghia diém gidn doan trdi va gidn doan phii.

B inh nghta

Cho x, la diém gian doan ctia dd thi ham sé » = f(x)
1) Biém gian doan loai mot:

gi®i han trai f(x,.) va phai f(xgy) tédn tai va hru han.
Xq 12 diém khir duoc: f(xpo) = A(Xp+)

Xo la diém nhay: f(x,.)+* fF(x,_)

buwdc nhay: A= f(x,,)— f(x,.)
2) Bbiém gian doan loai hai: khéng phai la loai mobt.
Mot trong hai gi®i han (trai hoac phai) khéng téon tai

hoac tédn tai nhwng bang vé cung.




Tinh chéat cia ham sé lién tuc

Cho y= f(x),y=g(x) la hai ham lién tuc tai x,, khi doé

) af(x) f(x)+g): f(x) -g(x) lién tuc tai x,.

2y Néu g(x,) =0 , thi £ Jien tuc tai x,.
g(x)

Dinh Iy

Néu ham f(x) lién tuc tai x, va f(x,)> 0, thi ton tai mot

lan can cua x,, sao cho f(x) > 0 v&i moi x thudc lan can nay.




Binh ly (Bozano- Cési)

Néu y = f(x) lién tuc trén doan [a,b] va f(a) = A, f(b) = B

thi VC e[4,B] tontai x,€|a.b] saocho f(x,)=C.

Hé qua

Néu ham f(x) lién tuc trén doan [a,b] va f(a).f(b) < 0, thi

ton tai it nhat mét x, thudc [a,b] sao cho f(x,) = 0.




Vi du  Khao sattinh lién tuc

SIN X

. x#0
f(x)=1 x
1. x=0
SINX . . s £ o a lia A
Vx#0, f(x)= la ham so cap nén lién tuc trén MXDb
X

_ . sinx . sinx
Taix =0: lim =1= lim

x—0+ x x—0— x

= 1(0)

Ham lién tuc tal x = 0. Vay ham lién tuc trén R.



Vi du Khao sattinh lién tuc
E; x#0
fx)=1 |x
L x=0
sinx . i
Va#0, f(x) = W la ham so cap nén lién tuc trén MXD
Tarx =0: lim o = ] lim SF —

x—0+ X x—0- ‘x‘



HAM LIEN TUC
bEU

Him s dhicie goi la [ign tug dew trén tdp X < R néu nhievdi moi 56 diiemg & (nho bao
nhiéu ty v), ta tim ducc 50 duong & sao cho

T vel, ‘x—_]-"iﬁ = ‘j'{.ﬂ—j'{_}'ii.‘:‘ .

Nhén xét Néu him L fién tue déw eén tip X' (i 6 ién e ta moi Gém trén tip d (Vi trong

(inh nghi trén ta ¢ dinh ciém v thi s suy ra neay him lién luc L diém niy),



Binh ly (Cantor) Ham [ién tyc trén doan thi ciing [ién e dey trén doan da.
Hé qua (Weierstrass 1) Ham lién tue trong doan [a,b] thi bi chdn trong doan da.

Hé quay (Weierstrass 2) Ham lién tuc trén doan thi dat dice cdc gid tri dn nhat va nha nht

P v '|'|1 '!' L !
(tat nhiing diem nam tren doan do)

Chuy Cic dinh Iy trén sé khong con ding néu ta thay doan [ﬂ,h] hiing khodng (a ). That

| , : :
vy, ham v == lén we trén Khoang (0.1) nhung no khong b chin vi khong dat gia
X

tri 1én nhit trén khoang niy.



Pao ham



|. Dao ham

Binh nghia (dao ham)

Ham sd y = f(x) xac dinh trong lan can cla diém x, .

(Y= o (o A~ f (%)
S )= fim =2

f (x,) dwoc goila dao ham cua ftai diém x, .




Vi du

Tim dao ham ciaham f(x)=cosx tai diém x,

S (xg +Ax)— f(x,)

/(%) = m,

Ax
 hm cos(x, + Ax) —cos x,
Ax—0 Ax
. [ ﬁx} . Ax
SIn| X, +— |-sin—
~— lim =/ 2
Ax—>0 Ax
2

= —sin(x,)



Vi du

. , xzsin(l} x#0
Tim f(0) ,biét f(x)=: X

Oy = T o O+ A%) — f(0)
/= fim =

tm (Ax) 5111(1/&}:)—0
Ax—0 Ay

~ lim ( M.Sin(LD ~0 (bich&n . vé cung bé)
Ax—0 Ax



Binh nghia (dao ham phai)

Ham sbé y = f(x) xac dinh trong Ian can cua diém x,
. . (x, +Ax)— f(x,)
f+ (xg):é}:l_}ﬂéf 0 - f 0
f . (x,) dwoc goi la dao ham phai cua f tai diém x, .

BPinh nghia (dao ham trai)

Ham sb y = f(x) xac dinh trong lan can cla diém x, .

()= lim J(x, +Ax) — f(x,)
f_( G)_a}:—m‘ Ax

f_(x,) dwoc goila dao ham trai cua f tai diém Xp .




Binh ly

hai dao ham nay bang nhau.

Ham sb y = f(x) c6 dao ham tai diém x,, khi va chi khi

nd cd dao ham trai va dao ham phai tai diém X, Va

Pinh nghia (dao ham vé cung)

Néu lim
Ax—0

J (xg + Ax) — f(x)

Ax

— oo, thi ta ndl ham

c6 dao ham vé cung tai diém x, .




Vi du

Tim f'(x), biet f(x)=x*-3|x|+2

x*—3x+2. x20

¥ +3x+2, x<0

2x—3., x>0

2x+3, x<0

f(x){ jf'(x):{

Taidiémx =0: f.(0)=-3;f(0)=3

bao ham tral va dao ham phai khédng bang nhau, suy
ra khong ton tai dao ham tai x = 0.



Vi du

Tim /(0 £.(0), biet f(x)=/sin2x{




Pao ham trai va dao hém‘phéi Khdng béng nhau, nén
dao ham tai x = 0 khong ton tai.



Vi du

Tim £'(x), biét f(x)=

SN X

rl
X

1,

x#=0

x=0




Vi du

sin x
Tim f'(x), biét f(x)=1 «
1. x=0

x=0

XCOSX —SInx

S (%) =+ x* ’

x=0

x=0

sin Ax

—1

_ 1 Ax
Ax—0 Ax - i%t—"[}lﬂ Ax

. sin Ax — Ax
— lim —

_ 0
Ax—»0 (ﬂx)“




Cong thure tinh dao ham

Qui tic tinh dao ham cua tfing, hiéu, tich
ham hop.

. thwrong,

1. (ﬂu)lza’ul ol (“i’#’)l:uliv'
v 1%

4. (u-v-w) —U V-WHUYV - WAHU-V-W
Pao ham cua ham hop

f=f@), u=u(x)= f (x)=f @ -u ()



Pao ham

3. ::e” =e" - u
4. (Sinu)l ZCGS(H) U
5. (CE}SH)IZ—(SiHH) U
6. (lnu)lzli
H 1
1
7. (t =
(aﬂﬂ) cos? u
8 (catu = __2
sin” u



Pao ham cua ham nguoc.
Ham y = f(x) la ham 1-1 ¢c6 ham ngwoc x = g(y).
Néu f(x) c6 dao ham hiru han khac khéng tai Xo, thi ham

g(y) sé c6 dao ham tai y, = f(x,) va

1
f (%)

gl(yr;:) —

1
v (x)

x(¥)=




Vi du

Tim dao ham ham nguoc ciaham f(x)=x+x°

f(x) [d ham 1-1 trén R, dao ham f (x) =1+3x” #0,Vx
& 11
dy B y (x) - 1+43x7

Vi du

'|.r_| —_ '|.r_|

€ —€ "

Tim ¥ (x), biét x=sinhy= :

X = sinh(y)la ham 1-1, dao ham x (y)=1/coshy # 0,y

. dy 1 1 1
y(x) =2 = _

dx  x(y) ] \/l-l—siﬂh2 y  Al+x7




Lién hé gitia dao ham va finh lién fuc cua ham s6

Ménh dé Néu [ oo dgo igm tai diém x, thi né [[én tuc tai x,.



I1l. Cac dinh ly vé gia tri trung binh

Néu lén mdi lién hé gitta ham y = f(x) va dao ham [ (x).

Pinh ly Fermat
Ham y = f(x) xac dinh trong lan can cla diém X va dat

cwe tri tai d5. Néu tén tai dao ham f (x,), thi f (x,)=0.

binh ly Rolle Cho hamy = f(x).

1) Lién tuc trén doan [a, b] e e(ab):
Cd6 dao ham 2

2) “ieng  Khoang(a.b) () =0

3) f (a) = f(b)




11l. Cac dinh ly vé gia tri trung binh

binh ly Lagrange Cho hamy = f(x).

1) Lién tuc trén doan [a,b] } Jee(a.b):
Co dao ham 2 b) — |
2) o khoang (a,b) J( ;_ af(a) _ o)
Pinh ly Cauchy  Cho hat hamy =f(Xx) va y = g(x).
1) Lién tuc trén doan [a, b] dce(a.b):
2) O™ khodng (a,b) f®)-f@ _ [

g®)—(a) g(o)
3) g(x)#0.Vxe (a:_b)




Vi du

Kiém tra tinh ding dan cda dinh Iy Rolle déi véi ham
f(x)=(x-D(x—-2)(x-3)

Ham f(x) Codaoham  §oan [1,3]va bang 0 tai cac diém

trén
X=1x=2,x=3.
Trén hai doan [1,2] va [2,3] ddi v&i ham f(x) théa man tat
ca cac diéu kién cua dinh ly Rolle.
T&n tai it nhat hai diém cla khoang (1,3) tai d6 f (x)=0 .

1 1
——C, =2+
\/g 2

NG

f(JC) =3x°—12x+11=0 e = 2

c, €[l,2]:c, €[2.3]



Vi du. Xac dinh gia tri trung gian ¢ trong dly Lagrange

3o 0<x<l1

trén doan [0,2].

l<x <+

dbi voi ham f(x) =+

2=

Khao sat tinh kha vi tai x = 1. Dung dinh nghia tim dwoc

f)=-1=f.)
Vay f(x) kha vi, lién tuc trén doan [0, 2]. Theo dly Lagrange

| —2c., 0O<ec=xl
f@-fO)=f(e)(2-0),0<c<2 _1{—2hf; l<c<?2
—1

f'(x):—x,(}{:xil,f'(x):;,l{x{2 —e=1/2ve=-2



Vi du. Gia st £(0)=-3,(vx) f (x) <5 . Hoi gia tri I&n nhat

cla f(2) co thé la bao nhiéu?

Trén doan [0,2], ham kha vi va lién tuc.
Ap dung dly Lagrange, ta co:
f@-f0)=f()(2-0) =21 (c)
= f(2)=f(0)+2f(c)

= f(2)<-3+2-5=7.




Pinh nghia (dao ham cap cao)

Pao ham cua ham y = f(x) la mét ham sb.

Co thé 14y dao ham mét 1an nira cla dao ham cép
mot, ta dwoc khai niem dao ham cap hai.

fx)=(f )

Tiép tuc qua trinh ta cé dao ham cép n.

FO) =)




Céng thirc Leibnitz (tinh dao ham cép cao)

Giaslr v=

/g

Dung qui nap ta chirng minh duoc

(f _g)(ﬂj

< (fg)"=Cr® g+ f g

1

= $cp g

(n=1)

+o+ CF g

Trong do6 qui wéc: 9= f; @ =




Phwong phap tinh dao ham cép cao.

1) St dung cac dao ham cép cao clia mot sé ham da biét
2) Phan tich thanh tdng cac ham “don gian”.

3) Phan tich thanh tich caa hai ham: f.g, trong dé f 1a ham

da thire, chi co vai dao ham khac khéng, sau dé st dung
cong thire Lelbnitz

4) S dung khai trién Maclaurint, Taylor (s& hoc)



Pao ham cap cao cia mdt sdé ham thuwdng gap

o (72) o —71
1) ((x+r:1)) :El’-(ﬂ"—l)'"(tl’—ﬂ+1)(x+ﬂ)

(1)
1 ; 1
( ) - (_ 1) r! n+1
xX+a (x+a)

2) (E‘H )(H) =a"-e™

(n—1)!

F1

3) (ln.rir:)mI = (- "-

4) (sin(ax))” = a" -sinax + ng)

5) (1::(:»55.(n::z::nn:))I:H:I = a” -cos(ax + Hg)



oo o (H:l
Chu Y- ((Gx—l—b) ) :EI-([’I—1)“‘((1_”_'_1)(&:{:_'_6)&'—?1 "

In(ax+ b )yl (n—D)!  n
(Ingax+£))" =)t F

(sin(ax+b))'iﬂj —a" -Sin(a.x+b+n§)

(cas(aerb))'iﬂ) — " .COS(mejL”g)

(100) 100

= (=1)*99!

Vi du. (In(2x+3)) ey



Vi du

. 2 1
Tinh  y"(x) , biét Y=
x —

_ 1 _l( 1 B 1 ]
}_(x—Z)(erE)_il x—2 x+2

(1)
1
R

(x+a)

S dung cdng thirc (

X+a

e N
) o 4 (x_z)rHl (x_|_2)?‘i!+l



Vi du

Tinh 3™ (x), biét y=sin’x

B 1—cos2x B 1 cos2x

YT T2 2

1
= y(”](x) = —52” cos(2x + H%)

y'[”:I (x)=—2""cos(2x + ng)




V. Cong thire Taylor, Maclaurint
Ham sb y = f(x) c6 dao ham dén cép n trong lan can x,,
Muc dich. Tim mot da thire bac n, sao cho:

1) f(x) :Pn(xﬂ);(\:’% = 1=---=”)f(k](xo) :P;k)(xo)

2) P,(x) laxap xi tot nhat cho ham f(x) trong lan can

cuax, (twcla f(x)—F,(x) la VCB bac cao hon (x—x,)")



V. Cong thirc Taylor, Maclaurint

Pinh nghia

Ham s6 y = f(x) c6 dao ham dén cap n trong lan can x,.

e
Pathic P(x)= f(x)+ ¥ k(lxﬂ)(x—xg)k goi 4 da thirc
k=1 !

Taylor cua ham f(x) trong lan can cua X,

Chu yv: V& mét ham ¢é dao ham dén cap n cho trudc ta
ludn tinh dwoc da thire Taylor.

Trong dinh ly sau ta thdy P,(x) 1a xap xi (tot nhat) cho
ham y = f(x) (khac nhau mét dai lwong la VCB bacn + 1).




V. COng thire Taylor, Maclaurint
Pinh ly

Ham sb y = f(x) c6 dao ham dén cdp n + 1 trong lan can
diém x, . Cong thtrc Taylor cua f(x) dén cép n tai x, 1a:

f(xg)( D)—I—f(xﬂ) 2

1 (x—x,) +-+

(1) ) (1+1) ¢
_|_f (JSD)(J:—J:D)ﬂ+f (:}(:f

n! 4(;?+1)!

J(x)= f(xy)+

—:I:CI)”+1

N . #1a s6 nam gitra X va x
Phan du thr n: R (x) v J 0

f(x) = f(x)+?f(k)( D)(x—x ) +R,(x)=P,(x)+R,(x)
0 kl 0 I




pinh ly

Trong dinh nghia cua cong thirc Taylor, ta ¢co:

Rﬁ(.:!n:)=:;‘J((.:~n:—.:an:[:J )ﬁ)

Tl cong thirc Taylor, ta cé: R, (x)=f(x)—P,(x)
f(x5) = B(x) (Y =1....n) £ P x,) = B, ()
=R, (x) =R (x))=--=R"(x,)=0
S dung qui tac Lopital n lan, ta dwoc:

' (1)
111’11 Rﬂ(x) — 111‘11 Rﬂ(x) — e — llﬂl RF’E (JE) —

X—Xp (J{’-_x[])?E X—X H(JC—JCG) =% !

= R (x)= G((x—xm)n)

0




Phan dw ghi & dang Peano

Phan dw la mot vo cung be bac cao hon (x—x,g,)FE

Khi khéng quan tdm dén phan duw, st dung dang Peano

Rn(x)z G((x—x[, )H)

Phan dw ghi & dang Lagrange

Khi can danh gia phan dw, str dung dang Lagrange:

3 f{ﬂ+l)(§)
R,(x)= (n+1)!

n+l P P
(x—xy)  x<&<x vy, <& <x

Khai trién Taylor tai x, = 0 goi la khai trién Maclaurint.



Khai trién Maclaurint cla mot sé ham thwdng gap

2 3 M
1)€x:1+x+x—+x—+--.+x_+ﬂ(xﬂ)
21 31 Al
xz x3 lx
2) In(l+x) =x = —+ ==+ (D" —+0(")
x3 x5 &F"E+1
3) sinx=x——+——---+ (-1 +o(x7
} 3t Sl C )(2ﬂ+1)' )
¥ X 2 X 21+
4) cosx=1-—+——---+ (=1 +o(x*™)

20 41 2n)!



Khai trién Maclaurint cua mot sd ham thwong gap

2 3 .
Det=lrxt 2 4ot Xy o)

21 3l n!

2 3

2) (1) =x =+ 2 (Do)

x3 x5 LH!+1
) sinyx=x— —+ - (=1 4 o
) 3t 5t v (2n+1)! ( )

‘}:2 x4 xzﬂ ,} .
4) cosx=1-"—+"——---4 (=1 +o(x*™)

20 4 (2n)!



Khai trién Maclaurint clia mot s6 ham thwdong gap

3 5 2n+1
X X X DD
5) simhx=x+"—+" 44— +o(x7)
31 5! (2n+1)!
2 4 2n
X X X o
6) coshx=1+—+—+--- +o(x¥h)

2 T 2!

o -1) , ] 1
7) (1+x) ttaxs 2 )x‘ I ) (o =(n- ))r +o(x")
2! 7!
x3 x5 m+1
8) arctanx=x——+—-—- +( 1) _|_G(x2rz+2)

3 5 2n+1



Cac rng dung cua cdng thirc Taylor, Maclaurint

1) Xap xi ham y = f(x) b&i mdt da thire bac n.
2) Tim dao ham cép cao cla y = f(x) tai diém Xo.
3) Tim gi&i han cta ham s6.

4) Tinh gan dung v&i dd chinh xac cho trwde.




1

?
—l-x4+x"—x + -+ (-1)"x" +D(x”)
1+x |

1 ,
1—:1+x+x‘+x3+---+x”+a(x”)
— X

Vi du. Tim khai trién Maclaurint dén cap 3 cia ham

f(3)=——

x*—5x+6

Fx)= 1 1 1 1 | 1 1

(x-2)(x-3) 2-x 3-x 2 1-x/2 3 1-x/3

S5x 19x° 65x° 3
+—+ + +a(x)
36 216 1296

N | =



\/i du. Tim khai trién Maclaurint dén cap 5 ctia ham

fx)=er

2\? 2y
f(x):ezx"x: 1+(2xx2)+(2x;!x) +(2x3!x) N

2 4 B 2 5
+(2x4!x ) +(2x5!x ) +o(x”)

Khai trién, rit gon, sap xép cac sd hang theo bac tang dan:

2 2.5 3 4 1 5 5
X)=14+2x+x"——x ——x ——x +o(x
J (&) Y TN T (x)



, , . tanx-sinx
Vi du. Tinh gi&l han I =lim -

x—0 X

3

X 4 _ .. X 3
51nx:x——l+ﬂ(x ) tanx—x—l—?—l—{)(x )

3 3
tanx —sinx = [x +% + o(xE)] [x - % + G(XE)]

3
X

tanx —sinx = 5 +o(x°)

3
X 3
: —+o(x)
. fanx-sinx '
I =lim 3 = lim 3 — — +lim
x>0 X x—0 X D a0y

1 o(x”)

1

=—+0

2




II. Qui tac Lopital
Dinh Iy 1

Cho hai ham sd y = f(x), y =g(x), thoa:
1) Xac dinh trong lan can cla diém x,va f(x,)=g(x,).

2) Ton tai dao ham hitu han f (x,).g (x,) #0.

T A AC)

X=X g(x) =% g (JL')

J(x)= f(x,)
lim =~ Jx) _ — Jim — >0 = lim +—= f &)
X=X, g(x) X=X g(JC) g(xﬂ) =N g (JC)
X — X,




1 Qu(i] tc Lopital
Binh Iy 2 (Qui tac Lopital 0 )

Cho hai ham s6 y = f(x), y =g(x), thoa:
1) Kha vi trong khoang (a,b).

2) Vxe(a,b): g(x)#0.

3) Tén tai lim f(x) =limg(x)=0

X—da X—d

4) Ton tai tim %) howu han hay v6 han.
—a g (x)

khi 46 ton tai im? ) va tim S @ _ i S @
x—a g(x) x—a g(x) x~a g (JC)




1 qu.téc Ldpital
Dinh Iy 2 (Qui tic Lopital = )
-

Cho hai ham sé y = f(x), y =g(x), thda:
1) Kha vi trong khoang (a, b).

2) Vxe(a,b): g(x)#0.

3) Ton tai lim f(x)=lim g(x) =

X—a X—a

4) Ton tai im 2" heu han hay vé han.
x—a g (x)

Khi do tan tai im 2 va 1im L) i £ @

x—a g(x) X—a g(x) x—=a g (x)




I Qui tac Lopital

Dang vé dinh: () - 00

f 0

.g=——dang —

{f—>0 AR
g—w

~f.g=) dang ©

1/g ve

Cac dang vo dinh: oo_ooj lxj OODj OD

Céac dang vd dinh trén déu dwa vé dang vd dinh 0.0



. Tinh gi&i han (st dung qui tc Lopital)

()
1} hm ﬂ( 'f) v
0 —
/4 cotlx
=0 xXCcosx —simnx
4 lim arctfiﬂ(x—l)
=t \/xh Lx_2
t S

-0 aresin x — In(1 + x)

-1
2

-1

0

T—al] -

; . I'IC . tal] X

8) llm xl_."' In(sinh x)
—=0"

9) llm (xl’ _l)lﬂx

r—07

10) lim (3x2 +3x)1_,..x

T—3+o0



11) lim<——% .
x—=0 SINX — X

12) lim x"¢™* 0
X—tx
(1 1

13) hm( . J 0
x—0\ x arcsinx

14) lim( : 1,,} 1
-7\ xarctanx x° ) 3

x2 o 12

15) lim(cos x)lf ‘

x—=0

. 1
lim x

16)
1 lnx—x+1

17) fim—~| =1 2
—0 x| tanhx tanx 3
18 1 ¢ tan 2x
) Jim (tan-x)
zx
19) lim| tan 1
X% 2x+1

2

. 1/x
20) 11m( dAr'Cs11l JEJ e

x—0 X




NOi dung
@ Tich phan
@ Bai toan tinh dién tich — Dinh nghia tich phan
@ Dinh ly co ban cua vi tich phan
@ Nguyén ham
@ DOI bién va tich phan tung phan — Tinh tich phan
© Tich phan suy rong
@ Tich phan suy rong loai |
@ [ich phan suy rong loai Il
@ Cac tiéu chuan hoi tu
9 Ung dung cta tich phan

@ Tinh dién tich, thé tich vat thé trdn xoay, do dai
dudng cong



YA YA

- Al

O & & % % & x U] @ b %

n=4 n=12
R, :f(xl)‘ﬁ"r _i_f(xi)ﬁx Lt —I_f(*‘:n) Ax
A=1mR,=lim][f(x;)Ax + f(x2) Ax + - -+ + f(x,) Ax]

i I =» L



Thay wi 13y gid tri cha f tai cic ddu mit x; nhu trén, ta
c6 thé chon tai diém bAt ky X' € [xi—1, xi].

A=1lim[f(x)Ax + F(Z) Ax + =+ + f(x ) Ax]

H— 100
YA
N Ax
.ﬂ—‘—._____l ~
l\ == N
s g B N
| | | | |
| | | S | : | : lN
| | | | | L Fi
| | i [l O | |
| | | | | | | | |
| | | | | | | | |
| | | | | | | | |
| | jol | | e V) | "
0 .:?T X, x T et i {!} X
|



Dinh nghia tich phan

Dinh nghia tich phan

Cho f 13 ham xac dinh trén [a, b], ta chia [a, b] thanh n
khoang con véi d6 rong Ax = (b — a)/n. Goi

xo(=a) < xi < xp < --- < Xy(= b) 12 cadc dadu mit cia
clia cac khoang con dé. Trén mdi khodng con ta lay

x* € [xi_1,x;]. Thi tich phan (xac dinh) cua f tir a tdi b
ducic dinh nghla la:

/ f(x)dx = nan:-:IcZ f(x")Ax

néu no ton tai.

Néu tich phan cla f ton tai, ta néi f kh3 tich.




Cac tinh chat cua tich phan
b
/ kdx = k(b — a) véi ¢ 13 hang sb.

o

[ rooa=- [ ) [ e

Cho f, g kha tich trén [a, b], k € R khi dé:
b b b
1. f [f(x) + kg(x)]dx —/ f(x)dx-l—kf g(x)dx

2. Néu c € (a, b) thi f ciing kha tich trén cic khoadng
[a, c] va [r: b]. Va khi dé:

/f dx—/f dx+[f




b
3. Néu f(x) > 0,Vx € [a, b] thi f f(x)dx > 0.

Suy ra néu f(x) > g(x),Vx € [a, b] thi

/j f(x)dx > /‘;bg(x)dx

b
4. Ham |f| kha tich va / 1f(x)|dx >

/; f(x)dx




Dinh ly co ban cua vi tich phan

Dinh Iy co ban cda vi tich phan 1

Cho f lién tuc trén [a, b], dat: F(x / f(t

(a < x <b). Thi F lién tuc trén [a b], kha vi trén (a, b)
va F'(x) = f(x).

Vi du: Tinh dao ham cua

:f v 1+ t2dt.
0



Dinh ly co ban cda vi tich phan 2
(Céng thic Newton - Leibnitz)
Cho f lién tuc trén [a, b], thi:

b

/ f(x)dx = F(b) — F(a)

Trong dé F |a mdt nguyén ham bat ky cla f, nghia |3
F'(x) = f(x).




Nguyén ham

o F duoc goi 13 nguyén ham cla f néu F' = f.

@ Dinh ly co ban cta phép tinh vi tich phan khing
dinh su tén tai nguyén ham cua cac ham lién tuc.

@ Néu F |3 mdt nguyén ham cua f thi khi dé moi
nguyén ham G cla f déu c¢é dang G(x) = F(x)+ C.



? o

Bang mot s6 nguyén ham

a+1

X
1. ad p— C: (fj _1
x? dx a—|—1+ véi a #
d
2. [ Z—inix|+C
X

e dx =e*+ C

Xdx = 24 C
In a

vF]

sinx dx = —cosx + C

cosx dx =sinx + C



COS? X

d
8. / f = —cotx+ C

?./ ax —tanx+ C

sin“ x

dx
9. —arcsinx + C
/\/1—}«'2
d
10./ X — arcsin (f)—FC, a>>0

,\/32_‘){2 a
ax
11, /1+x2 — arctanx + C

d 1
12./ X ——arctan(f)—l—C, a>>0

a?+x? a a



Poi bien

Quy tic déi bién cho tich phan bAt dinh

Cho u = g(x) 13 ham kha vi, mién gié tri cta né 1a /, va
f lién tuc trén /. Khi dé:

[ fletg x)dx = [ Flu)du

Nh& cong thic nay ma ngudi ta xem dx nhu 13 vi phan.
Vi du: Tinh

1. /x3 cos(x* + 2) dx

2. /XE\/’I—I—XZ dx



Quy tic doi bién cho tich phan xac dinh
Gia str g’ 1a ham lién tuc trén [a, b] va f lién tuc trén

mién xac dinh cta v = g(x). Khi dé:

b g(b)
/a f(g(x))g’(x)dx=£{a) f(u)du.




Tich phan tirng phan

Tu cong thirc dao ham mot tich, ta cé cong thic sau.

/ F(x)g (x)dx = F(x)g(x) — / g(x)'(x)dx

hay /udv = uv — f vdu

Vi du: Tinh

1. /xsinxdx
2. /lnxdx



/’ip dung cong thic Newton-Leibnitz ta dugc:

b b
/a F(x)g'(x)dx = F(x)g(x)|! - / g(x)F(x)dx

b b
hay / udv = uv|g—f vdu



Mot so vi du.

1. /sin5xcm52x dx
0 — x2
2. f\/ Ex ax
X
3./‘ dx
x2v/x2 — 9

4 f dx
| x2v/x2 + 4

3 U3
5. / X+de
J2 X—l




Tich phan suy rong loai |

1. Néu f; f(x) dx ton tai véi moi t > a thi:

/:x F(x) d = lim f:f(x) dx

mién 13 né ton tai (hitu han).

2. Néu [t dx ton tal véi moi t < b thi:

/ 1 F(x) = lim. /rb o o

n 13 né ton tai (hitu han).

D

Céc tich phan suy réng l;l ) dx, ]_ ) dx dugc

gol la hor tu néu gidi han ndi trén tén tai va eru han.
Ngudc lai, ta néi né phan ky.




0 a

3. Néu céc tich phan [
hdi tu, ta dinh nghia:

/_?f(x) dx /_m

f(x) dx déu

dxf

f(x) dx + /er f(x) dx.




Vi du: 1. Tinh /
1

+00 1

— dXx.

x2

00 1
2. Tinh / — dx.
1

=Y



=
Y

g — l
Y ¥
0 l
xe™ dx
TR o
= dx
E X



Tich phan suy rong loai |l

1. Néu f lién tuc trén [a, b) va lim,_ f(x) = 400 thi:

/f ) dx = I|m/f ) dx

mién |3 né ton tai (hitu han).
2. Néu f lién tuc trén (a, b] va lim,_,, f(x) = +oc thi:

/:, f(x) dx = lim /tb f(x) dx

mién 13 né ton tai (hitu han).

Cac tich phdn suy réng néi trén dugc goi 1a hoi tu néu
giél han tén tar va hitu han.
Ngugc lai, ta ndi né phan ky.







Y A

U 1

/ﬂfﬁ dx
COS X

3 Tlnh Inx ax



VA

Y

0 « C b

3. Néu lim, ., f(x) = Loo, v6i a < ¢ < b, va ca hai
tich phan f; f(x) dx, fcb f(x) dx déu hdi tu, ta dinh
nghia:

/ab o) e = f 7o) dx+f T

Vi du:

3
4 Tinh / ax
o X — ].




Cac tiéu chuan hoi tu

Tiéu chuan tri tuyét doi
1. Cho f kh3 tich trén moi khodng [a, x], x > a. Néu

+00 100
[ \f(x)|dx héi tu th?/ f(x)dx héi tu.
Ja 3
2. Cho f kha tich trén moi khaang [a, x], x € (a, b).

Neu/ f(x)|dx héi tu thf/ f(x)dx hdi tu.

d

Tuong tu cho dang khac.
Cha y, chiéu ngugc lai khdong ding. Chang han

+X o +00 | o
SIn X N SIn X
/ dx hoi tu, nhung /
1 X 1

dx khong hoi tu

X




Tiéu chuan so sanh 1
Cho f,g 13 cic ham sé duong thda f(x) < g(x).

+00 +0C
1. Néu/ g(x)dx hoi tu th?/ f(x)dx hoi tu.

+00 +00
Néu / f(x)dx phén ky thi / g(x)dx phan
d d
ky.
. b
2. Néu / g(x)dx hoi tu thi / f(x)dx hoi tu.
o d -

b b
Néu / f(x)dx phan ky thi / f(x)dx phan ky.




Vi du: Khao sat su hdi tu cta cac tich phan sau.

-+ 00 ,
1. / e~ dx
1

. /H sin(x+/X)
| J1 X\/}T{'—l— 1

dx

dx

] 1
3.
*/n VX + sin” x

TT/{2 1
4. / ——dx
0o  Xsinx




Tieu chuan so sanh 2

Cho f, g 13 cc ham sé duong.
. f(x) Y
1. Neu lim —— =a € (0,+00), thi f(x)dx

X—+00 gl X )

(x
+0C
va / g(x)dx cung héi tu hodc cing phan ky.
F(x)

=a € (0,4+00), th;/f )dx va
bx—}-bg()

f g(x)dx cung héi tu hodc cing phan ky.

d




Vi du: Khao sat su hdi tu ciia cac tich phan sau.
{ /+mx2|nx1d
)1 x>+ 3x2+3

Hoo x3 +2x — 1
2. dx
1 XA X34V +1+2

dx

/\/l—x )2(2 + x)
sin x
4 1
fnf‘f\/?_f{x




o

y = flx)

y=gi(x)

Dien tich hinh phang

4

Ya




=i, Z[f X

Nhu vay:

Dién tich clia mién gidi han béi cdc dudng cong
y = f(x), y = g(x) va cdc dudng thang x = a, x = b,
trong d6 f, g 1a cdc ham lién tuc, f(x) > g(x),

Vx € [a, b], la:
SACE




Tong quat, dién tich hinh phang gidi han bdi y = f(x),
y = g(x) va namgruax—a x =h |5

= / £(x) — g(x)] dx

Vi du: Tinh dién tich gidi han bdi y = sinx, y = cos x
va x =0, x=7/2.

YA
Y =CO8X y= SIN X




Dién tich hinh phang gidi han béi x = f(y), x = g(y),
nam giifay = c, y = d, véi f, g lién tuc, f(y) > g(y) 1a:

-/ "[F(y) -

Vi du: Tinh dt gh bdi y = x — 1 va y? = 2x + 6.

VA

4__




CHUOI HAM



Ddy ham 1a mot ho dém duoc cac ham s0 cing xac dinh trén mot top X' nao d6 duoc
ddnh 0 theo th t tang ddn, ky hiéu 13 { .

Vi moi x € X cho trudc, tip gid tri cia ho ham nay tai x 1gp thanh mot ddy s

(f (x)}. Néw day s6'ndy 1a hi tu thi ta ndi rang iy ham 1a hai tu tai diém x.

fx)=lmf (x), VreX.

Nn—%

Tandi ring him /12 gidi han cila ddy ham {f |, hay ddy ham {{ } ho tu (diém)
dén ham f



Chovidu1l: ’

+——+— -~

0.8}
0.6
0.4}

0.2}

0.2

0.4

0.8



Cho ddy cdc ham s6 {/, } xdc dinh trén tap X. V6i m6i s0 tw nhién & ta thiét lap tong
reng

Céc tong riéng nay ciing 1ap thinh mot ddy ham, xdc dinh trén tap X.

¢ Néu diy céc tong riéng { S, } hoi fu tai diém x, € X thi ta ni rang chudi ham

oo
Z 1 (x) hoi tu tai diém x,.

¢ Néuday céc tong riéng { S, } hoi tu tai moi diém trén tap X thi ta ndi rang chudi

ham Z f (x) hoi tu (hay hoi tu diém) trén tdp X .




Diy him duoc g0t i i chn (hay oon goi i Bi chn ) né e ton tai 50 dong M
530 ¢h0

‘/H(X)‘gM, VXEX; vn:l,m,-..

Diy ham o 2ot don i tdng (dom dicu giam) ét v ot ta o
JWE Sl Voek (02 fly), Vred



Gidi han cua day tong riéng dugc goi 1a tong cuia chudi ham, tic la

>/, = lim S, ()= lim 3" £, ().

n=1
i
(Tiéw chudn Cauchy): Die ign cdn va it dé chudi him ) . (v) hdi tu deu ién p X
=l

ld, vdi mai 50 duomg & (nha bao nhiéu tiy §), a tim dutgc s0 e nhién N (di [én) sao cho,
vGi moi 56 it nhién k> Nva 50 it nhién m bt &, bat dang thic saw day huin dinge
thaa mn

k+m

) f[<e, WreX

n=k+l



Chuoi ham hoi tu diém
Cho day ham {u,} xac dinh trén D C R. Khi d6 biéu
thirc c6 dang

Z Un(x) = ur(x) + va(x) + -+ us(x) + . ..

ducc goi 12 moét chudi ham.
- .t :I'I'-. o
@ Néu tai xg € D, chudi so un(xg) hoéi tu thi ta néi
n=1

xp 1a diém héi tu cua chudi ham da cho.

o
@ Néu tai xo € D, chudi s6 > u,(x) phan ky thi ta

n=1
néi chuoi ham phdn ky tai xg.
@ Tap cac diém héi tu dugc goi 1a mién héi tu.



o0
@ Goi U la mién hgi tu cba chudi ham > wu,(x). Lay

n=1
x € U va dat
S(x) =) un(x)
n=1
thi ham s6 S dugc goi 1a ham téng (diém) clia

chudi ham 3~ w,(x).

n=1



Tim mién hodi tu va tinh ham tong (trong trurong
hop c6 thé) ciia cac chudi ham sau day

l,ix" Z.iiin”x 32%

n= n=1 n=1



Chu6i ham hoi tu déu

- I::.:l b ra
Chudi ham > u,(x) goi la héi tu déu trén D dén ham

i n=1
5(x) néu

n

Ve >0,dnp e NVx € D : Zﬂk(i’f) —S(x)| <=
k=1

Vi du 6 Xét su hdi tu déu cla

11
1. "trén (—1,1) va trén | — =, = |.
D wen (L) e (.5

n=

H

. Zl: x—{—k}x—l—k—I—l) trén {0, 00).



w0
(Weierstrass) Chudi ham )" £, (x) hoi_tu déu trén tdp X néu nhut ton tai chuoi s

n=l|

0
duong Zan hoi tu va thoa man diéu kién sau
n=l

|f.(x)|<a, VxeX,Vn=123..
2, sin(nx)

Ta dé dang nhdn ra tinh hi fu déu cia chudi ham Z (trén toan b truc §6), vi rang

| I
|S1H(?x)| < =, Wn=123..

n n

vichudis§ ) — Tahoitu.
n=1 1l



Chudi Ly thita (hay chuoi Ly thita tim tai gc) [ chudi c6 s6'hang tong quét i ham

Il

iy thiia, tic la w (x)=a x".
Nhur vy chudi Ly thita (t4m g6c) 0 dang Zanx" ‘trong d6 a1 cdc hang s6 (goi I
=0

cdc hé 56 cia chudi). Bang phép dich chuyén toa do x = x-x, ta ¢6 chudi iy thi
tm tai diém x, v dang sau ddy:

X

) 0,(x-1)" .

n=0



(Abel) Néu chudi liiy thita (tam tai goc) hoi tu tai mét diém ¢ ndo d6 thi né hoi tu
tuyét doi trén ca khodng (-lc|,|c])

Néu chudi liiy thita khong hoi tu tai diem c thi nd ciing khong hoi tu tai moi diém nam
ngoai doan [-|cl,| c|].

Dinh nghia Bdn kinh hi tu ciia chudi liiy thita la mot so' R >0 xdc dinh nhu sau

R

1
) limsup’{/m |

trong d6 ta quy uéc R = () khi limsup’{/m bang vé ciing, va R bang vo ciing khi

limsup'{/m bang 0.



Dinh nghia Ban kinh hi tu ciia chudi liiy thita la mgt so R> 0 xdc dinh nhu sau

P 1
limsupf{/m |

trong d6 ta quy udc R = 0 khi limsup’{jm bang vd ciing, va R bang vo ciing khi

limsup'{/m bang 0.
Khi Re(0,%) thi
(1) Chudi lity thika héi tu tuyét doi va déu trén moi doan nam trong khoang (~R,R).

(i) Chudi lity thita khong hoi tu tai moi diém ndm ngodi doan [-R,R).



DAU HIEU THUONG (Dau hiéu D'Alembert) Cho mt chudi bat ky ¥, a,.

(a) Néu lim, _,, [=£2] = L < 1, thi chudi £, a, hi tu tuyét dbi (va do do hoi ty):
tn
o ns1| _ w 1 p41| _ . LS ulvs) A v
(b) Néu lim,, == I >1 hodc: hmiv —| =, thi chuoi ), a, phan ky;
n n
(c) Néu lim,,_,, =] = 1, thi khong c6 két luan gi.
tn

VI DU 1 Vi gid tri nao cua x thi chuoi sau hoitu ), n!x™.

GIAl Ta sir dung Dau hiéu Ty 1é. Ta dit a,, = n! x™.
Néu x # 0 va co dinh, thi ta ¢

(n+1)lx™*

nlxn

Un+1] _ l
= o

i1 -

= lim(n+1)|x| = o

n=co

Theo Dau hi¢u Ty I¢, chuoi phén ky khi x # 0. Do do, chui chi hoi tu khi x = 0.

an



V| DU 2 Vi gi tri nio cua x thi chuoi sau hi tu

i(x—a)“
n
n=1
GIAl Dita, = [x-;]ﬂ. Tac6
(-3
ol o] 69 0 | 1 ,
it = =—|xr-3| - |x-3| khin -0
— 2\ —
0, (xn3) ntl (x=3) 1+%

Theo Diu higu TV I¢, chudi di cho hoi ty tuyet 41, va do do hot tu khi lv - 3/< 1 va phin ky kh
r-31> 1 tfc 1 chuoi dd cho hoi fu khi 2 <.x < 4 va phin ky khi x < 2 hojc x> 4



Vi DU 3 Tim béan kinh héi tu va khoang héi tu cua chudi sau
- (=3)"x™
Vn+1

GIAI Dita, = F _ Kiids

1
s ( 3)n+1 41 n+1 1.|._

=3 —I" - 3[x| khi n - o
T 1+-‘ =3

\
Theo Dau higu T 18, chudi i cho hgitw néw 31/ < 1 v phdn ky néu 3> 1. Dieu niy cd nghia
hin kinh hgi ta [ R = 113




Vi DU 4 Tinh bén kinh hoi tu va tim khoang hoi tu clia chuoi

S +2)"
Jn+tl
n=0

GIAI
Dita, = nf;?n, fa co

G| |+ D)(x+2)" 3 1\ [x+2 |x +2|

— = - ( + —) k_hl n=w

a, ML (x4 2" n 3

Sir dung Dau hiéu Ty 16, ta thay rang chudi dd cho hoi tu ney — ]m < 1 va phin ky néu— {m 2.

Nhur vy, chudi d cho hi tu khi lv + 21 < 3 va phan ky khi 4 2| >3
Nén ban kinh hot tu la R =3,



(1) Tong ciia chudi liiy thiia la mot ham lién tuc trong ving hoi tu ciia chudi;

(if) Tdng cuia chudi liy thita Ia ham khd vi lién tuc cdp vo han trong viing hoi tu va dao
ham ciia nd bang tong ciia chudi cdc dao ham, cu thé I duot tinh bdi cdng thitc

Yax'|=Ynax™ Vre(-RR). (¥
n=( n=1

(itd) Tich phdn ciia tong chudi lii thita bang tong chudi cdc tich phdn cdc ham iy thita,
fiic la ta co cong thiic

Zax

= U?’H‘



Gia st f L mot ham 50 kha tich trén doan [0,27] va tudn hodn véi chu ky bang doan
niy. KRi dy o6 thé tinh duoc cdc day 50 sau diy

12}:
I :—J f(x)cos(nxldy, n=0L23,..
T
1 n

== | fsifmi, =133,

T



va thiét L4p chudi hrong gidc

%0+ Z[aﬂ cos(x)+ b sin(rx)].
=l

Chudi ndy 6 tén goi 2 chudi Fourier cta ham f v céc 50 a,, b, duoc goi [ cdc hé s6
Fourier, Tong riéng cla chudi ndy [

§ ()= %” t i[an 0os(1x)+b, stn(nx)).

0=l



MENH BE. Cho ham f lién tuc trén doan [~m,7) véi f(~=)= f(r) v cd khai

trien Fourier la

X
( .
flx) = 7”+E(un cosnx+b, sinnx) .
n=|
Neu ham {18 kha vi timg Khiic trén dogn [-n,7) thi chudi Fourier ciia ' bing
chudi ciia dao ham cdc 50 hang trong chudi Fourier ham f, nghia la

flx) = E(—Hﬂn sinnx +nb, cosnx).

n=l
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