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S6 thuc



S8 thuc

S6 thuc
> Tap hop
» Sb thuc
» Vai qui tic suy luan
» Bai tap thuc hanh qui tic suy luan trén dé tai sb thuc.
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Sb thyc

Tap hop

Tap hop

Tap hgp dugc dung dé€ md t3 mét quan thé cla nhitng dbi tuong
phan biét dugc ma ching ta tu duy nhu mét thé chon ven

» Cho A 13 mdt tap hop, ta viét x € A c6 nghia 13 x 13 mét phan
tr va viet x ¢ A c6 nghia la x khéng phai 13 phan tlr cda A.

» D& dién ta tap hdp ngusi ta dung diu méc {...}. Trong diu
méc ta cé thé liét ké tit c3 cac phan tir cha tap hop
{x1,x2,...,Xn}, hodc néu lén thubc tinh chung (P) cua cic
phan tir tap hop bing cach viét {x : x théa man P}.

> Ta quy uéc tap rong (hay tap trong) I3 tap hop khéng c6
phan tir ndo ca. Ngudi ta thudng ky hiéu tap rong 13 @.
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Sb thyc

Tap hop

Tap hop trung nhau

Ta néi tap A va tap B trung nhau (hay bing nhau) va viét
A = B (doc A bing B) néu chiing c6 cling nhiing phan ti, tic
la x € A khi va chi khi x € B. Khi chiing khdng trung nhau thi
ta viet A # B.

Tap con

Ta néi A |3 tap con cha B néu moi phan tir cia A |3 phan tu
cla B. Khidétaviét AC B (doc: A ndm trong B), B D A (doc
B chita A). Néu A C B va A # B ta néi A |3 tap con that sy
clia B. Quy udc: tap réng |13 tap con clia moi tap.

Cha y: M&i phan tir x clia A tao thanh tip con {x} ctia A. Can
phan biét giita phan tir x clia tap hop A (viét 13 x € A) véi tap con
{x} cla tép hop A (viét 1a {x} C A).
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Sb thyc

Tap hop

Hgp cha hai tap

Hdp chta hai tap A va B dugc ky hiéu 1a AU B (doc: A hop B)
13 tap gdm tit c3 cac phan tir thudc A hodc thudc B . Nghia I3,
AUB = {x:x € Ahoac x € B}.

Giao cha hai tap

Giao cuia hai tap A va B dugc ky hiéu 1a AN B (doc: A giap
B) la tap gom tat ca cac phan tlr vira thudc tap A lai vira thubc
tdp B. Vay AN B = {x:x € Ava x € B}.

Phan bu

Phan bui clia A trong B dugc ky hiéu 13 B\ A I3 tap gom tit
ca cac phan ti thudc tap B nhung khéng thudc tap A. D6i khi
ngudi ta goi B\ A la hiéu cta Bva A Vay B\ A= {x:x €
b va x ¢ B}.
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Sb thyc

Tap hop

Tinh chit ctia cic phép tinh. Cho A, B va C |3 céc tap hop b4t

ky. Khi dé ta cé:
» Tinh két hop

» AU(BUC)=(AUB)UC,
» AN(BNC)=(AnB)NC.

» Tinh giao hodn

» Tinh phan phbi

» AU(BNC)=(AUB)N (AU C)
» AN(BUC)=(ANB)U(ANC)
> A\(BUC)=(A\B)N(A\C)
> A\(BNC)=(A\B)U(A\ ()
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Sb thyc

Tap hop

Tich cha cac tap hgp

Cho 2 tap hop A va B. Téap hop tit ca cic cip diém (a, b), Véi
a € Ava b € B, lap thanh mét tdp hgp méi goi |3 tich cta hai
tap A va B, va dugc ky hiéu 13 A x B. Nhu vay, m&i phan tu
z clia tap tich A x B ludn biéu dién dudi dang z = (a, b), Véi
ac A be B, vangudita goi a, b 13 cic thanh phan (hay toa
do cia z).
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Sb thyc

S6 thuc

» Ky hiéu N 13 tap cc sb tu nhién va Z |3 tap cic sb nguyén.
» Theo dinh nghia sb hitu ty 13 sb c6 dang o trongdé n €N,
m € Z va (m,n) =1 (udc sb chung I6n nhit cia m va n 13 1,
hay m va n la hai s6 nguyén t6 cung nhau). Ta ky hiéu Q la
tap cac sb6 hiru ty.Nhiing s6 khéng dugc biéu dién duéi dang
trén goi la s6 vo ty.
= Nhu vay, tdp cdc s0 thuc bao gom tat ca cic so
vO ty va hitu ty, va s€ dugc ky hiéu la R.
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Sb thyc

S6 thuc

» Céac phép tinh. Trong R ciing nhu trong Q ciing c6 bén phép
tinh s6 hoc co ban: cong, trir, nhan va chia. Cac phép tinh
nay cé tinh chat sau:

» Giao hodn: a+ b= b+ ava ab= ba.
> Két hop: (a+ b) + c = a+ (b+ c) va (ab)c = a(bc).
» Phén phoi: a(b+ c) = ab + ac.

> Thi tu. B4t c hai phan ti a, b (thudc Q hodc R) déu c6
thé so sénh a > b (a 16n hon b), a = b (a bang b) hodc a < b
(a nhd hon b). Thd tu (>) cé tinh chat sau:

> Bélccé\u:a>b,b>cth‘|a>c
» Triomidt: a>bthicbcdéa>c>b
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Sb thyc

S6 thuc

Tap gidi noi

Ta néi A C R bi chan trén néu cé sb o dé a < a véi moi a € A;
s6 « nay dudc goi la can trén cia A. Tuong tu A bi chan dudi
néu néu cé so 5 (goi la can dudi) dé a > 5 véi moi a € A. Mét
tap vira bi chdn dudi vira bi chdn trén goi 13 bi chan hay gidi
noi.
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Sb thyc

S6 thuc

Bién trén

Bién trén cla A, ky hiéu 1a sup A, 1a cin trén nhd nhit cha A.
Néu sup A € A thi viét [a max A thay cho sup A. Déy la so I6n
nhat trong A.

Bién dudi
Bién duéi clia A, ky hiéu 13 inf A, 13 can duéi I6n nhit cia A.
Néu inf A € A thi viét 13 min A thay cho inf A. Day 13 sb nhd
nhit trong A.

Tién dé vé su ton tai bién
Moi tap con khéc rdng clia R, néu bi chin trén (dudi) thi phai
c6 bién trén (dudi).
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Sb thyc

Vai qui tac trong suy luan

Phi dinh sy ton tai

» Ménh dé “3x € D, T(x)" (doc 1a ¢c6 mét x thuéc D mang
tinh chat T(x)) dugc pha dinh thanh “¥x € D, T(x)"
(doc 13 tdt c3 x thudc D déu khéng c6 tinh chdt T(x)).

» Ménh dé “AV B" (doc I3 A hay B, ham y rang c6 it nhit
mét trong hai diéu A hay B xay ra) dugc phii dinh thanh
“ANB" (doc |3 khéng-A va khéng-B, ham y ring khong
c6 diéu nao trong s6 A va B xay ra ca).

GIAI TICH B1 14/319



Sb thyc

Vai qui tac trong suy luan

Phia dinh ménh dé bat dau bdi v

» Ménh dé “Vx € D, T(x)" (doc la moi x thuéc D déu cé
tinh chat T(x)) dugc phi dinh thanh “3x € D, T(x)"
(doc 13 tén tai mét phan tir x thuéc D khéng cé tinh chat
T(x))-

> Ménh dé “AA B" (doc 13 A va B, ham y ring c3 hai diéu
A va B cling xady ra) dugc pht dinh thanh “A vV B" (doc Ia
khéng-A hay khéng-B, ham y ring c6 it nhit mét didu A
hay B sé khong xay ra).
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Sb thyc

Vai qui tac trong suy luan

Phi dinh nhan-qua

Ménh dé& “A = B" (hé c6 A thi phai c6 B) dugc phi dinh thanh
“ANB" (c6 A ma vin khéng cé B).

Phép chirng minh qui nap
Gia st rang:
> Ménh dé& T(np) I3 ding
» HE T(k) xdy ra thi T(k+ 1) cling phai x3y ra (ham y rang
v6i moi s6 k > ng, ménh dé “T (k) = T(k+1)" ludn
ding).
Khi d6 ménh dé T(n) sé dang véi moi n > no.
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Sb thyc

Vai qui tac trong suy luan

Phép phan chitng kiéu phan dao

> Ménh (1?: “A= B" (h& c6 A thi phdi c6 B) cling nghia véi
“B = A" (néu khong c6 B thi s& khong c6 A).

> Ap dung: khi ngudi ta cho diéu A va yéu ciu chiing minh
diéu B, ta c6 thé gid st phan ching ring khéng c6 didu B
rdi suy luan din dén khéng c6 didu A (trai véi gia thit).
Vay phai c6 diéu B.

Phép phan chitng truc tiép

Khi ngudi ta yéu ciu chiing minh diu A, ta c6 thé gia thiét tam
rang khdng cé A rdi suy ra dieu mau thuin (v6i mot gid thiét
ngam).
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Sb thyc

Bai tap ap dung qui tic suy luan trén dé tai s thuc |

1. a) Cho sb tu nhién m. Chiing minh ring néu m? ch3n thi m
ciing 13 sb ch3n.
b) Chitng minh ring néu mét sb chinh phuong 13 ch3n thi sb
chinh phuong dé chia hét cho 4.

2. Chitng minh ring khdng ton tai phan sb dang E véi mvan
p ) m\ 2 5
la s6 tu nhién (n # 0), thda (—) =2.
n

3. Cho o > —1 va n 13 sb tu nhién tly y I16n hon 1. Dung phép
qui nap, hiy ching minh b4t ding thic Bernouli:
(14 )" > 1+ na.

4. Cho sb a thda Ve > 0,]a| < . Ching minh a = 0.

5. Chitng minh hai ménh dé sau I3 tuong duong: Ménh dé 1 13
“Ve>0,a<cménhdé213"“a<0"
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Sb thyc

Bai tap ap dung qui tic suy luan trén dé tai sé thuc I

6. Chdng minh hai ménh dé sau 13 tuong duong: Ménh dé 1 13
“Ve>0,a<e’ ménhdé21a"“Ve>0a<e"

7. Ching minh hai ménh dé sau 13 tuong duong: Ménh dé 1 13
“We > 0,a< ¢, ménh dé 2 13 "Ve > 0,a < g

8. Chiing minh cac bit ding thiic sau day (bét ding thirc tam
gidc
a) x+yl<Ix[+1lyl b)Ix|—=Iyl<[x—yl
c) lla| = [b]| < |a— b]
9. a) Duing céc ky hiéu V hay 3 d& biéu thi cac phat biéu sau
sau:
> T/ép hop A bi chadn trén.
> S(/A) « khéng phai la cérl trén cla té/p A.
» SO0 « khdng phadi [a phan t 16n nhat cla A.
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Sb thyc

Bai tap ap dung qui tic suy luan trén dé tai sé thuc IlI

999

ho A=10,1). Sb
b) Cho [0,1). S6 1000

Tai sao?
c) Ching minh khéng ton tai max A va chdng minh sup A = 1.
d) S6 0 13 gi dbi véi tap A?
10. a) Dung céc ky hiéu V hay 3 dé biéu thi cic phat bidu sau:
> T/ép hap A bi chdn duéi.
> S@ a khdng phai 13 cé_‘rl dudi cta téE) A.
» S0 « khdng phai [a phan t& nhd nhat cla A.
b) Cho A = (1,2]. Sé 1000
ST 999
Tai sao?
c) Ching minh khéng ton tai min A va chdng minh inf A = 1.
d) S6 2 1a gi dbi véi tap A?
11. Cho A= {n+1/n e N*}. Tap A c6 bi chin trén khong, vi
sao? Chdng minh A c6 phan ti nhd nht.

cé phdi 1a cin trén cioa A khéng?

cé phai I3 cin dudi ctia A khéng?
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Sb thyc

Bai tap ap dung qui tic suy luin trén dé tai sb thuc IV

12.

13.
14.

15.

Cho A = {27/n € N"}. Chitng minh A khong co phin ti

I6n nhit. Chdng minh sup A = 1 va chiing minh A c6 phan ti
nhé nhAt.

Cho {#/n € N}. Chig minh ton tai max A va min A.
Chdng minh rang o = sup A khi va chi khi o 13 cin trén clia
A, dong thoi Ve > 0,3x € A,x > a — €.

Chitng minh ring a = inf A khi va chi khi « 13 can dudi cia
A, dong thai Ve > 0,3x € A, x < a + €.
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Sb thyc

Bai tap ap dung qui tic suy luan trén dé tai sb thuc V

16. a) Cho hai sb thuc x, y thda y — x > 1. Ching minh ring c6
s6 nguyén m sao cho x < m < y.
Hudng d3n: st dung ky hiéu [x] cho phan nguyén clia x, 13 sb
nguyén I6n nhat khdng vugt qué x, tir dé chi ra s6 m thda dé
bai.
b) Cho hai sb thuc a, b tlly y va a < b. Chitng minh ring cé
A L 7 m N
sO hituti g = —, me€ Z va n € N*, sao cho a < g < b.

n

Huéng d3n: Goi n 13 sb tu nhién di 16n dé n(b—a)>1, sau
dé dung két qua ciu a & trén.
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Sb thyc

Bai tap ap dung qui tic suy luan trén dé tai sé thuc VI

17. Bai tdp md rong:
a) Hay chiing minh phuong trinh x> = 2 c¢6 nghiém duong
duy nhit 13 sb thuc (nghiém nay dugc ky hiéu 13 v/2) va
khéng c6 nghiém 13 sb hitu ti.
Hutng din: D5t L = {s e RT/s? < 2} va
R={seR"/s*>2}.
(i) Ching minh hai tap L va R khac rdng, L bj ch3n trén, R bi
chdn duéi. Tir d6 chiing minh sup L < inf R.
(ii) ChUng minh khéng ton tai max L va khong ton tai min R.
Suy ra ring néu sb x thda sup L < x < inf R thi x2 = 2, dong
thoi sup L = inf R.
(iii) Ching minh néu x thda x? = 2 thi x khdng phai la sb
hitu ti.
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Sb thyc

Bai tap ap dung qui tic suy luan trén dé tai sé thuc VII

18.

b) Cho A={q€Q/v2<qg<3}. TimsupA, infA (cb
chdng minh). Cé ton tai max A, min A khéng, vi sao?

Bai tap md réng: Ching minh tép hop cac sb hitu ti thi day

dac (tru mat) trong tap hdp cac sb thuc, nghia 13 giita hai sb
thuc bat ky ludn c6 mét sb hitu ti.

Huéng dan: stt dung két qua bai tap 16 va chitng minh téng
ctia sb hitu ti v6i v/2 (dua vao bai tap 17) 13 sb vo ti.
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Chuoi so



Chudi sb

Chubi sb
» D3y sb
» Khai niém chudi sb
» Tinh chit cda chudi sb

» Cac dau hiéu hdi tu cla chubi sb6
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Chudi sb

o»

Day s

Diy sb6

Day sb6 13 phép lién két mdi chi sb tu nhién n > ng véi mét
thuc a, (np 1a mot s6 tu nhién nao d6 dugc cho truéc). Day
néi trén thudng dugc ky hiéu 13 (an)n>n,, hodc viét tat 13 (a,
néu khéng cé nham |an.

[ Y
O» O»

~—

Ghi cha.
> Mién gid tri clia day s6 13 tap hop {an/n € N, n > no}. Vi
du, néu day sb (a,) dugc dinh béi Vn € N, a, = (—1)" thi
mién gi4 tri cta day sb 13 {—1; 1}.
» Ky hiéu diy sb kiéu c8 dién 13 {an}n>n,, d& nham 13n véi ky
hiéu mién gi4 tri ddy, do d6 ta nén tranh dung ky hidu nay.
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Day sb

Ta c6 thé biéu dién d3y sb (a,) dudi dang db thi: dé I3 tap hop cac
diém trén m3at phgng toa do c6 hoanh dd la s tu nhién n va tung

do la a,. Do thi sau minh hoa cho day (a,) dinh bdi 3n:ﬁ"1
a/?‘\
1“_______._.___._._._._._.
. _ 1
Ol 1234567 n
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Chudi sb

Day sb

D3y sb bi chin

» D3y sb bi chin trén 13 diy sb c6 mién gia tri 13 tp hop
bi chan trén.

» Day s6 bi chan duéi 13 diy sb c6 mién gi tri 13 tap hop
bi chan dudi.

» Day sb bi chan (gidi ndi) 13 diy sb c6 mién gié tri 13 tap
hgp vira bi chan trén, vira bi chan dudi.

Tong, hiéu, tich, thuong chia hai diy s

Gid stf (ap) va (b,) 13 hai day bat ky. Khi dé cac day (a, + bn),
(an—bn), (anbn), (an/b > n) (véi b, # 0) dugc goi la day tong,
hiéu, tich va thuong cha hai d3y ban dau.
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Chudi sb

Day sb

Day hoi tu va day phan ky

D3y sb (a,) dugc goi |3 c6 gidi han, hay hdi tu, nghia |3 tn tai
so thuc L thoa diéu sau

Ve >0,dpe N,Vn > p,la, — L| < ¢ (1)

S6 L thda (1) dugc goi |3 gidi han cta d3y (a,) va ta viét L =
limp_o0 an (viét tit lima, = L), hodc a, — L khi n — oo (doc
la “a, tién v& L khi n cang I6n, hoic 13 d3y (a,) hdi tu vé L).
Néu day s6 (a,) khong hdi tu thi ta néi diy (a,) phan ky.

Ghi chd. M6t cach truc quan, (1) cé nghia la ta c6 thé xap xi
L ~ a, véi sai s6 nhd hon s6 duong e tly y, mién 13 13y n da I1én.
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Chudi sb

Day sb

a

n
. CL
L - e o e
0 n
ap A
i : o o e . .
L . . [} . . . .
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Day sb

Vi du khao sat tinh hdi tu
> Vi day (a,) dinh béi Vn € N*,a, = 2 thi lim a, = 0.
That vay, véi e > 0 bAt ky, iy p € N di I6n dé p > L. Khi d¢,

p 1
néu n> pthila, —0/=~-<e.
n

> Sinh vién ty kiém chiing ring véi a, = (—1)" thi (a,) khéng
héi tu.
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Chudi sb

Céc tinh chét cha day hdi tu

Tinh duy nhit
N&u (a,) hdi tu thi gisi han cta né 1a duy nhit.

Chd'ng minh. Sinh vién dua theo k¥ thuit trong ching minh cia
tinh chit tiép theo dé tu ching minh tinh duy nhit, xem nhu 13
mot bai tap.

Tinh bao toan th tu

Gidstra = lim, o0 an, b = lim,_ b, va a, > by, véi moi n > ng
nao dé. Khi dy a > b.
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Chudi sb

Céc tinh chét cha day hdi tu

Chdng minh tinh bao toan thir tu.
Gid st phan ching ring a < b. Xét s6 e = 252 > 0. Theo dinh
nghia cla su hdi tu, tdn tai hai s6 p1, p» € N di 16n dé

Vn> pi,an € (a—¢,a+¢)

Yn> pa,bp € (b—¢,b+¢).

Do d6, khi n > max{ng, p1, p2} thi

b
an<a+€:%:b—s<bn,

mau thuin véi gia thiét. Vay a > b. O

Viéc chiing minh cac két qua con lai sau day, néu can thiét, dusc
xem nhu 13 bai tap.
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Chudi sb

Céc tinh chét cha day hdi tu

Dinh ly gigi han kep

Gia stt (a,), (by) va (cp) 13 ba d3y sb théa Vn > ng, a, < b, < ¢,
(v6i ng la so tu nhién nao dé). Khi d6, néu lima, = limc, = L
thi lim b, = L.

Tinh bi chan

Néu day sb (a,) héi tu thi né I diy bi chin. Hé qua I3 ddy nao
khong bi chan thi ddy d6 phan ky.
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Chudi sb

Céc tinh chét cha day hdi tu

Tinh bao toan phép tinh
Néu lim a, = a va lim b, = b thi
» lim(a, + by,) =a+b
» lim(a, — b,) =a—b
» lim(anb,) = ab
> lim(an/bn) = a/b (gia thiét thém b # 0)
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Day nho vo cung

Ta néi (an) 13 diy nhé vé cting néu né hdi tu téi 0.

Ta dé dang kiém chiing cac tinh cht sau:
> (a,) hoi tu tdi a khi va chi khi day (a, — a) nhé v6 cung.
> Gid st (ap) 13 day nho vo cung. Khi dé:
i. N(feu (bn) 13 d3y nhé vé cung thi (a,b,) ciing 13 nhd vd cling;
ii. Néu (b,) bi chdn thi (a,b,) 13 ddy nho vo clng.
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o»

Day s

Day Ién vo cung

Ta goi (a,) 1a ddy 16n vd cung nghia Ia

Va > 0,3p € N,Vn > p,|a,| > « (2)

N6i mot cach dai khai, (2) cb nghia la gid tri tuyét dbi cta a, c6
thé 16n tliy y, mién 13 ta cho n di 16n.
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Chudi sb

o»

Day s

Day ducong I6n vo clng
Day (an) dugc goi I3 day duang Ién vé cling néu né cé hai tinh
chat

> [8n vb cling

» C6 sb tu nhién ng sao cho Vn > ng, a, > 0.
Khi dé ta viét lima, = 400 (m3c du dung ky hiéu lim, nhung
ditng nham 13n cho ring d3y nay hdi tu).
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Day am Ién vo cung
Day (a,) duoc goi 13 day 4m 18n v6 ciing néu né c6 hai tinh
chat

> [6n vO clng

» C6 sb tu nhién ng sao cho Yn > ng, a, < 0.

Khi dé ta viét lim a, = —oo.
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Chudi sb

Day sb

Ménh dé vé day v cling
> (an) 12 day 16n v8 cling khi va chi khi (i) I3 diy nhé vé
cling.
» Néu (a,) va (b,) 12 nhiing day 16n v6 cling déng dau

(duong hodc dm), thi (a, + bp) la day 16n v6 cung va
(anbp) 1a d3y duong 16n v6 cung.

» Néu (an) 1a day I6n v6 cung va (b,) hoi tu véi gidi han
khac khong thi (a,b,) 1a day 16n vo cung.

Ching minh. Xem nhu 13 bai tip, khong bit budc.
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Day sb

St dung dinh nghia su hdi tu va dinh Iy gidi han kep, ngudi ta
chiing minh dugc két qua sau

Céc gi6i han co ban cha day sb

> V6i r >0, limpoo = = 0.

> Vi r> 0, liMpseo /7 = 1.

> limp oo v/n = 1.

» VGi r > 0 va «a cho trudce tuy v, lim, ﬁ =0.

» V6i sb r cho trudc thda |r| < 1, lim,_00 r" = 0.
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Chudi sb

Bai tap vé gi6i han day sb |

1.

St dung cac ky hiéu V va 3, hiy didn dat cic phat biéu sau:
d3y (ap) bi chan trén; bi chdn dudi; gidi nbi.

. Cho A 3 t3p con clia R, khac réng va bj chin trén. Ching

minh ring c6 day sb (a,) C A sao cho a, — sup A khi
n — oo. Phat biéu két quad tuong tu khi A bi chin dudi.

. Cho diy sb (an) bi chan trén va thda Vn € N, x, < xp41.

Chitng minh rang (x,) c6 giéi han 13 sup x, (bién trén cla
mién gi4 tri ddy (x,)).

Cho d3y sb (a,) bi ch3n dudi va théa Vn € N, x, > xn11.
Chimg minh rang (x,) c6 gi6i han 13 inf x, (bién dusi cia
mién gia tri day (x,)).

[Bai tap khéng bit budc] Cho day sb (x,) hdi tu vé& 0 va day
s6 (yn) bi chdn. Chitng minh ring day sb (x,y,) héi tu vé 0
(tich cGa mot day hoi tu vé 0 véi mot day bi chdn la mét day
hoi tu vé 0).

GIAI TICH B1 43/319



Chudi

Bai tap vé gidi han day sb Il

6. [Bai tap khéng bit budc] Cho (x,) 1a diy s6 duong hdi tu vé
x > 0. Chitng minh r3ng lim /xp = 1. Néu x = 0 thi két qua
con ding khong?

7. St dung dinh ly gidi han kep va hai giéi han co ban

lim v/r=1; lim ¢/n=1,

n—oo n—o00

hay tim cac gidi han sau

limp_oo VN +2;  limp_so V30 + 2;
liMpsoo V%2 +1; limpeo VN2 +n+1.

8. [Bai tap khéng bit budc] Véi sb thuc a tly ¥, chitng minh
ring c6 day (r,) bao gbm céc sb vé ti va c6 day (g,) bao gbm
cac sb hitu ti cing hdi tu vé a.
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Bai tap vé gidi han day sb Il
9. [Bai tap khong bit budc] Cho hai day sb (e,) va (E,) dinh bdi

1 n 1 n+1
VneN*,en:<1+) ; E,,:(1+> )
n n

Chitng minh rang
a) Vn € N*, e,11 > e,. Huéng din:

ent1 _ n+1 (1+ 1 >”+1’
€n n n+1
dung b4t ding thiic Bernouli.
b) Vn € N*, E, > E, 1. Huéng dan:

En B n <1 N 1 >n+2
E,y1 n+1 n(n+1) ’
c) Ching minh hai ddy da cho c6 cung gidi han. Gigi han dé
duoc ky hiéu bdi e, hing sb Népere.
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Chudi sb

Day sb don diéu

Dinh nghia

> Day s6 (ap) dch},c goi 13 day tiang (con goi |3 day dong
bién hay day tién) cé nghia 1a Vn, a, < apt1.

> Dﬁ,y s6 (an) dugc goi la day gidm (con goi |3 day nghich
bién hay day lui) cé nghia la Vn, a, > apy1.

» Diy sb ting hoc gidm duoc goi chung 13 day don diéu.
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Chudi sb

Day s6 don diéu

Trong c4c bai tap trudc, ta di chdng minh hai két qua sau

Dinh Iy 1

» Néu (a,) I3 day ting (duong nhién bi chdn dudi) va bi
chan trén thi né hoi tu vé sup an, la bién trén cla mién gia
tri day.

» Néu (a,) 1a day giam (duong nhién bi chin trén) va bi
chan dudi thi né hdi tu vé inf a,, 13 bién dudi ctia mién gia
tri day.

N6i chung, néu diy s6 don diéu va bi chin (gi6i ndi) thi né hai
tu.
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Chudi sb

Day s6 don diéu

Dinh ly 2
Gia st (e,) va (E,) 12 hai day sb dinh béi

1 n 1 n+1
VneN*,en:<1+—) : En:(1+—> .
n n

Khi dé6 day (e,) la day ting, diy (E,) 1a d3y gidm, e, < E, Vn,
hai d3y nay c6 cling gidi han dugc ky hiéu béi e (h3ng sb Népere).
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Chudi sb

Bai tap vé day s6 don diéu |

1. Cho day sb (a,) dinh bdi a, = 1,5...5 c6 biéu di&n thap

phan gdm n chit sb 5.

a) Chdng minh day (ap) cé gidi han.

b) Tim hé thic giita a,+1 va ap dé tinh giGi han cua day (gia
tri cia giéi han nay thudng dugc viét 13 1,5 ma ta goi 13 sb
thap phan v6 han tuan hoan.

2. Cho diy sb (an) dugc dinh nghia nhu sau: a; =1 va
VYn>1am1 =3+ al,, Ching minh d3y (a,) ting va bi chdn
chdn trén bdi 3. Tinh gidi han cda day.

3. Cho day sb (an) dugc dinh nghia nhu sau: a; =2 va
VYn>1ap1 = 3_13". Chdng minh day (aj,) thda
Vn,0 < a, < 2 va la ddy tdng. Tinh gidi han cia day.
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Chudi sb

Bai tap vé day sé don diéu Il

4. Cho day sb (an) dugc dinh nghia nhu sau: a; = a >0 va
Vn>1,a,41 = v/a+ a, Ching minh d3y (a,) don diéu va bj
chin. Tinh gidi han cta d3y. Huéng din: phan hai trudng
hop, 0 <a<2;a>2.

5. Cho d3y sb (a,) dugc dinh nghia nhu sau: a; = /a (a > 0),
vaVn >1,a,11 = v/a+ a, Ching minh day (a,) don diéu va
bi chdn. Tinh gidi han cla d3y nay (ngudi ta hay viét gidi han

dé duéi dang \/a+ at++va+--).
5

6. Cho diy sb (an) dugc dinh nghia nhu sau: a; = 3 va
Vn>1,ap41 = £(a2 4 6). Chiing minh ddy (a,) don diéu va
bi chdn. Tinh gidi han cia day.

7. Cho diy sb (an) dugc dinh nghia nhu sau: a3 = 10 va
Vn>1lap1 =%+ i Chidng minh d3y (a,) don diéu va bi
chan. Tinh gidi han cha day.
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Bai tap vé day s6 don diéu Il

8. Cho day sb (a,) dugc dinh nghia nhu sau: a; = 1 va
Vn>1an1 =% +1 ] ([an] 13 s6 nguyén 16n nhit nhung
khéng vugt qua a,,). Chung minh d3y (a,) don diéu va bi
chdn. Tinh gidi han cla day.
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Chudi sb

Khai niém chudi sb

Dinh nghia va ky hiéu chudi s6

Cho truéc diy sb (an)n>ny- Vi mbi n > ng, xét t67ng gdm hitu
han s6 hang

n
Sp = § ak:ano+ano+1+"'+an-

k=ng

Céc téng s, nhu trén dudc goi 13 téng riéng phan. D3y T
dugc goi 13 chudi s6 va dugc ky higu béi

oo
g an, hay la
n=ng

ano+ano+1+ano+2+"'+an+"'

Cac sb a, dugc goi sb hang téng quat cla chudi.
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Chudi sb

Khai niém chudi sb

Ghi chii. Néu sb hang dau tién a,, d3 dugc hiéu ngdm thi chudi
trén dugc ky hidu ngén gon 13 3 a,.

Chubi s6 hdi tu, téng chubi
Né&u dy cic tdng riéng phan cla chudi héi tu v& s thi ta néi
chudi Ziino a, hoi tu va ta goi s 13 téng cha chudi. Lic dé ta
cé thé viét

o0

s= an.

n=ng
N&u d3y cac téng riéng phan cla chudi phan ky thi ta néi chudi
phan ky.
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Chudi sb

Khai niém chudi sb

Ghi cha.

> Mic du ky hiéu clia chudi ¢4 dau Z c6 diu “+", nhung
ching khéng hé mang y nghia clia tong hay ctia phép cdng
théng thudng.

> Néu chudi héi tu thi ky hiéu cla chudi ciing 1a ky hiéu cho
tong chuoi.

> Néu chudi phan ky thi “>>7° a," chi don thun Ia ky hiéu
chudi, khéng phai I3 téng chudi.

> Hai chudi >7° a,va >.»°  a, c6 cling ban chit, nghia I3
viéc thém hay bo vai s6 hang dau cla chudi s& khong anh
hudng dén tinh hdi tu hay phan ky cla chudi.
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Chudi sb

Khai niém chudi sb

Chubi hinh hoc

» Chudi h\lnhNhocl: la chu67i c6 dang > 7 ar” (V,éi a#0), )
nghia |a méi s6 hang tong quat khi nhan véi s6 r sé cho so6
hang tiép theo. S& r gibng nhu céng bdi trong cip sb
nhan.

» Chudi hinh hoc hdi tu khi |r| < 1, lac d6

Zar 1_r

n=ng

(t8ng chudi bing sb hang dau chia cho “1 trir cng bdi").
> Néu |r| > 1 thi chudi hinh hoc phan ky.
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Chudi sb

Khai niém chudi sb

Chdng minh.
Xét s,, v6i n=ng + p, la téng riéng ph§n

Sp=ar™ 4 ar™tl ... 4 gpmotP
rsp = ar™tl 4 armt2 .4 gprotetl
Trir vé theo vé ta duoc s,(1 — r) = ar™(1 — rP*1). Néu r # 1

thi ta cé

ar™(1 — rPt1)
Sp= ———=
1—r

V6i |r| < 1, rPT — 0 khi n — 00; V6i |r| > 1 thi khong ton tai
gi6i han nay. Tir d6 ta c6 diéu can ching minh. O]
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Chudi sb
Khai niém chuoi so
Cai tén chudi hinh hoc bt nguén tir minh hoa sau cho su hdi tu
clay Xoar", véia>0va0<r<l:

V6i céc tam gidc dugc xay dung
nhu hinh bén va s 13 t8ng chudi
thi, do tinh chit déng dang cla
cac tam giac, ta c6

a—dar
S

S a

a a-—ar
a a

a

vi thé s =

1—r
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Chudi sb

Khai niém chudi so

Chudi diéu hoa

[e.e]
o cof x 1
> Chuoi diéu hoa la chudi cé dang E —.
n

n=1

» Chudi diéu hoa thi phan ky.
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Chudi sb

Khai niém chudi sb

Chidng minh.

Ta xét cac téng riéng phan s,m gdm 2™ sb hang du tién. Ta sé
chiing minh som > 1+ 7 theo kiéu qui nap.

Véi m=1thi s, =1+ 1. Gid st dd c6 sy > 1+ %, khi dé

2 Ky &1
Sok+1 :SQk—i-Zm > <1+2> +Zm
p=1 p=1
k 2k k+1
— 14 -4+ _—14-T-
* 2 + 2k 4 2k + 2
Theo phép qui nap, ta c6 Vm, spm > 1+ 7. Tir day ta thiy day
c4c téng riéng phan 13 diy 16n vé cling, do dé chudi diéu hoa
phan ky. ]
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Chudi sb

Tinh chat cua chuoi so

Ménh dé 1

> Néu Zﬁino ap va Zzo:no b, hdi tu thi chudi téng
S (a, + by) 13 hdi tu va

n=ng
(0.0) o o
Z(an+bn) :Zan—i—an
n=ng n=1 n=1

> Neu 7% an hoi tu thi véi moi s6 a, chuoi 72 aa, la

hoi tu va
o0 o0
E aa, = o g an

n=ng n=ng
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Chudi sb

Tinh chat cha chubi so

Ghi chi chia ménh dé 1

» Néu 3" a, héi tu, trong khi 3 b, phan ky, thi chudi téng
> (an + bp) 12 phan ky, chudi Y ab, ciing phan ky.

> Néu ca hai chudi 3" a, va 3 b, cling phan ky thi ta khéng
c6 két luan gi v& chudi téng > (an + by).
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Chudi sb

Tinh chat cua chuoi so

Diéu kién can (chua da) dé chudi hoi tu
Néu 3" a, hdi tu thi lim, 0 a, = 0. Do d6, néu diy (a,) phan
ky hosic c6 gidi han khac 0 thi chudi 3~ a,, phan ky.

Cha y: Diéu kién limp_,o a, = 0 chua di d&€ suy ra chudi 3" a, hoi
tu. Vi du, chudi diéu hoa " % phan ky, mic dii limy_o L = 0.
Ching minh.

Gia str chudi 3" a, héi tu vé téng s, nghia I3 hai t8ng riéng phan
lién tiép s,_1 va s, cung hdi tu vé s khi n — oco. Khi dé
lim a, = lim (sp —sp—1) =s—s=0,

n—o0 n—oo

két thiic chimg minh.
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Chudi sb

Cac dau hiéu hoi tu

Tiéu chuin so sanh dang b4t ding thirc

Cho hai chudi 3" a, va Y b, théa: Vn > ng,0 < a, < b,.

(i) Néu chudi (16n) S_ b, héi tu thi chudi (nhd) 3" a, hdi tu.

(i) N&u chudi (nhd) 3 a, phan ky thi chudi (I6n) 3 b, phan
ky.

Chid'ng minh.

Goi (s,) va (S,) 1an luot I3 dy céc t8ng riéng phan cia 3 a, va
S b, tuong tng. Tir gia thiét, ta thiy (s,) va (S,) cling ting,
dong thai Vn > ng, s, < S,. Néu chudi 3 b, hdi tu thi day (S,)
hoi tu v& S = sup b,, dong thdi Vn,s, < S, < S. Do dé diy
(sn), tang bi chan trén bdi S, sé hoi tu, nghia la > a, hoi tu.
Vay ta chiing minh xong két luan (i). K&t luan (i) 13 phan dao
ctia két luan (ii), tuong duong nhau. O
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Chudi sb

Bai tap vé khai niém, tinh cht chudi

Bai tap muc 11.2, Stewart, 6th, tir sb 11-51

Bai 65
Chd ¥, bd cic bai c6 sb hang téng quat chira ham cos, arctan, In
V.V..
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Chudi sb

Cac dau hiéu hoi tu

St dung tidu chuan so sanh bt ding thic va dinh nghia giéi han,
ngudi ta chiing minh dugc

Tiéu chuin so sanh dang lim
Gid st hai chudi " ap, > b, thoa diéu kién Vn > ng,0 < a, <
b, dong thoi
. a
K= lim ==2.

n—00 n

1. Néu K 13 sb thuc duong thi hai chudi > anva ) b, clung
hoi tu hodc cling phan ky.

2. Néu K =0 (X a, “gibng chudi nhd") va chudi 3" b, hoi
tu, thi chudi > an hoi tu.

3. Néu K = oo (3 a,, “gibng chudi 16n") va chubi 3" a, héi
tu, thi chudi Y b, hdi tu.
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Chudi sb

Cac dau hiéu hoi tu

St dung tiéu chuin so sanh bit ding thirc va ky thuat tuong tu
nhu chitng minh vé chudi diéu hoa, ngudi ta chitng minh dugc két
qua sau

Chudi Dirichlet

p ~ 1 ~
> Cho sb thuc a. Chudi Y~ — dudc goi la chui Dirichlet
nOt
(néu a = 1 thi n6 13 chudi diéu hoa).
» Chudi Dirichlet hoi tu khi & > 1; phan ky khi a < 1.

Cha y: trong thuc hanh khdo sat su hdi tu clia chudi, ngusi ta
thudng so sanh véi chudi hinh hoc va chudi Dirichlet.
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Chudi sb

Bai tap

bai tap 3-32, 37 Stewart 6th, muc 11.4. B qua cac bai so sdnh
dang lim cta ham sb.
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Chudi sb

Cac dau hiéu hoi tu

Chubdi dan diu

Cho d3y sb (a,) sao cho Vn,a, > 0. Khi dé chudi 3 (—1)"a,
hosc S (—1)""'a, ducc goi I3 chudi dan diu, vi cic sb hang
tong quat dudc sip theo thi tu 4m duong xen ké.

Chudi Leibnitz
Chudi dan diu 3" (—1)"a, hodc S (—1)""1a, (Vn, a, > 0) dugc
goi 13 chudi Leibnitz, néu:

].. Iimn_>oo an == 0

2. Day (a,) 1a day (duong) giam.

Dinh ly (Leibnitz)
Chudi Leibnitz hdi tu va cé téng s thda [s| < a, trong dé a la
gia tri tuyét doi cha s6 hang dau tién.
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Chudi sb

Chirng minh

Ching minh dinh ly Leibnitz

] Khéng mét tinh téng qudt, ta xét chuSi Leibnitz c6 dang
S (1-)"1a, (Vn ap > 0), nghia la so hang dau cla chu0| la
a; > 0. Ta xét céc tong riéng phan c6 sb sb-hang |3 ch3n, gdm

sp=a1—ax>0,viap > a

sp =S+ (a3 —as) > 53, Viaz > a4

N6i chung, s2p = Spp—2 + (a2n—1 — @2n) > Sop—2, Vi @2p—1 > azp.
Do dé6

Hon nira, ta cé thé viét

Sop=a1 — (a2 —a3) — (as — as) — - -+ — (a2n—2 — a2p—1) — a2n-
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Chudi sb

Chirng minh

Chitng minh dinh Iy Leibnitz (tiép theo).

M3i sb hang trong déu ngodc & trén déu khong 4m nén sy, < a1
véi moi n. Vay day sb (52n)n>1 12 day tdng bi ch3n trén, do dé
hdi tu vé bién trén s < a;. Véi cac tong riéng phan &, ta c6

lim s = lim (spp + a
PR 2n+1 n—)oo( 2n 2n+1)
=s—+ lim a2n+1
n—00
=s+0=s.

Vi ¢4 hai ddy téng riéng phan ch3n va 1& cling hdi tu vé s nén ta
chiing minh dugc chudi Leibnitz héi tu. ]
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Chudi sb

X4p xi tong chudi Leibnitz

Dénh gia sai sb trong x4p xi téng chudi Leibnitz
¢ > (—1)"a, hay Z( )”_1a,, 13 chudi Leibnitz (Vn ap >

A

6 tdng s va cac tong riéng phan 13 s,. Khi dé, sai sb trong
xap xi s & s, dugc danh gid bdi bt dang thic

|s — sn| < any1-

Chdng minh.

Khi ta bd di t8ng s, trong chudi Leibnitz ban diu, ta dugc
chudi Leibnitz m6i ma tri tuyét dbi ctia s6 hang dau tién trong
chudi mdi 13 ap,1. Hon nita chudi m&i s& héi tu vé s — s, thda
|s — sn| < apt1 (theo dinh ly trudc dé vé su hdi tu cha chudi
Leibnitz). O
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Chudi sb

Bai tap vé chuoi dan dau

Bai 2-20, 23-30, Stewart 6th, muc 11.5
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Chudi sb

Cac dau hiéu hoi tu

Hbi tu tuyét dbi

Chudi 3~ a, dugc goi 13 hoi tu tuyét dbi néu chudi 3 |a,| hoi
tu.

Héi tu c6 diéu kién

Chudi 3" a, dugc goi 13 héi tu c6 diéu kién khi chudi nay hoi
tu, nhung khéng hoi tu tuyét doi.

Dinh Iy

Néu chudi 3" |an| héi tu, thi chudi 3~ a, hdi tu (hdi tu tuyét dbi
kéo theo hoi tu).

Vi du: sinh vién tu’ giéi thl'ch cac diéu sau
> Chudi > 1
> Chudi >, ,}) h0| tu c6 dleu kién.
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Cac dau hiéu hoi tu

Dinh ly (Tiéu

1. Néu lim
n—00

chuan d’Alembert)

(do d6 ciing hoi

2. Néu lim
n—00

chudi 3" a

3. N&u lim

n—o0

a x- - Ay the
Il — | <1 thi chudi 3" an hoi tu tuyét doi
an
tu).
a . a N
2l — [ > 1 hosc lim |22 = oo, thi
an n—oo | ap
n phan ky.
a . " A
Ztll =1 thi, néi chung, ta khong cé két luén
dn

gi vé& sut hdi tu hay phan ky clia chudi 3 a,.
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Cac dau hiéu hoi tu

Dinh ly (Tiéu chuan Co-si)

1. N&u lim {/|a,| = L <1 thi chudi " a, hdi tu tuyét dbi
n—o0
(do d6 ciing hoi tu).
2. Néu lim {/]an] = L >1 hodc lim {/]a,| = oo, thi chudi
n—o00 n—o0
>~ an phan ky.
3. Néu lim {/lan| =1 thi, n6i chung, ta khéng c6 két luan
n—o0o

gi vé su hdi tu hay phan ky clia chudi 3 a,.
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Cac dau hiéu hoi tu

Vi du

Khao st su hdi tu clia chudi

. 3np &
Y=

n=1 n=1

n

. 30D (n4+1)1  3.3"°(n+1).n
T () T (n 1)

an+1 3.3".nl  n" 3

Jnt
n+1)

a, (h+1)"'30.n (141

. a 3
lim "+1—7>1

=

n—oo  a, e

Vay chudi phan ky theo tiéu chuan d'Alembert.
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Chudi sb

Céc dau hiéu hdi tu

Vi du

Khao st su hdi tu clia chudi

> 3n4+2\" &
> (Gnts) =2

n=1 n=

: — . 3n+2 ,—~ 3
nIL[go an_nll—>n<1>o4n+3. n _Z<1

Vay chui hdi tu theo tidu chuin C6 si.
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Chudi sb

Cac dau hiéu hoi tu

Vi du
Khao sat su hdi tu clia chudi 00 a, Vi

Y, 258.....(3n—1)
" 16.11.....(5n—4)

258.....3(n+1)—1)  258.....(3n+2)

T 1611....5(n+1)—4) " 161Ll.....(5n+1)
_ L 258.....3n=1)(3n+1)  (3n+2)
" 16L.....(5n—4)(5n+1) " (5n+1)

= lim Antl _ |mwz§<l
n—oo  ap n—soo (5n+1) 5

Vay chudi héi tu theo tiéu chuan d'Alembert.
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Chudi sb

Cac dau hiéu hoi tu

Vi du

Khao st su hdi tu clia chudi

Z (2n+3) cos3n
vnT +n+1

Chudi trén c6 diu tly y. Xét chudi S°°° | |a,| 1a chudi duong

_ (2n+3)| cos3n| < (2n+3) 2n 2

‘an’ - 3/n7+n+1 - 3/n7+n+1 ~ n7/3 - n4/3

Vay chudi héi tu tuyét dbi (ky hiéu ~ cé nghia la hai day s6 hang
tong quat trén tao nén hai chudi cling ban chat).
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Chudi sb

Bai tap

2-33, Stewart 6th, muc 11.6, cé thé bd bét
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Ham so lién tuc



Ham s lién tuc

Ham so lién tuc

7
A

» Anh xa va Ham so
» Gidi han ham sb

» Ham s6 lién tuc
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Ham sb lién tuc

Anh xa

Anh xa

Cho hai tap hop A va B khac rdng. Anh xa f tir tap A vao tap
B, viét 13 f : A — B 13 mét phép lién k&t mdi phan tir x cla tap
A v6i mdt va chi mét phan ti, duoc ky hiéu 13 f(x), cta tap B
ma thdi. Khi d6 ta ndi f(x) 1a anh cta x qua 4nh xa f, va x la
tién anh cla f(x).

Ghi chi. N&u d3 ngdm hiéu v& A va B thi 4nh xa trén con dugc ky
hiéu bdi x — f(x).

Toan anh

Anh xa f : A — B dugc goi |3 toan anh khi m3 m&i phan tir y
cla tap B déu c6 (it nhat) mot tién anh x trong A, nghia la ¢
(it nhat)mot phan td x cia A sao cho y = f(x).
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Ham sb lién tuc

Anh xa

Don anh, hay anh xa 1-1

Anh xa f : A — B duoc goi 13 don anh khi m3 b4t ky hai phan
tl x1 v3 xo khic nhau cla tip A déu c6 anh f(x1) va f(x2) khac
nhau.

Song anh

Song anh |a danh xa cé hai tinh chit: viva 13 toan &nh, vira 13 don
anh.

Song anh ngugc

N&u c6 mét song 4nh f tir A téi B thi ta c6 thé xay dung mot
song 4nh tir B t6i A bing cich cho mdi y € B lién két véi x € A
sao cho f(x) = y. Song 4nh nay cé tén goi la song anh ngudc
clia f va thudng dugc ky hiéu 13 F~1.
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Ham sb lién tuc

Cho D va E 1a hai tap con khac réng cla tap sb thuc R.

> Anh xa f : D — E dugc goi la ham s6. D duoc goi la mién
xac dinh cla f.

> Néu x 13 ky hiéu dai dién cho mét sb tlly y trong D thi x
dugc goi 13 bién doc lap (hay dbi sb), va néu ta viét
y = f(x) thi y dugc goi I3 bién phu thudc (theo x). S& f(x)
|3 gia tri cha f tai x, hay goi tit I3 f cha x.

> Tap Rf = {y € E|3x € D, f(x) = y} dugc goi |3 mién gia tri
(hay tap anh) cta ham f.

X
a
x — f — f(x)
(input) (output)
D U 5 E
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Ham sb lién tuc

Ham so

Céc phuong phép biéu dién

Population

ham sb Year (millions)
1. M6 ta bang I5i 1900 1650
2. Trung bang gia tri 1910 1750
3. Biéu dién db thi ham sb 1920 1860
4. Biéu didn béi cong thiic 1930 2070
tudng minh 1940 2300
Vi du: dan sb thé gisi tai thoi 1950 2560
diém t (chi ne“jm) la P(t) nghia 1960 3040
la P13 hém756 véi bien d(f?c lap t. 1970 3710
N\gu’(‘ji ta biéu dién ham sé nay 1980 4450
bang cich trung bang gia tri nhu 1990 5280
hinh bén. 2000 6080
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Ham so

Ham sb lién tuc

Dua vao bang dit liéu, ta ch3m cic diém trén mat ph%ng dd thi, ta
c6 cach biéu didn ham sb bang do thi nhu sau

P

6 X 10° 1

\

1 1 ! | 1 I >

1900 1920 1940 1960 1980 2000 1
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Ham sb lién tuc

Ngoai ra, bing cac phuong phap 1ap md hinh trong todn hoc,
ngudi ta xap xi P(t) =~ f(t) = (0,008079266).(1.013731), va ta
c6 biéu di&n ham s bdi céng thic tudng minh ciia ham sb f. Sau
day 13 do thi cla f

P

6 %X 10°+

| !
T

1900 1920 1940 1960 1980 2000 !

1 | 1 >
T
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Ham sb lién tuc

Ham so

MGGt vi du vé cach biéu dién

ham sb bang 16i: Ky hiéu C(w) w (ounces) C(w) (dollars)
I3 cudc phi gti nhanh cho thu cé -
trong luong w (nghia la C la 0<w=l Q‘ng
ham sb theo bién w). Luét tinh I <ws<2 0.63
phi & buu dign M§ nim 2007 nhu 2<ws=3 0.87
sau: 39 xu cho trong lugng |én 3<ws=4 .11
dén tbi da 1 ounce dau tién, cong 4<ws=>3> 1.35
thém 24 xu cho mdi ounce tiép

theo trong sb tbi da 13 ounces.

Dua vao I6i md ta nay, ta cé thé

biéu di&n ham C véi bang gié tri 12 <w=13 3.27

nhu hinh bén.
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Céc phép toan trén ham sb. Gia st f va g 13 hai ham sb xéc
dinh trén tap D.
> f =g néu f(x) = g(x) véi moi x thuéc D
» f#£g néu tdn tai x thudc D ma f(x) # g(x)
f > g néu f(x) > g(x) v6i moi x thudc D
(F + )(x) = (x) + g(x)
(f — g)(x) = f(x) — g(x)
(.8)(x) == f(x).g(x)

()= 2 i g £0)

vV v vV

v

~— | ~—
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Ham hogp
Cho haiham g : X —» Y, f: Y — Z.

Khi d6 ton tai ham hop fog: X — Z.
h=fog="f(g(x))
Vi du
g(x)=x—-3; f(x)=x°

> = fog="f(g(x)) =f(x—3)=(x-3)
> =>gof=g(g(f) =g(x*)=x>-3

Can luu § rang néi chung fog #gof
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Vi du

Cho f(x) = v/x,g(x) = V2 — x. Tim céc ham sb sau va mién

xac dinh cda né:;

c)fof;

d)gog

= Dfog = (—00,2]
— Dgor = [0, 4]
— Dfog = [0, +00)
— Dfog =[-2,2]
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Ham sb lién tuc

x (input)

e

g

flg(x)) (output)

Hinh: Ham hop
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Ham 1 — 1, con goi ham don anh

» Ham f dugc goi 13 ham 1 — 1 (ham don 4nh), néu
Vxq 75 X € Df, f(Xl) 75 f(XQ).

> Ham f 13 ham 1 — 1 khi va chi khi khéng ton tai dudng
thing n3m ngang cit db thi nhiéu hon mét diém. Néi cich
khac, Vm, phuong trinh f(x) = m c6 tbi da mét nghiém,
nghia 13 v& nghiém ho3c cé duy nhit nghiém.
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Ham s lién tuc

VA /

=\ ] e
i~ \ |/
7

=Yy

Y

Hinh: Hdm 1 -1 Hinh: Khéng 1a ham 1 -1
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Ham ngudgc

Cho y = f(x) 13 ham 1 — 1 véi mién x4c dinh D va mién gij
tri E. Ham ngugc cla y = f(x) la ham tu E vao D, ky hiéu
x = f~1(y), x4c dinh béi

x=fMNy) & y=F(x)

X ——> &7 — f(x) —> f*1 —> X
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Cha y
Vi a = f~}(b) & b = f(a), nén (a, b) thubc do thi y = f(x)
khi va chi khi (b, a) thubc dd thi clia £~1.

YA (b,a) y
L —
/’\‘\ /
// \>\5& fﬁ1
/ 7 (a,b)
0fL-" 4 0

x [ x
y=x y=x B f

D6 thi y = f(x) va dé thi f~! dbi xting véi nhau qua dudng
thing y = x.
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Ham sb lién tuc

y
y=flx)
y=x
| \ 0
Vi du =y -
V& db thi cia y = /—x — 1 va 0,-1)
dd thi ham ngugc.
y=f")
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Ham sb lién tuc

Céc ham so cip thudng gip

Pham vi cta gido trinh gidi tich B1 khéng trinh bay co sd ly
thuyét xay dung nén cic ham so cip, ma xem nhu sinh d3 [am
quen Vi cac ham sb ndy & bac phd théng. Cac ham dé bao gdm
ham da thdc; ham phan thic; ham iy thira; ham sb mu; ham
logarit; cdc ham lugng gidc; ham lugng gidc ngugc; cdc ham Ia
két qua cha téng hop cic phép todn cdng, trilr, nhan, chia, ham
hop v.v.. gilra cdc ham néi trén.

Sau day 13 db thi md t3 vai ham so clp.

GIAI TICH B1

99/319



Ham sb lién tuc

Ham so

Ham s6 x — a* (v6i a > 0) 13 song anh véi mién xac dinh RT va
mién gia tri ciing 13 R*. Ham ngudc cta né 13 x — log, x. Sau day
|3 d6 thi ctia hai ham s nay iing véi a = e (e 13 s6 Népere) (néu
dé& chung médt mit phing toa dd, ching dbi xtng nhau qua dudng
thing y = x)

4 3 2 - 0

D3 thi ham x — 2% Db thi ham x — log, x

GIAI TICH B1 100/319



Ham sb lién tuc

Ham so

Ham s x — sin x |3 song 4nh véi mién xéc dinh [-5,5] va mién
gid tri 13 [~1,1]. Ham ngugc clia né |3 x — arcsin x. Sau day 13 d&
thi clia hai ham s& nay (néu dé chung mét mit phing toa dd,
ching dbi xting nhau qua dudng thing y = x)

D3 thi ham x — sin x D& thi ham x — arcsin x
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Ham sb lién tuc

Ham so

Ham s& x > tan x 13 song &nh véi mién x4c dinh (—%, Z) va mién
gia tri 1a R. Ham ngudgc cha nd 13 x — arctan x. Sau déy la dd thi
clia hai ham sb nay (néu dé chung mét mit phing toa dd, ching
dbi xig nhau qua dudng thing y = x)

s

D thi ham x — tan x D6 thi ham x — arctan x
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Ham sb lién tuc

Gidi han ham sb

Diém tu

Cho D I3 tap sb thuc. Diém a dugc goi 13 diém tu cda tap D
néu trong moi khodng (a — e, a+¢) déu chira v6 s6 cac phan tu
clha tap D.

Vi du

» Vi D = (0,1) thi diém tu ctia D 13 [0,1].
> Vi .
D= {—, ne N}
n

Thi D c6 duy nhit mét diém tu 13 0
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Ham sb lién tuc

Gidi han ham sb

Dinh nghia giéi han tai a (Ngon ngif ¢ ¢)
Cho a 13 diém tu cGia mién x4c dinh. Ta néi f c6 gi6i han bing
L tai a, viét 13 lim,_,, f(x) = L, nghia I3

Ve > 0,30 > 0,Vx € Dr, (3)

néu0<|x—al <dthi|[f(x)—L| <e

Ghi cha:
> Trong dinh nghia trén, khong nhét thiét f phai xac dinh tai
diém a. Vi du, ngudi ta chitng minh dudc limy_,o S0 =1,
m3c du S'Z‘(X khong xac dinh tai diém 0.
> Phit biéu (3) dugc hiéu dai khai 13 ta c6 thé xép xi f(x) ~ L
vciii sai sO bé hon so duong € cho trudc tly y, mién la lay x
gan a.

du
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Ham sb lién tuc

Gidi han ham sb

VA
L ]
Hinh v& bén 13 dd thi cia floy (21
mét ham sb, gdm mét IS 1N { 51
dudng bi khuyét mét diém here \ 5 ¢
(chdm tring) va mot
chm xanh dam. Tung d6
clia chAm xanh dam I3
f(3), tung d6 chdm tring | o1 .
13 5. D4 thi nay minh hoa 0 / 3 A
cho phiét biéu 3285 348
N

when x is in here

(x # 3)
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Gidi han ham sb
Gidi han trai
S6 L goi gidi han trdi cla f tai diém a, néu
Ve>0,30 >0,Vxe Dr,0<a—x<d=|f(x)—L| <e

Lic d6 ta viét lim f(x) =L
X—ra

Gigi han phai
S6 L goi gi6i han trai cla f tai diém a, néu
Ve >0,30 >0,¥x € Dr,0<x—a<d=|f(x)— L <e

Lic d6 ta viét lim f(x) =L

X—a
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Ham sb lién tuc

Gidi han ham sb

Dinh ly

Ham s6 y = f(x) c6 gi6i han tai a khi va chi khi né c6 gi6i han
trai va gidi han phai tai a va chdng bing nhau.

Cha y

Dung dinh Iy trén dé ching té ham khéng c6 gidi han, nghia
la, néu khéng ton tai mot trong hai gidi han trai va phai; hoic
ton tai ca hai gi6i han trai va phai nhung khac nhau, thi ham sb
khéng cé gidi han.
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Gidi han ham sb

Gidi han tai a (Ngon ngir day)
Gid st a I3 diém tu cha mién xic dinh cta ham f. Khi dé, hai
diéu sau 13 tuong duong

» lim f(x) =L

X—a

» V(xn) C Df\{a}, néu x, 22>% 3 thi f(xn) KimicNy}

Hé qua
Néu mét trong hai diéu sau x3y ra
» C6 hai day (x,) va (x},) trong Df\{\a}, cing hdi tu vé a ma
hai day (f(xn)) va (f(x})) hoi tu vé hai sé khac nhau
» C6 mdt diy (x,) trong Df\{a}, hdi tu vé& a, nhung day
(F(xr)) phan ky
thi ham f khong cé giéi han tai a.

GIAI TICH B1 108/319



Gidi han ham sb

Vi du

Chitng té khéng ton tai gi6i han

.1
lim sin —
x—0 X

Chon hai d3y (x,) va (x},) dinh béi:

Y, x, = — x’—i1
N opg? '7__2nw4—ﬂ/2'

Khi d6
> Xy 2% 0 va f(x,) =sin2nm =0 — 0
> X! 1720 va f(x!) = sin <2n7r+g> —151

Suy ra khong ton tai gidi han tai 0.
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Gidi han ham sb

Gidi han tai ¢

Ham sb lién tuc

Ta viét lim f(x) = L c6 nghia I3
X—00

Ve >0,3N > 0,¥x € Df,x > N = |f(x) =Ll <e (4)

Liic d6, ta néi do thi ctia f c6 dudng y = L I3 tiém can ngang.

N6i dai khai, (4) c6 nghia 13 ta xp xi f(x) = L vdi sai sb bé hon ¢
cho truéc tiy y, mién 13 13y x dudng di 16n.

y

y=L+eg

y=flx)

te

te

} fx)is

in here

y=L—¢

when x is in here
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Ham sb lién tuc

Gidi han ham sb

Gidi han tai —oco
Ta viét lim f(x) = L c6 nghia I3
X—00
Ve >0,3dN <0,Vx € De,x < N=|f(x)— Ll <e (5)
Liic d6, ta néi do thi ctia f c6 dudng y = L I3 tiém can ngang.
N6i dai khai, (5) c6 nghia I3 ta x4p xi f(x) = L vdi sai sb bé hon ¢
cho trudc tly ¥, midn 13 13y x 4m di bé.
b

y=flx)
y=L+e

/9

N 0 X
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Ham sb lién tuc

Gidi han ham sb

Ham tién ra oo

Ta viét lim f(x) = co c6 nghia I3
X—a

VM > 0,30 > 0,Vx € Dy, néu 0 < |x —a| < § thi f(x) > M
(6)

Khi dé, ta néi db thi clia f c6 dudng x = a la tiém cén ding.

Ham tién ra —oco

Ta viét lim f(x) = 0o c6 nghia Ia
X—a

VN < 0,36 > 0,Vx € Df, ndu 0 < |x —a| < d thi f(x) < N
(7)

Khi dé, ta néi db thi clia f c6 dudng x = a la tiém can ding.
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Ham s lién tuc

Gidi han ham sb

Hai hinh v& sau minh hoa cho phat biéu (6) va (7)

y
y
M ,/\ y— ¥ a—8 a+s
| \\/
i i '
e ik I -
’ a—/c;a>+3 ' ! \/ o
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Gidi han ham sb

Tinh chit chia gdi han ham sb6
Gid str IiLn f(x) = L1 va limy_,, g(x) = Ly. Khi dé
X—a
1. )I(lna [af(x)] =ali,a € R
2. )I(gna [f(x)+g(x)] =L+ L
3. )I(lna [f(x).g(x)] = L1.L2

f L
4. lim ﬁ:—l,Lﬂéo
X—a g(x) Ly
5. Tinh chit bio toan th tu: ndu f(x) < g(x) véi moi x
trong mét khodng mé chira a (Ian cén cla a), thi L; < Lp
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Ham sb lién tuc

Gidi han ham sb

Dinh ly gidi han kep

Néu f(x) < g(x) < h(x) véi moi x trong mdt khodng mé chira
a (1an can cia a), déng thai lim f(x) = lim h(x) = L, thi
X—a X—a

limg(x) =1L

X—a
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Ham sb lién tuc

Bai tap gidi han ham sb6

Bai 1-4, 11, 12 Stewart 6th, muc 2.4

Ching ta khéng chi trong tinh lim, ma chi chi trong vao tinh lién
tuc. Sau ndy, 4p dung khai trién Maclaurin tinh lim.

Ching ta s& phat biéu vai giéi han ham co ban (thtra nhén) &
chuong dao ham, dung dé chimg minh vai céng thiic dao ham
(khéng cin ching minh di cic cbng thic).
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Ham sb lién tuc

Ham so lién tuc

Ham sb6 lién tuc

Ham sé f dugc goi I3 lién tuc tai diém a néu:
1. a e Dy;
2. Tbn tai gidi han limy_,, f(x);
3. f(a) = limy_, f(x).

Qui udc.

N&u a khéng 13 diém tu clia Dy (ciing dugc goi 13 diém chia cb
Iap cta Dr), va di nhién khong thé xét dén muc 2. va 3. trong
dinh nghia trén, thi ngudi ta vin qui udc rang f lién tuc tai a.

GIAI TICH B1 117/319



Ham s lién tuc

Ham so lién tuc

flx)
approaches -

fla).

—

0

X

— (]

As x approaches a,

D4 thi lién nét (khong dut doan) tai diém (a, (a)).
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Ham s lién tuc

Ham so lién tuc

YA

012\345)6

D4 thi ham sb gian doan tai diém a =3 va a=5.
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Ham sb lién tuc

Ham so lién tuc

M6t dinh nghia khac tuong ducng

Dinh nghia su lién tuc theo day
Ham f dugc goi la lién tuc tai a khi va chi khi, v6i moi day (x,)
trong Df ma héi tu vé a, ta déu cé

lim f(x,) = f(a)

n—o0

N&u ham khong lién tuc tai a, ta néi ham gian doan tai diém
nay.
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Ham sb lién tuc

Ham so lién tuc

DAu hiéu nhan biét gian doan

(i) Néu a khéng thudc mién xéc dinh cta f thi f gidn doan
tai a.
(i) N&u c6 mét diy sb (xn) trong Df, hoi tu dén a € Dr va
théa mét trong hai didu sau
> Day (f(xs)) phan ky
= Jim () # £(a)

thi ham sb f gian doan tai a.
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Ham sb lién tuc

Ham so lién tuc

Dinh nghia su lién tuc kiéu ¢ — §

Ham f dugc goi la lién tuc tai a € D nghia Ia

Ve > 0,36 > 0,Vx € Df, néu |x — a| < § thi

F(x) — f(a)| < e

Ham so lién tuc trai

Ham f dugc goi la lién tuc trai tai a € Dr nghia la

Ve > 0,36 > 0,Vx € Df, néu 0 < a—x < ¢ thi

f(x)—f(a)| <e

nghia 13 lim f(x) = f(a) (nu a ciing 13 diém tu ctia Dy).
X—a
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Ham so lién tuc

Ham so lién tuc phai

Ham f dugc goi la lién tuc phai tai a € Dr nghia la

Ve > 0,36 > 0,Vx € Df, néu 0 < x—a < ¢ thi

f(x)—f(a)| <e

nghia 13 lim f(x) = f(a) (néu a ciing 13 diém tu clia Dy).
x—at

Ménh dé

» Ham sb f lién tuc tai a € Dy khi va chi khi né lién tuc tréi
va lién tuc phai tai a.

» Tuong tu diu hiéu nhan biét su gidn doan théng qua diy
da néi 6 trudce, ta ¢ thé khdo sat su gidn doan trai hay
phai.
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Ham sb lién tuc

Ham so lién tuc

Ham lién tuc trén mot tap hgp

» Ham sb f ducc goi 13 lién tuc, nghia 13 né lién tuc tai moi
diém thudc mién xac dinh cia né.

» Ham £ lién tuc trén doan-khodng nghia la f lién tuc tai
moi diém thubéc doan-khodng dé (Néu f xac dinh tai cic
diém bién, ta hiéu ngdm 13 f lién tuc phai tai diém bién
trai cia doan-khoang; va f lién tuc trai tai diém bién phai
cta doan-khodng).

» Db thi clia ham lién tuc trén mét doan-khodng khéng bi
“dit” & chd nao, nghia I3 ta c6 thé vé db thi v8i moét nét
ma khéng nhic bat Ién.

Dinh ly: Tinh lién tuc cha ham so cip

. N A A EUN . . e N / 7 -
Moi ham so cap déu lién tuc tai moi diém ma chiing xac dinh.
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Ham sb lién tuc

Ham so lién tuc

Phan loai diém gian doan
Cho xg 13 diém gi4n doan clia ham s £. Ta phan loai diém gidn
doan nhu sau
1. Diém gian doan loai mdt: gi6i han tréi f(x; ) va phai
f(xg) ton tai va hifu han.
> xp 13 diém khi dugc: f(x; ) = f(x)
> xo 13 diém nhay: f(x;) # F(xg)
» buéc nhdy: h=f(x;) — f(x )
2. Diém gian doan loai hai: Khéng phai loai mét. Mot
trong hai gidi han (trai hodc phai) khong ton tai hodc ham
tién ra vé cuc tai xo.

GIAI TICH B1 125/319



Ham sb lién tuc

Ham so lién tuc

VA

A

A A
/Oiix /Olzx

[—*“*’2 if x4 2

x—2
1 if x=2
D3 thi trén minh hoa “xo=21a diém gian doan khi dugc”.

Xt —x—2

(a) f(){) ? (C) f(X) -
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Ham so lién tuc

yl\
——o0 y
*—0
1+ ——o0
14

o 1 2 3 0 ’

—
1 .
(d) f(x)=|x] — ifx#0
Co T (b) flx)=1 x7

D6 thi minh hoa diém gian doan 1 ifx=0
budc nhay. Ky hiéu [x] Ia so D& thi minh hoa xp = 0 I3 diém
nguyén Ién nhat khéng vuagt qué gin doan vé cuc (thudc loai 2).

X.
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Ham sb lién tuc

Ham so lién tuc

Tinh ch4t ctia ham sb lién tuc
Cho f va g 13 hai ham sb lién tuc tai xo, khi d6
» Cac ham sb af; f + g; f.g lién tuc tai xo
» Néu g # 0 trong mét |an can cha xp, thi é lién tuc tai xp

> Néu h 13 ham sb c6 tap xac dinh chita mién gi4 tri cta f,
va h lién tuc tai f(xp), thi ham hgp ho f lién tuc tai xp.

Tinh bao toan dau trén mot mién

Néu ham f lién tuc tai xp va f(xg) > 0, thi tdn tai mét lan can
cla xp, sao cho f(x) > 0 v8i moi x thudc 1an cin nay.
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Ham so lién tuc

Dinh ly gia tri trung gian (Bozano-Cosi)

Gia st ham s6 f lién tuc trén doan [a, b] va f(a) # f(b). Khi
dé, véi moi s6 N n3m giita (gié tri trung gian) f(a) va f(b), tdn
tai it nhit mét s ¢ € (a, b) sao cho f(c) = N.

Hé qua

Gia stt ham sb f lién tuc trén doan [a, b] va f(a).f(b) < 0. Khi d6
tdn tai it nhit mét xp,a < xo < b, sao cho f(xp) = 0. Néi céch
khac, phuong trinh f(x) = 0 c6é nghiém trong khoang (a, b).
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Ham s lién tuc

Ham so lién tuc

y y
f(b) fb)
N y=fx)
N
fla) y=fx) fla)
0 cll c llo X 0 (IJ ¢ c, ¢ b X
Hinh minh hoa néi dung dinh ly gia tri trung gian
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Ham sb lién tuc

Ham so lién tuc

Vi du. Xét ham sb f dinh bdi

Ta thiy

. 4 sin x
» Ham s x —

I3 ham so cip xé4c dinh trén R\{0} nén né
X
lién tuc tai moi diém x # 0.

» Tai diém x = 0, ngudi ta chiing minh dugc

. sinx . sin x
[im = |im
x—0+t X x—0— X

— 1= f(0)

Vay ham sb f lién tuc trén R.
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Ham sb lién tuc

Ham so lién tuc

Vi du. Xét ham sb f dinh bdi

sin x
, x#0
fx)=9 Ixl
1, X =
Ta thiy
. 4 sinx sinx | 2 . R
» Ham sO x — = 13 ham so cap xac dinh trén RT

x| x
nén né lién tuc tai moi diém x > 0.

sinx _ sinx
> Ham sb x — ’ T — 13 ham so cAp xé4c dinh trén R~
X b%s

nén né lién tuc tai moi diém x < 0.
» Tai x = 0, ngudi ta chitng minh dugc
sin x . sinx sin x

lim lim =1# lim
x—0t ’X| X~>0+ X x—0~ |X|

=1

Vay ham f khong lién tuc tai x =0 ma lién tuc trén R\ {0}.
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Ham sb lién tuc

Ham so lién tuc

Ham so lién tuc déu

Ham sb f ducc goi 13 lién tuc déu trén tap E C Df néu nhu vdi
mdi s6 duong ¢ (nhé bao nhiéu tly y), ta tim dugc sé duong §
sao cho

Vx,y € E, néu |x — y| < ¢ thi

fix) - fly)l <e

Nhan xét:

» N&u ham £ 13 lién tuc déu trén E thi né lién tuc tai moi diém
x thudc E (vi trong dinh nghia trén, néu ta xét diém x cb
dinh thi s& suy ra ngay ham lién tuc tai diém x).

» V& mit hinh hoc, néu ham f lién tuc déu trén E thi, véi
dudng kinh éng 13 ¢, ta c6 thé cit bng véi db ngin bing & dé
c6 thé dit bng n3m ngang va “xd" qua dd thi cia f ma khéng
bi vudng. Néi cach khac, db thi clia f khéng c6 dd dbc ngay
cang I6n kiéu nhu cé tiém can ding.
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Ham sb lién tuc

Ham so lién tuc

Dinh ly (Cantor)

Ham sb lién tuc trén doan [a, b] thi ciing lién tuc déu trén doan

dé.
Hé qua (Weierstrass 1)

Ham lién tuc trong doan [a, b] thi bi chan trong dé.

Hé qua (Weierstrass 2)

Ham lién tuc trén doan thi dat dugc cic gia tri I6n nhit va
nhé nhat (tai nhitng diém n3m trén doan dé).
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Ham sb lién tuc

Ham so lién tuc

Chii y: Céc dinh Iy trén sé khong con diing néu ta thay doan [a, b
bing khodng (a, b). That vay, ham f dinh béi f(x) = 1 lién tuc
trén khoang (0, 1), nhung né khéng bi chidn va khéng dat gi tri
I6n nhit trén khodng nay, ddng thdi ciing khéng lién tuc déu trén
khodng dé.
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Dao ham



Dao ham

» Dinh nghia
Y nghia dao ham
Céng thic tinh

v

v

v

Lién hé giita dao ham va tinh lién tuc

Céc dinh Iy vé gi tri trung binh

v

Dao ham cap cao

v

v

Céng thic Taylor, Maclaurint

v

Quy tic Lopital
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Dinh nghia dao ham

Dao ham

Xét ham sb f xac dinh trong 1an cin cla diém a (khodng md
chira a). Ta ky hiéu

. fx)=f@) , » A . ..
/ . A A P
f'(a) = )I(ina 5 (néu ton tai gidi han), (8)
va f’(a) dugc goi 1a dao ham cda f tai diém a. Ta ciing néi ring
f c6 dao ham tai a.
Né&u gidi han trén khong ton tai thi ta néi f khéng cé dao ham
tai a.

Hinh thitc (8) con dugc viét dudi dang sau day

f(a) = lim L1 2 112) (9)

h—0
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Dinh nghia dao ham

Vi du
Tinh dao ham clia ham f dinh béi f(x) = x3, tai diém a.

Néu diing dinh nghfa (8) thi ta c6

Fla) = fim () =Fa)
x—a X — a
x3 - a3
= lim
x—a X —a
— Im (x — a)(x? + xa + a°)
o X—a X — a

= lim(x* +xa+a°) =a’+aa+a® =3a%
X—a
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Dinh nghia dao ham

Vi du
1 ?

Tinh dao ham cda ham f dinh bdi f(x) = —, tai diém a # 0.
X

Néu diing dinh nghia dang (9) thi ta c6
f(a+ h)—f(a)

fa) = i
(2) Pl h
= Iim1 LI
~ hs0h \a+h a
a—(a+h)
= lim ———=
h—0 ha(a+ h)
= Jim =
- hsoa(at+h) a2
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Dinh nghia

Vi du
1
200 2
Tim £/(0), biét f(x) ={ < °" (x) » x7#0
0, x=0
. — £(0)
f' = | fF0+h)
0) h@o h
h—0
. .1
= lim hsin— =0,
h—0

két qua 0 sau cling 13 do dinh Iy gidi han kep 4p dung vao b4t
dang thic Vh # 0, —|h| < hsin £ < |h|.
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Y nghia: Dao ham & Tiép tuyén

YA
Xem lai dinh nghia (8), O(x, f(x))
néu ta goi P(a, f(a))
va Q(x,f(x)) la hai
diém thudc db thi cia
f nhu hinh vé bén, thi
f(x) = f(a) |,
— 13
e
dd doc (hé s6 gbc)
clia c4t tuyén PQ.

mpQ =
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Y nghia: Dao ham & Tiép tuyén

Khi x — a thi diém Q

tién dan v& diém P. y
Néu tén tai f/(a),
nghta 13 ton tai

Qlinp mpg@, thi cat
tuyén PQ s& di chuyén
dé&n mét vi tri ¢b dinh,
13 mét dudng thing
qua P, c6 db dbc (hé
s6 géc) 1a f’(a), ma ta
sé dinh nghia 13 tiép
tuyén véi db thi cla f
tai diém P(a, f(a)).

oSN\
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Y nghia: Dao ham & Tiép?;yén

Dinh nghia tiép tuyén_Tuyén tinh héa

Gid st ham sb f c6 dao ham tai a. Khi dé, ta dinh nghia tiép
tuyén véi db thi cta f tai diém P(a, f(a)) |2 dudng thing di qua
P, c6 d6 dbc (hé sb géc) Ia f/(a). N&i cach khac, phuong trinh
tiép tuyén tai P dugc dinh nghia 13

y = f(a) + f'(a)(x — a).

Ham s6 bac nhit L dinh béi L(x) = f(a)+ f/(a)(x — a) dugc goi
I3 tuyén tinh héa cia f tai a.
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Vi du. Viét phuong trinh tiép tuyén véi parabol y = x? tai diém
P(1,1).
Ta dit f(x) = x? thi

. f(x)—=1(1) o x2—1?
(1) —
f(l)_lg} x—1 _)lﬂg x—1
i XEDOED iy 211202
x—1 x—1 x—1

Vay phuong trinh tiép tuyén tai P 1a: y = 1 4 2(x — 1) hay
y=2x—1.
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Dao ham

Y nghia: X4p xi tuyén tinh & Vi phan

Tur dinh nghia, ta c6 thé viét

7o) = Jim,

Néu ta dit y = f(x),
Ay = f(x + Ax) — f(x),

= % — f'(x), thi ta thiy:
e = 0 khi Ax — 0 (10)

Ay = f'(x)Ax + .Ax (11)
Tir (10) va (11), ta thiy

Ay =~ f'(x)Ax néu Ax "bé" (12)

Ngugi ta thudng ky hiéu dx la
sb thy y, thudng 1a rat bé.
Do d6, néu Ax — 0 thi ta
thay ky hiéu Ax = dx. Lac dé
(12) dugc viét lai 3

Ay =~ f'(x)dx := dy, hoic la
SQ ~ SR (xem hinh dusi)

y
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Dao ham

Y nghia: X4p xi tuyén tinh & Vi phan

Ky hiéu khac cia dao ham
T viéc gén dy := f'(x)dx ma ngudi ta cé ky hiéu khac cho dao
ham J A
Yy . Yy
f'(x) = = = lim —=.
(x) dx ALQO Ax
d z \
Tuy nhién, ky hiéu d—y khong phai la phan s6, ma don thuan né
Ix
chi 13 dao ham cla f tai x néi chung. N&u mubn chi dao ham

A dy
f'(2), ta c6 thé viet —| .
(2), ta cé thé vié o
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Dao ham

Y nghia: X4p xi tuyén tinh & Vi phan

Xap xi tuyén tinh & Vi phan.

> Xét y = f(x), dit Ay = f(x + dx) — f(x), dy = '(x)dx.

Phép xap xi
Ay =~ dy (13)

dugc goi 13 phép xAp xi tuyén tinh. Phép xAp xi ndy cang
chinh xac khi dx cang nhd (cn luu y ring dx chi I3 ky
hiéu cho mdt sb tly y, thudng |3 nhd, khdng lién quan gi
dén x & trong ky higu f'(x)).

» dy = f'(x)dx dudc goi la vi phan clta f. Déi khi ta cling
viet 13 df.

» Ngoai ra, f(x) =~ L(x), véi L(x) = f(a) + f'(a)(x — a) va x
gan a (L 13 tuyén tinh héa cia f tai a).
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Dao ham

Y nghia: X4p xi tuyén tinh & Vi phan

Y tudng clia phép xap xi tuyén tinh 13 khi ta thu hep tAm nhin vio
gan tiép diém, ta thiy dudng cong db thi va dudng tiép tuyén
dudng nhu gan khit nhau . Vi du, xét parabol y = x2 va tiép tuyén
tai diém P(1,1) nhu hinh sau

21 1.2
1.51 1.1
1 1.0
0.57 0.9
0 f r 0.8 T T T
0 0.5 1 0.95 1.00 1.05
X X
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Dao ham

Y nghia: X4p xi tuyén tinh & Vi phan

Vi du

Tinh x8p xi In(1,05), biét f'(x) = )—1( trong dé f(x) = In(x).

Dit y = f(x) = Inx va xét x = 1, dx = 0,05 (kha nhd). Khi dé
Ay =~ f'(1)dx, nghia la

£(1,05) — £(1) = In(1,05) — In(1) ~ %(o, 05).

Vay In(1,05) ~ 0, 05.
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Dao ham

Y nghia: X4p xi tuyén tinh & Vi phan

Vi du

Ngudi ta mudn 1am lon sita c¢6 dudng kinh ddy va chiéu cao I3
1dm. Nhung kich thudc khi gia cong thuc té c6 sai so. Hay udc
tinh sai so thé tich lon sita, biét sai s6 chiéu cao va dudng kinh
day khong qua 1mm.

Vi lon sita c6 dudng kinh va chidu cao 13 h (dm) thi thé tich I3
V = f(h) = 3,14(2)2h = 0,785h% (dm3). Thé tich mong mubn I3
f(1). Nhung véi sai sb clia chiéu cao va dudng kinh 13 dh thi do
I6n sai s& thé tich dugc udc tinh I3

|f(1+dh) — f(1)] = |AV| ~ |dV| = |f'(1)dh| = 2, 355|dh|
Néu sai s6 kich thudc khdng qua Imm, nghia I3 |dh| < 0,01 (dm),
thi

|dV/| < 2,355.(0,01) = 0,02355 dm?,

nghia |3 theo udc tinh thi sai sb thé tich khéng qué 0,02355dm3.

GIAI TICH B1 151/319



Dao ham
7

Y nghia: Dao ham & Vin tbc tic thdi

Vian tbc tirc thoi

Mbt chit diém chuyén déng thing theo phuong trinh s = f(t),
s 13 chuyén dich (khoang céch ¢ huéng) clia chit diém so véi
diém mébc O (hé qui chiéu) tai thai diém t. Ham f m ta chuyén
déng cua chit diém dugc goi la ham vi tri cla cla chit diém.
Trong khodng thdi gian tir thsi diém t = a dén t = a + h, chit
diém di dugc quing dudng (c6 huéng) 1a f(a+ h) — f(a), Vi
van téc trung binh 13
f(a+ h)—f(a)

van tbc trung binh = -

Vian tc tifc thdi tai thdi diém a dugc dinh nghia 13

d f(a+h)—f(a) \
@)= 2| =f(a)=lim (”/)7(‘3) (nu lim t3n tai).
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Dao ham

Y nghia: Dao ham & Van tbc tic thoi

Hinh dudi day 13 db thi mé t3 su chuyén déng cia chit diém. D&
dbc clia cat tuyén PQ 13 van tdc trung binh trong khodng thdi gian
[a,a+ h]. D6 dbc cha tiép tuyén tai P 13 van tdc tifc thdi tai thoi
diémt=a

S A

Qla+ h, fla + h))

~Y
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7

Y

Dao ham

nghia: Dao ham & Téc db bién thién

Toéc do bién thién
Xét mot dai lugng y phu thudc vao mét dai lugng x thong qua
quan hé& ham sb y = f(x). Néu x thay d&i gié tri tir x; dén xp
thi bién thién (hay s gia) clia x 13 Ax = x» — x1, bién thién
tuong dng cla y 1a Ay = f(x2) — f(x1). Ngudi ta dinh nghia
téc dd bién thién trung binh ciia y theo x trén doan [x1, xo]
la ti s6

ﬂ . f(Xg) — f(Xl)

Ax Xo — X1
Gi6i han clia ti sb trén khi Ax — 0, hay x, — x1, dugc goi 3
téc d6 bién thién tirc thdi cha y theo x tai x = x;, néi cich
khac

tbc dé bién thién tiic thoi tai x; = f'(xq).

GIAI TICH B1

154/319



Dao ham
7

Y nghia: Dao ham & Téc d6 bién thién
Ghi cha.

» Bién thién clia mét dai luong 4m chi mét luwgng ting
hay giam gi3 tri ctia dai lugng dé.

» T6c dd bién thién cta y theo x néi 1&n mic d6
tang-giam nhanh hay chim cla dai lugng y so véi dai
luong x. Téc db nay ducsc minh thi bing dé déc cha cat
tuyén PQ va db dbc cla tiép tuyén v6i db thi ham f tai P
nhu hinh dudi
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Dao ham

Y nghia: Dao ham & Tbéc dd bién thién

Vi du
Mbdt nha may san xuit nhitng cudn vai véi khé nhit dinh. Chi
phi san xult ra x mét vai Ia C = f(x) (USD).
a) Hay cho biét y nghia clia dao ham f'(x) va don vi do cta
né.
b) VY nghia thuc t& 13 gi khi néi £/(1000) = 9?
c) Theo quan diém kinh t& hoc, giita £/(50) va £/(500), céi
nao I8n hon? Véi f'(5000) thi sao?

GIAI DAP

a) Dao ham f’(x) 13 tbc d6 bién thién tic thdi clia C theo x,
nghia 13 téc d6 bién thién chi phi san xubt theo luong vai dugc 1am
ra. Thuat ngi kinh té hoc cla dai lugng nay |3 chi phi bién
(marginal cost). Vi f/(x) = limax—o0 2< nén don vi do clia f/(x) I3
do-la trén mét (USD/m).
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Dao ham

Y nghia: Dao ham & Tbéc dd bién thién

b) Khi néi f/(1000) = 9, diéu dé c6 nghia |3 sau khi san xuit 1000
mét vai dau tién, tbc do ting phi san xut tai d6 (chi phi bién tai
x =1000) la 9 USD/m.
Vi Ax =1 13 rAt nhd so véi san luong x = 1000 nén
AC AC
/(1000 =AC
( )~ Ax 1
(néi theo ngha vi phan, véi dx = 1, ta xap xi
AC =~ dC = f'(1000)dx = f’(1000)).
Nhu vay, chi phi san xuit thém mét vai thit 1000 (hodc thir 1001)
3 khoang (tinh x4p xi) 9 USD.
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Dao ham
7

Y nghia: Dao ham & Téc d6 bién thién

c) Theo kinh t& hoc, s& c6 su giam chi phi san xut titng mén
hang khi san xult hang loat (thuat ngif 13 “economies of scale”),
nghia 13 nha san xult s& st dung chi phi san xult hiéu qua hon khi
san xuit c6 qui md hon. Vi 18 d6, f/(500) < f/(50).

Nhung néu viéc san xult banh trudng, qui md van hanh qud 16n c6
thé kém hiéu qua, din dén hién tugng doi chi phi (overtime costs),
do d6 c6 thé £/(5000) > £'(500).

Phu chd. D& d& hiéu hién tuong trén, ta xét chi phi khai thic
vang & quing md. Chi phi san xult 50 lugng vang dau tién rat 16n
(vi dau tu v6n ban ddu cho may méc, xing dau, héa chit, céng
nghé). Nhung vbn diu tu dé san xubt nhing lugng vang thir 500
tré di khong nhiéu (chi thém phi x3ng dau, héa chit, khéng phai
ton tién mua thém thiét bi). Khi san xuit dén lugng vang thir
5000, trit luong vang & quing ngheo dan, chit loc cang khé khin,
chi phi déi Ién.
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Dao ham mot phia

Dao ham bén phai, bén trai
Ham s6 f xac dinh trong Ian cin cta diém a.

» Gidi han sau (néu ton tai)

(o) = tim TCV=F@) _ o fa+h) = f()

x—at X —a h—0+ h

dugc goi la dao ham phai cida f tai diém a.
» Gidi han sau (néu tdn tai)

f'(a) = lim =) _ g

x—a— X —a h—0— h

dugc goi la dao ham trai cla £ tai diém a.

f(a+ h)—f(a)
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Dao ham mot phia

Dinh ly

Ham f c6 dao ham tai a khi va chi khi né cé dao ham bén tréi
va bén phai tai a, dong thdi hai dao ham nay bing nhau.

Vi du

Khdo sat dao ham clia ham f dinh béi f(x) = x? — 3|x| + 2.
GIAI
Ta cé

Flx) = x> —=3x+2, x>0 Flx) = 2x—3, x>0
T xR 43x+2, x<0 Tl 2x+3, x<0

Tai x =0, f{(0) = =3 # f’(0) = 3. Dao ham trai va phai khong
bing nhau, suy ra khdng ton tai dao ham tai x = 0.
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Dao ham mot phia

D4 thi chia mdt ham sb £ nhu dudi day, minh hoa ring f c6 dao
ham bén trdi va bén phdi tai a, nhung hai dao ham nay khac nhau,
Vi tiép tuyén clia nhanh bén trai va phai khic nhau. D4 thi bj "gdy
géc” tai diém P(a, f(a)).

YA
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Dao ham vo6 cuc

Dao ham vo6 cuc
Néu

lim e = ) lim

xX—a X —a h—0

f _

(a+ h) —f(a) _ s
h

(co thé chi xét gi6i han mot phia), thi ta néi ham f c6 dao

ham vé cuc tai diém a. Khi d¢, tiép tuyén véi db thi tai diém

P(a, f(a)) cung phuong véi truc tung.
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Dao ham v6 cuc

Vi du
Khao sit dao ham cla f dinh bdi f(x) = v/x — 1 tai a=1.

Ta cé
_ f(14h)— (1) vh ‘
lim = —
h—0 h h—0 h 05

=lim - —= =

h—0 +/ h2 ! ;)

Do d6, tiép tuyén véi db thi 051
cta f tai P(1,0) s€ cling ]
phuong véi truc tung nhu /

hinh bén.

GIAI TICH B1 163/319



Lién hé dao ham va su lién tuc

Dinh ly

Néu ham sb6 f c¢6 dao ham tai a thi né lién tuc tai a.

Chdng minh.

Gid st f c6 dao ham tai a. Theo tinh chit gisi han va dinh nghia
dao ham, ta cé

lim [f(x) — £(a)] = lim [M (x — a)

X—a X—a X —a
Flx) —
= lim M. lim (x — a)
x—a X — a x—a
— f'(a).0 =0,

nghia 13 limy_,, f(x) = f(a). Vay f lién tuc tai a. O]

GIAI TICH B1 164/319



Cac qui tac tinh dao ham

Sinh vién tu chiing minh céc qui tic sau, néu thiy can thiét, nhu

13 bai tap

Quy tic dao ham cia téng, hiéu, tich, thuong

>

v

v

v

v

(au) = av
(utv)y =uv+xV

(uv) =d.v+uv

(uv.w) =d.vw+uv.w+uvw

(
(

1

v
u

v

Y
Y

Dao ham
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Cac qui tac tinh dao ham

Quy tic dao ham ctia ham hgp

Gia st ton tai cac dao ham cla f va u dudi day. Khi dé

(f o u)'(x) = Flu(x)]-v'(x)

Néu viét y = f(u) va u = g(x) (v 13 bién phu thudc theo u va
u 13 bién phu thudc theo x), thi hinh thic trén ciing dugc viét
dudi dang

dy dy du / /

- == . — = f'(u). .

dx du dx (u)-g°(x)
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Cac qui tac tinh dao ham

Chitng minh qui tic dao ham ham hop.
Theo dinh nghia dao ham

o FluC)] = flu(a)]

(Fou)(x) = 1=
o [ Flu] -~ Au(a)] | () — u(a)
‘x'aa{ o Ere

A o vx) = u(a)

Flu()] — flu

(
)

=i
e u(x) —u(a) 0w x—a
= flu(x)].v'(x)
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Cac qui tac tinh dao ham

Vi du. Néu y = u? va u = x3 + x thi
y= (3 +x)?=x0+2x* + X2

Dua theo cic cdng thiic dao ham & phd théng, ta so sanh hai cich

tinh sau
% = 6x° + 8x> 4 2x (Tinh truc tiép)
% . % = 2u(3x% + 1) = 23 + x)(3x + 1) = 2(3x° + 4x® + x)

(Tinh theo qui tic dao ham ham hop),

két qua 13 nhu nhau.
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Cac cong thidc tinh dao ham

Gid st u 13 bién phu thudc x théng qua ham sb ndo d6, u = g(x),
thi ngudi ta chitng minh dugc cac cong thirc sau

Dao ham Dao ham ham hgp
1. (a) =0 1.
2. (x*) = axt 2. (u®) = auet./
3. (&) =& 3. (e¥) = e"u/
4. (sinx) = cos x 4. (sinu) = cos(u).u'
5. (cosx) = —sinx 5. (cosu) = —sin(u).u/
/
6. (Inx) :% 6. (nuy =2
/ 1 , u
7. (tanx) = o2 x 7. (tanu) = vy
— /
8. (cotx) = sin21x 8. (cotu) = 5;2 y
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Dao ham ctia ham ngudgc

Dinh ly: dao ham ham ngudgc
Gia st ham £ 13 ham song 4nh, c6 ham nguoc 1a g. N&u f ¢ dao
ham hitu han khac 0 tai x thi ham g sé c6 dao ham tai y = f(x)
va
§(F()) = 77~ hay 1a g/(y) =
f'(x) y'

Chdng minh.

Vi g 13 ham ngugc clia f nén Vx, g o f(x) = x. LAy dao ham hai
vé theo x va dung qui tic dao ham cla ham hop, ta cé

g'(f(x))-f'(x) =1, suy ra g'(f(x)) =

F1(x)
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Dao ham ctia ham ngudgc

Vi du

» Ham sin la song anh tir [-5, 5] vao [-1,1]. Ham ngugc
ca sin, ky hiéu la arcsin, la song 4nh tir [—1, 1] vao
[-7,5]. Hay lap cong thirc dao ham clia arcsin.

» Ham tan la song anh tir (-5, 5) vao R. Ham ngugc cla

tan, ky hiéu la arctan, la song anh tir [-1,1] vao [-7, T].

Hay lap cong thitc dao ham cua arctan.

GIAL

Véi x € [~Z, 7], dit y = sinx thi

y' =cosx = V/1—sin?x = /1 — y2. Theo cdng thic dao ham
clia ham ngugc thi

1

d (arcsiny) !
Bl ny) = — — -
dy d 1—y

!
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Dao ham ctia ham ngudgc

7 ? 7z 1
Néu doi hinh thic, ta viét lai (arcsin x)’ =
) V1

— X
s

Tuong tu, véi x € (=75, 5), dit y = tanx, thi
y' =1+1tan?x = 1 + y?. Theo cbng thitc dao ham ham nguac thi

d (arctan y) 1 1
—(arctan = — =
dy Y=y T 11y
N&u d8i hinh thic, ta c6 thé viét lai
1
t = ——.
(arctan x) 1752
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Dao ham va cuc tri

Dinh nghia cuc tri

» f c6 cuc dai tuyét dbi (hay cuc dai toan cuc) tai diém
c nghia 13 f(c) > f(x) véi moi x thudc mién xac dinh cta
f. (néu dai chiéu bAt ding thic thi ta c6 khai niém curc
tidu tuyét dbi hay cuc tiéu toan cuc). Lic dé, sb f(c)
dugc goi la gia tri 16n nhit (hoic nhoé nhit) cda f.

» f c6 cuc dai twong dbi (hay cuc dai dia phuang) tai
diém ¢ nghia la f(c) > f(x) véi moi x thuéc mét 1an can
clia ¢ giao v6i mién xac dinh ctia £, (néu d8i chiéu bt
ding thiic thi ta c6 khai niém cuc tiéu tuang dbi hay
cuc tiéu dia phuong).

» Dat cuc dai hay cuc tiéu (tuyét dbi hay tuong déi) tai ¢
dugc goi chung la dat cuc tri tai c.
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Dao ham va cuc tri

>

Y4

Vi

a 0l b ¢ d e X

3 trén 13 dd thi clia ham sb f, f dat cuc tiéu tai a, c, e; dat cuc
dai tai b, d; dat gia tri I6n nhat tai d va gia tri nhd nhat tai a.
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Dao ham va Cuc tri

Dinh ly Fermat

Né&u ham f dat cuc tri tai c, déng thai f cé dao ham tai ¢, thi
f'(c) =0.

Diém dirng va diém té6i han
» S6 ¢ théa f'(c) = 0 dugc goi 13 diém dirng (stationary

point) clia ham f.

» Sb c théa mét trong hai tinh chit: hodc f/(c) = 0; hoic f
khong cé dao ham tai ¢, thi s6 ¢ dugc goi la diém téi
han (critical point).

Dinh Iy

N&u ham f dat cuc trj tai sb6 c thi ¢ 13 diém t6i han cla f.

GIAI TICH B1 175/319



Dao ham va cuc tri

Chiéu d3o ctia dinh ly Fermat y
khéng ding, nghia 13 ¢6 thé y=x
f’(c) = 0 nhung f khéng dat cuc
tri tai ¢. Vi du, ham sb f dinh

bdi f(x) = x3, ¢6 f/(0) =0, 0 x
nhung f khéng dat cuc tri tai 0.
Xem db thi minh hoa & bén.
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Dao ham va cuc tri

Trong pham vi gi4o trinh gidi tich B1, ta thira nhan két qua sau
ma khdng ching minh

Dinh ly cuc tri tuyét dbi
Néu hém,sé f lién tuc trén n)cf)t doan déng [a, b] thi f dat gia
tri Iénvnhét va gia tri nhc’)lnhét trén doan dé. Ta theo cac budc
sau dé tim cuc tri tuyét doi cla f trén [a, b]
1. Tim gid tri cla f tai cic diém t6i han bén trong khoang
mé (a, b).
2. Tinh gi4 tri cGa f tai hai diém bién a v3 b cla doan.
3. Gid tri 16n nh3t, nhé nht & cdc budc 1 va 2 chinh a gid
tri 16n nhat, nhd nhat cla f trén toan cuc [a, b].
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Cac dinh ly gia tri trung binh

Céc dinh Iy gi4 tri trung binh néu I&n mbi quan hé giita dao ham f’
v6i tinh chit clia ham f.
YA
Dinh ly Rolle
Cho ham y = f(x) thda

1. Lién tuc trén doan |[a, b]

(a,b) I
3. f(a) = f(b - ’
(2) = £(b) o e o e b
Thi 3c € (a,b) : f'(c) = 0.
Néu can thiét, sinh tu ching minh dinh ly trén nhu bai tap, st
dung dinh ly cuc tri tuyét dbi va dinh ly Fermat.

I
I
2. Cé dao ham trong khoadng I
I
|

<Y
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Dao ham

Céac dinh ly vé gia tri trung binh

Dinh ly Lagrange
Cho ham f thda

1. Lién tuc trén doan [a, b]

2. Cé dao ham trong khoang (a, b)
Thi

S (ab): O ZTE g
hay f(b) — f(a) = f'(c)(b— a). 0

f'(c) dugc goi la gia tri trung binh
ctia dao ham trén khodng (a, b).

QJ

Chitng minh. Ap dung dinh Iy Rolle cho ham g dinh bgi

50 = ()~ f(a) - =Ty
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Céac dinh ly vé gia tri trung binh

Hé qua cua dinh ly Lagrange

» N&u ham sb f c6 dao ham ducng (chép nhan dao ham
b3ng O tai hitu han diém) trong khoang (a, b), va f lién tuc
trén doan [a, b], thi f ting (déng bién) trén doan [a, b].

» Néu ham sb f c6 dao ham am (chép nhan dao ham bE“mg 0
tai hitu han diém) trong khoang (a, b), va lién tuc trén
doan [a, b], thi f gidm (nghich bién) trén doan [a, b].

Chdng minh.

Gid st f' > 0 trén (a,b) va a < x; < xo < b. Khi d6 ham f thda
gia thiét dinh Iy Lagrange trén doan [x1, x2], do dé ton tai

¢ € (x1,x2) sao cho f(x2) — f(x1) = f'(c)(x2 — x1) > 0, suy ra
f(x1) > f(x1). Vay ham f |a ting trén [a, b]. Cac trudng hop con
lai dugc chitng minh tucng tu.
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Dao ham

Céac dinh ly vé gia tri trung binh

Vi du
Kiém tra tinh ddng d3n cta dinh Iy Rolle d&i véi ham £ dinh bdi
f(x) = (x —1)(x — 2)(x — 3), trén cac doan [1,2] va [2,3].

Ham f( ) 6 dao ham trén doan [1,3], vi f/(x) = 3x? — 12x + 11,
va fbangOtal cac diém x = 1,x = 2, x = 3. Do dé f thda céc gia
thiét cha dinh ly Rolle trén doan [1,2] va [2,3]. Theo dinh Iy Rolle,
tdn tai it nhit hai diém clia khoang (1,3) ma tai d6 f/(x) = 0. Ta
x4c minh diéu ndy bing cich gidi phuong trinh an ¢ sau day

f'(c) =3c* —12c+11=0

1 1
<:><::c1:2—%6[1,2]7 hayc:c2:2+%€[2,3].

Vay tinh ding dén cla dinh ly Rolle dugc xadc minh qua vi du trén.
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Dao ham

Céac dinh ly vé gia tri trung binh

Vi du
Xac dinh gi4 tri trung gian ¢ trong dinh ly Lagrange d&i véi ham
3 —x?
> 0<x<1
f(x)= ) trén doan [0, 2].
—, l1<x<
X

Khdo sat tinh kha vi tai x = 1. Dung dinh nghia, ta tinh dugc
(1) =—-1=f(1)

Vay f kha vi (c6 dao ham) va lién tuc trén doan [0, 2]. Theo dinh
ly Lagrange

e € (0,2), F(2) — £(0) = F(c)(2 - 0) (14)
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Cac dinh ly vé gia tri trung binh

Ta cé
—X khi0d<x <1
f'(x) = 1
—— khil<x<2
X
Do dé6 phuaong trinh (14) tuong duong vdi
1 3 1 3 1
Z_ 22— S ) Y
2 2 c(2-0) hay 2 2 C2( %
0<c<l1 l<ex?2

1
=>c:§hoécc:\/§
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Céac dinh ly vé gia tri trung binh

Vi du
Gia st

f(0) = —3 va Vx, f'(x) < 5.

Hai gia tri 16n nhAt chia £(2) c6 thé 13 bao nhiéu?

Trén doan [0, 2] ham kh3 vi va lién tuc. Ap dung dinh Iy Lagrange
ta co:
f(2) — £(0) = f'(c)(2 — 0) = 2f'(c)

= f(2) = £(0) + 2f'(c)
=f(2)<-3+25=7
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Cac dinh ly vé gia tri trung binh

Dinh ly Cauchy

Cho hai ham f va g théa
1. Lién tuc trén doan [a, b]
2. Cé dao ham trong khoang (a, b)
3. g/(x) #0,Vx € (a, b)

Thi |
dc € (a,b) f(b) —f(a) _ f'(c)
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Céac dinh ly vé gia tri trung binh

Chidéng minh dinh ly Cauchy.
Ham s6 h dinh b

h(x) = [f(b) - f(a)]g(x) — [g(b) — &(a)] f(x)
thda gia thiét cta dinh Iy Rolle, nghia 1a A lién tuc trén [a, b],
h(b) = h(a) = f(b)g(a) — f(a)g(b), h c6 dao ham trén (a, b).
Do dé, ton tai sb ¢ € (a, b) sao cho

H(c) =0, hay[f(b) — f(a)]g'(c) — [g(b) — g(a)] f'(c) =0,

suy ra diéu phai chiing minh. O]
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Dao ham

Qui tdc L’ Hospital (L6-pi-tal)

Dinh Iy Cauchy & trén sé& suy ra mot két qua hitu dung sau day

trong viéc tinh gidi han dang vd dinh %; 0.00 hodc %

Dinh Iy (Quy tic L6-pi-tal)
Cho hai ham sb f va g théa
1. Kha vi trong khoang (a, b)
2. Vxe(a,b):g'(x)#0
3. Xy ra mét trong hai trudng hop:
)I(T_)ma f(x) = )I(gag(x) = 0; hodc
T #00 = T (1) =
. f!
4. Ton tai tim - hizu han hay vé han.
xX—a g’(x)
/
Khi d6 tim 1) _ jim £,
g0 A g (x)
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Chitng minh quy tac L6-pi-tal |

Ghi cha

Trong dinh Iy trén, cac thiét v& gidi han véi “x — a" c6 thé thay

bdi “x — b". Hon nira a cé thé 1a —oo, va b cb thé 13 oco.

Ching minh qui tic L6-pi-tal.

D& don gian, ta chi chiing minh cho trudng hop I3y gia thiét
lim f(x) = lim g(x) =0, a 13 sb thuc (khéng phai —oc0), va
X—a X—a

f! ,
lim ,(X) =L, L 1asb thuc (15)
x—a g'(x)

Vi sb6 e > 0 bat ky, do gia thiét (15), ta c6 s6 § > 0 thda:

f'(§)
g'(§)

Néu a< & <a+dth

L‘< e (16)
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Dao hai

Chitng minh quy tac L6-pi-tal Il
Xét x bit ky théa a < x < a+ 6. Vi sb c € (a,x) tly ¥, theo dinh
ly Cauchy, ton tai € € (¢, x) sao cho

fx) = f(c) _ ()
g(x)—glc) g'(§)

Tir (16) va bt déng thic tam gidc, ta c6

) 1) ) - Q)] L Fx) — (o)
200~ =500~ s —s@ * 560 —a0 ~H
) F) Q) ()

MO CErCIMEGRG
F)  F) Q)| _
=200 g0 —g(@l "7
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Chitng minh quy tac Lé-pi-tal 111

viét gon lai |3

(c)

—f
Ve € (a, x), g(x g(x) —g(c)

+e (17)

Trong (17), cho ¢ — a thi f(c), g(c) — 0, va do tinh bdo toan
thar ty clta gidi han, ta suy ra

f
‘& — L) <e.
g(x)
. o N . f(x)
Theo dinh nghia gidi han, ta da ching minh dugc lim —= = L.
x—a g(x)
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Quy tic Lopital

Cha thich cac dang v6 dinh khac cta gidi han

» Néu gi6i han clia f(x)g(x) c6 dang 0.c0 thi ta viét

f(x).g(x) = % dua vé dang g

» Néu gi6i han cla f(x)g(x) cé dang vé dinh 1°°; oc® hoic
00 thi ta déu dua vé dang 0 bing cach st dung cdng thiic

ab — gblna
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Bai tap vé quy tic Lo-pital |

Tinh gidi han(S& dung quy tic Lopital)
In(1+x)—x -1

1. lim >
x—0 tan< x

In(tan x)
x—/4 COt2x

2. R |

x arcsin x2

3. lim

x—0 X COS X — sin x
. arctan(x —1
4. fim 2retanx=1)

X1t /X2 4 x =2

, tan x — x
5. lim - ,
x—0 arcsin x — In(1 + x)

x—0 e

7. lim (arctanx)®"~

9
x—0t

-3

1/x
1/x
6_ ||m (&) , e_1/2

Dao ham
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Bai tap vé quy tic Lo-pital Il

1/ In(sinh x)

Dao ham

8. lim x e
x—0+t
9. lim (x*—1)Inx, 0
x—07F
10. lim (3x2+3)Yx, 3.
X—r+00
sin x—eX
1. lim ————
x—=0sinx — x’
12. lim x"e X3, 0.
X—r+00
13. lim ( )
x—0 \ X  arcsinx
1
14. i _— =.
Pt (xarctanx x2) 3
15. lim (cosx)l/XQ, e 12,
x—0
X _
6. lm—X Y 5
x=lInx —x+1
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Bai tap vé quy tic Lo-pital Il

Dao ham

17. Iiml L - L , g

x—0 x \tanhx tanx 3
18. lim (tanx)®@n2x et

x—7 /4

1/x

19. lim (tan ) , 1.

X—00 2x +1
20. lim (arcsmx)

x—0
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Dao ham

Dao ham cap cao

Dao ham cip cao
Dao ham clia ham s6 y = f(x) 13 mét ham sb .
Cé thé Iéy dao ham mét 1an nita clia dao ham cAp mét, ta duoc
khdi niém dao ham cap hai, véi cac ky hiéu sau

d’y  d°f /

1 /! /
=—=——=f"(x)=(f(x

dX2 dX2 ( ) ( ( ))

Tiép tuc qua trinh ta c6 dao ham clp n cling cac ky hiéu sau

d"y  d"f /
(n) ES y = = (I‘I) = (nfl)
4 dx” dx" e <f (X)>
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Dao ham cap cao

Gid stt y = f.g. Dung phép quy nap, ta chiing minh dugc cong
thic sau

Céng thic Leibnitz (tinh dao ham cip cao)
Véi qui uéc F©O) = £, g(® (dao ham clp 0 nghia I3 khéng Iy
dao ham), ta c6

(fg(”) ZCk £ g(n=k) hay 13
k=0

(F.g)" = COfO gl 4 cle() gln=1) 4 4 crf(n) g(0)
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Dao ham cap cao

Phuong phéap tinh dao ham cip cao
1. St dung cic dao ham cAp cao clia mdt sb ham d3 biét.
2. Phan tich thanh t8ng cac ham “don gian’.
3. Phan tich thanh tich cta hai ham f.g, trong d6 f la ham da

thirc, sau dé st dung cong thirc Leibnitz. Luu ¥, néu f 13 da
thirc bac n thi moi dao ham cap 16n hon n déu triét tiéu.

4. St dung khai trién Maclaurint, Taylor (8 phan sau)
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Dao ham

Dao ham cap cao

Dao ham cip cao clia mdt ham thudng gip
dn

1.
dxn

[(x+a)] =a(a—1)...(a—n+1)(x+a)* "

Trudng hogp riéng, o = —1 thi ta cé

" (_1 n 1

dxn (X+ a) =(-1) n!m_
2. (ex)(") — X

3. (Inx)(" = (_1)n—1.(n —1)!

XI‘I

d" . . s
4. o (sinx) = sm(x + n§>.
n
™
5. v (cosx) = cos(x + n§>

T cdc cong thic trén va dao ham ham hop, ta cé hé qua sau
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Dao ham cap cao

Cong thirc thuong gap

n

1. T [(ax aF b)a] = CL/(Q’ — ].) R (af —n+ 1)an(ax + b)ain_
Trudng hop riéng, a = —1 thi ta c6
d" 1 . 2"
_ I—
dxn (ax 4 b) (=1)%a (ax + b)rt1”

2. (eaX—I—b)( n) _ jngax+b.

3. [In(ax + b)](") — (_1)n—1.(n —1)la"

(ax + b)"
4. (inn [sin(ax + b)] = a"sin (ax + b+ ng)
n n T
5. [cos(ax + b)] = a cos(ax SDE n§>

dx”
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Dao ham cap cao

Vi du. Tinh dao ham cp 100 nhu sau
2100

[In(2x + 3)] 4% = (—1)9999!m.

Vi du. Tim y("(x) biét y =
Gidi: Ta phén tich nhu sau

x2—4

I 1 1 1 1
x2—4  (x=2)(x+2) 4\x—-2 x+2
St dung cbng thic néu trén, ta suy ra

y(n):(—1)"n![( 1 ]

4 x —2)mtL T (x + 2)ntT
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Dao ham cap cao

Vi du. Tim y("(x) biét y = sin® x.
Gidi: Ta dung codng thitc ha bic
~ 1—cos2x 1 cos2x
A T

1
= y(")(x) = —52” cos (2x + n%) , hay

y(")(x) = 2" lcog (2x + n%) .
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Chudi lity thira
Dinh nghia: chubi liiy thira
Chudi sb c6 dang sau

(o0}
Zc,,x—a )" =co+cal(x—a)+a(x—a)?+---
n=0

dugc goi |3 chudi liiy thira theo (x — a), hodc 13 chudi liy
thira xung quanh diém a.

Céc sb ¢, duoc goi 13 hé sb cha chudi liy thira.

Qui udc

Chiing ta qui uéc ring (x — a)® = 1, ngay ca trudng hop x = a.
Nghla 13 qui u6c 0° = 1, va qui udc nay chi trong pham vi ly
thuyét chudi liiy thira ma théi.
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Chudi lity thira
VAn dé s& duoc khdo st tiép theo 13 véi nhitng gid tri ndo clia x
thi chudi lily thira & trén sé héi tu.
Dinh Iy
Vi moi chudi Ity thira -5 ) cp(x — a)", chi x3y ra mét trong
ba kha nang sau:
(i) ChuBi chi hoi tu tai x = a ma théi.
(ii) Chudi hdi tu v6i moi x € R.
(iii) C6 sb duong R sao cho chudi hdi tu khi |x — a| < R, va
phan ky khi [x —a|] > R.

Ban kinh hoi tu

S6 R trong trudng hop (i) dugc goi 13 ban kinh hdi tu cla
chudi lily thira. Theo qui uéc, R = 0 trong trudng hop (i); va
R = oo trong trudng hop (ii).

GIAI TICH B1 203/319



Chudi lity thira

Mién hdi tu 13 tap hop moi gid tri clia x 1am cho chudi liiy thira
hdi tu. Trong trudng hop (i) cta dinh ly, mién hdi tu chi cé6 mét
diém a. Trong trudng hop (i), mién hdi tu 13 R = (—oo, c0). Riéng
trudng hop (i), khéng c6 két luan t8ng quét vé su hdi clia chudi
khi [x — a| = R. Do dé, & trudng hop (iii), c6 bbn kha ning mién
héi tu la

(a—R,a+R) [a—R,a+R) (a—R,a+R] [a—R,a+R]

convergence for |x —a| <R

a—R a a+R

_ . -~
t— divergence for |x —a|> R ————
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Chudi lity thira

Dé tim ban kinh hdi tu clia chudi liiy thira, ta cé dinh Iy sau

Dinh Iy
o0
Cho chuéi lily thira Z cn(x — a)". Dt
n=0
. Cn+1 ~ < A
lim = L (hitu han ho&c v6 han).
n—ool ¢,

Khi d¢,
1. Néu L = oo thi ban kinh héi tu I3 R = 0.
2. Néu L = 0 thi ban kinh hdi tu 13 R = .
3. Néu L > 0 13 sb duong hitu han thi ban kinh héi tu 13

1
R=-.
L
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Chudi lity thira

Cha y
Khi tim mién héi tu cta chudi Iy thira, ngoai viéc tim ban kinh
héi tu R, ta phai xét hai diém bién x = a+ R (néu R > 0 hitu

han).
e A A > R |~ N ( —3)”
Vi du. Tim m|e~n hdi tu cla chudi liy thira Y07 2" );1+1 :
Gidi: Heé s6 chudi lily thira 13 ¢, = ;277 va
2(n+1
L= lim <) = jim ‘M‘ ~2.
n—ool Cp n—ool n-4+2
Chudi c6 ban kinh héi tu 1a R = } = 3. Khi x =3+ 3 thi chudi

tr& thanh chudi diéu hoa, phan ky. Khi x =3 — % thi chudi tré
thanh chudi dan diu Leibnitz, hoi tu. Vay mién h&i tu clha chudi I3
57

3-R.3+R)=[5, )
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Chudi lity thira

Dinh ly: dao ham cta t8ng chudi liiy thira

Néu chudi lily thita 3" ca(x — a)" c6 ban kinh héi tu I3 R > 0

thi téng clia chudi
o0

f(x) = o+ c1(x — a) + co(x — a)? Z x —a)

la ham s6 c6 dao ham trén khoang (a — R, a + R) va

f'(x) = c1 4 2c2(x — a) + 3c3(x — a)? ch,, Xx—a

)"
(18)
Hon nita, chudi lliy thira & (18) ciing c6 ban kinh héi tu la R.

Déng thitc (18) c6 thé dugc viét dusi dang
d

dx[icn(x—a)”] Z [en(x — a)™.

n=0
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Chudi lity thira

Cha y

Mic du dinh Iy trén néi rang chudi Iliy thira s& giit nguyén ban
kinh héi tu khi ta 3y dao ham ting sb hang clia né, nhung khéng
c6 nghia 13 mién hdi tu van giit nguyén.

Vi du. Ta c6 tdng chudi hinh hoc sau day
1
::1+X+X2+ ZX \V/XG 1,1)
ban kinh hoi tu I3 1. Liy dao ham, ta duoc
1 ) a1
WZI—I—QX—F?)X +"':ann s VXG(_].,].)

Trong vi du ndy, hai chudi cé cling mién hdi tu.
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Dao ham

Chudi lity thira

Sinh vién tu kiém chiing, nhu 13 bai tap, ring chudi Ity thira
X n
> =5 c6 mién hdi tu 13 [-1,1], trong khi l4y dao ham timg sb

n2
n=1

> n—1
hang, ta dugc chudi mdéi Z cé mién hoi tu la [-1,1).
n=1
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Chudi Taylor, Mac-Laurin

Tu dinh ly dao ham t(“;ng chudi liiy thira néi trén, ta d& dang suy
ra két qua sau

Dinh Iy

N&u mét ham sé f duoc khai trién thanh, néi cich khéc, 13 téng

[o.¢]

clia mdt chudi Ifiy thira » _ cy(x —a)" véi ban kinh hdi tu R > 0,
n=0

thi f c6 dao ham moi cip trong khodng (a — R,a+ R) va

f(”)(a)

n:

Vn, c, = (véi qui uéc ring 0! = 1, FO) — f).

Nhu vay, khai trién thanh chudi lily thira xung quanh diém a cda
mot ham s6 13 duy nhit (khéng c6 khai trién thit hai).
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Chudi Taylor, Mac-Laurin

Vi du. Ham sb f dinh bdi

f(x) = , véi x € (—1,1),

la téng cta chudi hinh hoc Ziozo x" v38i ban kinh héi tu R = 1.
Néi cich khac, chudi hinh hoc nay la khai trién ctia f thanh chudi
liiy thira xung quanh diém a = 1. Do d6 Vn, f(M(0) = 1, I3 cic hé
sb cha chudi hinh hoc.
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Chudi Taylor, Mac-Laurin

Dinh nghia chubi Taylor, Mac-Laurin

Chiéu d3o clia dinh Iy trén c6 thé khéng ding, nghia I3

Néu f 13 mot ham s& c6 dao ham moi cip trong khodng (a —
R,a+ R), thi chui Ity thira 3200 223 (x — )7 dugc goi I3
chudi Taylor chia f xung quanh diém a, viét 13

% £(n)(,
fmzf ()(X_a)n,

n!
n=0

va chudi Taylor néi trén chua hdn hdi tu vé& £(x).
Trudng hgp a =0, chudi néi trén dugc goi la chudi Mac-Laurin
clha f.

Sau day, ta khdo sat su hdi tu cta chudi Taylor xung quanh diém a
clia ham f va x4p xi f bing da thiic Taylor.
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Chudi Taylor, Mac-Laurin

Dinh nghia lugng v6 cung bé (VCB)
Ngudgi ta ky hiéu o(e) la bAt c( biéu thic ndo phu thubc vao e
va thda

lim (5) =0.

e—0 ¢

Lic d6, o(e) ciing dugc goi 13 luwgng vé cling bé cip cao han
€ khi e — 0.

Tinh chit cla lugng VCB
Khi e — 0 thi
» o(e) £ o(e) =o(¢)
> V6i hing sb k bat ky, ko(c) = o(¢)
» o(e1).0(e2) = o(e1.€2), khi g1, g2 — 0.
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Chudi Taylor, Mac-Laurin

Da thic Taylor

Gid st f 13 ham sb cé dao ham dén cip n tai diém a. Khi dé, da
thic Taylor bac n xung quanh diém a cla f dugc dinh nghia |3

D (k) (4
Ta) =3 T8y

k!
k=0
— f(a) + fl(!a) (x—a)+ 1 2(!") (x — a)?
+ -+ f(n;!(a)(x— a

tic la téng riéng phan bac n cla chudi Taylor.
Lugng chénh léch R,(x) = f(x) — Tp(x) ducc goi 13 phan du
ctia chudi Taylor cia f.
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Chudi Taylor, Mac-Laurin

Cong thirc Taylor véi du sb Peano.

Gid st f 1a ham s6 c6 dao ham dén cap n— 1 trong lan cén cha
diém a va c6 dao ham dén cap n tai a. Lic d6

1. Da thirc x4p xi tét nhit cla f dén bac n xung quanh
diém a la da thirc Taylor T, theo nghia

f(x) = To(x) +0o((x — a)"), hay la

n. (k)
f(x) = Z f k!(a) (x —a)* +o((x —a)").

k=0

2. Nguac lai, néu P, 13 da thirc bac n x4p xi tbt nhit cho f
xung quanh diém a, theo nghia

F(x) = Pa(x) = o((x — a)"),
thi P, la da thic Taylor cda f.
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Chudi Taylor, Mac-Laurin

Dinh Iy trén mubn néi ring da thitc xap xi tdi hdo cta 7 dén
bac n xung quanh diém a |3 duy nhat.

S& di c6 thuat ngit “x4p x7 tbi hdo (tbt nhat)" 1a vi lugng chénh
lach giita f va da thic Taylor T, tirc 13 du sb R,, 13 lugng VCB
b4c cao hon (x — a)” khi x — a.

Tuy nhién, khi thuc hién phép xp xi xung quanh diém a,

f(x) ~ Ta(x), véi du sb Peano cé dang Rn(x) = o((x — a)"), thi
ta khdng danh gid dugc dd chinh xac phép xp xi, nghia I3 khéng
biét d6 16n sai s6 |R,(x)| nhd dén miic ndo. Do dé, ta c6 cong
thitc Taylor véi du sb Lagrange sau day
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Chudi Taylor, Mac-Laurin

Cong thic Taylor v6i du sb Lagrange
Gia str ham f c6 dao ham dén cAp n+ 1 lién tuc trong khodng
(a— R,a+ R). Khi dé, véi mbi s6 x € (a— R,a+ R), ludn ton
tai sb &, n3m giita a va x sao cho

f(n+1)(§ )

L (x — a)”H.

() = Tolx) + Ral(), v6i Ralo) =~

T, 13 ky hiéu clia da thdc Taylor bac n clia f xung quanh diém
a nhu da néi & trén, tic la

n (k)
Too) =S @ g

GIAI TICH B1 217/319



Cong thic Taylor, Mac-laurin

Hé qua tir cong thic Taylor véi du s6 Lagrange

(i) B4t dang thirc Taylor. Néu c6 hing s6 M > 0 (chi phu
thudc n) sao cho: Vx € (a— R, a+ R),|f("D(x)| < M, thi

Vx € (a— R,a+ R),|Ra(x)| < |x — a|™.

(n+1)!
(i1) Néu hing s6 M & (i) khéng phu thudc vao n thi

Vx € (a—R,a+ R), Ii_)m Rn(x) =0,
n—oo

va chudi Taylor clia f xung quanh diém a s& hdi tu vé f
trong khoang (a — R,a+ R).

Sau day 13 (khéng bit bubc doc) phan ching minh dinh ly
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Dao ham

Ching minh cong thic Taylor véi du sb Peano |

1. Dung phép qui nap, ta sé chirng minh

f(x) — Ta(x) =0((a— x)")) (19)
That vay, véi n =1, tr dinh nghia clia dao ham, ta ¢6
f(x)—T f(x)—f
lim fx) = () = lim [7()() (a) f/(a)} =0,
X—a X — a X—a X —a

nghia la f(x) — T1(x) = o(x — a), (19) ding véi n = 1.

Gia st dinh ly ding véi n = m, theo nghia, v6i ham sb bat ky g
thda gia thiét nhu ham f, ta c6 g(x) — Pm(x) = o((x — a)™),
trong d6 P, 13 da thitc Taylor bic m clia ham g xung quanh diém
a. Ta s€ ching minh (19) ding véi n = m + 1, nghia la

f(x) — Tmy1(x) = o((x — a)™*1). That vay, ap dung dinh Iy
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Dao ham

Chiéng minh cong thic Taylor véi du sb Peano Il

Lagrange cho ham F = f — T,,41 trén doan [a, x] (hodc doan
[x,a]), ton tai sb t n3m giita a va x sao cho
F(x) = Tme1(x) = F(x) = F(x) = F(a) = F'(t)(x — a)

(lvu ¥ 13 F(a) = 0). Viét lai déng thic trén, ta c6

m+1 fk(a)

Gt |- ) (20)

F(x) — Trsa(x) = {f’(r) -
k=1

Néu dit ham g = f’ va Py, 13 da thic Taylor bic m cha g xung
quanh diém a thi (20) c6 dang

F(x) = Tme1(x) = [g(t) = Pm(t)](x — a).
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Dao ham

Chitng minh cong thic Taylor véi du sb Peano IlI

Suy ra
||m f(X) — Tm+1(X) — ||m M
x—a (x —a)mtl x—a (x—a)m
e = Pal) (=2 _
_>I<—>a (t—a)m (x — )m} 0

Két qua 0 sau cling c6 dugc 13 do cic yéu tb sau day

» Gia thiét qui nap “g(t) — Pm(t) = o((t — a)™)",

t—a
>

<1 (Vi t n3m giita a va x),
| <1( g )

» Dinh ly gidi han kep.
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Dao ham

Ching minh céng thic Taylor véi dv sb Peano IV

Viy ta chitng minh dugc (19) ding véi n = m + 1, két thic chitng
minh theo phép qui nap.

2. Gid str P, la da thic bic n thda f(x) — Pn(x) = o((x — a)").
Khi dé, da thac P, lubn dugc biéu didn dudi dang

Pa(x) = co 4 c1(x — a) + co(x — a)* + - - - + ca(x — a)".

Theo chiing minh & phan 1., ta c6 f(x) = Ta(x) +o((x — a)"),
suy ra T,(x) — Pp(x) = o((x — a)"). Vay, véi m8i sb tu nhién k tir
0 dén n, ta ludn c6

i o) = Pa()

e o (21)
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Dao ham

Chitng minh cong thic Taylor véi du sb Peano V

Thay k = 0 vao (21), ta suy ra @ = f(a ) Sau dé thay kK =1 vao
(21), ta lai c6 ¢; = f(a). Cd tiép tuc tién trinh d6, ta suy ra

f(k)(a)
k!

Vk:m,ck:

nghia |3 da thic P, dong nhit véi da thic Taylor T,. Ké&t thic
chiing minh.
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Dao ham

Chiéng minh cong thic Taylor véi du sb Lagr;ge

Chitng minh céng thirc Taylor v6i du sb6 Lagrange.
D3t Q(x) 13 biéu thic sao cho f(x) = Tn(x)+ (r?g))!(x— a)™ti.
Xét ham sb F (bién t) dinh bgi

" £(k) .
Fe)=f() -3 1 k|(t)(x — ek - (nQJE 1))| (x — £,
22k i

Luu y sb hang dau tién cla tong > 7_, k)(t) (x — t)k & trén I3
f(t), do dé F(x) = F(a) =0 va
£(n+1) X
Flt)= -2 (t) (x—t)"+%
nghia I3 F thda gia thiét clia dinh Iy Rolle trén doan [a, x] (hay
doan [x, a]). Vay c6 sb &, n3m giita a va x sao cho F/(&) =0,
suy ra Q(x) = F("*1(&,), ta c6 dpcm. O

(x—1)" (sv tu kiém chimng),
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Dao ham

Vai cong thirc Mac-Laurin cd ban |

Sau day la vai céng thi'c Mac-Laurin cia mét sé6 ham co
ban, dang du s6 Peano
2 3 n

1. e _1+x+);—|+3 +...+%+o(xn)

2. |n(1—|—X):x—%2+X?3_“_+(_1)n—1)%n_’_0(xn)
3. smx—x—);—7+ ;—T — ,+(_1)"—(2);2:_+i)! + o(x2+2)
4, cosx—l—;—T+X4 .._+(_1)n(’2<:;! +o(x2m1)

5. smhx—x—i—);—T-l—XS+...+%+O(X2n+2)

6. coshx:l_f_;{_j_i_’;_‘:_}_ . (>2<2’;| +o(x2m)
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Dao ham

Vai cong thi'c Mac-Laurin cg ban Il

(a—1)

7. (1+x)2=1+ax+ — 50 x4+ .+
~1)...[a—(n—1)]
a(a ) ['O‘ (n )]Xn+0(xn)
n!
3 5 2n+1
8. arctanx:x—%—1—%—...4—(—1)"2)(”_i_1 + 0o(x2™+2)
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Cong thic Taylor, Mac-Laurin

Cac (rng dung ctia cong thirc Taylor, Mac-Laurin

1. X3p xi ham f bdi mét da thirc bac n.

2. Tim dao ham cAp cao cda f tai diém a

3. Tim gi6i han cia ham sb.

4. Tinh gan ding vé6i d6 chinh xac cho trudc.
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Cong thic Taylor, Mac-Laurin

Vi du

1. Viét cong Mac-Laurin dén bac n clia ham sb £ va £ dinh

bsi f1(x) = 1= va fh(x ):14+x

2. Viét cong thue Mac-Laurin d&n bac 3 cda ham f dinh bdi
f(x) =% 75x+6
3. Tinh f"(0).

GIAI

1. Trén mién (—1,1), f; va f |2 t8ng clia hai chui hinh hoc

Yool ox"va >0 o(—x)" tuong lng, cling la chudi Mac-Laurin cta

chiing. Hai ham f; va f, thda cic gia thiét CE@ cbéng thic

Mac-Laurin (cong thic Taylor xung quanh diém a = 0). Do dé
A(x)=14+x+x3+---4+x"+0o(x"),
H(x)=1—x+x*=x3+ -+ (=1)"x" 4 o(x").

GIAI TICH B1 228/319



Cong thic Taylor, Mac-Laurin

2. T4ch phan thdc va dp dung khai trién cla f; & trén, ta c6

F(x) = 1 111 11 1
(x—2)(x—-3) 2-x 3-x 2 1-x/2 3 1-x/3
1 X x\3 3
[ (5)+ () +(5) ot )]
51+ G) (5 () e
3 3) T \3 3) O
_1+5l+19x2 65x3+0( 3,
6 36 216 @ 1296 ' OV
3. Theo hé s6 clia x3 & trén thi fﬁégo) = ;8. Suy ra f(0) = 2.
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Cong thic Taylor, Mac-Laurin

Vi du

Tim khai trién Maclaurin dén cAp 5 ctia ham f dinh bdi f(x) =
2x—x?

e :

GIAL. Luu ¥ ring o((2x — x2)¥) = o(x¥). Ap dung céng thic
Mac-Laurin co ban, ta cé
(2x — x?)?  (2x —x?)3
21 + 3!
(2x — x2)*  (2x — x?)5
41 + 51
Khi khai trién céc nhi thitc (2x — x2), ta chi giif lai hang ti chita
bac khong vugt qué 5, cic hang tir con lai c6 dang o(x%), sau dé
rat gon, 55p xép cac sb hang theo bac tiang dan, ta duac
5

2 1
f(x) =142x+ x> — §x3 — 6X4 — EXS +o(x°)

e =14 (2x —x2) +

+ o(x°).
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Cong thic Taylor, Mac-Laurin

Vi du
Tinh gidi han

tan x — sinx

L=l
XTO x3
3 3
tanx:x+%+o(x3) sinx:x—%+o(x3)

x3 x3
= tanx —sinx = <x+ 3 +0(x3)) — (x T + O(x3)>

. X3 3
= tanx —sinx = ?—i-o(x )
tan x — sinx X; +o(x*) 1  o(x®) 1

L= lim —— = lim 3 3
x—0 X x—0 X 2 x—0 X 2
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Tich phan



Tich phan

Tich phan
» Bai toan tinh dién tich va tinh quing dudng
Tich phan
Dinh ly Co Ban Caa Gidi Tich
Qui tic tinh tich phan

v

v

v

v

Tich phan suy réng
Ung dung cda tich phan

v

GIAI TICH B1 233/319



Tich phan

Bai toan dién tich va quang dudng

Bai toan dién tich hinh thang cong
Ching ta d3 biét khai niém
va cach tinh dién tich cla cic
hinh don gidn nhu: hinh chit y
nhat, tam giac, da gidc (ghép
chia nhiéu tam giac). Nhung
Iam sao dinh nghia dién tich
cla mét hinh cé bién cong,
cu thé 13 mién S dugc bao S Y=bh
quanh bdi cic dudng: db thi
cGia ham sb f > 0; hai dudng 0 a b
thing diing x = a, x = b; va
truc hoanh nhu hinh bén.
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Bai toan dién tich va quang dudng
Trudc tién, ta chia hinh S thanh n dai bang cé
chiéu réng déu nhau nhu hinh duéi. Chiéu rong

mdi dai 13 Ax = %a. Cac dai bang nay chia x| = a+ Ax
doan [a, b] thanh n doan con xo = a+ 2Ax
[x0,x1], [x1,x], ...,  [Xn—1,%n] X3 = a+30x

trong d6 xg = a, x, = b va cic diém bién cla
nhitng doan con Ia
y

0 a Xy Xy X3 ... X X ... X, b X
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Tich phan

Bai toan dién tich va quang dudng

Chiing ta x4p xi dién tich dai bing thd i bdi dién tich hinh chir
nhit cé bé réng Ax, chiéu cao la gia tri cla f tai diém bién phai
cua doan con.

Y Ax

0 a X X, X Xi—1 X b X

Ta dat téng dién tich cdc hinh chit nhat nay 13 R, (chir R dm chi
“right”, bién phai)

n
R, = Z f(xi)Ax = f(x1)Ax + f(x2)Ax + - - - + f(xn) Ax.
i=1
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Tich phan

Bai toan dién tich va quang dudng

V6i cach tuong tu, néu ta chon chiéu cao hinh chit nhat 13 gié tri
cla f tai diém bién trai ca moi doan con, thi ta ¢ téng dién tich
cac hinh chit nhat Ia

L,= Z f(xi—1)Ax = f(x0)Ax + f(x1)Ax + - -+ + f(xp—1)Ax.
i=1

Thay vi l4y diém bién trai ho3c phai, ta cling cé thé chon chiéu
cao hinh chif nhat 13 gia tri cla f tai diém bAt ky x; clia doan con
thit i, [xi—1, x;]. Ta goi cac diém x{, X3, ..., xp la cac diém mau
va ta cé téng dién tich cac hinh chir nhat 13

Ap = F(x)Ax = F(xi)Ax + F(3)Ax + -+ + F(x5) Ax.
i=1
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Tich phan

Bai toan dién tich va quang dudng

Hinh sau minh hoa céc hinh chif nhat véi chidu cao f(x)

/

7

Ral
|
—_—
=
=

0 a

N = —— — — — — ——

X X, R X; X,

Ngudi ta chitng minh dugc néu f lién tuc thi ba gidi han sau tén
tai va bf?mg nhau
A= |lim R,= lim L, = lim A,,
n—oo n—oo n—oo
va ngudi ta dinh nghia gia tri A 13 dién tich cta hinh S d3 néi lic
dau.
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Tich phan

Bai toan dién tich va quang dudng

Bai toan tinh quang dudng di
Quing dudng di cha mét vat chuyén déng thing déu bing van tbc
nhan thai gian. Nhung thuc t&, van téc clia vat ludn thay déi. Vay
lam sao ta tinh dugc quang dudng di cha vat. Ta xét vi du sau:
Gia sir ddng hd khodng cich clia xe bi hu. Ta mudn uéc tinh
quang dudng xe chay trong khodng thdi gian 30 gidy bang cach ghi
nhan sb lidu trén dong hd tbc db trong bang sau

Time (s) 0 5110 | 15| 20 | 25 | 30

Velocity (ft/s) 25 31 35 43 47 46 41

Trong mdi khodng thdi gian 5 gidy kha ngin, ta xem nhu van tbc
thay déi rat it, v xAp xi van tbc xe I3 déu trong mai khoang 5 gidy
vGi gia tri trong bang trén. Viy ta udc tinh dugc quang dudng di
trong 30 gidy cla xe la

(25 x 5) + (31 x 5) + (35 X 5) + - - - 4 (46 x 5) = 1135 ft.
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Tich phan

Bai toan dién tich va quang dudng

Gia st ta biét dugc van tbc (tiic thai)
clia xe tai m3i thai diém t (gidy) 13
v(t), thi dd thi ctia ham van tdc ciing
véi téng dién tich cac hinh chit nhat 404
nhu hinh bén tuong dong véi quing
dudng udc tinh & trén. Quang dudng
chinh xac cé thé dugc dinh nghia la

20+

n

s= lim v(t7)At =
n—0o00 10 20 30 f

i=1

nhu cdch 1am cla bai todn dién tich.
Hai bai todn md dau néi trén cb cung ban chat, va ngudi ta mo
hinh héa ban chat dé thanh khai niém tich phan nhu dudi day
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Tich phan

Tich phan

Dinh nghia tich phan

Véi ham f xac dinh trén [a, b], ta chia [a, b] thanh n doan con c6
d6 dai Ax = (b—a)/n véi cic diém bién 13 xg = a, x; = a+iAx
(i =1,n). Goi x* 1a diém mAu b4t ky trong doan con [x;_1, x;].
Tich phan tir a dén b cha f duoc dinh nghia 13

b n
/a f(x)dx = nll)ngo Iz:; f(x)Ax,

mién 13 gidi han trén tdn tai, va khi gidi han tdn tai ta néi f kha
tich trén [a, b].

Qui udc
a b

Ngudi ta qui uéc rang / f(x)dx = —/ f(x)dx.
b a
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Tich phan

Tich phan

Chd thich 1. Nghia chinh x4c cda giéi han trong dinh nghia tich
phan & trén la:

Vi sb & > 0 bly ky cho trudc, ludn tdn tai sb tu nhién N sao cho
bt ding thic

<e€

b n
/a ) — 3 )

ding véi moi s6 tu nhién n > N va véi moi cich chon diém miu
*
x} trong doan con [x;j_1, Xi].

Dinh ly

Moi ham s& lién tuc trén doan [a, b], hodc c6 hitu han diém gian
doan kiéu buéc nhdy (loai 1), luén kha tich trén [a, b].
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Tich phan

Tich phan

Chd thich 2. Téng S f(x)Ax dugc goi la téng tich phan, c6
vé nhu 13 t8ng dién tich cla nhiing hinh chif nhat. Néu ham f
khéng 4m trén doan [a, b] thi tich phin cla f mang y nghia la dién
tich cha hinh thang cong nhu d3 gi6i thiéu é dau chuong. Nhung
néu ham f d8i diu trén doan [a, b] thi tich phan clia f 13 hidu cia
phan dién tich n3m trén truc hoanh véi phan dién tich n3m dudi
truc hoanh nhu hinh vé dudi day

VA

e}
Q
<
S
=Y
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Tich phan

Tich phan

Chi thich 3. Ky hiéu [ f(x)dx 1a mét sb, khéng phu thudc vao

x, nghia la
b b b
/ f(x)dx :/ f(t)dt:/ f(r)dr v.v..
a a a

Cha thich 4. Mic du trong dinh nghia tich phan, ta chia doan

[a, b] thanh nhiing doan con déu nhau. Nhung trong thuc t&, ngusi
ta khong nhit thiét 1am thé&, nghia I3 chia [a, b] thanh nhiing doan
con c6 do dai Ax; khéng déu nhau, min 13 khi n — oo thi cic d6
dai dé nhé dan vé 0.
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Tich phan

Tich phan

Tinh chét cda tich phan

b
1. / cdx = c(b — a), trong d6 ¢ 13 hing sb bAt ky.
a

2. /ab[f(x) + (x)] dx = /ab F(x)dx + /abg(x)dx.
3. /ab cf (x)dx = c/ab f(x)dx, c 13 h3ng sb bat ky.
a. / () = / " F(x)dx + /  (x)dx
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Tich phan

Tich phan

Hai hinh sau minh hoa cho tinh chit 1 v3 4
YA

area =c(b—a)
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Tich phan

Tich phan
Tinh chét so sanh tich phan
b
5. Néu Vx € [a, b], f(x) > 0 thi / f(x)dx > 0.
a

b b
6. Néu Vx € [a, b], f(x) > g(x) thi / f(x)dx > / g(x)dx.

7. Néu Vx € [a, b],m < f(x) < M thi

m(b—a) < /b f(x)dx < M(b — a).

y

M-

mi=

Minh hoa tinh chit 7: o[ « b x

GIAI TICH B1 247/319



Tich phan

Dinh ly cg ban cta Giai tich

Dinh ly co ban cha Giai tich, nhu tén goi cta nd, ndi Ién mbi lién
gilta hai phép tinh co ban quan trong cua gidi tich 1a dao ham va
tich phan.

Ta xét lai bai todn chuyén déng trudc day. Gia st mot vat chuyén
déng v6i ham vi tri 13 s, nghia |a tai thoi diém t, vat dich chuyén
khodng cédch (c6 huéng) la s(t) so véi moc (vat & moc tai thdi
diém t = 0). Khi d6 van téc tic thsi tai thoi diém t 1a s'(t).
Ngugc lai, néu biét trudc van tbe tic thai v(t) cha xe tai mdi thoi
diém t, thi quang dudng xe di dugc trong khodng thdi gian [0, x] la

Nhu vay bai todn tinh van t8c tic thai (dao ham) va bai toan tinh
quiang dudng (tich phan) Ia hai tién trinh ngudc nhau. Tong quat,
ta ¢ dinh ly sau day
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Tich phan

Dinh ly cg ban cta Giai tich

Dinh ly co ban cia Giai Tich
Gia st f 13 ham sb lién tuc trén doan [a, b].
1. Ham sb g dinh bdi

g(x):/X F(t)dt, x € [a,b],

lién tuc trén [a, b], c6 dao ham trén (a, b) va g’(x) = f(x).

A d [~
Viét cach khac la —/ f(t)dt = f(x).
dx J,

2. Néu F 13 nguyén ham bit ky cta f, nghia 13 F/ = f, thi

b
/a F(x) = F(b) — F(a).
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Tich phan

Dinh ly cg ban cua giai tich

Hé qua
Gid st f 13 ham sb c6 dao ham f/ ciing 1a ham lién tuc trén
[a, b]. Khi dé

/b £(£)dt = £(b) — £(a).
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Tich phan

Dinh ly cg ban cta Giai tich

Chiing minh (c6 thé bé qua)
1. Xét x va x + h thudc khodng (a, b), ta cé

st 0 g = [ e "o
_ (/ f(t)dt—l—/x f(t)dt> —/ax+h f(t)dt

x+h
= / f(t)dt,

do d6, véi h #£0, ta cb

X — o(x x+h
g +h/)7 il ):/17/x f(t)dt.

D& don gian, ta gid sit h > 0 (trudng hop h < 0 tuong tu). Do f
lién tuc trén doan [x, x + h], dinh ly cuc tri tuyét doi néi rang
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Tich phan

Dinh ly cg ban cta Giai tich
Ju, v € [x, x + h] sao cho
Vte [x,x+ hl,m=f(u) <f(t) <M="F(v).

x+h
Tu tinh chat 7 cla tich phéan, ta suy ra mh < / f(t)dt < Mh,
hay )

m=F(u) < i/fh F(t)dt < F(v) = M.

Khi h — 0 thi f(u), f(v) — f(x) (do tinh lién tuc clia f tai x). Ap
dung dinh ly gi6i han kep va theo dinh nghia dao ham, ta suy ra

X —g(x xth
g0 = fin S8 < i [ sty = i1,
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Tich phan

Dinh ly cg ban cta Giai tich

2.Vi F/=g' =f, suyra F/—g’ =0. Ap dung dinh Iy Lagrange
cho ham ® = F — g, ton tai ¢ € (a, b) sao cho

() — @(a) = (c)(b—a) = |F'(c) ~g'(c)] (b —a) = 0.

Suy ra ®(b) = ®(a), nghia 1a F(b) — F(a) = g(b) — g(a). Luu y
g(a) = [7 f(t)dt =0, do d6

b b
/a F(x)dx = / F(t)dt = g(b) — g(a) = F(b) — F(a).

Két thiic chitng minh.
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Tich phan

Quy tac tinh tich phan

Ky hiéu nguyén ham

» Ngudi ta ky hidu [ f(x)dx |3 nguyén ham b4t ky, theo
bién x, cla f. Tuong tu, [ f(u)du |3 nguyén ham cla f
theo bién u.

» Ky hiéu trén con dugc goi la tich phan b4t dinh cla f.

» Dung dinh ly Lagrange, ta chitng minh dugc hai nguyén
ham cha f ludn sai khdc mdt hing s, nghia 13 néu F va
G cung |3 hai nguyén ham cta f thi F = G + ¢, véi c la
hing sb khéng phu thudc x.

Dinh ly co ban cla gidi tich cho phép ta d& dang tinh tich phan cia
mot ham néu biét dugc mot biéu thitc tudng minh nguyén ham
cla né. Sau déy |a bang cdng thirc vai nguyén ham thong dung
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Tich phan

Quy tic tinh tich phan

M6t sb nguyén ham thudng gip

Xa+1
1. /xadxz + C, véi dx
a+1 8./.2 =—cotx+ C
azl. sin® x
dx dx
2. — = C 9. /—:arcsinx—l—C
/X "+ \/1—x2
3. /exdx:ex—i—C 10. /
«/32;x2
4. /de—i-i-C arc5|n<;>—|—C,a>0
In x . dx . .
5. /sinxdx:—cosx+C ’ 1+X2—arcanx+
12 dx B
6. /cosxdx:sinx+C ] 24X
1
— arctan +C,a>0
7./ d); =tanx + C a <)
cos? x
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Tich phan

Quy tac tinh tich phan
Dinh ly: Quy tic déi bién
1. Né&u g 13 ham sb kh3 vi ma mién gi4 tri cha g 13 mét

khodng, va ham f lién tuc trén khodng nay, thi

[ flatlg e = [ oy

trong dé u = g(x), va vé hinh trung, céng thic trén phu
hgp véi hinh thic vi phan “du = g’(x)dx".

2. Néu g’ lién tuc trén [a, b] va f lién tuc trén mién gia tri
clia g, thi

b g(b)
/a f[g(x)]g’(x)dx:/g(a) f(u)du,

trong dé u = g(x).
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Tich phan

Quy tac tinh tich phan

Hé qua
Cho f 13 ham sb lién tuc trén doan d&i ximg [—a, a].

> Néu f 13 ham sb ch3n, nghia I3
Vx € [—a,a], f(—x) = f(x), thi

/_ f(x) =2 /0 " F(x)ax.

> Néu f 13 ham s 1&, nghia I3 Vx € [—a, a], f(—x) = —f(x),

thi

/_Zf(x)=o.
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Tich phan

Quy tac tinh tich phan

Dinh ly: Quy tic tich phan tirng phan

1. Néu hai ham sb f va g c6 dao ham thi
[ 1608 (e = F(x)gl) — [ Fgx)o

Mbt hinh thic khic d& nhé hon néu dit u = f(x) va

v = g(x), ta cé
/udv: uv—/vdu.

2. Néu hai dao ham ' va g’ lién tuc trén [a, b] thi

b

b
/ F(x)e' (x)dx = F(x)g(x)

g a

- / i F(x)g(x)dx.
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Tich phan

Tinh x4p xi tich phan

C6 hai tinh hubng ma ta khéng thé biét chinh x4c gia tri cha tich
phén:
» Tinh hubng thir nhit 13 khéng thé tim dugc biéu thic tudng
minh, nhu |3 biéu thitc cha ham so cap, clia nguyén ham cla
ham dudi dau tich phan, vi du nhu hai tich phan sau day

1 1
/ e dx va / 1+ x3dx.
0 -1

» Tinh hubng thit hai 13 ham dudi diu tich phan dugc cho béi
bang gia tri cac dit liéu thu thip dugc tur viéc do dac bdi cac
dung cu thiét bi trong khoa hoc, ky thudt. Nghia la nhitng
ham ndy khéng ducc biéu didn bdi biéu thiic ham tudng minh.

Trong c3 hai tinh hubng trén, ching ta budc phai tinh xap xi gia
tri cha tich phan.
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Tich phan

Tinh x4p xi tich phan

C6 nhiéu phuong phap tinh x4p xi tich phan trong Toan hoc, nhu
I3 quy tic hinh thang, qui tic trung diém, qui tic Simpson v.v..
Trong pham vi clia gido trinh gidi tich B1, ching ta chi nghién citu
quy tic trung diém.

Y chinh clia phuong phap xp xi tich phan I3 dua vdo dinh nghia
cla tich phan, dé 13 gidi han cla tong Riemann. Vay ta cé thé ldy
tong Riemann 1am gi4 tri xap xi cho tich phan

b n
/ f(x)dx ~ Z f(x")Ax
a i=1

trong dé Ax = (b —a)/n, x7 la diém m3u bht ky trong doan con
thir /7, [xi—1,Xi], va x; = a+ iAx véi i =0, n.
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Tich phan

Tinh x4p xi tich phan

Téng Riemann ting véi cic diém m3u 13 bién trai dugc ky hiéu bai
L, =371 f(xi—1)Ax. Tuong tu cho tong Riemann véi cc diém
bién phai R, = Y7, f(x;))Ax. Hai phép xip xi

b b
/ f(x)dx ~ L, va / f(x)dx ~ R,
a a

1an luct dugc goi 13 phép xap xi theo bién trai va phép xap xi
theo bién phai. Néu téng Riemann véi cac diém maiu 13 trung
diém clia hai bién trai va phai thi ta c6 quy tic trung diém.
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Tich phan

Tinh x4p xi tich phan

Quy tic trung diém

Phép x4p xi tich phan theo quy tic trung diém I3

/ i F(x)dx ~ My = Ax[F(X1) + F(R2) + -+ + F(%n)]

—a
trong dé Ax =

n

VA X; = =(xi_1 + x;) = “trung diém” cla Xi_1, X;].
5( ) g

Sau day 13 danh gia sai sb trong phép xap xi & trén
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Tich phan

Quy tac tinh tich phan

Danh gia sai sb cha phép xap xi
b

Dat Eyy = / f(x)dx — M, la sai sb trong phép xp xi theo
a

qui tic trung diém. Néu c6 hing sb K > 0 sao cho Vx €
[a, b], |f"(x)] < K thi d6 16n sai s6 dugc danh gid bdi

K(b— a)3
Eyl < ——~
|Ewml < 24n2
Viéc chiing minh clia bit ding thitc danh gi4 trén n3m trong pham
vi cia mén Gidi Tich Sé. Sau day, ta lam mét vi du dp dung.
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Tich phan

Quy tac tinh tich phan

Vi du

Hay tinh x4p xi gi4 tri cla fol cos(x?)dx chinh xac dén bbn chir

sb6 & phan thap phan.
GIAI
Nh3c lai ring hai s6 r; va r» khép nhau dén bbn chit s6 & hang
thap phan cé nghia 13 | — ra] < 0,0001. Dé dé gidi thich, ta Iéy vi
du rn =2,315731a, ... va rp = 2,3157b1b> .. ., thi ta c6

]rl — r2‘ = 0, 0000C1C2C3 e S 0, 0001.

Ta xét ham sb f dinh bdi f(x) = cos(x?) thi
f”(x) = —4x2 cos(x?) — 2sin(x?). Ta cé

Vx € [0,1], |f"(x)] < 4x?| cos(x?)| + 2| sin(x?)| < 4+ 2 =6.

Vay néu ta xap xi tich phan theo quy tic trung diém thi dé I6n sai
s6 Epy dugc danh giad bdi
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Tich phan

Tich phan

6(1-0)° 1

Ew|< >0 _ 2
|Ewml < 242 4n2

D& phép x4p xi dat d& chinh xac nhu yéu ciu thi ta chon mét gis
tri cla n sao cho

—— <0,0001 < 4n* > 10* < n > 50.

fay

Ta I3y n =50 thi Ax = (1 —0)/50 = 1/50, x; = 0 + iAx = i/50,
X; §(X,'_1 +x;) = (2i — 1)/100 va

/1 cos(x?)dx ~ Axi f(x;) = 50 Z [ 2110_021)2}
i=1

0

= 0,9045 (dung mdy Casio véi todn tu Z)
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Tich phan

Tich phan suy rong

TICH PHAN SUY RONG

Trong dinh nghia cta tich phan fab f(x)dx, ham sb6 f x4c dinh tai
moi diém chia doan hitu han [a, b].
» N&u can tich phan a hay b dugc thay bdi vé cuc thi tich phan
dé dugc goi la tich phan suy rong loai . Vi du, floo %dx.
> Néu can tich Phén ava b 13 sb thyc hitu han, nhung doan
[a, b] chira diém gia’p doan vb cuc cha ham f, hodc f khéng
xac dinh tai mét diém thudc [a, b], thi tich phan dé dugc goi
[3 tich phan suy rong loai Il. Vi du, fol %dx.
Nhung nghia clia cac tich phan suy rong la gi?
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Tich phan suy rong
Tich phan suy rong loai 1

1. Néu fat f(x)dx ton tai véi moi t > a va ton tai gi6i han
lime—so0 [2 F(x)dx nhu [a mét sb thuc hitu han, thi ta néi
tich phan suy rong f f(x)dx hoi tu, ddng thai ta ciing

ky hiéu
o] t
/a f(x)dx = tILn;o/a f(x)dx

Né&u gisi han néi trén khdng ton tai, ta ndi tich phan suy
rong [° f(x)dx phan k.
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Tich phan

Tich phan suy rong

Tich phan suy rong loai 1

2. Néu ftb f(x)dx tdn tai véi moi t < b va tdn tai gidi han
limes oo ftb (x)dx nhu 13 mét sb thuc hitu han, thi ta néi
tich phan suy rong f f(x)dx héi tu, dong thsi ta ciing

ky hiéu
b b
/_OO f(x)dx = t—llToo/t f(x)dx.

Néu gidi han néi trén khéng ton tai, ta néi tich phan suy
rong [° f(x)dx phan ky.
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Tich phan

Tich phan suy rong

Tich phan suy rong loai 1
3. N&u c3 hai tich phan suy réng [ fF(x)dx va [?_f(x)dx
cling hoi tu thi ta néi tich phan ffooo f(x)dx hoi tu, dong
thoi ky hiéu

/°° f(x)dx = /OO f(x)dx—l—/:o f(x)dx

—00

Néu mét trong hai tich phan, f°° f(x )dx hay [ f(x)dx
phan ky, thi ta ndi tich phan f x)dx phén ky.

Cha y
Trong trudng hgp cac tich phan suy rong loai 1 ndi trén phan ky,
thi cac ky hiéu tich phan dé khdong c6 nghia |a mdt s6 nao ca.
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Tich phan

Tich phan

Dinh ly

(e}
1
Tich phan suy rong / —adx (a > 0) hoi tu khi p > 1, phan
. X
ky khi p < 1.

Chdng minh. Véi p =1 thi
t

lim —dx = lim (Int —Ina) = oo,
t—oo [, X t—o0

nghia 13 gidi han khong tdn tai nhu mét sb thuc hitu han. Vay tich
phan phan ky trong trudng hgp p = 1.
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Tich phan

Tich phan

Xét p #0, ta cé

t 1 t
lim / —dx = lim / x " Pdx
t—oo J, xP t—oo J,
i tl=p gl-p
_tl[go<l—p_ 1—p>
o0 néup<1
= 1
(p—1)ar-t

néup>1

Vay ta c6 diéu can chitng minh.
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Tich phan

Tich phan suy rong

Vi du

0 [}
2x +1
Tinh / xe*dx V3 / X2,
o &~

—00

Giai. Diing qui tic tich phan tirng phan, ta tinh dugc

2x+1 = 6x+5

X — -1 X pY —
/xe dx = (x )e¥ + C va / o3 9e3x
Do dé

= lim (—1 -

t——o00 —et

= 1.

0 0 t—1
/ xe*dx = |lim / xe*dx = |lim (—1 —
t——oo [, t——00 et

+ C.

)

) (qui tic Lo-pi-tal)
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Tich phan

Tich phan suy rong

Tiép theo

®2x+1 . tox+1 , 5 6t+5
3 dx = lim dx = lim (———)
0 e3x t—00 0 X 9 ge3t

. 5 6 5 C s A
= lim (— ) =39 (qui tac Lopital).

9 273t

t—00
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Tich phan

Tich phan suy rong

Tich phan suy rong loai 2

1. Néu [I f(x)dx ton tai véi moi t € [a, b) (f khdng xac dinh
tai b hodc cé gidi han vé cuc tai b) va ton tai gidi han
lim_,p- f; f(x)dx nhu la mét s thuc hitu han, thi ta néi

tich phan suy rong fab f(x)dx héi tu, dong thdi ta ciing ky

hiéu
b t
/f(x)dX: lim / f(x)dx.
a t—b~ J,

Né&u gisi han néi trén khdng ton tai, ta ndi tich phan suy
rong fab f(x)dx phan ky.
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Tich phan

Tich phan suy rong

Tich phan suy rong loai 2

2. Néu ft x)dx tén tai véi moi t € (a, b] (f khéng xac dinh
tai a ho3c c6 gidi han vo cuc tai a), va ton tai gi6i han
lim, .+ [ F(x)dx nhu 13 mét sb thuc hitu han, thi ta néi
tich phan suy réng fab f(x)dx hdi tu, dong thai ta ciing ky

hiéu
b
f(x)dx— lim / f(x)dx
a t—at t

Néu gidi han néi trén khéng ton tai, ta néi tich phan suy
rong fab f(x)dx phan ky.
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Tich phan

Tich phan suy rong

Tich phan suy rong loai 2

3. Gia st f xac dinh trén (a, b). Véi c € (a, b) bat ky, néu c3
hai tich phan suy réng [ f(x)dx va fcb f(x)dx cung héi
tu thi ta néi tich phan suy rong fab f(x)dx hoi tu, dong
thoi ky hiéu

/a  Flox)dx = / " Fx)dx + / ()

Néu mét trong hai tich phan, [ f(x)dx hay fcb f(x)dx
phan ky, thi ta néi tich phan fab f(x)dx phan ky.
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Tich phan

Tich phan suy rong

Tich phan suy rong loai 2

4. Gid st f xac dinh trén [a, c) U (c, b]. (thdng thudng f ¢
gidi han vo cuc tai c). Néu c3 hai tich phan suy réng
c N \ A N L:owr A
I3 f(x)dx \;a J f(x)dx cing hoi tu thi ta ndi tich phan
suy rong fa f(x)dx hoi tu, va ta cé cac khai niém nhu
dinh nghia & muc 3.

Cha y
Trong trudng hgp cac tich phan suy rong loai 2 néi trén phan ky,
thi cic ky hiéu tich phan dé khéng c6 nghia |a mot s6 nao ca.
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Tich phan

Tich phan suy rong

Hai hinh vé duéi day 13 do thi cia ham s& c6 tiém can ding I3

X = ava x = b, nghia 13 ham sb c6 gidi han vo cuc tai a hay b.
Lic dé, gia tri tich phan suy rong (néu héi tu) la dién tich phan tb
mau khi t tién vé a hay b.
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Tich phan

Tich phan suy rong

Chii y
Mic du ta cé cdng thic nguyén ham [ % = In|x — 1|, nhung
ding thic sau day 13 vé nghia

3 d 3
/ X :|n|x—1|’ =In2—-Inl=1In2,
0 1 0

X —

ly do 13 ham duéi du tich phan khéng xac dinh tai 1 trong mién
|4y tich phan. Néi cach khac f03 & 3 tich phan suy réng loai 2
phan ky (s& dugc kiém chiing sau day)
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Tich phan

Tich phan suy rong

Vi du
Chitng minh tich phan suy rong fo ~=7 phan ky.

Giai
Ham dusi diu tich phan khéng xéc dinh tai 1 € (0,3). Ta chi can

X - 12 phan ky. That vay, ta

/3 dx _ /3 dx
= |lim
1 x—1 =1+ ), x—1

= i In2—1Inlt—-1|) =
Jim (12— Int — 1)) = o

3
chdng minh tich phan suy réng /
1

cé

nghia |3 gidi han khong ton tai (nhu 13 s& hitu han). Vay tich phan
suy rong fo 2 phan ky.
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Tich phan

Tich phan suy rong

y
3
d
Tich phan suy réng / x
o X— 1

phan ky, véi y nghia trong hinh
minh hoa k& bén 13 dién tich

phan t6 mau vd han.

0] a c b x
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Tich phan

Tich phan suy rong

Dinh ly

b
p 1
V6i s6 ¢ € (a,b), tich phan suy réng / x—cp héi tu khi
. |x—c¢
p < 1, phan ky khi p > 1.

Sinh vién tu ching minh dinh ly trén.

Hé qua
¢ 1

V6i a < ¢ < b, hai tich phdn suy rong / ——— Vva
a (C_X)p

b
/ —— = cling hdi tu khi p < 1, cting phan ky khi p > 1.
c (X - C)p
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Tich phan

Tich phan suy rong

Vi du
/5 L dx = lim 2\/x—2’5
2 Vx—2 t—2+ t
= lim 2(vV3 -Vt —2) =2V3.
t—2+
y Sau day thém hai vi du danh cho

y= L sinh vién: Tinh tich phan suy
Jx—2 rong (néu né hdi tu)

w/2 dx
> .
0  COsX
1
’ ’ ’ e / In xdx.
12 3 4 s o
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Tich phan

Tich phan suy réng - Cac tiéu chuan hdi tu
Tiéu chuin hdi tu tuyét dbi

1. Néu / |£(x)|dx hoi tu thi / f(x)dx ciling hoi tu va
a a

/:o F(x)dx| < /:o | (x)|dx.

Ta ciing ¢ két qua tuong tu nhu trén déi véi nhitng hinh
thic khac cda tich phan suy rong loai 1.

2. Gié s fb f(x)dx 3 tich phan suy réng loai 2. Néu
b
]f x)|dx hoi tu thi / f(x)dx cling héi tu va

/ |f(x)|dx.

x)dx| <
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Tich phan

Tich phan suy réng - Cac tiéu chuan hdi tu

Chii y: Chidu nguoc lai clia tidu chuan hdi tu tuyét déi khang
ding. Ching han [;° $0Xdx hi ty, trong khi [;* | S| phan ky.
Tiéu chuin so sanh 1: Dang b4t ding thic

1. Gid st f, g 13 hai ham sb théa f(x) > g(x) > 0 véi moi
x> M (M 13 mét sb nao dé). Khi dé

> Néu/ f(x)dx hdi tu th‘|/ g(x)dx ciing héi tu.
a a

> Néu / g(x)dx phéan ky thi / f(x)dx ciing phan ky.
a a

Ta ciing c6 cach so sanh tuong tu dbi véi tich phan f_aoo
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Tich phan

Tich phan suy réng - Cac tiéu chuin hdi tu

Ghi cha. Dé d& ap dung, ta nhé mét cach dai khai r5ng “Néu I6n
héi tu thi nhé héi tu; Néu nhé phén ky thi Ién phan ky'.

Chitng minh ctia dinh Iy trén kha d&, ta bd qua, tuy nhién hinh anh
minh hoa sau cho thy diéu dé c6 vé hién nhién

YA

)
Q
=Y
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Tich phan

Tich phan suy réng - Cac tiéu chuan hdi tu

Tiéu chuin so sanh 1: dang b4t ding thirc

2. Gid su fab f(x)dx va fabg(x)dx Ia hai tich phan suy rong
loai 2, trong d6 c € [a, b] 13 diém ky di clia tich phan,
nghia |3 tai d6 hai ham f va g khéng xac dinh hodc cé gidi
han vé cuc. Hon nita f(x) > g(x) > 0 véi moi x thubc
mot 1an can cha c. Khi dé,

b b
- Néu/ f(x)dx hdi tu th‘l/ g(x)dx ciing héi tu.
a a

b b
» Néu / g(x)dx phan ky thi / f(x)dx cling phan ky.
a a

GIAI TICH B1 287/319



Tich phan

Tich phan suy réng - Cac tiéu chuin hdi tu

Sinh vién lam bai tap vi du sau day

Vi du

Khdo sat su hdi tu clia cic tich phan sau:

o0 2
1. / e * dx
1

[ 268

)

w

. —dx
/0 VX +sin? x

/2 1
4, / ——dx
o  Xsinx
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Tich phan

Tich phan suy réng - Cac tiéu chuin hdi tu

Tiéu chuén so sénh 2
Cho f, g 13 cic ham sb duong.
1. Néu p
lim ) =L € (0,00)
x—o0 g(x)
o] +oo
thi / f(x)dx va / g(x)dx cting hdi tu hodc cling
a a
phan ky.

Ta ciing c6 cach so sanh tuong tu dbi véi ffoo
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Tich phan

Tich phan suy réng - Cac tiéu chuan hdi tu

Tiéu chuin so sanh 2
Cho f,g 13 cic ham sb duong.
2. Néu fab f(x)dx va fab g(x)dx la tich phan suy rong loai 2
v6i ¢ € [a, b] 13 diém ky di cla tich phan, va néu

b b
thi / f(x)dx va / g(x)dx cung hoi tu ho3c cling phan
a a
kY.
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Tich phan

Tich phan suy réng - Cac tiéu chuin hdi tu

Sinh vién lam cac bai tip vi du sau

Vi du
Khdo st su hoi tu clia cac tich phan sau:
/°° x2+Inx+1
1. ——————dx
1 xX>+3x2+3

5 /+°° x34+2x—1 o
" XA VX F142

L 1

3./0 3—(1_)()2(2+X)dx
Lsinx

./0 xﬁdx

=Y
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Tich phan

Ung dung hinh hoc cia tich phan

Tich phan dugc tng dung trong nhiéu linh virc: Ky thuat, sinh
hoc, xé4c sult, kinh t& v.v.. Sau day ta chi xét mot khia canh dng
dung cua tich phan trong hinh hoc, dé 1a tinh dién tich hinh
ph3ng, mé dau véi hinh v& sau

y
y=fx) .
S
0
0 ZI b X
Y=g
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Tich phan

Ung dung hinh hoc cta tich phan

Dién tich hinh S la

A= lim STIFG) - 01X

Nhu vay
Dién tich clia mién gi6i han bdi cic dudng cong y = f(x),y =

g(x) va cac dudng thing x = a,x = b trong d6 f, g |3 cac ham
lién tuc f(x) > g(x),Vx € [a, b] la:

/ [F(x) — g(x)]dx
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Tich phan

Ung dung hinh hoc cia tich phan

Téng quat, dién tich hinh phing gidi han bdi y = f(x),y = g(x)
va n3m gilta x = a,x = b 13

b
A= / 1£(x) — g(x)ldx

GIAI TICH B1 204/319



Tich phan

Ung dung hinh hoc cia tich phan

=cosx va x = 0,x =

Vi du
Tinh dién tich giéi han bdi y = sinx,y

/2
y
Yy =cosx y=sinx

A A,
_ -7
x=0 r=5
0 =z =z x
4 2

295/319
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Tich phan

Ung dung hinh hoc cia tich phan

Dién tich hinh phing gidi han bdi x = f(y),x = g(y) va n3m
gittay =c,y =d, vé6i f, g lién tuc f(y) > g(y) la

d
A= / [F(y) - &(y)ldy
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Tich phan

Ung dung hinh hoc cia tich phan

Vi du
Tinh dién tich gi6i han bdi y = x —1va y> =2x +6
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SG LUGC VE CHUOI
FOURIER

Ta d3 biét vé& viec mot ham sb, dudi didu kién nao dé, c6 thé dugc
khai trién thanh mét chudi Itiy thira, tic 13 chudi Taylor. Trong
chuong ndy, ching ta tim hidu mét kiéu khai trién khac, khai trién
thanh chudi cac ham sin va cos.



Chusi Fourier

Chubi Fourier
» Dinh nghia chudi Fourier
» Su hdi tu cla chudi Fourier
> Khai trién chudi Fourier clia ham sb xac dinh trén [0, 7]

. VY X+ . BN A 7 .
» Khai trién chudi Fourier ctia ham s6 xac dinh doan |a, b]
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Chusi Fourier

Dinh nghia chudi Fourier

Dinh nghia chudi Fourier

Xét f 13 ham sb kha tich trén doan [—, 7]. Dit

1 ™

ay = / f(x)cos kxdx, k=0,1,2,3... (22)
™ —T
1 ™

bk = / f(x)sinkxdx, k=1,2,3... (23)
™ —T

Chudi 2 +3"72 ; (ak cos kx + by sin kx) dudc goi 1a chudi Fourier
(ciing dugc goi 1a chudi lugng gidc) ctia ham sb f, va ta viét

)~ 24 S ok binkd (28
k=1

Cac hé sb ay, by dugc tinh theo cong thic (22)—(23) dugc goi
|a cdc hé so Fourier ctia ham so f.
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Chudi Fourier

Su hoi tu cha chudi Fourier

Ciing nhu chudi Taylor, quan hé (24) khéng néi lén diéu gi vé su
héi tu cGia chudi Fourier. Hon nita, cho du chudi Fourier cta f ¢6
héi tu thi téng clia chudi nay ciing chua h3n di bing f(x).

Ta c6 két qua sau
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Su hoi tu cha chudi Fourier

Dinh ly 1 (Dirichlet)

Néu ham sb f don diéu timg khic trén doan [—m, 7], bi chdn
trén doan dd, nghia la Vx € [—m ], |[f(x)] < M (M Ia hang
sb déc 13p véi x ) thi chudi Fourier cia f héi tu tai ting diém
x € [—m, 7] va téng cia chubi nay bing

(i) f(x) néu f lién tuc tai x, —1 < x < .
1 5 ; ’

(i) 5 [f(x™) + f(x1)] néu x la diém gidn doan kiéu budc nhdy
cuaf, —-m < x <.

(i) % T ], s 2

Nh&c lai. x 13 diém gidn doan kiéu budc nhay nghia I3 tén tai
f(x7) va f(x*) nhung f(x7) # f(xT).
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Chusi Fourier

Su hoi tu cha chudi Fourier

Nhan xét

1. Chudi Fourier clia f x4c dinh véi x € R, trong khi ta dang
xét mién xac dinh cta f 13 [—7, 7]. Tuy nhién, néu ta thac
trién mién gi4 tri cla f trén (—m, 71| thanh ham sb tudn
hoan, chu ky 27, xac dinh trén toan R, thi trong phat biéu
cta dinh ly 1 & trén, ta b di muc (iii) va xem nhu x € R.

2. Néu f 13 ham sb 18, nghia la Vx, f(—x) = —f(x), thi tir
(22)-(23), ta c6

ax=0 Vk>0, va
bkzz/ f(x)sinkxdx Vk > 1.
0

™

Lic dé chudi Fourier cia ham 18 chi bao gébm cac ham sin.
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Chudi Fourier

Su hoi tu cha chudi Fourier

Nhan xét

3. Tuong tu, néu f 13 ham chdn, nghia I3 Vx, f(—x) = f(x),
thi chudi Fourier clia f chi gdm cic ham cos véi cac hé sb

2 ™
Vk >0,a, = —/ f(x) cos kxdx.
0

s

Di nhién by = 0 véi moi k.
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Chusi Fourier

Khai trién Fourier ctia ham s6 xac dinh trén [0, 7

Khai trién Fourier ctia f xac dinh trén [0, 7]

Néu ham sb f chi xac dinh trén [0, 7] va thoa gia thiét gibng
dinh Iy 1 (Dirichlet), thi ta thac trién f thanh ham F tudn hoan,
chu ky 27, xac dinh trén R theo ba cich sau

1. Théc trién chin bing cich dit

) — f(x)  néux e 0,7]
Fx) = { f(—x) néu x € [-m,0)

va F 13 ham sb tudn hoan xéc dinh trén R, chu ky 27. Luu
y rang F = f trén doan [0, 7] va chudi Fourier ctia F chi
gbm cac ham cos.
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Chusi Fourier

Khai trién Fourier ctia ham s6 xac dinh trén [0, 7

Khai trién Fourier ctia f xac dinh trén [0, 7]
2. Théc trién 1é bing cich dit

[ f(x) néu x € [0, 7]
F(x) = { —f(=x) néu x € [-7,0)

va F 13 ham sb tudn hoan xéc dinh trén R, chu ky 27. Luu
y rang F = f trén doan [0, 7] va chudi Fourier clia F chi
gbm céc ham sin.
3. Dat
f(x) néu x €0,n]
F(x) = : ’
(x) { 0 néu x € [—m,0)

va F la ham s6 tuan hoan xac dinh trén R, chu ky 27. Luu
y rang F = f trén doan [0, 7| va chudi Fourier ctia F c6 c
ham sin va cos.
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Chusi Fourier

Khai trién Fourier ctia ham s6 xac dinh trén [0, 7

Vi du
Khai trién ham sb f dinh bdi f(x) = x
1. thanh chudi chi gdm cac ham sin trén doan [0, 7]. Sau dé
khdo sat su hdi tu ctia chudi tai tirng diém x € [0, 7).
2. thanh chudi chi gdm céc ham cos trén doan [0, 71]. Sau dé
kho sat su héi tu cha chudi tai ting diém x € [0, 7].
3. thanh chudi gdm céc ham sin va cos trén doan [0, 7]. Sau
dé khao sat su hdi tu cla chudi tai tirng diém x € [0, 7].

Giai.

1. Ta thac trién f thanh ham sb Fi tudn hoan, chu ky 2, 18 v3
F1 = f trén [0, 7] theo cdch 1 & trén (xem hinh 4). Do dé, chudi
Fourier cia F; chi gdm cac ham sin véi cic hé sb b, dugc tinh
bing quy tic tich phan tirng phan
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Chudi Fourier

Chudi Fourier

Hinh: D8 thi ham Fy.
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Chusi Fourier

Chudi Fourier

2 [T p N
by = / x%sin kxdx = ... (l4y tich phan titng phan)
T Jo
2 . o
—% néu k chan
= 2(/(271'2—4) ) k=1,23... (25)
———— néuklé
k37

Vay chudi sin ca F1 12 352 by sin kx véi by dudc tinh & (25).

Tiép theo ta khio sat su hdi tu cha chudi ndy. Ta thiy F; ting
trén ting khic (mm, mm + 27), m € Z va m 1a sb 1&; hon nifa
Vx € R, |Fi(x)| < 2. VAy F théa gia thiét cta dinh Iy 1, suy ra
chudi cac ham sin clia F; ¢6 téng 13 Fi(x) moi diém

x € (mm, mm +27), m € Z va m 1& (Vi tai cc diém d6 Fy lién
tuc).
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Chusi Fourier

Chudi Fourier
Ngoai ra, F1 gian doan kiéu budc nhay tai cic diém
X0 = (2k —1)m, k€ Zva F1(xO )+ F1(x0 ) = 0. Do dé chudi nay
hdi tu vé 0 tai xp, Vi tirng sb hang clia chudi bing 0
(Vk € Z,sin kxg = 0).

Né&u chi xét riéng trén doan [0, 7] thi Fi(x) = f(x) = x?, ta c6

x2 nu0<x<m

> bysin kx = R (bx & (25)).  (26)
—1 0 néu x =7
Cha thich thém: Néu ta xap xi

7

Fi(x) = S7(x) = Zbk sinkx Vx € (—m,m)

k=1

v6i cac hé sb by dugc tinh & (25), thi hinh 5 trinh bay dé thi cia
Fi1 mau xanh va db thi cta S; mau do.
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Chudi Fourier

Chudi Fourier

Ta thiy do thi cia S; di theo hinh dang dd thi clia Fy, y mubn néi
ring dd thi cla S, sé ngay cang "khit” véi db thi cta Fi khi
n — oQ.

Hinh: D& thi ham F; ghép chung véi db thi ham sb S; = Zzzl by sin kx.
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Chudi Fourier

Chusi Fourier

2. Ta thac trién f thanh ham sb F> ch3n, tudn hoan, chu ky 27 va

F> = f trén [0, 7] theo cach 2 (xem hinh 6 dudi day).

Hinh: D4 thi ham F».
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Chudi Fourier

Khi dé cic hé sb cos dudc tinh theo cbng thiic

4

(—1)’<p néu k> 1

2r?
3

(27)

™

2 [T,
ax = — x“ cos kxdx =
0 néu k =0

Luu y ham F, thda gid thiét caa dinh ly 1 va F, lién tuc trén toan
b R. Do dé chudi cos ctia F> hoi tu vé F» trén R, suy ra

Vx € [0, 7], — +Zakcost——+Z —coskx—x2
Chui thich thém: Néu ta xép xi

Fa(x) ~ - + Z —5coskx Vx€R
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Chudi

Chudi Fourier

thi dd thj clia C, ngdy cang “gn sat” db thi clia F» khi n — oo.
Hinh 7 trinh bay d6 thi cia F» mau xanh va do thi cia C; mau doé.

3
N
a
ol
<
ol o

Hinh: D& thi ham F, ghép chung véi dd thi ham s6 G,.

GIAI TICH B1 314/319



Chusi Fourier

Chudi Fourier

3. Néu ta dit F 13 ham sb tudn hoan, chu ky 27, xac dinh trén R
va dugc cho bdi cong thic

x2n

>

uld<x<m
0 néu —17<x<0

Xem hinh dudi, ta théy F lién tuc tai moi diém
x # (2m — 1)w, m € Z va chudi Fourier ctia F s& héi v& F tai moi
diém x # (2m — 1)7.

r
-3n -2n - 0 T 2n in
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Chusi Fourier

Chudi Fourier

Theo dinh ly 1 (Dirichlet) thi

Vx # (2m— 1)1, me Z,F(x) = = + > _(a cos kx + by sin kx),

2
k=1

trong dé ta chua tinh cu thé gia tri cic hé sb ay va by (néu mubn
tinh a va by thi luu y rdng F triét tidu trén doan [—m,0]. Do dé
a = %fow x2 cos kxdx va b, = %foﬂ x? sin kxdx). Tuy nhién, ta
xem hinh sau day trinh bay db thi cia F (mau xanh) va db thi
téng riéng phan thit n = 7 clia chudi (mau dd). Néu n — oo thi db
thi tong riéng phan ngdy cang “khit” véi dd thi F trinh bay hai dé
thi xap xi nhau.
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Chudi Fourier

Chudi Fourier

D4 thi hai ham sb F va T7(x) = 2 + 37 _; (ak cos kx + by sin kx)
ghép chung

VAN /N

T T ~
'n\/ T Y g \/ T 2n

2
x

o
=5
MH

ST

Ta ciing ch(i y thém rang tai xp = (2m — 1)7 thi chudi Fourier clia

F hoi tu vé L[F(xg) + Fxg )] = A(x2 +0) = &
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Chudi Fourier

Chubi Fourier

Sinh vién ty lam bai tip sau

Bai tap

Héi gibng vi du trén véi ham f xac dinh trén [0, 7] dugc cho bdi

» f(x)=1-—x
» f(x) =x
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Chusi Fourier

Chudi Fourier

KHAI TRIEN THANH CHUOI FOURIER CUA HAM
SO XAC DINH TREN DOAN [a, b]

V6i mdt ham sb f xéac dinh trén doan [a, b], ta c6 ba céch lién két
f v8i mot ham mdi F nhu sau
Cach 1. F 13 ham 18, tuin hoan, chu ky 27 dugc dinh bdi

vt e [0,7], F(t) = <a+t(b_a)> .

™

Khi d6, ta khai trién F(t) thanh chui chi gdm cac ham sin kt
rdi tinh f theo cbng thiic

Vx € [a, b], f(x) = F <bia(x—a)> ’

nghia la ta thay t = ;™ (x — a).

a
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Chusi Fourier

Chudi Fourier

Céach 2. F 13 ham ch3n, tuan hoan, chu ky 27 dugc xac dinh nhu cach
1. Khi dé, ta khai trién F(t) thanh chudi chi gdm cic ham
cos kt rdi tinh f theo céng thic nhu cich 1.

Cach 3. F 13 ham tuin hoan, chu ky 27 dugc dinh béi

a—I—b+ t(b—a)
2 27 ’

Vt € [-m, 7], F(t) = f(

Khai trién Fourier clia F(t) theo cac ham cos kt va sin kt. Sau
dé f dugc tinh bdi cong thirc

vxe[a,b],f(x):F< 2T (x - a+b)>,

b—a(X 2

nghia 13 thay thé t = %(X — atb)
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