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B Muc dich

> Sinh vién ndm dugc noi dung ctia phuong phap phan ti hitu han
(PTHH).

> Sinh vién biét ap dung phuong phap PTHH dé gidi s6 cac bai toan
xuat hién trong khoa hoc va ki thuat, dic biet, trong co hoc va vat ly.

> Sinh vién ¢6 thé tu doc cac sach, bai bao vé PTHH.
B NGi dung

1. Nhap mon

2. Ly thuyét co ban

3. PTHH cho phuong trinh dao ham riéng

4. PTHH cho ly thuyét dan hoi

B Tai liéu doc thém

T.A. Ngoc, Hoc Matlab bang thi du, 2009.

Rao S.S., The finite element method in engineering, Pergamon Press, 1989.
Strang G., Fix G.J., An analysis of the finite element method, Prentice-
Hall, Inc., Englewood Cliffs, N.J., 1973.
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Toan hoc khong phai la Ba hoang,
Todn hoc la Nang hau, Nguoi phuc vu cta cic khoa hoc
(Mathematics is a servant, but not a queen).
Nhu tat ci chung ta deéu biét, hau hét cac ly thuyét toan déu c6 nguon
gbc tit co hoc va vat ly, dong lic phét trién ctia né (cac Iy thuyét todn) 1a ap
dung vao (phuc vu cho) cac nganh khoa hoc ¢6 thé "rat xa" toan hoc. Viéc
hoc toan, lam toan, vi thé, khong thé tach roi cac nganh khoa hoc ma toan
hoc huéng t6i. Trong tai lieu nay hau hét cac thi du dude trinh bay lay ti
nguon cac bai toan xuat hién trong co hoc va vat ly. Diéu nay ban dau co
thé lam "nan long" cac ban sinh vién chon cac huéng giai tich, dai s6, .. .;
tuy nhién, v6i viec tim hiéu them cac 1y thuyét co hoc, vat Iy tuong ting, viéc
hoc toan sé tré nén thuan lgi hon, va nhat 1 kién thitc toan clia ngudi hoc
sé tré nén toan dién hon.
Trinh Anh Ngoc
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Quy tac chung vé ky hiéu

Ma tran thuong dugce ky hiéu béng chit hoa in dam (A, B, ...), vecto
thuong duge ky hieu bang chit thuong in dam (p, q,...). Khi d6, cac thanh
phan ctia ching duge ky hiéu bang chit tuong ting in nghieng (Ajz, Ajj, .. .;
DL Dks - - )

Ngoai ra, trong tai lidu, ky hiéu {-} chi vecto dé phan biét véi ky hieu [-]
chi ma tran.
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Chuong 1

Nhap moén

1.1 Dan nhap

Phuong phap PTHH 13 mot phuong phap gidi s6 tim nghiem xap xi
clia cac phuong trinh dao ham riéng xuat hién trong khoa hoc va ki thuat.
Khac v6i phuong phap sai phan hitu han, xap xi tryc tiép phuong trinh dao
ham riéng (xap xi dao ham), phuong phap phan ti hitu han dung cong thric
bién phan ctia bai toan bien (dang tich phan ciia bai toan). Trong phuong
phap PTHH mién tinh toan (mién xac dinh ctia phuong trinh dao ham rieng)
duge phan hoach thanh cdc mién con goi 1a phan tit hitu han, va nghiém cia
phuong trinh dao ham riéng duge xap xi bang céc da thitc don gidn trén mdi
phan tii.

Kién thitc can biét: Toan hoc cao cap (gidi tich, dai s6 tuyén tinh),
phuong trinh vat 1y toan, co hoc két cau’.

Phuong tién tinh toan: Phan mém Matlab®.

Lich st cia PTHH

+ Cong thitc PTHH dau tien duge phét trién nhu la phuong phap ma
tran ctia co hoc két cau.

+ Courant (1943) dua ra hé gom céc phan tit tam gidc (triangular el-
ements) 14p ghép véi nhau va cyc tiéu thé nang (potential energy) dé giai
xap xi bai todn xoan (cf. R. Courant, Variational methods for the solution of
problems of equilibrium and vibrations, Bulletin of American Mathematical
Society, 49, 1-23,(1943)).

+ Clough dé nghi tén goi "phan tit hittu han" (cf. M.J. Turner, R.W.

'Hai mon hoc cudi khong bit budc phai hoc trude, sinh vien ¢é thé tham khao thém
khi can.

2Sinh vien khong yéu cau phai biét vé Matlab, cach sit dung Matlab sé dugc gidi thigu
dan trong gido trinh.
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2 CHUONG 1. NHAP MON

Clough, H.C. Martin and L.J. Topp, Stiffness and deflection analysis of com-
plex stuctures, Journal of Aeronautical Sciences, 23, 805-824 (1956)).

+ Phét trién ban dau ctia phuong phap duge thuc hién béi cac ki su
trong lanh vuc co hoc két cau; vé sau co sé toan hoc duge thiét lap cho
PTHH, tit d6 mé rong ap dung PTHH cho céc 1anh vuce khac.

1.2 Phép tinh bién phan

Dé don gian ta xét trudng hop ham mot bién.
Cho phiém ham (functional) F(z,u,u') v6i u = u(z) va v’ = du/dz.
Bién phan (variation) ciia u, ky hiéu du, 13 mot ham bicu dién "bién thien
ctia u"
u+ou

tuong tu nhu s6 gia Az bicu dién "bién thién cla 2"
x+ Azx.

Néu u duge cho trudc tai mot diem (thuong la diéu kién bién) thi bién
phan ctia u phai bang khong tai do, thi du

u(zo) =uy = ou(zg) = 0.

Vi bién phan du triét tiéu tai cdc diém duge cho trude, nhung lay gia tri tity
¥ tai cac diém khac nén du con dude goi 1a bién thién do.

Tuong tu nhu phép tinh vi phan ctia ham nhiéu bién, bién phan cap mot
ctia phiém ham F tai u duge dinh nghia 1a

I / N_F /
SF — lim (z,u + adu, v’ + adu’) (x,u,u).

a—0 o (11)

Dung cong thitc vi phan toan phan cho F(x,u + av,u’ + av’) tai (x,u,u’)
v6i = ¢6 dinh,

, , N OF oF
F(z,u+ adu, v’ + adu') — F(z,u,u’) ~ auozéu—i— 8u,oz5u,
ta co
oF oF
F=— — . 1.2
) au5u+ au/éu (1.2)

Chi ¥ sy tuong ty gitta bién phan cAp mot v6i vi phan toan phan ciia ham

F
OF  OF OF _,
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1.2. PHEP TINH BIEN PHAN 3

V6i phép tinh bién phan x khong thay doi khi u bién thien thanh w4+ du nén
dr = 0 va sy tuong tu gitta 0F v dF tré nén 16 rang. Nghia 13, todn ti bién
phan § tac dong nhu todn ti vi phan doi vdi cac bién phu thudc.

Ta c6 cac cong thic sau:

1. 5(F + G) = 6F + 6G.
2. §(FG) = 6FG + F§G.

F OFG — FoG
3. 6(5) —T.

4. §(F)" = nFr15F.
d du

6. 5/abu(x)dx - /abéu(x)dx.

Thi du 1.1. Phiém ham nang lugng ctia dam chiu uén:

o {2 o

St dung cac cong thiic trén ta c6

l 2 2
5I(w) = / (bd owdw 5wf) dz — 2% ).
0

dx? da? dx

dw
dr — — (1) M,
. dx<) 0

<

Nhan xét 1.1. Trong co hoc moi truong lién tuc, ta c6 hai khai niém quan
trong: chuyén dich khd di va chuyén dich do. Béi dinh nghia, chuyén dich
kha di 1a chuyén dich bat ky thoéa dicu kién bién dong hoc, Chuyén dich 4o
la hiéu ctia hai chuyén dich kha di. Nhu vay chuyén dich 4o thoéa diéu kien
bien dong hoc thuan nhat. Néu goi w 1a mot chuyén dich khé di, u 1a chuyén
dich thye (mot truong hop ctia chuyén dich kha di) thi chuyén dich 4o la
du = w — u. N6i khac di, chuyén dich 4o chinh la bién phan ctia chuyén dich
thuc w, hay chuyén dich kha di 1a tong ctia chuyén dich thuc v6i chuyén dich
a0, w = u + ou.

[ J

Nhan xét 1.2. Sy tuong ty gitta phép tinh bién phan véi phép tinh vi phan:
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4 CHUONG 1. NHAP MON

Phép tinh vi phan Phép tinh bién phan
Ham s6 f(x) Phiém ham I (u)
Doi s6 - z (s thue) D6i 86 - u (ham s6)
S6 gia vo cling bé dx Bién phan du
Vi phan clia ham s6, df Bién phan ctia phiém ham, 61
Diéu kién dat cuc tri ctia ham s6 | Diéu kién dat cue tri ctia phiém ham
df =0 v6i moi dx 01 = 0 v6i moi du
[ J

1.3 Cac phuong phap so6
PTHH dugc xay dung trén co s6 phuong phap bién phan (variational

method). Muc nay gidi thidu mot s6 the hién ctia no.

1.3.1 Phuong phap Ritz

Giai bai toan cyc tiéu hoa phiém ham I(v), v € V (trong cac bai toan co
hoc thi V' 1a tap hop tat ca cac "chuyén dich" kha di).
Phuong phap Ritz tim nghiem xap xi duéi dang tong hitu han

N
un =Y ¢ + %o, (1.3)
=1
trong d6 ¢;, i = 0,1,..., N, la cdc ham chon trudc; céc he sb ¢;, goi 1a he s6
Ritz, dugc chon sao cho
In(ery.. . en) = I(uy) — min (1.4)
Diéu kién can dé I(cy, ca,. .., cn) dat cuc tri 1a cac dao ham riéng ctia né
déi v6i mdi he s6 Ritz triet tieu:
oI 01 oI
— . =...=— =0 (1.5)
861 602 aCN

Trong cac bai toan tuyén tinh, he¢ (1.5) gom N phuong trinh dai s6 tuyén
tinh véi N an ¢, cs, . .., Cn.

B Tinh chit ctia cic ham ¢; (i =0,1,...,N)

> Ham ¢q duge chon théa dicu kieén bién cot yéu (diéu kién bién Dirichlet)
cua bai toan.

> Cac ham ¢;, i = 1,2,..., N, théa diéu kién bién cot yéu thuan nhat.

=
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1.3. CAC PHUONG PHAP SO 5

> Hon nita, cac ¢; can théa thém céic diéu kién sau:
(i) I(uy) duge xac dinh tot,
(ii) Vi N bat ky, tap hop {¢;} 1a doc 1ap tuyén tinh,
(iii) {p;} 1a day du.
Céc yéu cau (i) — (iii) bdo ddm, véi cdc bai toan tuyén tinh, sy hoi tu cla
nghiem Ritz t6i nghiem chinh xac khi N tang. St hoi tu duge hiéu theo nghia
sau

I(uy) > I(up) khi N < M. (1.6)

1.3.2 Phuong phap du s6 cé trong

Phuong phéap du s6 c6 trong (weighted residual method) la mot tong quat
héa ctia phuong phap Ritz.
Cho L la toan tit dao ham, xét phuong trinh toan ti

Lu= f trong (), (1.7)

ngoai ra ham u (nghiem) con thoéa cac diéu kién bien.

Trong phuong phap du s6 c6 trong, nghiem u duge xap xi theo cich giong
nhu phuong phap Ritz (1.3). Thay xap xi (1.3) vao phuong trinh toan ti (1.7)
két qua 1a du sd

E=TLuy—f#0. (1.8)

Ngay khi ¢q va cac o; da duge chon, E 1a ham clia cac bién doc lap va cac
tham s6 ¢;. Trong phuong phap du s6 ¢6 trong, cac tham sé duge xac dinh
bang cach dit tich phan cta tich du s6 c6 trong véi cac ham trong luong
(weighted function) béng 0,

/sz(x, Y)E(z,y, c;)drdy = 0, (1.9)

trong d6 1; 1a cdc ham trong lugng. Hién nhien {t;} phai la tap doc lap
tuyén tinh.

No6i chung, cdc ham trong luong 1); khong giéng cdc ham ¢;. Ty theo
cach chon v; ta c6 cac phuong phap khac nhau:

B Phuong phap Galerkin ¢; = ¢;. PTHH thuong dugc thiét lap trén
co s6 phuong phap nay. Khi toan tit L 1 toan tit dao ham tuyén tinh cap
chén, thi phuong phap Galerkin dan vé phuong phap Ritz.

B Phuong phap Petrov - Galerkin o; # 1);.
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6 CHUONG 1. NHAP MON

1.3.3 Phuong phap binh phuong tbi thieéu

Phuong phap binh phuong t6i thicu (least-squares method) tim nghiem &
dang (1.3) v x4c dinh cac tham s6 bang cach cyc tiéu héa tich phan cia
binh phuong du s6. Diéu kién cic tiéu:

0
aCi/QEZ(:c,y,cj)alycaly:0
hay
OF
Edxdy = 0. 1.10
| Ge sty (1.10)

1.3.4 Phuong phap dong vi

Phuong phap dong vi (collocation method) hay phuong phap chon diém tim
nghiém xap xi uy cta phuong trinh (1.7) 6 dang (1.3) bang cach doi héi
du s6 trong phuong trinh triét tiéu tai N diém chon trudc x' = (2%, ")
(i=1,2,...,N) trong mién

E(x',y',¢c;)=0 i=1,2,...,N (1.11)

Su chon Ita cac diém x° 1a c6t yéu dé nhan duge mot hé phuong trinh chinh
(well-conditional) va cho nghiém xap xi t6t. Phuong phap dong vi 1a mot
truong hop dic biet cta (1.9) véi 1;(x) = 6(x — x*), trong d6 § 13 ham delta
Dirac

/ f(xNo(x —x)dx" = f(x).
Q

1.3.5 Thi du minh hoa
Cho bai toan bién: tim ham u(z), 0 < x < 1, théa phuong trinh vi phan

u' + f =0, (1.12)
va cac dieu kién bién

u(l) = g, (1.13

)
—(0) = h, (1.14)

trong d6 f(z) 1a ham va g, h 1a cac hing s6 cho trude. Dieu kien (1.13) la
diéu kien bieén cot yéu, diéu kien (1.14) 1a diéu kieén bien tu nhien.

B Coéng thitc bién phan (yéu)

CuuDuongThanCong.com https://fb.com/tailieudientucntt


http://cuuduongthancong.com?src=pdf
https://fb.com/tailieudientucntt

1.3. CAC PHUONG PHAP SO 7

Ky higu:

S = {s|s € H(0,1),s(1) = g} 1a tap hop cac ham thit (test function);

V ={vlv e H(0,1),v(1) = 0} 1a tap hop cac ham trong lugng®.

Nhan hai vé phuong trinh (1.12) v6i ham trong lugng v € V' bat ky, lay
tich phan tiu 0 dén 1,

/l(u" + fludx = 0.
0

Diing cong thitc tich phan ting phan, sau mot s6 bién doi, ta dugc

/0 o ()0 (2)d = /0 F(@)o(x)dz + ho(0). (1.15)

Goi pp 1a ham thuoc S, dat u = ¢y + w thi w € V va phuong trinh (1.15)
thanh

/Ow'(az)v’(x)dx:/o f(x)v(x)dx+hv(0)—/0 oo(z)v'(x)dz.  (1.16)

Trén V dua vao anh xa a: V x V — R,

a(w,v):/o w'(x)v' (x)dx (1.17)

vaanhxal:V — R

I(v) :/o f(x)v(x)da:—i—hv(())—/o ©o () (z)dz. (1.18)

Tu (1.16)-(1.18), bai toan bien (1.12)-(1.14) dan vé bai toan bién phan
tuyén tinh: tim w € V théa phuong trinh bién phan

a(w,v) =1(v) (1.19)
vl moi v € V.

Nhan xét 1.3. 1) Ky hieu H'(0,1) chi khong gian Sobolev cdc ham cling
v6i dao ham cap 1 binh phuong kha tich (thuoc L?(0,1)). Vé khong gian
Sobolev xem Phu luc A. °

2) C6 thé chiing minh: a 13 dang song tuyén tinh ddi xtng tren V, [ 1a
dang tuyén tinh trén V.

3) Cach trinh bay cong thitc bién phan trong thi du minh hoa I theo ly
thuyét bién phan trong giai tich ham. Vé bai toan bién phan tuyén tinh tritu
tuong xem Phu luc B. e

3Trong truong hop g # 0, V' 1a khong gian vecto con S thi khong.
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8 CHUONG 1. NHAP MON

Trong céc phuong phap dudi day ta tim nghiem xap xi uy(x) duéi dang

N
un = ch%‘ + o,

J=1

trong d6 ham ¢, thoa dicu kien (1.13), cac ham ¢; théa diéu kieén thuan
nhét, i € V.

B Phuong phap du sé cé trong
Chon cac ham trong lugng ¢; € V (i =1,..., N), bai toan xap xi:

ﬁ: /2% /‘f z); (@

hay
N
> cialpi ) = U1y) (1.20)
=1

véij=1,...,N.
Néu ; = ¢; (i=1,...,N) thi bai toan xap xi:

N
> cialgi @) = Ugy) (1.21)
=1

véij=1,...,N.

Tinh toan bang Matlab. Céc tinh toan dudi day duge thuc hién cho trudng
hop cu thé: f(x) = sinmw, g = h = 0. Nghiém chinh xac:

(e )
y=—|1—2+ —sinnwz ).
T 7r

Do diéu kién bién Dirichlet tai = 1 1a thuan nhat nén ¢y = 0. Chon cac
ham ¢;(z), i = 1,2, 3, lan lugt 1a

p1@) = 1=z, @a(a) = (1= 2%, po(a) = (1= 2", pala) = (1 — )",

Nghieém xap xi uz(z) duge tim duéi dang

ug(r) = c101(7) + c202(w) + c3p3(7) + capa(w).

CuuDuongThanCong.com https://fb.com/tailieudientucntt


http://cuuduongthancong.com?src=pdf
https://fb.com/tailieudientucntt

1.3. CAC PHUONG PHAP SO

Khi d6 phuong trinh bién phan:

/ ()l () = /  fla)ey (o).

VGij=1,2,3, 4.
Sai s6 dugc tinh theo chuan L?(0, 1),

err — ( /0 ) — uN(x)de> "

trong d6 u la nghiém chinh xac.

% matlabl

% Chuong trinh gidi bai toan (1.12)-(1.14)

% bing phuong phap Galerkin

clear all

syms x cl c2 c3 c4 real

f=sin(pix*x);

% Nghiém chinh x&c

u=1/pi*(1-x+sin(pi*x)/pi);

% Cac ham thd co sd

phil=1-x; phi2=(1-x)"2; phi3=(1-x)"3; phi4=(1-x)"4;
% Dang nghiém xdp xi
uN=cl*phil+c2*phi2+c3*phi3+c4*phi4;

% Phuong trinh bién phan
ptl=int (diff (uN)*diff (phil)-f*phil,0,1);
pt2=int (diff (uN)*diff (phi2)-f*phi2,0,1);
pt3=int (diff (uN)*diff (phi3)-f*phi3,0,1);
pt4=int (diff (uN)*diff (phi4)-f*phi4,0,1);

% Gidi phuong trinh dai sb
[a,b,c,d]=solve(ptl,pt2,pt3,ptd);

uN=eval (subs (uN,{c1,c2,c3,c4},{a,b,c,d}))

% Sai sb

ss=sqrt (int ((u-uN)~2,x,0,1))

Két qua:

uN = (1495068416581 (x - 1)~2)/35184372088832
(89191421139795%x) /140737488355328
(100747121811885*(x - 1)~3)/140737488355328
(201494243623771x(x - 1)~4)/562949953421312
89191421139795/140737488355328

ss = 5.8016e-005

+ o+ o+
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10 CHUONG 1. NHAP MON

V6i phuong phap Petrov-Galerkin ta dung cdc ham trong lugng:

wl(m) =1- Z, ¢2($) =1- 12’ 7?3(@ =1- '1737 ¢4($) =1- lA'

Khi d6 phuong trinh bién phan:

/o1 uy(2)9(x)dw = /0 g ()0 (x)dz,

véi j =1,2,3,4.

/» matlab2

% Chuong trinh gidi bai toan (1.12)-(1.14)

% bang phuong phip Petrov-Galerkin

clear all

syms x cl c2 c3 c4 real

f=sin(pi*x);

% Nghiém chinh xac

u=1/pi*(1-x+sin(pi*x)/pi);

% Cac ham thd co sé

phil=1-x; phi2=(1-x)"2; phi3=(1-x)~3; phi4=(1-x)"4;
% Dang nghidm x&p xi
uN=cl*phil+c2*phi2+c3*phi3+c4*phi4;

% Cac ham trong lugng co sd

psil=1-x; psi2=1-x~2; psi3=1-x"3; psid=1-x"4;
% Phuong trinh bién phan

pti=int (diff (uN)*diff (psil)-f*psil,0,1);
pt2=int (diff (uN)*diff (psi2)-f*psi2,0,1);
pt3=int (diff (uN)*diff (psi3)-f*psi3,0,1);
pt4=int (diff (uN)*diff (psid)-f*psid,0,1);

% Gidi phuong trinh dai s
[a,b,c,d]=solve(ptl,pt2,pt3,ptd);

uN=eval (subs (uN,{c1,c2,c3,c4},{a,b,c,d}))

% Sai sb

ss=sqrt (int ((u-uN)~2,x,0,1))

Két qué:

uN = (23921094665323*(x - 1)~2)/562949953421312
- (2854125476473405%x) /4503599627370496

+ (201494243623779*%(x - 1)°3)/281474976710656
+ (201494243623799*(x - 1)~4)/562949953421312
+ 2854125476473405/4503599627370496

ss = 5.8016e-005
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1.3. CAC PHUONG PHAP SO 11

B Phuong phap Ritz
Dé ¥ rang, ham v trong phuong trinh (1.15) 14 bién phan ctia u, v = du,
nén

/Ou’(x)(éu)’(w)dx—/o f(x)ou(z)dx — héu(0) = 0

5{%/0 (u’(w))Qdm—/O f(x)u(z)dx — hu(0)| = 0
SI(w) = 0,  (1.22)

trong do
fwy_%ﬁ(w@»wx—ﬁLﬂ@m@m%Jmm) (1.23)

la phiém ham nang lugng (energy functional) lien két véi bai toan.

Tw phuong trinh (1.22) ta cé thé két luan: nghiém u cia bai todn bién
(1.12)-(1.14) la diém cuyc tri cia phiém ham 1.

Phuong phap Ritz duge ap dung tiu day. Ta co

In(er,... ) = %/0 (%(@‘FZC@@;(@) dx

- ;Ci/o f(x)pi(z)de — h; cipi(0).

Diéu kién can dé ham dat cuc tri 1a

ozaaf_cf: _ / <¢g<x>+zci¢;<x>> 7(x)dz

hay
Zcia@% ;) = lg;) (1.24)

véij=1,...,N.

CuuDuongThanCong.com https://fb.com/tailieudientucntt


http://cuuduongthancong.com?src=pdf
https://fb.com/tailieudientucntt

12 CHUONG 1. NHAP MON

Phuong trinh (1.24) cting chinh la phuong trinh (1.21) ctia phuong phap
Galerkin.

B Phuong phap binh phuong téi thiéu
Xét tich phan

I(w) = /O (u"(z) + f(z))*dz. (1.25)

Khac v6i cac phuong phap trude, trong phuong phap binh phuong t6i
thicu ta chon ¢, théa cac diéu kién bien khong thuan nhat, nghia la

—0p(0) =h, (1) =g;

cac ham ¢; (j = 1,...,N) thda cac diéu kien bién thuan nhat.

Thay u trong (1.25) bang xap xi uy ctia né, ta duge:
1 N 2
In(cr, ..o en) = I(uy) = / (%’(ﬂﬁ) + ) (@) + f($)> dz
Diéu kién can dé Iy dat cuc tri la

Oln

=0
8ci

1 N
2 / (wS(IH sto}’(x)Jrf(x)) i (x)de = 0
0 sy
hay

S [ @i == [ @+ et 020)

Jj=1

véi g =1,...,N.
Tinh todn bing Matlab
Ta dung cac ham thu:

wo(x) =0, ¢i(z)= cos’ 7;—:6, (1=1,2,3,4).

% matlab3

% Chuong trinh gidi bai toan (1.12)-(1.14)
% bing phuong phap binh phuong tdi thidu
clear all
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1.3. CAC PHUONG PHAP SO 13

syms x cl c2 c3 c4 real
f=sin(pi*x);
% Nghiém chinh x&c
u=1/pi*x(1-x+sin(pi*x)/pi);
% Cac ham thd co sé
phil=cos(pi*x/2); phi2=(cos(pi*x/2))~2; phi3=(cos(pi*x/2))"3;
phid=(cos(pi*x/2))"4;
% Dang nghigm xdp xi
uN=cl*phil+c2*phi2+c3*phi3+c4*phi4;
% Diéu kién cuyc tri
pti=int (diff (uN,2)*diff (phil,2)+f*diff (phil,2),0,1);
pt2=int (diff (uN,2)*diff (phi2,2)+£*diff (phi2,2),0,1);
pt3=int (diff (ulN,2)*diff (phi3,2)+f*diff (phi3,2),0,1);
ptd=int (diff (uN,2)*diff (phid,2)+f*diff (phi4,2),0,1);
% Gidi phuong trinh dai s&
[a,b,c,d]=solve(ptl,pt2,pt3,ptd);
uN=eval (subs(uN,{c1,c2,c3,cd4},{a,b,c,d}))
% Tinh sai s6 ding tich phan s& (trapezoidal method)
X=0:0.1:1;
for i=1:length(X)

Y(i)=subs((u-ulN)"~2,x,X(1));
end
ss=sqrt (trapz(X,Y))
Két qua
uN = (488779120053*cos ((pi*x)/2)~3)/255710199902656
- (1276933759907*cos ((pi*x)/2)~4)/18265014278761
- (18474093048533*cos ((pi*x)/2)~2)/1022840799610616
+ (103661858454009*cos ((pix*x)/2))/255710199902654
ss = 4.1343e-004

B Phuong phap dong vi

Cac ham thit ciing duge chon nhu phuong phép binh phuong tdi thiéu.
Du s6 khi thay « bang uy 1a

Ex(wicr,...,en) = @5(@) + ) ¢ (2) + f ().

N
i=1

Chon N diém z; € [0,1] v& cho Ex(zy;c1,...,cx) = 0 ta dugc he

N
chgog’(xi) = —f(z;) —¢p(x;), i=1,...,N. (1.27)
=1
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14 CHUONG 1. NHAP MON

Tinh toan bing Matlab
Ta diing cac ham thi nhu chuong trinh trén ciing céc diém:
1 2 3 4
Jfl—g, Ig—g, .733—5, I4—5.

% matlab4d
% Chuong trinh gidi bai toan (1.12)-(1.14)
% bang phuong phip dong vi
clear all
syms x cl c2 c3 c4 real
f=sin(pi*x);
% Nghiém chinh xac
u=1/pi*(1-x+sin(pi*x)/pi);
% Cac ham tht co sd
phil=cos(pi*x/2); phi2=(cos(pi*x/2))~2; phi3=(cos(pi*x/2))"3;
phid=(cos(pi*x/2))"4;
% Dang nghidm x4p xi
uN=cl*phil+c2*phi2+c3*phi3+c4*phi4;
Y Cac diém chon
x1=1/5; x2=2/5; x3=3/5; x4=4/5;
’» Phuong trinh x&c dinh
pt=diff (uN,2)+f;
ptl=subs(pt,x,x1);
pt2=subs(pt,x,x2);
pt3=subs(pt,x,x3);
pté4=subs(pt,x,x4) ;
% Gidi phuong trinh dai sé
[a,b,c,d]=solve(ptl,pt2,pt3,ptd);
uN=eval (subs(uN,{c1,c2,c3,c4},{a,b,c,d}))
% Tinh sai s6 dung tich phan sb
X=0:0.1:1;
for i=1:length(X)

Y(i)=subs((u-uN)~2,x,X(1));
end
ss=sqrt (trapz(X,Y))
Két qua
uN = (6668211310297337*cos((pi*x)/2)~3)/144115188075855872
- (5450331490489545%cos ((pi*x)/2)~4)/72057594037927936
- (2257630529011381*cos ((pi*x)/2)~2)/36028797018963968
+ (7852094546758685*cos ((pi*x)/2))/18014398509481984
ss = 0.0156
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1.4. AP DUNG CUA PHUONG PHAP PTHH 15

1.4 Ap dung ctia phuong phap PTHH

1.4.1 Tong quan

Qua trinh gidi quyét mot bai toan trong khoa hoc va ki thuat bang phuong
phap PTHH dugc thé hién bing so dd mo ta trén hinh 1.1 gom hai giai doan.

Ddnh gid Gidi quyét

s , Bai todn A )
M6 hinh todn hoc % (thE gidi thuc) % Mb6 hinh todn hoc

Tién xit Iy
Mé hinh PTHH 6 Gidi (nghiégm PTHH) e Mé hinh PTHH
Hgu xit ly

Hinh 1.1: So do giai mot bai toan khoa hoc va ki thuat.

x Giai doan 1 — Giadi quyét — Bai toan vat ly dudc toan hoc héa bang
mo hinh toan hoc. M6 hinh toan hoc, sau d6, dugce rdi rac héa va gidi bang
phuong phap PTHH.

* Giai doan 2 — Danh gia — Kiém tra do tin cay clia két qua PTHH. Cac
loai sai s6: (1) sai 86 mo hinh (mo hinh toan hoc, moé hinh PTHH); (2) sai
s6 thuat toan; (3) sai s6 lam tron (bicu dién s6 trong may tinh). Hicu chinh
(néu can).

Dic biet, trong co hoc mai trusng lien tuc, phuong phap PTHH c6 thé
duge dung cho nhiéu loai phan tich:

— Phan tich tuyén tinh, tinh.

— Phan tich tuyén tinh, dong.

— Phan tich tri riéng vé cong hudng.

— Phan tich bién dang 16n.

— Mb6 phoéng phuc vu thiét ké.
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16 CHUONG 1. NHAP MON

Déi tuong ctia mon hoc: Ap dung phuong phap PTHH cho céc bai toén
bién (phuong trinh dao ham rieng), dic biét, cac bai toan xuét hién trong co
hoc, tap trung vao giai doan 1 — mo6 hinh PTHH va giai sb.

1.4.2 Mot s6 bai toan co hoc va vat 1y

Mot s6 bai todn co hoc va vat 1y sé duge diing dén trong gido trinh.
1. Truyén nhi¢t (1-chiéu)
Phuong trinh truyén nhiet trong thanh chiéu dai L, tiét dien A = A(z)

0 oT , or
p (k;A%) +gA = P O<z<L, (1.28)

trong d6 T = T'(x,t) 1a nhiet do (tuyet d6i), ¢ toc do phét sinh nhiét trén
don vi thé tich (do ngudn nhiét), ¢ 1a nhiét dung, p la mat do khoi.

Cac truong hgp dac biét:
a) Néu ¢ = 0 ta c6 phuong trinh Fourier

9, oT or
— | kA— ) = cp—. 1.29
Oz ( (991:) Lot (1.29)
b) Néu qua trinh dimng ta ¢6 phuong trinh Poisson

B Ty
= (k;A%) + A =0. (1.30)

¢) Néu qua trinh ding va ¢ = 0 ta ¢6 phuong trinh Laplace.

0 aT
— | kA— | = 0. 1.31
ox (k 31’) 0 (1.31)
2. Dong chay 1-chiéu
d (pAu) =0 (1.32)
dg P = '

trong d6 p 1a mat do khoi, A 1a dien tich tiét dién ngang, u 1a van téc dong
chay.

Néu dong chay khong nhét thi ton tai ham op(z), goi 1a thé van toc, sao
cho

dp
u=—

= (1.33)
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Bai tap chuong 1 17

va phuong trinh (1.32) thanh

d dy
— | pA— ) =0. 1.34
dx (p dx) (1.34)

3. Thanh chiéu dai L chiu tai doc truc

)
AEa—U = lyc tac dung, 0<az < L, (1.35)
a

trong d6 F 13 modun Young, A la dién tich tiét dién ngang, v la chuyén dich
doc truc.
Néu Iyc tac dung 1a hing thi phuong trinh thanh

0 ou

. (AE%) =0. (1.36)

Diéu kien bién ctia cidc bai toan trén thuoc mot trong cic loai: Dirichlet
(cho gia tri ham can tim), Neumann (cho gié tri dao ham ctia ham can tim),
va Robin (t0 hgp ca hai diéu kien Dirichlet va Neumann). Ngoai ra, véi cic
bai toan phu thuoc thoi gian can phai cho ca diéu kien dau.

Bai tap chuong 1
1. Cho phiém ham I(u) dinh béi

1
I= 5/ [—(u)? 4+ u® + 2zu]dz.
0

Tinh bién phan cap mot §7 ctia phiém ham I.
DS:

1
6l = / [—u/(6u)" + (u + z)duld.
0
2. Cho bai toan bién: tim ham u thoa phuong trinh vi phan
WV Hrut+r=0, 0<z<l,

v6i cac dieu kién bién
u(0) =u(l)=0

a) tim phiém ham nang lugng lien két v6i bai toan.
b) Giai bai toan bang phuong phap Galerkin hosic Ritz vé6i

wo(x) =0, ¢1(x) =sin(rx), o) =sin(27x), ps(z) = sin(3rz).
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18 Bai tap chuong 1

HD: S=V ={v e H'(0,1),v(0) = v(1) = 0}. Bai toan bién phan:
1
/ [—u'v" + wv + zv]de = 0
0

vGi moi v € V.

a) Dé tim phiém ham nang lugng lien két v6i bai toan, thay v bang ky
hiéu bién phan du cia u.

b) Nghiem xap xi dang:

uz = C1p1+ Cap2 + C303
c1 sin(mx) + o sin(272) + ¢3sin(37x).

Thay vao phuong trinh bién phan ta dudc hé:

—cy(md —m) — 2 =0
—cdm* —m)+1 =
—c3(27m3 —37) —2 = 0

o

Giai:
2 1 2
G=—F——=, 0= ——F———, (3= —————.
T oar =) (42 —1)" 7 3m(972 — 1)
Vay,
_ 2sin(mz) sin(27x) 2sin(37x)

Uz = —

m(m?—1) w(4r?2-1) 37972 —-1)

So sanh két qua vé6i nghiém chinh xac ue, = Zi‘rll’l” — 2, hinh 1.2.

3. Cho phiém ham I(u) dinh béi

b
T(u) = / (s, 4y, ),

trong d6 u = u(zr), x € [a,b], cac ky higu uy, Uz, dé chi dao ham cap mot va
hai ctia u theo bién z.

a) Tinh 1.

b) tim diéu kien can dé I dat cuc tri.
DS:

b
a) 01 :/ (g—Féu + oF Oy + oF 5um) dx.
u u

ou,, Uy
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0.07

0.068

005

0.04

003

0.02F

001

Hinh 1.2: Nghiém chinh x4c va nghiém xap xi.
b) 61 = 0. Bién déi 41,
b 2
oF d (0F d oF
o= {a—u R (au) t o (auﬂ oue

oF s, A (OEN T T 2F s, 1
ou,, “ dr \ Oug, “ " Oy i -

Do bién phan du tuy ¥, tit dieu kién 61 = 0 suy ra

OF d (OF d*> ([ OF
ou  drx (&LI) Tz <8um) =0 (1.37)
OF d ( OF ’
[Guxéu - (8um) 5UL = 0, (1.38)
OF ’
()] -0 o

Phuong trinh (1.37) dugce goi la phuong trinh Euler hay phuong trinh Euler-
Lagrange; cac phuong trinh (1.38), (1.39) cho diéu kién bien.
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20 Bai tap chuong 1
4. Xét bai toan bién
d du
Llu] :== p(x) +q(@)u= f(z), 0<x<l, (1.40)

da dzr
u(0) = u(1) = 0. (1.41)

a) Phat bieu bién phan.
b) Dung phuong phap du sb c6 trong tim nghiem xap xi véi

j(z) =9Y(x) =sinjrz, j=1,2,...,N.
¢) Ching t6 rang: néu dung (1.9) vdéi

Yi(z) =0(r —x;), j=1,2,...,N,
trong d6 6(z) 1a ham delta Dirac thoa

d(z) =0, x#0; /OO d(z)dx =1,

va
O<ri<ae<...<zy <Ll

thi ta dugc két qua ctia phuong phap dong vi; nghia la, nghiém théa phuong
trinh vi phan (1.40) tai cac diém x;.

5. Do vong clia dam chiéu dai L, chiu uén duéi tac dung ciia tai trong phan
bd déu p, théa phuong trinh

d*w
dx?

trong d6 E 13 modun Young, I 13 momen quan tinh ctia dam.

L’

El— —p=0, (1.42)

Hinh 1.3: Bai tap 5.

Bing phuong phap Galerkin, tim do vong ctia dam véi cac diéu kién bién
(ngam):

w(0) =w(L) = 0, (1.43)
E]%(O):E]%(L) ) (1.44)
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Chuong 2

Ly thuyét co ban

Luon luon c¢é cach biéu dién tot hon!
Bt chudc roi sdng tao.

Chuong nay trinh bay: cac y tuéng co ban ctia phuong phap PTHH, cach ap
dung PTHH giai bai toan khoa hoc ky thuat, con goi 14 mé hinh héa PTHH.
V6i dinh huéng ting dung PTHH giai céc bai toan khoa hoc ky thuat, ban
dau, cach thitc mo hinh héa va c lap trinh tinh toan PTHH dudc trinh bay
cho mot bai toan co hoc két cau don gian - bai toan kéo thanh doc truc. Sau
d6, mé rong ra cho phuong trinh dao ham rieng. Do cach trinh bay van dé
c6 dong, diing ngon ngit ma tran, nén cong viéc ciia nguoi doc kha niang ne.
Hay doc ki cho thau déo va kiém tra can than cac budc bang gidy biit.

2.1 PTHH nhu la phuong phap xap xi ham

Y tudng co ban ciia PTHH 1a xap xi ham. Dac diém ctia phép xap xi nay
la gid tri xap xi ctia ham tai mot diém chi phu thuoc vao gia tri (cho trudc)
ctia ham tai vai diém "kha gan" no.

Cho ham f(x) xac dinh trén mién Q C R¢ (d = 1,2, 3).

2.1.1 Phép phan hoach PTHH

Xap xi ham bat dau bang sy phan hoach € thanh cac mién con Q¢, goi la
phan ti hitu han (finite element), c6 hinh hoc don gian. Cac phan tit hitu
han dugc xac dinh nhd cac diém, goi la nait (node) hinh hoc. N6i chung, phép
phan hoach phéai théa hai dicu kién:

21
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922 CHUONG 2. LY THUYET CO BAN

1) Hoi céc phan tit tao thanh mién €2, xap xi mién Q,

O~ Q=[]0

Hinh 2.1: Xap xi PTHH mien €.

2) Cac phan tit hitu han khac nhau khong "dam len" nhau. gitta hai phan
tt c¢6 chung nhau hon hai ntat hinh hoc, thi phan bién ctia ching di qua
cac diém chung nay phai tring nhau. N6i khac di, phép phan hoach PTHH
khong lam xuat hien cac "16 hong".

Fi phein tf bhong duoe piae nhou Ehdny duge cd 16 Rong

Hinh 2.2: Tinh chat ctia phép phan hoach.

2.1.2 Céc loai phan t& hitu han

Tity theo thit nguyén d ctia mién Q va s6 diém nit (ctia phan ti) ta cé cac
loai phan t1t hitu han khac nhau. Viéc chon loai phan tit gop phan chi dinh
cach xap xi ham trong phan ti ay.

1) Phan tit 1-chiéu 14 cAc doan thang hay cong (hinh 2.3)

2) Phan tit 2-chiéu 1a cdc tam giac hodc t1 gidc v6i cac canh 1a dudng
cong bac nhat, bac hai hay bac ba (hinh 2.4).

3) Phan tit 3-chiéu la cac khoi it dien, luc dién (hinh 2.5).
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———
twvén tink \‘““—F—'—""'J cubic (4 didm ot )

{2 il m it ) quadratic { 3 didm nit )

Hinh 2.3: Phan tit hitu han 1-chiéu.

Phin it tam gide : i
tuyén tink {3 diém ndo ) quadratic { 6 difm nin ) "\)

cubic { 9 &ifm mii )

Phiéin il of gide : ﬁ

I.]U.I\J.Ii:EJL' [ didfm mit i cubic (12 diém ndr §

wiyEn ok {4 didm nt )

Hinh 2.4: Phan t¢ hitu han 2-chiéu.

2.1.3 Phan t1¥ tham chiéu

Mot dic diém quan trong ctia xap xi phan ti hitu han la tinh dia phuong
ctia phép xap xi. Xap xi ctia ham trén moéi phan ti chi phu thuoc vao céc
gid tri clia ham tai cdc nit, goi 1a nit ndi suy, ndm trong phan ti ay. vi vay
ta c6 thé xay dung phép xap xi trén mot phan tit dic thit (ciing loai, don
gian) Q" goi 1a phan tii tham chiéu. Xap xi ctia ham trén mot phan ti thuc
Q¢ bat ky c6 thé nhan duge nhd phép bién doi (song anh) 7¢ bién phan ti
tham chiéu thanh phan ti thue.

Thi du 2.1. Phan ti tham chiéu 1-chiéu la doan Q" = [0, 1] trén truc
toa do & véi cac nit & = 0 va & = 1. Véi phan t1t thye Q¢ trén truc toa do
x v6i cAc nit tuong ing x;, z;, phép bién doi 7¢: £ — x, bién Q" thanh Q°,
1a 4nh xa affine

7€) = al + b,
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24 CHUONG 2. LY THUYET CO BAN

Phin tif khisi ot dién :

7

wydn tinh (4 didm ot quadratic (10 didm nit) cubic { 16 difm nidr)

Phin ufr ki 6 m3t -

wiyén tinh ( 8 didm nit
quadratie { 20 difm nit )

cubic (32 difm ot )

Hinh 2.5: Phan t@ httu han 3-chiéu.

trong d6 cac hang s a, b dugc xac dinh bdi cic tuong ng:

(&) = @, a = Tj— Ty
{r%) - @{ - =

Nhu vay, phép tuong tng giita diém & € Q" v6i diem = € Q°:
r=(1-8x+&x; (0<E<L). (2.1)
Nhan xét 2.1. Trong hinh hoc affine, diém x nim trén doan théng néi hai
diém z;, x; dudc biéu dién dudi dang mot t6 hop tuyén tinh ctia hai diém
nay
xr = )\11‘i + )\QIJ‘ (22)

VOl A, A2 > 0 va A+ Ay = 1. Khi d6, (A, \2) goi 1a toa do trong tam
(barycentric coordinates) ctia x d6i véi hai diém x;, z;.
So sanh v6i cong thitc bién ddi (2.1), ta co:

>\1:1_§7 )\225

Hai ham nay xac dinh phép bién ddi 7¢: [0,1] — [z;, 74].
[ J
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2.1. PTHH NHU LA PHUONG PHAP XAP XI HAM 25

'n T(e)

>&

phdn tit tham chiéu

phdn tit thuc
11—
Th(EN — (Xy) 72—
33—k

Hinh 2.6: Phép bién déi 7¢.

Nhan xét 2.2. Cac ham A, \; 13 cac da thiic bac nhat theo &, trong d6 cac
he s6 duge xac dinh tiu diéu kien Kronecker \i(&) = .
[ ]

Thi du 2.2. Phan ti tham chiéu 2-chiéu tam giac la tam gidc Q" véi
cac dinh &, = (0,0), &, = (1,0), & = (0, 1) trong mat phang toa do £n. Phan
tit tam giac bat ky Q° véi cac nat x; = (x5, y:), X; = (25, 9;), Xk = (Tk, Yr)
trong mit phing toa do zy dugc bién doi tit phan ti tham chiéu nhs phép
bién doi

x = A+ B, (2.3)
trong do
A:[&H alZ} B:[b1:| (2.4)
a1 az |’ by '

13 ma tran va vecto hang dude xac dinh béi cac he thiic:

X = A€1+B7
A&, + B,

2
|

Giai ra, ta dugc

A= | 7% xk_w] B:{mi}. (2.5)
Yi =Y Ye —Yi Yi

CuuDuongThanCong.com https://fb.com/tailieudientucntt


http://cuuduongthancong.com?src=pdf
https://fb.com/tailieudientucntt

2% CHUONG 2. LY THUYET CO BAN

Nhu vay, sut tuong tng giita diém € va diem x:

e [GleeB]al] e

hay

x = (1= &—n)x; + £x; + Xy (2.7)
Cac ham

M=1-8—n = =1 (2.8)
la cac toa do trong tam ciia x doi véi ba diem x;, X, X

1

(th1)

{0.014f

W
o

2
[0}
Hinh 2.7: Phan tit tham chiéu tam giac 3 nit.

Tong quat, trong R PTHH don gidn nhat 1a d-don hinh - bao 16i clia
d+1 diém x; (i=1,2,...,d+1) doc lap tuyén tinh trong R?. d-don hinh tham
chiéu c6 cac dinh:

& = (0,0,...,0),
& = (1,0,...,0),
& = (0,1,...,0),

€d+1 - (0,0,71)

Ky hiéu:

X = (71, Ty, ..., Tq) 1 diém thuoc phan ti thyc;
€=1[6,8,...,&)" 1a diém thude phan ti& tham chiéu.
X; = [Ti1,Ti2, ..., Tig]" 1a cac dinh ctia phan tit thue.
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2.1. PTHH NHU LA PHUONG PHAP XAP XI HAM 27

Phép bién doi Affine gitta phan tit tham chiéu va phan ti thue:
x = A€ + B. (2.9)
Tu diéu kien A¢; + B = x; ta c6 ngay

T11 Ti+1,1 — 1,1
T1,2 . Tit1,2 — T1.2

B=x = , , A(LD) = x4 — X = , (i=1,...,d)
T1,d Tit+1,d — T1,d

Phép bién doi:

d

X = (1 - 25k> X) + &% + EoXg + - - -+ EaXaq

k=1
= X1+ AoXp + A3x3 + - - + Agr1Xq,

trong d6 \; 1a toa do trong tam cua x:

d
A1 21—Z§k7 Ay =E&1, A3 =282, , A1 = &a-
k=1
Nhan xét 2.3. Khai niém toa do trong tam la khéi niém quan trong va tién
loi. Cac ham xéc dinh trén phan t néu biéu dién dugc theo céc toa do trong
tam thi viéc 1ay tich phan trén phan ti sé rat don gidn. Ta c6 cong thiic
alble!

(a+b+c+2)V

/ MM drdy = 2|9 (2.10)
Q

trong do6 |2 la dién tich cta (. o

Thi du 2.3. Phan t& tham chiéu 2-chiéu t& gidc. Xét phan ti tit giac
bat ky Q° v6i cac nit x; = (i, 4i), X5 = (25, 15), Xk = (T, Yr), X1 = (21, 91)
trong mit phang toa do xy, dua vao hé toa dia phuong cé cac dudng toa do
¢,1 14 hai ho dudng thang phan déu bén canh ctia tit giac (hinh 2.8a)). Lay
diém trung tam ctia hai ho nay lam goc bang cach dat &€ = n = 0, vé cac truc
&, 71 theo huéng tang ciia & i, dong thoi lay gia tri trén bon canh la 41, thi
ta thu duge hinh vuéng )" v6i cac dinh:

51 = <_17 _1)7 €2 = (17 _1)7 £3 = (17 1)7 54 = (_17 1)
trong he toa do &n (hinh 2.8b)). Hinh vuong ¢ 1a phan t1t tham chiéu 2-chiéu
t gidc.
Dé xay dyng phép bién déi tit phan tit tham chiéu " sang phan ti thuc
Q¢ ta can dén mot s6 khai niém ctia 1y thuyét noi suy siéu han.
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28 CHUONG 2. LY THUYET CO BAN

a) b)

Hinh 2.8: Phan tit hitu han t giac.

Dinh nghia 2.1. Cho £ la khong gian vecto va £ 1a khong gian con déng ciia
né. Mot anh xa tuyén tinh P : £ — £ c6 tinh chit liy dang (idempotent),
nghia la
PoP =P,

duoe goi 1a phép chiéu tit £ len L.

Cho £ la khong gian cac ham (hai bién) lien tuc xéc dinh tren Q7 va £
la khong gian cac ham lién tuc trén )", sao cho dao ham theo £ ton tai va 13
hing s6. Xét phép chiéu P : £ — L xac dinh bdi

_1-¢ £+1

Pe(f) = —5=f(=Ln) + =—f(L,n). (2.11)

Ta thay, P(f) giit nguyén gia tri ciia ham f doc theo céc canh théng ding
¢ = #£1 clia phan tit tham chiéu, va noi suy tuyén tinh gia tri ctia no gitta

£ =—1va & =1 doc theo cdc canh nim ngang 7 = const.
Tuong tit cho cac dudng nam ngang n = £1
Po() = 1o lre 0+ T (e ) (212)
Tich ciia hai phép chiéu P va P, ,
PeoP,(f) = LoD gy g LESUZ 6y
L0t 5)4(1 + ">f(1, 1+ (1- 51(1 + ”>f(—1, 0
_ (- 5)4(1 - 77>f(€1) (1+ 5)4(1 - ")f(éz)
PO ey COID piey - (g
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2.1. PTHH NHU LA PHUONG PHAP XAP XI HAM 29

ciing 13 mot phép chiéu. Bing cach kiém tryc tiép, dung (2.11) - (2.13), ¢6
thé chi ra ring

Pe(f)+Py(f) — PeoPy(f) =

= 5+ S )
b it 1)+ T e )
Oy BEOEZ g
O ey LZEOUEN pie o)

noi suy ham f chinh xéac trén cd bén canh ctia hinh vuong Q.
Bay gio, ta xay dung phép bién ddi phan tit tham chiéu " thanh phan

tit thue Q°,
{w = z(&,m),
y = y(&mn).

Dé ¥ ring cac diém (1,7), —1 < n < 1 (trén canh &,&;), tuong tGing véi cac
diém (z,y) trén canh xyx3; do do,

w(ln) =2 ;L B o - (2.15)
Tuong tir véi cac canh con lai, ta co:
z(—1,1) = xl;m nm;xl, (2.16)
s 1) =BT T (2.17)
(€, —1) = xQ;xl +5x2;x1 (2.18)

Diing cong thitc (2.14) v6i f thay bing z, sau mot s6 bién doi, ta thu dudc:

.~ 0-00-n  (+91-n
4

4

PPN C 9] U ) +§L(1 R/} Gt 3 U ) _5{4(1 ). (2.19)

Do tinh déi xting, bang cach thay x, 1, 19, T3, T4, tuong ing, bang v, y1, Yo, Y3, Ya
trong cong thitc trén ta thu duge cong thic bién dbi cho thanh phan tung
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30 CHUONG 2. LY THUYET CO BAN

do. Dat
Ni(&mn) = W, (2.20)
No(&m) = W, (2.21)
N3(&,m) = w, (2.22)
Nu(&m) = w. (2.23)

Khi dé cong thitc bién doi c6 thé viét dudi dang vecto:
4
x =Y xiNi(é). (2.24)
i=1

Nhan xét 2.4. Phép chiéu (2.11) c¢6 thé dé dang dugc tong quat hoa thanh
noi suy ham f chinh xac doc theo m + 1 duong thang ding & = &,

1= <6< <=1,

P,(f) =) f&no; (), (2.25)
i=0
trong do
£-§
0:6) =11 ,
P & — &
i = 0,1,...,m la nhitng ham noi suy Lagrange co s. Trong khuon kho 1y

thuyét noi suy siéu han (transfinite interpolation), cac ham 6Y dugce goi la
cac ham uén (blending function). Vi c& hai ham s6 P(f) va P,(f) trung véi
f tai mot s6 khong dém dugc cac diém nén ching cé tén goi 1a noi suy siéu
han, toan tit tuong tng duge goi la toan tit ndi suy siéu han.

Cong thiic tuong tu (2.25) cho cac dudng nam ngang 7 = 7;,

—l=n<m<...<n,=1,

Pu(f) =D f(&m;)0} (), (2.26)
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2.1. PTHH NHU LA PHUONG PHAP XAP XI HAM 31

trong do
1= =0,1,....n
J#i g =
Tich ctia hai phép chiéu P, va Py:
PioPy(f) =2 > fl& n)0;(€)6) (). (2.27)

i=0 j=0

Toan tt tich Py, o P, ciing 1a mot phép chiéu, va Py o P,(f) noi suy ham
f chinh xac tai (m + 1)(n + 1) diém (&,n;),i=0,1,...,m, j =0,1,...,n
Ham Py, o P,(f) dugc goi 1a noi suy Lagrange ludng da thic cia ham f tai
cac diém (&, n;).

Phép chiéu Pj, o P, khong 1 noi suy siéu han. Ta ¢6 mot cach t6 hop hai
toan tit P, va Pj, dé c6 dudc mot toan tit noi suy siéu han ma tap chinh xéc
chita toan bo cac duong & = &, n = n;. D6 1a tong Boolean

P,eP,=P,+P,—P,0P,,. (2.28)
Dinh ly 2.1. Cho cdc toan ti P, va Py,. thi (P, @ Py)(f) noi suy ham f
chinh xdc doc theo cac duong & =&, n=mn;,1=0,1,...,m, j=0,1,.

Ham (P, ® Pp,)(f) dugdc goi 1a noi suy Lagrange hai chiéu siéu han.

Nhan xét 2.5. Ta c6 thé tim cong thiic bién doi dusi dang mot da thiic bac
nhat theo ting bién:

r = ag+ a1§ + azn + azén.
Véi cach chon nay thi khi £ = const (hay n = const) da thic tré thanh bac
nhat theo y (hay ), tuong tng véi dudng thang.
[ J
2.1.4 X&p xi ham trén phan t& hitu han

Phép xap xi ham bang phan tit hitu han sit dung cac ham noi suy Lagrange.
Bac t6i da ciia da thitc xap xi qui dinh loai phan t hitu han va sb nait noi
suy can thiét.

I'Phan biét v6i nat hinh hoc.
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32 CHUONG 2. LY THUYET CO BAN

Thi du 2.4. Trudng hgp 1-chiéu, da thitc bac nhat. Cac da thiic p; (z) =
1, p2(z) = z 1ap thanh co s6 clia khong gian cac da thiic bac < 1. Ham xap
xi clia u = u(z) c6 thé biéu dién dudi dang

un(2) = [p1 () pa(a)] { i } _ P()a. (2.20)

as

o) day ta sit dung cac ky hiéu thu gon:

P(z) = [pi(z) pa(z)], a={as as}”.

T yéu cau ham xap xi va ham chinh xac c¢6 gia tri bang nhau tai cac nit
noi suy x;, xj, ta co:

P(z))a=u;, P(r;)a=u;

hay du6i dang ma tran
e e [} = L}
Fala) -

Giai ra ta ducgce

a; = s
Z; xX;
4y = Uj — Uy
T ZT;
Suy ra
rj—x T — T
up(x) = u; + uj;
Tj— T — T
Dua vao cac ky hieu:
T —T r—z
Ni(z) = -2 , Nj(z) = . N=[N; N
(@)= P M) =T N= [N
ta co the viét lai
up(z) = wlN;(x) + u;N;(z) (2.30)
N(z)u. (2.31)

Cac ham N;(z), N;(z) dugc goi 1a cac ham dang (shape function), N 1a ma
tran ham dang.
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2.1. PTHH NHU LA PHUONG PHAP XAP XI HAM 33

Nhan xét 2.6. 1) Cac két qua trén c6 thé tim duge khéi di tit phan ti tham

chiéu. Ham xap xi:
_ a
me-ng{ o}

Cht ¥, dau gach trén dau ham xap xi dé chi né la ham xéac dinh trén phan
t1t tham chiéu. Cac ham @(€), @, (€) lien he véi ux), up(z) qua phép doi bién
(thi du 2.1),

u(z(§)) = u(§), un(x(£)) = un().

Thuyc hién cac budc tinh toan tuong tu, ta dugce:

trong do
N =1-¢& Ny =¢

Cac ham dang trung v6i cac ham toa do trong tam ctia x. Nhu vay, tu
(2.2) va (2.30) ta thay

Up = 'LLZNZ + 'LL]'NJ' T = ClIzNZ + Q?ij,

nghia la, biéu dién ham xap xi va biéu dién diém (hinh hoc) tring nhau.
Khi dé6, ntat noi suy tring véi nut hinh hoc. Nhitng phan tit hitu han véi
phép xap xi ¢ tinh chat nay duge goi la phan t& hitu han dang tham so
(isoparametric).

2) Ham xap xi do duge xac dinh theo cic gia tri tai nit noi suy, nén trong
truong hgp ntt noi suy trung véi nat hinh hoc (bién ctia phan tit) ham xap
xi 1 lien tuc khi qua bien. Xap xi PTHH c¢6 tinh chat nay dude goi 1a thuoc
lop C°. Téng quat, néu ham xap xi (noi suy) c¢6 dao ham lién tuc dén cap
r > 0 thi ta n6i xap xi PTHH thuoc Idp C".

3) S6 lugng céc nit noi suy clia phan tit duge goi 1a bdc tu do ctia phan
t. °

Téng quat — xap xi bang da thic bac N. Cac da thitc co sé cla
khong gian cac da thiic bac < N: pi(z) = 1,pa(z) = 2, ..., pyyai(x) = 2V,
Dé xay dung xap xi ta can N + 1 nit noi suy. Trong trudng hop nay ngoai
hai ntt ¢ bién (nat hinh hoc) ta can dua vao N — 1 ntit ndm bén trong phan
tit. Dé don gidn, ta ky hieu zq, 2o, . .. , Tn41 1A cac nit noi suy ctia phan ti,
Up, U, - .., Uy 1A gid tri cia ham w(z) tai cdc nit tuong tng. Dya vao thi
du 2.4 ta thiét lap cac ham dang nhu sau.
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34 CHUONG 2. LY THUYET CO BAN

Ham xap xi

a1

un(w) = [pr() pa() ... pya(2)] a2 = P(2)a, (2.32)

AN+1

trong do
P(z) = [pi(2) pa(z) ... py1a(2)], a={aras ... anp}’, (2.33)

Tt diéu kien ham xap xi va ham chinh xac c6 gia tri bang nhau tai cac

nit noi suy, ta c6 hé phuong trinh dai s6 tuyén tinh xac dinh a4, ..., ay41
p1(71) pa(r1) ... pyya(T1) 1( ax ) ( Uy
p1(72) pa(r2) ... pnyi(x2) az - U
pilen+) paevsa) oo pva(@ng) | aver [ UN+1 )
N . ( ) ( )\
1 = ... 1 ax uy
1 Ty ... .I'év as U2
! IN ... .T}%_ L anN+1 ) L UN+1 )
Va = u, (2.34)
trong d6?
1 x ... x{v Uq
1 xy ... 2V Uo
v=|_ " 2, u= - . (2.35)
1 ay ... a¥ UN+1

Giai phuong trinh (2.34) ta duge
a=Vluy,
roi thay vao (2.32) ta thu duge cac ham dang
up = (P(z)VHu = N(z2)u (2.36)

N(z) = [Ni(z) Na(z) ... Nyyi(z)] =P(z)V! (2.37)

la ma tran cac ham dang.

2Ma tran V dudc goi 13 ma tran Vandermonde, theo tén ctia nha toan hoc Phép
Alexandre-Théophile Vandermonde (1735 - 1796). Ong con la nhac si va nha héa hoc.
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2.1. PTHH NHU LA PHUONG PHAP XAP XI HAM 35

Nhan xét 2.7. Do cac da thic py(z), p2(x), ..., pyy1(z) doc 1ap tuyén tinh
nén cac ham dang Ni(z), Nao(x), ..., Ny41(z) cing doc lap tuyén tinh. Theo
ngon ngit dai s6 tuyén tinh, cAc gia tri nit wui, ug, ..., Uy co thé xem la
toa do clia vecto uy(r) trong co s6 gom cac ham dang; con cac tham sb ay,
ag, ..., any1 12 toa do clia uy(x) trong co sé gom cac da thiic py(z), pe(z),

.., pn41- Theo d6, ta goi uy, us, ..., uny1 l& cAc tham s6 niit, con ay, as,
..., an+1 1 cac tham so suy rong, xap xi theo cong thiic (2.32) goi la xdp zi
phi nat.

Thi du 2.5. Trudng hgp 2-chiéu, da thitc bac nhat. Xap xi ham u(z,y)
bang da thiic bac nhat thi phan tit thich hop 1a tam gidc 3 nat. Cac da thiic
m(z,y) =1, po(x,y) = z, ps(x,y) = y lap thanh co sé cia khong gian cac
da thtic hai bién c6 bac < 1. Ky hieu:

P(z,y) = [p1(z,y) pa(z,y) ps(z,y)], a={ar az as}’.
Ham xap x{ uy,(z,y) duge biéu dién dusi dang:
up(z,y) = Pz, y)a. (2.38)

Hé phuong trinh xac dinh a

Qa = u, (2.39)
trong dé
1z y» a (51
Q= |1 2 y|,a=4q a p,u=1¢ u
1 x3 ys as us

Suy ra: a = Q7 lu va dé 6 uy(z,y) = N(z,y)u thi N(z,y) = P(z,y)Q .
Cu thé,

Toys — Yors + x(—ys3 + y2) — y(—x3 + x2)

Ni(z,y) = )
1( ) TolYs — Y23 — T1Y3 + Y123 + X1Y2 — Y122
No(z,y) = —x1y3 + y1xs + 2(—=ys + y1) + y(—z3 + 21)

2T, =
ToYs — Y3 — T1Ys + Y123 + T1Y2 — Y122
T1Y2 — T2+ 2(—Y2 + Y1) — Y(—22 + 21

Toys — Yoz — T1Y3 + Y1%3 + T1Y2 — Y1To

Nhan xét 2.8. Viéc tim ciac ham dang tuy don gian nhung rat dé sai sot
khi tinh toan bing tay. Ta c6 thé ding Matlab dé thuc hién céc tinh toan
nay. Script file hd2D3N.m dw6i day cho phép tim cac ham dang trong thi du
trén
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36 CHUONG 2. LY THUYET CO BAN

% hd2D3N

% xay dung ham dang cho PTHH 2-D, 3 nut
clear all

syms x y x1 yl x2 y2 x3 y3 al a2 a3

% da thuc co so

P=[1 x y];

%» ma tran gia tri da thuc co so tai cac nut
Q(1,:)=subs(P,x,y,x1,y1);
Q(2,:)=subs(P,x,y,x2,y2);
Q(3,:)=subs(P,x,y,x3,y3);

%» ma tran ham dang

N=Px*inv(Q) ;

Nhan xét 2.9. Phuong phap xay dung ham dang trong cac thi du trén c6
thé tong quat hoéa cho trudng hop ham can xap xi xac dinh trong R?. Goi M
1a s6 chiéu ctia khong gian cac da thitc trén R? c6 bac < N, Py (R?). Dé xay
dung cdc ham dang "day di" ta can M nut noi suy. Ky hieu:

X = (x1, 9, ...,74) 1a diém trong R?
{p1(x),p2(x), ., par(x)} 1a mot co s6 clia Py (RY);
x; (1 =1,2,..., M) la céc nat noi suy.

So do thiét lap cac ham dang
L P(x) = [p(¥) p2(x) - pu(x)];

pi(x1)  pa(x1) ... pm(x1)
2.Q - Pl(:X2) pz(:X2) PM(:X2) ;
p1(Xnr) pe(Xar) o pum(Xnr)

3. N(x) = [N1(x) Na(x) ... Ny(x)]=P(x)Q".

2.1.5 Sai s6 ctia xap xi PTHH trén mot phan ti

Sai s6 xdp zi tai diém x trén phan t& thuc Q° va tai diem & trén phan ti
tham chiéu duge dinh nghia 13

e(x) = wup(x) — u(x), (2.40)
e(§) = un(§) —u(§). (2.41)

Néu & — x qua anh xa 7¢ thi e(x) = e(&).
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37
Sai s6 trén toan phan tit duge dinh nghia la
le] = max |e(x)]. (2.42)

Xét truong hop 1-chicu. Gia st phan ti c¢6 n ndt noi suy z1, ..., z,. Dé
danh gia sai s6 e(z) dimng khai trién Taylor cho ham u tai x dén cap n — 1,

u(z+h) =u(z)+ hu'(x) + -+ (nhn_l)!u("_l)(x) n

Thay x + h bang cac z;, ta dudc:

u; = u(z;) = w(x) + (2, —x)u'(x) + - - + %u(”_l)(@ . (; ;!$)nRi

Nhan v6i ham dang tuong tng N; roi lay tong theo i,

n

up(z) = u(r) ZNi + /() Z(x’ — )N + - -

=1

(n=1(3) & 1 &
u T n—1 n
Mat khéc, tit cac dong nhat thic
E?:l Ni = 1
7-1_ Ty — & Nl == O,
,ZZ_I( ) (2.43)
Z?:l(‘ri - x)nilNi = 07
suy ra
1 & "
e(r) = up(z) —u(z) = - Z(a:, —z)"N;R;.
i=1

V6i gid thiét u(x) c6 dao ham lién tuc dén cap n, véi h (chiéu dai phan t1)
dt nho, ton tai hiang s6 C' > 0 sao cho

le] < Ch™.

Sai s6 cap cao (noi suy Hermite) duge dinh nghia va chiing minh trong

[17].
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38 CHUONG 2. LY THUYET CO BAN

2.1.6 Dao ham va tich phan theo toa do tham chiéu

Trong cac bai toan co hoc, vat 1y, thudng cac ham can tim va cac dao ham

clla n6 ¢6 mat trong phuong trinh xac dinh. Néu dung ham xap xi trén cac

phan tt thyc Q¢ sé rat phiic tap (khong thuan tién). Bang cach dua vao khai

niém phan tit tham chiéu " va 4nh xa 7¢, ham va cac dao ham ctia n6 dude

tinh toan trén phan tt tham chiéu. Duéi day ta xét truong hgp 2-chiéu.
Goi %, 1a ham xap xi clia @ trén phan ti tham chiéu, ta co

un(€,m) = N(&n)u.
T cong thiic bién doi:
x=7&) =rv=2(&mn), y=y&n) (2.44)

va cong thitc dao ham ham hgp ta co:

Oy o ot 0
oc \ _ | o¢ onm I 9\ _4f0
on o0& On dy

trong d6 J 14 ma tran Jacobi ctia phép bién doi 7¢,

0 or
_ | 9¢ 0
=10 o
o0& On
T cong thic (2.45) ta suy ra
0 o0& 0On 0
ar \_ | g ar |]) % Il _yrl0
Goo= % GG {ax}_‘] {05 - (246)
Ay dy Oy an -

va ta c6 cong thiic tinh dao ham clia ham w trong hé toa do thuc bang céic
dao ham ctia @ trong hé toa do tham chiéu:

A o Ot ot
ar r Oz ¢ v ) o
dy dy Oy on on
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2.1. PTHH NHU LA PHUONG PHAP XAP XI HAM 39

Cong thiic doi bién (2.44) cho phép ta chuyén tich phan ctia mot ham u
trén phan tt thyc Q¢ thanh tich phan trén phan tit tham chiéu Q" don gidn
hon:

/ e, y)dady = / (e, o)\ ldedn, (2.48)

trong do6 |J| ky hieu tri tuyet doi dinh thiic cia ma tran Jacobi.

Thi du 2.6. Cho phan tif tam gidc Q véi cac dinh x; = (1,1), x3 = (3,2),
x3 = (2,3) (trong toa do zy). Cho v = z + y, v = zy la hai ham xac dinh
trén ().

1) Thiét lap cong thiic doi toa do, bién phan ti tham chiéu 7, tam giac
v6i cac dinh &, = (0,0), & = (1,0), &5 = (0,1) (toa do &n), thanh tam giac
0. Xac dinh J va J~1.

2) Diing u va v kiém tra lai cong thiic (2.47).

3) Tinh / Vu - VodS.
Q
Giai. 1) Nhu trong thi du 2.2, Q dugc bién doi tit Q" nhd phép bién doi

ro= 1426+,
y = 14&+2n

Ma tran Jacobi va dinh thitc cua no:

2 1
J_[l 2], det J = 3.

1 2 -1
-1 _
3 _3[_1 2].

2) Biéu dién u va v theo toa do &n:

u(x(€,m),y(&,m) =2+3(+n),
= v(z(&n),y&n) =1+ 3(E+n) + 50+ 28 +1°).

Dao ham u va v trong toa do xy

Tu day suy ra

I

1]

Ou_ou_\ o v
or oy or 3y_x'
Dao ham u va v trong toa do &n
ou 0Ou ov ov
U _ T 3 T g ympt4s, L —345¢+4m
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40 CHUONG 2. LY THUYET CO BAN

Kiém cong thitc (2.47) trudng hop ham u:

Vé trai:
1
e
[ 2 173\ [1
31 -1 2 3 11 [
Kiém cong thitc (2.47) trusng hgp ham v:

Vé trai:
y |l [ 1+&+2n
z [ | 1+2+n [’

[ 2 -1 345n+4E ) [ 1+E+2m
30 -1 2 3+5E4+4n [ T\ 1+26+7n [

3) Tu két qua tren ta co

Vé phai:

Vé phai:

Vu-Vo=(L1)(1+&+2n1+26+n)" =2+3(E+7).
Ap dung cong thiic ddi bién sb trong tich phan (2.48)
/vu Vud0 = / (2 + 3( + 1)) 3|dedn
Q r

s 3/01 d§/01_£(2+3(5+77))d77

1 3 21*5
- 2 d
3/0 ((2+3€)n+277 ) 3

L 3 21 3
= 3/0 (5—25—552)@:?5—352_553

1
= 6.
0

2.2 Cac buéc thiét lap md hinh PTHH

Muc nay trinh bay cach thiét 1ap mo hinh PTHH cho cac bai toan khoa hoc
k¥ thuat. Ta sé tim hiéu chi tiét cac budc thiét lap, bao gom co s6 1y thuyét
va cach thie thie hien. Van dé dudge trinh bay thong qua mot bai toan don
gidn clia co hoc két cau nham lam 16 Iy do va ¥ nghia ciia cic buée thic
hién. Nhu sé thay sau nay, cach ap dung PTHH cho céc bai toan bién ciing
tuong tu.
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2.2. CAC BUOC THIET LAP MO HINH PTHH 41

2.2.1 Phan tich tng suat ctia thanh nhiéu nac

Thi du 2.7. Tim tng suat phan bd trong thanh nhiéu nac déi xing truc,
bi ngam chat mot dau, dau con lai bi kéo bdi Iyc doc truc p. Thanh c6
cac dieén tich tiét dien ngang A' = 2cm?, A% = lem? trén cac doan dai
I' =1 = 10cm®. Cho modun Young E' = E? = E = 2 x 105g/cm?,
p = lkg.

Hinh 2.9: Thanh nhiéu néc.

B Cong thiic bién phan*

Theo 1y thuyét thanh chiu kéo nén doc truc, bién dang ctia thanh dugc
xac dinh béi chuyén dich g = q(z) tai cac diém thuoc né. Ta c6 cac hé thic
sau:

Bién dang (do gian tuong doi)

dq
= —. 2.49
€= (2.49)
Ung suét
dq
= Fe=FE— 2.50
trong d6 £ la médun Young (dinh luat Hooke).
Thé nang toan phan clia thanh
I = Nang lugng bién dang — Cong ctia liic ngoai

— I-W, (2.51)

trong dé

m— /O ’ /A Lo (@)e(x)dAdz, (2.52)

—0
(@) 2
W, = pa(L). (2.53)

3Chi sb trén ctia A, [, E khong phai 1a s6 mii. Diéu nay ciing ding cho cac ky higu vé
sauL.

4Ngusi doc khong quen véi co hoc két cau cé thé chdp nhan cac cong thic duge gisi
thieu & day.
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49 CHUONG 2. LY THUYET CO BAN

Bai toan dudc giai dua trén nguyen 1y cong &o: chuyén dich thuc la chuyén
dich lam cuc tiéu héa thé nang toan phan cia thanh.

Ky hieu:

L =1 4+1® ]a chiéu dai thanh;

S = {qlqg € H*(0,L),q(0) = 0} 1a tap hop cac chuyén dich kha di (ham
thit);

V = {s|s € HY(0,L),s(0) = 0} 1a khong gian cdc chuyén dich 4o (ham
trong lugng). Do diéu kieén bién c¢ot yéu la thuan nhat néen V = S.

Diing céc cong thite (2.49), (2.50) cho biéu thiic thé nang (2.51)-(2.53)
ting vé6i chuyén dich kha di ¢, ta dugc

I(q) = /0 " /A (x)g (%)Qd/ldx — pg(L). (2.54)

Nhan xét 2.10. Vé phuong dién toan hoc, bai toan phan tich ting suat ctia
thanh nhiéu nac ¢ day 1a bai toan t6i vu: Tim ham ¢(z), 0 < z < L, lam cuc
tiéu phiém ham I(q) xac dinh béi (2.54).

m Ap dung PTHH

Bude 1 - Phan hoach

Thanh dude xem nhu mot két cau gom 2 phan t: phan tit thi nhat 1a
phan thanh gi6i han béi cac tiét dien z; = 0, x5 = 10, phan ti thi hai 1a
phan thanh gi6i han béi cac tiét dien xo = 10, x3 = 20 (vé phuong dién toan
hoc, doan [0, L] duge phan hoach thanh cac doan con [z, xs], [22, x3]).

e
=

DPi:

+————==23

=
R
&

Hinh 2.10: Phan tit thanh [z, 2;,1], luc tac dung lén phan tii.

Budce 2 - Xap xi ham trén tung phan tu
Chuyén dich (ham ¢(z)) trén mdi phan tit dugc xap xi bdi da thitc bac
nhat (phan t e)
¢° = 1Ny (z) + g5 N3 (z) = N°(x)q". (2.55)
trong d6 N¢(x) = [Nf(z) N§(z)] 1a ma tran ham dang, q° = {¢f ¢5}* goi 1a
chuyén dich nit phan tii°.

5Ky hiéu u® chi nhim muc dich "nhan manh" né I thu hep ctia ham w trén phan tit e.

CuuDuongThanCong.com https://fb.com/tailieudientucntt


http://cuuduongthancong.com?src=pdf
https://fb.com/tailieudientucntt

2.2. CAC BUOC THIET LAP MO HINH PTHH 43

Nhan xét 2.11. Do diéu kién ngam clia chuyén dich (diéu kién bién ctia
bai todn), ¢i = 0, nén ham N} (z) khong c6 mit trong biéu thitc xap x{ cia
q. Tuy nhién, dé thuan tién, trong thic hanh ta van tinh dén ¢! trong qua
trinh thiét lap phuong trinh xap xi. Viéc khtt ¢ khéi phuong trinh sé dugc
thue hién sau.

[ J

Bién dang va ting suat trén moi phan tit duge xap xi béi

d
¢ = —N°% " =B{" 2.56
¢ = E°Bq’, (2.57)

trong d6 B¢ = (d/dz)N¢ (dao ham clia mot ma tran 1a ma tran véi cdc phan
tlt 13 dao ham clia phan t1t tuong ting trong ma tran dau).

Budc 8 - Thiét lap phuong trinh PTHH

Néu xét rieng tiing phan tit thi thé nang ctia phan tit duge tinh theo cong
thitc (tuong tuy nhu thé ning toan phan)

e e € EeAe xe+1 dqe 2 e e e e
I (Q17Q2) = 9 / (dx) dx — p5q5 + iy, (2-58)

trong do p¢, pS 1a lyc tac dung lén cdc dau mut ctia phan tit. 0 day ta quy
ude hudéng duong ctia lye tac dung lén phan tit huéng ra ngoai phan t1t (hinh
2.10)

Do tinh chat cong tinh ctia nang lugng, cong thitc thé nang toan phan c6

thé viét:
EeAc [t (dg”\? e o e
/ ( ) dr — p5q5 + piqy

2

2
I:ZF:Z
e=1

e=1

2 dzx

Dua vao ky hieu p® = {—p¢ p5}7T, goi 1a vecto tdi phan i, va dung cong thiic

(2.55) ta co
EeAe Te+1 dNe 2
/ < qe> dr — q(e)Tpel . (2.59)

I:Z 2 Ja dx

e=1

dN¢
dx

€ €e_ €

q° = B°q

14 vo6 huéng nen ta co thé viét

dN¢ \°
( qe) — quBeTBeqe.
dx
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44 CHUONG 2. LY THUYET CO BAN

Néu lay bién phan ta sé dugc:

dIN* e ? el'pel'me e el'mel'me e
) g q = 0q“ B“B°q“ 4+ q° B“ B¢q
X

_ 25quBeTBeqe'

Ding thic cubi nhan duge tit nhan xét: dq°"BTBeq®, q"B"B%q° la
chuyén vi ctia nhau.
Diéu kién cyc tri cho phiém ham I:

of = 0
2 Te41
Z 6qu |:(E6A8/ BETBedﬂf) q° — pe:| - 0
e=1 Te
2
S qTcq - p) = 0. (260
e=1
trong d6 ma tran
Te+1
k¢ = E°A° / B“ B¢dx, (2.61)

duge goi 1a ma tran do ciing phan ti.

Dua vao vecto chuyén dich toan cuc, bién phan ctia né va vecto tdi toan
cuc ¢6 thanh phan la chuyén dich, bién phan ctia chuyén dich va noi luc tai
cic nut cua toan bo thanh

q= {Ch q2 Q3}T> 0q = {5611 0q2 5(13}T7 P = {pl D2 pB}T7
ta co thé viét

2 2
Y 0qkq = 6q"Ka, Y 6q”'p*=iq"p,

e=1 e=1

va phuong trinh (2.60) thanh

5q" (Kq+p) =0, (2.62)
trong d6 K c6 dang
Kn K Ky
K= | Ky Ky Ky |,
K31 Kz K
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goi 1& ma tran do cing toan cuc. Trit nat thit nhat do diéu kién rang buoc
dq; = 0, cac bién phan con lai dqo, dgs 1a tlty ¥, bing cach 13y cac bién phan
nay lan luot bang 1, ta suy ra:

0x K1 + Ki2q2 + Ki3gs = 0xpy
Koqi + Ko2qo + Ko3qz3 = po
Ks1q1 + K32q2 + K33g3 = ps3

Phuong trinh tht nhat tuong duong véi 0 = 0. Hé phuong trinh suy bién,
can phai loai phuong trinh nay khéi hé. Ta sé trd lai van dé nay sau.
Nhu vy, néi chung, vi bién phan la tliy y, phuong trinh (2.62) thanh

Kq = p. (2.63)

Phuong trinh (2.63) dugc goi 1a phuong trinh PTHH. Do hai phan tit ké
nhau c6 chung nhau mot diém nit nén phép lay tong trong cac phuong trinh
(2.62) phéi dugc hién theo mot cach dic biet, goi 1a phép lip ghép.

Trude khi tién hanh cac bude tiép theo ta cu thé héa cac bude 1-3 qua
d6 gidi thieu so do tinh toin PTHH.

Trude hét, trong thuce hanh, viec phan hoach & bude 1 duge thyc hien
bang cach dua vao hai ma tran:

* Ma tran toa do cac nat COORD

COORD = [ZL’l, T2, 1’3] = [0, 10, 20]
* Ma tran lap ghép LA mo ta sy lien két gifta cac phan tit. Ma tran nay
gom 2 dong (= s6 phan t1t) va 2 cot (= s6 nat hinh hoc clia phan t1t). mdi

dong ctia LA tng v6i mot phan tii, LA(e, 1) va LA(e,2) 1a tht ty ctia nat 1
va 2 trong cach danh s6 toan cuc.

1 2
-1 2]

Budc thit 2 va 3 duge thie hien nhu nhau cho mdi phan tit (day 1a dic
diém quan trong ctia PTHH). Thanh gom 3 ntt nén chuyén dich xap x{ duge
xac dinh bdi vecto chuyén dich toan cuc (toan bo thanh),

q1
q= q2
q3

Trong khi d6 mdi phan tit chi c6 hai nit, nén vecto chuyen dich phan ti, thi
du phan tit e, c6 dang
4%
q° = :
{ % }
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46 CHUONG 2. LY THUYET CO BAN

Nhan xét tuong tir v6i vecto tai toan cuc va vecto tai phan ti,

D1 e
e pl
= p s = e .
1Y 2 1Y { S }

b3

Ma tran do cing phan tit, dugc tinh nhu sau.

Ne — [xeﬂ—x’ T — T, }
Letl — Te Tet1 — Le
e 1 el'pe 1 1 -1
B = —[1,1]=B"B' = ——_ ,
Tet1 — Te (Tey1 —we)? | =1 1
e EeAc 1 -1
o= 5 {_1 : ]

Nhu da néi & trén, dé thiét lap phuong trinh PTHH ta phai lay "tong"
hay 1ap ghép cac phan tit ci biét lai v6i nhau. Phép 1ap ghép ma tran do
cling va vecto tai phan tit duge thie hien nhu sau. Trude hét khdi tao ma
tran do cing va vectd tai toan cuc

000 0
K=[000|, p=¢{0
00 0 0

Phan tit thi nhat duge ghép vao dua trén lien he gitta thit tu dia phuong va
thit tit toan cuc theo ma tran lip ghép,

thit tu dia phuong | 1 2 kL = Ky | kly = Kig | —pt = py
thit tu toan cuc ‘ 1 2 k3, — Ko1 | k3y > Koo | p > po
(mai tén — am chi sy cong vao). Do d6
kh kb 0 —p%
K= k%l k%z 01, p= p%
0O 0 O 0
Tuong tir v6i phan ti thi hai
thit ty dia phuong | 1 2 N k2, Kao | k2y = Kos | —p2 = py
thit tu toan cuc ‘ 2 3 k3, — Kso | k3 — Ks3 | p3 — p3
kh k%2 0 —p%
K= k%l @2 + k% k?%2 y P = p% - p%
0 k%? k%Q pg
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2.2. CAC BUOC THIET LAP MO HINH PTHH 47

Cho dén bay gio gia tri clia tai dit tai cac nit van chua duge ban tdi.
That ra, theo dit litu clia bai toan, ta chi biét gia tri ctia tai dat tai nat
thit ba, p3 = p. Tuy nhien, dya vao nguyen 1y tic dung tuong ho ta c6 ngay
psy = p?, nghia 1a

—pi
p=43 0
p

v6i pi 1a tai (chua biét) tac dung tai nat bi ngam (nit cho diéu kién bién cot
yéu). Nhu sé thay trong budc ké tiép phuong trinh c6 chita p; sé duge khit
mat, con p; sé dugc gan gia tri lyc cho trude. vi vay, trong tinh toan thic
hanh, ta c6 thé dat

nghia 13 khong can lap ghép vecto tai phan ti (xem so do khoi, hinh 2.11).

Buéc 4 - Khit diéu kien bien (dieu kien chuyén dich va luc)

Diéu kien chuyén dich: do nit 1 dude cho trude chuyén dich, ¢ = 0,
phuong trinh thit nhat tuwong duong véi 0 = 0 nén dé hé phuong trinh khong
suy bién ta phai khit an ¢; va loai phuong trinh tuong tng khoéi hé phuong
trinh.

Céch khit an da biét va loai phuong trinh tuong tng ma khong lam thay
ddi kich thudc ciia cdc ma tran tham gia trong hé phuong trinh (2.63). Dé
lam ré phuong phap ta trinh bay cho truong hop tong quat, phuong trinh
PTHH c6 dang

King+Kieqgp+ ...+ Kigqa+ ...+ Kingn = 0
Koy + Koago + ...+ Kogqa + ... + Kongny, = D2
Kpgi +Kpgp+ ...+ Kiqa+ ...+ Kingn = Dpa

Klel + Kn2Q2 + ...+ Knde +...+ Kann = Dn

trong d6 q; = ¢ dudc cho trude. Thay qq bang g vao cdc phuong trinh trit
phuong trinh tht d, i chuyén s6 hang da biét sang vé hai thi vé hai tré
thanh

pi — Kjag (j # d);
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48 CHUONG 2. LY THUYET CO BAN

rieng phuong trinh d duge thay bang phuong trinh 1g; = g¢; cudi cling ta co:
Kug+Kipge+...+ Oq+...+Kingn = p1— Kug
Koot + Koogo+ ...+ Oqe+ ...+ Kongy, = p2— Koug

01+ Og+...+ 1g+...+ 0g, = g

Kn1Q1+Kn2QQ+-“+ OQd++Kann = pn_Kndg

V6i cach lam nay thi ma tran do cing K chuyén thanh ma tran nhan
duge tit n6 bang cach cho cac phan tit dong d va cot d bang khong, riéng
phan tit & dong d, cot d cho bang 1

-K11K12---O---K1n-
K21K22...O. .Kgn
0 0 1 0

| Koy Ko oo 0 .. Ky |

Céac thanh phan clia vecto tai duge hiéu chinh theo cong thic trén, riéng
phan tit § dong d dugc lay bang g.
Diéu kién lye: do nit 3 cho trude luc kéo p, ta "cong them" p(3) = p(3)+p.
Budc 5 - Giai hé phuong trinh DSTT.
Budc 6 - Hau xu lj
Tinh ting suat trong cac phan tit nho cong thic (2.57).

Céc budc tinh toan PTHH c6 thé tom luge bang so do trén hinh 2.11.

2.2.2 Lap trinh tinh toan PTHH

Nhu mot thi du vé cach lap trinh tinh toan PTHH, duéi day 1a chuong trinh
thanhnn.m dudc viét bang ngon ngit Matlab. Tat nhién, nhu cau cham ngon
4 dau chuong, day khong phai la chuong trinh t6t nhat dé thuc hien muc
dich - phan tich ing suat thanh nhiéu nac; chuong trinh duge viét theo sat
cac buée chung ciia viec mo hinh héa PTHH dé ngusi méi bat dau dé theo
doi, "bat chudce roi sang tao" cic chuong trinh tinh khac.

Suu liéu chuong trinh thanhnn.m®°

6Suu litu chuong trinh 13 phan khong thé thiéu khi 1ap trinh, né cung cap nhuong
thong tin can thiét dé chuyén giao chuong trinh cho ngudi sit dung. Thuong bén muc dau
duge dua vao trong phan dau ciia chuong trinh.
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2.2. CAC BUOC THIET LAP MO HINH PTHH

e 1A \
(\Pat da )

Nhip dit liéu
Tham s& bai todn
Tham s6 PTHH

v

Khéi tao ma trign d¢ cing [K]
va vecto tdi toan cuc {p}

e=]

Tinh ma trdn dé cing phdn ti [k]©
Ldp ghép [K1© vao ma trdn d6 cing toan cuc [K]

S
Yes

‘ Tinh vecto tdi toan cyc{p}

Khit diu kién bién

Gidi phuong trinh PTHH
[KI{a}=tp}

P
%é’t thiic

Hinh 2.11: So do khéi moé hinh héa PTHH.

Muc dich: phan tich ing suat thanh nhiéu nac.
Tén: ......

Ngay cap nhat: ......
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50 CHUONG 2. LY THUYET CO BAN

Bién Mo té bién

nn tong s6 nit

ne tong s6 phan ti
coord vecto toa do cac nut
la ma tran lap ghép

para ma tran cidc tham s6 hinh hoc va vat lieu
dcond diéu kien chuyén dich
fcond diéu kién luc

ke ma tran do ciing phan ti

gk ma tran do cting toan cuc

gp vecto tai toan cuc

q vecto chuyén dich nit toan cuc

sigma vecto ting suat cac phan ti

Cau tric dit liéu ctia vecto, ma tran
1) Vecto toa do céc nit coord, kich thuée 1xnn,

coord (i) = toa do nat toan cuc thit i.
2) Ma tran lap ghép 1a, kich thuéc nex?2

la(e,1) = thit tu toan cuc clia nat thi nhat ctia phan ti e,
la(e,2) = thit tu toan cuc clia nat thi hai ctia phan ti e.

3) Ma tran cac tham s6 hinh hoc va vat ligu para, kich thuéc nex3
para(e,1) = chiéu dai ctia phan tit e,
para(e,2) = dién tich tiét dién ctia phan ti e,
para(e,3) = modun Young clia phan ti e.

4) Diéu kién chuyén dich dcond, kich thudc 1x2

dcond(1) = thit ty toan cuc ciia nit cho trude chuyen dich,
dcond(2) = gi4 tri ctia chuyén dich.

5) Diéu kien Iyic fcond, kich thude 1x2

fcond (1) = thu tu toan cuc ctia nat cho Iyc ngoai,
fcond(2) = gia tri cua lyc.

Chuong trinh thanhnn.m
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2.2. CAC BUOC THIET LAP MO HINH PTHH

% thanhnn.m

% chuong trinh phan tich ung suat cua thanh nhieu nac
% T.A. Ngoc

% update: 25/9/2009

% bien - mo ta

honn ... .. tong so nut

% ne ....... tong so phan tu

% coord .... vecto toa do cac nut

hla ... ma tran lap ghep

% para ..... ma tran cac tham so hinh hoc va vat lieu
% dcond .... dieu kien chuyen dich

% fcond .... dieu kien luc

hke ... .. ma tran do cung phan tu

hpe ...... vecto tai phan tu

hogk ... ma tran do cung toan cuc

hgp oo vecto tai toan cuc

hq «oueenn. vecto chuyen dich nut toan cuc
% sigma .... vecto ung suat phan tu

clear all

% TIEN XU LY

nn=3;

ne=2;

coord=[0 10 20];

la=[1 2; 2 3];

para=[10 2 2x10°6; 10 1 2%x10°6];
fcond=[3 1000];
dcond=[1 0];

[

XU LY

gk=zeros(nn,nn) ;
gp=zeros(nn,1);

% tinh ma tran do cung va vecto tai toan cuc

for e=1:ne

i=la(e,1);

j=la(e,2);

x1=coord (i) ;

x2=coord(j) ;
le=para(e,1);
ae=para(e,2);
ee=para(e,3);

%» ma tran do cung phan tu
ke=aexee/lex[1 -1; -1 1];
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52 CHUONG 2. LY THUYET CO BAN

% lap ghep
gk(i,1)=gk(i,i)+ke(1,1);
gk(i,j)=gk(i,j)+ke(1,2);
gk(j,i)=gk(j,i)+ke(2,1);
gk(3,j)=gk(j,j)+ke(2,2);
% vecto tai phan tu
pe=[0; 0];
% lap ghep
gp(i)=gp(i)+pe(l);
gp(j)=gp(j)+pe(2);
end;
% dua vao dieu kien nut
for i=1:size(fcond,1)
gp(fcond(i,1))=gp(fcond(i,1))+fcond(i,2);
end
for i=1:size(dcond,1)
for j=1:nn
gp(j)=gp(j)-gk(j,dcond(i))*dcond(i,2);
end
for j=1:nn
gk(dcond(i,1),j)=0.0;
gk(j,dcond(i,1))=0.0;
end
gk(dcond(i,1),dcond(i,1))=1.0;
gp(dcond(i,1))=dcond(i,2);
end
q=inv(gk)*gp;
% HAU XU LY
disp(sprintf(’\n %s’,’KET QUA’))
% xuat chuyen dich
disp(sprintf(’\n %s’,’CHUYEN DICH CUA CAC NUT’))
disp(sprintf(’%s’,’nut’))
for i=1:nn
disp(sprintf (’%d\t\t %f’,i,q(i)))
end
% xuat ung suat cua cac phan tu
disp(’ung suat trong cac phan tu (kg/cm~2)’);
for e=1:ne
sigma(e)=para(e,3)*(q(la(e,2))-q(lale,1)))/parale,1);
end
disp(sprintf(’\n %s’,’UNG SUAT CUA CAC PHAN TU’))
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2.2. CAC BUOC THIET LAP MO HINH PTHH

disp(sprintf(’%s’,’phan tu’))
for e=1:ne

disp(sprintf (’%d\t\t%f’,e,sigma(e)))
end

Két qua chay chuong trinh:

KET QUA

CHUYEN DICH CUA CAC NUT
nut

1 0.000000

2 0.002500

3 0.007500

ung suat trong cac phan tu (kg/cm~2)
UNG SUAT CUA CAC PHAN TU
phan tu

1 500.000000

2 1000.000000

2.2.3 MGo6t cach tiép can khac

93

Khi thiét lap mo hinh PTHH ctia bai toin phan tich tng sudt ctia thanh
nhiéu nac ta da dung cach dat bai toan theo nguyen 1y nang lugng (nguyén
Iy cong 40) ciia co hoc két cau phat biéu cho thanh chiu kéo nén. Cac phan
t1t hitu han theo cach dat nay la cac doan thanh cau thanh thanh nhiéu nac,
chiing c¢6 ¥ nghia vat 1y cu thé. Bay gi ta xét bai toan theo cach dit méi

clia Iy thuyét cac bai toan bién.

Ap dung phuong trinh vi phan mo ta bién dang ctia thanh chiu tai doc
truc, bo qua lye khoi tac dung len thanh, phuong trinh (1.36), ta duge céc
phuong trinh vi phan x4c dinh chuyén dich ctia thanh nhiéu nac

dx dx

dx dx

d d
—(AlE—q) — 0 0<z<lI

d-(AQE@) =0, I'<z<L.

Theo gia thiét ctia bai toan diéu kién bién cho nghiém:

q(0) = 0,
dq _p
E%(L) =
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54 CHUONG 2. LY THUYET CO BAN

Ngoai ra, chuyén dich ¢ con phai théa diéu kién lién tuc va tuong tac tai
diém phan cach x = [!

q(I'") = q('), (2.68)
AlEg—z(ll‘) = AzEg—z(z”). (2.69)

Dua vao khong gian ham V = {s|s € H'(0, L), s(0) = 0}. Lay s € V tuy
¥, nhan hai vé phuong trinh (2.64) (hay phuong trinh (2.65)) véi s, 1ay tich
phan tir 0 dén L

1D g9 L 32
d d
A(I)E/ —stm + A(Q)E/ —stx = 0.
o dx (1 axr

Tich phan ting phan, dung cac diéu kien (2.67)-(2.69), ta dugc
I L
dq ds dq ds
A'E ——d AQE/ — —dx —ps(L) = 0. 2.70
/0 dz dz v pn drdx z = ps(L) ( )

Bai toan bién phan: Tim ¢ € V thoa (2.70) v6i moi s € V. Dung phuong
phap Galerkin, luu y dén nhan xét 2.11, v6i cdc ham co sG (hinh 2.12)

Tog — & z
neu=x; <z <y
pi(x) =4 wo—w1
0 nefuary <z<axz3=1L
r — I £
neu r; < x < a9
_ To — X1
302(77)_ T3 — X 2
neu ro < x < I3
T3 — T2
0 néuxr; <z <1y
€Tr) = T — X9 z
903( ) neu zo < x < 3
€T3 — Tg

Thay
3 2
g~ qpi=» N
=1 e=1

vao (2.70) véi s lay lan luot la ¢; (5 = 1,2, 3) ta duge

2

Te+1
Z (EeAe / BeTBedx) qd-p = 0

e=1
2
Y kKq'—p = 0
e=1

Kq = p,
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Bai tap chuong 2 55

X Xz X3
X; X3 X3
X X3 X3

Hinh 2.12: C4c ham co sé.

trong d6 p = {0 0 p}7.
Sau khi khit diéu kién bién c6t yéu ta nhan lai duge phuong trinh PTHH
trong thi du 2.7.

Bai tap chuong 2

1. Trong he toa do &n¢, khdi tit dien véi cac dinh (0,0,0), (1,0,0), (0,1,0),
(0,0, 1) dugc chon lam phan tit tham chiéu. Hay thiét lap phép bién ddi affine
7 bién phan tit tham chiéu nay thanh khéi tit dién bat ky trong hé toa do
Yz

2. Xay dung va vé do thi cac ham dang cho PTHH 1-chiéu véi cac truong

hop:
a) ba nit (quadratic);
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26 Bai tap chuong 2

b) bon nut (cubic).

H.D. a) Goi x1, x5 1& hai nit noi suy 6 bién, x3 la nit noi suy bén trong. bé
xac dinh ham dang ta dung script file:

% hd1D3N

% xay dung ham dang cho PTHH 1-D, 3 nut
clear all

syms x x1 x2 x3 al a2 a3

% da thuc co so

P=[1 x x~2];

/» ma tran gia tri da thuc co so tai cac nut
Q(1,:) subs(P,x,x1);

Q(2,:) = subs(P,x,x2);

Q(3,:) = subs(P,x,x3);

%» ma tran ham dang

N=P*xinv(Q) ;
Két qua:
(z — x3)(x — x9)
N - 9
' (21 — @2)(—23 + 71)
Ny v —(x — x3)(—21 + 7)
? (21 — 23)(—23 + 23)
Ny = (r — x9)(—x1 + )

(=3 + x2)(—23 + 21)

3. Xay dung cac ham dang cho PTHH tam giac 2-chiéu véi cac truong hop:
a) sau nit;
b) chin nt.

-

Xay dung cac ham dang cho PTHH tit giac 9 nut.

e

Xay dung cac ham dang cho PTHH ttt dién 3-chiéu bon nit.

=

. Chiing minh cac dong nhat thic (2.43).
H D. Dung cong thitc cho phan tit tham chiéu.

a) Cho ¢ : Q@ — R, cho7: Q" — Q, (£ 1) — (2,y) 1a phép bién doi kha vi
lien tuc bién Q" thanh Q. Ky hiéu: ¢ = ¢ o7, J 1a ma tran Jacobi. T cong
thic (2.47) ching minh .

Vo=V"oJ
Chi s6 7 bén trén toan tit dao ham dé chi toan t thuc hién trong hé toa do

£1)- .
b) Tim cong thic lien heé gita A¢ v6i A ¢.
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Bai tap chuong 2 o7

8. Trong tam giac A, goi A1, A2, A3 1a toa do trong tam ctia x = (z,y). Ching

minh
alblc!

(a+b+c+2)!

/ MNNSAA = 2|A ,
A

trong d6 |A| 1a dién tich tam giac A.

9. Chting minh cac dong nhat thite (2.43).

10. Tim ting suat phan bo trong thanh try déi xing truc co tiét dien thay
doi nhu hinh vé, bi ngam chit mot dau, dau con lai bi kéo béi luc doc truc
p. Thanh dai 20cm. Tiét dién bi ngdm c6 ban kinh r; = 2.5¢m, tiét dién &
dau con lai ¢6 ban kinh ry = lem. Cho E = 2 x 10%kg/cm?, p = 1kg.

Hinh 2.13: Thanh c6 tiét dien thay doi (bai tap 10).

H.D. Chia (xap xi) thanh tru thanh cAc PTHH c6 tiét dién khong doi.
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Chuong 3

Phan t1¥ hitu han cho phuong
trinh dao ham riéng

Nhu da trinh bay & nhitng chuong truée, phuong phap phan ti hitu han c6
thé 4p dung cho cac bai toan bién. Cac bude chinh clia phuong phap PTHH
cho nghiém ctia bai toan bién:

i. Phéat biéu bién phan hay phét biéu yéu bai toan; va
ii. Giai xap xi phuong trinh bién phan nho PTHH.

Chuong nay trinh bay cach tim nghiém xap xi PTHH clia bai toan bién thong
qua mot s6 thi du, dong thoi giéi thieu cach nhin van dé theo quan diém giai
tich ham.

3.1 Phuong trinh elliptic

3.1.1 Bai toan 1-chiéu
Thi du 3.1. Ky hiéu 2 = (0,1). Tim u théa phuong trinh vi phan

d2
CULr—0, zeq, (3.1)

dz?

ciing véi cac dieu kién bien:

u(l) = g, (3.2)
_%(0) . (3.3)

0 day f: Q — R la ham cho trudc, con g, h 1 céc sb6 thuc cho trude.

29
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60 CHUONG 3. PTHH CHO PHUONG TRINH DAO HAM RIENG
Bai toan nay c6 nghiém giai tich:
1 y
wz) =g+ (1 —2)h +/ {/ f(z)dz} dy. (3.4)
T 0

Ky hiéu:

S = {s|s € H'(R2),s(1) = g} 1a tap hop cac ham thi ;

V = {vjv € H'(Q),v(1) = 0} 1a tap hop cac ham trong lugng.
Bai toan bién phan:

Cho f, g, h nhu trudéec. Tim u € S sao cho véi moi w € V.

Y dw du !
——dx = d h. )
/0 0 /0 wfdz +w(0) (3.5)

Dusi day, dé don gidn ta goi bai toan bién (3.1) - (3.3) 1a bai toan (S), con
bai todn bién phan (3.5) la bai toan (W)!. Vé phuong dién toan hoc ta can
chiing minh:

Dinh ly 3.1. Dudi cdc gid thiét thich hop ta cé:
(a) Néu u la nghiém cia (S) thi u cing la nghiem cia (W).
(b) Néu u la nghiem cia (W) thi u ciing la nghiém cia (S).

Ching minh
(a) V1 u la nghiém cta (S) nén

! d?*u

v6i moi w € V. Tich phan timg phan vé phai,

L dw du ! du
= ——dxr — dx — w—
0 /0 dz dz /0 wfd Yir

1

0
Dung diéu kién bién (3.3) va w(1) = 0, ta dugc:

Y dw du !
/0 %%dx—/o wfdx +w(0)h. (3.6)

Hon nita, vi u 1a nghiém ctia (S) nén né thoa u(1) = g va vi vay u € S. Cudi
cuing, vi u thoa (3.6) v6i moi w € V nén u théa dinh nghia nghiém yéu cho

béi (W).

1S 1a chit dau ctia Strong, &m chi phat biéu (hay dang) manh ctia bai toan. W la chit
dau ciia Weak, am chi phat bié¢u (hay dang) yéu ciia bai toan.
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3.1. PHUONG TRINH ELLIPTIC 61

(b) Bay gio gid st u 1a nghiem yéu. Vay u € S, suy ra u(l) = g, va

Y dw du !
— —dz = d 0)h
/0 7 17 /wa x + w(0)

voi moi w € V. Tich phan tit phan vé trai va ding w(1) = 0, ta dugc

O:/Olw(%Jrf) d + w(0) {Z—E(O)Jrh}. (3.7)

Dé chitng minh u 14 nghiém ctia (S) chi can chiing minh ring (3.7) dan dén:
(i) %%—szi:rénQ;Wm
(i) 9£(0) + h = 0.

Dau tién ta chting minh (i). Dinh nghia w trong (3.7) bdi

d*u
w=¢ <@ + f) :
trong d6 ¢ tron; ¢ > 0 v6i moi z € Q; va ¢(0) = ¢(1) = 0. Chéng han, ta c6
thé 1ay ¢(z) = 2(1 — z). Do w(1) = 0 nén w € V. Thay w vao (3.7) thi dugc

1 2 2
0:/ ¢(d—1j+ ) dx + 0.
0 dx
>0

Suy ra (i) phai duge thoa.
Ding (i) trong (3.7) dé chiing minh (ii), cu the la

du
0= —(O0)+h|.
o[z
Ta ¢6 thé chon w € V sao cho w(0) # 0. Vay (ii) ciing dugc chiing minh  m
Dat:

L dw du

a(w,u) = | drdr T, (3.8)

(w, f) = /wada: (3.9)

lan luot 14 dang song tuyén tinh ddi xing lién tuc, dang tuyén tinh lién tuc
tren V. Phuong trinh bién phan (W) c6 thé viét lai:

a(w,u) = (w, f) + w(0)h. (3.10)
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62 CHUONG 3. PTHH CHO PHUONG TRINH DAO HAM RIENG

Ap dung PTHH cho bai toan bién phan la xay dung céc xap xi hdu han
chiéu ctia S va V, ky hieu S" vi V" tuong ting. Chi s6 trén h lien he vdéi
lu6i hay phép phan hoach mién xac dinh ctia bai todn € thanh cac phan tit
hitu han. Thong thuong ta mudn S* ¢ S va VP C V, xap xi nhu vay goi 1a
zdp xf trong. T dicu kién bién ta thay néu u” € S", wh € V" thi (1) = ¢,
w"(1) = 0. Cho truée ham ¢g" € S*. Moi ham u € S* ¢6 thé biéu dién dudi
dang u" = v" + ¢g", trong d6 v" € V". T phuong trinh (3.10), ta c6 phuong
trinh

a(w", u") = (w", f) +w"(0)h (3.11)

xac dinh nghiém yéu xap xi v” théa (3.11) v6i moi w" € V"; hay x4c dinh
v e VP (uh = oh 4 g") thoa

a(w", ") = (w", f) + w"(0)h — a(w", g") (3.12)

Tém lai, ta c6 dang Galerkin ctia bai toan (xap xi), ky hieu (G), dugce
phat bi¢u nhu sau: Cho truée f, g, h nhu trén, tim v = " 4 ¢*, v € V",
sao cho v6i moi wh € V"

a(w", ") = (", f) +w"(0)h — a(w", g").

Cho dén day, ta c6 bai toan xap xi clia bai toan bien ban dau. Ap dung
PTHH cho bai toan, thuc chat, 1a xay dung khong gian xap xi V" bing
PTHH (xap xi ham).

Xay dung khéng gian xap xi V" bang PTHH
Mién Q dugce chia thanh ne phan tit hitu han (doan con) béi nn = ne + 1
diém niut:
D=z <x9<...<TpN,
phan tif thit e 14 doan [z, Zc, 1], chiéu dai h, = 211 — ..
Ham w" € V" (khong gian xap xi) 1a da thitc bac nhat trén ting phan ti

w" = SN (x) + NS (2) = N°° 1, < & < Ty (3.13)

V6i cach xap xi nay ta c6 ho ham tuyén tinh tit manh: Ny, N, ..., Np,, goi
la ham dang toan cuc, xac dinh nhu sau:
* N lien két vé6i nut 1:

To — X
N1($) = hy

0 néu r >

néu 0=u; <z <,
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3.1. PHUONG TRINH ELLIPTIC 63

x N; (2 <i<nn-—1) lién két véi nit i (nat trong):

T — T;_ )
St Y Y T <x <z
hi—q
h;
0

néu r < r;_1 hay x > ;44
* N,,,, lién két v6i nut nn:
0 néu < Tpp_1

N, xTr) = T — Tpn-1 £
nn( ) — neu Tpp—1 S x S Tnn
hnn—l

Hinh 3.1: Cac ham dang toan cuc.

Cac ham dang N; 1a sy "lap ghép" ham dang clia cac phan tit c6 chung
nit i. Dé thay cac ham N; thoa diéu kién kronecker

Ni(z;) = b
va vi vay ho ham nay doc lap tuyén tinh. Do w”(1) = 0, ta dinh nghia:
V" =< Ny, Ny, ..., Np,_1 >. Diéu nay c6 nghia la néu w” € V" thi ton tai
cac hang s thyc ¢;, i = 1,2,...,nn — 1 sao cho
nn—1
wh = C1N1 + CQNQ + ...+ Cnnlennfl = Z CiNi = NC, (314)
i=1
trong A6 N =[Ny Ny ... Nypal,c={cica ... cun1}’.
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Dé xéac dinh cac ham u" € S ta dua vao ham ¢" dinh nghia nhu sau
¢" = gN,,,, khi d6 néu v € S" thi ton tai cac sé thuc ¢;, i = 1,2,...,nn—1,
sao cho

nn—1
ul = Z ¢ Ni + gNpn = Nq + 9N, (3.15)
i=1
trong A6 q = {q1 ¢2 -+ Gun—1}".

Bay gio thay (3.14) va (3.15) vao phuong trinh Galerkin (3.12), roi dung
tinh song tuyén tinh clia a, va tinh tuyén tinh ctia céc bicu thic con lai, ta
duogc:

nn—1 nn—1 nn—1 nn—1

Z CZ‘(I(NZ',N]‘)Q]' = Z Cz(szf) + h Z CZNZ(O) — g Z CZ'CL(NZ‘, Nnn)
i=1 =1

ij=1 i=1

Vi phuong trinh trén théa v6i moi w” € V" nén né thda véi cac ¢; ty ¥, suy
ra:

nn—1
> a(Ni,Nj)g; = (Ni, f) + hNi(0) — ga(N;, Ny (3.16)
j=1

véimoiz=1,2,...,nn.

Ky hicu: K;; = a(N;, N;), pi = (NG, f) + hN;(0) — ga(N;, Npy,) thi (3.16)
trd thanh:

nn—1

j=1

hay du6i dang ma tran

Kq =p,
trong A6 K = [Kyl, a={q1 @2 --- @}’ P ={p1 P2 ... Pun}’, dbi chiéu
v6i muc trude, 1lan lugt 1a ma tran do ciing toan cuc, vects chuyen dich, vecto
tai toan cuc (sau khi khit diéu kién bién).

Nhan xét 3.1. Ldi trinh bay & day, theo quan diém toan cuc, néu bat ¥
tudng co ban ctia PTHH 1a xap xi khong gian ham V' bang khong gian hitu
han chiéu V". Tuy nhién, trong thyc hanh giai cac bai toan bién ngudi ta
tién hanh theo quan diém dia phuong. °

Thiét lap phuong trinh PTHH (Galerkin) theo quan diém dia
phuong
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Sau khi da phan hoach mién © (buéc 1), chon da thiic noi suy cho ting
phan tit (budc 2). Buée 3, thiét 1ap phuong trinh PTHH dugce thyc hien bing
cach xét phuong trinh (3.1) trén phan tit hitu han Q© = (z,,zcy1). Thuc
hién tinh toan tuong tu nhu khi thiét lap cong thitc bién phan,

Tet+1 d2u
/xe (w + f) wdz.
Tich phan ting phan:

Tett dw du et du du
/xe ——dx = /xe wfdr + %(xeﬂ)w(xeﬂ) - %(xe)w(me) :

NS
s6 hang lien quan dén bién phan tit

Dung cac ky hiéu
Tet1 d d Te+1
a’(w,u) = / %ﬁda@, (w, f)¢ = / wfdr,

cong thiic trén c6 thé viét lai:
d d
a*(w,u) = (w, ) + T (@) w(@e) = T (@wlae).

Theo cach xap xi ham trén Q°, w" = N¢c® va u" = N°q°, thi

2
> cCat(NG, N§)qs =
a,f=1
2 2 due due
e(N¢€ e I . N€ . — —(z. N€ . )
;ca< o ) +;ca[dx (Tes1) NE(@ern) = (@) Ne (@ >]

e s e A
Do cac ¢, 1a tuy y nén
2

> a“ (N Nj)gs =

B=1
o e du® . du® .
(N2 1)+ | s )NECns) = G ()N |
Ky higu:
2,8 = ae(N()el’NE)?
€ (4 € due e due €
pe = (NS )+ dr (xe-&-l)Na(xe-&-l)_%<me)Na(3}e) )

N /
-~

s6 hang lién quan dén bién phan ti
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phuong trinh thanh:
keqe — p€7
trong d6 k¢ = [kgg] va p® = {p5} lan lugt la ma tran do ciing va vecto tai
phan ti. Cu thé, trong tinh toan thuc hanh, ma tran do cting phan ti dugc
tinh bdi cong thic:
S U . |
kz:z[—l 1}

con vecto tai phan tit, xap xi PTHH ham f cting kiéu, duge tinh nhu sau.

Tet+1 2 Te+1
P = (N2, 1) = stdxzz( N;N;dx) 1),

Te 521
suy ra
pe — E [ Zf(me) + f(xe-i-l) :|
6 f(xe) + Qf(errl)

Chu ¥, 6 day ta khong dua vao s6 hang lien quan dén bién clia phan ti, vi n6
sé bi triet tieu (khit 1an nhau) khi 1&p ghép néu bién nim beén trong, hodc sé
dudc xéc dinh tir dieu kién bién bai toan néu bién nim trén bién clia mién.
Trong bai toan dang xét, tai nit dau (phan ti thit nhat),

_ﬂm 1) _[g]

—— a:l)Nl(:cl)

Do do, ta chi can "cong them" h vao thanh phan thi nhat (tng véi nat 1)
clia vectd téi toan cuc (xem chuong trinh pthh3_1.m).
Phan con lai dugce thyc hién tuong tu nhu da trinh bay trong muc trude.

Nhan xét 3.2. Ta c6 thé tinh "gop" ma tran do cing phan ti, vecto tai
phan ti (dang ma tran). Trong ¢ ta c6:

w=N, u=N°q, [=N°fe
Thay vao biéu thiic ctia a®(w,u),
a®(w,u) = a®(N°® N°q°)

Te+1 d d
— el _NeT —N¢¢d
/xe " dr T

et od
— el _NeT_Ned
¢ ( /xe dx e )4

CeTke e’
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trong do

ke = / BERANESCENTAN (3.18)
Y dx ' '

Tuong t, thay vao biéu thitc clia (w, f)€,

Te+1
(w7 f)e — / CeTNeTNeqedI

Te+1
— ceT (/ NeTNedl’> qe

el e
= ¢ p,

trong do

Te+1
pt = ( / NeTNed:c) q°, (3.19)

Céc cong thiic (3.18), (3.19) rat thuan tién cho viéc tinh ma tran do cing va
vecto tai phan tit bang Matlab (symbolic). .

Chuong trinh pthh3 1.m

Chuong trinh dugc viét cho thi du 3.1 véi cac s6 ligu cu thé: f(r) = —6x,
g = —1, h = —2. Nghiém chinh x4c: u = 23+ 22 — 4. Nguoi doc nén do6i chiéu
v6i chuong trinh thanhnn.m dé thay cac thanh phan chung ctia cac chuong
trinh PTHH.

% pthh3_1.m

% chuong trinh thi du 3.1, f=-6x, g=-1, h=-2
% T.A. Ngoc

% update: 25/9/2009

% bien - mo ta

honn ... .. tong so nut

% ne ....... tong so phan tu

% coord .... vecto toa do cac nut
hla ... ma tran lap ghep

% dcond .... dieu kien Dirichlet

% fcond .... dieu kien Neumann

hke ... ma tran do cung phan tu
hpe ....... vecto tai phan tu

hogk ... ma tran do cung toan cuc

hgp «oonn.. vecto tai toan cuc
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hq ooenon.. vecto chuyen dich nut toan cuc
% chuong trinh goi function ffunc3_1 - ham f

clear all

% TIEN XU LY

ne=10;

nn=ne+1;

coord=0:1/ne:1;

for e=1:ne
la(e,1)=¢e;
la(e,2)=e+1;

end

fcond=[1 -2];

dcond=[nn -1];

% XU LY

gk=zeros(nn,nn) ;

gp=zeros(nn,1);

% tinh ma tran do cung va vecto tai toan cuc

for e=1:ne
i=la(e,1);
j=la(e,2);
x1l=coord(i);
x2=coord(j);
% ma tran do cung phan tu
ke=1/abs(x2-x1)*[1 -1; -1 1];
% lap ghep
gk(i,1)=gk(i,i)+ke(1,1);
gk(i,j)=gk(i,j)+ke(1,2);
gk(j,1)=gk(j,1)+ke(2,1);
gk(j,j)=gk(j,j)+ke(2,2);
% vecto tai phan tu
pe=abs (x2-x1) /6% [2xffunc3_1(x1)+ffunc3_1(x2); ffunc3_1(x1)

+2%ffunc3_1(x2)];

% lap ghep
gp(i)=gp(i)+pe(l);
gp(j)=gp(j)+pe(2);

end;

% dua vao dieu kien nut

for i=1:size(fcond,1)
gp(fcond(i,1))=gp(fcond(i,1))+fcond(i,2);

end
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for i=1:size(dcond,1)
for j=1:nn
gp(j)=gp(j)-gk(j,dcond(i,1))*dcond(i,2);
end
for j=1:nn
gk(dcond(i,1),j)=0.0;
gk(j,dcond(i,1))=0.0;
end
gk(dcond(i,1),dcond(i,1))=1.0;
gp(dcond(i,1))=dcond(i,2);
end
q=inv(gk) *gp;
% HAU XU LY
disp(sprintf(’\n %s’,’>  KET QUA SO VOI NGHIEM CX’))
% nghiem chinh xac u=x"3+2%x-4
ucx=coord. ~3+2*xcoord-4;
% xuat chuyen dich
disp(sprintf(’%s’, ’nut uxx ucx’))
for i=1:mn
disp(sprintf (*%d\t\t %f\t\t %f’,i,q(i),ucx(i)))
end
disp(sprintf(’%s%e’,’sai so cuc dai: ’, max(abs(q-transpose(ucx)))))

Ham dugc goi trong thi du 3.1:

% ffunc3_1.m

function v = ffunc3_1(x)

% ham duoc goi trong thi du 3.1
Vv = -6%Xx;

end

Két qua chay chuong trinh:

KET QUA SO VOI NGHIEM CX
nut uxx ucx
-4.000000 -4.000000
-3.799000 -3.799000
-3.592000 -3.592000
.373000 -3.373000
-3.136000 -3.136000
-2.875000 -2.875000
-2.584000 -2.584000

~NOo O WN -
|
w
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8 -2.257000 -2.257000

9 -1.888000 -1.888000

10 -1.471000 -1.471000

11 -1.000000 -1.000000

sai so cuc dai: 5.773160e-015

3.1.2 Bai toan 2-chiéu
Thi du 3.2. Cho Q 14 tap md bi chan trong C R? véi bién I, giai bai toan
bién elliptic:

—Au = f(x), x€Q, (3.20)
u = 0 trénT, (3.21)

trong d6 f = f(x), x = (z,%), 1a ham cho trudc thuoc 16p L*(9).

Phuong trinh dao ham riéng trong bai toan trén goi la phuong trinh Pois-
son. N6 la mo hinh todn hoc ciia nhiéu bai todn gdp trong vat ly. Thi du, goi
w la nhiét do phan bé trong vat thé chiém mién Q C R3. Néu qud trinh dan
nhiét la dung ta co cac hé thic sau:

G = —ki(x) gu ., x€Q,i=1,2,3 (dinh lugt Fourier), (3.22)
Xy
V-q = f, xe€Q (dinh luat bao toan nang luong), (3.23)

d day q = (q1,q2,q3), ¢ ky hiéu dong nhiét theo hudng x;, k;(x) la do dan
nhiét tai x theo hudng x;, f(x) la mat do nguon nhiét tai x. Néu k;(x) =1,
x €Q,i=1,2,3, khit q; trong (3.22) - (3.23) ta dugec —Au = f trong SQ.

> Phdt biéu yéu
Dua vao khong gian ham Hj(Q) = {v € H'(Q)] v = 0 trén T'}. Lay
w € HY(Q) tuy ¥, tich vo huéng w véi hai vé phuong trinh (3.20),

—/QwAudXZ/wadx- (3.24)

dr dx  dy Ay’

0
0 ou 0 U ou
/Q {% (w%) + a_y (w—y)] dx = /Fwa—ndf = 0.

0 < 0u> 0 ( 0u> owou Owodu
wAY = — | w— | + =— -
0
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Trong bién doi cudi ta da ding cong thitc Gauss véi n 1 vectd phap tuyén
don vi ngoai nén (3.24) tré thanh

/Vw-Vudx—/wfdx+/w8—udF. (3.25)
Q 0 T an

Dung diéu kien w = 0 trén I', cudi cung, ta dugc cong thiic bién phan cla
bai toan bién:

/va -Vudx = /wadx. (3.26)

Dua vao dang song tuyén tinh (d6i xiing) a(-,-) va dang tuyén tinh £(-) trén
H}(Q) dinh béi:

a(w,u) = / Vw - Vudx, (3.27)
Q
lw) = /wadx; (3.28)

bai toan bién phan tuong tng: tim u € Hj () sao cho

a(w,u) = L(w) Yw € Hy(Q). (3.29)

> Su ton tai va duy nhat cia nghiém yéu

Trong chuong 1 ta da "thong bao": su ton tai va duy nhat nghiem (yéu)
ctia bai toan bién phan duge chiing minh nhg dinh Iy Lax - Milgram, va trong
truong hgp dang song tuyén tinh a(-, -) d6i xting thi bai toan bién phan tuong
duong vé6i bai toan téi wu. Bay gio, trude khi ap dung PTHH cho bai toan
dang xét, ta sé chitng minh sy ton tai nghiém, st tuong duong vdi bai toan
t6i uu ctia bai toan nay.
B6 dé 3.1 (Poincaré -Fredrichs). Gia s Q2 C R™ la tap md bi chan vdi bién

[ di tron va cho u € H(); thi ton tai mot hang s6 ¢(SY), doc lap doi vdi u
sao cho

ou

2
5, )| dx (3.30)

/ |u<x>|2dxsc<9>g | |5

Chitng minh. Vi moi ham u € H}(Q) 1a gi6i han trong H'(Q) cia mot
day {u,}>_, C C°(9), nén chi can chiing minh bat ding thic nay véi
u e Cr(Q).
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Dé don gian, ta trinh bay chiing minh cho truong hop Q = (a,b) x (¢, d) C

R?. Chitng minh cho  tong quat 14 tuong tu.
Hién nhién,

0 0
uoy) = ulap)+ [ Shends = [ Fhends c<y<d

Rdi, béi bat dang thic Cauchy - Schwarz,

/ (e, y)Pdzdy =
Q

y)dg

dxdy

IN

//w—w(
/a (x — a)dx x
(b—a) /Q Ox

/Q lu(x, y)Pdzdy < %(d _ 0)2/9

Cong hai bat dang thic vita tim, ta dugc

|t sy < @) | (

trong do6 ¢(Q) = ((b_%)z + ﬁ)_l-

u

2
df) dxdy

IA

d€ dy

IN

() dxdy

Tuong tu,

2

Ou dxdy.

8_y(x’y>

ou
%('Tay)

Diing Bo6 dé 3.1 dé dang kiém tra bai toan bién phan (3.29) thda cac diéu

kien ctia dinh ly Lax - Milgram nén c¢6 nghiém (yéu) duy nhat.

> Bai todn cuc tiéu héa (161 wu)

Do tinh déi xting ctia dang song tuyén tinh a(-, ) nén bai toan bién phan
(3.29) c6 thé phat biéu lai nhu 1 bai toan cyc tiéu héa. Dé chinh xac hon, ta
dinh nghia phiém ham toan phuong (quadratic functional) J : Hj(Q) — R

baéi

J(v) = %a(v,v) —l(v), wve& Hy(Q).
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Bo6 dé 3.2. Cho u la nghiém yéu (duy nhat) cia (3.29) trong HE(Q) va gid
st rang a(-,-) la dang song tuyén tinh doi xing trén HY(Q); thi u la cdi cuc
tiéu héa duy nhat cia J(-) trén H(Q).

Chitng minh. Cho w 1a nghiém yéu duy nhat cta (3.29) trong H}(Q) va véi
v € HNQ), xé6t J(v) — J(u):

T(0) - J(u) — %a(v,v) - %a(u,u) -
= Lo - %CL(u, w) = a(u, v — u)
= Jlafv,v) — 2a(u, ) + afu,w)
= Lla(v,v) ~ a(v,w) — au,v) + afu,w)] (do tinh déi ximg)
1

= 5@(1} — U,V — ).
Vi (3.30) nén ton tai hang s6 duong ¢ sao cho a(v—u,v—u) > col|v—ul| g1 (q).
Vay,
J(v) = J(u) > collv — ullgrqy > 0= J(v) > J(u) Vv € Hy();

nghia 1a u cyc tiéu hoa J(-) trén H} ().
Hon nita, dé& thay « 1a cai cuc tiéu héa duy nhét. n
Dé dang chitng minh J(+) 161, nghia 1a

J(1=0)w+0w) < (1—0)J(v)+0J(w) V8 € [0,1], Yo, w € Hy(Q).

[Dung dong nhat thic
1
(1—=0)J(v)+6J(w)=J((1—0)v+6w)+ 59(1 —0)a(v —w,v — w)

va bat dang thitc a(v — w,v — w) > 0.]
Hon nita, néu u cye tiéu hoa J(-) thi J(-) c6 mot didm dimg (stationary
point) tai u; cu thé,

/()0 = Tim J(u+ Av) — J(u)

A—0 A =0

v6i moi v € Hy(Q). Vi
J(u+ Av) — J(u)
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ta két luan ring néu u ciyc tiéu hoa J(-) thi

lim[a(u,v) — {(v) + éa(v, v)] = a(u,v) — L(v) =0 Yv € Hi(Q),

A—0 2
diéu nay ching minh bo dé dudi day.

Bo6 dé 3.3. Gid sttu € H}(Q) cuc tiéu héa J(-) trén HL(Q); thi u la nghiém
(duy nhdt) ciia bai toan (3.29). Bai todn (3.29) dudc goi la phuong trinh Euler
- lagrange cho bai todn cuc tiéu héa nay.

B6 dé nay la dao clia bo dé trude. CA hai bo dé bicéu dién sy tuong duong
ctia bai toan (3.29) v6i bai toan cuc tieu héa: tim u € H} () sao cho

J(u) < J(v) Vv e Hy(Q). (3.32)

> Xap zi PTHH

Bay gio ta 4p dung PTHH dé xap xi bai toan bién phan (3.29), ding
phan tit tam gidc v6i noi suy tuyén tinh.

Budc 1: phan hoach mién Q bdi luéi cac tam gidc Q°.

Budc 2: xap xi ham bang da thitc bac nhat trén ting phan ti (phan ti
tam giac 3 nut), v6i phan tir Q¢ 1a tam gidc v6i cac nat duge danh so thit tu
dia phuong ngugc chiéu kim dong ho* x; = (z;,v:), i = 1,2, 3,

u@ — Neqe
trong d6 N° = [Ny (z,y) N5 (z,y) N5(z,y)],

Loy — Yos + x(—y3 + y2) — y(—x3 + x2)

Ne T,y = )
1( ) TolYs — Y23 — L1Y3 + Y123 + T1Y2 — Y122
N(z,y) = —1y3 + 173 + 2(—ys + 1) +y(—z3 + 21)
2vn TolYs — Y23 — T1Y3 + Y13 + T1Y2 — Y122

T1Y2 — Y1T2 + $(—y2 + y1) - y(—xz + :Bl)
Ni(z,y) =

Toys — Yoz — T1Y3 + Y1T3 + T1Y2 — Y1T2

a° = {qf ¢5 ¢5}7 v6i ¢f = u(xi), i =1,2,3.
Budc 3: tt phuong trinh

—Au = f(x), xe€Q°

2Cach danh s6 nay nhim muc dich phép bién déi tit phan tit Q° sang phan tit tham
chiéu (xem thi du 2.2) c6 Jacobian duong.
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ta c6 cong thiic bién phan clia bai toan phét biéu cho phan ti& Q¢ véi bien
Ie:

Vw~Vudx:/ wfdx+/ w%dFe. (3.33)
Qe Qe . On

Ky hiéu nhu trong thi du trudc,

e

ae(w,u):/QVw-Vudx, (w,f)ez/ wfdx,

cong thic tren co thé viét lai:

a®(w,u) = (w, f)° +/ wg—zdFe.

Fe

Tuong ty nhu thi du truée, tinh ma tran do cing phan ti,

kig = a°(Ng, Nj) = / VNS - (VN§)Tdx, «,8=1,2,3.
Nhung dé tinh tich phan trén Q¢ thi, khac véi thi du trude, ta can déi bién
dé bién déi mién Q° thanh mién don gian hon giéng nhau cho moi phan ti.
Mot cach ty nhién, mién don gidn dugc chon 1a phan tit tham chiéu 2-chiéu
(xem thi du 2.2), tam gidc Q" v6i céc dinh &, = (0,0), &, = (1,0), &5 = (0, 1)
trong mat phang toa do £n, lan luct tuong ting véi cac nit X, Xo, X3. Phép
bién ddi tuong ting gitta diem & = (£,7) véi diém x = (z,y):

x = (1 =& —n)x1 + &xa + nXs. (3.34)

Ma tran Jacobi ciia phép bién doi:

0r 0
_ | 06 On | _ | T2— X1 T3 — 21
J= = : 3.35
@ @ Y2—Y1 Ys— U ( )
o0& On

Dinh thic Jacobi (Jacobian):
J=detJ = (zo —71)(ys — v1) — (x3 — 21)(y2 — ¥1)- (3.36)
Dé bién ddi ham dudi dau tich phan, diing cong thiic (2.47), ta c6

VNS =V'N I, (VNHT =T TV'N.
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Ap dung cong thiic ddi bién sb trong tich phan hai 16p

£s = mVTNg(J‘lJ‘T)(VTNE)TJdgdn

1 1-¢ ~ R
= J / d¢ / VI NI I (VI Ng) dn,
0 0
trong d6 cac ham dang trong hé toa do tham chiéu:
Biéu thic cu thé cua kgﬁ c6 thé tim duge nhs Matlab, script file:

% mtdc2D.m

clear all

% tinh ma tran do cung phan tu

syms x vy x_1 y_1 x 2y_2x_3y_3

Jmat=[x_2-x_1 x_3-x_1; y_2-y_1 y_3-y_1]; % ma tran jacobi

J=abs(det (Jmat)); % jacobian

Jinv=inv(Jmat); % ma tran dao cua ma tran jacobi

syms xi eta

N=[1-xi-eta xi etal;

for i=1:3

for j=1:3
ke (i,j)=simplify(J*int (int ([diff (N(i),xi) diff(N(i),eta)]

*xJinv*transpose (Jinv)
xtranspose([diff (N(j),xi) diff(N(j),eta)]),
eta,0,1-xi),xi,0,1));

end

end

Két qua
kY = %(yi — 2ypys — 2xax3 + 15 + Y5 + 73),
/{:S) = —%(y?f — Ysy1 — Y2ls + YoY1 — Tolz + TaT1 + T3 — T321),
ki? = —5(—3&?/3 + ysyr + Y5 — Yayr + 15 — Taxy — BTy + T3T1),
k?;) = —%(yi — YsY1 — YalYs + Yay1 — TaZ3 + Tox1 + !Eg — T321),
kég) = %(Zlg — 2ysy1 + i + xF — 2a311 + 17),
k= %(—yzys + Y3y + Yot — YT — Doy + 2371 + 29wy — 17),
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e 1

k:(n) = _ﬁ(—yzw + ysyr + y% — Yo + x% — LX) — ToTy + T3T1),
e 1

kéQ) = ﬁ(—ywz’, + Ysy1 + Yay1 — y% — To@3 + X374+ Ty — 27,
e 1

Ky = ﬁ(yg — 21 + i + x5 — 20011 + 7).

Véi vecto tai phan ti, ciing nhu thi du trude, ta "bd qua" s6 hang lién
quan dén bién clia phan ti,
ou
N ——dr°
/ e “ On

va xap xi ham f trén phan ti v6i ciing mot kicu PTHH, ta dugc:

3
o= (NS £ =) f(xp) ) NEN§dx. (3.37)
B=1 ‘

Ap dung cong thiic déi bién trong tich phan hai 16p:

3. 1 1-¢£
pe=> 15 /0 d¢ \ NENgJdn, (3.38)
8=1

trong d6 ky hieu f§ = f¢(¢s,m5), 8 =1,2,3.
Thay biéu thiic clia cac ham dang trong toa do tham chiéu, cudi ciing ta
duge:

J 2f1+ fa+ f3
P’ = o1 fi+2f+ /s |- (3.39)
Ji+ fa+2f3

Két qua nay thu dugc tir script file:

% vttai2D.m

clear all

% tinh vecto tai phan tu

syms x y x_1 y_1 x 2 y_2x_3 y_3

Jmat=[x_2-x_1 x_3-x_1; y_2-y_1 y_3-y_1]; % ma tran jacobi
J=abs(det(Jmat)); % jacobian

syms xi eta f_1 £ 2 £_3

N=[1-xi-eta xi etal;

F=[f_1; £_2; £_3];
pe=simplify(J*int (int (N*F*transpose(N),eta,0,1-xi),xi,0,1));
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Bude 4:vi diéu kién bién ctia bai toan 1a dicu kién Dirichlet nén céc "sd
hang lién quan dén bién ctia phan t1ii" (trong biéu thitc tinh vecto tai dia
phuong) duge "ap dat" bang 0 khi x, € T', do d6 vecto tai trong toan cuc
khong can hi¢u chinh® (xem nhan xét 3.5). Viec khit diéu kién bién Dirichlet
tuong tu nhu trong thi du truée. Thong tin vé diéu kién Dirichlet duge chita
dung trong mang 2 cot dcond c6 cau tric nhu sau:

TT nit | Gid tri
nat 1 | gia tri 1
nat 2 | gia tri 2

S6 dong ctia mang nay bang s6 diém nit ndm trén bien.

Noi dung ctia bude 4, 5 khong khac thi du truée.
Chuong trinh pthh3 2.m

Chuong trinh duge viét cho thi du 3.2 véi Q = [0,1] x [0,1], f(z,y) =
(6y — 4)z*(x — 1) + 2y(1 — y)*(3z — 1). Nghiem chinh x4c ctia bai toan:
u=2z*(1-=z)y(l —y)*

Thi tuc ddnh s6 nit va phan ti

Vé nguyén tic viec danh s6 thi ty phan ti, thit ty nat toan cuc (tuong
tng dia phuong) la tuy ¥, mién 13 hai phan tit (tuong tng nut) khac nhau
duge danh s6 khac nhau. Thong thudng, trong cac bai toan phic tap, sau
khi chia lugi PTHH nguoi ta danh s6 phan t, nat bang "tay", roi nhap di
lieu duéi dang file dit lieu. Trong céc bai toan minh hoa trong chuong nay,
do mién xéac dinh ciia bai toan c6 dang don gidn nén ta cé thé dua ra thi
tuc danh s6 phan ti, nit, tham chi ca toa do ctia chiing. Duéi day 1a thi tuc
(tu dong) dé nghi thyc hién cong doan nay.

Hinh vuong [0,1] x [0,1] duge phan hoach bang ludi cac tam giac. Goi
mg va my 1an lugt 1a s6 dudng toa do x = const (doc) va y = const (ngang)
phan hoach mién. Viéc danh s6 niat duge thie hién tuan ty tit dudi lén treén,
tit trai qua phai. Theo cach nay thi nat & giao diém duong doc thi i véi
duong ngang thtt j ¢ thi tu 1a (j — 1)mg + 4. Tong s6 nit 1a nn = mgmy,.

Cach danh s6 phan tit ciing duge thuyc hién tuong ty. Cac dai gisi han
bdéi hai dudng toa do song song ké nhau duge danh s6 tit dudi len tren (doi
v6i dai ngang), tir trai qua phai (d6i véi dai doc). Phan giao ciia dai doc thit
i v6i dai ngang thit j, dudce goi 1a 6, gom hai tam giac, tam giac bén duéi co
th tu la 2(j — 1)(me — 1) + 4, con (25 — 1)(m, — 1) + ¢ la thi ty clia tam
giac trén. Tong s6 phan tit ctia phép phan hoach 1a ne = 2(mq — 1)(my, — 1).

3That ra céac ham dang N(Sf) uing véi nat x, € I' khéng ¢6 mit trong co s6 ctia khong
gian ham xap xi V",
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Hinh 3.2: D6 thi ham u = 2%(1 — z)y(1 — y)? (thi du 3.2).

79

Quy u6c danh s cac nat trong mot phan tit (thit tu dia phuong) nguge
chiéu kim dong ho, bat dau tir nit 1a dinh vuong, thi tuc xay dung ma tran
18p ghép duge thyc hién theo tung 6 (hai phan tit hitu han). Tht tu dia

phuong ctia cac nut duge cho trén hinh 3.3.
pthh3 2.m

% chuong trinh thi du 3.2,

% £=(6%y—4) *x~2% (x—1) +2*y* (1-y) ~2% (3*x-1)
% T.A. Ngoc

% update: 28/9/2009

% bien - mo ta

honx o....... so nut tren truc x
hony ....... So nut tren truc y
honn ....... tong so nut

% ne ....... tong so phan tu

% coord .... vecto toa do cac nut
hla ... ma tran lap ghep

% dcond .... dieu kien Dirichlet
hke ... ma tran do cung phan tu
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my-1 Jm,+i jm,+i+l
2 1
3N - Lim, 1+

2(j-1)(m,-1)+i

1 2
2 (G-1)m, +i (G-1)m,+i+1
m+1 i R ’
AN el ddnh s6 niit trong phdn tit
! 2 . e A A
T2 3 et nguo'c chiéu kim dong ho
1 2 i m -1 k& tix miit itng vdi dinh "vudng"

Hinh 3.3: Canh danh s nut va phan ti.

hpe -...... vecto tai phan tu

hogk ... ma tran do cung toan cuc

hgp ... vecto tai toan cuc

hq oo vecto chuyen dich nut toan cuc

% chuong trinh goi cac function: stiff3_2 (mtdc phan tu), load3_2
% (vtt phan tu), ffunc3_2 (ham f)

clear all
% TIEN XU LY
nx=20;
ny=20;
ne=2%(nx-1)*(ny-1) ;
NN=NX*NY;
for j=1l:ny
for i=1:nx
nut=(j-1)*nx+i;
coord(nut,1)=(i-1)/(nx-1);
coord(nut,2)=(j-1)/(ny-1);
end
end
for j=1:ny-1
for i=1:nx-1
el=2%(j-1)*(nx-1)+i;
e2=(2%j-1)*(nx-1)+i;
la(el,1)=(j-1)*nx+i;
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la(el,2)=(j-1)*nx+i+1;
la(el,3)=j*nx+i;
la(e2,1)=j*nx+i+1;
la(e2,2)=j*nx+i;
la(e2,3)=(j-1)*nx+i+1;
end
end
yA
dn=0;
for n=1:nn
if coord(n,1)==0.0|coord(n,1)==1.0|coord(n,2)==0.0|coord(n,2)==1.0
dn=dn+1;
dcond(dn,1)=n;
dcond(dn,2)=0;
end
end
% XU LY
gk=zeros(nn,nn) ;
gp=zeros(n,1);
% tinh ma tran do cung va vecto tai toan cuc
for e=1:ne
i=la(e,1);
j=la(e,2);
k=la(e,3);
x1=coord(i,1);
yl=coord(i,2);
x2=coord(j,1);
y2=coord(j,2);
x3=coord(k,1);
y3=coord(k,2);
%» ma tran do cung phan tu
ke=stiff3_2(x1,y1,x2,y2,x3,y3);
% lap ghep
gk(i,1)=gk(i,i)+ke(1,1);
gk(i,j)=gk(i,j)+ke(1,2);
gk(i,k)=gk(i,k)+ke(1,3);
gk(j,i)=gk(j,i)+ke(2,1);
gk(j,j)=gk(j,j)+ke(2,2);
gk(j,k)=gk(j,k)+ke(2,3);
gk(k,i)=gk(k,i)+ke(3,1);
gk(k,j)=gk(k, j)+ke(3,2);
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gk (k, k) =gk (k, k) +ke (3,3) ;
% vecto tai phan tu
pe=load3_2(x1,y1,x2,y2,x3,y3);
% lap ghep
gp(i)=gp(i)+pe(1);
gp(j)=gp(j)+pe(2);
gp (k) =gp (k) +pe(3);
end;
% dua vao dieu kien nut
for i=1:size(dcond,1)
for j=1:mn
gp(j)=gp(j)-gk(j,dcond(i,1))*dcond(i,2);
end
for j=1:mn
gk(dcond(i,1),j)=0.0;
gk(j,dcond(i,1))=0.0;
end
gk(dcond(i,1),dcond(i,1))=1.0;
gp(dcond(i,1))=dcond(i,2);
end
q=inv(gk) *gp;
% HAU XU LY
disp(sprintf(’\n %s’,’ KET QUA SO VOI NGHIEM CX’))
% nghiem chinh xac x~2(1-x)y(1-y)~2
ucx=coord(:,1).72.*(1-coord(:,1)) .*coord(:,2).*(1-coord(:,2))."2;
% xuat chuyen dich
disp(sprintf(’%s’,’nut X y uxx
ucx’))
for i=1:nn
disp(sprintf (*%d\t\t %f\t\t %f\t\t %f\t\t %f’,i,coord(i,1),
coord(i,2),q(i),ucx(i)))
end
disp(sprintf (’%s%e’,’sai so cuc dai: ’, max(abs(gq-ucx))))
% ve do thi chuyen dich
x=0:1/(nx-1):1;
y=0:1/(ny-1) :1;
for j=1:mnx
for i=1:ny
z(i,j)=q((i-1)*nx+j);
end
end
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surf (x,y,z);

0.025 T E

Hinh 3.4: Do thi nghiem xap xi (thi du 3.2).

Nhan xét 3.3. Trong chuong trinh pthh3_2.m doan ma tinh ma tran do
cting phan t1, vecto tai phan tit duge viét dudi dang function va duge goi ti
chuong trinh chinh. Diéu nay lam chuong trinh dé doc hon.

stiff3_2.m

function ke=stiff3_2(x_1,y_1,x_2,y_2,x_3,y_3)

% ham tra ve ma tran do cung phan tu (thi du 3.2)
Jmat=[x_2-x_1 x_3-x_1; y_2-y_1 y_3-y_1]; % ma tran jacobi
J=abs(det (Jmat)); % jacobian

ke = [1/2%(-2xy_2%y_3+y_3"2-2*x_2%x_3+x_3"2+y_2"2+x_2"2)/7J,
-1/2*(-y_2*y_3+y_2*y_1+y_3A2-y_3*y_1-x_2*x_3+x_2*x_1+x_3A2 oL
-x_3*x_1)/J, -1/2x(-y_2xy_3+y_3*y_1+y_2"2-y_2%y_1-x_2*x_3 ...
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+x_3*x_1+x_2"2-x_2*%x_1)/J; -1/2%(-y_2xy_3+y_2*y_1+y_3"2 -y_3*y_1 ...

—x_2%x_3+x_2%x_1+x_372-x_3*x_1)/J, 1/2%(y_372-2*y_3*y_1l+y_1"2 ...
+x_372-2%x_3*x_1+x_172)/J, 1/2x(-y_2%y_3+y_3*y_1+y_2*y_1-y_1"2 ...

—x_2%x_3+x_3*x_1+x_2*%x_1-x_172)/J; -1/2x(-y_3*y_2+y_3*xy_1-y_1xy_2 ...

—xX_3*%x_2+x_3*x_1-x_1*%x_2+y_2"2+x_2"2)/J, 1/2*%(-y_3*%y_2+y_3x*y_1 ...
+y_lxy_2-y_172-x_3%x_2+x_3*x_1+x_1*x_2-x_1°2)/J, 1/2%(y_2"2 ...
=2%y_1xy_2+y_1"2+x_272-2*x_1%x_2+x_1"2)/]J];

end

load3 2.m

function pe=load3_2(x_1,y_1,x_2,y_2,x_3,y_3)

% ham tra ve vecto tai phan tu (thi du 3.2)

J=abs ((x_2-x_1)*(y_3-y_1)-(x_3-x_1)*(y_2-y_1)); % jacobian
f_1=ffunc3_2(x_1,y_1);

f_2=ffunc3_2(x_2,y_2);

f_3=ffunc3_2(x_3,y_3);

pe=J*[2*f_1+f_2+f_3; f_1+42*f_2+f_3; f_1+f_2+2xf_3]/24;
end

Ham f dugc cho béi function ffunc3_2.m

ffunc3 2.m

function v=ffunc3_2(x,y)

% ham duoc goi trong thi du 3.2
v=(6%y-4) *x"2% (x—1) +2xy* (1-y) 2% (3*x-1) ;
end

Phan biéu dién nghiem ta dung ham surf dé vé mit cong biéu dién
nghiem xap xi. Ct phap don gidn goi ham nay 1a surf (x,y,z) v6i hai ddi s6
dau 1a vecto, tuong tng 14 hoanh do va tung do cac diém nat, déi s6 con lai 1a
mang chita gi tri cia ham can vé. Cac diém trén mat la bo ba (x(j),y (1),
z(1,3)). Chu ¥, x tuong ing véi céc cot ciia z va y tuong ing véi cac dong.
Trong chuong trinh pthh3_2.m doan mé cudi nham chuyén doi vects chuyén
dich thanh dang ma tran. °

Nhan xét 3.4. Khi tinh todn ma tran do cing ta da dung cong thitc dao
ham ham hop (2.47), nhung ¢6 mot cach khac don gian hon. Dudi day ta xét
vai thi du cho ndi suy trén phan ti tam giac A (dé don gidn ta khong ghi
chi s6 trén e) c6 cac dinh (z1,y1), (22,%2), (z3,y3) va goi A1, A2, A3 12 toa do
trong tam cua (z,y) € A.
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Ding ma tran cac ham dang N 1a noi suy da thic bac nhat. Ta c6
u = Nq = [)\1 )\2 )\3]q va w = N(5q = [)\1 )\2 )\3]5q

suy ra

ONTON ONTON
a(w,u)—/QVu Vwdx = §q /9(83: o + 3y ay)dxq

-

P
ma tran do cing phan ti k

Dé ¥ ring, trong hé toa do zy, ding biéu thic ciia toa do trong tam ta co

1
N = A [a1 + 01w + 1y ag + bax + coy az + bzx + c3y],

trong dé6 |A| la dién tich tam giac,

a1 = T2Ysz — T3Y2, A2 = T3Y1 — T1Y3, a3 = T1Y2 — T2Y1,
b1 =y2 — Y3, ba =ys —y1, b3 =y1 — o,

Cl = T3 — T2, Co2 =T1 — X3, C3 =Tz — T3.

T d6 suy ra

ON 1 ON 1
Ee 2|A\[1 2 b, By 2|A\[C1 ¢z ¢,
ON'ON 1 [ b Babe bibs |

_ = — b2b1 b2b2 blb3 )
2
81‘ ax 4|A| i b3bl b3b2 b3b3

Cc1C C1C C1C
8NT8N 1 1¢1 162 163
S A T A | €€ Gl Ci1C3
dy Oy 4AP ’
C3C1 C3Cy (C3C3

va cudi cling
1 blbl + c1c1 blbg + c1Co blbg + cic3
k = 4‘A’2 / bgbl + cocy beg + CoCo bgbg + CocC3 dx
a b3bl + c3¢q b3b2 + C3Co bgbg + cscs

1 Ja(b1by 4+ crer)dx [ (biby 4+ cica)dx [, (bibs + cies)dx
= fA(bgbl + CQCl)dX an)gbg + CQCQ)dX fA(b2b3 + CQCg)dX

2
4‘A’ fA(b3b1 + C3Cl)dX fA<b3b2 + CgCQ)dX fA(bgbg + CgCg)dX
1 bibi +cicr biby +cica bibs +cics
= M babi 4 coc1 baby + caca  babs + cacs

bgbl + c3Cq bgbg + C3Co bgbg + c3c3

CuuDuongThanCong.com https://fb.com/tailieudientucntt


http://cuuduongthancong.com?src=pdf
https://fb.com/tailieudientucntt

86 CHUONG 3. PTHH CHO PHUONG TRINH DAO HAM RIENG

Diing ma tran cac ham dang N 14 noi suy da thic bac hai. Vé6i phan ti
tam gidc ngoai cac dinh danh s6 1, 2, 3, ta lay thém cic nat noi suy duge
danh s6 4, 5, 6 14 trung diém ctia canh d6i dién véi dinh 1, 2, 3 (xem hinh

3.5).

Hinh 3.5: Phan tit Taylor-Hook.

Ta c6

N = [Ny,...,Ngl = [2A] = A1, 23 — Xa, 2203 — A3, 40300, Ashp, 400

[ 1 0 0000
0O 1 0000
0O 0 1 000
= \[Af,A%,>\§,A132,A2A3,A3A11 1 =1 040 0
R (1x6) 0 -1 -1 0 4 0
| -1 0 -1 00 4
A(‘Gr><6)

trong dé ¢ dang thic cubi ta da sip xép lai dusi dang thuan tien cho tinh

toan sau nay.
Tt cong thitc xap xi PTHH

u=Nq, w=NJdq,
ta c6 (tuong tu cho w):

on_ON__ R, on_om
or oz 1" gg ¥ oy Oy
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va
2b 0 0 by 0 b
8R 1 1 2 3
a— - [/\1 )\2 )\3] E 0 2b2 0 bl b3 0 = LB,
o AL 0 0 25 0 by by
B (3x6)
2c 0 0 ¢ 0 ¢
OR. 1 1 2 3
a— = [)\1, )\2, )\3] ﬁ 0 2C2 0 C1 C3 0 = LC,
Y | ’ 0 0 263 0 Co C1
C (};6)

trong d6 ta da ky hieu L = [\, A2, A3]. Nhu vay,

ou ou
— = LBA — = LCA
8{]’,' q? 8y q?

k=AT (BT / L'LdxB + CT / LT Ldx C) A.
A A

dung cong thic

AN ASdx = 2|A
/A iy =2 |(a+b+c+2)!

ta co

H = 2|A|

NN
N N
ol

Chu y, HT = H (ddi xiing).
Tom lai,
k = AT”(B"HB + C'"HC)A.

87

Nhan xét 3.5. Trong bai toan bién ctia thi du 3.2, néu clia mién Q, I' =
I'pUT'y gom hai phan tach biet I'p va I'y. Diéu kién bién duge cho § c hai

loai Dirichlet 1an Neumann,

u = 0, trénl'p,
ou
on

= g, trén 'y,
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88 CHUONG 3. PTHH CHO PHUONG TRINH DAO HAM RIENG

v6i g : 'y — R 1a ham cho truée. Khi do, ta phéi "cong thém" vao vecto tai
"s6 hang lien quan dén bién ctia phan ti".

Gi4 st x;x; la canh ctia phan t1 e ndm trén phan bien Neumann, "huéng
doc theo" bién nay. Cac nit 4, j (tha tu toan cuc) tuong tng véi cac nit «,
S (tht tu dia phuong) trong phan tit e. Tham s6 hoa doan x;x;,

x =x; +1(x; —x;), [€]0,1].
Véi 1 € [0, 1], dat:

gl) = gxi +1(x; —x;)),
N = NO(xa+ (x5 —%a)),

NOW) = NP (xa+ (x5 — xa)

v6i moi [ € [0, 1]. Do tinh chat cia ham dang, hai ham Ng(l), v =, (3, trung
v6i hai ham dang (bac nhat) cta doan x;x;. Cu thé la:

Ne(y=1—1, Ng(l)=1. (3.42)

"S6 hang lien quan dén bién ctia phan tit" gom cac tich phan:

Nigdxix;, v € {a,B}.

Néu trén doan nay ta xap xi ham g bdi da thitc bac nhat thi:
(1) ~ g(x;) N (1) + g(x;) N5 (1)
va

1 1
/ Nigdxix; ~ g(Xi)Lz‘j/ NSNS +9(Xj>Lij/ Ny Ngdl,
XiX; 0 0

trong d6 L;; 1a chiéu dai canh x;x;.

Qu4 trinh "cong them" dugc tién hanh lan lugt tai cac canh "nam trén"
['y. Néu v = « thi ta cong thém vao thanh phan p; (i tuong ting véi o) ciia
vecto tai toan cuc lugng:

1 1
_ o L
gy [ (NP gl05) L [ Moz = Z2290) + g0
0 0
con néu v = S thi cong them vao p; lugng:

S gl + 290
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3.1. PHUONG TRINH ELLIPTIC 89

Do phan tich trén, thong tin Iuu trit dicu kien bien Neumann dudc to chic
khéac cach luu trit dieu kien bién Dirichlet (da n6i § trén). Thay vi luu trit
theo niat, ¢ day ta luu trit theo canh. Mang fcond gom 4 cot, hai cot dau
chita thit tu toan cuc ctia nat dau va cudi clia canh, hai cot con lai lvu gia
tri tuong tng cho trude.

TT nat dau ‘ TT nat cudi ‘ Gia tri nut dau ‘ Gia tri nut cudi
nat dau canh 1 | nat cudi canh 1 | gia tri nut dau 1 | gia tri nat cudi 1
nit dau canh 2 | nat cudi canh 2 | gia tri nat dau 2 | gia tri nat cudi 2

S6 dong ctia mang bang s6 canh ndm trén bién T'y. °

Thi du 3.3. Cho Q la tap md bi chin trong C R? véi bien I' = I'p U Iy,
xét bai toan bién elliptic:

—Au = f(x), x€Q, (3.43)
u = 0 trénI'p, (3.44)

ou
m =Y trén I'y, (3.45)

trong do6 f(z,y) = 47*(2? + y?)sin(27zy), ham g xac dinh trén hai canh
r=1vay=1,

| 2mycos(2my), z =1
g(w,y) = { 2rx cos(2mx), y=1

(hinh 3.6). Nghiém chinh xac: u = sin(2wzy).

g_;f =2nxcos(2nx)

S
SIe

1

S

<

1l

Q 8

[}

-

S

<

N

u=0

Hinh 3.6: Mién Q2 va cac diéu kien bien (thi du 3.3).

Cach thic tién hanh tuong tu nhu thi du 3.2, cic két qua chinh (chi tiét
thuc hién danh cho ngudi doc):
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Khong gian ham V = {v € H'(Q)|v = 0 trén ['p}.

Cong thtic bién phan:

/Vw-Vudx:/wfdx+/ wgdl .
Q Q I'n

Dang song tuyén tinh a(-,-) va dang tuyén tinh £(-):

Bai toan bién phan: tim u € V sao cho

a(u,v) = £(v),

/ Vuw - Vudx,
Q

/wfdx+/ wgdly.
Q 'y

Yv e V.

Xap xi PTHH (ngudi doc nén thiyc hién chi tiét cac budc).

Chuong trinh pthh3 3.m
Chuong trinh dudi day la mot siita doi ciia chuong trinh trong thi du
3.2, pthh3_2.m. Hai doan ma dugc thém vio gom: doan nhap diéu kién bién
Neuman, va doan khit diéu kién bién loai nay.

b
b
b
b
b
b
b
o
T
T
b
b
b
T
b
b
b
b

CuuDuongThanCong.com

chuong trinh thi du 3.3,

f=4pi~2(x~2+y~2)sin(2pi xy), g=2pi x cos(2p x)

T.A. Ngoc
update: 5/10/2009

bien - mo ta

nx ....... so nut tren truc x

ny ....... so nut tren truc y

nn ....... tong so nut

ne ....... tong so phan tu

coord . vecto toa do cac nut

la ....... ma tran lap ghep

fcond . dieu kien Neumann

dcond . dieu kien Dirichlet

ke ....... ma tran do cung phan tu
pe ....... vecto tai phan tu

gk ....... ma tran do cung toan cuc
o R vecto tai toan cuc

q e vecto chuyen dich nut toan

cuc
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% chuong trinh goi cac function: stiff3_2 (mtdc phan tu), load3_3
% (vtt phan tu), ffunc3_3 (ham f), gfunc3_3 (dk bien)

clear all
% TIEN XU LY
nx=20;
ny=20;
ne=2%(nx-1)*(ny-1) ;
NN=nx*ny;
for j=1:ny
for i=1:nx
nut=(j-1)*nx+i;
coord(nut,1)=(i-1)/(nx-1);
coord(nut,2)=(j-1)/(ny-1);
end
end
for j=1:ny-1
for i=1:nx-1
el=2x(j-1)*(nx-1)+i;
e2=(2xj-1)*(nx-1)+i;
la(el,1)=(j-1)*nx+i;
la(el,2)=(j-1)*nx+i+1;
la(el,3)=j*nx+i;
la(e2,1)=j*nx+i+1;
la(e2,2)=j*nx+i;
la(e2,3)=(j-1)*nx+i+1;
end
end
% dieu kien bien Neumann
% canh 1 (ben trai)
fn=0; % counter dem so canh cho dieu kien Neumann
for j=1:ny-1
fn=fn+1;
fcond(fn,1)=j*nx;
fcond(fn,2)=(j+1)*nx;
fcond(fn,3)=gfunc3_3(coord(fcond(fn,1),2));
fcond(fn,4)=gfunc3_3(coord(fcond(fn,2),2));

end
% canh 2 (ben tren)
for j=1:nx-1

fn=fn+1;
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92 CHUONG 3. PTHH CHO PHUONG TRINH DAO HAM RIENG

fcond(fn,1)=nn-j+1;
fcond(fn,2)=nn-j;
fcond(fn,3)=gfunc3_3(coord(fcond(fn,1),1));
fcond(fn,4)=gfunc3_3(coord(fcond(fn,2),1));
end
% dieu kien bien Dirichlet
dn=0; % counter dem so nut cho dieu kien Dirichlet
for n=1:nn
if coord(n,1)==0.0|coord(n,2)==0.0
dn=dn+1;
dcond(dn,1)=n;
dcond(dn,2)=0;
end
end
% XU LY
gk=zeros(nn) ;
gp=zeros(nn,1);
% tinh ma tran do cung va vecto tai toan cuc
for e=1:ne
i=la(e,1);
j=la(e,2);
k=la(e,3);
xl=coord(i,1);
yl=coord(i,2);
x2=coord(j,1);
y2=coord(j,2);
x3=coord(k,1);
y3=coord(k,2);
% ma tran do cung phan tu
ke=stiff3_2(x1,y1,x2,y2,x3,y3);
% lap ghep
gk(i,i)=gk(i,i)+ke(1,1);
gk(i,j)=gk(i,j)+ke(1,2);
gk(i,k)=gk(i,k)+ke(1,3);
gk(j,i)=gk(j,i)+ke(2,1);
gk(3,j)=gk(j,j)+ke(2,2);
gk(j,k)=gk(j,k)+ke(2,3);
gk(k,i)=gk(k,i)+ke(3,1);
gk(k,j)=gk(k,j)+ke(3,2);
gk (k,k)=gk (k,k)+ke(3,3);
% vecto tai phan tu
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pe=load3_3(x1,y1,x2,y2,x3,y3);
% lap ghep
gp(i)=gp(i)+pe(1);
gp(j)=gp(j)+pe(2);
gp (k)=gp (k) +pe(3);
end;
% khu dieu kien bien Neumann
for nc=1:size(fcond,1)
i=fcond(nc,1);
j=fcond(nc,2);
x1=coord(i,1);
yl=coord(i,2);
x2=coord(j,1);
y2=coord(j,2);
lij=sqrt ((x2-x1)"2+(y2-y1)~2);
gp(i)=gp(i)+1ij*(2*xfcond(nc,3)+fcond(nc,4))/6;
gp(j)=gp(j)+lij*(fcond(nc,3)+2*xfcond(nc,4))/6;
end
% khu dieu kien bien Dirichlet
for i=1:size(dcond,1)
for j=1:nn
gp(3)=gp(j)-gk(j,dcond(i,1))*dcond(i,2);
end
for j=1:nn
gk(dcond(i,1),j)=0.0;
gk(j,dcond(i,1))=0.0;
end
gk (dcond(i,1),dcond(i,1))=1.0;
gp(dcond(i,1))=dcond(i,2);
end
q=inv (gk) *gp;
% HAU XU LY
% nghiem chinh xac sin(2pi xy)
ucx=sin(2*pi*coord(:,1).*coord(:,2));
disp(sprintf(’%s%e’,’sai so cuc dai: ’, max(abs(q-ucx))));
% ve do thi chuyen dich
x=0:1/(nx-1) :1;
y=0:1/(ny-1):1;
for j=1:nx
for i=1l:ny
z(1,j)=q((i-1)*nx+j);

CuuDuongThanCong.com https://fb.com/tailieudientucntt


http://cuuduongthancong.com?src=pdf
https://fb.com/tailieudientucntt

94 CHUONG 3. PTHH CHO PHUONG TRINH DAO HAM RIENG

z1(1,j)=ucx((i-1)*nx+j);
end
end
subplot(1,2,1)
surf(x,y,z);
subplot(1,2,2)
surf (x,y,zl);

054 ffi’?ﬂ ’ﬂ [
;}?ﬁ'ﬁ'fﬁ'ﬁ"’lﬂﬂﬂlﬁk‘!
B L1111 ul

S

UCH

Hinh 3.7: Do thi nghiem xap xi va nghiém chinh xéc (thi du 3.3).

Céc function duge goi, khong ké stiff3_2.m:
load3 3.m
function pe=load3_3(x_1,y_1,x_2,y_2,x_3,y_3)

% ham tra ve vecto tai phan tu (thi du 3.3)
J=abs ((x_2-x_1)*(y_3-y_1)-(x_3-x_1)*(y_2-y_1)); % jacobian
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f_1=ffunc3_3(x_1,y_1);

f_2=ffunc3_3(x_2,y_2);

f_3=ffunc28(x_3,y_3);

pe=Jx[2«f_1+f_2+f_3; f_1+2xf_2+f_3; f_1+f 2+2xf_3]/24;
end

ffunc3 3.m

function v=ffunc3_3(x,y)

% ham duoc goi trong thi du 3.3
V=4*pi~2% (x"2+y~2) *sin (2*pixx*y) ;
end

gfunc3 3.m

function v=gfunc3_3(x)

% ham duoc goi trong thi du 3.3
v=2%pi*x*cos (2*pi*x) ;

end

3.2 Bai toan phu thudc thoi gian

Muc nay trinh bay phuong phap phan ti hitu han 4p dung cho bai toan
khong dung.

3.2.1 Phuong trinh parabolic

Thi du 3.4. Xét bai toan bien-gia tri dau: Tim ham u(z,t) théa phuong
trinh

Uy = Uz + f, O0<z<l, 0<t<T, (3.46)
cling véi cac dieu kién bien
w(0,t) = ho(t), w(l,t)="hi(t), t>0 (3.47)
va dieu kién dau
u(z,0) =g(z), 0<z<l1. (3.48)

O day, a 1a hiing s6 duong, f(z,t), ho(t), hi(t), g(z) 1a cac ham cho trudc.
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Phat biéu bién phan nita yéu (semi-weak)

Xem ¢ nhu 1a tham s6. Dua vao khong gian ham V = H}(0,1). Véiv € V
bat ky, nhan hai vé phuong trinh (3.46) v6i v roi tich phan tit 0 dén 1. Dung
tich phan ting phan ta dugc:

d 1

1 1
— | u(t)vde = —/ Uy Uy dx —i—/ fudx. (3.49)

O day, ky hieu u(t) chi anh xa tit (0,7) vao H'(0,1).
R&i rac theo bién khong gian - PTHH
Phan hoach [0,1] thanh cac PTHH bang luéi cac nut {z;}:
O=z1 <20 < -+ < ppp =1,
Trén mdi phan ti [z, z5] xap xi nghiém can Tim duéi dang

uy, = uS(t) Ny (x) + us(t) N5 (z) = Nu®. (3.50)

Thay u§ vao phuong trinh bién phan phat biéu cho phan tit [x¢, 5],

e

d [*
pr u(tyvder = uz(xf, t)v(xg) — u. (25, t)v(z])
z§ ~ N~

SHB: s6 hang lién quan t6i diéu kién bién

x5 1
—/ umvxdx—i-/ fudz, (3.51)
T 0

e
1

Cha ¥, véi v = du,

/2u(t)5udx = (
/ CwSuydr = ( —NeT N%la:)u — suTK

NeTNedx> u® = su’Meu®,

/ * foude — ou | fNerx—éueT e

phuong trinh (3.51) thanh

gut (M0t + K°u® — p°) = [SHB].

CuuDuongThanCong.com https://fb.com/tailieudientucntt


http://cuuduongthancong.com?src=pdf
https://fb.com/tailieudientucntt

3.2. BAI TOAN PHU THUOC THOI GIAN 97

O day, Me¢, K¢, p° 1an lugt 1a ma tran khéi luong, do cing va vecto tai phan
t.
Bang thi tuc 1lap ghép ta dugc:
du(Mua + Ku — p) =0,

M, K, p lan lugt 1a ma tran khéi luong, do cting va vecto tai toan cuc.
Vi du 1a "tuy ¥" nén phuong trinh PTHH:

Mu+Ku—p=0
hay
u=M"'(-Ku+p). (3.52)

Khir diéu kign bién
Céc dieu kién bien (3.47) cho:

ur(t) = ha(t), Unn(t) = ho(t). (3.53)

Dat A = —-M'K, b= M~!p, phuong trinh vi phan (3.52) dugc viét lai:

u=Au+b
hay & dang tuong minh
hy = Apthi + Apus + -+ At in—1Unn—1 + A1 nnho + by
Ua = Aoihy + Aggus + -+ + Ao pn—1Unn—1 + A2 nnha + b
@nnfl = Annfl,lhl + Ann71,2u2 +- Annfl,nnflunnfl + Annfl,nnhQ + bpn—1
ha = Ann,lhl + Ann,2u2 +--+ Ann,nn—lunn—l + Ann,nnhQ + bnn

Dé khong lam thay doi ciu tric, ta thay phuong trinh dau va phuong trinh
cudi bang ' .

Uy = h17 Upp = h27
dong thoi nhom céc sd hang da biét lai. He phuong trinh vi phan trén thanh:

U = Ouq +O0ug + -+ + Oupp—1 + Oupy +h1
U9 = Oui + Agoug + -+ + A2,nn—1unn—1 + Oupp, +b2
+Az1hy + Az nnho

Unn—1 = Oup + Ann—1,2u2 +-+ Ann—l,nn—lunn—l + Oupg +bnn—1
+Ann71,1hl + Annfl,nnhQ .
Unn = Ouq +O0ug + -+ + Oupp—1 + Oupy, +ha

CuuDuongThanCong.com https://fb.com/tailieudientucntt


http://cuuduongthancong.com?src=pdf
https://fb.com/tailieudientucntt

98

Dang ma tran:

CHUONG 3. PTHH CHO PHUONG TRINH DAO HAM RIENG

u=Au+b,
trong do: ) )
0 0 0 0
0 A22 AQ,nn—l 0
A= : o
0 Ann—l,Q Ann—l,nn—l 0
i 0 0 0 0 |
( 0 ) ( hl A
by Asihy + Ag ppho
b= : + :
bnn—l Ann—l,lhl + Ann—l,nnhZ
\ 0 J \ ha J

Bai toan Cauchy cho hé& phuong trinh vi phan
Dieu kien dau (3.48) cho:

u;(0) = g(w;),

Day ciing 1a diéu kien dau ctia hé phuong trinh vi phan. Phuong trinh vi

1=1,2,...,nn.

phan vecto (3.54) cung véi diéu kien dau (bai toan Cauchy):

u(0)

Au+ E),
g.

Ri rac theo bién thoi gian - Thuat toan Euler

Bai toan Cauchy dugc giai bang thuat toan Euler. Dua vao ludi cac nut

thoi gian cach déu d

0:t1<t2<"'<tnt:T,

ta c6 thuat toan lap:
uW

u(n+1)

g

u™ + d(Au™ +B™),

trong do u™ la gia tri xap xi ctia u(t,) va

/

0
ba(tn)
(n) — :

bnn—l (tn)
0

CuuDuongThanCong.com
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Aorhy(tn) + Agnnho(ts)

Ann—l,lhl (tn) + Ann—l,nnhQ (tn)
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Chuong trinh pthh3 4
Chuong trinh duge viét cho truong hop: a = 1, f(z,t) = e (2? — x + 2),

ho(t) = hi(t) =0, g(x) = z(1 — z). Nghiém chinh xac: ue, = (1 — z)e™".

% chuong trinh giai phuong trinh nhiet

% u_t=u_xx+texp(-t)*(x~2-x+2) 0<x<1, 0<t<T
% dieu kien dau: u(x,0)=x*(1-x)

% dieu kien bien: u(0,t)=u(1,t)=0

% nghiem chinh xac: u_cx=exp(-t)*(x-x"2)
% T.A. Ngoc

% update: 11/11/2011

% bien - mo ta

hoon ... tong so nut

hne ....... tong so phan tu

% coord .... vecto toa do cac nut

hla ... ma tran lap ghep

hont ... tong so nut thoi gian

home ....... ma tran khoi luong phan tu
hke ... ma tran do cung phan tu
hpe ....... vecto tai phan tu

hogm o....... ma tran khoi luong toan cuc
hogk ... ma tran do cung toan cuc
hgp ... vecto tai toan cuc

hU oo vecto chuyen dich nut toan cuc
clear all

% TIEN XU LY

% tham so

T=1; % khoang thoi gian khao sat

% roi rac khong gian - PTHH

nn=10;

ne=nn-1;

coord=0:1/ne:1;
for e=1:ne

la(e,:)=[e,e+1];

end

T

roi rac thoi gian

nt=500;
d=T/(nt-1);
t=0:d:T;

A

XU LY

CuuDuongThanCong.com https://fb.com/tailieudientucntt

99


http://cuuduongthancong.com?src=pdf
https://fb.com/tailieudientucntt

100 CHUONG 3. PTHH CHO PHUONG TRINH DAO HAM RIENG

gm=zeros(nn,nn) ;

gk=zeros(nn,nn) ;

gp=zeros(nn,1);

U=zeros(nn,nt) ;

gp=zeros(nn,1);

% tinh ma tran khoi luong, do cung va vecto tai toan cuc

for e=1:ne
gi=la(e,:); % thu tu toan cuc
x1=coord(gi(1));
x2=coord(gi(2));
% ma tran khoi luong
me=(x2-x1)/6x[2 1; 1 2];
% ma tran do cung phan tu
ke=1/(x2-x1)*[1 -1; -1 1];
% vecto tai
pe=(x2-x1) /12% [3%x1"2+2*%x1*x2-4*x1+x2"2-2%x2+12;

x172+2%x1*x2-2*%x1+3%x2"2-4*xx2+12] ;

% lap ghep
gk(gi,gi)=gk(gi,gi)+ke;
gm(gi,gi)=gm(gi,gi)+me;
gp(gi)=gp(gi)+pe;

end

invgm=inv(gm) ;

A=-invgm*gk;

b=invgm*gp;

% khu dieu kien bien

A(1,:)=0.0;

A(nn,:)=0.0;

A(:,1)=0.0;

A(C:,nn)=0.0;

b(1)=0.0;

b(nn)=0.0;

% thuat toan Euler

for i=1:nn
U(:,1)=transpose(coord-coord."2);

end

for it=2:nt
UC:,it)=U(:,it-1)+d* (A*U(:,it-1)+exp (-t (it-1))*Db);

end

% HAU XU LY

tt=t(1:20:nt);
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3.2. BAI TOAN PHU THUOC THOI GIAN 101

UU=U(:,1:20:nt);

surf (coord,tt,UU’);
xlabel(’x’);

ylabel(°t’);
zlabel(’u_h’);
title(’Nghiem xap xi u_h’)

hinh 3.8 13 do thi nghiém xap xi.
Cha thich: Viéc chon luéi khong va thai gian can thoéa déu kien on dinh

At
A_x S Ca
trong d6 C' 1a hang s6 phu thuoc bai toan.
Trong phan "Hau x1t 1", cac lenh:
tt=t(1:20:nt);
UU=U(:,1:20:nt);
nham gidm b6t s6 diém vé tren truc ¢.

Nghiem xap xi u,

0.25 50" 1

Hinh 3.8: Do thi nghiem xap xi.
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102 Bai tap chuong 3

3.2.2 Phuong trinh Hyperbolic

Thi du 3.5. Giai phuong trinh séng véi diéu kién bién Dirichlet thuan nhét,
diéu kien dau cho trudc:

U — CUzy = flz,t) O0<ax<1,0<t<T, (3.60)
u(0,t) =u(l,t) = 0 0<t<T, (3.61)
u(z,0) = up(x), ug(z,0) = up(x). (3.62)

Tuong tu nhu thi du 3.4, roi rac héa PTHH khong gian dan vé phuong
trinh PTHH:
Mua+Ku—-p=0.

Bang phuong phap sai phan theo thoi gian giai hé phuong trinh nay.

Bai tap chuong 3

Trong cac bai tap duéi day, truong hop dau bai khong cho dit lieu cu thé,
khi tinh toan so sinh vién c6 thé tu chon s6 liéu cho phit hop dé giai.
1. Giai bai toan trong thi du 3.1 véi di lieu: g = 0,h = —1, f(z) = wsinnz.

2. Giéi phuong trinh Helmholtz Au — ku = 0 (k 1a hdng s6 duong, ¢ day lay
k = 1) trong hinh vuong 0 < x,y < m, trong d6 u thdéa diéu kien bien

u(z,0) =u(x,m) =1, u(0,y) =u(mr0)=0.
3. Xét bai toan bién

@ = f, 0<z<l, (363)
u(0) = u/(0) = u(l) = /(1) = 0.

o) day u bicu dién, chang han, do vong ctia mot dam bi ngam duéi tac dung
cta lyc ngang mat do f (hinh 3.9).
a) Trong co hoc bai toan dam nay thuong duge phat biéu nhu sau:

M=4d" 0<uz<l, (3.64)
M'=f O0<az<l, (3.65)
w(0) =4'(0) = u(l) =4/(1) = 0. (3.66)
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Hinh 3.9: Dam bi ngam dudi tac dung ctia Itc phan bo.

M 1a dai lugng gi trong co hoc? Cac phuong trinh (3.64) - (3.66) ¢6 ¥ nghia
¢o hoc gi?

b) Chitng t6 bai toan bién phan clia (3.63) c6 thé phat biéu: Tim u €
HZ(0,1) sao cho

(u”,v") = (f,v) Yve HZ0,1). (3.67)

[Trudng hogp tong quat, 2 € R™ 1a tap md bi chan vé6i bien I' chinh quy,
HZ(Q) 1a khong gian cac ham v € L?*(2), ¢c6 dao ham dén cap hai thuoc
L*(Q2) va v = Ov/dn = 0 tren I'. Khong gian nay 1a khong gian Hilbert véi
tich vo huéng xéac dinh bai:

<v,w >:/de§2+ Z/D%D“wdﬂ,
Q Q

o] <2

trong d6 a = (ay,..., o), la] = a1 + ... + ay,, DY =014 /92 - - 9§ ]

¢) Ap dung PTHH giai bai toan bién phan (3.67).
H.D. ¢) Dung noi suy Hermite. Ham dang:

syms x x1 x2

p=[1 x x~2 x~3];
pp=sym(zeros(4));
pp(1,:)=subs(p,x,x1);

pp(2, :)=subs(diff(p) ,x,x1);
pp(3, :)=subs(p,x,x2);

pp(4, :)=subs(diff (p),x,x2);
H=simplify (p*inv(pp));
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104 Bai tap chuong 3

223 — 3(x1 + 12)2? + 61207 + 23(19 — 377)

Hi(z) = — oy 7
H _ 2? — (21 + 229) 2% + To(x2 + 221) 7 — 2311
o(7) = o ) ,
20° — 3(x1 + 22)2® 4 621297 + 27 (21 — 311)
Hi(x) = =) 7
H 2% = (1 + 2w9)2% + @ (21 + 2m9)7 — 2ty
o(x) = o .

Ma tran do cting phan ti:

B=simplify(diff(H,2));
ke=simplify(int (transpose(B)*B,x,x1,x2));

12/h*  6/h* —12/h* 6/h?
6/h>  4/h  —6/h2  2/h
—12/h* —6/h* +12/h* —6/h* |’
6/h>  2/h  —6/h>  4/h

k¢ =

trong d6 h = xo — 7.
Vecto tai phan tit (truong hop f(x) = f (const)):

syms f
pe=simplify(f*int (transpose(H) ,x,x1,x2))

h/2
. h2/12
1212
Chi §, trudng hgp nay, nghiém chinh xac ctia bai toén u(z) = 5; fa?(z — 1)

o) day ta dung nodi suy Hermite nén tai moi nit ¢6 2 bac ty do: gia tri
ham va gia tri dao ham tai nat. M6i dong clia ma tran 18p ghép (ting vdi
mot phan i) vi thé sé c6 dang:

cot 1 cot 2 cot 3 cot 4
b.t.d. b.t.d. b.t.d. b.t.d.
LA(e,:)= | thd nhat | tht hai | thd nhat | thi hai
cia nit 1 | cta nat 1 | cha nat 2 | cua nat 2

Dé md rong pham vi ap dung chuong trinh dua vao bién ndof, dof (s6
bac tu do ciia nit, sd bac tu do toan cuc).

CuuDuongThanCong.com https://fb.com/tailieudientucntt


http://cuuduongthancong.com?src=pdf
https://fb.com/tailieudientucntt

Bai tap chuong 3 105

T
’ chuong trinh cho bai tap 3
%y bien - mo ta

hoon ... tong so nut

% ndof ..... bac tu do nut (=2)

% dof ...... bac tu do (nn*ndof)

% ne ....... tong so phan tu

% coord .... vecto toa do cac nut

hla ... ma tran lap ghep

hgiooooo... bac tu do toan cuc cua phan tu
% dcond .... dieu kien Dirichlet

hke ... .. ma tran do cung phan tu

hpe ....... vecto tai phan tu

hogk ... ma tran do cung toan cuc

hgp ... vecto tai toan cuc

haq ..o vecto chuyen dich nut toan cuc (ca dao ham)
hd ... vecto chuyen dich tai cac nut
clear all

% TIEN XU LY

f=1,;

ndof=2;

ne=10;

nn=ne+1;

dof=ndof*nn;
coord=0:1/ne:1;
% ma tran lap ghep
for e=1:ne
for k=1:ndof
la(e,k)=(e-1)*ndof+k; % nut thu nhat
la(e,k+ndof)=ndof*e+k; % nut thu hai
end
end
% dieu kien bien
dcond=[1 0; 2 0; 2*nn-1 0; 2*nn 0];
% XU LY
gk=zeros (dof) ;
gp=zeros(dof,1);
% tinh ma tran do cung va vecto tai toan cuc
for e=1:ne
x1=coord(e) ;
x2=coord(e+1) ;
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106 Bai tap chuong 3

gi=la(e,:); % bac tu do toan cuc cua phan tu e
% ma tran do cung phan tu
ke=mtdc_dam(x1,x2);
% vector tai phan tu
pe=vtt(x1l,x2);
% lap ghep
gk(gi,gi)=gk(gi,gi)+ke;
gp(gi)=gp(gi)+f*pe;
end;
% khu dieu kien Dirichlet
for i=1:size(dcond,1)
gp=gp-dcond (i,2)*gk(:,dcond(i,1));
gk(dcond(i,1),:)=0.0;
gk(:,dcond(i,1))=0.0;
gk(dcond (i, 1) ,dcond(i,1))=1.0;
gp(dcond(i,1))=dcond(i,2);
end
q=inv(gk)*gp;
% HAU XU LY
% rut trich chuyen dich tai cac nut
for i=1:nn
d(i)=q(2*(i-1)+1);
end
disp(sprintf(’\n %s’,’ KET QUA SO VOI NGHIEM CX’))
/» nghiem chinh xac
ucx=f*coord. 2.*x(1-coord) .~2/24;
% xuat chuyen dich
disp(sprintf(’%s’, ’nut uxx ucx’))
for i=1:mnn
disp(sprintf (*%d\t\t%hf\t%E\t%f’,1i,d(i) ,ucx(i)))
end
disp(sprintf (’%she’,’sai so cuc dai: ’, max(abs(d-ucx))))
plot(coord,d)

nut uxx ucx

1 0.000000 0.000000
2 0.000338 0.000338
3 0.001067 0.001067
4 0.001837 0.001838
5 0.002400 0.002400
6 0.002604 0.002604
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© 00 N
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0.002400
0.001837
0.001067
0.000337
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sai so cuc dai:
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0.002400
0.001838
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0.000337
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Hinh 3.10: Chuyén dich (bai tap 3).

4. Cho 1 tap md bi chan trong C R? véi bién I'. Xét bai toan bién:

bt 52452 = f tong O,
ox dy

u = 0, trénl,

trong do6 pu > 0, 3; 1a cac hang s6 cho trude. Day 13 mot thi du clia bai toan
d6i Iuu - khuéch tan (convection - diffusion problem); s6 hang Laplace tuong
ing st khuéch tan véi hé s6 khuéch tan u, cac dao ham cap mot tuong ting
syt doi luu theo hudng B8 = (B4, Ba).

a) Thiét lap bai toan bién phan tuong ting.
b) Gia stt 4 = 1, |B| vita phéi, ap dung PTHH giai bai toan bién phan.

5. Cho € 14 tap mé bi chin trong C R? véi bien I'. Xét bai toan bién:

CuuDuongThanCong.com
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108 Bai tap chuong 3

Day 1a bai todn uén tam moéng vé6i bien ngam dudi tic dung clia tai trong
ngang f.

a) Thiét 1ap bai toan bién phan.

b) Giai bai toan bién phan bang PTHH.

6. Mo hinh toan hoc qua trinh truyén nhiét trong vat thé nita vo han dan
vé bai todn bién-gia tri dau sau: tim u(z,t) thoa

u = kug, (z>0,t>0),
u(z,0) = 0 (z>0),
—Ku,(0,t) = ¢, xh_}rrolo u(z,t) =0 (t>0).

Ap dung PTHH giai bai toén nay véi K = k = 1, ¢o(t) = 0.

HD. Theo diéu kién dau va diéu kien & vo cling, lay khodng thai gian khéo
sat hitu han 7" > 0, chon L > 0 du 16n sao cho u(L,t) =0 (0 <t < T'). Bai
toan dugc gidi xap xi trong mien 0 <z < L, 0 <t < T.

7. Gid stt u = 1, |B| vita phai, gidi bing PTHH bai toan ddi luu - khuéch
tan khong ding
0 0
ut—uAu+61—u+ﬁ2—u+u = f, trong Q, 0<t<T,
ox Oy

u = 0, tréen I, 0<t < T,
u(z,y,0)

Il
o
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Chuong 4

Phan t& hitu han trong 1y
thuyét dan héi

PTHH ban dau xuat hién nhu 1a mot phuong phéap tinh trong co hoc két
cau — phuong phap lyc. Xét két cAu dan phang gom ba thanh lien két khép
v6i nhau tai cac nat 1, 2, 3 (hinh 4.1). Béng cach "ly tuéng héa" ta xem
cac thanh chi chiu kéo nén doc truc ctia chiing, gia si cac luc va chuyen dich
c6 lien quan dén ba nit vita ké. Goi (ug,v;), (ug, v2), (u3,vs) 1a chuyén dich
clia cac nat 1, 2, 3 va (X1,Y7), (Xa,Ys), (X3,Y3) la cac luc dat tai nat tuong
tng. Dé tim moi lien hé giita Iyc va chuyén dich tai cac nit, ta gia thiét cac
thanh 1a dan hoi tuyén tinh, theo dé, luc ti 1é v6i chuyén dich

3

Y, v,

Hinh 4.1: Dan phéng

Gia stt ta can tim hé Iuc tac dung lén dan gay ra do chuyén dich u; # 0
v6i cac chuyén dich con lai bing khong. Hién nhien, Iyc X; 1a can thiét dé

109
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110 CHUONG 4. PTHH TRONG LY THUYET DAN HOI
uy ton tai, hon nita né ti 1é véi uy, va ta c6 thé viét
X1 = Kflzul

¢ day K7f 1a hing s6 ti 1, ¥ nghia cic chi s6 s& duge lam r6 sau nay. Do lien
két khdp, néi chung, Y; ciing ton tai (diéu nay c6 thé dan dén v; # 0!), ta
viét

Duéi tac dung ctia cac luc X7, Y] tai cac nut 2 va 3 sé chiu cac liyc tuong tng
dé hé can bang. Ta viét

_ xrx _ yx
Xy = K&y, Ya= KV

— T _ yx
Xs = K&¥uy, Y= KTuy.

Lap luan tuong ty vé6i cac nit ta cling c6 cac két qua tuong ty. Tom lai, dich
chuyén u; (tai nat i) s& "sinh" hye X véi he s6 tile K%° va lyc Y; v6i he s6 ti
le K7 (tai nit j). Ap dung didu kien can bing lyc (nguyen 1y D’Alambert)
ta c6 hé phuong trinh

(X ) [ K KW K OKE KR KR ] wn)
Yy Ky Ky Kiy; Ky Kiy Ky U1
Xo | _ | Kor Ky Koy K Koy Ko Uz
o (| K Ky Ky Ky Kiyo Ko v2
X3 Kt Ky Ky Ka) Ky K us

( Ys ) LKy Ky Ky Ky Ky K | ovos )

Day cting chinh la phuong trinh PTHH.

Theo cach xay dung & day ta thay vé phai cia mdi phuong trinh 1 bicu
thic ctia Ite dat tai nat tuong ting trén phuong tuong tng. Thi du, vé phai
ctia phuong trinh thi nhat 1a biéu thic xac dinh lie dit tai nat 1 trén phuong
x, vé phai clia phuong trinh thi hai Ia biéu thitc xac dinh lyc dat tai nat 1
trén phuong y.

Mot cach tiép can khac xay dung phuong trinh PTHH cho cac bai toan
co hoc két cau 1a phuong phap nang lugng. Nhu da biét, co sé 1y luan cia
co hoc két cau la 1y thuyét dan hoi. Dé cung cap mot cai nhin tong quét ve
cach tiép can nang luong, duéi day, cac van dé dugce trinh bay trong khung
canh ctia Iy thuyét dan hoi. Trude hét, ta on lai mot s6 két qua ctia Iy thuyét
dan hoi.

CuuDuongThanCong.com https://fb.com/tailieudientucntt


http://cuuduongthancong.com?src=pdf
https://fb.com/tailieudientucntt

4.1. TOM TAT VE LY THUYET DAN HOI 111
4.1 Toém tat vé ly thuyet dan hoi

Vat thé duge cau thanh béi cac diém vat chat phan b lien tuc (mo6 hinh moi
truong lien tuc). Dudi tdc dung ctia e vat thé bi bién dang (thay doi hinh
dang, kich thudc).

Xét vat thé B chiém mién Q C R? (thay déi theo thai gian). Goi M € B
I3 diém bat ky.

Trudng chuyén dich. Gia st truée khi bi bién dang vi trf cia M 1a
(Z,9,%), sau bién dang M & vi trf (z,v, z). Vecto chuyén dich u = (uy, uy, u.)
cua M:

U =x; —T; 1=, 2. (4.1)

Anh xa (z,y,2) — u goi la truong chuyén dich ctia vat thé. Truong chuyén
dich c6 thé xem la ham vecto theo cac bién Lagrange 7,7, Z, t hay bién Euler
z,Y, 2,1t

Trudng bién dang. Dé mo ta bién dang trong lan can diém M, xét diém
vat chat N € B vo cuing gan M. Gia st tru6e bién dang M va N & céac vi tri
P va @ c6 vecto ban kinh lan lugt 1a r va r + dr. Sau bién dang ching dén
vi trf P va Q, chuyén dich tuong tng clia chiing bing u va u + du. Chuyén
dich N gom hai thanh phan: u va du (hinh 4.2). Thanh phan thtt nhat bang
ding chuyén dich ctia M (chuyén dong tinh tién) nén khong thé hién sy bién
dang, dai lugng dac trung cho bién dang chia dyng trong thanh phan thit
hai,

o

Hinh 4.2: Bién dang trong lan can diém M.
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112 CHUONG 4. PTHH TRONG LY THUYET DAN HOI

duy, = Upedx + Uy ydy + Uy dz
duy = Uy dr + Uy, dy + uy, dz
du, = U, dr+u,,dy +u, dz

hay dué6i dang vecto

du, Up g Ugy Ug: dx

du, = Uyz Uyy Uy dy

du, Usy Uszy Usy dz
du = T-dr.

Phan tich T thanh téng hai ma tran ddi xting va phan déi xing. Do thanh
phan phan déi xing dic trung cho chuyén dong quay nén bién dang dudc
dic trung bdi thanh phan con lai,

Up Uy T Uye) 3 (Ups +Usy)
E= [Eij} = %(uyw + Uw,y) Uy,y %(uyz + uz,y) (4.2)
%(uz,z + ux,z) %(uz,y + uy,z) Uz, z

Ma tran [e;] goi 1a tenxo bién dang. T trén ta c6 lien hé gifta cac thanh
phan tenxo bién dang véi chuyén dich (phuong trinh Cauchy)

1
€ij = 5 (Ui + uji). (4.3)

Néu cho trudc sau thanh phan tenxo bién dang, dé xac dinh ba thanh phan

chuyen dich, thanh cac thanh phan tenxo bién dang phai thoéa cac phuong
trinh tuong thich bién dang:

€mgnp + Enpmg — Engmp — Empng = 0, (4.4)

V6 (mnpq) = zyry, 1202, Y2YZ, TYTZ, YTYZ, ZT2Y.
Trudng ng suat. Khi vat bi bién dang bén trong vat xuat hien luc
chéng lai su bién dang goi la tng sudt. Ung sudt tai mot diém duge xac dinh

bdi mot ma tran doi xing,

Ozz Ozy Ogzz
S=loyl=| oy 0y 0y |, (4.5)
Ozz Ozy Oz

goi 1 tenxo ng suét.
Luec tac dung lén mot mat di qua mot diem M € B c6 vectd phap tuyén
n = (ng,ny,n,) duge xac dinh boi

T,=S'n (4.6)
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Hinh 4.3: Cac thanh phan tng suat.
hay
ti = O'Z'jnj.

Dinh luat Hooke suy rong. Trong Iy thuyét dan hoi tuyén tinh (bién
dang nhd), tenxo ting suit va bién dang liéen he véi nhau qua dinh luat Hooke,

05 = Oijmnemna (47)

trong d6 Cyjmn 12 tenxo cac hé sé dan hoi hang bon. Néu vat thé la dong
chat, dang huéng thi

0ij = Ae0ij + ey, (4.8)

trong do A, p 1a cdc hdng s6 Lamé phu thuoc vat lieu, 6 = uy .
Phuong trinh chuyén dong ctia vat thé bién dang ciing dugc suy ra tit
dinh luat thi hai cia Newton, phuong trinh dong lugng,

jij + fi = pi, (4.9)

trong do f; 1a luc thé tich tac dung len B.

4.1.1 Bai toan bién ciia ly thuyét dan hoéi (dang manh)

Xét vat thé dan hoi B, chiém mién § véi bien I, chiu bién dang dudi tac
dung cua liic ngoai. B4 qua anh hudng ctia lyc quan tinh pii;, phuong trinh
dong lugng 14 phuong trinh can bang:

ojij+ i =0. (4.10)
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114 CHUONG 4. PTHH TRONG LY THUYET DAN HOI

Nghieém ctia (4.10) phai théa cac diéu kién bieén. Trén phan bién I', chuyén
dich duge cho trude:

w; = ;. (4.11)
Phan bién con lai T; chiu tai trong (luc mat), t; = ojn;:
ojing =1 (4.12)
i Phuong phap phan tit hitu han dude xay dung tit phat biéu yéu hodc phat
bicu bién phan ctia bai toan.
4.1.2 Cach phat biéu yéu
Dua vao tap hop cac trusng chuyen dich kha di
U = {(u1,u,u3) | u; € H(Q), u; = u; trén T, } (4.13)
va khong gian cac trusng chuyén dich &o
W = {(wy, wy, ws) | w; € H(Q), w; =0 trén [, } (4.14)

Goi w; 1 truong chuyén dich 4o bat k¥, tich vo huéng hé phuong trinh
can bang véi w;, lay tich phan trén Q, ta dugc:

Q
Vi 0j; jw; = (0j;w;) j — 0w, j nén (ap dung cong thic Gauss-Ostrogradski)

/Ujiijidﬂz/(Ujmj)widf‘—/UjiwmdQ:/ tlwzdF—/UﬂwwdQ
Q r Q Tt Q

Thay vao (4.15) ta thu duge phat biéu yéu ctia bai toan bien
Q Q Iy
vOi moi w;.

Phuong trinh (4.16) 1a noi dung ctia nguyén Iy cong 4o cho vat thé dan
hoi & trang thai can bing. Néu dit bai toan theo chuyén dich, ding cac he
thic (4.8), phuong trinh (4.16) thanh

Q Q Iy
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4.2. PHAN TICH KET CAU DAN KHONG GIAN 115

4.1.3 Céach phat biéu bién phan

Ngoai dang yéu, phuong phap phan tit hitu han con cé thé xay dung trén co
sd dang bién phan ctia mo hinh toan hoc.
Dua vao phiém ham

1 _
2 Q Q Iy

goi 1a thé ning toan phan clia vat thé. Tt phuong trinh nguyeén Iy cong ao
ta c6 thé ching minh:

Dinh Iy 4.1 (Thé nang cyc tiéu). Trong tat cd cic chuyén dich khd di théa
man diéu kién bién hinh hoc, thi chuyén dich thuc tuong dng vdi thé ndng
cuc tiéu.

Phuong phap phan ti hitu han duge ap dung cho phuong trinh Euler
(diéu kieén cyec tri) clia thé nang toan phan.

4.2 Phan tich két cAu dan khéng gian

PTHH dugc 4p dung rong rai trong co hoc két cau. Két cau dan khong gian
12 mot thi du dién hinh. Dan 1a két cau gom céc thanh dan héi khép nbi véi
nhau. V6i két cau nay cac thanh chi bi kéo hoac nén doc truc.

4.2.1 Phan ti& thanh

Phan tt tham chiéu ctia phan ti thanh chiéu dai ¢ 1a doan Q" = [0, /] trén
truc €. Chuyén dich doc truc duge xap xi béi cac da thitc bac nhat:

g=1 g]{ Z; } (4.19)

Goi 1, @ 1a chuyén vi tai hai nat dau cubi (dau gach ben tréen biéu thic chi
thi biéu thitc duge viét trong khong gian tham chiéu), tit gia thiét xap xi nit
ta suy ra:

0= 3@ ml{ &} -ng (4.20

trong do

q= { Z; } (4.21)
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q; q; x

(€)
4,

Hinh 4.4: Phan tt dan tham chiéu (trai), phan tit dan trong khong gian
(phéi).

1 vecto chuyén dich phan t& tham chiéu,

Mo =" me=% (4.22)

la cac ham dang.
Chuyén vi la doc truc nén tenxo bién dang chi ¢6 thanh phan € = €ee:

__dg 1 Q1 _
=g { %} -nq (4.23
trong do
1
B=-[-1 1].
AR

Theo dinh luat Hooke, ting suat chi ¢6 thanh phan o = G
o = Fe=DBaq, (4.24)

trong d6 D = [E] 1a modun ctia phan tit dang xét.

Phép bién déi phan tit tham chiéu thanh phan tit thuc

Gia st phan tit dan khong gian Q¢ 1a thanh tiét dien A€, chiéu dai L¢,
v6i hai diém dau cudi (c6 thit ti toan cuc la i va ) 1a x¢ = (25,49, 2¢) va
X§ = (xj,y]"f, zj)

Phép bién doi 7¢ : Q" — Q° duge xéac dinh béi:

v o= (e — a4 2
Sy = g g W)
|z = (&) = 2 + —S(Z;L_e )
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hay duéi dang vecto

X:Te(g) —Xi+%(Xj —Xi>, f S [O,Le]. (425)

Quan he nguge (dimg (2§ — z§)* + (45 — y§)* + (2§ — 2)* = L)

e @)@l — @) + (v —wl) () — i) + (2 = 2)(z — =)
Le

hay dué6i dang vecto

N e A D B
Le Le Le 2¢ — zze
[evij B gl (x — x)", (4.26)
trong do
7 — a v — 2% — 2%
Qij = JT, Bij = ]T’ Vij = ]Le . (4.27)

Tt (4.25), (4.26) ta rit ra

)
dx LTE)(X]- — X;), (4.28)
55 = [Ckij ﬁij ")/ij](SXT; (429)

nghia 13 mot chuyén dich x trong hé toa do khong gian xyz tuong tng véi
chuyén dich ¢ trong hé toa do tham chiéu . Nhu vay, cac chuyén dich nut
q1 V& @ tuong tng vdi cac chuyén dich (khong gian) tai ntt i va j,

]T ]T.

7] = lai1 a2 @il 145] = (451 6o GGal
theo cong thiic
@ = i By villa5], @ = [ous Big vijlld5) (4.30)

(cht ¥ mdi chuyén dich nit c6 ba thanh phan vi vay bac tu do tai méi nut
la 3).
Ta c6 thé viét (4.30) dudi dang vecto

{61}:[%‘]'5@‘%50 0 0}
72 0 0 0 ai Bij 7ij

a = AQ’, (4.31)
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trong do
e qle e e e e e e T
q° = { {q% } = {Qi,l Q2 93 451 95,2 qj73} (4.32)
J
goi la vecto chuyén dich phan tt,
a; By v 0 0 0
A= ] 0 ’ 4.33
[ 0 0 0 a; By v ( )

goi 1& ma tran bién doi clia 7.

Vi vecto chuyén dich phan ti ¢6 sdu thanh phan nén bac tu do ctia phan
tit dan khong gian 1a 6.

Thay vao (4.23) va (4.24) ta dugc bién dang va tng suat trong toa do
toan cuc:

e = BA°q°, (4.34)
c¢ = DBA“q“. (4.35)
Ky hiéu
e (& (4 (4 € (4 € T
P = {pi,l Pi2 Pi3 Pj1 Pjo pj,g} (4.36)

14 vecto v6i cac thanh phan 1a lyc theo cac hudng x,y, 2 dat tai cac nat dau
cudi, goi la vecto tai phan ti.
Biéu thtc thé nang clia phan tit Q°:

1
¢ = 5/ O_eTEedQe o qupe

A°L® eT AT T e\ € el e
= — 4" (A“ BIDBA)q" —q“p
1
= 5a7kq"—q"'p", (4.37)
trong do:
[ of By vy —ad —ouBiy —aii ]
@ijBij By By —iibij —B%  —Bijvij
we = ATEC | iy Bigig v —uy —Bii —7%; (4.38)
Le —af; —aiifiy —aivi of By i
—ij Bij =B —Bijvii  ijBij 8% Biij
|~y —Biii =5 v B % ]

goi 13 ma tran do cting phan ti.

Cac buéc thire hien phuong phap phan tit hitu han cho két cau dan khong
gian, cling nhu cac bai toan ciia ly thuyét dan hoi, tuong tu nhu trong thi
du truée day. Luu do ctia chuong trinh tinh toan phan ti hitu han duge cho
trén hinh 4.5.
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nhdp dit liéu

N

‘ tinh ma trgn d§ cing phdn tit K(¢) ‘

I
L Hdp ghép f( ¢) vao K|

| kit didu kign bién|

A

gidi Kq=p

| tinh uing sudt phan ti

xudt két qud

Hinh 4.5: Luu do chuong trinh tinh toan phan tit hitu han.

4.2.2 Ap dung

Xét két cau dan phang nhu hinh 4.6. S6 liéu ctia bai toan dude cho trén bang
sau:

Phan t¢ Tiét dien Chieudai  Modun Y

e A¢ (em?)  L¢ (em)  E° (kg/cm?)
1 2,0 50v/2 2 x 10°
2 2,0 50v/2 2 x 10°
3 1,0 1004/2,5 2 % 108
4 1,0 100v/2 2 x 106

D liéu nhap

Do két cau la phing nén céc két qua trinh bay trong muc trude bét di
mot chiéu lien quan dén cao do (thanh phan trén truc z). Cong thitc ma tran
do cting phan tit

af oy —ad —oyby

K¢ — A°E* aijﬁéj 123 — By —B?j
Le —aj; —i B Oé?j i Bij
—Oéz‘jﬁz'j —5% Oéij@j fj
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Hinh 4.6: Bai toan.

va ma tran bién doi

e | @y By 0 0
=10 o i PBij |

trong do

L
4 L) 7Y L

Thong tin vé phép phan hoach dugc cho béi cac bién nhap nn — s6 nit,
ne — sO phan tit va cac mang:

COORD chita toa do cac nut, moi dong cho mot nut, ¢ot 1 14 hoanh do,
cot 2 1a tung do. Thi dy, néu (xi,yi) 1a toa do nut thii i thi COORD(i,1)=xi,
COORD(i,2)=yi.

LA 1a ma tran lap ghép, chita thi tif toan cuc ctia hai nit dau cudi trong
cac phan ti, moai dong cho mot phan tit, cot 1 1a thit ty nat dau, cot 2 1a
thtt ty nat cudi. Thi dy, néu i, j lan luct 14 nat dau va cudi ctia phan ti thit
e thi LA(e,1)=i, LA(e,2)=].

Cac tham sb ve dien tich tiét dién, modun dan hoi clia cac phan ti dugde
luu trit trong mang PARA. Mdi dong clia mang nay tng v6i mot phan ti,
cot 1 1a dien tich tiét dien, cot 2 chiéu dai, cot 3 1a modun Young ctia phan
tt.

Dé tien dua vao cac chuyén dich va luc cho trude ta diing mang DCOND
(chuyén dich), va FCOND (Iyc). Méi mang gom 3 cot, mdi dong clia mang
ting v6i mot nit cho trude chuyen dich (hay luc). Cot 1 1a thit tu toan cuc ciia
nit, cot 2 va 3 tuong ting 1a thanh phan hoanh do va tung do ctia chuyén dich
(hay luc) tai nit. Thi dy, néu nut dau tien duge cho trude hye ¢6 thit tu toan
cuc 1a k va cdc thanh phan ctia Iiic cho trude bang f1, f2 thi FCOND(1,1)=k,
FCOND(1,2)=f1, FCOND(1,3)=f2.

CuuDuongThanCong.com https://fb.com/tailieudientucntt


http://cuuduongthancong.com?src=pdf
https://fb.com/tailieudientucntt
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Ngoai ra, do s6 bac tit do tai méi nit 1a 2 nén s6 bac tir do ciia toan he
13 2*nn. Mai nut sé lien hé véi hai dong va hai cot ctia ma tran do cting toan
cuc, cling vay v6i hai dong ctia vecto tai toan cuc. Lién hé gitta nat thi i
(tht tu toan cuc) vé6i hai bac tu do nay la 2*i-1 va 2*i. Cach dwa vao cac
diéu kien c6 khéc so véi céc bai toan trude day (xem dan2d.m) do dic diem
nay. Méi didu kien duge dua vao sé lam thay doi hai dong, hai cot ctia ma,
tran do ciing toan cuc ciing nhu vecto tai toan cuc. Tham khéo chi tiét thuc
hién trong chuong trinh dan2d.m (phu luc) phan tich két cau dan phéng.

Qua trinh tinh toan

Tién x1¥ 1y

Dt liéu

nn=4; ne=4; dof=8 (bac tu do cta he).

COORD=[0 0; 100 0; 50 50; 200 100].

LA=[13;32;34;24].

PARA=[2 50*sqrt(2) 2*¥10%; 2 50*sqrt(2) 2¥10°; 1 100*sqrt(2.5) 2*10°;
1 100*sqrt(2) 2*106].

DCOND=[1 0.0 0.0; 2 0.0 0.0].

FCOND=[4 0.0 -1000].

X ly
Khéi tao ma tran do cting va vecto tai
00 0O 0
00 0O 0
K= 00 00|’ b= 0
00 0O 0

Lip theo phan ti. Phan t 1

2.8284  2.8284 —2.8284 —2.8284

2.8284  2.8284 —2.8284 —2.8284 |
—2.8284 —2.8284  2.8284  2.8284 |’
—2.8284 —2.8284  2.8284  2.8284

(k1] = 10*

lap ghép

2.8284 2.8284 0 0 —2.8284 —2.8284 0 0 ]

2.8284 2.8284 0 0 —2.8284 —2.8284 0 0

0 0 00 0 0 0O

K] = 10* 0 000 0 0 00

—2.8284 —28284 0 0 28284 28284 0 O

—2.8284 —2.8284 0 0 2.8284 2.8284 0 0

0 000 0 0 00
i 0 000 0 00 0|
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Phan tit 2

CHUONG 4.

k] = 10*

lap ghép

[K] = 10"

2.8284
2.8284

—2.8284

—2.8284

Phan tt 3

[k®] = 10*

1ap ghép

2.8284
2.8284

104
K] =10 —2.8284

—2.8284

Phan ti 4

(kW] =10°

CuuDuongThanCong.com

2.8284
—2.8284
—2.8284

2.8284

2.8284
2.8284

—2.8284
—2.8284

1.1384
0.3795
—1.1384
—0.3795

2.8284
2.8284

—2.8284
—2.8284

7.0711
7.0711
—7.0711
—7.0711

PTHH TRONG LY THUYET DAN HOI

—2.8284
2.8284
2.8284

—2.8284

2.8284
—2.8284
—2.8284

2.8284

0.3795
0.1265
—0.3795
—0.1265

2.8284
—2.8284
—2.8284

2.8284

7.0711
7.0711
—7.0711
—7.0711

—2.8284
2.8284
2.8284

—2.8284

—2.8284
2.8284
2.8284

—2.8284

—1.1384
—0.3795
1.1384
0.3795

—2.8284
2.8284
2.8284

—2.8284

—7.0711
—7.0711
7.0711
7.0711

2.8284
—2.8284 |
—2.8284 |’
2.8284
—2.8284 —2.8284
—2.8284 —2.8284
—2.8284  2.8284
2.8284 —2.8284
5.6569 0
0  5.6569
0 0
0 0
—0.3795
—0.1265 |
0.3795 |
0.1265
—2.8284 —2.8284
—2.8284 —2.8284
—2.8284  2.8284
2.8284 —2.8284
6.7953  0.3795
0.3795  5.7833
~1.1384 —0.3795
—0.3795 —0.1265
~7.0711
~7.0711 | |
7.0711 |’
7.0711
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lap ghép

2.8284 2.8284 0 0 —2.8284 —2.8284 0 0]

2.8284 2.8284 0 0 —2.8284 —2.8284 0 0

0 0 3.5355 —2.1213 —2.8284 2.8284 —0.7071 —-0.7071

K] = 10* 0 0 —2.1213 3.5355 2.8284 —2.8284 —-0.7071 —-0.7071

—2.8284 —2.8284 —2.8284  2.8284  6.7953  0.3795 —1.1384 —0.3795

—2.8284 —2.8284 2.8284 —2.8284 0.3795 5.7833 —0.3795 —0.1265

0 0 —0.7071 —-0.7071 —1.1384 —0.3795 1.8455 1.0866

i 0 0 —0.7071 —-0.7071 —-0.3795 —0.1265 1.0866 0.8336

Vecto tai

[P]=[0000000 —1000]".

Khit diéu kién cot yéu, ma tran do ciing thanh

[ 0.0001 0 0 0 0 0 0 0]
0 0.0001 0 0 0 0 0 0
0 0 0.0001 0 0 0 0 0
K] = 10* 0 0 0 0.0001 0 0 0 01
0 0 0 0 6.7953 0.3795 —1.1384 —0.3795 |’
0 0 0 0 03795 5.7833 —0.3795 —0.1265
0 0 0 0 —1.1384 —-0.3795 1.8455  1.0866
i 0 0 0 0 —0.3795 —0.1265 1.0866  0.8336 |

vectd tai khong doi.
Ta ¢6 q1 = g2 = q3 = q4 = 0. Giai hé phuong trinh

6.7953¢s + 0.3795¢5 — 1.1384¢; — 0.3795¢s = 0,

0.3795¢s5 + 5.7833¢ — 0.3795¢; — 0.1265¢s = O,
—1.1384g5 — 0.3795qs + 1.8455¢; + 1.0866¢s = O,
—0.3795¢5 — 0.1265¢ + 1.0866¢; + 0.8336¢s = —0.1

ta dugce cac chuyén dich con lai:
g5 = 0.0265, ¢g = 0.0088, ¢; = 0.3479, ¢z = —0.5600.

Hau xu ly
Tinh ting suat clia cac phan ti

(0] = 10°[1.4142 — 1.4142 — 1.9799 — 2.1213).

Bai tap chuong 4
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1. Trong cac tinh toan ki thuat, tenxo bién dang, ing suat thuong dugc viét
duéi dang vects. Cu the:

— T
g = [waa Uyyu UZZ7 Uyu sz7 ny]

€ = [Erxa €yys €225 Vyzr Vexs /ny]T
trong do6 vi; = 2€;;, (1 # j), hay don gidn:

T
g = [81782783784755736]

T
€ = [61;62763764765766] .

Tenxo cac hé s6 dan hoi C' duge viét dudi dang ma tran:

Hinh 4.7: Bai tap 2.2

C11111 C11122 C11133 C11123 C11113 C'1112
C12211 C12222 C12233 02223 02213 02212

C = CV?)Sll CV?)?)22 C(3333 C(3323 C(3313 03312
C(2311 C(2322 C12333 C12323 02313 C(2312

C11311 C'1322 C'1333 C'1323 C'1313 01312
C11211 C11222 C11233 C11223 C'1213 C'1212

hay

Cnn Crp Ciz Cuy Ci5 Cig
Co1 Cop Coz Coy Co5 Cog
Cs1 Csp Cs3 sy O35 Csg

Khi d6, dinh luat Hooke: 0 = C'e (nhan ma tran).
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a) Hay xac dinh ma tran C cho vat thé dan hdi dong chat dang hudng.
b) Viét cac phuong trinh (4.16), (4.17) va cong thitc (4.18) dudi dang ma
tran.

2. Tinh tng suét trong cac thanh ctia dan phang nhu hinh 4.7. Biét AE =
108 kg, h = 100 cm, P = 10 kg.
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Bai doc thém

Bai viét dudi day dugc trich tic tai lieu tham khdo [13], cic muc, tiéu muc, dinh
lj, phuong trinh duge ddnh sé lai cho dé theo doi. Sinh vién nén doc thém dé lam
quen vdi viéc tham khdo tai lieu bang Anh ngt, va ciing hoc thém mot cdach trinh
bay lyj thuyét phan ti hitu han.

1 Abstract formulation of the finite element
method for elliptic problems

1.1 Introduction

We shall now give an abstract formulation of the finite element method for
elliptic problems. This is not a goal in itself, but makes it possible to give
a unified treatment of many problems in mechanics and physics so that we
do not have to repeat in principle the same argument in different concrete
cases. Further the abstract formulation is very easy to grasp and helps us to
understand the basic structure of the finite element method.

Thus, let V be a Hilbert space with scalar product (-, -)y and correspond-
ing norm || - ||y (the V-norm). Suppose that a(-, -) is a bilinear form on V' x V/
and L a linear form on V' such that

(i) a(-,-) is symmetric,

(ii) a(-,-) is continuous, i.e., there is a constant v > 0 such that

0o, w)] < llollvuwlly Vo,w eV, 1)
(iii) a(-,-) is V-elliptic, i.e., there is a constant a > 0 such that
a(v,v) > alv|? YveV. (2)
(iv) L is continuous, i.e., there is a constant A > 0 such that
L(v) < Aljv|ly YveW (3)

127
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128 BAI DOC THEM

Let us now consider the following abstract minimization problem (M):
Find v € V' such that

F(u) = MinvEVF(U)a (4)
where )
F(v) = ga(v,v) — L(v),

and consider also the following abstract variational problem (V): Find u € V
such that

a(u,v) = L(v) YveV. (5)
Let us now first prove:

Theorem 1. The problems (4) and (5) are equivalent, i.e., w € V satisfies
(4) if and only if u satisfies (5). Moreover, there exists a unique solution
u €V of these problems and the following stability estimate holds

/‘)/
< - 6
Jully < 2 (6)

Proof. Existence of a solution follows from the Lax-Milgram theorem which
is variant of the Riesz’ representation theorem in Hilbert space theory. To
prove that (4) and (5) are equivalent, we first show that if u € V satisfies
(4), then also (5) holds, and we leave the proof of the reverse implication to
the reader. Thus, let v € V and ¢ € R be arbitrary. Then (u + ev) € V so
that since v is a minimum,

F(u) < Flu+ev) VeeR.
Using the notation g(e) = F(u + ev), € € R, we thus have
g(0) < g(e) VeeR,

so that g has a minimum at ¢ = 0. Hence ¢’'(0) = 0 if the derivative ¢(¢)
exists at € = 0. But

gle) = %a(u#—ev,u—l—ev) — L(u + ev)
1 € € €2
= Ea(u, u) + §a(u, v) + §a(v, u) + Ea(v, v) — L(u) — eL(v)

— %a(u, u) — L(u) + ea(u,v) + 6Ea(v,v) —eL(v),
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1. Abstract formulation of the FEM for elliptic problems 129

where we used the symmetry of a(-,-). It follows that
0=4(0)=a(u,v) — L(v),

which proves (5). To prove the stability result we choose v = w in (5) and
use (2) and (3) to obtain

allul® < alu,u) = L(u) < Alfully,

which proves (6) upon division by |lul|y # 0. Finally, the uniqueness follows
from the stability estimate (6) since if u; and wus are two solutions so that
u; € V and

a(u;,v) = L(v) Yv eV, i=1,2,

then by subtraction we see that u; — uy € V' satisfies
alu; —ug,v) =0 YveV.
Applying the stability estimate to this situation (with L =0, i.e., A = 0) we

conclude that ||u; — us||y =0, i.e., u3 = us. O

1.2 Discretization. An error estimate

Now let V}, be a finite-dimensional subspace of V' of dimension M. Let
{¢1,...,om} be a basis for V}, so that ¢; € V}, and any v € V}, has the
unique representation

M
v = ngpi, where n; € R. (7)

=1

We can now formulate the following discrete analogues of the problems (M)
and (V): Find wuy, € V}, such that

F(up) < F(v) Yv €V, (8)
or equivalently: Find u;, € V}, such that

a(up,v) = L(v) Yo € V. (9)
We see that (9) is equivalent to

a(up, p;) = L(yp;), 7=1,..., M.

CuuDuongThanCong.com https://fb.com/tailieudientucntt


http://cuuduongthancong.com?src=pdf
https://fb.com/tailieudientucntt

130 BAI DOC THEM

Using the representation

M
Up = Zf%’ & eR, (10)
=1

(9) can be written as

> alei s =Ligy), j=1,....M,

i=1
or, in matrix form,
Ag =1, (11)

where £ = (&) € RM, b = (b;) € RM with b; = L(ip;), and A = (aij) is an
M x M matrix with elements a;; = a(p;, ;). From the representation (7),
we have

M M M
a(v,v) = a (Z Nipi, Zm%) > maleiom =n-An,  (12)
i=1 £1

L) = L (Z m%) = ZmL(%) =b-n, (13)

where the dot denotes the usual scalar product in RM:

M
§-n= mez'-
i=1

It follows that (8) may be formulated as

1 ) 1

éf-A{’—b-f:aneRM 577‘1477_5‘77 . (14)
We also have, recalling (2),

n-An = a(v,v) > allv|}, >0

if v # 0, e, if n # 0. Since also a(y;, ¢;) = a(p;,¢;), this proves the
following result.

Theorem 2. The stiffness matriz A is symmetric and positive definite.
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1. Abstract formulation of the FEM for elliptic problems 131

We can now prove the following basic result where the equivalence follows
as above.

Theorem 3. There exists a unique solution & € RM to the equivalent prob-
lems (11) and (14), i.e., there exists a unique solution uy € Vj, to the equiv-

alent problems (8) and (9). Further, the following stability estimate holds
A
< —. 15
Junll < (15)

Proof. Since A is positive definite, A is non-singular, which proves existence
and uniqueness. The stability estimate follows by choosing v = wy, in (9)
which gives, using (2) and (3),
allunlly < alun,un) = Lun) < Aljullv,

from which (15) follows upon division by ||up||yv # 0.

Remark. The stability estimate (15) for the finite element solution, which is
an analogue of the stability estimate (6) for the continuous problem, reflects
a very important property of the finite element method. In a certain sense it

can be viewed as the theoretical basis for the success of the method. O
Let us now prove the following error estimate:

Theorem 4. Let uw € V' be the solution of (5) and uy, € V), that of (9) where
v, C V. Then

lu=willy < Du=vly Vo€ V. (16)

Proof. Since Vj, C V' we have from (5) in particular
a(u,w) = L(w) Yw € Vp,
so that after subtracting (9),
a(u —up,w) =0 Yw € V. (17)
For an arbitrary v € V},, define w = u;, — v. Then w € V}, v = u;, — w and
by (2) and (17), we have
allu —upll3 < alu — up,u—up) = alu — up,u — up) + alu — up, w)
=alu—up,u—up +w) = alu —up,u—v) <vy||lu—upl|v|u— vy,
where the last inequality follows from (1). Dividing by ||ju — us||v we obtain
the desired estimate. O
From the abstract qualitative estimate of Theorem 4 we may obtain a
quantitative estimate by choosing a suitable function v € V}, and estimating

|lu — v||y,. Usually one then chooses v = m,u where m,u € V}, is a suitable
interpolant of w.
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1.3 The energy norm

By (1) and (2) it follows that we may introduce a new norm | - ||, on V

defined by
v]2 = a(v,v), veV.

This norm is equivalent to the norm || - ||y, i.e., there are positive constants
c and C such that

cllolly << flvfla < Cllofly Yo e V. (18)

More precisely, we may choose ¢ = y/a and C' = /7. The scalar product
(+,+)a corresponding to || - ||, is given by

(v,w)q = a(v,w).

The norm || - ||, is referred to as the energy norm. The error equation (17)
may now be written
(u—up,v)y =0 Yv eV,

from which follows that
Ju—uplla < [lu=2|la Vv € Vi, (19)

or equivalently that u, is the projection of u onto V} with respect to the
scalar product (+,-),. Clearly (19) shows that wy, is a best approximation of
u in the energy norm.

2 Approximation theory for FEM. Error es-
timates for elliptic problems

For a typical elliptic problem satisfying the conditions (i)- (iv) of Section 3.2,
we have by Theorem 4

o — |y < %Hu oy Ve T

Choosing v = m,u € V}, to be a suitable interpolant of u and estimating the
interpolation error ||u — mhul|yy we obtain an estimate of the error ||u — uyl|y.
In this section we study the problem of estimating the interpolation error
|lu — mpully. The interpolant m,u € Vj, is usually chosen so that the degrees
of freedom for V}, agree for v and m,u. In this case the problem of estimating
|lu — up||y is reduced to the problem of estimating u — 7,u individually on
each element K € Tj,.
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2.1 Interpolation with piecewise linear functions in two
dimensions

We shall first consider the case where V = H'(Q) and Vj, = {v € V : 0|k €
P(K),VK € T,} where T}, = {K} is a triangulation of Q C R?, i.e., V}, is
the standard finite element space of piecewise linear functions on triangles
K. For K € T}, we define (see Fig 1)

Fig 1:

hx = the diameter of K = the longest side of K,

prx = the diameter of the circle inscribed in K,

h = maxgery, hK
To be more precise, we will subsequently be concerned with not only one
triangulation 7}, but a family of triangulations {7},} that are indexed by
the parameter h. We shall below assume that there is a positive constant
independent of the triangulation T, € {T},}, i.e., independent of h, such that

PK > 8 VK €T, (20)
hy

This condition means that the triangles K € T}, are not allowed to be arbi-
trarily thin, or equivalently, the angles of the triangles K are not allowed to
be arbitrarily small; the constant (8 is a measure of the smallest angle in any
K €T, for any T}, € {T},}.
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Let N;, i =1,..., M, be the nodes of T},. Given u € C°(Q2) we define the
interpolant m,u € V}, by

mhu(Ny) =u(N;) i=1,..., M.

Thus 7,u is the piecewise linear function agreeing with u at the nodes of Tj,.
We will start by estimating the interpolation error v — 7,u on each triangle
K. We have the following result.

Theorem 5. Let K € T}, be a triangle with vertices a*, i = 1,2,3. Given
v € C°K) let the interpolant mv € Pi(K) be defined by

mv(a’) =v(a") i=1,2,3. (21)
Then
v =m0l L) < 2h% it D] £ (1) (22)
hi
max | D (v = 70) 1.0 < 6= max [ D]l ), (23)
lal=1 PK lol=2
where

||U||LN(K) = glggdv(ﬂ?ﬂ-

Before giving a proof of Theorem 5 let us comment on the estimates (22)
and (23). We note that the size of the errors v —mv and D*(v—mv) depend on
the second partial derivatives of v; the larger these derivatives are, the more
"curved" is the surface representing the function v and thus the larger is the
deviation v — v from the plane representing v (see Fig 1). Also note that
the assumption (20) will be used in the estimate (23) to bound the quantity
hi/pK.

Proof of Theorem 5. Let \;, i = 1,2,3, be the basis functions for P;(K). A
general function w € P;(K) then has the representation

3

w(z) =Y wla)\(z), z€K,

i=1
so that in particular

3

mo(x) =Y wv(d)i(z), €K, (24)

=1
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since by (21) mv(a') = v(a’). We now derive representation formulas for the
errors v — v and D*(v — ), |a| = [, using the following Taylor expansion

atz e K
> v
v(y) =o(x)+ Y %(x)(yj — ;) + R(z,y),
j=1 "
where
1~ 02
R(2.y) =5 3 e O = 20— 2,)

is the remainder term of order 2 and ¢ is a point on the line segment between
x and y. In particular by choosing y = a*, we have

v(a") = v(x) + pi(z) + Ri(x), (25)
where
pa) = 30 g — ). = ()
Ri(x) = R(z,a")
Since

|a3_x]’§h'K7 i:172737.j:1727

we have the following estimate of the remainder term R;(z):

Ri(z) < 2h3% max |1 D*||p i)y, 1=1,2,3. (26)

la

Now (24) and (25) combine to give

We now need the following lemma whose simple proof is given below.
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Lemma 1. For j =1,2 and v € K we have

(28)

(29)

(30)

(31)

Since 0 < N\;(z) < 1, if x € K, i = [,2,3, we can use the previous estimate

(26) of the remainder term R; to get

lv(z) — mu(z

)| Ai(2)] < max [Ri(x )\ZW(SE)

IIMw

< 2h% max D% Lo k)

which proves (22).
To prove (23) we differentiate (24) with respect to z7 to get

dmv )Y
o, ) = > ola )9, @)

=1

which together with (25) shows that
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Hence, by (30) and (31) we have

") = )+ 3 Ria) S (0)

which gives the following representation of the error g” (x) — gix?l’(a:):

ov 07rv
— () — K.
8901 (ZL') (91‘1 ZR 8x1 TE
It is now easy to see that
O\ 1
| 5 ) = o (33)

which together with (26) finally gives

2
< 6 max || D0|| 1. (x)-
PK lal=2

v _@()
8[)31 o 8x1 v

In the same way we estimate g—;’z(:v) ‘g’;”( ) and thus (23) follows. The proof

of the theorem is now complete once the lemma is established.
Proof of Lemma 1. The proof is based on the following observation:

mv=uv ifve P(K), (34)

which of course follows from the fact there is a unique function v € P(K )
assuming given values at the vertices of K. If we now choose v(z) = 1 i
(27), in which case clearly v = v, we get

since in this case p; = Ry = 0. This proves (28) and (30) follows directly.
To prove (29) we choose v(x) = djx; + daxg in (27) with d; € R. Again
v = mv and further

pi(z) = di(a} — 21) + dy(a — x),

and R; = 0 so that by (27)
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and so for all d; € R we have

> ldi(ah — 1) + da(ah — 22)]Ni(2) =0 z € K.

i=1

This proves (29) by choosing d; = 8‘9—;1_, i = 1,2. Finally, (31) follows in a
similar way by choosing v = djz; + daxs in (32). This finishes the proof of
the lemma and the proof of Theorem 5 is complete. O
Since Theorem 5 states estimates of the interpolation error using the
Lo (K )-norm, it is not ideally suited to give estimates for ||u — mpul| g1 (@)
involving the Lo-norm. For this purpose we will use instead the following
analogue of Theorem 5. Here we use the following notation for » = 0,1, ...

1/2

V| i) = Z/|D°‘v|2dx
Q

|a|=r

Note that |v|grq) measures the Ly(2)-norm of the partial derivatives of v
of order exactly equal to r, whereas derivatives of order less than r are not
included. We say that |- |grq)is a seminorm. Since we may have |v|grq) =0
even if v # 0 (e.g. if v = 1 and r <), it is not a norm.

Theorem 6. Under the assumptions of Theorem 5 there is an absolute con-
stant C' such that

[v = 70| L) < Chiclv] ),
2

|U — 7T’U|H1(K) S C—K|U|H2(K)
PK

We see that Theorem 5 and 6 have exactly the same structure, the only
difference being the norm involved, either the L., or the Ly-norm. For sim-
plicity we have chosen to present a proof in the L.,-case since we then avoid
some technical complications.

Let us now apply Theorem 6 to estimate the global interpolation errors
lu — mpu| £y and |u — Thu| g1 (o). We have by summing over K € Ty,

||U—7Thu||%2(m = Z ||U—7Thu||%2(K)
KeTy,

< Y Chiclulipg < C*ht Y fulinug = CPh'ulip ),

KeTy, KeTy,
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and similarly using (20), i.e., —K <3
h3 C?h?
u— 7rhuﬁql(m < Z OQ_QKW@{? Z K|U‘H2
KeTy, pK KeTy
CQh2
so that
Ch

if the constant 3 is included in the constant C, and

||u - 7ThUHL2(Q) S Oh2’u|H2(Q). (37)

2.2 Interpolation with polynomials of higher degree

The estimates (36) and (37) are typical examples of estimates for the inter-
polation error u — mu, in this case for interpolation with piecewise linear
functions. If we work with piecewise polynomials of degree » > [ on triangu-
lations T}, satisfying (20), we have in the typical case the following estimates:

||U — 7rhuHL2(Q) S Chr+1|u HT(Q)> (38)
lu — mpulgi) < CR'u|groq), (39)

where the constant 3 is absorbed in the constant C' in (39). If V}, € H*(Q),
then we also have

lu — mhul g2y < ChHulgrao) (40)

Note that for each derivative of the error u—m,u, the power of h on the right
hand side drops by one. Note that the constant C' in (38)-(40) only depends
on the constant /3 in (20) and the degree r, but not on the mesh parameter
h or the function w.

Remark. If u does not have the regularity required in (38) or (39), we get the
corresponding reduction in the power of h: For 1 < s <r + 1, we have

ChS|U|Hs(Q), (41)
Chs_1|u Hs(Q)- O (42)

| — mhul| ) <
<

||U — 7ThuHH1(Q)
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2.3 Error estimates for FEM for elliptic problems
Recalling again the typical abstract error estimate for an elliptic problem
lu —uplly < Cllu—vlly Yo eV,
and choosing here v = mpu with m,u € Vj, and interpolant of u, we have
lu —uplly < Cllu — mpully Yo € Vy, (43)

Using estimates for the interpolation error |ju — mpully we then obtain esti-
mates for the finite element error ||u — u||v.
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Cac dé tai nghién ctiu

1. Giai bai toan d6i luu - khuéch tan dung (bai tap 4, chuong 3) va khong
dung (bai tap 7, chuong 3).

2. Giai bai toan uén tam Kirchhoff v6i bien ngam (bai tap 5, chuong 3)
diing noi suy Hermite phan tit tam giac hodc tit giac.

Hoac dung thuat toan lap trong §4.2 An iterative method for solving

certain variational problems of order 4 (Numerical Analysis of Varia-
tional Inequalities, J. L. LIONS, G. PAPANICOLAOU, R. T. ROCK-
AFELLAR (eds.)

3. Giai bai toan bién cho phuong trinh Stokes ding

1

—vAu+ -Vp = f trong Q,
p
V-u = 0 trong ),

u = 0 tréenl.
Ding phan tit Taylor-Hood.
4. Giai bai todn uén dam Euler-Bernoulli.
5. Giai bai toan uén tam Reissner-Mindlin.

6. Tim hiéu phan mém ma ngudn mé Triangle (Triangle - A Two-Dimensional
Quality Mesh Generator and Delaunay Triangulator). Viét chuong trinh
chuyén ddi output dé dimng cho chuong trinh PTHH.

Link: http://www.cs.cmu.edu/ quake/triangle.html

7. Yéu cau tuong tuy véi phan mém gmsh-2.8.2-Windows.

Sinh vién cé thé chon mot trong cdc de tai trén dé lam bao cdo cubi khéa
do thay hudng dan. Két qud dugc tinh vao diém thi cudi k.
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Phu luc A

Khong gian Sobolev

Dé trinh bay phuong phap PTHH ta can dén céc khong gian ham Sobolev.

1 Khong gian Lebesgue

Cho tap mé Q C R? ¢6 bién I' tron ting manh. Theo 1y thuyét tich phan
Lebesgue mot menh dé phu thuoe x € Q duge goi 1a "ding hau hét" (h.h.)
trén  néu n6 ding véi moi x ngoai trit cadc x thuoc mot tap c6 do do khong
(khong dang ké). Ta dong nhat hai ham bang nhau h.h.

Véi 1 < g < oo, ta dinh nghia khong gian Lebesgue, L(€2), la tap hop
cac ham thuc v xéc dinh trén Q sao cho ||v||Le) < o0, trong d6 ||v] L)

dugce dinh béi
1/q
ol ey = ( / |v<x>|dx)

|v]| (@) = ess sup {|v(x)| : x € Q} == inf{C : [v(x)| < C h.h.}

khi 1 < ¢ < o0,

khi g = cc.

Anh xa v — |lv]|Lagoy thoa dinh nghia vé chuan tren L?(Q). Hon nita,
khong gian L?(2) v6i chuan | - || ze(o) 1a khong gian Banach.

Bat ding thic Holder

V6i 1 < p,q<oosaochol/p+1/q=1,

luvllise < lull o llolm@ Yo € (), ve LUQ). (A1)

Khi p = ¢ = 1, bat ding thitc nay con dugc goi 1a bat dang thic Cauchy hay
bat dang thic Schwarz.

143
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Bat ding thitc tam gidc ap dung cho L(Q) dudc goi la bat dang thaic
Minkowsks:

||u + v||Lq(Q) < ||u||Lq(Q) + ||U||Lq(Q) Yu,v € Lq(Q). (A.Q)

2 Dao ham suy rong (dao ham yéu)

Cho v la ham lién tuc xac dinh trén €, gia (support) cua v la bao déng ctia
tap {v: v(x) # 0,x € Q}. Néu tap nay la compact (bi chan), thi v duge goi
la c6 gia compact trong (2.
Ky hi¢u D(2) hay C5°(2) la tap hgp cac ham cé gid compact trong €.
Dé dinh nghia dao ham yéu, ta dua vho khong gian ham:
Ll

loc

(Q) = {v:v e L'(K) v6i moi compact K trong Q}.

Cha y rang L}, (Q) chifa tat ca cdc ham thuoc 16p CO(Q).
Ky hieu dudi day duge ding dé chi mot dao ham riéng ciia ham v

olely

(e} (65)] Qg
axl ax2 A 8xd

D% =

trong d6 a = (g, as, ..., aq) 1a mot da chi s6, v6i ay, s, ..., aq 1a cic sb
nguyén khong am, va |a| = a; + as + -+ - + a4 1a do dai cia a.

Ham v € L}, () duge goi 1a c6 dao ham suy rong, D%v, néu ton tai ham
u € L} .(Q) sao cho

/Q w()p(x)dx = (—1)e! / o(x)D*p(x)dx Vg € D(Q).

Q

Néu v ton tai ta viet D2v = u.
Néu v € C1*(Q), thi dao ham suy rong D%v ton tai va bang D%v.

3 Khong gian Sobolev

Véir=1,2,...vav € L (), gid st cdc dao ham suy rong D*v ton tai véi

moi |a| < r. Ta dinh nghia chuan Sobolev

1/q

lollwraiey = | 32 1D%002,0

laf<r
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3. KHONG GIAN SOBOLEV 145

khi 1 < ¢ < 0o. Khi ¢ = 00, dinh nghia

[v]lwroo () = max [[ D*v|| oo (.-
lo| <7

Khong gian Sobolev duge dinh nghia bdi
Wr’q(Q) = {U € Llloc(Q) : ”U”Wr‘q(Q) < OO}’ 1 S q S Q.
| - lwra(o) thoa dinh nghia chuan. Hon nita, W™4(Q) la khong gian Banach
v6i chuan nay.
Ky hieu W;?(2) 1a day da héa ctia D() ddi véi chuan || - |[wra).
Vi Q ¢6 bien tron va v € WH(Q), han ché trén bien I, yr, c6 thé dugc

biéu dién nhu 1a ham trong LI(T'), 1 < ¢ < co. Diéu nay khong khang dinh
gi4 tri timg diém ctia v trén I' ¢6 nghia. Tit tinh chat nay ta cé

Wyt() = {v € W™(Q) : D*vr = 0 trong L*(T), |a| < r}.
Trong cac phat biéu vé sau ta con dimng céc nita chuan:
1/q

[vlwra@) = Z HDQUH%q(Q) , 1<g¢g<oo

la|=r
|U|Wr,oo(Q) = Tzlli}: ||DaUHLoo(Q).
V6i ¢ = 2 ta dung céac ky hiéu:
H(Q) = WH(Q), Hi(Q)=W*(Q), r=1,2,...

Mot s6 bao ham thitc thong dung:
Néur <k, 1<qg<oo,th

Wnr(Q) € WH(Q). (A.3)
Néu Q bi chan, 1 < ¢ < ¢ < oo, thi
Wh(Q) ¢ Wn(Q). (A.4)
Bat dang thic Poincaré
Cho 2 € R? 14 tap md v6i bien T tron timg manh, néu v € H(Q) triet
tiéu trén mot phan bién ctia I' ¢c6 do do duong, thi ton tai hang s6 C' > 0,

phu thuoc chi vao €2, sao cho

[v][22(0) < Clo|m @) (A.5)
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146 PHU LUC A. KHONG GIAN SOBOLEV

Néu Q bi chan, bat dang thic nay am chi nia chuan | - |51 (q) tuong duong
v6i chuan | - || z1(o. Tong quat, | - || ar(o) tuong duong véi chuan || - || i (o).
Xét khong gian L9(Q2), 1 < g < 00. V6i f € LP(Q), trong d6 1/p+1/q =1,
dat
L(v) = / Fu(x)dx, v e LI(Q).
Q
Theo bat dang thitc Holder, L 13 dang tuyén tinh bi chan theo chuan L9(€):

L) < | flleellvllLay, v € LY(K).

Nhu vay f € LP(Q) c6 thé xem nhu phiém ham tuyén tinh lien tuc trén
L(Q). Do dinh Iy biéu dién Riesz LP(9) 1a khong gian d6i ngau ctia L(€).
Chi s6 p goi 1a chi s6 ddi ngau cta q.

Véi 1 < g < oo va r 1a s6 nguyén duong, khong gian ddi ngau ciia khong
gian Sobolev W"4(Q2) dugce ky higu bsi W"F(), trong d6 p la chi s6 ddi
ngau ciia q. Chuan:

L(v r
ILllw-re@) = sup W ew ().
ovewra(Q) |[V]|wra)
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Phu luc B

Bai toan bién phan tuyén tinh

Cho V 1a khong gian Hilber, cho a : V x V — R la dang song tuyén tinh
tren V, £ : V — R 1a dang tuyén tinh trén V. Bai toan: tim u € V thda

a(u,v) = £(v) (B.1)

v6i moi v € V duge goi 1a bai toan bién phan tuyén tinh.

Diéu kién ton tai nghiém ctia bai toan bién phan dudc cho trong dinh Iy
Lax - Milgram:

Dinh 1y B.1 (Lax - Milgram). Cho V la khong gian Hilbert vdi tich vo
hudng (-,-) va chuan tuong vng || - ||. Néu

(i) a:V xV — R la dang song tuyén tinh lién tuc trén 'V, khdng t,
nghia la ton tai hang s6 o > 0 sao cho

a(v,v) > afv|?
v01 motv € V.

(ii) £ :V — R la dang tuyén tinh lién tuc trén V.
thi bai todn bién phan (B.1) ton tai va duy nhat nghiém.

Chitng minh dinh 1y Lax - Milgram dya trén dinh ly biéu dién Riesz.
Dinh 1y B.2 (Riesz). Cho V' la khong gian Hilbert vdi tich vo hudng (-,-).
Néu ¢ :V — R la dang tuyén tinh lién tuc trén V., thi ton tai duy nhat vecto
w €V sao cho:

l(v) = (w,v), YveV.
Chiing minh dinh lyj Laz - Milgram. Do a(-,-) 1a dang song tuyén tinh lien
tuc va khang tit trén V nén c6 the xem né 1a tich vo hudng (mdi) xac dinh
trén V véi chuan tuong tng:

[]la = Va(v, v).

147
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148 PHU LUC B. BAI TOAN BIEN PHAN TUYEN TINH

Vi dang song tuyén tinh a(-,-) lien tuc nén ton tai M > 0 sao cho v6i moi
veV,

allvl* < a(v,v) < Mol* = Valoll < v]la < VM|,

nghia la chuan || - ||, tuong duong véi chuan || - || tren V.
Tit gid thiét (-) lién tuc trén V vé6i chuan | - || ta suy ra né ciing lién tuc

tren V vé6i chuan méi. Ap dung dinh 1y Riesz, ton tai u € V sao cho
l(v) = a(u,v), YveV;

nghia la bai toan bién phan (B.1) ¢6 nghiém.
Néu bai toan (B.1) ¢6 hai nghiém uy, up thi

a(u; — ug,v) = 0= ||ug — u|la = 0= |lug — us|| = 0;
nghia 14 u; = uy. Nhu vay, nghiém ctia bai toan (B.1) la duy nhét. ]
Trong truong hgp a déi xiing thi bai toan bién phan tuong duong véi bai
toan t6i uu, d6i tuong ctia phuong phap Ritz: tim u € V cuc tiéu héa phiém

ham

I(v) = %a(v,v) —(v). (B.2)
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Phu luc C

Cau phuong Gauss

1 Cau phuong 1-chiéu

Tt cong thitc cau phuong
1 n
| s =S wife) + b, (A1)
- i—1

Phép cau phuong Gauss 1-chiéu dugc thiét lap bing cach chon céc diém cau
phuong &; va cic trong lugng w; tuong ting sao cho sai s6 E = 0 khi f(z) = 24
v6i bac d 16n nhat c6 thé. Thi dy, truong hgp n = 2, cong thite (A.1) la

/_ O = Y wif(€) + E.

Thay f(x) =1 (da thic bac 0):
2 =¢, = w + ws.

Thay f(x) = z (da thic bac 1):

1

1
0= 552 = w1 &1 + wbo.

-1

Thay f(x) = 2* (da thiic bac 2):

= w1} + wa5.
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150 PHU LUC C. CAU PHUONG GAUSS

Thay f(z) = 2*® (da thic bac 3):

1

1
0= 154 = W&} + W,

-1

Giai ra ta duge: &5 = il/\/g, w; = wy = 1. Vay, cong thic cau phuong
Gauss 2 dieém:

/_ )~ F(=1/V3) + (1)) (A2)

Béang cac diém cau phuong va trong luong véin =1:6

+&i

w;

0.00000 00000 00000

2.00000 00000 00000

0.57735 02691 89626

1.00000 00000 00000

W N |3

0.00000 00000 00000
0.77459 66692 41483

0.88888 88888 88889
0.55555 55555 55556

0.33998 10435 84856
0.86113 63115 94053

0.65214 51548 62546
0.34785 48451 37654

0.00000 00000 00000
0.53864 93101 05683
0.90617 98459 38664

0.56888 88888 88889
0.47862 86704 99366
0.23692 68850 56189

0.23861 91860 83197
0.66120 93864 66265
0.93246 95142 03152

0.46791 39345 72691
0.36076 15730 48139
0.17132 44923 79170

Khi phai tinh tich phan trén doan [a,b], ta diing phép ddi bién:

x = &+

a+b

2

2

dé chuyén khoang lay tich phan vé doan [—1,1].

2 Cau phuong 2-chiéu
D61 véi truong hop 2-chiéu, déi véi ham f(€,n) xac dinh trén hinh vuong

[—1,1] x [=1,1], dung tich phan lap roi cau phuong Gauss cho trudng hgp
1-chiéu:

/_11 /_11 f(&,n)dédn =~ /_11 iwif(&,n)dn = iwi /_11 F(&,m)dn
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3. LAP TRINH MATLAB

Cubi cung ta dugc:

/ / Femdedn ~ 3" waus f(6nmy).

ij=1

3 Lap trinh Matlab

function [point,weight]=gaussqdl(n)
% Muc dich
% xac dinh diem cau phuong va trong luong
% cua quy tac cau phuong Gauss 1-chieu
% Cu phap:
% [point,weight]=gaussqdl(n)
% Mo ta bien:
%» n - so diem cau phuong
% point - vecto chua cac diem cau phuong
% weight - vecto chua cac trong luong
h
% khoi tao
h
point=zeros(n,1);
weight=zeros(n,1);
h
% diem cau phuong va trong luong tuong ung
h
if n==1 % quy tac 1 diem
point(1)=0.0;
weight (1)=2.0;
elseif n==2 J, quy tac 2 diem
point (1)=0.577350269189626;
point (2)=-point1(1);
weight (1)=1.0;
weight (2)=weight1(1);
elseif n==3 J, quy tac 3 diem
point (1)=-0.774596669241483;
point (2)=0.0
point (3)=-point1(1);
weight (1)=0.555555555555556;
weight (2)=0.888888888888889;
weight (3)=weight1(1);
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152 PHU LUC C. CAU PHUONG GAUSS

elseif n==4 7, quy tac 4 diem
point(1)=-0.861136311594053;
point (2)=-0.339981043584856;
point (3)=-point1(2);
point (4)=-point1(1);
weight (1)=0.347854845137454;
weight (2)=0.652145154862546;
weight (3)=weight1(2);
weight (4)=weight1(1);
elseif n==5 7, quy tac 5 diem
point (1)=-0.906179845938664;
point (2)=-0.538469310105683;
point(3)=0.0;
point (4)=-point1(2);
point (5)=-point1(1);
weight (1)=0.236926885056189;
weight (2)=0.478628670499366;
weight (3)=0.568888888388889;
weight (4)=weight1(2);
weight (5)=weight1(1);
end
end
function [point,weight]=gaussqd2(nx,ny)
% Muc dich
% xac dinh diem cau phuong va trong luong
% cua quy tac cau phuong Gauss 2-chieu
% Cu phap:
% [point,weight]=gaussqd2(nx,ny)
% Mo ta bien:
’» nx - so diem cau phuong tren truc x
%» ny - so diem cau phuong tren truc y
% point - vecto chua cac diem cau phuong
% weight - vecto chua cac trong luong
b
% xac dinh gia tri lon nhat cua nx, ny
b
if nx > ny
n=nx;
point=zeros(n,1);
else
n=ny;
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3. LAP TRINH MATLAB 153

end
h
% khoi tao
b
point=zeros(n,2);
weight=zeros(n,2);
h
% diem cau phuong va trong luong tuong ung
b
[pointx,weightx]=gaussqdl(nx) ;
[pointy,weighty]l=gaussqdl(ny);
h
for intx=1:nx
point (intx,1)=pointx(intx) ;
weight (intx,2)=weightx(intx) ;
end
h
for inty=1:ny
point (inty,2)=pointy(inty);
weight (inty,2)=weighty(inty);
end
end
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Phu luc D

Cac nha toan hoc

Walther Ritz' (1878-1909) sinh & Switzerland, con trai clia hoa si Raphael
Ritz. Ong theo hoc tai Zurich, Switzerland, va Gottingen, Germany, ¢ d6 ong
nhan hoc vi tién si vao nam 1902. Sau d6, ong lam viéc tai Leyden, Paris, va
Tiibingen. Nam 1908, ong trd lai Gottingen va mat dot ngot ¢ do.

Fig 1: Walther Ritz (1878-1909).

Ong ndi tiéng véi cong trinh lam chung véi Johannes Rydberg vé Nguyen
Iy t6 hop Rydberg-Ritz (Rydberg-Ritz combination principle). Ritz ciing con

1Tt c& hinh &nh xuét hign trong phu luc nay duge 14y tit http://en.wikipedia.org/wiki/.
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156 PHU LUC D. CAC NHA TOAN HOC

duge biét dén véi phuong phap bién phan mang tén ong, phuong phap Ritz.
Boris Grigorievich Galerkin (1871-1945) 1a ki su nguoi Nga, t6t nghiép
Hoc vien kj thuat Petersburg. Ong gidng day tai nhiéu dai hoc & ving St.
Petersburg, gom Dai hoc Tong hop Leningrad, ¢ d6 ong tré thanh trudng
khoa khoa k¥ thuat két cau. Ong déng gép vao nhiéu van dé khé, ching han
do cong clia tAm mong. Loi gidi xap xi ctia 6ng cho cac phuong trinh vi phan
ngay nay ducc diing dé giai nhiéu bai toan co hoc ap dung.

Fig 2: Boris Grigorievich Galerkin (1871-1945).

Georgii Ivanovich Petrov sinh nam 1912 tai Pinega (viing Arkkangel’sk),
noi cha me 6ng bi luu day. Ngay sau thang 10 nam 1917 gia dinh ong tré
vé qué cha & tinh Ivanovo, tai diy, niam 16 tudi ong di lam & xudng dét.
Nam 1930 ong thuce hién duge uéc mo ciia minh 1a vio Dai hoc Tong hop
Moscow. Nam 1935 ong tot nghiép khoa co hoc thity khi, noi ma sau nay
ong lam trudng khoa thay thé vién si V.V. Golubev qua doi. Khi con 1a sinh
vién nam thi tu, Petrov da bat dau hoat dong khoa hoc tai Vién nghién cttu
dong Iyc thity khi trung wong (TsAGI). Su gip g8, hoc tap, trao doi véi cac
nha khoa hoc gia (V.P. Vetchinkin, V.B. Golubev, L.S. Leibenzon, va A.I
Nekrasov), tré (nhu M.B. Keldysh, N.E. Kochin, M.A. Lavrentev, L.I. Sedov,
L.N. Sretenskii, ...) ¢ vién nay gitip ong nhanh chéng tré thanh nha khoa
hoc xuat sic. Thoi gian nay nganh hang khong Nga khuéch truong manh
mé va Georgii Ivanovich bi cudn hut vao cac bai toan 1y thuyét cling nhu
ing dung ctia hoat dong nay. Trong nhitng nam trudc chién tranh thanh tyu
khoa hoc xuét sic ctia Petrov 1a tong quat hoa va chinh xac héa toan hoc kha
nang ap dung phuong phap Bubnov-Galerkin vao cac hé khong bao toan ma
cac gia tri rieng clia ching khong c¢6 cac tinh chat cyc tri. Ong da di dau ap
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dung phuong phap nay dé nghién ctu tinh 6n dinh ctia cac dong chay nhdét
khong nén duge. Phuong phap nay, goi la phuong phap Galerkin-Petrov, la
mot trong cac phuong phap hiéu qua va hita hen trong 1y thuyét 6n dinh khi
dong va cac bai toan quan trong khac ciia co hoc, vat 1y, thién van.

Sergei Lvovich Sobolev (1908-1989) la nha toan hoc Lién xo chuyén vé giai
tich toan hoc va phuong trinh dao ham rieng. Ong sinh tai St. Petersburg,
va chét & Moscow.

Fig 3: Sergei Lvovich Sobolev (1908-1989).

Henri Léon Lebesgue (1875-1941) la nha toan hoc ngusi Phap ndi tiéng
v6i Iy thuyét tich phan mang tén ong.

Stefan Banach (1892-1945) la nha todn hoc ngudi Ba lan song tai ving
dat bi Lien xo6 chiém déng. Ong dude xem 1 mot trong sé cac nha toan hoc
c6 anh hudng quan trong dén sy phat trién toan hoc trong thé ky 20. Tuy
chi Ia mot ngudi tu hoc toan, nhung Banach da sang lap giai tich ham hién
dai. Cac khai niém toan hoc mang tén 6ng: nghich 1y Banach-Tarski, dinh 1y
Hahn-Banach, dinh Iy Banach-Steinhaus, tro choi Banach-Mazur, va khong
gian Banach.

Otto Ludwig Holder (1859-1937) 1a nha todn hoc ngudi Ditc. Ong timg
theo hoc v6i Leopold Kronecker, Karl Weierstraf3, va Ernst Kummer. Cac
khai niem va két qua mang tén ong: bat dang thiic Hélder, diéu kien Hélder,
dinh ly Jordan-Holder, va dinh 1y Holder.
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Fig 4: Henri Léon Lebesgue (1875-1941).

Augustin-Louis Cauchy (1789-1857) sinh vao thoi ky chinh bién trong lich
stt nuéc Phap. Augustin-Louis Cauchy duge danh dé khéi dau mot cude cach
mang cla riéng ong - trong toan hoc. Véi nhiéu déng gép nén tang, nhung
diic biéet v6i nhitng nd lyc ctia ong trong viec lam 16 sy kho hiéu ctia toan
hoc va khong ngting doi hoi cac dinh nghia phtt hgp va chting minh chat ché
cac dinh 1y, Cauchy thuong duge goi la "cha dé cta giai tich hién dai". Mot
ngudi viét nhiéu, Cauchy viét khoang 800 bai bio vé thién van hoc, vat Iy
hoc va toan hoc. Ong la nguoi phat trién khai niem hoi tu ctia chudi va ly
thuyét ham mot bién phitc. Cling mot tri tué luon ludn rong mé dén nhan va
tim toi trong khoa hoc va toan hoc lai hep hoi va mu quang trong cac lanh
vuc khac. Truc tinh vA ngao man, Cauchy soi noi vé chinh tri va céc van dé
ton gidgo. Ong gilt nguyen céac quan diém vé cac van dé nay lam nhiéu cong
sut ghét bo.

Karl Hermann Amandus Schwarz (1843-1921) la nha toan hoc ngusi
Ditc néi tiéng nho cac cong trinh vé giai tich phitc. Ong sinh ra ¢ Hermsdorf,
Silesia (thuoc Ba lan) va qua doi tai Berlin. Ong cuéi Marie Kummer con
géi ctia nha toan hoc Ernst Eduard Kummer. Ho c6 v6i nhau 6 ngusi con.
Schwarz ban dau hoc héa nhung Kummer and Weierstra§ thuyét phuc ong
chuyén sang hoc toan. Ong chuyen vé 1y thuyét ham, hinh hoc vi phan va
phép tinh bién phan. Cac nha toan hoc ndi tiéng Lipét Féjer, Paul Koebe va
Ernst Zermelo la hoc tro ong.
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Fig 5: Stefan Banach (1892-1945).

Hermann Minkowski (1864-1909) la toan hoc Dric gbc Litva. Ong la nguoi
sang tao va phat trién hinh hoc cac s6 va da diing cac phuong phap hinh hoc
dé giai cac bai toan kho trong 1y thuyét s6, vat 1y toan, va 1y thuyét tuong
doi.

Leonhard Euler (1707-1783) la ngusi c¢6 tri nhé phi thuong va kha nang
tap trung ky la, Euler quan tam vé moi thii; ong 1a nha than hoc, vat 1y hoc,
thien van hoc, ngon ngit hoc, sinh 1§ hoc, nghién ctu kinh dién, va trude hét
1&4 nha toan hoc. Euler dude xem 1a mot thi du vé vi than dich thuc ctia thoi
dai. Vé toan hoc ong c6 nhitng déng gép ton tai bén viing cho dai s6, lugng
gidc, hinh hoc giai tich, phép tinh vi tich phan, phép tinh bién phan, phuong
trinh vi phan, bién phiic, Iy thuyét sé va topo (vi tudng hoc). Khéi lugng do
sO cac cong trinh vé toan ctia ong hau nhu khong bi anh hudng béi sy quay
ray ctia 13 dita con hay viéc ong bi mut hoan toan trong 17 nam cudi doi.
Euler viét trén 700 bai bdo va 32 cudn sach vé toan va 1a cha dé ctia nhiéu
ky hieu (nhu e, 7 vh i = v/—1) v& cac ky hi¢u van con dung hién nay (nhu
f(z),> ,sinz va cosz). Euler sinh tai Basel, Switzerland, ngay 15 thang Tu
nam 1707, va chét dot ngot & St. Petersburg ngay 18 thang Chin nam 1783,
khi dang chau nit hoang Nga Catherine vi dai.

Joseph-Louis Lagrange (1736-1813) 1a mot nha toan hoc va thién van hoc,
sinh ra tai Turin, Piedmont, mot phan doi séng ¢ Pho va mot phan ¢ Phéap.
Ong c6 nhiéu déng gép c¢6 ¥ nghia cho tat ca cac linh vic cla giai tich, 1y
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Fig 6: Otto Ludwig Holder (1859-1937).

thuyét s6, co hoc ¢b dién va co hoc thién thé. Ong dude chon cét tai Panthéon
va tén ong duge khic ghi trén thap Eiffel.

Paul Adrien Maurice Dirac (1902-1984) 1a mot nha vat 1y 1y thuyét ngudi
Anh c6 nhiing déng gép co ban cho sy phét trién ban dau ctia co hoc luong
tt va dien dong liic hoc luong tit. Trong s6 nhitng kham pha khéc, ong da
xay dung phuong trinh Dirac, trong d6 mo ta hanh vi cia céac fermion, va du
doan sy ton tai cia phan vat chat. Nam 1933, cing véi Erwin Schrodinger,
ong nhan gidi Nobel vé vat 1§ nho cac kham pha vé cac dang san sinh méi
ciia ly thuyét nguyen tii.
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Fig 8: Karl Hermann Amandus Schwarz (1843-1921).
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% wf/zj.rwﬁj-ctmﬁf o

Fig 9: Hermann Minkowski (1864-1909).

Fig 10: Leonhard Euler (1707-1783).
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Fig 11: Joseph-Louis Lagrange (1736-1813).

Fig 12: Paul Adrien Maurice Dirac (1902-1984).
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