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Gioi thiéu mon hoc

Phuong phéap tinh 13 bd mén todn hoc cé nhiém vu gidi dén két qua
bang s6 cho céac bai toan, né cung cap cac phuong phap gidi cho
nhiing bai toan trong thuc t& ma khéng c6 18i giai chinh xac. Mén hoc
nay la cau noi giita toan hoc Iy thuyét va cac ting dung clia né trong
thuc te.

NGi dung mon hoc
- Sai s6 trong tinh toan.
- Gidi gan dung phuong trinh dai sb.
- Gidi hé phuong trinh dai sb tuyén tinh.
- X&p xi va ndi suy.

Tai liéu mon hoc
- Giao trinh Phuong phap tinh.
- Gido trinh Giai tich so.
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Muc luc

Sai s trong tinh toan Giai hé phuong trinh
m Khai niém sai s6 m Phuong phap khit Gauss
m Phan loai sai s6 m Phuaong phap phan tich
m Lam tron sb m Phuong phap 1ap
m Tinh toan sai s6 m Phuong phap Seidel

Gidi gan ding phuong trinh Xap xi va noi suy
m Khoang phan ly nghiém m Da thiic téng quat
m Phuong phap chia doi m Da thic Lagrange va Newton
m Phuaong phap lap m Da thic Spline
m Phuong phap tiép tuyén m Binh phuong bé nhét
m Phuong phap day cung
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Chuong 1

Sai sb6
trong
tinh toan

Giang vién Vi D6 Huy Cudng Phuong phép tinh 1: Phuong trinh va Ham sb



1. Sai sb trong do luwdng va tinh toan
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1. Sai sb trong do luwdng va tinh toan

Sai sb la gia tri chénh l&ch gilra gia tri do dugc (hodc tinh dugc) va gia
tri thuc (hay gia tri chinh xac) clia mét dai lugng nao do.

Khi do dac nhiéu 1an mét dai lugng nao dé, thong thuding du can than
dén méy, van thay cac két qua gilra cac 1an do dugc hau nhu déu khac
nhau. Diéu dé chiing 6 rang trong két qué do dugc ludn ludn cé sai sb
va két qua chuing ta nhan dugc chi Ia gid tri gan ding cla né ma thoi.

C6 hai loai sai sb thuding gap 1a sai s6 ngau nhién va sai s6 hé thdng.
Sai s6 ngau nhién |2 sai s6 do nhiing yéu t6 ngau nhién cé tinh bat ki
gay ra. (Sai s6 mbi lan do 1a khac nhau). Sai s6 hé thdng la sai sb do

nhitng yéu t6 thudng xuyén hay cac yéu t6 cé quy luat tac dong. (Sai

s6 méi lan do déu nhu nhau).
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1.1. Khai niém sai s6

Pinh nghia 1.1. Gia s a* 1a s6 duiing, a (hoac a) la sé gan ding cla
a*
Ta goi hiéu sb a* — 3 la sai s6 xap xi clia s6 gan ding a. Khi d6

Aa = |a* — a| dugc goi la sai s tuyét doi.

a*
oa =

—a Sz 5
o ‘ dugc goi la sai s6 tuong doi.

Vidu 1.1. Cho a* = 9.8 va @ = 10. Tim sai s6 tuyét dbi va sai s6

tuong doi. ,
Sai sb tuyét dbi Aa — |a* — 3| — [9.8 — 10| = 0.2,
Sai s tuong dbi sa — | & _5‘ _ 92 _ 50204
g = =5 | =gg =00204..
Luu y: Trong cdng thic tinh sai sb twong déi, cé thé thay a* dudi mau

béi a.
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1.1. Khai niém sai s6

Bai tap: Tinh sai s tuyét dbi va sai s tuong dbi clia cac dai lugng
sau.

1.1. M6t cay cau dugc du tinh dai 24.5 m. Trong thuc t& né dai
252 m.

1.2. Lugng kem trong banh theo quang cdo 1a chiém 25% khoi
lwgng cdi banh (120 g). Trong thuc t& né chi chiém 10%.

1.3. Thé tich mdt lon nudc ngot tiéu chuén 1a 330 m/. Mét lon nudc
dugc bom dén 333 ml.

1.4. Mot tiét hoc tiéu chudn 1a 50 phut. Tuy nhién gido vién chi day
45 phdt.
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1.1. Khai niém sai s6

Binh nghia 1.2.

Sai sb tuyét dbi gi6i han clia sé a la sb khong nhd hon sai s6
tuyét dbi clia a va ki hiéu la A a.

Sai s6 tuong dbi gidi han clia s6 2 la s6 khong nhé hon sai sb
tuong d6i clia a va ki hiéu 1a 6 a.

Khivieta+ Aanghiala: a—Aa<a*<a+Aa
Trong truong hgp nay a thuong la gia tri ly thuyét (tham khao) va a* 1a
gia tri thuc té.
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1.1. Khai niém sai s6

Bai tap: Kiém tra xem céc gid tri sau c6 thda yéu cau sai s6 16n nhét
hay khéng?

1.5. Goi mi ¢6 khédi lugng tiéu chuén la 100 + 3 g. Mot géi mi ¢é
khéi lugng 105 g.

1.6. HOp sita c6 thé tich tiéu chudn 1a 180 + 5 m/. Mét hop sira co
thé tich 1a 178 ml.

1.7. Banh trung thu c6 khéi lugng tiéu chuén 13 250 + 8 g. Mot cai
banh c6 khéi luong la 260 g.

1.8. Ngudi mau nam quang cdo 4o thun cé chiéu cao tiéu chuén 1a
185 + 6 cm. Mot ngudi mau nam cé chiéu cao la 179 cm.
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1.2. Phan loai sai s6

Dua vao nguyén nhan gay sai s, ta cé cac loai sau:

- Sai s6 gia thiét: xuat hién do viéc gia thiét bai toan dat dugc mot
s6 diéu kién ly tudng nham 1am gidm dé phuc tap cla bai toan.

- Sai s6 do s6 liéu ban dau: xuat hién do viéc do dac va cung cap
gia tri dau vao khong chinh xac.

- Sai s6 phuong phép: xuat hién do viéc giai bai toan bang phuong
phap gan dung.

- Sai sb tinh todn: xuat hién do Iam tron sb trong qué trinh tinh todn,
qué trinh tinh cang nhiéu thi sai sé tich luy cang I6n.

Vidu1.2.
a) Cho 72 ~ 10.
b) Cho 1 nam = 365 ngay.
¢) Cho sin x ~ x.
d) Tinh €5.
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1.3. Lam tron sb

Xét s6 thap phan
A=5S8nSm_1..-51 S0-5-15_2..-SnSn+1--- ]
Khi dé A dugc lam tron véi n s6 thap phan bdi s a cé dang
a= SmSm—1.--5189-S_15_2...5
véi qui tic lam tron sau
-Néu s, >5thi s, = s, + 1.
-Néu s,,1 < 5thi’s, = sp.

Vi du 1.3. Lam tron cac s6 sau vdi 4 sb thap phan
a) 356.3468123766 ~ 356.3468
b) 0.312893123 ~ 0.3129
c) 0.55555555 ~ 0.5556

Ngoai ra nguoi ta con st dung phuong phap chét cut véi s, = sp,.
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1.4. Tinh to4n sai s

Gid st dung n sb gan ding xi, X, ..., X, dé tinh dai luong y theo cong
thiic y = f(X1, Xo, ..., Xn). Trong d6 f 1& ham kha vi lién tuc theo cac dbi
s6 x;. Khi dé sai sb clia y dugc xac dinh theo cong thiic sau

- Sai sb tuyét dbi:

" of
Ay_;’ax,-

- Sai s6 tuong doi:

AX;.

_ Ay
ly|

Axj;. hay dy

Luu y:
X
Inxy =Inx+Iny, In;:Inx—Iny, InxY =ylnx
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1.4. Tinh to4n sai s

Vidu 1.4. Tim sai s0 tuyét doi va tuang doi clia y = x; — X
Sai s0 tuyét doi Ay = Axq + Axo.

1

Sai sb tuong dbi dy = AXy + ———— DXo.
X1 — X

X1 — Xz
Vidy 1.5. Tim sai 6 tuyét d6i va tuong doi clia y = x1 - x
Sai so tuyét doi Ay = |xo|Axy + |X1|AXo.

. A A 1 1
Sai s tuwong doi oy = WAM + WAXQ.
1 2

Vi duy 1.6. Tim sai sb tuyét di va tuong dbi clia y = x
Sai s6 tuyét doi Ay = |xp - X2 |Axy + X2 In X1 | Axe.

.4 2. X
Sai so tuong doéi 6y = ‘X—Z’Am + | InXx1|AXo.
1
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1.4. Tinh to4n sai s

Bai tap: Tim sai s6 tuyét déi va tuong dbi clia cac dai lugng y sau biét
a=10,Aa=0.25,b=0.324, Ab=0.015,¢c =13.12, Ac = 0.1.

1.9.y; =ab+ ac — b/c. 1.10. y» = & — Vbc.
23
1.11. y5 = &% — by/C. 1.12. y4 = .
Y3=a Ve Ya NG

Bai tap: Tim sai so tuyét di gidi han va tuang ddi giéi han clia cac dai
luong a, b, ¢ sau biet a=5.5,b = 6.568, ¢ = 24.138.

1.13. yy = abc, Ay; = 0.025.

1.14. y, — av'b — by/C, Ay, = 0.12.

1.15. y5 = Csin(%),Ayg —12.

1.16. y; = Sea,AyA, — 0.02.
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Chuong 2

Giai gan dung
phuong trinh
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2. Giai gan dung phuang trinh
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2. Giai gan dung phuang trinh
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2. Giai gan dung phuang trinh

Trong muc nay, ta tim hiéu nhitng phuong phap giai cac phuong trinh
dai sO va siéu viét dang: f(x) = 0 (x), vGi f(x) la mét ham phi tuyen.

Phuong trinh trén, trlr mét vai truong hop dac biét, cd cong thiic giai
duing, con noi chung khéng cé céng thirc giai ding. Ngoai ra, cac hé
sb cla f(x) trong nhiéu trudng hop ciing chi la cac s6 gan ding hoac
nghiém clia f(x) la mét biéu thiic rat phiic tap, cho nén van dé giai
diing phuong trinh (x) cling khong that su can thiét. Do dd, chting ta
can quan tam dén nhu’ng phuong phap gidi gan dung, nhat 14 nhiing
phuong phap c6 thé dung may tinh hé tro.

Pé gii gan dung phuong trinh (%), ta tién hanh céc budc sau:

Thi nhat 13 tach nghiém, nghia 14 fim mét khoang [a, b] dl nhd sao
cho phuang trinh (%) c6 nghiém duy nhét.

Thi hai 1a chinh xac héa nghiém xap xi dén do chinh xéac can thiét.
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2.1. Khoang phan ly nghiém

Co sé dé tach nghiém 1a nhitng dinh ly vé su lién tuc clia ham sé:

(i) Gia st f(x) lién tuc trén [a, b] va f(a)f(b) < 0. Khi dé phuang
trinh f(x) = 0 ton tai it nhat mét nghiém trong khoang (a, b).

(ii) Gia st f(x) lién tuc trén [a, b] va f(a)f(b) < 0, hon nita, ham sb
f(x) c6 dao ham f'(x) lién tuc trén doan [a, b] va f'(x) khéng d6i dau
trén [a, b] thi nghiém néi trén 1a duy nhét.

ly J .8
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2.1. Khoang phan ly nghiém

Khoang phan ly nghiém la doan [a, b] sao cho f(a) - f(b) < 0.

Phuang phap tim khoang phan ly nghiém:

SU dung dd thi: V& db thi va tim hai diém trén db thi sao cho mot
diém trén truc hoanh va mot diém dudi truc hoanh.

S dung gié tri: Chon a bt ki trén tap xac dinh. Tim b sao cho
f(a) - f(b) < 0.

Vi du 2.1. Tim khoang phéan ly nghiém cltia phuong trinh e¥ + x = 4
Dé thay f(x) = & + x — 4 c6 dao ham f'(x) = e + 1 > 0. Vay
f(x) la ham tang.
Chona=0thif(a)=€’+0—-4=-3<0.Tachonb> a.
Chon b =1 thi f(b) = e' +1 — 4 = —0.2817 < 0. Khdng thoa.
Chon lai b =2 thi f(b) = €2 + 2 — 4 = 5.3891 > 0. Théa.
Vay khoang phan ly nghiém la [0, 2]
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2.1. Khoang phan ly nghiém

Bai tap: Tim khoang phan ly nghiém clia cac phuang trinh sau:
21.e¥—10x+7=0.
22.x34+x-5=0.
2.3.cos2x +x—-5=0.
24.x* —4x—-1=0.
2.5. xsinx = 3.
2.6.x° - 3x%2 4 x=2.
27.Inx—x+6=0.
2.8.3tanx —2x —-3=0.
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2.2. Phuong phap chia doi

fix)
4
|
|
|
i
1 1(1) a2) 1 (32D () | &
j' f* L - - - -
[ (4] 1 H(3) BH(4) K1) BH(2)
(| ]
] 1
: : = Ji4) |=
] 1
p e
- l"|:_"| -
- Jily -
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2.2. Phuong phap chia doi

Bisection method:
Muc tiéu: Tim X € [a, b] thoa f(X) ~ 0.
Gi4 thiét: Ham f lién tuc trén [a, b] va f(a) - f(b) < 0.
Y tudng: Ta sé thu nhd [a, b] (ma van gil* dugc gia thiét).
Diéu kién dirng: Gid tri f(X) nhd hon sai sb cho phép .
Thuc hién:
2 a+b . \— N
B1:Lay c = néu |f(c)| ~ 0 thi X = c va DUNG.

B2: Néu f(c) # 0 thi ta chon [a1, b1] la mét trong hai doan [a, c]

hoac [c, b] sao cho f(ay) - f(by) < 0.
B3: Thuc hién lai B1 vdi [a, b] dugc thay bdi [a1, b;].
Sai s6: Sau n lan chia d6i bai toan sé dirng. Khi dé
_ap+bp . b—a

Cn— 2 va bn—anZT.

Sai s6 mac phai khi d6 la |x* — X| < |by — ¢y| = SrrT
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2.2. Phuong phap chia doi

Thuét toan Bisection method:
1. Khai bdo ham f(x) dong thdi kiém tra su lién tuc cla f(x).
2. Nhap tol, a va b dong thdi kiém tra f(a) - f(b) < 0.
3.Gan gy = ava by = b.
(M@ vong 13p - bt dau véi k = 1)
4.Ganc = %bkq.
5. Néu |f(c)| < tol, BREAK vong l3p.
Nguoc lai gan k = k + 1.
6. Néu f(ax_1) - f(c) > 0,a, = ¢, bx = bx_1.
Nguagc lai by = ¢, ax = ax_1-
(Bdng vong lap)
7.Dapanx=c.
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2.2. Phuong phap chia doi

Vidu 2.2. Tim nghiém cla phuong trinh x3 + x — 5 = 0 trong
khodang [1,2] v6i sai s6 3- 1073,
Pat f(x) = x3 + x — 5.
Pay la ham lién tuc co6 f(1) - f(2) = (-3) -5 < 0.
Lan luot thuc hién cac budc sau
(k=1)a=1,b=2,c=1.5, f(c) = —0.1250,
If(c)| >3-10723, f(¢)-f(a) >0,a=c=1.5.
(k=2),a=15b=2c =175, f(c) = 2.1094,
If(c)| >3-10723, f(¢)-f(a) <0, b=c=1.75.
(k=3),a=15,b=1.75c = 1.625, f(c) = 0.9160,
1f(c)| >3-10723,f(c) - f(a) < 0, b= c = 1.625.

(k=6),a=15,b=15313,c = 1.5156, f(c) = —0.0028,
If(c)] <3-1073

Két luan x = 1.5156 1& nghiém cla f(x) = 0 v&i sai s6 3 - 10~5.
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2.2. Phuong phap chia doi

Bai tap: Thuc hién dén budc 13p thi 3 trong viéc giai cac phuong trinh
sau:

2.9.x3 —2x —10 = 0 vGi x € [2,3]

2.10. x3 + x2 4+ x = 1 vdi x € [0,1].

2.11. € —3x2 = 0 vdi x € [3,5].

212. x —In(x +1) =4 védi x € [5,7].

Bai tap: Gidi cac phuong trinh sau véi sai s6 103:
2.13. x —sinx = 0.25.
2.14. x3 — x = 1000.
2.15. xInx—-1.2=0.
216.2X —x—-4=0
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2.3. Phuong phap lap
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2.3. Phuong phap lap

Fixed point iteration:
Muc tiéu: Tim X € [a, b] théa f(X) ~ 0.
Gi4 thiét: Ham f lién tuc trén [a, b] va f(a) - f(b) < 0.
Y tuéng: Ta dua vé dang X = ¢(x) tao nén day xy.
Diéu kién dirng: f(xx) ~ 0.
Thuc hién:
B1: Bién d&i f(x) = 0 thanh x = o(x).
B2: Tim x4 = ¢(xo) VOi Xo tUy y trong [a, b].
Néu f(x;) ~ 0 thi X = x; va DUNG.
B3: Thuc hién lai B2 véi x5 = Xy.
Sai sb: Theo cong thiic Lagrange thi tai budc thit k:
X = i < 19/ (O)lIX* — X -
Sau n budc bai toan sé dung, khi do
X" = xn| < [¢'(c)["|a - b]
Nhan xét: Bai toan hdi tu neu |¢'(x)| < 1 véi moi x € [a, b].
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2.3. Phuong phap lap

Thuat toan Fixed point iteration:
1. Khai bao ham f(x), ¢(x) ddng thoi kiém tra sy lién tuc cla f va
©. Kiém tra |/ (x)| < 1 véi moi x € [a, b].
2. Nhap tol,a va b ddng thoi kiém tra f(a) - f(b) < 0.
3. Nhap xp € [a, b).
(M& vong 18p - bat dau véi k = 1)
4. Gan Xk = (p(Xk_1).
5. Néu |f(xx)| < tol, BREAK vong l&p.
Nguoc lai gan k = k + 1.
(Bong vong lap)
6. Dap an x = x.
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2.3. Phuong phap lap

Vi du 2.3. Tim nghiém cla phuong trinh x3 4+ x — 5 = 0 trong
khodang [1,2] v6i sai s6 3- 1073,
Dat f(x) = x3 + x — 5 va p(x) = ¥/5 — x. Ham f lién tuc c6
f(1)- f(2) = (=3)-5 < 0va |¢(x)| < 1| véi moi x € [1,2].
Chon xg = 1.3.
Lan luot thuc hién cac budc sau
(k=1) x; = {6 — xo = 1.5467, f(x;) = 0.2467,
f(x¢)] >3-1073
(k=2)x = &5 —x; = 1.5115, f(x,) = —0.0352,
f(x2)] >3-1073
(k=3) x3 = /5 — xo = 1.5166, f(x3) = 0.0051,
|f(xg)| > 3-1073
(k=4) x4 = /5 — x3 =1.5159, f(x4) = —0.0007,
f(x4)| <3103
Két luan x = 1.5159 & nghiém cla f(x) = 0 v&i sai s6 3 - 10~5.
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2.3. Phuong phap lap

Bai tap: Thuc hién dén budc 13p thi 3 trong viéc giai cac phuong trinh
sau:

2.17.x3 —2x —10 = 0 vdi x € [2, 3]

2.18. x3 + x2 4+ x = 1 vdi x € [0,1].

2.19. & —3x% = 0 vdi x € [3,5].

220. x —In(x+1)=4vébix € [5,7].

Bai tap: Gidi cac phuong trinh sau véi sai s6 103:
2.21. x —sinx = 0.25.
2.22. x3 — x = 1000.
2.23. xInx—-1.2=0.
224.2x —x—-4=0
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2.4. Phuang phap tiép tuyén

fix)

After Second Iteration
fixsy)

Initial Guess

flxy)

|
After third iteration - F
7’ ]
] s
- x
_.._,_,_.-""—_i iy 1 Xy 'y
Exact
Jix) root
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2.4. Phuong phap tiép tuyén

Newton method:
Muc tiéu: Tim X € [a, b] thda f(X) ~ 0.
Gid thiét: Ham f lién tuc trén [a, b] va f( ) - f(b) < 0.
' tu’dng Vé lién tiép cac tiép tuyén cla do thi f tao nén day x.
Piéu kién dirng: f(xx) ~ 0.
Thuc hién:
B1: T xp tly y trong [a, b] vé tiép tuyén db thi cat Ox tai x4.
Néu f(x;) ~ 0 thi X = x; va DUNG.
B2: Thuc hién lai B1 vGi xp = x.
Sai s6: Ngudi ta chiing minh dugc

X* — Xp| < ‘f(r);”)’ vGi 0 < m< (X))

Nhan xét: Bai toan hoi tu khi f' va f” khéng ddi du trén (a, b).
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2.4. Phuong phap tiép tuyén

Thuat toan Newton method:
1. Khai bdo ham f(x) déng thai kiém tra su lién tuc va dau cla
f'(x), f'(x).
2. Nhap tol, a va b dong thdi kiém tra f(a) - f(b) < 0.
3. Nhép xg vbi a < xo < b.
(M@ vong 18p - bt dau véi k = 1)
f(Xk_1)
] f/(Xk_1 ) '
5. Néu |f(xk)| < tol, BREAK vong lap.
Nguoc laigan k = k + 1.
(Bdng vong lap)
6. Dap an x = x.

4. Gan Xk = Xk—1 —
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2.4. Phuong phap tiép tuyén

Vi du 2.4. Tim nghiém cla phuong trinh x2 + x — 5 = 0 trong
khodang [1,2] v6i sai s6 3- 1073,
Dat f(x) = x® + x — 5 va f/(x) = 3x% + 1. Ham f lién tuc ¢
f(1)-f(2) =(-3)-5<0.
Chon xp = 1.3.
Lan luot thuc hién cac budc sau
(k = 1) X1 = Xo — f(Xo)/f/(Xo) = 15476, f(X1) = 0.2543.
1f(x1)] >3-1073
(k = 2) Xo = X1 — f(X1)/f/(X1) = 15165, f(X2) = —0.0045.
1f(x2)| >3-1073
(k=3) x3 = x2 — f(x2)/f'(x2) = 1.5159, f(x3) = 0.0000.
1f(x3)] <3-1073
Két luan x = 1.5159 & nghiém cla f(x) = 0 v&i sai s6 3 - 10~3.
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2.4. Phuong phap tiép tuyén

Bai tap: Thuc hién dén budc 13p thi 3 trong viéc giai cac phuong trinh
sau:

2.25. x3 —2x —10 = 0 vdi x € [2, 3]

2.26. x3 + x% 4+ x = 1 vdi x € [0,1].

2.27. & — 3x% = 0 vdi x € [3,5].

228. x —In(x+1)=4vébix € [5,7].

Bai tap: Gidi cac phuong trinh sau véi sai s6 103:
2.29. x —sinx = 0.25.
2.30. x3 — x = 1000.
2.31. xInx—-1.2=0.
232.2x—x—-4=0
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2.5. Phuong phap day cung

y= fix)
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2.5. Phuong phap day cung

Secant method:
Muc tiéu: Tim X € [a, b] thoa f(X) ~ 0.
Gi4 thiét: Ham f lién tuc trén [a, b] va f(a) - f(b) < 0.
Y tudng: VE lién tiép cac day cung cla do thi f tao nén day x.
Diéu kién dirng: f(xx) ~ 0.
Thuc hién:
B1: TU hai dAu muit [a, b] vé cét tuyén db thi cat Ox tai c.
Néu f(c) ~ 0 thi x = ¢ va DUNG.
B2: Néu f(c) % 0 thi ta goi [ay, by] 1a mét trong hai doan [a, c]
hoéc [b, c] ma 6 dé6 f(ay) - f(by) < 0.
B3: Thuc hién lai B1 vdi [a, b] dugc thay bdi a1, by].
Sai s6: Ngudi ta chiing minh dugc

\x*—&,lé(?)n(b—a) véi 0<m<|f(x)] <M.
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2.5. Phuong phap day cung

Thuéat toan Secant method:
1. Khai b4o ham f(x) déng thai kiém tra su lién tuc cla f(x).
2. Nhap tol, a va b dong thdi kiém tra f(a) - f(b) < 0.
(M& vong 13p - bt dau véi k = 1)
gf(a)
f(b) —f(a) *
4. Néu f(x) - f(a) < 0 thi b = xx. Nguac lai a = x.
5. Néu |f(xx)| < tol, BREAK vong I&p.
Nguoc laigan k = k + 1.
(Bdng vong lap)
6. Dap an x = x.

3.Gan xx, = a—
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2.5. Phuong phap day cung

Vi du 2.5. Tim nghiém cla phuong trinh x3 + x — 5 = 0 trong
khoang [1,2] v&i saisb 3- 1073
Dat f(x) = x® + x — 5. Ham f lién tuc c6 f(1) - f(2) = (-3)-5 < 0.
Lan lugt thuc hién cac budc sau
(k=1)
a1 b=2x—a— 2" fa)=1375 f(x) = —1.0254
) B PY R

1f(x1)| >3-1073, f(x1) - f(a) > 0, a= x4 = 1.375.
(k=2)

a=1375b=2x =a— (t; a( 2(8) = 1:4814,f() = —0.2679.
f(x0)| >3- 1073, f(x) - (@) > 0, a = xp = 1.4814.
(k=6)
b—a
a=15155,b= 2.5 = @~ o f(a) = 1.5159, f(x) = ~0.0009.
If(c)] <3-1073

Két luan x = 1.5159 13 nghiém cla f(x) = 0 v&i sai s6 3 - 105.
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2.5. Phuong phap day cung

Bai tap: Thuc hién dén budc 13p thi 3 trong viéc giai cac phuong trinh
sau:

2.33.x3 —2x —10 =0 vdi x € [2,3]

2.34. x3 + x> 4+ x =1 vbi x € [0,1].

2.35. & — 3x% = 0 vGi x € [3,5].

236. x —In(x+1)=4védix € [5,7].

Bai tap: Gidi cac phuong trinh sau véi sai s6 103:
2.37. x —sinx = 0.25.
2.38. x3 — x = 1000.
2.39. xInx —1.2=0.
240.2* —x—-4=0
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Chuong 3

Giai hé phuong trinh
Pai s6 tuyén tinh
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3. Hé phuang trinh Dai sé tuyén tinh

-N Iw Ix Zy Enz‘ Zwy Ixy Iwx sz ZYZ 1 Ix le Ey3 ] -A -El |
Zw sz EZwx Iwy E\uz szy Zwxy Zwix Tw’ Ewy?‘ EZwx :w‘ Ew“ B Iwe
Ix Twx Ixt Exy s Twxy szy waz szx nye Ix Zxw Ex‘r! c Ixz
Zy Zwy Zxy Syz Exzy Ew,rz nyz Zwxy zwzy Sy’ Et’y Ew,y Zy D Zyz
Zx? Dwx? Zx?  Exfy Ex' Desfy Iy me®  mefd AR 2S5 ez el [t

Twy ZTwly Zwxy Iwy® Zwxly ZIwly? Zwey? ZIwixy Zwly Zwy’

Ixy ZTwxy Ixzy Exy Zx"y anyz szyz I‘.wnzy Z‘.wzxy Ixy Z:x‘y Ew3xy Exy‘ |G| = |Exye

IZwx Eurzl waz Ewxy I.‘wnf.3 szly Z\vlzy szxz Zwx I:w-:yz wa‘ Ew“x way3 H Ewxs)
I;wz }Jwi Z:wzx szy szxz Eway szxy Ewsx Ew‘ szyzi szx“ Bws szya I Iwzl
Iy Zwyz Z:xy?' l‘-y; Exzyz 2wy3 Exy! Ewuyz szyz “Jy" J E:!yz Ew!yz Zyrs _J Eyzs
Ix3 Iw:! 22:' En!y ):xs wa!y Zx“y Zwu‘ szx! E:syz Exﬁ !.'aw:‘x1 Ex3v3 K I:sz
zw® Zw? zZu’x Zway Zwix? Zw.y Zw,x\r Zwix zw® Zwsyz Zw383 Zwb stys L zwls
PY} z‘,yi z‘ri z!" :;213 Ewy‘ zx!f‘ :“‘KYa =w2Y3 Zy5 5:3‘!3 wayi zyb ] M .zyl‘.
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3. Hé phuang trinh Dai sé tuyén tinh

Nhiéu van dé cla khoa hoc ki thuat, kinh té, méi trudng quy vé viéc
gidi hé phuong trinh tuyén tinh

ai1Xy +aieXe +... +aipxXn = by

a1Xy +agpXo +.. +axpXn = bo

amX1 +amXe .. +amXp =bp
Cac phuaong phap g|a| hé co the phan lam hai nhém chinh: nhém cac
phuong phap truc tlep va nhom cac phuong phap lap. Dbi véi cac
phuong phap truc tiép thi sb cac phép toan cé thé du doan truéc
duagc, con dm vGi phu’dng phap lap thi ndi chung khong thé du doan
trufdc duoc sb6 1an can lap dé cé duac nghlem xap xi v6i sai s6 mong
muon Céc phuong phap lap tthorng dugc s dung d0| VGi hé c6 sb an
va s6 phuong trinh 16n, hé gan suy bién (dinh thiic gan 0).

Hai phuang phép phé bién nhét clia nhém phuong phép truc tiép 1a
phuong phap Cramer (dung dinh thirc) va phuong phap Gause (khr
bién) da dugc trinh bay trong mén hoc Dai sb Tuyén Tinh.
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3.1. Phuong phap khitr Gauss

Phuong phap khir Gauss:
Muc tiéu: Tim X* théa AX = C.
Gia thuyét: Ma tran A c¢é dudng chéo khac 0.
Y tudng: Dua ma tran A vé dang tam gidc va tim nghiém nhd qua
trinh thé ngugc.
Diéu kién ding: Tim dugc hét cac thanh phan clia X*.
Thuc hién:
B1: Bién déi ma tran A vé dang bac thang (cuing Itic bién déi C).
B2: Tim céc gid tri X; v6i i tU ndén 1.

Vidu 3.1. Tim X = (X, X2, X3) thda
2z, + 3, —3r, =4
z, —2z, +z, =0
3z, — 2z, = -1
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3.1. Phuong phap khitr Gauss

2 1 -3/4 1 -2 1|0
A=(Alb)=[1 -2 1]0|—2=% j2 1 -3/4
3.0 —2-1 3.0 21
1 -2 10 . -2 1] 0
] 5 54| o 5 5| 4
0 6 —5—1 0 0 1] 29

T —2z,+z, =0
19
5z, — b5z, =4 = T =y S Ty =
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3.1. Phuong phap khitr Gauss

Bai tap: Giai cac hé phuang trinh sau

2X1 —Xo +38x3 =1
3.1. 3Xy +X -2x3 =8
{ X1 —3x +2x3 =0
3Xy +X —Xx3 =-3
3.2. 2X1 —|—2X3 =2
2Xy —Xo +X3 = -2
X1 +2X> +X3 =4
3.3. 2x;y —2Xo +3x3 =4
{ —X1 —Xo +X3 =1
2X1 —Xo —2X3 +2Xx4 = 4
3.4 —4X1 +6X2 +3X3 +3X4 = -2

—4xy —2x2 +8x3 +4x4 =
2x1  +Xo +4x, =38
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3.2. Phuong phap phan tich

Phuong phap phén tich LU:

Muc tiéu: Tim X* théa AX = C.

Gid thuyét: Ma tran A c¢é dudng chéo khac 0.

Y tuwdng: Bién ddi A thanh tich LU véi L 1a ma tran tam gidc dudi (co
duding chéo chinh bang 1) va U la ma tran tam giac trén. Bai toan
thanh LY = C,UX =Y.

biéu kién ding: Tim dugc hét cac thanh phan cla L va U.

Thuc hién:

B1: Bién d6i ma tran A vé dang LU.
B2: Tim gid tri Y cla baitoan LY = C.
B3: Tim gia tri X cla baitoan UX =Y.
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3.2. Phuong phap phan tich

Thuat toan phan tich LU:

1. Khai bao ma tran A va vector C.

2. Xay dung ma tran L va U nhu sau
Uj=A;v1<j<n Lip=An/UV2<ji<n
Vc’ii2§k§n—k1 1

Ukj= Axj— Z LU Yk<j<n

=1
k—1

Lix=(Aix— Z LijUk))/ Uk Yk+1<i<n

=1
n—1

Un,n = An,n - Z Ln,IUI,n
1=1
3.Tim Ythda LY = C.
4. Tim X thda UX =Y.
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3.2. Phuong phap phan tich

Vi du 3.2. Phan tich ma tran sau thanh dang LU

2 -1 -2
-4 6 3
—4 -2 8

A R 2
mpppinsslEERY

1 2)-1]-2 2| -1]-2
Co =2 == 6| 3
[ e n . —1| -2 =

] PR - B

—1[-2] § |
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3.2. Phuong phap phan tich

Bai tap: Giai cac hé phuang trinh sau
2X1 —Xo +38x3 =1
3.5. 3Xy +X -2x3 =8

X1 —3x +2x3 =0
3Xy +X —Xx3 =-3
3.6. 2X1 —|—2X3 =2
2Xy —Xo +X3 = -2
X1 +2X> +X3 =4
3.7. 2x;y —2Xo +3x3 =4
{ —X1 —Xo +X3 =1
2X1 —Xo —2X3 +2Xx4 = 4
3.8 —4X1 +6X2 +3X3 +3X4 = -2

—4xy —2x2 +8x3 +4x4 =
2x1  +Xo +4x, =38
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3.3. Phuong phap lap

Phuong phap lap:
Muc tiéu: Tim X théa AX ~ C.
Y tuéng: Xay dung day X1 = BXx + G tao nén day Xj.
Piéu kién dirng: AXy — C ~ 0.
Thuc hién:
B1:Tim B = —A./(a11a22...a,,n)T +IlhvaG= C./(a11322...ann)T.
B2: Tim X; = BXp + G vGi Xy tuy .
Néu AX; — C ~ 0 thi X = X; va DUNG.
B3: Thuc hién lai B2 v6i Xy = X;.
a1 561 X~ X o < 11X~ Xt o
Nhan xét: Diéu kién hdi tu ||B]|e = [max Z |bj| < 1.

- 1<<n
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3.3. Phuong phap lap

Thuéat toan Phuong phap lap:

1. Khai bao Ava C.

2. Tinh Bva G.

3. Nhap tol va chon Xj (thuong chon Xy = G).
(M& vong 1p - bt dau véi k = 1)

4.Gan X, =BX,_1+G

5. Néu |AXx — C| < tol, BREAK vong lap.

Nguoc laigan k = k+ 1.

(Bong vong lap)

6. Dap an X = Xx
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3.3. Phuong phap lap

Vidu 3.3. Tim X = (X, X2, X3) thda

Sr+y+z="7 0 -0,2 —0,2 1.4
z+10y+2=12 = B=| 01 0 —0,11,g=112
T+y+202=22 —0,05 —0,05 0 1,1
14
bit 29 = g =|1,2|. Xét day {z'"’}nzﬁ dwoc thiét lap nhw sau "7 = Br™ + g,¥n > 0.
11
0,940000 1,016000 0,997100 1,000680
T day tasuyra 7' =|0,950000|; 2% ={1,009000 |; z'¥ = [0,997850 |;z"* = |1,000415
0,970000 1,005500 0,998750 1,000253
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3.3. Phuong phap lap

Bai tap: Giai cac hé phuaong trinh sau
3X1 +Xo +X3 =7
3.9. —X1 +4xo +2x3 =2

2X1 +3X3 =4
2X4 —X3 =2
3.10. —Xy +3x +Xx3 =-4
Xq +x2 +3x3 =0
7X1 +2X2 —|—3X3 =-9

3.11. Xq +2x> +5x3 =
3X1 +8X2 +X3 =
2Xy +2xo +b5x3 =7
3.12. 4x1 +2Xo —X3 =5

3xy +6x2 +x3 =1

——
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3.4. Phuong phap Seidel

Phuaong phap Seidel:
Muc tiéu: Tim X théa AX ~ C.
y tudng: Xay dung day Xk, = BX.1/2 + G tao nén day Xi.
Piéu kién dirng: AX, — C ~ 0.
Thuc hién:
B1:Tim B = —A./(a11a22...a,m)T +hvaG= C./(a11322...ann)T.
B2: Tim X = BXO’5 + G vOi Xo tl‘Jy y
Néu AX; — C ~ 0thi X = X; va DUNG.
B3: Thuc hién lai B2 vGi Xg = Xj.
Sai 80 [[ Xk — X*|loo < %HXk - an‘lHoo-
Nhén xét: Diéu kién hoi tu [|B[|o = max > byl < 1.

-7 1gj<n
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3.4. Phuong phap Seidel

Thuat toan Phuong phap Seidel:
1. Khai bao Ava C.
2. Tinh Bva G.
3. Nhép tol va chon Xj (thuong chon Xy = G).
(M& vong 13p - bat dau véi k = 1)
n

4.Gan (Xe)1 = > _ bij(Xk1); + Gy

j=1
i—1 n

Gan (X)i = > _ bj(Xk)j+ > bj(Xe—1)j+ Gjvéi2 <i<n.
j=1 j=1

5. Néu |AXx — C| < tol pha vong Iap.
Nguogc lai gan k = k + 1.
(Béng vong lap)
6. Dap an X = X
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3.4. Phuong phap Seidel

Vidu3.4. Tim X = (xq, X2, X3) théa

r+0,1y+0,12=12 0 -01 -01 12
0lr+y+012=12 = B=|-01 0 —01[.g=|L2
0,1z+0,ly+2=12 -01 -01 O 12

Xét day {x "*}n:ﬁ dwgc thiét lap nhur sau

v, =—-01y —01z, +12 0
Your = 01z, — 0,1z +12 trong do % =0].
2., =—01z, ., —01y,. +12 0
1,200000 0,994800 0,999649 0,999995
Ttr d6 ta suy ra " = |1,080000 |; z'¥ = [1,003320|;z'* =|1,000016 |;z"* =|{0,999997
0,972000 1,000188 1,000033 1,000001
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3.4. Phuong phap Seidel

s ., - £ . {4) .
Ta danh gia sai so cia 7. Ta co

|o9 =2 < oL, [« =] = 0.2 9,000301 = 0,000075
~ = 1-|B|. ~ 10,2
0 01 -01
rongdo U =[0 0 —0.1]|.
0 0 0
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3.4. Phuong phap Seidel

Bai tap: Giai cac hé phuaong trinh sau

3X4
— X4
2X1
2X1
. — X
X1
7 X4
|
3X4
{ 2X1

4X1
3X4
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+Xo

+4X2

+3X2

+Xo

+2X2
+2X2
+8X2
+2X2
+2X2
+6Xo

+X3 =7
+2X3 =2
+3X3 =4
—X3 =2
+X3 =4
+3x3 =0
+3x3 = -9
+5X3 =
+X3 =
+5X3 =7
—X3 =5
+X3 =1
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Chuaong 4

Xap xi
va
noi suy
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4. Xap xi va ndi suy

m piecewise linear interpolation
polynomial
m piecewise polynomial

_—
|~ /T o
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4. Xap xi va ndi suy
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4. Xap xi va ndi suy

Trong todn hoc ta thudng gap cac bai todn lién quan dén khdo sat va
tinh gia tri cdc ham y = f(x) nao dé. Tuy nhién trong thuc t& c6 trudng
hop ta khéng xéc dinh dugc biéu thiic clia ham f(x) ma chi nhan dugc
cdc gia tri rdi rac: yo, y1, ..., ¥ tai cac diém tuong Ung Xo, X1, ..., Xa. Van
dé dat ra |a 1am sao dé xac dinh gia tri clia ham tai cac diém con lai?
Thuat toan tim gia tri y; nhu vay dugc goi la phép ndi suy.

Phép ndi suy co thé xem 1a phép “chén” hay phép lién tuc héa céc gia
tri cla ham sb cho duéi dang bang tai cac gia tri cia bién sb khong
tring voi cac méc. Viéc lién tuc hda 1a co s& cho viéc thuc hién cac
phep tinh vi tich phan nhu dao ham va tlch phan. Vi vay phep néi suy
la nén tang cula viéc xay dung dao ham sb va tich phan sb.

Ham ndi suy ciing dugc ap dung trong trudng hop da xac dinh dugc
biéu thirc clia f(x) nhung né qua phuc tap trong viéc khéo sét, tinh
toan. Khi dé ta tim ham néi suy xap xi véi né dé don gian phan tich va
khao sat hon.
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4.1. Pa thic tong quat

Muc tiéu: T mét bang gid tri, ta xay dung mét da thic di qua tat ca
cac diém trong bang dit liéu. Bac clia da thirc bang tong s6 cac diém
tru di 1.

Gia sl f(x) nhan gia tri y; tai cac diém tuang ting x; (0 < i < n) , khi dé
da thirc noi suy téng quat cé dang

f(X)=ag+ax +ax?+ ...+ an_1x" 1+ ax" (1)

V@i yéu cau f(x;) = y; ta thu dugc hé phuang trinh
Yo=ap+ aiXo + agxg + ...+ an,1x1”‘1 + anxg,
yi=ao+ aixi + ax? + ...+ ap_1X] ' + anx{,
Yo =ag+ aiXe + @X5 + ... + 8p_1X5 ' + anX,

Yn=ao+aiXn+ ax2+..+a,1x7 "+ apx”.
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4.1. Pa thic tong quat

Hé trén duoc viét lai dudi dang XA = Y véi

n—1 n

2
1 X x% R 1 Xy ap Yo
n_
1T X1 X5 .. X x{ ay )2
— 2 n—1 — —

X=11 % x5 .. x37" xJ |,A=|a |,Y=|)
ces A

1 X, x2 Xt~ xn an, Yn

trong d6 X va Y la ma tran va vector da biét gid tri con A |a vector
chiia cac tham sbé can tim.

Giai hé trén ta thu dugc A = X~ 'Y. Sau dé thay céc gia tri g; vira
tim dugc vao cong thiic (1) ta dugc da thiic xap xi can tim.

D& noi suy mot gia tri tuong (ing vai bién X v6i x; < X < Xp, ta chi viéc
tinh gia tri f(X).
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4.1. Pa thic tong quat

Vi du 4.1. Cho di liéu ctia ham f(x) nhu sau

x|1]114 17|20
y|3|42|37 |32

Hay noi suy gia tri cla f(x) tai x = 1.5 st dung da thiic ndi suy bac
nhat, bac hai va bac ba.

Dé xay dung da thiic ndi suy bac nhat ta chon bd dii liéu
(x1,y1) = (1.4,4.2) va (xo, y2) = (1.7,3.7).
Dat
1 14 4.2
X:[1 1.7]’ YZ{S.?]
Kétquala A= XY = [6.5333,—1.6667]"
Vay f,(1.5) = 6.5333 + (—1.6667)1.5 = 4.0333
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4.1. Pa thic tong quat

Dé xay dung da thiic ndi suy bac hai ta chon 3 dif liéu cubi. Dat
1 1.4 1.42 4.2
, Y=| 37
3.2

1 17 1.72
1 2.0 20?2
Kétquala A= X~'Y =[6.5333, -1.6667,0]"
Vay f(1.5) = 6.5333 + (—1.6667)1.5 4 0 - 1.52 = 4.0333

X =

Dé xay dung da thiic ndi suy bac ba ta chon hét bo dii liéu. Dat

11 12 13 3.0

1 1.4 142 143 4.2

X=|l1 171218 Y=|37

1 2.0 2.02 203 3.2
Kétquala A= XY =[-25.2,55.5333, —34,6.6667]"

Vay
(1.5) = (—25.2) 4 55.5333 - 1.5 + (—34) - 1.52 + 6.6667 - 1.53 = 4.1
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4.1. Pa thic tong quat

Bai tap: Cho bang di¥ liéu cla ham f(x) nhu sau

X| 2 4 7 |85
y| 7242|5849

4.1. Tim gid tri xap xi cla (5.5) bang da thiic bac 1.
4.2. Tim gid tri xap xi clia f(8) bang da thiic bac 1.
4.3. Tim gid tri xap xi clia f(2.5) bang da thiic bac 1.
4.4. Tim gid tri xap xi clia f(1.5) bang da thiic bac 1.
4.5. Tim gia tri xap xi clia f(9.5) bang da thiic bac 1.
4.6. Tim gid tri xap xi clia f(6) bang da thic bac 2.
4.7. Tim gia tri xap xi cla f(3) bang da thirc bac 2.

4.8. Tim gid tri xap xi clia f(6.5) bang da thiic bac 3.
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4.2. Da thuc Lagrange

Muc tiéu: T mot bang gid tri, ta xay dung mot da thic di qua tat ca
céc diém trong bang di liéu.

Gia sl f(x) nhan gia tri y; tai cac diém tuang (ing x; (0 < i < n) , khi dé
da thirc ndi suy Lagrange cua f(x) la da thirc bac n va dugc xac dinh
theo cong thic sau:

f(x ZL,,,

trong do L; (x) la nhiing da thu’c bac ntheo x cé dang

Lin(X) = (X = X0) (X = X1)---(X = Xi—1)(X = Xiz1)-.(X — Xn) _
’ (Xi = Xo)(Xi — X1).-.(X; — Xi—1)(X; = Xiy1)---(Xi — Xn)
Dé& théy L; ,(x) c6 tinh chét sau

. ~L,'7n(,X,')7: 1 Vé. Li,n(Xj) = 0, Vi 75]
Diéu nay dan den f(x;) = Ln(x;) = y; v6imoi 0 < i < n.
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4.2.

Da thuc Lagrange
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4.2. Da thuc Lagrange

Vi du 4.2. Xay dung da thirc n6i suy Lagrange cho b6 di liéu sau

x|0[1]2]4
yl1]/o0|2][1

Theo cbng thirc ndi suy Lagrange, ta cé

L, (:E) - yOLDE( j+y1Ln( j+y2L23 ( )+ Yslig s (a:)
1]($72)($74)
1)(0-2)(0-4)
Jz=1){z-1)
)(?—1)(2— 4)

+302° — 44z + 12)

T
+0.

5]

o

:1_( :
la=

+2(2 0
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4.2. Da thuc Lagrange

Bai tap: Cho bang di¥ liéu cla ham f(x) nhu sau

X| 2 4 7 185195 11
y|72|42|58|49|40 |55

4.9. Xay dung da thiic Lagrange v6i 2 dit liéu dau va tim 7(3).
4.10. Xay dung da thiic Lagrange vdi 2 dif liéu gitra va tim £(8).
4.11. Xay dung da thiic Lagrange v6i 2 dit liéu cubi va tim £(10.5).
4.12. Xay dung da thiic Lagrange v6i 3 dif liéu dau va tim #(5).
4.13. Xay dung da thiic Lagrange véi 3 dir liéu ké dau va tim £(5).
4.14. Xay dung da thirc Lagrange véi 3 di liéu ké& cubi va tim 7(9).
4.15. Xay dung da thiic Lagrange véi 3 di liéu cubi va tim £(9).
4.16. Xay dung da thiic Lagrange v6i 4 dit liéu cubi va tim £(8).
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4.2. Pa thir'c Newton

Muc tiéu: T mot bang gid tri, ta xay dung mét da thic di qua tat ca
cac diém trong bang di liéu.

Gid sl f(x) nhan gia tri y; tai cac diém tuong (ing x; (0 < i < n), khi dé
ta dinh nghia cac ty sai phan nhu sau:

Ty sai phan cp 1 tai méc x;, x;, 1 1a
yl—H Yi
Xjip1 — X/
Ty sai phan cép 2 tai mbc x;, Xi; 1, Xi2 12
X1 Xiro] — f[Xi; Xiq1]

Xit2 — Xj '

f[Xii Xit1] =

fIXii Xip1; Xipo] =
Ty sai phan cip ntai méc x;, Xiy1, ..., Xiyn 12
f[Xis15 - Xien] — F[Xii o Xign—1]
Xign — Xi

fIXi; Xip1; - Xn) =

Ghi chu: cac ty sai phan c6 tinh dbi xdng: f[x;; x;] = f[x;; xi].
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4.2. Pa thir'c Newton

Vi du 4.3. Tim ty sai phan cla bang gia tri sau

x|112] 3| 4
y|0[5]22]57

Ta lap bang ty sai phan nhu sau

x|y |TSP1|TSP2 | TSP3
110

5
2|5 6

17 1
3|22 9

35
4 | 57
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4.2. Pa thir'c Newton

Khi do, da thirc ndi suy Newton dugc dinh nghia nhu sau:
Pa thiic Newton tién xuat phat tir x;.
Nn(x) = yo + (X — Xo)f[x0: x1] + (X — X0) (X — x1)f[X0: X1: X2]
Foo (X = X0) (X — X1)oo(X = Xn—1)F[X5; Xig 17 i Xn]-
Pa thiic Newton lui xuat phat tu x;,.
Mn(X) = Yn+(X—Xn) [ Xn; Xn—1]4 (X —Xn)(X = Xn—1)F[Xn; Xn—1; Xn—2]
+oo+ (X = Xn)(X — Xp_1)-.(X — X1)F[Xni Xp_1; ..; Xo]-

T
°
%
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4.2. Pa thir'c Newton

Vi du 4.4. Cho bang gia tri sau

x|112] 3| 4
yl0[5]22]57

Tim gid tri y tai x = 1.5, x = 2.5, x = 3.5 bdi da thic ndi suy Newton.
Pa thiic Newton tién xuat phat tir xp = 1.
N3(x) =0+5(x—1)+6(x—1)(x —2)+ 1(x — 1)(x — 2)(x — 3).
= Ny(1.5) = 1.375; N3(2.5) = 11.625; N3(3.5) = 36.875
Pa thiic Newton IUi xuat phat tr x; = 4.
Ma(x) = 57 +35(x — 4) + 9(x — 4)(x — 3) + 1(x — 4)(x — 3)(x — 2).
= Ms(1.5) = 1.375; M3(2.5) = 11.625; My(3.5) = 36.875

C& N3(x) va Ms(x) déu la da thic x® — 2x + 1
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4.2. Pa thir'c Newton

Bai tap: Cho bang di¥ liéu cla ham f(x) nhu sau

4.17.
4.18.
4.19.
4.20.
4.21.
4.22.
4.23.
4.24.

X| 2 4 7 185195 11
y|72|42|58|49|40 |55

Xay dung da thiic Newton véi 2 dit liéu dau va tim 7(3).
Xay dung da thirc Newton véi 2 di liéu gilra va tim £(8).
Xay dung da thirc Newton véi 2 dii liéu cudi va tim 7(10.5).
Xay dung da thirc Newton véi 3 dii liéu dau va tim 7(5).
Xay dung da thiic Newton véi 3 dif liéu ké dau va tim 7(5).
Xay dung da thirc Newton véi 3 dii liéu ké cubi va tim 7(9).
Xay dung da thirc Newton véi 3 dii liéu cubi va tim 7(9).
Xay dung da thirc Newton v&i 4 dii liéu cubi va tim 7(8)
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4.3. Da thuc Spline

Viéc xay dung moét da thiic di qua cac diém noi suy trong trudng hop
bd dii lieu 16n 1& mot cong viéc rat khé khuan va khé ting dung. Mot
trong nhitng cach khac phuc I3 trén tirng doan lién tiép clia céac cap
diém nt ndi suy ta ndi chiing bang nhiing dudng cong don gian va
don gian nhat 1a duong thang. Tuy nhién khi dé tai cac diém ndt ham
s& mat tinh kha vi.

Do dé ngudi ta cb gang xay dung mét duding cong bang cach néi cac
dudng cong nhd lai v6i nhau sao cho van bao toan tinh kha vi cia ham
s6 clia ham. Budng cong nhu vay goi la dudng spline (dudng ghép
tron). Cac doan cong nhd thong thuong la cac da thic. Ching ta sé
xét hai loai dudng spline phé bién nhat 1a dudng spline bac hai va
spline bac ba.
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4.3. Da thuc Spline

NGi suy Spline bac ba:

Cho ham sb f(x) x&c dinh trén doan [a, b] va mét phép phan hoach
a=xy <Xy <..<Xp=b.Mot Spline bac ba f(x) ndi suy ham 7(x)
trén [a, b] 1& ham thda céc diéu kién sau:

1. Ham sb f(x) c6 dao ham dén cép hai lién tuc trén doan [a, b].
2. Trén mbi doan con [x;, X;_1], ham sb f(x) 1a mét da thiic bac

ba.
3. f(x;) = f(x;),¥0 < i < n.
4. Mot t rong hai diéu kién sau dugc thda
(i) f ( ) = f'(b) = 0 (diéu kién bién tu nhién).
(ii) 7 (a) = f'(a), f (b) = f'(b). (diéu kién bién rang budc).

Mot spline bac ba thda diéu kién bién tu nhién goi 1a Spline tu nhién.
Con néu thda diéu kién bién rang budc thi goi la spline rang budc.
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4.3. Da thuc Spline

Thuat toan Tim Spline ty nhién bac ba:
1. Tinh d6 dai khoang phan hoach h; = xj,1 — x;,0 <i<n—1.

2. Giai hé phuong trinh sau dé tim m;,0 < i < n.

hi ~ hi+ hi e m hivt _ Yiee —Yie1  Yie1 — Vi
3 "6 P+ hi

3. Tinh M;, N; theo cdng thirc
2

h
M=y —mi—,0<i<n—1
6
Ni = Yiyq —mi+1€i,0§i§n—1

4. Xay dung f(x) theo cong thirc
—_ x:)3 S
?(X) = M} (X XI) + m; (XI+1 X) + M;

6/7,' 6/’1,’ h/
VOi X € [Xj, Xj41],0 <i<n-—1
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4.3. Da thuc Spline

Vi dy 4.5. Tim mét spline béac ba ty nhién n6i suy ham s6 y = 3*
trong doan [0, 4] vGi cac moc ndi suy lan luotla 0,1, 3, 4.
Déthdy hg =1, hy =2, ho =1vayy =1,y =3,y = 27, y3 = 81.
Ta lap hé phuong trinh
mg = 07 ms = Oa

1 142 27-3 3-1

=My + ——m +2m - =10
ot 3 Mt gh=—"7 1
2 2+1 1 81-27 27-3
é +7m2+6 = 1 — 5 =42.
mg =0, m3=0,
= 108 1452
M2 =35
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4.3. DBa thuc Spline

2

- . h hs 87
le/zOtacoMozyo—mogoz1,N0—y1_ 30_35_
(x = x)° (x —x)° - X X—Xo
T :n; ofo o 876h0 18+ 550 o o
=g (10t gpx gt g
o h? h? 2
VGii=1taco My =y — my 61_22’N1 —y2_m261—_32_
(x = x)° (e — x)° Xp — X X = Xq
= f1(x) = my Sh T g M N
121 9 33 23
—E(X—'l) 358~ x)3+%(3 X) = Z5(x = 1).
s 7 h3
Vd|1—2tacoM2_y2—m26 3053,N2:y3—m36 81.
(x = x)° (x3 — x)° X3 — X X=X
= fa(x) = mg 6k, +mo 6 + M> h + No h
= 23452(4— )2+ 3053(4 x) + 81(x — 3).
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4.3. Da thuc Spline

Nhu vay spline bac ba can tim cé dang

8 5 5
- = < x <A1
35X TapX T 0<x
- 121 9 33 23
fix)=?¢ S (y_ <x<
(x) 35 (x 1) 35(3 x) 70(3 X) — 70( —1) 1<x<3
242 5, 703
———(4 — <x<
35 (4 )° + 35 —(4—x)+81(x—3) 3<x<4
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4.3. Da thuc Spline

Bai tap: Tim Spline tu nhién bac ba cla cac bd dit liéu sau

4.25.
x| 2 | 4|7 |8
yl|22 18|27 |31
4.26.
x[3|5]|71]9
y|3|5]4|2
4.27.
x| 57 | 8 |10
y|15(19 25| 2
4.28.

x| 2 |-05]05] 2
y 1508 [1.0]1.9
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4.4. Binh phuong bé nhét

Muc tiéu: TU mét bd dir liéu, ta xay dung mét dudng cong (c6 dang
diéu biét trudc) di "gan" tat ca cac diém trong bang di liéu.

73]

15F -

[iN]
N

C - . -
e " -
. . - T
. 1 /I
=
20 10 10 20 3ID _2 -1 ¥ 1 2
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4.4. Binh phuong bé nhét

Gia sl f(x) nhan gia tri y; tai cac diém tuong ting x; (0 < i < n). Ta xay
n

dung ham x&p xi f(x) sao cho sai 6 S =Y (f(x;) — yi)? 1a nho nhét.
p

Ham x4p xi f(x) thudng duogc chon trudc nhu sau:

fi(x) = ax + b. f(x) = aeP. f(x) = ax®.
fa(x) = a+ bx + cx? fs(x) = a+ bsin x + ccos x.

Nhu vay ham f(x) phu thudc céc tham sb a, b, ¢. Cac tham sb nay la
nghiém ctia hé phuong trinh

25

88_0 da

da hoac 878207

88_0 ob

ob 98 _,
%_ )
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4.4. Binh phuong bé nhét

n
Truong hop f(x) = f(x) = ax + b. Khi d6 S =Y (y; — ax; — b)®.
i=1
C4c tham sb ava b 1a nghiém clia hé

08 -
% =2 Z(y, — ax; — b)x; = 0,

n n n
(Zx,?)aJr(Zx;)b => Xy,
o =1 i=1 =1
(ZX/)aJrNb :Z,Vn
1 =1
Nguoi ta chiing r;1|nh dugc hé trén luén colnghlem duy nhat.
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4.4. Binh phuong bé nhét

Vi du 4.6. Cho bang sb liéu thuc nghiém sau biét y = ax + b

T 1 3 4 7 9 12
y 0 2 5 10 12 16

Hay tinh a, b bang phuong phép binh phuong bé nhat va tim y(10).

Ta lap bang

T y z’ Ty
1 0 1
3 2 9
4 5 16 20
7 10 49 70
9 12 81 108
12 16 144 192

S =36 45 300 396
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4.4. Binh phuong bé nhét

18
16 ®
14
12
10 .

8

&

®

4

2 ®
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1 2 3 4 5 6 7 8 9 10 11 12
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4.4. Binh phuong bé nhét

Ti hé bang trén ta dugc hé phuong trinh sau:
{ 300a + 36b = 396,

36a+6b =45
Giai hé ta duoc
a=1.5,
{ b=-15

Vay ham s6 y = f(x) cé dang y = 1.5x — 1.5.
Khi d6 ta nhan dugc y(10) = 1.5-10 — 1.5 — 1.35.

Bai tap: Tim dudng thang xap xi bang d{f liéu sau

X| 2 4 7 185195 11
y|22|42|68|81|97 105
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4.4. Binh phuong bé nhét

Trudng hop y = h(x) = aeP*. LAy logarit hai vé ta thu dugc
Iny =In(ae®™) =Ina+Ine”™ =na+bx=bx+Ina. 2)

Pat Y =Iny, A= bva B = In a thi bai toan y = ae’* trd thanh
Y = Ax + B. S(t dung phuong phép trén dé tim A va B sau dé xac
dinh a= ef va b= A. Nghia Ia

Cho x, y c6 quan hé y = ae® véi bang sb liéu:

x T X

T 2 n

Yy U Yy Yy

1

Ta lap bang mdi véiquanhé Y = Ax + B

x Ty Ty x

Y=Iny|Iny | Iny, | ... |Iny,
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4.4. Binh phuong bé nhét

Vi du 4.7. Cho bang sb liéu thuc nghiém sau biét y = ae?

s | L1 ] 3251 7.7 | 96 | 122
31 | 20,0 | 65,7 | 100,4 | 195,7 | 300,4

Hay tinh a, b bang phuong phap binh phuong bé nhat va tim y(10.2).
Ta lap bang

z Y YV =Iny z’ zY
11 3.1 1,1314 | 1,21 | 12445
32 29.9 | 3.3978 | 10,24 | 10,8730
5,1 65,7 | 4,1851 | 26,01 | 21,3440
7,7 1004 | 4,6092 | 39,29 | 35,4908
9.6 1957 | 5.2766 | 92.16 | 50,6554
12,2 3004 | 5.7051 | 148.84| 69,6022
Z =38,9 24,3052 | 337,75 | 189,2099
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4.4. Binh phuong bé nhét

500
450
400

350

2560
200
150
100

50

oY

Giang vién Vi D6 Huy C Phuong phép tinh 1: Phuong trinh va Ham sb



4.4. Binh phuong bé nhét

Ti hé bang trén ta dugc hé phuong trinh sau:
337.75A + 38.9B = 189.2099,
{ 38.9A+ 6B = 24.3052
Giai hé ta duoc
A=0.3697, b =0.3697,
{ B =1.6538 { a—=5.2268
Vay ham s6 y = f(x) c6 dang y = 5.2268¢0-3697%
Khi d6 ta nhan dugc y(10.2) = 5.2268e%-3697:102 — 226.6569.

Bai tap: Tim duding cong y = ae?* xap xi bang dit liéu sau

X| 2 4 7 185195 11
y|22|25|27|31[|32|35
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