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Giogi thiéu mon hoc

Phuang phép tinh 14 bd mén todn hoc cé nhiém vu gidi dén két qua
bang s6 cho cac bai toan, né cung cap cac phuong phap gidi cho
nhiing bai todn trong thuc t& ma khéng cé I5i gidi chinh xac. Mén hoc
nay la cau néi gitra toan hoc ly thuyét va cac ting dung clia né trong
thuc te.

NGi dung mon hoc
- Tinh xap xi gia tri tich phan.
- Giai gan dung phuong trinh vi phan.

Tai liéu mon hoc
- Giao trinh Phuong phap tinh.
- Gido trinh Giai tich so.
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Muc luc

Pao ham sb Phuong trinh vi phan
m Cong thic sai phan m Phuong phap lap
m Cong thirc ba diém m Phuong phap Euler
m Cong thirc nam diém m Phuong phap Euler cai tién
m Dao ham cép hai m Phuong phap Runge-Kutta
Tich phan sb Hé phuong trinh vi phan
m Tich phan hinh thang m Phuong phap Euler
m Tich phan Simpson m Phuong phap Euler cai tién
m Tich phan Newton-Cotes m Phuong phap Runge-Kutta
m Tich phan Gauss m Phuang phap vi phan bac hai
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Chuaong 1

Pao ham sb
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1. Pao ham s6
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1. Pao ham s6

nguai)

Nam | 1950 1970 1997 2005 2010 2014 Dw

Do tuo bao
2025

Dudi15tdi(%) | 354 | 239 | 153 | 139 | 133 | 129 | 11,7
T 15 — 64 tudi 596 | 690 | 690 | 669 | 638 | 608 | 60,1
Trén 65 tudi (%) 5,0 7,1 15,7 19,2 22,9 26,3 28,2
S& dan (triéu 830 | 104,0 | 126,0 | 127,7 | 1273 | 126,6 | 117,0
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1. Dao ham sb

Trong thuc té, cac dai lugng can nghién ctiu chi dugc biéu dién dui
dang bang sb liéu chit khong thé cé dang ham sb lién tuc. Vi du nhu ta
chi c6 thé do d6 sau mot vai diém trén long séng, khong thé do hét ca
long song. Hoac ta chi théng ké dan s6 vai nam mét 1an, khéng thé
mbi ngay mét théng ké dugc. Do khéng cé dang ham sb lién tuc nén
viéc tim téc do bién thién (dao ham) clia cac dai lugng nay |a cuc ki
phtrc tap.

Pé tinh dao ham clia cac dai lugng rdi rac nay. Cach don gian nhéat 1a
s dung sai phan, mét udc lugng gan dung ctia dao ham khi ta cho
bién phu thudc thay déi mot doan nhd. Hon nira, ngudi ta st dung mot
cong cu manh cla giai tich |a phép khai trién Taylor dé danh gid sai sb
clia dao ham xap xi nay.

Viéc tinh dao ham sb 1a bai toan quan trong, dat nén méng cho cac noi
dung tich phan so, giai phuang trinh vi phan ...
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1.1. Cong thuc sai phan

Cho ham s6 f lién tuc trén [a, b]. Khi dé dao ham cla f(x) tai
Xo € (a, b) dugc dinh nghia béi

f/(X) _ l!,[)no f(XO + hl?’ - f(XO)

(1)

Pé tinh dao ham gan dung, ta thay gi6i han h — 0 béi gia tri h nhd. Két
qua la ta c6 cong thirc sai phan sau

Xap xi dao ham bang sai phan tién va sai phan Iui
f(xo + h) — f(x f(xo) — f(xo — h
féPT( ) ( 0 2’ ( 0) f(/gPL( ) ( 0) h( 0 ) (2)
Quan hé gilra dao ham va sai phan la
—_— h
Fi(x0) = fsp(x0) = 51"(€), € € (X0, %0 + h) 3)
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1.1. Cong thuc sai phan

Vidu1.1.Chohams6 f = e¥ — x. Tinh c&c dao ham xap xi tai
x = 1vbi h= 0,05 va xac dinh sai s6 cla chung.

Giai
Gia tri dao ham chinh xac:
f(x)=e —1,f(1)=e—1=1,7183.
Gia tri dao ham xap xi bang sai phan tién va sai s tuong dbi:

f(1,05) — (1)
!
5Tear(1) = f“;,‘ — 0,0402.

Gia trj dao ham xap xi bang sai phan Iui va sai s tuong dbi:
f(1) — f(0,95)

o)~ == 5o = 16514,
fi(1)— (1
5Tep (1) = L‘ — 0,0389.
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1.2. Cong thirc ba diém

SUr dung két qua vé da thiic ndi suy, ngudi ta dua ra dugc cong thiic
Cong thirc ba diém cubi:
__ 1
Boo(x0) = 57 (= 81(x0) + 4f(x0 + h) — f(x0 +2h)) (4)
Céng thiic ba diém gitia:
_ 1
oa(%0) = 57 (= %0 — ) + f(xo + ) (5)
Gia tri dao ham xap xi bang cong thiic ba diém va sai s tuong dbi:

h? h?
f( ) fsoc( )+ ?f(:s)(f)a f( ) fsoG(XO) - Ef(s)(n) (6)

VGi € € (X, Xo +2h) van € (xg — h, xo + h)
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1.2. Cong thirc ba diém

Vidu 1.2. Chohamsb f = e¥ — x. Tinh céc dao ham xap xi tai
x = 1vdi h= 0,05 va xac dinh sai s6 cla chung.

Giai
Gia tri dao ham chinh xac:
f(x)=e —1,f(1)=e—1=1,7183.
Gia tri dao ham xap xi bang CT ba diém cudi va sai s6 tuong dbi:
—3f(1) +4f(1,05) — f(1,1)

Too(1) ~ >0.08 —1,7159,
5T pe(1) = fwc(;)(] — 0,0014.
Gia tri dao ham xap xi bang CT ba diém giira va sai sb tuong dbi:
féDG(” f(0,25)0+0f5(1,05) _1.7194,
0 oa(1) = ‘%DG(;/)()—O 0007.
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1.3. Cong thirc nam diém

SU dung két qua vé da thiic ndi suy, ngudi ta dua ra dugc cong thiic

Cong thiic nam diém cubi:

]
Tpolx0) = 5 Zh( 25f(Xo)+481(Xo+h)—36f(xo-+2h)+16f(xo-+3h)—3f(xg-+4h

(7)
Coéng thirc nam diém gilra:

Toa(x0) = 7 (f(% — 2h) ~ 81(% — ) + B1(xo + h) — (x0.+ 21)) (8)

Gia tri dao ham xap xi bang cong thiic nam diém va sai s6 twong dbi:

ht ht
f'(%0) = fipc(x0) + gf(s)(é), f'(%0) = fipg(*0) — 30f(5)(77) (9)

VGi € € (Xg, Xo +4h)van € (xo — 2h, xg + 2h)

Giang vién Vi D6 Huy Cudng Phuang phap tinh 2: Vi phan va Tich phan



1.3. Cong thiic nam diém

Vidu 1.3. Choham sb f = eX — x. Tinh céc dao ham xap xi tai
x = 1védi h= 0,05 va xac dinh sai s6 cla chung.

Giai
Gia tri dao ham chinh xac: f'(x) = e* —1,f(1) =e—1=1,7183.
Gié tri dao ham xap xi bang CT nam dlem cubi va sai sb tuang dbi:
ftpo(1) =~

—25f(1)+40f(1 05) — 36f(1,1) + 16f(1,15) — 3f(1,2) 17183
12.0,05 - ’
(1)

(1) = ‘f/(‘ ~ 0,0000.

Gia tri dao ham xap xi bang CT nam diém gilra va sai s6 tuong dbi:
f(0,9) — 8f(0,95) + 8f(1,05) — 8(1,1)

! —

f5DG(1) 120705 = 1,71835

T pa(1) = ‘W) — 0, 0000.
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1.3. Cong thiic nam diém

Bai tap: Cho cac ham s6 sau. Tinh dao ham sb va tinh sai s cla né
1.1. f(x) = x> —2x; xp = 2; h =0, 02.
1.2. f(x) =sinx; xp =1; h=0,05.

1.3. f(x)=Inx+x;x=3;h=0,1.

1.4. f(x) = Vx2 —1; x = V/5; h=0,02.

Bai tap: Tinh dao ham sb tai x = 3 clia ham sb cho bdi bang di liéu.

X 1 2 3 4 5
f(x) | 1,2183 | 5,3891 | 18,5855 | 54,5982 | 150,9132

1.5. Dung cong thuc sai phan.
1.6. DUng cong thirc ba diém.
1.7. Dung cong thirc nam diém.
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1.4. Dao ham cép hai

Tu céc két qua cla cong thirc sai phan, ba diém, nam diém ta cé thé
xay dung dao ham cép ké tiép. Nhung dé 1a mot cong viéc nham chan
va c6 sai sb kha I6n.

S dung khai trién Taylor cho ham sbé kha vi cip cao, ta tim duoc cong
thiic dao ham cép hai

Cong thirc xap xi dao ham cép hai
fr . f h) — 2f f h 10
(x0) = 55 (7(x0 = h) = 2£(x0) + F(x0 + ) (10)
Gié tri dao ham xap xi cé sai s6 tuang doi:
_ K2
(x0) = F(x0) + -= () (11)

12
VGi & € (Xo — h,xo +4h)van € (xo — h,xo + h)
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1.4. Dao ham cap hai

Vidu 1.4. Chohams6 f = e¥ — x. Tinh dao ham xap xi cap hai tai
x = 1vébi h= 0,05 va xac dinh sai s6 cla chung.

Giai
Gia tri dao ham chinh xac:
F(x) = € —1,1"(x) = &, (1) = e = 2,7183.
Gia tri dao ham xap xi cap hai va sai sb tuong dbi:
£(0,95) — 2f(1) + £(1,01)

(1) =~ o2 = 12,7188,
- (1) - (1
57(1) = | ) 2,,(1)( )| = 0,0002.
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1.4. Dao ham cap hai

Bai tap: Cho cac ham s6 sau. Tinh dao ham sb cip hai va tinh sai sb
clia né

1.8. f(x) = x= — 2x; xp = 2; h=0,02.

1.9. f(x) = |nxx0_1h 0, 05.

110 f(x) = Inx+x Xo=3;,h=0,1.

1. f(x) = vx2 —1; xg = v5; h=0,02.
Bai tap: Tinh dao ham sb cip hai tai x = 3 clia ham sb6 cho bdi bang
di liéu sau.
X 1 2 3 4 5

f(x) | 1,2183 | 5,3891 | 18,5855 | 54,5982 | 150,9132
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Chuong 2

Tich phan sb
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2. Tich phan sb
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2. Tich phan sb

Flow

Bankfull width

Width

Depth

Wetted perimeter
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2. Tich phan sb

Rat nhiéu van dé vé khoa hoc, ki thuat dan dén viéc tinh tich phan
b
/ f(x)dx vdi f(x) 1a mot ham phic tap (ham ma nguyén ham clia né
a

khong thé biéu dién qua cac ham don gian da biét) hodc ham chi dugc
cho bang bang. Vi thé van dé tinh gan dung tich phan f(x) dugc dat ra
la tu nhién.

Mot phuong phap don gian 1a st dung da thiic dé xap xi ham sb dang
kh&o sét, sau do tich phan da thirc nay va xem day la gia tri gan ding
clia bai toan dang gidi. Phuong phap nay dugc nhiéu ngudi st dung
va rat phé bién trong cac bai toan thuc té.

Mét phuang phép khac, ciing dung da thiic dé xap xi ham sb dang

khao sat, nhung yéu cau bac da thiic cao hon. Diéu nay khién thuat
giai trd nén phuc tap hon va chi thuding dugc st dung trong toan hoc.
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2.1. Tich phan hinh thang

Cong thure tich phan hinh thang
Xe Xe — X
[ o0k =25 g+ y0)
Xq 2
"X —x
I dx—Z/ (xax = 3 Iy gy
X0

i=1

08 B X2
T
06 10+x
04
02
a 2 i [ [} 10 12
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2.1. Tich phan hinh thang

9
Vidu2.1. Tinh / (x)dx biét gid tri clia £(x) tai mét sb vi tri sau
0

X 0 1 2 2,5 4 6 7,3 8,6 9
f|6,142 | 6,967 | 7,391 | 7,386 | 6,702 | 6,090 | 6,870 | 8,196 | 8,568
Gidi

9 1 2 25 4
/Of(x)dx :/0 1‘(x)dx+/1 f(x)dx+/2 f(x)dx + 275f(x)dx

6 7.3 8,6 9
+/ f(x)dx+/ f(x)dx+/ f(x)dx + f(x)dx
4 6 73 8,6

~ 6,554 + 7,179 + 3,694 + 10,566 + 12,792 + 8,424
+9,793 + 3,.353
~ 62,355
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2.2. Tich phan Simpson

Cong thurc tich phan Simpson 1/3

/ fx)dx~

(yd +4yg + Yc)

X;
/ f(x )dXZZ’T(yl 1+4Yi1/2+ Vi)
Xo

i=1

-----
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2.2. Tich phan Simpson

9
Vidu 2.2. Tinh / f(x)dx biét gia tri clia f(x) tai mot b vi tri sau
0

X 0 1 2 2,5 3 5 7 8 9
f|6,142 | 6,967 | 7,391 | 7,386 | 7,245 | 6,178 | 6,612 | 7,575 | 8,568
Giai

/ dxw/f dx+/f dx+/ f(xdx+/f

3(6 142 + 46,967 +7,391) +

3 °(7,391 + 4-7,386 + 7, 245)

= 2(7,245+4-6,178+6,612)+;(6,612+4-7,575+8,568)
~ 13,800 + 7,363 + 25,712 4+ 15,159

~ 62,035
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2.2. Tich phan Simpson

Cong thure tich phan Simpson 3/8

Xe _
/ f(x)ax ~ (Xc,%d)(yd + 3yt + 3yp + ¥e) (16)

Xd
X n
n Xj — Xi_
/ f(x)dx ~ > %(}’H +3Yi_2/3+3yi—13+yi) (17)
X0 i=1

A1O.4 12 -1 -08 -06 -04 -02 0 02 04 06 08
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2.2. Tich phan Simpson

9
Vidu 2.3. Tinh / f(x)dx biét gia tri clia f(x) tai mot s vi tri sau
0

X 0 1 2 3 5 7 9
f|6,142 | 6,967 | 7,391 | 7,245 | 6,178 | 6,612 | 8,568

Gidi

/f { dx+/f

~

(6,142 +3-6,967 +3-7,391 +7,245)

+%(7 245+3-6,178 +3-6,612 + 8,568)

~ 21,173 + 40, 636
~ 61,809
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2.2. Tich phan Simpson

Bai tap: Tinh tich phan ham sb cho bdi bang dit liéu sau va tinh sai s6
cla no biét tich phan chinh xac | = 2, 7266.

x |0 1 2 3
f(x) | 1] 0,9689 | 0,8776 | 0,7317

2.1. Dung cdng thurc hinh thang.
2.2. Dung cbng thuc Simpson 1/3.
2.3. Dung cdng thuc Simpson 3/8.

Bai tap: Tinh tich phan ham sbé cho bdi bang dit liéu sau va tinh sai s6
clia n6 biét tich phan chinh xac / = 402,4288
x |0 1 2 3 4 5 6
f(x) | 1] 1,2183 | 5,3891 | 18,5855 | 54,5982 | 150,9132 | 409,4288
2.4. Dung cbng thuc hinh thang.
2.5. Dung cdng thuc Simpson 1/3.
2.6. Dung cdng thuc Simpson 3/8.
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2.3. Tich phan Newton-Cotes

Cong thue tich phan Newton-Cotes

/XC F(X)dx =~ (Xo — Xg ZH, Wi (18)

d

trong d6 H; , = i -

10y [ =)=
0

Céng thiic trén xuat phat i viéc st dung da thirc noi suy Lagrange va
thuc hién viéc d6i bién x = xo + th. V4i t 1a bién mai va h 1a d6 dai
khoang chia trong phan hoach [xg, Xn].

Nhu vay ta phai ¢é phan hoach déu h; = h véi moi i.
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2.3. Tich phan Newton-Cotes

Vidu 2.4. : Tinh cac H; , trong cong thirc Newton-Cotes v6i n = 3.

oo C 3)33700 /0 (t1)(:_02)03)0,,:(31.)61&9) !
oo C1 )f;C;% [ren-Bu-a, (136 3
Hys = (—13)2‘!”03 /03 t(t — 1)(tt_—§)(t—3)dt: £§ _ %
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2.3. Tich phan Newton-Cotes

Cho ham 6 f(x) € C[;f,). P&t M = max 1) (X)), ta cé

x€la,b]
M
100/~ La00] < 5710001 = gy 6= 20— 3. (x =)
L4y tich phan hai vé ta duoc
b wm
/\f \dx</a oy K000 = x0)..x )
Ma/ I£(x) — Ln(x)|dx > dx‘

va /b|(x—xo)(x—x1)...(x—xn)| gh”+2/n|t(t—1)...(t—n)|dt.
a 0

Két qua 1a
Mh"+
(n+1)

~ Ly(x dx‘ < p+2

t(t— 1)..(t — n)|dt
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2.3. Tich phan Newton-Cotes

Bai tap: Xay dung céc hé sb H; , trong cong thirc Newton - Cotes
2.7. Timcac gia tri H; , véin = 1.
2.8. Tim cac gia tri H; , v6i n = 2.
2.9. Tim céc gia tri H; , v6i n = 3.
2.10. Tim céc gia tri H; , v6i n = 4.

Bai tAp: Danh gia sai sb cla tich phan Newton - Cotes
2.11. Xét f(x) = x3 +2x2 —1vix € [2,3]van=2.
2.12. Xét f(x) =2x3 —3x®> + 1 vdix € [-2,2]van=3.
2.13. Xét f(x) = e¥vbix € [0,1]van=2.

2.14. Xét f(x) = sin(x) vGi x € [0, 7] va n= 3.
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2.4. Tich phan Gauss
Tich phan ham f(x) dugc xap xi duéi dang
n
/ Fx)ax ~ 3 wef(x) (19)
k=1

trong d6 wy | cac trong sbé tuong (ng véi cac vi tri x,. Ta fim cac gid tri
wk sao cho (19)chinh xac véi cac da thirc cd bac nhd hon 2n. Nghia la

(b—a=w+Wo+ ...+ Wy, f(x) =1
b? — &
5 = WiXq + WaXo + ... + WpXp, f(x) = x
b _ g
— = WX waxd T wiex T f(x) = x"
b2n _';2n
=W XM o x 3 L wpxETT f(x) = x0T
\

(20)
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2.4. Tich phan Gauss

, 11, 0
Pa thiic Legendre: Wy(x) = —— [(x 1) ] .

Mét vai da thiic Legendre d4u tién ting v6i n = 0,1, ..., 6.
Wo(x) = 1, WA (x) = X, Wa(x) = 3x° —

Ws(x) = 3x° - 2xW4()_385x— Bx2 4+ 3.
Was(x) = 83x5 — 32x3 + x, We(x) = 281 x6 — 315x4 4 1052
Pn(x)
5 *
P: 2.5 -
X
-1 1
— T Ps
—1
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2.4. Tich phan Gauss

Tinh chat cla da thiic Legendre:
1. V&i moi n, da thirc W,,(x) c6 bac n.
2. Da thiic W, (x) c6 n nghiém thyc trong khoang [—1, 1].
1

3. Néu P(x) la da thiic c6 bac nhd hon n thi / P(x)Wp(x)dx = 0.
—1

Hé qua: VGi moi n < m < 2n, tich phan trén doan [-1, 1] cla
f(x) = x™ c6 thé thay thé bdi tich phan clia da thiic r(x) cé bac nhd
hon n. That vay, thuc hién phép chia da thirc ta thu dugc

f(x) = P(x)W(x) + r(x)

vai r(x) la da thuc phan du ¢ bac nhd hon n. Do dé

/f dx_/ P(x)Wh(x dx+/ (x)dx:/_11r(x)dx

= Chf can nlra trén hé (20) c6 nghiém 1a dd.
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2.4. Tich phan Gauss

Vidu 2.5. Xay dung cong thirc tich phan Gauss véi n = 3.

Pa thirc Ws(x) = 3x3 — 3x c6 ba nghiém x; = —\/5, Xo =0,X3 = \/g
Thé ba toa dd nay vao ni¥a trén hé phuong trinh 20, ta thu dugc
Wy + Wo + W3 =

—w1\[+w20+w3\[ 0,
W1(—\@ +W202+W3(\/;) :%

Nghiém cla hé phuong trinh trén la wy = 3, wo = 8, s =

[Cellé)]

Nhu vay cong thuc tich phan Gauss véi n = 3 la
! 5 3, 8 5, /3
/1 fx)dx = (= /2) + g f0) + o7/ 3)
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2.4. Tich phan Gauss

Cho ham s6 f(x) € C&,. Dat M = max |2"(x)|, ta c6
, 2

x€[
(b _ a)2n+1 (n!)4

b
. 100 rt0aK] < [t M

Su khac biét gilra tich phan Newton-Cotes va tich phan Gauss

fx)1 fx)7

x!r
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2.4. Tich phan Gauss

Bai tap: Tinh tich phan bang Phuong phap Gauss va Simpson 3/8.
Tim sai s6 clia chuing véi nghiém chinh xac.

1 1

2.15./ (x + 1)dx. 2.16./ (x 4 1)%dx.
—1 —1
1 1

2.17./ (x + 1)3dkx. 2.18./ (x + 1)*dx.
-1 1
1 1

2.19./ (x + 1)°dx. 2.20./ (x + 1)8dx.
—1 —1
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Chuong 3

Phuong trinh
vi phan
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3. Phuang trinh vi phan

Goveming Law : Total Force applied to a body = Mation of the body
\H

— T Q. Can | convert this into aterm
related to velocity 7

A. Yes Acceleration (a) is the
denvative of velocity (v)

}

Q . What kind of Force is there ?

i) Forceto helps movement Iean
= Pulling force by gravity a=—
=g dt

i) Force_lo hipdermovemem l ¢
- arresistanc ma = m—

+) — kv

mg — kv

T Why negative sign here ?
- It is because this fource act in opposite direction tothe other Force (Gravity).
We assumed that Pulling Force by Gravity is 'Positive Force’
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3. Phuang trinh vi phan

Spring Force Damping Fource
Applied Force Movement of Mass
. _ d*x(t) dx(t)
F(t)=kx(t)+ M ———+k, -
dt dt

% me
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3. Phuang trinh vi phan

Trong khoa hoc, ki thuat chung ta g&p rat nhiéu bai toan lién quan dén
phuong trinh vi phan thudng (chang han nhu bai todn tinh van téc cla
mot vat thé khi biét d6 dai quang dudng trong nhitng khoang thdi gian
khac nhau, bai toan tinh toan cuong dé dong dién theo dién lugng).
C6 nhiéu trudng hop nghiém ding clia phuong trinh vi phan khéng thé
tim ra dugc.

Céc phuong phép gan duing cé thé chia 1am hai nhém: Nhém thit nhét
dudc goi la phuang phap gidi tich, nhém thit hai dugc goi la phuong
phap sb;

Céc phuong phép gidi tich cho phép tim nghiém gan ding dudi
dang mét biéu thiic giai tich.

Céc phuong phap s6 cho phép tim nghiém dudi dang bang. Dui
day, ta chi gidi thiéu mot phuong phap giai tich thudng dung goi la
phuong phap Iap don, va mot sb phuong phéap sé (bao gdm phuong
phap Euler, Euler cdi tién, Runge - Kutta).
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3.1. Phuong phap lap

Xét bai toan gid tri ban dau sau
y'=f(xy),
21
{ y(Xo) = Yo @)

VOix € Dy =[x —a, X +alvay € Dy =[yo — b, yo + b].
Tich phan phuang trinh thi nhat ket hop vadi diéu kién thi hai, ta dugc

y(X)=yo+ / f(s,y(s))ds (22)
Ta thiét 1ap day
Yo(X) = Yo )
Vi1 (X) = yo + / (s, yi(s))ds (23)
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3.1. Phuong phap lap

Gia sir ham s6 f(x, y) lién tuc trén Dy x Dy va trén do thda man diéu
kién Lipschitz theo bién thu hai

f(x,y1) — f(x,y2)| < Llys — y2|,¥x € Dx,y1,¥2 € D, (24)

Khi d6 day yx(x) sé héi tu t6i nghiém duy nhat clia phuong trinh 21
trén [Xo — h,xo + h) Vi h=min(a, f)vaM = max _|f(x,y)|.
(x,y)€Dx x Dy

Sai sb tuyét dbi clia phuong phap lap

V(%) = y(x)| < LM
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3.1. Phuong phap lap

Vi du 3.1. : Gidi phuang trinh vi phan sau

{ il(o:) ’jy X €[0,0.4]

Ta lan lugt thuc hién cac phép 1&p sau:
Yo(x) = 1.

X X2
y1(X):1+/ S+1dS:?+X+1
0

X 32 X3
y2(X)—1+/ S+E+S+1dS:€+X2+X+1.
0
X 3 4 3
ys(X)—1+/ S+ 4 R4stlds= o+ 4B 4x+1.
0 6 24 " 3
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3.1. Phuong phap lap

156

1371

12

0 0.05 0.1 0.15 02 0.25 0.3 0.35 0.4

Nghiém chinh xac y(x) = 2e* — x — 1
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3.1. Phuong phap lap

Bai tap: Gidi cac PTVP sau bang phuaong phép lap

3.1.
y'=2x+y
x €[0,0.5
{y(0)=1 10.0.5]
3.2, o
y=e+y
x €[0,1
{y(0)=1 0.1]
3.3. e )
y' =y@x+
{y(1 7 xe[1,1.5]
3.4.

! X—+1
{i_ye: x € [-1,1]
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3.2. Phuong phap Euler

Xét bai todn gia tri ban dau sau day:

y'=1f(x,y),
{ ¥(Xo) = Yo (26)

VOix € Dy=[xo—a,Xx+alvaye Dy, =[yg— b,y +b].

Gia st ham sb f(x, y) c6 dao ham bac m trén Dy x D,. Ta tinh dugc
cac dao ham bac cao clia y

y'=h(xy)+ (%, ¥)y
y/(”): fx(X, ¥) 4 2hyy + ny(X7Y)(y/)2 + fy(x, y)y" (27)
y@ =
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3.2. Phuong phap Euler

St dung khai trién Taylor déi v6i ham sb y(x) tai diém xo, ta thu dugc
m
y(x) =Y o (x = x0)" (28)

Xap xi trén chi ding véi nhitng toa do x ndm gan x,. Trudng hop x
nam xa xo, ta dya vao xap xi trén dé tinh y(x;) véi x; ndm gitia x; va
x. Sau dé ta thuc hién lai phép khai trién Taylor voi diéu kién dau y(x;)
dé tim x&p xi méi. C nhu thé di chuyén x, dén gan x.

Trudng hop don gidn nhat ¢ing véi m = 1, ta cé

Vi1 =~ Vi + (X1 — Xi)F(Xk, Vi) (29)
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3.2. Phuong phap lap

Vi du 3.2. : Giai phuong trinh vi phan sau

{ 5(0:) ’:;y x € [0,0.4]

Ta xay dung phan hoach [0 0.1 0.2 0.3 0.4]. Khi do
h0:0.1;y1 =1+0.1 (0+1):11
hy=01;,=11+01-(0.1+1.1)=1.22.
ho =0.1;,y3 =122+ 0.1-(0.2+ 1.22) = 1.362.
hs =0.1;y, =1.362+ 0.1 - (0.3 + 1.362) = 1.5282.
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3.2. Phuong phap Euler

0 0.05 0.1 0.15 02 0.25 03 0.35 0.4

Nghiém chinh xac y(x) = 2e* — x — 1
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3.3. Phuong phap Euler cai tién

Ta co
y(x+h) = /yx+s (30)
Ap dung cong thirc hinh thang cho tich phan, ta dudc
h

y(x+h) 2Y(X)+§[Y'(X)+}/(X+h)l (31)

hay
h
Vit = Yic+ 5[ Vi) + F(Xiest Yier)] (32)

Do vé phai van chiia yi. 1 1a &n chua biét, nén ta thay né bdi (29). Két
qua ta dudc

Vi1 =~ Y+ (X1 — X)) F(Xk, V)
(33)

—x 3
Vi1 ~ Yk + % (f(Xk, Vi) + F(X15 V1 ))

Giang vién Vi D6 Huy Cudng Phuang phap tinh 2: Vi phan va Tich phan



3.3. Phuong phap Euler cai tién

Vi du 3.3. : Gidi phuang trinh vi phan sau

{ f(o:) ’jy x €[0,0.4]

Ta xay dung phan hoach [0 0.1 0.2 0.3 0.4]. Khi do
ho=0.1;7 =1+0.1-(0.1+1)=1.1.
y1=1+0.050+1+01+1.1)=1.11.
hy =0.1;,=111+4+0.1-(0.2+1.11) = 1.231.
y>=1.11+4+0.05(0.1 +1.11 + 0.2+ 1.231) = 1.2421.
h, =0.1; 3 =1.2421 + 0.1 - (0.3 + 1.2421) = 1.3863.
y3 = 1.2421 +0.05(0.2+ 1.2421 + 0.3 + 1.3863) = 1.3985.
hs =0.1;y4, = 1.3985 + 0.1 - (0.3 + 1.3985) = 1.5683.
Y4 = 1.3985+0.05(0.3 4+ 1.3985+ 0.4 + 1.5683) = 1.5818.

Giang vién Vi D6 Huy Cudng Phuang phap tinh 2: Vi phan va Tich phan 53/71




3.3. Phuong phap Euler cai tién

16 o

151 e
1.4 F f

131 P’,&”

12 -

S

0 0.0 0.1 0.18 02 0.28 0.3 0.35 0.4

Nghiém chinh xac y(x) = 2e* — x — 1
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3.3. Phuong phap Euler cai tién

Bai tap: Gidi cac PTVP sau bang PP Euler va Euler cai tién

3.5.
{f(oz)zzxj” x €[0,0.5]
3.6.
{f(oz) ix1+y x €[0.1]
3.7.
{i(:) (22 1) e, 15
3.8.

X+1
(5o e
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3.4. Phuong phap Runge-Kutta

N&i dung co ban clia phuang phap Runge-Kutta la tang do chinh xac
clia ;41 ta can thém cac diém trung gian gitra x; va X 1.
Dat yi,1 = y; + Ay; va bién dién phan sb gia & dang
Ay = ciky (h,') + Cgkg(h,’) + ...+ Crkr(h,') (34)
vGi ¢; 1a cac hé sb va k;(h;) 1a cac ham s dugc xéac dinh nhu sau

ki(hi) = hi(&j,m): § = ajhiing = Yo + Bjtkt + ... + Bjj—1)ki—1 (35)

Tiép theo ta lap ham s6 biéu dién sai s dia phuong & dang

e(hi) = y* (Xip1) — yi — AYi (36)
va mong mudn sai sb dia phuong cé bac s + 1, nghia Ia
p(0) = ¢'(0) = ... = p(0) = 0,x1*71(0) # 0 (37)
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3.4. Phuong phap Runge-Kutta

Hé phuong trinh dé xac dinh cac hé sb ¢, a;, 8 dugc thu tir diéu kién
(37). Tacod

r
P™(0) = yi™ — >~ gkl™(0) (38)
j=1

TU day va tir (37) ta nhan dugc hé cac dang thiic

C1k1(0) 4+ cok2(0) + ... + crk(0) =0
c1k{(0) + c2k5(0) + ... + ¢k (0) = y'(0)

crk{(0) + kP (0) + ... + ¢,k (0) = y(9(0)
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3.4. Phuong phap Runge-Kutta

2
Cé tat ca # an sb ¢, o, Bj. Ta hay xem (39) tao dugc bao
nhiéu phuong trinh?
Dong thir nhat a dang thirc nén khdng cé phuong trinh nio.
Dong thit hai, khi lay h = 0 ¢a hai vé chi chita f(xg, ¥5) nén né tao
ra dugc mot phuong trinh.
Dong thit ba, khi lay h = 0 hai vé déu chira
(X0, o), fx(X0, ¥0), f, (X0, Yo) nén nd tao ra dugc hai phuong trinh.
Tuong tu, dong thi m tao dugc m — 1 phuong trinh.
s(s+1)

Do vay sb phuang trinh clia hé 1a >

So sanh s6 4n va sb phuong trinh, ta lay s = r. Hé phuong trinh c6
nghiém va khong chi mét nghiém.
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3.4. Phuong phap Runge-Kutta

Cong thirc Runge-Kutta bac hai
ki = hif(xi, yi)
ko = hif(Xiy1, yi + K1)
Yigr = Yi+ 3(ki + ko)

Cong thirc Runge-Kutta bac ba
ki = hif(x;, yi)
ko = mif(x; + Shi, yi + ki)
ks = hif(x; + hj, yi — ki + 2ko)
Yist = ¥i+ g(ki + 4k + ka)
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3.4. Phuong phap Runge-Kutta

Vi du 3.4. : Giai phuong trinh vi phan sau

{ il(o_) ’:y x €0,0.4]

S{ dung Runge-Kutta bac 2 vgi phan hoach [0 0.1 0.2 0.3 0.4]:
ho = 0.1;kj = 0.1-(0+1) = 0.1; kp = 0.1-(0.1-+(1+0.1)) = 0.12;
y1=1+(01+0.12)/2 = 1.11.
hy =01,k =0.1- (0.1 +1.11) = 0.121;
ko =0.1-(0.2+ (1.21 +0.121)) = 0.1431;
Yo =1.11 4 (0.121 + 0.1431)/2 = 1.2421.
ho =0.1; k1 = 0.1-(0.2 4 1.2421) = 0.1442;
ko = 0.1- (0.3 + (1.2421 + 0.121)) = 0.1686;
¥s = 1.2421 + (0.1442 + 0.1686)/2 = 1.3985.
hs =0.1; k; = 0.1 - (0.3 + 1.3985) = 0.1698;
ko = 0.1-(0.4 + (1.3985 + 0.1698)) = 0.1968;
ys = 0.3985 + (0.1698 + 0.1968) /2 = 1.5818.
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3.4. Phuong phap Runge-Kutta

S{ dung Runge-Kutta bac 3 vgi phan hoach [0 0.1 0.2 0.3 0.4]:
hg=0.1;k4 =0.1-(0+1)=0.1;
ko =0.1-((0+0.1/2) + (140.1/2)) = 0.11;
k3=01-((0+0.1)+(1-0.1+2-0.11)) = 0.122;
yi=1+(1/6)-(0.14+0.11 +0.122) = 1.11;
hiy =0.1;k; =0.1-(0.1 +1.11) = 0.121;
ko = 0.1-((0.1+0.1/2) + (1.11 + 0.121/2)) = 0.1321;
ks =0.1-((0.1+0.1)+(1.11-0.121+2-0.1321)) = 0.1453;
y2=1.114(1/6) - (0.121 +0.1321 + 0.1453) = 1.2428;
ho =0.1; k1 = 0.1 - (0.2 + 1.2428) = 0.1443;
ko = 0.1-((0.2+0.1/2) + (1.2428 + 0.1443/2)) = 0.1565;
ks = 0.1-((0.2+0.1) + (1.2428 — 0.1443 + 2. 0.1565)) =

0.1711;

ys = 1.2428+(1/6)-(0.1443+0.1565+0.1711) = 1.3997;
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3.4. Phuong phap Runge-Kutta

Bai tap: Gidi cac PTVP sau bang PP Runge-Kutta bac hai va bac ba

3.9. o

{i(oz)zzxﬁy x €[0,0.5]
3.10. o

o xeon
3.11.

{i(:) (22 1) xep, 15
3.12.

(po rer

Giang vién Vi D6 Huy Cudng Phuang phap tinh 2: Vi phan va Tich phan



Chuong 4

Hé phuong trinh
vi phan
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4. Hé phuang trinh vi phan

M6 hinh héa tay may hai béc ty do

I, 1, :chiéu daicta 2

my, i, : khoi Iugng

@ @ gbc quay clia cdc kKhdp cdnh tay
7, & : moment lam quay cdc khép néi
Toa d6 cia cdnh tay mdy trong hé toa do De-cac
x, ==/, sin ¢,

y, =1 cosp,

X, ==/ sing, —/,sing,

v, =l cosg +1, cosp,

. X — L cosg X, —1,¢, cos @, —1,p, cos @,
Vantée: v, =| = |= o v,=| " |= . LT
b — Ly sing, Y2 —h¢ sing —1,p, sing,
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4. Hé phuang trinh vi phan

@ Navier-Stokes Equations  roeme
. 3 - dimensional - unsteady Center

Coordinates: (x.y,2)

Time:t Pressure: p Heat Flux: q

_ Density:p  Stress: © Reynolds Number: Re
Velocity Components: (uv.w)  Total Energy: Et Prandtl Number: Pr
Continuity: a£+ dipu) + —a[‘w] + —a(‘,w'" =0

at Ox dy oz

¥ - Momentum: ¢(pu) + (pu?) + dipun) + dipuw) _ . a_p+ INE + dr,, + af_ﬂ
ot ox dy dz  Ox Re | Ox dy Oz
Y - Momenturn:  ¢ev) | Hpuv)y  dpv?) dlpvw) 9 1 dry  Or, 07,
it ox dy dz dy  Re,| ox dy dz )
7 — Momentum a[{.lw) . a(‘r:luw) + a({.lvw) 'd(;:’lw B - §£+ R d_f_xz a_ryz . a_rzx
& dx dy oz dr  Re,| dx dy dz
Energy:
UE;) BuEp BOE;) BEn | dup) ¥wpy dwp) 1 |V dgy O
i i dy iz e dy dz  RePr.|dx  dy Oz

oz

Giang vién Vi D6 Huy C
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4. Hé phuang trinh vi phan

Céc bai todn phd bién lién quan dén phuong trinh vi phan thudng
khong chi cé mot bién. Ching thudng gdm tir hai hodc ba bién ham
trd 1&n. Vi du nhu chuyén dong cla chat 1dng phu thudc vao ap suét,
van téc va nhiét dd cla cac phan ti nudc. Hodc su phat trién clia mot
cd thé thuc vat phu thudc vao anh sang, do 4m, khodng chét ...

Rét kho dé giai tim nghiem chinh xac clia hé phuong trinh vi phan, du
cho do6 1a hé don glan nhat. Vi vay cac phuong phap s6 duoc ap dung
triét dé vao viéc giai quyet bai toan nay. Y tudng don gian 1a x{ ly tirng
phuong trinh vi phan bang cac cong cu da nghién cliiu qua & chuong
PHUGONG TRINH VI PHAN. D4 1a cac phuong phap ca ban nhu
phuong phap Euler, Euler cdi tién, Runge - Kutta.
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4.1. Phuong phap Euler

Xét bai toan hé phuaong trinh vi phan cip mét sau day:

{y/:f(X,y,Z), yOZy(XO)
7z = g(X7 Y, 2)7 Zp = Z(XO)

Véixe Dy=[xo—a,xo+al,ycDy=[yo— b,y +b]va
zeD,=[zp—c,zy + C].
Phuong phap Euler cho ta hé nghiém sé sau

Xk4+1 = Xk + h;
Yk+1 = Yk + F(Xx, Yk, Zk) h;
Zyy1 = Zk + 9(Xk, Yk, Zk)h.

Giang vién Vi D6 Huy Cudng Phuang phap tinh 2: Vi phan va Tich phan



4.2. Phuong phap Euler cai tién

Phuang phép Euler cai tién cho ta hé nghiém sé sau

Xk+1 = Xk + hg;
Vi1 = Vi + (XK, Yk, 2x) hi

Zx1 = Zk + 9( Xk, Yk Zk) i

o (44)
F(Xik, Yies Zk) + F(Xks 1, iert, 2
Y1 =Yk + (X, Vi: Zi) (2k+1 Yk+1 k+1)hk
Xk Yk, Zk) + 9(X 7~ ’2
Ziy1 = 2y + T Vi 20 9(2 et Tt Zeat)
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4.3. Phuong phap Runge-Kutta

Cong thiic Runge-Kutta bac ba cho ta hé nghiém s6 sau
(ki = hif(X;, i, Zi)
h = hig(xi, i, zi)
ko = hif(Xi + Shi, yi + Ske,Zi + 5h)
b = hig(x; + 3hi, vi + 3k, Zi + 5 h)
ks = hif(X; + hj, yi — ki + 2ka, Z;i — |y + 2) (45)
ls = hig(x; + h;, ¥i — k1 + 2ka, Zi — l + 2)
1
Yir1 = i+ s (ki + 4k + k)

1
6

Ziv1~Zi+ =(h +4b + k)
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4.3. Phuong phap Runge-Kutta
Vi du 4.1. Xét hé phuaong trinh vi phan

1
2

y'=—-4y/3+52/3+3x%+2x, yo=y(0)=
Z' = -5y/3+4z/3+3x2-2x, zy=2z(0)

¢6 nghiém chinh xac

y(x) = 2sin X + cos X + x2
z(x) = sinx 4+ 2cos x — x?

4 2.4

—&— Nghiém chinh xc 22
35 —&— Nehiém Edler
—— Nghiém Euler cdi tién

—5— Nghiém Runge-Kutta /3 2
3

—<— Neghi¢m Euler

(47)

g

y 14 —— Nighiém Buler céi tién
2 / —5~ Nghigm Runge-Kutta
/ 12
7
15 A
7 |
1 0.8
o 0.1 0z 03 04 05 06 o7 08 09 1 0 01 02 03 04 05 06 07 08 09 1
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4.4. Phuong phap vi phan bac hai

Phuong trinh vi phan bac cao duoc dua vé hé phuong trinh vi phan
bang cach dat dao ham clia ham can tim nhu la mot bién ham mdi.

Xét phuaong trinh vi phan cap hai:

y"=1xy,y),
48

{ﬂM—mmﬂ&—% 48)
Dét z = y' khi dé Z/ = y”. Phuang trinh (48) trg thanh hé

y=2z y(%0) = o,
{ Z =f(x,y,2), Z(Xg) - Zg. (49)

S{r dung cac phuong phap Euler, phuong phap Euler cai tién,
Runge-Kutta dé giai quyét bai toan trén.
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