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Chuong 2

TICH PHAN BOI
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Tich phan hai 16p

Gid st A(x,y) > 0,Y(x,y) € R. Ta can tinh thé tich V cta khéi S:

S={(xyz) eR:0<z<fxy),(xy) cR}
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Phan hoach

.2 ?,
Gia st P, = {x07X1, e >Xn5xT’ ce

PZ - {y07y15 LRI 7ym7y>i(7 ..

Xn ) VA
,¥5} 1a cac phan hoach cta [a, b] va

[c,d]. Thi P = Py x Py goi la mdt phan hoach cta R = [a,b] x [c, d].
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2 .
Tong Riemann

Téng Riemann cdia ham s6 £ Gng véi phan hoach P nhu trén dugc
dinh nghia la:

m n
S(HP) = o, yp) AxiAy;

i=1 j=1

V6i Ax; =x; — X1 va Ayj = yj — yj—1

[ .
A g rd
ol i flxy i) N
/917 T ;%—7_7 B e [
i | ’ e I
. : i
Ru
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bPinh nghia tich phan hai 16p

Goi P(R) 1a tap cac phan hoach cta R = [a,d] x [c,d]. V6i
P € P(R), dit:

1P| = max{(x; —x;-1)(yj —yj—1) : 1 <i<n,1<j<m}

binh nghia
Ham £ goi 1a khé tich Riemann trén R néu c6 o € R sao cho vdi
moi € > 0, ton tai 6 > 0 thda:

IS(,P) —a| <e,VP € P(R),|P| < ¢

Khi d6 ta goi « 1a tich phan cida 7 trén R va ky hiéu:
/ / flx, y)dxdy =
R
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Tich phan hai 16p c6 cac tinh chat sau:

//[fxy+gxydxdy //fxydxdy+// (x,y)dxdy
// xy+gxydxdy—c// [flx,y) +gx,y)]dedy

3. Néu f(x,y) < g(x,y) v6i moi (x,y) € R thi:

J[ iy < [[ gtx.gpasay
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Tich phan lap

Cho 713 ham xé&c dinh trén R = [a, b] x [c,d)].
» Co dinh x € [a,b], 1y tich phan theo y, ta dugc:

-/ * e )y

» Liy tich phan A(x) tir @ dén b ta dugc

/ ) — / [/ fxydy] :/ab/cdf(x,y)dydx

Tich phan trén goi la tich phan lap.
Néu ta lay tich phan theo x truéc va tich phan theo y sau thi ta
cting dugc tich phan ldp.

/ ‘ [ / ’ f(w)dx] @- | ‘ / ’ e, )y
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Vi du
Tinh

/03 /12x2ydydx
/12 /ngzydxa’y
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Pinh Iy (Pinh 1y Fubini)
Néu f lién tuc trén hinh chi nhgt R = |a,b] x [c,d) thi:

J [ reaasay = | ’ / " e, )dud = / ‘ / e,y

Vi du

1. Tinh tich phan hai 16p [, (x — 3y®)dxdy v6i
R={(y) :0<x<21<y<2}.
2. Tinh tich phan hai 16p [, 2xsin? ydxdy véi R = [1,2] x [0, 7.

Cha y
Néu R = [a,b] x [c,d] thi:

J [ atwmtasdy - ( / bg(x)dx) ( / dh(y)dy)
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Tich phan hai 16p-mién téng quat

Cho D 1a mién bi chin dugc gi6i han trong hinh chi nhat R

v ¥y

0 x| 10 X

Ta dinh nghia ham s6 xac dinh trén R nhu sau:

_J fxy), xy)eD
Fley) = { 0, (x,y) € R\D
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binh nghia
Néu F kha tich trén R ta néi £ kha tich trén D va dinh nghia

/ /D flx,y)dxdy = / /R F(x,y)dxdy
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Mot s6 tinh chat

> JIplf.y) +9g(x,9)ldedy = [, fix, y)dedy + [ [, g(x, y)dxdy
> [fpcflx,y)dxdy = c [, fx, y)dxdy
» Néu f(x,y) < g(x,y) v6i moi (x,y) € D, thi:

//fxydxdy<// (x,y)dxdy

» Néu D = D; UDy va Dy, Dy khong che phiti nhau, thi

//D flx,y)dxdy = //£>1 flx,y)dxdy + /1)2 flx, y)dxdy

» Dién tich mién D la:
/ dxdy
D

» Thé tich clia khoi try c6 day 1a mién D va gi6i han trén béi
mdt z = flx,y) > 0 la:

V= // flx, y)dxdy

CuuDuongThanCong.com https://fb.com/taileu iQtucntt


http://cuuduongthancong.com?src=pdf
https://fb.com/tailieudientucntt

Mién don gidn theo Oy (loai 1)

Mién phdng D dugc néi 1a don gidn theo Oy (loai 1) néu né nim

gitta do thi ctia hai ham lién tuc, tic 1a:
D={(xy):a<x<b,gi(x) <y <ga(x)}

Vé6i g1, 92 1a cdc ham lién tyc trén [a, b].

v

‘ ¥y =g(x) ¥ 5y
Y =gnix) Y=t Y=galx)

D D

y=eqmix)
y=gilx)

x U‘ .

Néu flién tuc trén mién:
D= {(g) :a<x<ba(x) <y <)), thi

b rga(x)
/ / flx,y)dvdy = / e, y)dyd
D ()

a
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Vi du
Tinh I = [[,(x + 2y)dxdy v6i D la mién gi6i han béi cac dudng
y=2vay=1+x>

(-1,2)
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Mién don gian theo Ox (loai II)

Mién phing D goi la don gian theo Ox (loai II) néu:
D={(xy):c<y<dmhy) <x<hy)}
| E— I

= M(y) D X =hy(y) x=hy) D x=hy(y)

(————— 0 x

Néu /lién tuc thi
//fxydxdy // flx,y)dxdy
hi(y)
Vi du

Tinh [, xydxdy, v6i D 1a mién gi6i han béi cac dudng y = x — 1
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.\\
P(r,6) = P(x,y)
r=+/x2 + y2
i V
Y x=rcosl, y=rsind
b i
0 b X
|
0=p - Hinh chif nhit trong toa dé
. cuc la tép cb dang:
/ R={(xy):
/
‘/120‘ I=a aSer,QSGSﬂ}
/ -
B
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Dién tich cta Ry
Adj = 317 A0 — 7 1 A0 = 3} — 7} ) A

%(7’,’ + 7’1',1)(7’1' = 7’,',1)A9 = T’;-FAY'AQ
V6i ] = (rio1 +17)/2
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Poi bién sang toa do cuc (1)

m n m n
S fxgypAdi =D  frf cos by, rf sinb)rf ArAd
=1 j=1 i=1 j=1

Néu flién tuc trén mién:
R:0<a<r<ba<i<p
Trong d6 0 < 8 — o < 27. Thi ta ¢

8 b
// f(x,y)dxdy:/ / f(rcos 6,rsin 6)rdrd6
R a Ja
Vi du

» Tinh [[,(3x+ 4y®)dxdy, v6i R 1a mién trong nita mit phing
trén, gi6i han béi cac duong x> + > = 1vax> +y> =4

» Tinh thé tich ctia khéi gidi han bi mit phing z = 0 va
parabol tron xoay z = 1 — x% — y/?

CuuDuongThanCong.com https://fb.com/tailieudientucntt


http://cuuduongthancong.com?src=pdf
https://fb.com/tailieudientucntt

Poi bién sang toa do cuc (2)

Néu flién tuc trén mién c6 dang:

D={(xy):a<0<p,h(0) <r<hy6)}

h2(9)
// fx,y)dxdy = / / f(rcos @,rsin 6)rdrdf
h1(6)
Vi du

Tim thé tich vat thé ndm bén dudi parabol tron xoay z = x% + 42,
bén trén mit phing Oxy va bén trong mit tru x2 + y* = 2x.

thi
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(x—1)+y'=1
hayr 2cos f)

S
<O

D={(xy): —7/2<0<m/2,0<r<2cosf}

w/2  r2cosf
// o + y*)drdy = / / Prdrdd = S
x/2.J0 2
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Vi du
Tinh céc tich phan sau:
1. [[y(x+ y)dxdy mién D dugc gi6i han béi y = v/x,y = 2.
2. [, (2x — 4y)dydx, véi D 1a mién gi6i han béi parabol
x = y? — 2y va dudng thing x = 3.
3. [fpxydxdy, D gi6i han béi truc Oy, x +y =1 vax —2y =4
4 [[,y*dxdy, D 1a tam gic v6i dinh: (0,2), (1,1),(3,2).
5. [fp(x+ /4 —x2 —y?)dxdy, v6i D la mien: x* +y% < 4,y > x.
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Tich phan trén hinh hop chi nhat

» Xét ham £ xac dinh trén hinh hop chi nhat:
B={(xy,2):a<x<bc<y<dr<z<s}

» Néu Py, Py, P, 1a mjt phan hoach cta [a, 8], [c,d], [r,s]. Thi
P = Py x Py x P, goi la mot phan hoach cua B.
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m n

SUHP) =D 3" Ao Y 25) AV
i=1 j=1 k=1

goi 13 tong Riemann cda £ tng véi P. Ky hiéu P(B) 1a tap cac
phan hoach ctia B va |P| = max{AVy}.

binh nghia
Ham 7 goi 1a kha tich Riemann trén B néu c¢6 a € R sao cho véi
moi e > 0, ton tai 6 > 0 thda:

IS(F,P) —a| < e,YP € P(B),|P| <&

Khi d6 ta goi o 1a tich phan cida / trén B va ky hiéu:

///Bf(x’y’z)dmya’z =«
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DPinh Iy Fubini

binh ly
Néu flién tuc trén hinh hép chi nhgt B = [a,b] x [c,d] x |r,s), thi

///B ey, 2)dndydz = / s / d / o, )y

Tich phén ¢ vé phdi la tich phéan Idp.
C6 6 thu tu ldy tich phdn trong tich phdn ldp & vé phdi, va tat cd
cdc cdch Iy thit ty do déu cho két qud giong nhau.

Vi du
Tinh tich phan 3 16p [ [, xyz%dxdydz, v6i B la:

B={(x,y,2):0<x<1,-1<y<20<2z<3}
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Tich phan trén khéi bi chin

Goi £ 1a khéi bi chiin bat ky dugc bao béi hinh hop chit nhat B. Ta
dinh nghia ham F trén B nhu sau:

[ fix,y,2), (xy.2)€E
Fx.y.2) _{ 0 (x,y,2) € B\E
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Khoi don gidn theo 0z (loai 1)

IS, (X, Y)
i

,: =y, )

IN

E={(xy2):(xy) eDuxy) <z<u(x,y)}

Néu £ lién tuc trén £ thi

uz (x.y)
/// fx,y,2)dxdydz = // [/ 2 f(x,y,z)dz] dxdy
E D | Jui(xy)
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E={(xy,2):a<x<b,gi(x) <y <ga2(x),u1(x,y) <z <
us(x,y)}

b rga(x) ruz(ry)
/ / / fix,y,z)dxdydz = / / / fix,y,2)dzdydx
E a Jgi(x) Jui(ry)
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Z=0t(N, y)

| 2=1(x, )
r
I

| x=h(y)

EF={(xy,2):c<y<dhix)<x<hx),u1(x,y) <z<
up(x,y)}

// fix,y,z dxdydz_/ / / fix,y, z)dzdxdy
l(xvy
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Vi du
Tinh tich phan [, ydxdydz. Trong d6 £ 1a khéi trong R® gii han
b6i0<z<1-y,vx<y<1l0<x<L
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Vi du
Tinh [ [, zdxdydz, véi E 1a khoi tt dién gi6i han béi cac mit
phingx =0,y =0,2=0,vax+y+z=1.
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Khoi don gidn theo Ox (loai 2)

/
X=uy(y,2)

\
SX= (1)

E={(xy,2):(y,2) eDu1(y,z2) <x<us(y,z)}

2(,2)
// fe.y.2) dxdydz—// [/ fley.z )dx] dydz
u1(y.2)
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Khéi don gidn theo Oy (loai 3)

Vy=15(x,z)

E={(xy,2):(x2) €D u(y.2) <y<uy,z)}

9 (x,2)
// 6.y, 2) dxdydz—// [/ My, 2 )dy] drdz
u(x,2)
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Vi du
Tinh tich phan [, zdxdydz. Trong d6 E la khéi trong R® gi6i han

béi 0 <y <1—x, (x,z) €D véi D 1a mién trong mit phing z0x
gidi han béi cac duong z = 0,z =1 —x%,x € [0, 1].
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Tich phan ba 16p trong toa do tru

x=rcost) y=rsinf P(r,6,2)

=7

y

P=x+y tanf =7
7=z X

(r,8,0)

E={(xy,2):(xy) €D uxy) <z<usxy)} véi
D={(r0):a<0<p,h0) <r<hy(0)}
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r= hy(6)

// fix,y,2) dxa’ydz_// [/ ) fix,y,z )dz]dxdy

2(rcos @,rsinf)
/ / / f(rcos 0,rsin 0, z)rdzdrdf
hy1(0)

(rcos0,rsinb)
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Vi du

Tinh I = [[[; \/x* + y?dxdydz. Trong d6 E 1a khoi ndm bén trong
mit tru x* 4+ y? = 1, bén dudi mit 2 = 4 va bén trén parabol tron
xoay 2 = 1 —x% — 2.

(1,0,0) y
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Tich phén ba l6p trong toa do cau

x = psin ¢ cosf

P(p, 6, ) y = psinosinf
Z=pCosp
I
) R=xt it 2

P'(x,y,0)
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Hinh chi nht trong toa dé cau
E={(p0,¢):a<p<ba<gi<Bc<o<d}

Thé tich clia Eju:

AV ~ i sin . DApAIAG

Téng Riemann:
~
. ¢\‘Z\9\V ¥ Fix: vi 22 AV
o TP SIn g \ (xjjka yy’k: ijk) ik

1A= p,;sin ¢, Af ik
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Poi bién trong toa do cau
/ / fle,y, 2)dxdydz —
E

d B rb
/ / / f(psin ¢ cos 0, psin ¢ sin 6, p cos @) p? sin pdpdfdep
C « a

V6i mién tong quat hon
E= {(P,9,¢) a< 0 < 67C < ¢ < d7g1(97¢) < P §g2(0a¢)}

// flix,y,2)dxdydz =
E

/ / / f(psin ¢ cos 0, psin ¢ sin 0, pcos ¢) p? sin pdpdfde
(0,9)
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Vi du
Tinh tich phén ba 16p

/ / /E (x + y)dxdydz

trong do £ 1a khoi gioi han bdix? +y2 +22 <4vaz <0,y > 0.
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