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Chöông 2

TÍCH PHAÂN BOÄI
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Tích phaân hai lôùp

Giaû söû f(x, y) ≥ 0,∀(x, y) ∈ R. Ta caàn tính theå tích V cuûa khoái S:

S = {(x, y, z) ∈ R3 : 0 ≤ z ≤ f(x, y), (x, y) ∈ R}
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Phaân hoaïch

Giaû söû P1 = {x0, x1, . . . , xn; x∗1, . . . , x∗n} vaø
P2 = {y0, y1, . . . , ym; y∗1, . . . , y∗m} laø caùc phaân hoaïch cuûa [a, b] vaø
[c, d]. Thì P = P1×P2 goïi laø moät phaân hoaïch cuûa R = [a, b]× [c, d].
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Toång Riemann

Toång Riemann cuûa haøm soá f öùng vôùi phaân hoaïch P nhö treân ñöôïc
ñònh nghóa laø:

S(f,P) =
m∑
i=1

n∑
j=1
f(x∗ij, y∗ij)∆xi∆yj

Vôùi ∆xi = xi − xi−1 vaø ∆yj = yj − yj−1

CuuDuongThanCong.com https://fb.com/tailieudientucntt

http://cuuduongthancong.com?src=pdf
https://fb.com/tailieudientucntt


Ñònh nghóa tích phaân hai lôùp

Goïi P(R) laø taäp caùc phaân hoaïch cuûa R = [a, b]× [c, d]. Vôùi
P ∈ P(R), ñaët:

|P| = max{(xi − xi−1)(yj − yj−1) : 1 ≤ i ≤ n, 1 ≤ j ≤ m}

Ñònh nghóa
Haøm f goïi laø khaû tích Riemann treân R neáu coù α ∈ R sao cho vôùi
moïi ε > 0, toàn taïi δ > 0 thoûa:

|S(f,P)− α| ≤ ε,∀P ∈ P(R), |P| < δ

Khi ñoù ta goïi α laø tích phaân cuûa f treân R vaø kyù hieäu:∫∫
R
f(x, y)dxdy = α
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Tính chaát

Tích phaân hai lôùp coù caùc tính chaát sau:
1. ∫∫

R
[f(x, y) + g(x, y)]dxdy =

∫∫
R
f(x, y)dxdy+

∫∫
R
g(x, y)dxdy

2. ∫∫
R
c[f(x, y) + g(x, y)]dxdy = c

∫∫
R
[f(x, y) + g(x, y)]dxdy

3. Neáu f(x, y) ≤ g(x, y) vôùi moïi (x, y) ∈ R thì:∫∫
R
f(x, y)dxdy ≤

∫∫
R
g(x, y)dxdy
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Tích phaân laëp

Cho f laø haøm xaùc ñònh treân R = [a, b]× [c, d].
I Coá ñònh x ∈ [a, b], laáy tích phaân theo y, ta ñöôïc:

A(x) =
∫ d
c
f(x, y)dy

I Laáy tích phaân A(x) töø a ñeán b ta ñöôïc∫ b
a
A(x)dx =

∫ b
a

[∫ d
c
f(x, y)dy

]
dx =

∫ b
a

∫ d
c
f(x, y)dydx

Tích phaân treân goïi laø tích phaân laëp.
Neáu ta laáy tích phaân theo x tröôùc vaø tích phaân theo y sau thì ta
cuõng ñöôïc tích phaân laëp.∫ d

c

[∫ b
a
f(x, y)dx

]
dy =

∫ d
c

∫ b
a
f(x, y)dxdy
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Ví duï
Tính ∫ 3

0

∫ 2
1
x2ydydx

∫ 2
1

∫ 3
0
x2ydxdy
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Ñònh lyù (Ñònh lyù Fubini)
Neáu f lieân tuïc treân hình chöõ nhaät R = [a, b]× [c, d] thì:∫∫

R
f(x, y)dxdy =

∫ b
a

∫ d
c
f(x, y)dydx =

∫ d
c

∫ b
a
f(x, y)dxdy

Ví duï

1. Tính tích phaân hai lôùp
∫∫
R(x− 3y

2)dxdy vôùi
R = {(x, y) : 0 ≤ x ≤ 2, 1 ≤ y ≤ 2}.

2. Tính tích phaân hai lôùp
∫∫
R 2x sin

2 ydxdy vôùi R = [1, 2]× [0, π].

Chuù yù
Neáu R = [a, b]× [c, d] thì:∫∫

R
g(x)h(y)dxdy =

(∫ b
a
g(x)dx

)(∫ d
c
h(y)dy

)
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Tích phaân hai lôùp-mieàn toång quaùt

Cho D laø mieàn bò chaën ñöôïc giôùi haïn trong hình chöõ nhaät R

Ta ñònh nghóa haøm soá xaùc ñònh treân R nhö sau:

F(x, y) =
{
f(x, y), (x, y) ∈ D
0, (x, y) ∈ R\D
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Ñònh nghóa
Neáu F khaû tích treân R ta noùi f khaû tích treân D vaø ñònh nghóa∫∫

D
f(x, y)dxdy =

∫∫
R
F(x, y)dxdy
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Moät soá tính chaát

I
∫∫
D[f(x, y) + g(x, y)]dxdy =

∫∫
D f(x, y)dxdy+

∫∫
D g(x, y)dxdy

I
∫∫
D cf(x, y)dxdy = c

∫∫
D f(x, y)dxdy

I Neáu f(x, y) ≤ g(x, y) vôùi moïi (x, y) ∈ D, thì:∫∫
D
f(x, y)dxdy ≤

∫∫
D
g(x, y)dxdy

I Neáu D = D1 ∪ D2 vaø D1, D2 khoâng che phuû nhau, thì∫∫
D
f(x, y)dxdy =

∫∫
D1
f(x, y)dxdy+

∫∫
D2
f(x, y)dxdy

I Dieän tích mieàn D laø: ∫∫
D
dxdy

I Theå tích cuûa khoái truï coù ñaùy laø mieàn D vaø giôùi haïn treân bôûi
maët z = f(x, y) ≥ 0 laø:

V =
∫∫
D
f(x, y)dxdy

CuuDuongThanCong.com https://fb.com/tailieudientucntt

http://cuuduongthancong.com?src=pdf
https://fb.com/tailieudientucntt


Mieàn ñôn giaûn theo Oy (loaïi 1)

Mieàn phaúng D ñöôïc noùi laø ñôn giaûn theo Oy (loaïi 1) neáu noù naèm
giöõa ñoà thò cuûa hai haøm lieân tuïc, töùc laø:

D = {(x, y) : a ≤ x ≤ b, g1(x) ≤ y ≤ g2(x)}
Vôùi g1, g2 laø caùc haøm lieân tuïc treân [a, b].

Neáu f lieân tuïc treân mieàn:
D = {(x, y) : a ≤ x ≤ b, g1(x) ≤ y ≤ g2(x)}, thì∫∫

D
f(x, y)dxdy =

∫ b
a

∫ g2(x)
g1(x)

f(x, y)dydx
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Ví duï
Tính I =

∫∫
D(x+ 2y)dxdy vôùi D laø mieàn giôùi haïn bôûi caùc ñöôøng

y = 2x2 vaø y = 1+ x2
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Mieàn ñôn giaûn theo Ox (loaïi II)

Mieàn phaúng D goïi laø ñôn giaûn theo Ox (loaïi II) neáu:
D = {(x, y) : c ≤ y ≤ d, h1(y) ≤ x ≤ h2(y)}

Neáu f lieân tuïc thì∫∫
D
f(x, y)dxdy =

∫ d
c

∫ h2(y)
h1(y)

f(x, y)dxdy

Ví duï
Tính

∫∫
D xydxdy, vôùi D laø mieàn giôùi haïn bôûi caùc ñöôøng y = x− 1

vaø y2 = 2x+ 6CuuDuongThanCong.com https://fb.com/tailieudientucntt

http://cuuduongthancong.com?src=pdf
https://fb.com/tailieudientucntt


Toïa ñoä cöïc
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Dieän tích cuûa Rij:
∆Ai = 1

2r
2
i∆θ − 1

2r
2
i−1∆θ = 1

2(r
2
i − r2i−1)∆θ =

1
2(ri + ri−1)(ri − ri−1)∆θ = r∗i∆r∆θ
Vôùi r∗i = (ri−1 + ri)/2
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Ñoåi bieán sang toïa ñoä cöïc (1)

m∑
i=1

n∑
j=1
f(x∗ij, y∗ij)∆Ai =

m∑
i=1

n∑
j=1
f(r∗i cos θj, r∗i sin θj)r∗i∆r∆θ

Neáu f lieân tuïc treân mieàn:
R : 0 ≤ a ≤ r ≤ b, α ≤ θ ≤ β

Trong ñoù 0 ≤ β − α ≤ 2π. Thì ta coù∫∫
R
f(x, y)dxdy =

∫ β

α

∫ b
a
f(r cos θ, r sin θ)rdrdθ

Ví duï
I Tính

∫∫
R(3x+ 4y2)dxdy, vôùi R laø mieàn trong nöûa maët phaúng

treân, giôùi haïn bôûi caùc ñöôøng x2 + y2 = 1 vaø x2 + y2 = 4
I Tính theå tích cuûa khoái giôùi haïn bôûi maët phaúng z = 0 vaø
parabol troøn xoay z = 1− x2 − y2
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Ñoåi bieán sang toïa ñoä cöïc (2)

Neáu f lieân tuïc treân mieàn coù daïng:

D = {(x, y) : α ≤ θ ≤ β, h1(θ) ≤ r ≤ h2(θ)}

thì ∫∫
D
f(x, y)dxdy =

∫ β

α

∫ h2(θ)
h1(θ)

f(r cos θ, r sin θ)rdrdθ

Ví duï
Tìm theå tích vaät theå naèm beân döôùi parabol troøn xoay z = x2 + y2,
beân treân maët phaúng Oxy vaø beân trong maët truï x2 + y2 = 2x.
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V =
∫∫
D
(x2 + y2)dxdy

D = {(x, y) : −π/2 ≤ θ ≤ π/2, 0 ≤ r ≤ 2 cos θ}

V =
∫∫
D
(x2 + y2)dxdy =

∫ π/2

−π/2

∫ 2 cos θ
0

r2rdrdθ =
3π
2
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Ví duï
Tính caùc tích phaân sau:
1.
∫∫
D(x+ y)dxdy mieàn D ñöôïc giôùi haïn bôûi y =

√
x, y = x2.

2.
∫∫
D(2x− 4y)dydx, vôùi D laø mieàn giôùi haïn bôûi parabol

x = y2 − 2y vaø ñöôøng thaúng x = 3.
3.
∫∫
D xydxdy, D giôùi haïn bôûi truïc Oy, x+ y = 1 vaø x− 2y = 4

4.
∫∫
D y
3dxdy, D laø tam giaùc vôùi ñænh: (0, 2), (1, 1), (3, 2).

5.
∫∫
D(x+

√
4− x2 − y2)dxdy, vôùi D laø mieàn: x2+ y2 ≤ 4, y ≥ x.
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Tích phaân treân hình hoäp chöõ nhaät

I Xeùt haøm f xaùc ñònh treân hình hoäp chöõ nhaät:

B = {(x, y, z) : a ≤ x ≤ b, c ≤ y ≤ d, r ≤ z ≤ s}

I Neáu Px,Py,Pz laø moät phaân hoaïch cuûa [a, b], [c, d], [r, s]. Thì
P = Px × Py × Pz goïi laø moät phaân hoaïch cuûa B.
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S(f,P) =
l∑
i=1

m∑
j=1

n∑
k=1
f(x∗ijk, y

∗
ijk, z

∗
ijk)∆Vijk

goïi laø toång Riemann cuûa f öùng vôùi P. Kyù hieäu P(B) laø taäp caùc
phaân hoaïch cuûa B vaø |P| = max{∆Vijk}.

Ñònh nghóa
Haøm f goïi laø khaû tích Riemann treân B neáu coù α ∈ R sao cho vôùi
moïi ε > 0, toàn taïi δ > 0 thoûa:

|S(f,P)− α| ≤ ε,∀P ∈ P(B), |P| ≤ δ

Khi ñoù ta goïi α laø tích phaân cuûa f treân B vaø kyù hieäu:∫∫∫
B
f(x, y, z)dxdydz = α
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Ñònh lyù Fubini

Ñònh lyù
Neáu f lieân tuïc treân hình hoäp chöõ nhaät B = [a, b]× [c, d]× [r, s], thì∫∫∫

B
f(x, y, z)dxdydz =

∫ s
r

∫ d
c

∫ b
a
f(x, y, z)dxdydz

Tích phaân ôû veá phaûi laø tích phaân laëp.
Coù 6 thöù töï laáy tích phaân trong tích phaân laëp ôû veá phaûi, vaø taát caû
caùc caùch laáy thöù töï ñoù ñeàu cho keát quaû gioáng nhau.

Ví duï
Tính tích phaân 3 lôùp

∫∫∫
B xyz

2dxdydz, vôùi B laø:

B = {(x, y, z) : 0 ≤ x ≤ 1,−1 ≤ y ≤ 2, 0 ≤ z ≤ 3}
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Tích phaân treân khoái bò chaën

Goïi E laø khoái bò chaën baát kyø ñöôïc bao bôûi hình hoäp chöõ nhaät B. Ta
ñònh nghóa haøm F treân B nhö sau:

F(x, y, z) =
{
f(x, y, z), (x, y, z) ∈ E
0 (x, y, z) ∈ B\E
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Khoái ñôn giaûn theo 0z (loaïi 1)

E = {(x, y, z) : (x, y) ∈ D, u1(x, y) ≤ z ≤ u2(x, y)}
Neáu f lieân tuïc treân E thì∫∫∫

E
f(x, y, z)dxdydz =

∫∫
D

[∫ u2(x,y)
u1(x,y)

f(x, y, z)dz
]
dxdy
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E = {(x, y, z) : a ≤ x ≤ b, g1(x) ≤ y ≤ g2(x), u1(x, y) ≤ z ≤
u2(x, y)}

∫∫∫
E
f(x, y, z)dxdydz =

∫ b
a

∫ g2(x)
g1(x)

∫ u2(x,y)
u1(x,y)

f(x, y, z)dzdydx
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E = {(x, y, z) : c ≤ y ≤ d, h1(x) ≤ x ≤ h2(x), u1(x, y) ≤ z ≤
u2(x, y)}

∫∫∫
E
f(x, y, z)dxdydz =

∫ d
c

∫ h2(x)
h1(x)

∫ u2(x,y)
u1(x,y)

f(x, y, z)dzdxdy
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Ví duï
Tính tích phaân

∫∫∫
E ydxdydz. Trong ñoù E laø khoái trong R3 giôùi haïn

bôûi 0 ≤ z ≤ 1− y,
√
x ≤ y ≤ 1, 0 ≤ x ≤ 1.
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Ví duï
Tính

∫∫∫
E zdxdydz, vôùi E laø khoái töù dieän giôùi haïn bôûi caùc maët

phaúng x = 0, y = 0, z = 0, vaø x+ y+ z = 1.
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Khoái ñôn giaûn theo Ox (loaïi 2)

E = {(x, y, z) : (y, z) ∈ D, u1(y, z) ≤ x ≤ u2(y, z)}∫∫∫
E
f(x, y, z)dxdydz =

∫∫
D

[∫ u2(y,z)
u1(y,z)

f(x, y, z)dx
]
dydz
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Khoái ñôn giaûn theo Oy (loaïi 3)

E = {(x, y, z) : (x, z) ∈ D, u1(y, z) ≤ y ≤ u2(y, z)}∫∫∫
E
f(x, y, z)dxdydz =

∫∫
D

[∫ u2(x,z)
u1(x,z)

f(x, y, z)dy
]
dxdz
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Ví duï
Tính tích phaân

∫∫∫
E zdxdydz. Trong ñoù E laø khoái trong R3 giôùi haïn

bôûi 0 ≤ y ≤ 1− x, (x, z) ∈ D vôùi D laø mieàn trong maët phaúng zOx
giôùi haïn bôûi caùc ñöôøng z = 0, z = 1− x2, x ∈ [0, 1].
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Tích phaân ba lôùp trong toïa ñoä truï

E = {(x, y, z) : (x, y) ∈ D, u1(x, y) ≤ z ≤ u2(x, y)} vôùi
D = {(r, θ) : α ≤ θ ≤ β, h1(θ) ≤ r ≤ h2(θ)}
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∫∫∫
E
f(x, y, z)dxdydz =

∫∫
D

[∫ u2(x,y)
u1(x,y)

f(x, y, z)dz
]
dxdy

=
∫ β

α

∫ h2(θ)
h1(θ)

∫ u2(r cos θ,r sin θ)

u1(r cos θ,r sin θ)
f(r cos θ, r sin θ, z)rdzdrdθ
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Ví duï
Tính I =

∫∫∫
E
√
x2 + y2dxdydz. Trong ñoù E laø khoái naèm beân trong

maët truï x2 + y2 = 1, beân döôùi maët z = 4 vaø beân treân parabol troøn
xoay z = 1− x2 − y2.
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Tích phaân ba lôùp trong toïa ñoä caàu
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Ñoåi bieán trong toïa ñoä caàu

∫∫∫
E
f(x, y, z)dxdydz =

∫ d
c

∫ β

α

∫ b
a
f(ρ sinφ cos θ, ρ sinφ sin θ, ρ cosφ)ρ2 sinφdρdθdφ

Vôùi mieàn toång quaùt hôn

E = {(ρ, θ, φ) : α ≤ θ ≤ β, c ≤ φ ≤ d, g1(θ, φ) ≤ ρ ≤ g2(θ, φ)}

∫∫∫
E
f(x, y, z)dxdydz =∫ d

c

∫ β

α

∫ g2(θ,φ)

g1(θ,φ)
f(ρ sinφ cos θ, ρ sinφ sin θ, ρ cosφ)ρ2 sinφdρdθdφ
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Ví duï
Tính tích phaân ba lôùp ∫∫∫

E
(x+ y)dxdydz

trong ñoù E laø khoái giôùi haïn bôûi x2 + y2 + z2 ≤ 4 vaø z ≤ 0, y ≥ 0.
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