ThS. Pham Tri Cao * Chwong 4 # OTCH

CHUQNG IV: A\
PAI LUGNG NGAU NHIEN 2 CHIEU

1. PAI LUGNG NGAU NHIEN 2 CHIEU (ri rac)
Bing phan phdi xdc suit dong thdi clia (X,Y) c6 dang:

Y|y |¥ |Yn
X
X1 P11 |Pij |Pin
X; Pit |Pii |Pin
Xm Pmi | Pmi | Pmn

Trong d6: X nhan cdc gid tri X, X3 ey X
Y nhén cdc gid tri yy, 2, Y
Xdc sudt X nhin gid tri x;va Y nhan gid tri y; cang lic 1a:

° pij = P(X=x;,Y =y;)

CuuDuongThanCong.com

P

* Mot bd 2 dai lugng ngiu nhién X, Y dugc xét dong
thdi goi 12 PLNN 2 chiéu, ky hiéu V= (X,Y). Thudng
ta quan tim X va Y ¢6 4nh hudng 14n nhau hay khong.

e N&u X, Y r&i rac thi V 1a BPLNN 2 chiéu rdi rac.

e N&u X, Y lién tuc thi V 12 PLNN 2 chiéu lién tuc.

e VD:

o Xét ddng thdi chiéu cao (X) va trong luong (Y) cla 1
ngudi.

o Xét ddng thdi s6 budi di hoc mén XSTK (X) va diém
thi mon XSTK (Y).

o Xét ddng thdi d6 tudi (X) va nhan sdc (Y) cia 1 ngudi
phu nit thi (X,Y) khéng la DPLNN 2 chiéu.

Tinh chdt: 0<p; =<1, Vij

DI =1

d

Luuy:
Ta khong xét DPLNN 2 chiéu lién tuc.
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P
Vidu I: Cho PLNN 2 chidu V=(X,Y) c6 bang phan phéfi xdc
suit dong thoi

IL. PHAN PHOI LE (PHAN PHOI BIEN DUYEN)
1) Phan phdilé cla X
Vidu l:

x| 2 4 6
Plas 48 1/8
P (X =2) = P[(X=2).4 (Y=1)H(Y=2)+(Y=3)+(Y=4) ]

= P(X=2,Y=1)+P(X=2,Y=2)+P(X=2,Y=3)+P(X=2,Y=4)
1,2

_3
_§+8+0+0_§

P(X=4)= P(X=4,Y=1)+P(X=4,Y=2)+P(X=4,Y=3)+P(X=4,Y=4)

=li0414224

8 &8 8 8

YT |2 |3 |4
X
2 |1/8]2/810 |0
4 1810 178|218
6 10 [0 |1/8]0
o
-

Nhdn xét: D€ xac dinh bidng phan phdi 1&
don gian, ta 1ap bang sau:

Y1 (2 |3 (4 |2

1/8/2/8|0 |0 |38
1/8|0 |1/8|2/8 |48

0 |0 |1/8]0 |78
2/8 |2/8 | 2/8 |2/8 | 1

M |[ON [ | 4

°
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@ Tuong o cho P(X=6)

x| 2 4 6
Pl3s 48 118

Ky vong: B(X) = SN =x) =2 S+ g6 0=

Phuong sai: var(X) = Z(xl. —EX)2.P(X=X1)
= Q-D23+@-D22+6- 0201

Hoic var(X) = E(X)-{E(X)}*

A\,
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2) Phéan phoi 1€ cla Y:
Vidu l:

Y1 [2 |3 |4
P|2/8|2/8|2/8|2/8
P(Y=1) = P[{ (X=2)+(X=4)+(X=6) }.(Y=1)]

- P(X=2,Y=1)+P(X=4,Y=l)+P(X=6,Y=1)=%+%Jr 0 =%

Tuong ty cho P(Y=2) , P(Y=4) , P(Y=6)

. . _ =y )=1242.2:3.2,4.2_
KV vong: E(Y) —%:yjP(Y—yj)— 1 8+2 8+3 2 +4 2
Phuong sai: var(Y) = ¥ (y; -EY)” P(Y=y))

—(1-5y22,02-522 3522, 4_522_5
e =(1 2) .8+(2 2) .8+(3 2) .8+(4 2) 3=

S
2

POC LAP VE XAC SUAT CUA X VA Y

VD2: Biang phan phdi xdc sudt dong thi

X 0 1 2

0 1/18|3/182/18 |6/18

1 2/18|6/18 |4/18 |12/18
318 |18 |6/18 |1

Bang phan phdi 1&

X 0 1 Y 0 1 2
P 1/3 1273 P 1/6 [3/6 |2/6
Ta c6: P(X=0,Y=1) =3/18 = (1/3).(3/6) = P(X=0).P(Y=1)

Tuong tu: P(X=x;,Y=yj) = P(X=x;).P(Y=yj) , Vi,j

°V£1y X va Y doc lap vé xdc suit.
A\,

B
1L POC LAP VE XAC SUAT CUA X,Y.
X,Y doc lap & P(X=x;,Y=y;) = P(X=x;).P(Y=y;) Vi,

Av_iy_ 1,32 _ _ -
P(X=2,Y=1)=5#3.5 =P(X=2).P(Y=1)
8 88
Vay X,Y khong doc lap
0
e

Bai todn ngudgc:
Bi€t bing pp xs clia X va Y, 1ap bang pp xs dong thai (X,Y).
VD3:

X va Y doc lap, c6 bang pp xs:

X|-1 {2 [1Y[0 [T 2
P1/312/3] P |1/5]2/5]2/5

Lap bang pp xs dong thdi cda (X,Y) ?

CuuDuongThanCong.com
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Gidi:
X, Y doc 1ap < P(X=xi,Y=yj) = P(X=xi).P(Y=yj) , Vi,j

P(X=-1,Y=0) = P(X=-1).P(Y=0) = (1/3)(1/5) = 1/15
P(X=2,Y=1) = P(X=2).P(Y=1) = (2/3)(2/5) = 4/15

Tuong tu cho cdc x4c sut con lai.

X Y 0] 1] 2
-1 1/15|2/15|2/15
2 2/15]4/15|4/15

Luu v:

E

Pé x4c dinh cdc gi4 tri clia X.Y va tinh x4c
sudt cho dé, ta Iap bang phu:

Y12 |3 |4

AN | (4
(@)
Co

611211824

°

CuuDuongThanCong.com

IV. LAP BANG PP XS CHO X.Y, TINH E(X.Y)
Vidul:

XY|2 |4 |6|8]12 |16 |18 |24
P [1/8]3/8]010]1/8|2/8|1/8]0

P(XY=2) =P(X=2, Y=1)=1/8

P(XY=4) = P(X=2,Y=2) + P(X=4,Y=1) = 2/8+1/8 = 3/8
P(XY=6) = P(X=6,Y=1)+P(X=2,Y=3)=0+0=0

E(XY) = 2.(1/8)+4(3/8)+12.(1/8)+16.(2/8)+18.(1/8) = 19/2

e Bai tip:

e 1) Lap bang ppxs cho X+Y?

¢ 2) Tinh E(X+Y), var(X+Y)?

¢ 3) C6 st dung dugc cdng thic sau:
e E(X+Y) = ECX)+E(Y) ?
eVar(X+Y) = var(X)+var(Y) ?

(-]
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p
V.PHAN PHOI CO PIEU KIEN
Gi3 st bi€n c6 F da xdy ra va P(F) >0
Phan phdi clia X theo di€u kién F la:

P(X =x,F) _

Vidu I:
Xét F=(Y=1)

Phan phdi c6 di€u kién ctia X theo F la:

Xg|2 |4 |6
Pir|%2|1/2|0

Phan phdi ctia Y theo diéu kién F la:

Vidu 1I:
ve| 1 [2]3] 4
PFj‘l/4‘O‘1A|2/4
1
P(Y=1/X=a)=LX =4Y =1 _ %
P(X = 4) 4
Tinh chdt:

e N

1
P(X=2/Y=1) = PX=2y=0)_J§_1_p

P(Y=)) %‘2‘ F
1
vt POX=4y=1)_Y% 1 _
P(X=4/Y=1) = JY=1)_/8_1 _p
( =T 73 <P
Cervey P(X=6Y=1)_0 _o _
P(X=6/Y=1) = I=)_0_p=p
( =" 2 -
Tinh chdt:
O<=pr<=1 ,Vi ; =1
Pir < 1 %sz
(1)
/' N

VI. KY VONG TOAN CO PIEU KIEN,
PHUONG SAI CO PIEU KIEN

1. Xét cho X:

E(Xy) = E(X/F) = %xipiF néu bi€t bing phin

N&u chua bi€t bidng Xk thi:

E(Xp) = yx P(X =x./ Fy=yx. . & =)
=) X. =X. =M'X.
D= 3P D=y

CuuDuongThanCong.com

_ — _ 2
var(Xg) = var(X/F) = %(xl. EX F)) Pir

S 4
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e N

Vidul: F=(Y=1)

E(X/F) = 2plF +4-p2F +6.p31: 22%4‘4%4‘60:3

N&u ta chua c6 badng pp Xg thi tinh nhu sau:
E(Xp) =
P(X=2Y=1), ,P(X=4Y=1), P(X=6Y=1)
2 4
PI=) Y pwen  TOT prn

218,418 6.0 _
22/8+4 2/8+6 73 3

Tuong ty : E(X/Y=2)=2 , EX/Y=3)=5
var(Xg) = (2-3)’ pip+(4-3)" par +(6-3)° pap
Q =1.(1/2)+1.(1/2)49.(0) = 1

.
Vidu I: F=(X=4)
E(Y[F) = l-pFl +2.PF2 +3-pF3+4-pF4
=1(1/4)+2(0)+3(1/4)+4(2/4) =3

Né&u ta chua cé badng phian phdi Yy thi tinh nhu
sau: E(Yg) =

[P(X=4Y=1) ,P(X=4Y=2) 3 P(X =47 =3)

P(X =4) P(X =4) P(X =4)

P(X=4Y=4)_,.1/8 0 .1.1/8.4.2/8_
T b cay Tlagtrastiaigt a3

Tuong tu : E(Y/X=2)=5/3 , E(Y/X=6)=3
var(Yg) = (1-3)*(1/4)+(2—3)*.(0)+(3=3)*(1/4)
\@ +(4-3)*(2/4) = 3/2

CuuDuongThanCong.com

e

Y nghia ciia E(X/F): 13 trung binh c6 diéu kién

ctia X, diéukién1a F

2. Xétcho Y:

E(Yg) = E(Y/F) = Yy .p .. n€u bi€t ban Y
(Yr) = E(Y/F) %y]pF] gpp Yr

N&u chua biét bdng Yk thi:
P(Y=y j,F )

E(Yp =Yy .PY=y./F)=yy.—_J '
YT J ="j P(F)

var(Yg) = var(Y/F) =§(yj —E(YF))2 PE;

e A

Y nghia ky vong ¢6 diéu kién:
Khéo sit chi tiéu (Y) theo thu nhip (X) cliia 6 ngudi ta
c6 bang sd lidu sau:
X|41416/6/9 9
Y| 2(3|214|5 6
e Chi tiéu trung binh ciia 6 ngudi la:
(24342+4+546) / 6 = 3,6667 = E(Y)
e Chi tiéu trung binh cla 2 ngudi cing thu nhip 4:
(243)/2 = 2,5 = E(Y/X=4)
e Chi tiéu trung binh clia 2 ngudi ciing thu nhip 6:

https://fb.com/tailieudientucntt
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-

P4 thi minh hoa

* X »

S
4

*Y

Y/| 3 C;/\ * ¥tb
Ak ‘ ®
1
0 ;
0 2 4 6 8 10
e X4 X2
-

Cov(X,Y) cho biét X va Y c6 phu thudc tuong
quan tuy€n tinh hay khong.
Cov(X,Y) phu thujc don vi do cia X,Y
VDI

_ _~li92 1. .
E(XY) = Zl:%;xl.yjpij —2(1§+2§+3 0+4-0)
+4(1%+2.0+3%+4%)+6(1~0+2-0+3~%+4-0)= 19/2
Cov(X,Y) = E(XY)-EX.EY = 19-7.5-3

Né&u c6 bang phan phdi xdc sudt clia XY thi ta

@ dé dang tinh E(XY). Xem muc IV

N

L

VIL HIEP PHUGONG SAI
HE SO TUONG QUAN

N&u E(Y/X=x;) = E(Y/x;) = a+bx;

hodc E(X/Y=y;) = E(X/y;j) = c+dyj;

thi ta n6i X,Y ¢6 tudng quan tuyén tinh.

1) Hiép phuong sai

Cov(X.Y)=E|(X ~EQX)-(Y ~E(V)]
=E(XY)-E(X)-E(Y)

Véi E(XY) =YSx.y .p..
TE 8y

Tinh chdt:

—Cov(X,Y)=0:X, Y khong c6 tuong quan tt

—Cov(X,Y)#0: X, Y ¢0 tuong quan tt

—Cov(X,Y) = Cov(Y,X)

—Cov(X,X) = var(X)

—-Cov(X,Y)>0: X, Y tuong quan thuin
Cov(X,Y) <0: X, Y tuong quan nghich

—Cov(X+Z,Y)=Cov(X,Y) + Cov(Z,Y)

/

CuuDuongThanCong.com

@— Cov(aX,bY)=abcov(X,Y) ,a,beR
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Ve ™~ ~ N
e Tinh chat: ‘ VD4 : Hai PLNN khdng tuong quan nhung khong doc 1ap. ‘
o var(X+Y) = var(X)+var(Y)+2.cov(X,Y) Cho hai BPLNN c¢6 bang phan phdi dong thdi:
var(X-Y) = var(X)+var(Y)-2.cov(X,Y) vle s |10
e var(aX £ bY) = a2 var(X)+b? var(Y) + 2ab.cov(X,Y) X
1 0,2 0,2
o N&u X,Y doc 1ap thi : i = 0.2 =
E(X.Y)= E(X).E(Y) = cov(X,Y)= E(XY)-E(X).E(Y)=0 Ta Iap bang sau:
Y| 6 8 10 | X
e Vay : XY doc ldp = XY khong tuong quan X
Diéu nguoc lai khéng diing 1 0,2 02104
2 0,2 0,2
B o » P o 3 |02 02|04
°:Neu X,Y c6 phan phdi chudn thi dieu ngudc lai ding. @ > lo4]02]04]1
/~ N a N
VD4: Bdt ding thitc Cauchy—Schwartz:

EX) = 1.(0,4)+2.(0,2)+3.(0,4) = 2
E(Y) = 6.(0,4)+8.(0,2)+10.(0,4) = 8 lcov(X,Y)I < yJvar(X).var(Y)

E(XY) =6.(1).(0,2)+6.(3).(0,2)+8.(2).(0,2) Dau “=” dat dudc khi : P(Y=aX+b) =1, a# 0
+10.(1).(0,2)+10.(3).(0,2) = 16

2) Hé so tuong quan:

cov(X,Y) = E(XY)—E(X).E(Y) = 16-2.(8) = 0 cov(X.7)
nén X, Y khéng tuong quan tuyén tinh RXY:\/VEII'(X) \ivar(n
P(X=2,Y=6) = 0 # (0,2).(0,4) = P(X=2).P(Y=6) Rxy do mutc do twong quan tuy€n tinh giita X
nén X, Y khéng doc lap. vayY
Rxykhong phu thudc don vi do ciia X,Y
@Vefty: cov(X,Y) = 0 nhung X, Y khéng d6c 1ap. y, @ XY &Pt ) ) ’ y,

CuuDuongThanCong.com https://fb.comy/tailieudientucntt 8
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3

VDI: Ryy=_4 =3
44

Tinh chdt:

-Rxy=0: X, Y khong c6 tuong quan tuy€n tinh

- Rxy =Ryx =R(X,Y) =R

- R(X,Y) cung dau véi cov(X,Y)

-0<IRxyl £1

-R(aX+b, cY +d) = R(X,Y) Va,b,c,deR, ac>0
[ NéuY=aX +bthiR(X,)Y)=+1, a#0

B
e NEu IRl =1 thi Y=aX+b véi xdc suat 1.
Tic 1a : P(Y= aX+b) =1

e Tinh chdt:
CE(X4Y)? = B(X2) + 2E(XY) + E(Y?)
- E(X-Y)? = E(X2) - 2E(XY) + E(Y?)

°
.

CuuDuongThanCong.com

e

*0<=IRI<=1

e N&u IRl cang gin 1 thi mic do phu thudc tuyén tinh
gitta X, Y cang chit. C6 nghia 1a khi X thay d6i thi Y
c6 xu thé thay d6i nhiéu theo X, hay xu thé duong
thdng gitta X va Y cang ro.

e Né&u IRl cang gin 0 thi miic dd phu thudc tuyén tinh
gitta X, Y cang 16ng. C6 nghia 12 khi X thay d6i thi Y
c6 xu thé thay ddi it theo X, hay xu thé duong thdng
gitta X va Y cang khong ro.

e N&u R>0 thi X, Y c6 tuong quan thuin, nghia 12 néu X
ting thi Y c6 xu thé ting theo X.

* N&u R<0 thi X, Y ¢6 tuong quan nghich, nghia 12 néu
X tdng thi Y ¢6 xu thé gidm theo X.

VDS:
X va Y ¢6 quan hé ham s6 nhung R = 1.
Cho hai PLNN c6 bdng pp xs ddng thdi:

Y1 |4 |9 |16 |25 |2

X
1 /0,2 0,2
2 0,2 0,2
3 0,2 0,2
4 0,2 0,2
5 0,2]0.2
2 10,2 10,2 10,2 10,2 |0,2 |1

(-]
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VD5:
E(X) = 1.(0,2)+2(0,2)+3(0,2)
+4(0,2)+5(0,2) = 3
E(Y) = 1(0,2)+4(0,2)+9(0,2)
+16(0,2)+25(0,2) =11
E(XY) = 1.(1).(0,2)+2.(4).(0,2)
+3.(9).(0,2)+4.(16).(0,2)
+5.(25).(0,2) = 45
EXH)=EY)=11
©var(X)=11-3"=2

s N
VD6: C6 hai hop, mdi hop dung 6 bi. Trong hdp
1 ¢6: 1 bi mang s6 1, 2 bi mang s& 2, 3 bi mang
s0 3. Trong hop 2 ¢6: 2 bi mang s6 1, 3 bi mang
s0 2, 1 bi mang s6 3. X 1a s6 ghi trén bi ridt ra tir
hop 1, Y 1a sd ghi trén bi rit ra tr hop 2. Rat tir
mdi hop 1 bi.
1) Hiy lap bdng pp xs dong thdi clia V = (X,Y)
2) Béng phin phdi xdc sudtlé cia X, Y

3) Ky vong, phuong sai cia X, Y
©4 X, Y c6doclap theo xdc sudt khong
NS

CuuDuongThanCong.com

VD5:

E(Y?) = 1.(0,2)+16.(0,2)+81.(0,2)
+256.(0,2)+625.(0,2) = 195.8

var(Y) = 195,8—-11> = 74,8

cov(X,Y)=45-3.(11)=12

R = cov(X.,Y)
Vay Jvar(X).Jvar(Y)
' - 12 =0,981=1
V2 . J74,8
Ta thay:

@Y=X2nhu'ngR¢1

-
Gidi:

1) Bang pp xs déong thdi

Y 1 2 3 >

2/36 |3/36 | 1/36 | 1/6
4/36 | 6/36 |2/36 | 2/6
6/36 | 9/36 | 3/36 | 3/6
2/6 | 3/6 1/6 1

2 |3 Y|[1]2]|3

(S

/6|2/6|3/6 P |2/6|3/6]1/6

, Y d6c lap theo x4ac suat

57 [% 8 MeN =]

X

°

https://fb.com/tailieudientucntt

13/05/2015

10


http://cuuduongthancong.com?src=pdf
https://fb.com/tailieudientucntt

ThS. Pham Tri Cao * Chwong 4 # OTCH

/~ N

Lap bang ppxs dong thdi cda s6 bi T va s bi V 18y dugc?
* HD:

* Goi X=s6 bi T 1y dugc. X ¢6 cdc gid tri 0, 1, 2, 3

* Y=1s0 bi V 14y dudc. Y c¢6 cédc gid tri 0, 1, 2

e P(X=0,Y=0) = P(OT, 0V, 3b) =C(3,4) / C(3,9)

« P(X=0,Y=1) = P(OT, 1V, 2D) = C(1,2)C(2.4) / C(3.9)

o P(X=0,Y=2) = P(OT, 2V, 1D) = C(2,2)C(1,4) / C(3.,9)

o P(X=1,Y=0) = P(IT, 0V, 2D) = C(1,3)C(2,4) / C(3.9)

o P(X=1,Y=1) = P(IT,1V,1D) = C(1,3)C(1,2)C(1,4)/ C(3,9)

@P(X=3,Y=0) =P(3T, OV, 0P) = C(3,3) / C(3,9)

* Bai tap 1:

Mot 16 hang c¢6 10 sin pham, trong dé c6 5 sdn
phdm loai A, 3 sin phim loai B va 2 sin phim
loai C. LAy ngAu nhién tir 16 hang ra 3 sdn pham.
Goi X, Y tuong tng 12 s& san pham loai A, B c6
trong 3 sdn pham 14y ra.

Tim E(Y/X=1).

* bS:

1,2

VD7: Hop c6 3bi T, 2 bi V va 4 bi B. LAy NN 3 bi tir hop. |

° |

CuuDuongThanCong.com

Bang phin phdi xdc sudt dong thdi (X,Y):

Y |0 1 2 2
X

4/84 |12/8414/84|20/84
18/8424/84|3/84 |45/34
12/8416/84 |0 | 18/34

1/84 |0 0 |1/84
35/84 |42/84 |7/84 |1

MW (O [— O

* Bai tap 2:

Mot kién hiang c¢6 10 sin phidm, trong d6 c6 6
san pham loai I; 3 sdn phdm loai II va 1 sin
phdm loai III. LAy ngAu nhién khong hoan lai tir
kién ra 2 sdn pham.

Goi X, X, tuong tng 1a s6 sdn phdm loai I, loai
II c6 trong hai sdn pham 14Yy ra.

Tinh Var(X,/ X,=1).

° B_S;

0,1875

o
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ThS. Pham Tri Cao * Chwong 4 # OTCH

» Bai tap 3:

Hop ¢6 10 bi. Trong d6 ¢6 5bi T, 3 bi B va 2 bi
V. LAy ngiu nhién tir hop ra 2 bi.

Goi X, Y tuong tng 1a s6 bi T, bi V c6 trong 2 sdn
pham 14y ra.

Tinh cov(X,Y).

* PS:

-8/45

Mai ghé tham trang web:

Ve

CuuDuongThanCong.com

7\
(46)
\

« https://sites.google.com/a/ueh.edu.vn/phamtricao/
« https://sites.google.com/site/phamtricao/
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