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2.1. Dinh nghia

Dinh nghia. Cho {a,},>o 12 mot day cc s6 thyc. Khi d6 chudi liy
thua hinh thiuc
G(x) :a0+a1$+a2$2+...+aT$T+...:Zarxr
r>0

dugc goi 1a ham sinh cla day {a,}r>o.

Vi du. Ham sinh cta day 1, 1, 1, 1, 1, 1 1a
G(x) —14+z+22+22+2*+2°

v

Vi du. Xét tap hop X v6i n phan tit, goi a, 14 s6 tap con c6 r phan ti
ciua X. Khi do6 a, = Z) 14 t6 hop chap r ctia n phan tit. Ta dugc
ham sinh cta day s6 thuc {a, },>0 12

G(x) = <g>+<q>l‘+<Z>$2+---+<Z>m”:(1—|—:p)”
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Vi du. Tim ham sinh cta day {a,},>0, v6i a, 1 s6 cach chon r vien bi
tit 3 vien bi mau xanh, 3 vién bi mau trang, 3 vién bi mau dé va 3 vien
bi mau vang.

Giai. Dé tim a,, ta dua bai toan vé bai toan tim s6 nghiém nguyén ciia
phuong trinh

e1+ex+ezstes=rvéi0<e <3
O day ey, es, e3, e4 tuong ting 1& s6 vién bi mau xanh, trang, dé va vang.

Dé tim ham sinh ctia {a, },>0 ta xay dung cdc nhan tit da thitc sao cho
sau khi nhan cac da thitc d6 lai v6i nhau ta duge tat ci cac hang tit co6
dang x®tx®2x® 2 trong d6 0 < e; < 3.

Nhu vay ta can 4 nhan t vd mdi nhan tt 1 z° + 2! + 2% + 22 hay
1+ 2+ x? + 2. Nhu vay ta duge ham sinh can tim 1a

(142 + 2% +2%)" =1 4 42 + 102% 4 202° + 312* + 4025 + 4425+
+312% + 402" + 2027 + 1020 + 42!t + 22,
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Vi du. Tim ham sinh cta {a,},>0, v6i a, 1 s6 cach chon r qua tit 5
qua tdo, 5 qua cam, 3 qua chanh, 3 qua di.

Giai. Tuong tif nhu vi du trén, a, chinh 13 s6 nghiém nguyén cia
phuong trinh
e1t+extegtes=r

vei 0 <ej,e0 <5 val<es,eq <3

Dé tim ham sinh ctia {a, },>0 ta xay dung cdc nhan tit da thitc sao cho
sau khi nhan cac da thic doé lai véi nhau ta duge cac hang tit ¢c6 dang
A2 trong d6 0 < ej,ea <bval<es eqs <3. Do db

e D&i véi eg va eg, nhan tit la (1 +z + 22 + 2% + 2% + 2°).

e DOi v6i e3 va eq, nhan tit 1 (1 4+ 2 + 22 + 23).
Nhu vay ham sinh can tim 1a

(1—{—3:—{—:132—i—a:3—|—ac4—|—335)2(1+a:—{—w2—+—a:3)2.
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Vi du. Tim ham sinh ctia {a, },>0, v6i a, 1a s6 cach chia r dong xu vao
5 hop, v6i dieu kién: S6 dong xu 6 hop 1, 2 1a chin va khong qua 10, va
cac hop con lai chita 3 dén 5 dong xu.

Giai. Ta c6 a, 1a s6 sd nghiém nguyén clia phuong trinh
et t+extestestes=r
véi e1,e9 chin, 0 < ej,ep <10 va 3 < eg,eq,e5 < 5.

Dé tim ham sinh ta xay dung cac nhan ti da thic sao cho sau khi
nhan cac da thic d6 lai v6i nhau ta duge cac hang tit c6 dang
2B rx® véi eq, ..., e5 thoa diéu kien trén. Do doé:

e Db6i v6i e va eg, nhan tit 1a (1 4+ 22 + 2% + 26 + 28 + 219).
e DGi véi e3, eq va e5, nhan tii 1a (2 + 2% 4 25).
Nhu vay ham sinh can tim la
(1 + 2 —+ xt —+ x5 + e + a:lo)z(:):?’ + x4 + :c5)3.
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2.2. Hé s6 ham sinh

Trong phan nay ching ta sé stt dung cac ki thuat dai s6 dé tinh toan
cac hé s6 trong ham sinh. Phuong phap chtt yéu la dua mot ham sinh
phtic tap vé ham sinh kiéu nhi thic hoac tich ctia cac ham sinh kiéu

nhi thitc. Dé lam diéu dé chiing ta can st dung nhitng cong thiic sau:

1_1.71-&-1
(1) ﬁ:1+$+$2+$3+”-+$n
(@) ;- =ltotaltait

n_ n n 2 .. n T .. n n

(3) (1+xz) 1+<1)x+<2)m+ —i—(T)x—l— —i—(n)x
(4) (1—am) =

. n m n 2m . _1\k n km_ .. _1\n n nm

1 <1>x +<2>3§ +--4(=1) <k>x +--+(=1) <n>az
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1+<1+?1>x+<2+g1>x2+---+<r+21>x’"+---

(6) Néu h(z) = f(z)g(x), v6i f(x) = ap + a1z + agz® +--- va
g(x) = bg + bz + bex® + - - -, thi
h(z) = aobo + (agby + a1bo)z + (aobz + arby + agbo)a® + - --
+ (aoby + a1by—1 + agby_2 + - - - + azbo)z” + - - -
Nhu vay he s6 ctia 2" trong h(x) 1a

aob, + arb,_1 +azbr_2 +---+a,bg )

Vi du. Tim he s6 ctia 2'¢ trong (22 + 23 + 2% +---)%? J

Giai. Ta c¢6
@+’ +at+ P =Pl 4a+a®+)P
=200+ +22+--.)°
1
(1—x)°
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Dé tim he s6 ctia 20 trong (22 + 23 + 2% + -+ )°, ta di tim he s6 cia 2°

1 .
trong A—aF Theo cong thiic (5) ta duge he s6 ctia 2% trong
—x
1 6+5—1
— 13 = 210.
-y " ( 6 >

Vi du. Tim s6 cach lay 15 dong xu tit 20 ngudi sao cho: trong 19 ngudi
dau tien ta c6 thé lay 6 mdi ngudi 0 dong hodc 1 dong, v ngudi thit 20
ta c6 thé lay 0 dong, hodc 1 dong, hosic 5 dong?

Giai. Bai toan trén tuong duong véi bai toan tim sd nghiém nguyén
ctia phuong trinh
T1+x2+ -+ 220 =15

v6i diéu kien x; = 0 hodic 1 v6ii = 1,2,...,19 vA x99 = 0 hoidc 1, hoac
5. Goi a, 1a s6 cach lay r dong xu tir 20 ngudi théa man diéu kien bai
toan. Khi d6 ham sinh cta day {a,},>0 1a

(1—{—3:)19(1—|—:v+a:5) (%)
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Nhu vay bai toan trén tuong duong véi viec tim heé sb ciia z'° trong
1+ 2)21 +x + 25).
Theo cong thic (3) ta c6

19 19 19
19 _ 2, 19
(1+x) —1+(1>ZL’+<2>$+ —|—<19>:c

Dat f(z) = (1+ )" va g(z) = 1+ 2 + 2°. Goi a, 12 hé s6 clia 2" trong

f(x), va by 1a he s6 clia 2" trong g(x). Ta thay a, = <1r9)’ va

bg = by = bs = 1, cac b; khac bang 0.

Heé s6 ctia x'% trong h(z) = f(x)g(x) dugc tinh bdi cong thitc (6) 1a,
aobis + a1bia + -+ - + aisbo.

Thu gon ta dugc

19 19 19
a10bs + a14b1 + a5 = (10> x 14+ (14) x 14+ (15> x 1 = 107882.
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Vi du. C6 bao nhiéu cach chia 25 vién bi giong nhau vao 7 hop véi
diéu kién hop thit nhat c6 khong qua 10 vién, cdc hop con lai thi tuy .

Giai. Goi a, 1a s6 cach chia r vién bi vao 7 hop véi dieu kien nhu bai
toan. Khi d6 ham sinh ctia day {a,}r>0 la:

A+z+...+200 +z+224+23+...)8

1— ot 1\’
:< 11—z )(1—1’)
1
:(1—$11)m

Theo cong thic (5) ta c6

1 1+7-1 7T—-1
() ()
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Dat f(z) =1— 2 vag(z) = A= Goi a, 13 he s clia 2" trong
-z

f(x), va b, 1a he s6 clia 2" trong g(x). Ta thay ag = 1,a11 = —1,a; =0

VGi i #£ 0,11 va b, — (H:_l).

Hé s6 ctia #2° trong h(x) = f(z)g(z) duge tinh béi cong thiic (6) 1a,
aobzs + ai1bag + - - - + az5bp.

Thu gon ta dugc

254+7—1 14+7-1
agbas + a11byy =1 x < +25 > + (=1) x ( +14 ) = 697521.

Vi du.(ty 1lam) C6 bao nhiéu cach chon 25 chiéc nén tit 6 loai nén, véi
diéu kién mdi loai nén phai dude chon tit 2 dén 7 chiéc.

Dap 4n. 3906
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Vi du. Cho n 1a s6 nguyén duong, chitng minh rang

(&) + (1) ++(2) = (%)

Giai. Ta ¢6 <2§> 14 he s6 ctia 2" trong (1 + x)?" = (1 + 2)"(1 + z)".

Dat f(z) = (1 +2)", g(x) = (1 +2)" va a,, b, 1an lugt 1a he s6 clia 2"
trong f(z) va g(z). Ta c6 a, = b, = Z) . Ap dung cong thitc (6), ta
c6 he s6 2" trong f(z)g(z) = (1 + )" (1 +x)" 1a

aobn, + a1bp—1 4+ -+ anbo

)06
G )
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2.3. Phan hoach s6 nguyén duong

Dinh nghia. Cho s6 nguyén duong n. Khi dé day (ai, as,...,ax) dudc
goi 1a mot phan hoach ciannéul<a; <as <---<ap <nva
ayt+az+---+ap=n.

Vi du. S6 nguyén duong 5 c¢6 7 phan hoach 1a (1,1,1,1,1), (1,1,1,2),
(1,1,3), (1,2,2), (1,4), (2,3), va (5), trong do (5) duge goi la mot
phan hoach tam thwong.

Vi du.(tu lam) Liet ke tat cd cac phan hoach ctia 6. J

Bay gio chung ta sé xay dung mot ham sinh cho {a,},>0, v6i a, 1a s6
cac phan hoach clia sd nguyén duong r.

Ta nhan thay mot phan hoach ciia r dudge mo ta bang s6 lugng cac s6
1, 2, 3, ...sao cho khi lay tong lai véi nhau ta dugc r.
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Goi ey, 1a sd cac s6 nguyén k xuat hién trong mot phan hoach ciia r, ta
co

les +2e2+3es+---+kep+:--+re.=r.
Nhu vay s6 phan hoach ctia 7 1a s6 cac nghiém nguyén khong am ctia
phuong trinh trén. Ta sé xay dung cac nhan ti da thiic sao cho sau khi
nhan cac da thic do lai v6i nhau, ta duge cac hang tit c¢6 dang
xergeagles | gher
e D&ivéie nhan titla (14+ x4+ 224+ -+ 2" +---)
e D&i v6i 2ep nhan tit 1a (1422 + 2% + -+ 22 +-.1)

Nhu vay ham sinh can tim la

g(x)=(1+$+x2—|—---+x"+---)x(1+x2+x4—|—---+x2"+-~)x
~-X(l—i—:z:k—l—x%—i—'--—i—:rkn—i—u-)x-~-
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_
o —l4utud U

1
(1—x)(1—22)...(1—2k)...

1—u

Do d6 g(x) =

Vi du. Tim ham sinh cho {a,},>0, véi a, 14 s6 cach biéu dién 7 nhu
téng ciia cac s6 nguyéen duong khac nhau.

J

Giai. Tuong tit nhu trén ta cling goi e, 1a s6 cac s6 nguyén duong k
xuat hién trong phan hoach cia r, ta c6

le1 +2e2+3eg3+---+kep+ -+ 71e, =r.

Vi yéu cau ciia bai toan la cac e; chi nhan gia tri 14 0 hodc 1 nén ham
sinh cta {a,},>0 1a

gz)=1+z)(1+2>)1+2%) - (1425 ...

Vi du.(ty lam) Tim ham sinh cho {a, },>0, v6i a, 1a s6 cach chon céc

J

dong xu 1 dong, 2 dong, 5 dong dé dugc téng la r dong.
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Vi du. Diing ham sinh dé chi ra ring moi s6 nguyen duong dugc biéu
dién duy nhat dudi dang tong cac lity thira khac nhau ciia 2.

Giai. Goi a, 1a s6 cach biéu dién sé nguyen duong r thanh téng cac liy
thira khac nhau ctia 2. Nhu vay a, chinh la nghiém ctia phuong trinh

eo+2e1+4ex+8ez+---+2Fep +--- =1
vGi e; = 0 ho#c 1.
Khi d6 ham sinh cta day {a,},>0 &
gx)=Q+z)1+2*)(1+z)...(1+2%*)...

Dé chi ra riing moi s6 nguyén duong r dugc biéu dién duy nhat dusi
dang tong cac liiy thirta khac nhau ciia 2, ta chi can chi ra hé s6 z”
trong g(x) bang 1. Nghia 1a

gx)=14x+2>+23+... =

11—z

Diéu nay tuong duong véi (1 — x)g(xz) = 1.
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Ta co

(1—=)g(z)

1—2)1+2)1+2)P+2Y) .. (1 +22k). ..
=(1-22)+22)A+zh ... 1 +2%)...
(1—ah (142 ... (14+2%%)...

Diéu nay c6 duge bing cach thay thé (1 — 2°)(1 +2%) = 1 — 2% va do
hé s6 ctia 2™ nao d6 phai bang 0, do d6 (1 — x)g(x) = 1.

Vi du.(ty 1am) Tim ham sinh cho {a, },>0, v6i a, 1a s6 cadc phan hoach
ctia 7 ma chi chita toan sé 1é.
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2.4. Ham sinh mu

Trong phan nay ching ta néi vé ham sinh mii va sit dung ching dé giai
quyét cac bai toan dém lién quan dén sap xép c6 thit tu.

Vi du. C6 bao nhiéu chudi ky tu ¢6 4 ky tu duge tao thanh tir cac chit
céi a, b, ¢ va chita it nhat hai chit cai a?

Giai. Dau tién ta chon bo 4 ky tu théa diéu kién bai toan, ta c6 cac bo
sau:

{a,a,a,a},{a,a,a,b}, {a,a,a,c},{a,a,b,b}, {a,a,b,c},{a,a,c,c}.
Sau d6 tién hanh hoan vi cic ky ti trong ting bo, ta duge chudi ky tu
can tim. Do d6 s6 chudi can tim 1a

4! 4! 4! 4! 4! 4!
410100 301 T 3t0nl T 2mion T an o200

33

Phan tich. Goi eq, €2, e3 1an lugt 14 s6 chit cai a, b, ¢ xuat hién trong
chudi ky tu.

1lviuyen@hcmus.edu.vn
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Thoat nhin bai toan nay nhu 13 bai toan tim sd nghiém nguyén clia
phuong trinh

e1t+ex+e3 =4 vbie >2vaeg,e3 >0,

va chiing ta c6 thé dimng ham sinh thong thuong dé gidi. Nhung sy
khac biet 6 day 1a tng v6i moi nghiém nguyén clia phuong trinh trén ta
duge s6 lugng cac chit cai ciia mdi loai, va ting véi s6 lwong cac chir
cdi do6 ta sip xép dé cho ra nhiéu chudi khdc nhau. Nghia la tng
[

v6i mot nghiém nguyén cia phuong trinh trén ta c6 ——
’ ’ e1lesles!
chudi. Theo ngdn ngit ham sinh, hé s ctia z* sé duge tinh thong qua
cac hé sb clia cac hang ti c6 dang

(e1 +ea + e3)! T 2 1

283 — (61 +€2—|—63)!777

61!62!63! 61! 62! 63!

v6i tong lity thita bing 4. Dé giai quyét trudng hop nay ngudi ta si
dung ham sinh md.
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Dinh nghia. Cho {a,},>0 1a mot day céc s6 thyc. Khi d6 chubi lay
thira hinh thtc

2 3

x x x" x"
B(z) = ao + @12 + ax 7 + gy + - ~+arﬂ+--~:§am

dugc goi 1a ham sinh m4 caa day {ar}r>o0.

Vi du. Tim ham sinh ma cho {a;},>0, v6i a, 1a chinh hgp chap r cta
n phan ti.

Giai. Ta c6 he s6 a, 1a A" = 7", do d6 ham sinh mi la
n—r)!

Bx) =145+ n! x2+ n! :v3+ A n! J,‘T+
(n—2)121  (n—3)!3! (n—nr)!rl
r n! ~ . 2 N . ~ s RN .
Vi = ——— nén ta c¢6 the xem ham sinh mid nay la ham sinh
n (n—r)lr!

thong thuong sau
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2 3 3 T r
1+2+ T+ e R x +
n n n

Vi du. Tim ham sinh mi cho {a, },>0, v6i a, 1a s6 cach s&p xép c6 thi
tu r vat duge chon tit 4 loai vat khac nhau, sao cho mdi loai vat xuat
hién it nhat 1a 2 va khong qua 57?

Giai. Goi e; 1a s6 vat loai i (i = 1,2, 3,4) xuat hién trong cach sip xép
c6 thu ty r vat. Ta co

e1t+ext+est+es=1rvei2<e <5

2 1’3 :L‘4 5

Nhan tit da thic tng véi mdi e; la e + 37 + i + % T dé suy ra

ham sinh can tim 1a

$2 .%'3 1'4 1’5 4
sttt
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Vi du.(ty lam) Tim ham sinh mi cho {a, },>0 v6i a, 1a s6 cach xép r
ngudi vao trong 3 can phong khac nhau sao cho
a) mdi phong c6 it nhat mot ngudi?

b) s6 ngudi trong mdi phong 1a s6 chén

Dap an.

a)

1vliuyen@hcmus.edu.vn Chudng 2. Ham sinh ang 9 - 2017



http://cuuduongthancong.com?src=pdf
https://fb.com/tailieudientucntt

Mot s6 cong thitc co ban ctia ham sinh mi

Ta c6
2 $3 2"
ef=1ltat+pt gttt (1)
Thay x bdi nx ta dugc
2,..2 3.3 T T
ne x n zx n"x
=1+nx+ 51 +73| +-F ] + (2)
T (1) ta cing suy ra dugce
2 3 4
Gttt 1o
3!
Ngoai ra, ta cling c6 hai khai trién hitu ich thudng gap:
1 22 2t S
S (,T -\ _ - - -
02(e+6) 1+ +4'+6'+
L . B x3 x®  xl
05(6 —e )=+ -+ 5+ +-

3t s

1lviuyen@hcmus.edu.vn
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Mot s6 ting dung

Vi du. Tim s6 cach sap xép c6 thi ti r doi tugng duge chon tit n loai
déi tuong khac nhau?

Giai. Goi a, 1a s6 cach sip xép nhu dé bai. Ta c6 ham sinh cho
{ar}r>0 la

.%'2 JIB "
<1+:c++3,+ ) = (e")" =e"".

Theo cong thiic khai trien (2) ta duge he s0 cia — trong ham sinh
7!

trén la n”. Nhu vay a, = n".

Vi du. Tim s6 cach xép 25 ngudi vao trong 3 can phong khac nhau sao
cho mdi phong c6 it nhat mot nguvi?

Giai. Goi a, 1a s6 cach xép r ngudi vao trong 3 cian phong khac nhau
sao cho mdi phong c6 it nhat mot ngusi. Khi dé6 ham sinh mi ctia
{ar}r>0 la

lVLuye n@hcmus . edu.vn Chuong 2. Ham sinh
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x2 ZL’3 3
<m++3,+ ) = (" —1)%.

Dé tim hé s6 ctia 27 /7! ta khai trién biéu thitc (e* — 1)3, ta c6
(e® —1)3 = e3® — 3e2® 4 3e® — 1.
o0 T

) u
Ap dung cong thic e* = > —» ta duge
r=0 T

9] " ) " [e'S) "
3z 2x T _ re T -
e’ — 3e”" + 3e —1—2 3r! 32 2T!+SE o 1.
r=0 r=0 r=0

25
Suy ra hé s6 cua % la 325 — 3.225 4+ 3= 847187946150.

Vi du.(tu lam) C6 bao nhieu chudi s6 ¢6 do dai bang r chi chita cac
chit s6 0,1, 2,3 trong d6 so6 chit s6 0 1a chén va s6 chit s6 1 13 1é.

Dap an. 471,

Thang 9 - 2017
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2.5. Phuong phap tong

Trong phan nay ching ta chi ra cdch xay dyng ham sinh h(x) ma he s6
ctia " 13 mot ham p(r) theo bién r. Sau d6 ta si dung ham sinh h(z)
trong viéc tinh tdng p(0) + p(1) + - -- + p(n) véi n s6 nguyén duong.

Nhitng tinh chat sau day dudc st dung dé xay duyng ham sinh méi ti
cac ham sinh da c6. Gia st

A(x) = Z a,z", B(x) = Z brx”, C(x) = Z crx’.
r>0 r>0 r>0

Khi d6 ta c6 mot sé tinh chat sau:

1) Néu b, = da,, thi B(z) = dA(z) v6i moi hang s6 d.
3) Néu ¢, = Y1 aby—;, thi C(z) = A(z)B(x).
4) Néu b, = a,_p, va b; = 0 v6i i < k, thi B(z) = 2" A(z).

1lviuyen@hcmus.edu.vn

(1)

(2) Néu ¢, = a, + by, thi C(x) = A(z) + B(x).
(3)

(
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Bai toan. Cho g(z) 1a ham sinh c¢6 hé s6 a,., hiy xay dung mot ham
sinh g*(z) ¢6 hé s6 1a ra

Giai. Ham g¢*(z) c6 dugc bang cach lay dao ham g(x) va sau d6 nhan
d .
v6i x, nghia la ¢*(z) =« [dg(w)] Cu the, neu
x
g(x) = ap + a1z + agz® + azzd + -+ apz” + -,
ta lay dao ham ctia g(z) ta dugc
d
d—g(z) = ay + 2asw + 3agz® + - +rax” 4
T
Nhan hai vé cho x ta dugc
d 2 3 T
x d—g(:c) = a1z + 2a22” + 3azz” + - - -+ ra,x” + - --
x
Day chinh 13 ham sinh c6 hé s6 ra,.

Vi du. Xay dung mot ham sinh h(x) véi he s6 a, = 2r2. J
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=14+2+22+23+---, ta tién hanh cac

1
Giai. T cong thic T

budéc nhu bai toan trén, ta dugce

d 1
| 14202435 4 b e
drl—x

o d 1 1 T -
Ngoalraa:[dxl_x} :x[(l—x)z] = (1_$)2.Nh1IVay

(1_%)2:11'4‘2%24-3.%34-“'4-7“1‘7«4-“'-

Ta lap lai qua trinh trén véi % ta dugce
(1—x)
d 1
dz (1 —x)? (1—x)3

Cubi cting nhan 2 vao hai vé cia phuong trinh trén ta dugc

~ 2z(1+x)

h(z) = (1_$)3 :(2-12)$+(2.22)$2_|_..._|_(2.r2)x7"+...

Chudng 2. Ham sinh Thang 9 - 2017 29/43
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Vi du. Xay dyng mot ham sinh h(z) véi he s6 a, = (r + 1)r(r — 1).

)

Giai.

Cach 1. Ta c6 (r+ 1)r(r — 1) =73 — 7. Do d6 ta c6 thé lam tuong tu
nhu vi du trén, ta sé tim mot ham sinh ¢6 hé s6 r3 vi mot ham sinh ¢6
hé s6 r va sau d6 lay hiéu ctia ching.

Cach 2. Dya vao cong thiic

1 _ =
(1_1:)n:1+<1+n 1)x+”.+(r+n 1>xT+---

Ta co

1 _ _

Heé s6 a, cua khai trién trén 1a

ar:3!(r+i_1) :3!(T+3)! =(r+3)(r+2)(r+1).

1vliuyen@hcmus.edu.vn Chudng 2. Ham sinh Thang 9 - 2017
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Do do

(13!x)4:(3'2'1)+(4'3'2)x+"'+(T+3)(T+2)(T‘—I—l)xr—|—...

Nhan hai vé cho 2?2 ta dudc

312

m:(3-2-1)1}2—’—(4-3-2)333_'_..._'_(7«_'_1)7,(7,_1)567"_'_.“
2
Vay ham sinh can tim 1a h(z) = (16_3’,:6)4'

Téng quat. Ham sinh (n — 1)! — 6 heé s6 a, la

(1-1)
r+n-—1
r

ar:(n—l)!< >:[r+(n—1)]><[r+(n—2)]><-~><[r—|—1]

Vi du.(ty lam) Xay dyng mot ham sinh véi hé s6 a, = 2r2(r — 1).

)
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Dinh ly. Néu h(x) la ham sinh vdi a, la hé s6 clia x", thi
h 4 "

h*(x) = (z) la ham sinh vdi hé s6 cia x la Y a;, nghia la
Il =g i=0

T
h*(z) = ap + (ap + a1)z + (ap + ar + a)x® + - + (ZGZ) x4
i=0

v

Chimg minh. Dinh Iy nay dugc suy ra tir cong thic
1
11—z

va tinh chat (3). |

=1+z+azi4+23+--

Vi du. Tinh téng 2-12+2-224+2-32+... +2.n2% ]

Giai. Tu vi du trude, ta da xay dung dugc mot ham sinh h(z) véi he
s6 a, = 2r? 1a

2z(1 + x)
W) = =20
1-2)
1v1;1yen@ncmus.edu.vn C.'ulru;;; _7 Ham sinh Thang 9 - 2017
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Theo dinh 1y trén, tong can tim aj + ag + - - - + a,, 1a hé s6 clia ™ trong

) _ h(z)  22(1+2) 22 212
h(:c)—(l_x)— o (-2t ot

Ta c6

e Hé s6 ctia 2" trong 7 12 he s6 clia 2! trong

2
(1—x)
2

e Heé sb ciia 2™ trong 7 12 he s clia "2 trong

(1—=z)

Do d6 tong can tim bing
(n—1)+4-1 (n—2)+4-1\ . (n+2 n+1
2( 1) +2 - 2) =2 ("7 )2 (")

Vidu. Tinh téng 3-2-1+4-3-2+---+ (n+ 1)n(n — 1).

Chudng 2. Ham sinh Thang 9 - 2017
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Giai. Tu vi du trude, ta da xay dung dugc mot ham sinh A(z) véi he
s6a, = (r+1)r(r—1)1a

62

AR

Ta c6 tong can tim a, + as + - - - + a,, 1a hé s6 clia 2" trong

h(z) 62>

LG e e
Hé s6 ctia 2" trong h*(z) bing véi hé s6 cia 2"~ 2 trong (16@5, Vi
bing
6 ((n—z)_+25—1> 6 <n1—2>.
Nhu vay

3.2:14+4-3-24 -+ (n+Dnn—-1)= (711—2)

Chudng 2. Ham sinh Thang 9 - 2017
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2.6. Giai hé thitic dé quy bang ham sinh

Trong phan nay, ching ta sé trinh bay mot ng dung quan trong ctia
ham sinh trong viéc giai cac bai toan dé quy. Dé tim cong thitc tuong
minh a, cia mot hé thitc dé quy, ta goi G(z) 14 ham sinh cta day
{an}n>0 va tién hanh cac budc sau:

- Bu6c 1. Chuyén hé thitc dé quy thanh mot phuong trinh ciia
G(z), thuong dugce thyc hién bang cach nhan cé hai vé ciia
hé thic dé quy cho ™, hay 2”1, hay "% v6i mot k nao
do, va lay tong trén tat ca cac s6 nguyen khong am n.

- Bude 2. Gidi phuong trinh dé tim G(x).

- Budc 3. Tim he s6 ctia 2" trong G(z), hé s6 d6 chinh bang a,, va ta
dugc mot cong thic tusng minh cho a,.

Vi du. Hay st dung phuong phap ham sinh dé tim nghiém ctia hée
thitc dé quy an+1 = 3a, v6i ag = 2.

1vliuyen@hcmus.edu.vn Chudng 2. Ham sinh Thang 9 - 2017
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Giai. Goi G(x) =) _,,>¢ ana™ 1a ham sinh cta day {ay,}n>0. Ta nhan
cé hai vé ctia he thitc dé quy véi ™! va lay téng trén tat ci cac sd

nguyén n > 0, ta dugc
Z Apprz" Tt = Z 3apz™tt

n>0 n>0
& g anT" — ag = 3x E anz"
n>0 n>0

Viag=2va G(z) =), ~,a,x™ nén ta co

2

Glx) - 2 = 32G(a) & Glr) = .

=D n>ou”, ta duge

r) =2 Z(Sx)” =) (2-3")a"

n>0 n>0

Ap dung cong thu’c

Vay a, =2-3".

lVLuye n@hcmus . edu.vn Chuong 2. Ham sinh
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Vi du. Hay st dung phuong phap ham sinh dé tim nghiém ctia hée
thic dé quy a, = 8an—1 + 10771 véi ap = 1.

Giai. Goi G(x) = )_,,>¢ @n2" la ham sinh ctia day {ay }n>0. Ta nhan
cé hai vé ciia hé thic dé quy véi 2" va lay tong trén tat ci cac sb
nguyén n > 1, ta dugc

Z anpx” = Z Sa,_12" + Z 10" g

n>1 n>1 n>1
& Zanx" —ag =8z Z anx”™ + Z 10"z
n>0 n>0 n>0
1
Viag=1,G(x) =), 5pana" va ) - 102" = 1" 10m nén ta cé
< = — 10x
x
G(x) —1=8zG —_—.
(z) rG@) + oz
Ta giai ra duge
1—-9x

¢@) = T s 100
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Bién do6i G(z) thanh tdng cac phan thiic don gian, ta c6

G(z) =

1 n 1
1—-8 1-—10x

> (8z)" + > (10z)"

n>0 n>0

_Z (8" +10™) z

n>0

| =

N =

1
Vay a, = B (8™ 4 10™).

Vi du.(ty lam) Hay st dung phuong phap ham sinh dé tim nghiem
cua heé thitc dé quy a, = an—1 +n V6i ag = 1.
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Ngoai ra, 6 mot s6 bai toan giai he thic dé quy, ta c6 thé ding ham
sinh mil dé tim cong thitc tudng minh a,. Ta goi F(x) la ham sinh mi
ctia day {a,} va tién hanh cac buéc sau:

- Budc 1. Chuyén hé thic dé quy thanh mot phuong trinh cta
E(z), thuong duge thyc hien bang cach nhan ca hai vé cia
phuong trinh dé quy cho 2" /n!, hay z""1/(n + 1)!, hay
2"k /(n + k)! v6i mot k ndo d6, va 1ay téng trén tat ca cac
s6 nguyen khong am n.

- Bude 2. Gidi phuong trinh dé tim E(x).

- Bu6c 3. Tim he s6 ctia 2™ /n! trong E(z), hé s6 d6 chinh bang a,,
va ta dugc moét cong thic tudng minh cho a,.

Vi du. Tim nghiém ctia hé thic dé quy apt1 = (n+ 1)(ap, —n+1) V(jiJ
ag = 1.

ajn
Giai. Gol E(z) = }_,,>0an— 1a ham sinh mi cta day {an}n>0.
>0 “n 2

Chudng 2. Ham sinh Thang 9 - 2017
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, oL ) B $n+1
Ta nhan ca hai vé ctia hé thiic dé quy véi

(n+ 1)V
n > 0, ta dugc
xn+1 xn+1 xn+1
Za”+1(n+1)! :Za" nl —Z(n—l) ol
n>0 n>0 n>0
& Y anr—a=ry ap - |y nir = ol (¥)
n>0 n>0 n>0 n>0

A%

n n—1 n

" z™ T T T
anzo—i—Znﬁ:Zm:x m:xzm

n>0 ’ n>1 ’ n>1 n>0

nén tir (x) ta co
E an——aozxg an— — T :ng — = —
n! n! n! n!
n>0 n>0 n>0 n>0

xn N n ~
Vi E(x) =35 an” 7,0 = Lvae® =3 o0 . hen

1v1;1yen@ncmus.edu.vn C 5 Théang 9 - 2017
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E(z) —1=zE(x) — z(xze® — €")
& (1—-2)E(@@)=(1-x)ze®+1

Suy ra
B(r)= —
n>0 n>0
EDMCLAED SUERIY
n>0 T n>0 )
x" z"
—  — p—
=D iy N
n>0 n>1
n

Nhu vay hé sb ctia :E—' trong F(z) la n! +n. Do d6 a,, = n! + n.
n!

Vi du. Tim nghiém cta hé thic dé quy fr+1 =2(n+1)f, + (n+ 1)! J
v6i fo = 0.
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7L

Giai. Goi F(z) = 3,50 fn la ham sinh ma cia day {fy}n>0. Nhan
n!

ca hai vé clia hé thiic tren véi 2"/ (n + 1)!, va lay tdng v6i moi n > 0

ta dugc
an+1 +1 —23}an7—|—2$”+1

n>0 n>0 ’ n>0
Do fop = 0 nén vé trai bang F(x), hang ti thi nhat clia vé phai bang
22 F (), va hang ti thit hai ctia vé phai bang z/(1 — ). Do do, ta c6
dugce

Flx) = 2F (@) + 5 f .
Suy ra, T
F@) = a0 =

Phan tich F(x) thanh téng cAc phan thiic don gidn ta dugc

1v1;1yen@ncmus.edu.vn Chuo am si Thang 9 - 2017
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Ap dung cong thlIC

= —Zx”—l—z@x)": —Zn'ﬁ—l—zwn'ﬁ
e g

n>0 n>0 n>0 ) n>0

= >0 u”, ta duge

Do d6 he s6 cta x™/n! trong F(x) 1a

fn=—n!42"n! = (2" — 1)n!.

1viuyen@hcmus.edu.vn Chud . Ham sinh
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