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Bai toan. Thanh phd Konigsberg, Blc nam trén mot
con s6ng, c6 hai hon ddo I&n ndi v&i nhau va voi dat
lién b&i bay cay cau. Bai toan dat ra la co thé di theo
moét tuyén dworng ma di qua moéi cay cau dung mot
lan roi quay lai diém xuat phat hay khéng?

ngThanCong.com https://fb.com/tailieudientucntt
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Nam 1736, nha toan hoc
Leonhard Euler da chwng
minh rang diéu do la khong
thé duoc.

https://fb.com/tailieudientucntt
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Bai toan 1. C6 thé vé hinh phong bi thw b&i mot nét
bat hay khéng? Néu c6 hay chi ra tuan tw cac nét vé

1
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Bai toan 2. Mot doan kiém tra chat lwong céac con
duwdng. Dé tiét kiém thoi gian, doan kiém tra mudn di
qua mdi con dworng dung 1 lan. Kiém tra xem c6 cach
di nhw vay khong?
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Bai toan 3. Mot sinh vién mudn di tir nha dén trwdng
thi phai di nhw thé nao? Cach di nao la ngan nhat?
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2. Cac khai niém co ban

DPinh nghia. Mot do thi vo hwéng
(undirected graph) G=(V, E) duoc
dinh nghia boi: e,

 Tap hop V # & dwoc goi la tap cac { e
dinh (vertex) va n = |V| goi la cap ;21
cda do thi; e

 Tap hop E la tap cac canh (edge) (3 €5~
cla do thi; Mdi canh ecE duoc lién
két v&i mot cap dinh {i, j}, khong
phan biét thir ty
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Dinh nghia. Trén do thi vd hwdng, xét canh e dwoc
lién két v&i cap dinh {i, j}:

O——0

= Canh e ké voi dinh i va dinh j (hay dinh i va dinh j ke
v&i canh e); co thé viét tat e=ij

* Dinh i va dinh j dwoc goi la 2 dinh ké nhau (hay dinh |
ké v&i dinh | va ngworc lai, dinh | ké v&i dinh i)

= Hai canh ndi cung mét cap dinh goi la hai canh song
song.

= Canh c6 hai dinh trung nhau goi la mét khuyén
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Tap cac dinh ké véi dinh v dwoc viét 13
I'(v)={ueV :(v,u) ek}

Nhan xét. B0 thj G hoan toan dwoc xac dinh néu
chung ta biét

I'(v),VveV

nén do thi G cling c6 thé dinh nghia nhw sau:

G=(,I)
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Canh song song: e, e;
Khuyén: eq

Dinh treo: 5 S7
Pinh co6 1ap: 6
r)={1,3,4) e



http://cuuduongthancong.com?src=pdf
https://fb.com/tailieudientucntt

Mot so loai do thi vé hwéng

Pinh nghia. Cho G la do thi vo hwong. Khi d6 G
duoc goi la:

a) don do thi (hay doé thi don) néu G khéng co
khuyén va khong cd canh song song

b) da do thi néu G khéng co khuyén, cho phép co
canh song song

c) gia do thi néu G cho phép c6 canh song song va
cO khuyén
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Cac dang do thi

Do thi rong: tap canh la tap réng
D& thi du: db thi vo huong, don,
gitra hai dinh bat ky déu c6 dung
MmOt canh.

= PO thi du n dinh ky hiéu 1a K .

. n(n-1)
= K, CO > canh.

Do thi k-deéu: 1a do thi ma moi dinh
déu ké v&i dung k dinh khac.
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Do thi lwérng phan: 1a do thi vo
hwong G=(V, E) co6 tap V duwoc chia
thanh hai tap V, va V, thoa:

= V, va V, phan hoach V;

= Canh chi ndi gitra V, va V..
Do thi lwérng phan da: 1a do thi
lwéng phan théa diéu kién mai dinh
trong V, ké v&i moi dinh trong V..

Néu|V,|=nva [V,|=m, taky hieu K, ,
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[ K,
Ks K4
Ks, 3
2,3

o o
K2EK1,1
K
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Do thi c6 hwéng

Pinh nghia. Mot do thi c6 hwéng 1
(directed graph) G=(V, U) duoc
dinh nghia boi:

U2

 Tap hop V # & duwoc goi la tap

U1
cac dinh. Q
* Tap hop U la tap cac canh (cung) u

clia do thi; Méi canh ueU dwoc

lién két véi mot cap dinh (i, j)e V2. Us™
Ky hiéu u=(i,j) hoac u=ij.
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Trén do thi co hwdng, xét canh u dwoc lién két voi
cap dinh (i, j):

O——0

= j dwoc goi la dinh dau, j dwoc goi la dinh cuoi

= Canhu ké voi dinh i va dinh j (hay dinh i va dinh |
ké v&i canh u); co thé viét tat u=(i, j). Canh u dira
khai dinh i va di vao dinh j.
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Pinh nghia. Cho do thi c6 hwéng G=(V, E) va e=(u,v)eE
* vi]adinh saucuau
* uladinh trwwéc cua v

 Tap hop cac dinh sau va dinh trwdc cla v 1an lwot 1a

C'(v), I'(v)
Nhan xét. Po thi G hoan toan dwoc xac dinh néu ching
ta biét
I'(v),VveV

nén doé thi G ciing cé thé dwoc dinh nghia nhw sau:

G=(,I)
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Canh song song ! @
- Uy, U, cung chiéu
- Ug, Ug NQWOC chiéu 7
5, Ug NGUC U, U3

Khuyén: u, Y2

. Ug
Dinh treo: 6 Ug Uq
Pinh c6 1ap: 5 ~Us5—
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Do thi hiru han

Po thi co tap dinh va tap canh hiru han duwoc goi
|a dé thi hiku han

Trong hoc phan ,néy ta chi lam viéc v&i cac do thi
hiru han. D& ngan gon chuing ta chi ding thuét
ng® PO THI va hiéu ngam dé 1a doé thi hiru han.
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Pinh nghia. Cho hai d6 thi G = (V,E) va G’ = (V',.E)
(cung vO hwdng hoac cung co hwdng).

G dwoc goi la do thi con cla G, ky hiéu G’< G,
nefuVcVVaE cE

Néu V=V va E’ c E thi G’ dwoc goi la do thi con
khung cua G.
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Bac cua dinh

DPinh nghia. Xét do thj vo
hwdng G, bac cua dinh x
trong do thi G la sb cac canh
ké v&i dinh x, méi khuyén
dwoec tinh hai lan, ky hiéu 13
deg.(x) (hay deg(x) néu
dang xét mot do thi nao do).
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Bac cua dinh

Vi du.

deg (1)

CuuDuongThanCong.com https://fb.com/tailieudientucntt
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Bac cua dinh

Vi du. H la don do thi vé hudng co6 n dinh (n > 2).

a) M6i dinh cia H c¢6 bac toi da l1a bao nhiéu? H c6

tdi da bao n

b) Chirng min

niéu canh ?

nrang H co it nhat 2 dinh cung bac.

Giai. a) Vi H la dd thi don vo hwéng nén méi dinh
cia H khéng cé khuyén va chi cé thé ndi v&i cac
dinh khac khéng qua moét canh, nghia la méi dinh cua
H c6 bac toi da la (n - 1).

Suy raHcétoidala n(n—-1)/2 canh
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Bac cua dinh

b) Gia sr bac clia cac dinh cia H déu khac nhau.
Khi d6 bac ctia n dinhcta H lanlwotla 0,1, ..., (n -
1), nghia la H phai c6 dinh bac O.

Do H c6 dinh bac 0 nén cac dinh khac cua H cb
bac toi da la (n — 2) mau thuan. Vay c6 it nhat 2 dinh
cua H co6 cung bac.

Vi du. Hay vé& mét dé thi don vd hwdng (néu co)
gbm 6 dinh v&i bac cac dinh lan lvot la:

a) 2,2,3,3,3,3 0 1,1,2,23,4

Cau b) khdng ton tai do thi
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Bac cua dinh

Dinh nghia. Xét do thj c6 huwéng G

=NC(ra bac ngoai ctiia dinh x la so
cac canh di ra khoi dinh x, ky
hiéu deg*(x).

=NCra bac trong cta dinh x la so
cac canh di vao dinh x, ky hiéu
deg(x).

=Bac cla dinh x: e

deg(x)=deg*(x)+deg(x)
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Bac cua dinh

Chua y. 1 khuyén dwoc tinh 1 1an bac vao va 1 lan bac ra

Vi du.

deg(v)

deg*(v)

deg(v)

—~ | QO T |

b

d
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Bac cua dinh

" Pinh TREO la dinh ¢6 bac bang 1.

= Pinh CO LAP la dinh ¢c6 bac bang 0.

—@
®
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Moi lién hé giira bac va so canh

Pinh Iy
Xét dd thi co hwéng G=(X, U). Ta co:

Zdeg+(x)=Zdeg_(X) va Zdeg(x):Z‘U‘

XxeX xeX xeX

Xét dd thi vo hwéng G=(X, E). Ta cé:
5 dea(s) -2l

Hé qua. SO dinh co bac 1é trong mdt do thi la chan.
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Vi du. Trong mét bira tiéc, moi nguwdi bat tay véi nhau.
Chirng minh rang s6 nguw®i bat tay véi mét so |é ngudi
khéac la so chan.

Giai. Lap do thi vé hwéng G nhw sau:

= MGi dinh 1a dai dién cho mot ngudi

= Hai dinh ndi v&i nhau bang mot canh néu hai
ngwoi do bat tay nhau

Mo&t ngudi bat tay véi mot so 1é nguwdi khac, cé nghia
dinh twong rng c6 bac la lé. Theo hé qua trén ta co
diéu chtrng minh.

ongThanCong.com
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Bac cua dinh

Vi du. Cho G la d6 thj vO hwéng co6 6 dinh vé&i cac
bac lan lwotla 1,2, 2,2,3 va 4. Tinh sd canh cua
G. Hay vé phéac hoa doé thi G. (mét trwdng hop 1a doé
thi don va mét trwdng hop la dd thi c6 cd khuyén va
cac canh song song).

Vi du. Cho H la do thi vd hwong c6 34 canh, 3 dinh
bac 6, mot s6 dir)h bac 5 va céc dinh con lai cé bac
8. Hay xac dinh s6 dinh cua H.

Vi du. V& dd thi don vé huwdng gom 6 dinh v&i bac
2,2,3,3,3,5
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Ma tran lién ket

Dinh nghia. Cho G=(V,E) voi V ={1,..,n} va E ={e,,...e.}.
Ma trén]ién két (incidence matrix) cua G la ma tran
A=(a;) cap nxm dwgc dinh nghia nhw sau:

a) Néu G vo huwong thi a; €{0,1} x4c dinh bdi
(1 néuikévéi e

d.. =
1)

0 néu i khongkevdi e
b) Néu G c6 hwéng thi a; €{-1,0,1} xac dinh bdi
1 néu e rdikhdi i

a.=<—1 néu e divao i

0 n€u e khongkevdii
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Ma tran lién ket

Hoi. C6 nhan xét gi vé cac so trén dong va trén cot?

- Bac cla dinh i = tdng cac so trén dong i
- Mbi cdt ludn c6 tbng =2
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Ma tran lién ket

Hoi. C6 nhan xét gi vé cac so trén dong va trén cot?
- deg*(i)=tong cac s 1 trén dong |

- deg-(i) = tbng cac so -1 trén dong i

- MGi 6t lubn c6 mot s 1 va mét so -1
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Ma tran lién ket

Vi du. Cho G Ia d6 thj c6 ma tran lién két
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Pinh nghia. Cho G=(V,E) v&i V ={1,..,n}. Ma trdn ké
(adjacency matrix) ctia G la ma tran vuéng A=(a;) cap n
xac dinh boi

a;= sO canh tlr dinh i dén |

O O T o
o = O OO0
o =N Oo

~a b
0 1
1 0O
1 1
0 0
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Vi du. Tim ma tran ké cta dod thj sau ?

SIS S
S O O =~ N O o

- —_ O = O N

- O O O = = A

S O OO O O g

O NV OO = O

f
-
I
I
0
0
O_

Lwu y. V&i d6 thi vo hwéng, néu dinh i cé 1 khuyén thi

a; dwec tinh thém 2.
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Tinh chat

1. Ma tran ké cla dd thj vé hwéng 1a ma tran doi xirng
a; = a;.

2. Néu do thi vé huéng:
Tong dong thtr i = Tong cot thtr | = bac cua dinh i

3. Néu do thi cd huéng:
- Tong dong i = nra bac ngoai cua i
- Tong cbt i =ntra bac trong cua |
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Vi du. Lap ma tran ké cla d6 thi sau:
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Vi du. Cho db thj vé hwéng G véi ma tran ké sau:

Hay vé dob thi G

Pap an

'...}J'::J

o O

3
0
]
l

o o — O

9

O —
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4. Dang cau do thi

Xét hai do thi sau: chung gidong nhau hay khac nhau?

1
2 ¢ 3
\ —
1le 4 2 4
’ 3 (2°) 2 3(3')
/ ><
- 4 (4)1 4(1°)
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4. Dang cau do thi

Pinh nghia. Cho hai d6 thi don G = (V,E) va G'=(V',E).
Ta noi rang G dang cau G’, ky hiéu G = G’, néu ton tai
song anh f :-V— V’sao cho:

] la canh cua G < f()f()) 1a canh cua G’

b b a
("
o ) ?
d C

d C

i o
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Cha y. Néu G va G’ l1a céac do thj don vo hwéng dang
cau qua anh xa f thi chung co:

> Cung soO dinh

» Cung sO canh

> Cung sb dinh v&i bac cho sén
» deg 1 =deg f(i)

> ...
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deg(e) =1

Khéng dang cau

CuuDuongThanCong.com https://fb.com/tailieudientucntt
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Vi du. Cac do thi sau c6 dang cau khc“)ng’? Tai sao?

AE
)
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Vi du. Hay tim cac dd thj ddng cau trong cac do thj sau:

KT RA

A

(G1)

o
—o

*—3
(G2)

(G3) (G4)

(G5)

(G6)

(G7)
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Vi du. Cac do thi sau c6 dang cau khdng? Tai sao?



http://cuuduongthancong.com?src=pdf
https://fb.com/tailieudientucntt

Vi du. Hai d6 thi sau c6 dang cau khdng? Tai sao?

i b t
™ $
e / I X
h g ¥

9 ]
i C ! i

(s H
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5. DPwong di, chu trinh

Pinh nghia. Cho G = (V, E) la dé thi vd huwdng va
hai dinh u, v. Khi d6

a) Puwong di (day chuyén) cO chiéu dai k ndi hai
dinh u,v la day dinh va canh lién tiép nhau
Vo€,V1€,...V, 1€V, Sao cho:

Vo=U, V, =Vvae=v,,v, ,i=1,2,....K
Puwong di don néu khéng co canh nao xuat hién
gua moét 1an va goi la so’ cap néu khoéng c6 dinh nao
xuat hién qua moét lan
b) Néu u triing v&i v thi dwdng di sé dwoc goi la chu
trinh. Khai niém chu trinh don, so cap twong tw nhw
khai niém dwdng di
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f €7 '-,, €8 *J

m

> a,ey,b,e,c.e;sde,b la dwong di tr dinh a téi dinh b
c6 chiéu dai 1a 4. Vi doé thi don, nén ta co6 thé viét ngan
gon la: (a,b,c,d,b)

» Chu trinh so cap: (b,c,d,b) (b,f,e,b)
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Lieén thOng

Pinh nghia. Cho G = (V,E) la dd thi vd hwdong. Trén V
ta dinh nghia quan hé twong dwong nhw sau:

U~V < U =V hay c6 mdt dwdng di tlr u dén v

a) Néu u~v thi ta noi hai dinh u va v lién thong véi
nhau

b) Méi 16p twong dwong dwoc goi la mét thanh phan
llén thong cua G

c) Néu G chi c6 mot thanh phan lién théng thi G goi la
lién thong
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Lieén thOng

Vi du. D6 thi ndo sau day lién théng?
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Lieén thOng

Vi du. Cho d6 thj don vé hwdng G c6 7 dinh trong dé
c6 mét dinh bac 6. Hoi G co lién thong khdng?

Gjéi. E)ir]h bac 6 ndi v&i 6 dinh con lai. Do d6 hai dinh
bat ky déu c6 mét dwdng di qua dinh bac 6. Suy ra G
lien thOng

Vi du. Cho d6 thi v6 hwéng G lién théng ma méi dinh
déu co bac bang 10. Chirng minh rang néu xoé di mét
canh bat ky thi do thj thu dworc van con lién théng
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Lieén thOng

Giai. Gid sl ta x6a canh uv. Ta chi can chirng minh
van cé duwong di tlr u dén v.

Ta dung phan chirng. Gia st khéng co dwdng di tir u
dén v. Khi d6 ta c6 thanh phan lién théng G’ chira u
ma khong chira v.

Trong G’, u c6 bac 9, moi dinh khac déu cé bac 10.
Tong cac bac trong G’ la sb lé. Vo ly.
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Lieén thOng

Vi du. Xét dé thj don v hwéng G véi 6 dinh, trong do
cd mot dinh bac 1 va 5 dinh bac 3. Chirng minh rang
G lién thong.

Giai. Gia sir G khong lién thong. Goi G4, G, ...,Gy la
cac thanh phan lién thng cua G (k> 2).

Vi G khong co dinh c6 lap néen méi thanh phan lién
thdng déu phai c6 it nhat hai dinh. Nhw vay moi thanh
phan lién théng déu phai co it nhat mét dinh bac 3.

Suy ra méi thanh phan lién théng phai c6 it nhat 4 dinh.
Vay G phai cé it nhat 4k > 8 dinh. Trai gia thiét
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Lieén thOng

Pinh nghia. Cho G = (V,E) Ia d6 thi vé hwédng lién
thong

a) Binh v dwoc goi 1a dinh khép néu G — v khong
lien thong (G — v la d6 thi con cua G co dwoc
bang cach xoa v va cac canh ké voi v)

b) Canh e dwoc goi la cau néu G — e khéng lién
thong (G — e la d6 thi con cua G c6 duoc bang
cach xoa canh e).
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Vi du. Tim dinh khép va cau cua do thi sau

O O O—E
r’_{/JT\ j/j‘w
./ V) &, S,

Pap an: binh khép: w,s,v

Cau : ws, Xv
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Pinh nghia. Cho G = (V,E) vO hwdng lien thong,
khong phai K., n>2.
a) So lién thong canh cla G, ky hiéu e(G) la sb
canh it nhat ma khi xoa di G khéng con lién thong
nlra.
b) S6 lién thong dinh ctua G, ky hiéu v(G) la sb
dinh it nhat ma khi xoa di G khéng con lién thdong
nlra.
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Vi du. Tim s0 lién théng canh va lién théng dinh clda
cac dé thi sau
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Lien thOng manh

Pinh nghia. Cho G =(V,E) la d6 thi c6 hwéng va hai
dinh u va v. Khi dé
a) Brrong di c6 chiéu dai k ndi hai dinh u,v la day dinh
va canh lién tiép nhau

Vo€,{V1€5....V | 1€V,
sao cho:

Vo=U, V=V

e=Vv,v,1=12,..k

b) Bwédrng di khéng cé canh ndo xuat hién qua mot lan
goi la dwong di don.
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c) Buong di khong cé dinh nao xuat hién qua mét
lan goi la dwong di so’ cap.

d) Buwong di duwoc goi la mach (chu trinh) néu né
bat dau va két thdc tai ciing mét dinh.

Vi du. !

5 ' a

Pudng di co d6 dai 4 tir dinh 1 t&i dinh 2 1a : (1,2,3,4,2)
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Lien thong manh

Pinh nghia. Cho dd thj c6 hwong G = (V,E). Trén tap
dinh V ta dinh nghia quan hé twong dwong nhuw sau:

u~v < U = v hay c6 mot dwdng di tr u dén v va
dwong di tw v dén u.

a) Néu u~v thi ta néi hai dinh u va v lién thong
manh voi nhau.

b) I\/Ic'“Si‘ I&p twong duwong dwoc goi la moét thanh
phan lién thong manh cua G.

c) Néu G chi c6 mét thanh phan lién théng manh thi
G goilalien thong manh.
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Vi du. D6 thi sau c6 lién thdng khong? Néu khong
hay xac dinh cac thanh phan lién thong.
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