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DPinh nghia va tinh chat
Cay khung ngan nhat
cay c6 goc

Phép duyét cay
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1. Pinh nghia va tinh chat

DPinh nghia. Cay (tree) la dé thi vd hwéng, lién thong
va khéng cd chu trinh

® @

Gl G2

G1 la cay, G2 khéng phai cay
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Pinh nghia. Rirng (forest) 1a d6 thi vé hwédng khéng
cO chu trinh

Nhan xét. Rirng 1a d6 thi ma méi thanh phan lién théng
cua no la mét cay.

ongThanCong.com https://fb.com/tailieudientucntt
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Tinh chat cta cay

Pinh ly: Cho dé thi vdé huwéng T ¢ n dinh. Khi d6 cac
phét biéu sau 1a twong dwong:

1)
2)
3)
4)
o)

6)

alcay

Khong chwra chu trinh va co n-1 canh

Ién thong va co n-1 canh

T lién thdng va mdi canh cla né déu la cau

Gitra hai dinh bat ky ciia T c6 ding mot dwérng
di ndi ching véi nhau

T khong chwra chu trinh nhwng khi thém vao
mot canh ta thu dwoc dung mot chu trinh
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Hé qua.
a) M6t cay co it nhat 2 dinh treo

b) Néu G la mét rirvng ¢d n dinh va cd p cay thi s
canh cua G la m=n-p
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Cay khung cua do thi

Pinh nghia: Mot cay T dwoc goi la cay khung (hay
cay toi dai, cay bao trim) ctia dé thi G=(V, E) néu T la
do6 thi con clia G va chira tat ca cac dinh cua G.

Vi du. Cho db thi C >

Hay tim cay khung cua G?
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Cay khung cua do thi
Pap an. Mot s6 cay khung ctia G @

Nhan xét. V&i 1 do thj cho trudce, cé thé co vai cay khung
clia do thj do
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Pinh ly. Moi do thi lién thdng déu c6 cay khung

Dinh ly (Cayley) So cay khung cta do thj K, 1a n-2

a
f S6 cay khung 442=16
d
Vi du: abc, bcd, cda, dab, abf, acf, bdf, ...
C
e —
(A)

‘ ' S6 cay khung 552=125
’Ag
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Tim mét cay khung cta do thi

Bai toan: Cho G la do thj vo huéng lién thong, hay
tim 1 cay khung cua do6 thj G.

Pé giai bai nay ta dung 2 thuat toan sau

Thuat toan tim kiém theo chiéu rong (BFS)
Breadth-first search

Thuat toan tim kiém theo chiéu sau (DFS)
Depth-first search
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Tim kiém theo chiéu rong (BFS)

Cho G la d6 thj lién thdng voi tap dinh {v,, V., ..., V,}
> Budc 0: thém v, nhw la goc cla cay rong.

> Buwdc 1: thém vao céac dinh ké v, va cac canh ndi v,
v&i chung. Nhirtng dinh nay la dinh mirc 1 trong cay.

> Buwdc 2: ddi voi moi dinh v mire 1, thém vao cac
canh ké v&i v vao cay sao cho khong tao nén chu
trinh. Ta thu dwoc cac dinh muac 2.

Tiép tuc qua trinh nay cho t&i khi tat ca cac dinh ctia doé
thi dwoc ghép vao cay. Cay T co6 dwoc la cay khung cua
do thi.
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Vi du. Tim mét cay khung ciia do thi G.

N b c | e
o —o O
e f d
b f
‘@ €3 ® g i
h @
S Chon e lam goc
m " Chon cic dinh ké vdi e.

Cacdinhmuac 1la: b, d, f, i
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* Thém a va clam con cua b,
= h 12 con duy nhat cua d,

» gvajlacon cua f,

= k 1a con duy nhat cua i,

Cac dinh mac 2 la: a, ¢, h, g, J, k

an https://fb.com/tailieudientucntt
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® ,
Cuo6i clng thém 1va ma con cta g va k twong tmg
Cac dinh mac 3 1a: I, m

Ta c6 dugc cay khung can tim

ongThanCong.com https://fb.com/tailieudientucntt
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Vi du. Tim cay khung cta d6 thi bang thuat toan BFS
v&i D 1a dinh bat dau
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Pap an.
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Tim kiém theo chiéu sau (DFS)

Cho G la do thi lién thong voi tap dinh {v,, v,, ..., V,}

> Chon mot dinh tay y cta do thi lam goc.

> Xay dwng dwdng di tlr dinh nay bang céach lan lwot
ghép cac canh sao cho méi canh méi ghép sé noi
dinh cudi cung trén dwong di véi moét dinh con
chwa thudc dwdng di. Tiép tuc ghép thém canh
vao dwong di chirng ndo khong thé thém duwoc
nira.

> Néu dwong di qua tat cd cac dinh cia dod thi thi
cay do dwong di nay tao nén la cay khung.


http://cuuduongthancong.com?src=pdf
https://fb.com/tailieudientucntt

> Néu chuwa thi I0i lai dinh trwdc dinh cudi cung cua
dwong di va xay dwng dwo’ng di m&i xuat phat tw
dinh nay di qua cac dinh con chwa thudéc dwdng di.
Néu diéu dé khong thé lam dwoc thi 10i thém mot
dinh nira trén duo’ng di va thr xay dwng dwong di
ma&i. Tiép tuc qua trinh nhw vay cho dén khi tat ca
cac dinh cta dd thi dwoec ghép vao cay. Cay T co
dwoc la cay khung cla do thi.

Vi du. Tim mét cay
khung cua do thi voi
f 1a dinh goc
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Thém cac hauduécuaf:g,h, Kk, |

Lui vé k khéng thém dwoc canh nao, tiép tuc IUi vé h
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Thém i lam con th& hai cia h va Iui vé f.
Lai thém cac hauduécuaf:d, e, c, a

LUi vé ¢ va thém b lam con th& hai ctia no .

Cay thu dwoc 1a cay khung cla dd thj da cho
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Vi du. Tim mét cay khung ciia do thi bang thuat toan
DFS vé&i A la dinh bat dau
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Do thi c6 trong so

Pinh nghia. B0 thi G = (V,E) goi la dd thi c6 trong
s6 (hay chiéu dai, trong lwong) néu mdi canh e duoc
gan véi mot sd thwe w(e). Ta goi w(e) la trong
ltrong cua e.

Pé dai cha dwdng di tr u dén v bang tong trong
lwong cac canh ma dwdong di qua.

Trong lwong cla mot cay T cla G bang vdi tdng
trong lwong cac canh trong cay

Cay khung ngan nhat la cay khung cé trong
lwong nhd nhat cua G.
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Ma trdn khoang cach (trong so)

Dinh nghia. Cho G = (V, E), V ={v,,v,,...,v } [a don
do thi cé trong so. Ma tran khoang cach cua G la
ma tran D= (d;) dwgc xac dinh nhuw sau:

0 khi i=]

d; =qw(v,v;) khi vv,eE

00 khi ViV, & E

\


http://cuuduongthancong.com?src=pdf
https://fb.com/tailieudientucntt

Ma tran khoang cach

Vi du. Tim ma trdn khodng cach cua dé thi sau

0O 12 7 5 o
12 0 15 16 6
7 15 0 o 10
5 16 o 0 5
o 6 10 5 O
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Thuét toan tim cay khung ngan nhat

C6 nhiéu thuat toan xay dwng cay khung ngan nhat:
Thuat toan Boruvka
Thuat toan Kruskal
Thuat toan Jarnik — Prim
Phwong phap Dijkstra
Thuat toan Cheriton — Tarjan

Thuat toan Chazelle
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Thuat toan Kruskal

Input: Do thi G=(X, E) lién thdng, X gdm n dinh
Output: Cay khung ngan nhat T=(V, U) clia G

Budc 1. Sap xép cac canh trong G tang dan theo
trong lvong; khditao T .= O.

Buoc 2. I,_én wot lay tirng canh e thudc danh sach
da sap xép. Néu T+{e} khdng chira chu trinh thi
themevao T: T :=T+{e}.

Bude 3. Néu T da n-1 canh thi dirng; nguorc lai,
lap buwoc 2.
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Thuat toan Kruskal

Vi du. Tim cay khung ngan nhat ctia doé thi sau

Giai. Sap xép cac canh

AC AE CD DE AF BD AD BC EF AB
1 1 1 2 3 3 4 5 o6 8
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Thuat toan Kruskal
1
8 B
3 \ |©\ 5
< : |
. \ 1
\é) 2 @/
AC AE CD DE AF BD AD BC EF AB

OO0OO® 2B 4 5 6 8

Nhw vay T = { AC, AE, CD, AF, BD } la khung ngan
nhat v&i trong lwong: 9
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Thuat toan Kruskal

Vi du. Tim cay khung ngan nhat cta doé thi sau
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Thuat toan Kruskal

Vi du. Tim cay khung ngan nhat cta doé thi sau
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Thuat toan Kruskal

Vi du. Dung thuat toan Kruskal dé tim cay khung nho
nhat clia do thi sau:
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Thuat toan Prim

Input: DO thi lién thong G=(X, E), X gdm n dinh
Output: Cay khung ngan nhat T=(V, U) clia G

Bwéce 1. Chontuyyv e XvakhoitaoV :={v};
U:.=9;

Bwée 2. Chon canh e ¢6 trong lwong nhd nhat
trong caccanhwvma w e X\Vvav € V

Buwoc 3.V =Vuiw}l U =Uu{e}

Bwée 4. Néu U du n-1 canh thi dirng, nguoc lai
lap tw bwoce 2.
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Thuat toan Prim

Vi du. Tim cay khung ngan nhat cta doé thi sau

V={F C, A D, E, B} U={FC, CA, AD, DE, EB}
Trong lwvong: 32
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Vi du. Tim cay khung ngan nhat cta doé thi sau
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Vi du. Dung thuat toan Prim dé tim cay khung nho
nhat clia do thi sau:
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3. Cay c6 goc

Pinh nghia. Cho T la mét cay. Chon moét dinh r cua cay
goi 1a goc. Vi co6 dworng di so cap duy nhat tr goc toi
moéi dinh cha dé thi nén ta dinh hwéng méi canh la
hwéng tr gbc di ra. Cay cung véi goc sinh ra mot do thi
c6 hwéng goi la cay co goc
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Vi du

’ N , Folders
MOt sO vi du vé cay co goc ) My Documents

e , A = j Mw Computer

« Cau truc thu muc trén dia 4, 3% Flappy (A1)
. .. . R “e WP ()

« Gia pha cua mo6t ho toc < Sach (D2)
R 2 i z =l “s Data (E:)

* MOt biéu thtre s6 hoc ) Alice

) Cong wiec

) Dat
\_0) Data - Hinh
) De tai Sinh vien 2010
) Desktop

lii'l Don Tu

(7+2/3) x (7-2)
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Mot s6 khai niém

Pinh nghia. Cho cay c6 gocrr.

>
>

Goc r dwoc goi la dinh mire 0 (level 0).

Céac dinh ké v&i goc r dwoc xép & phia dwdi goc
va goi la dinh mae 1 (level 1).

Pinh sau cta dinh mrc 1 (xép phia dwdi dinh
mwcl) goi la dinh maec 2. ......

Level(v) = k < dwong di tir goc r dén v qua K
cung.

Pé cao cua cay la mirc cao nhat cta cac dinh.
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level O

CuuDuongThanCong.com https://fb.com/tailieudientucntt
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Mot s6 khai niém

Pinh nghia. Cho cay c6 goc r

> Néu uv la mét cung cta T thi u dwoc goi la cha
cua v, con v goi la con cua u.

> Dinh khéng c6 con goi la |a (hay dinh ngoai). Binh
khong phai la la goi la dinh trong.

> Hai dinh co cung cha goi la anh em.

» Néu co dwong di vyV,...v, thi vy, V,,.., V., goi la t6
tién cuav,. Con v, goi la hau dué cua v,, v,,.., V| ;.

> Cay con tai dinh v 1a cay c6 goc la v va tat ca cac
dinh khac la hau dué cua v trong cay T da cho.
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Mot s6 khai niém

Pinh nghia. Cho T la cay c6 goc.

a) T dwoc goi la cay k-phan néu méi dinh cda T
cO nhiéu nhat la k con.

b) Cay 2-phan dwoc goi la cay nhi phan.

c) Cay k-phan du la cay ma moi dinh trong co
dung k con.

d) Cay k-phan v&i dd cao h dwoc goi la can doi
néu cac la déu & mdc h hodc h — 1.
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Mot s6 khai niém
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Mot s6 khai niém

Pinh nghia. Cho T la cay nhi phan c6 goc lar. Ta c6
thé biéu dién T nhw hinh vé dwdi v&i hai cay con tair
la T, va T ,ching l1an lwot dwoe goi la cay con bén
trai va cay con bén phaicuaT.
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Biéu dién cay

Chung ta cé thé biéu dién cay nhw 1 4o thi
Ma tran
Danh sach

Nhan xét: Vi s6 canh cla cay rat thwa (n-1 canh) nén
dung ma tran dé biéu dién cay la khéng hiéu qua


http://cuuduongthancong.com?src=pdf
https://fb.com/tailieudientucntt

Biéu dién cay bang danh sach ké

Vi du. Cho cay sau

Pinh| Dinh ké
0 1 9
1 3 6
2 %)

3 %)
4 I 5
5 %)
6 %)
7 %)
8 %)
) 8
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Mot so bai toan lién quan t&i cay

Bai toan 1: Kiém tra xem do thi G c6 phai la 1 cay
khong

Bai toan 2: Tim goc cla cay

Bai toan 3: Tinh dé cao cua cay v&i goc 1a dinh r
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4. Phep duyet cay

Pinh nghia. Duyét cay la liét ké tat cac dinh cua
cay theo mét thir tw nao dé thanh moét day, méi dinh
chi xuat hién mét lan.

CoO 2 phep duyét cay

- Phép duyét tién thir tw (Preorder traversal)

- Phép duyét hau thir tw (Posorder traversal).
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Phép duyét tién th tw

» Pén goc r.

> DUng phép duyét tién thr tw dé duyét cac cay con
T,rbicay con T, ... tir trai sang phai.

Vi du. Duyét cay sau
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Do do cac dinh lan lwvot dwoc duyét la:

14, 84, 35, 13, 53, 16, 99, 72, 43, 33, 64, 97
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Phép duyét hau thuw tw

> DUng phép duyét hau the tw dé 1an lwot duyét cay
conT,, T,,.... ttr trai sang phai.

> Dén gocrr.

Vi du. Duyét cay sau
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Do do cac dinh lan lwvot dwoc duyét la:

35, 53, 13, 99, 72, 16, 64, 33, 97, 43, 14
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Duyét cay nhi phan

Poi v&i cay nhi phan, ta c6 thém phép duyét trung thir
tw cho cdy nhi phdn (Inorder traversal)

» Duyét cay con bén trai T, theo trung thu tw.
> Pén gocrr.
> Duyét cay con bén phai theo trung th tw.

Vi du. Duyét cay sau
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Do do cac dinh lan lwvot dwoc duyét la:

53, 13, 84, 99, 16, 72, 14, 33, 64, 43, 97
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Cay nhj phan biéu thirc

Xét cay nhw sau Gée

N\

38 5

Khi do, theo phép duyét
- Tienthe¢ty: + 8 5
- Hau thu tw: 8 5+
- Trung thr ty: 8 + 5
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Cay nhj phan biéu thirc

DPinh nghia. Cay nhi phan cua biéu thirc 1a cay nhi
phan ma

- Mbi bién s6 dwoc biéu dién b&i mot Ia.
- Mbi dinh trong biéu dién mot phép toan v&i cac
thanh to la cay con tai dinh ay.

Cay con bén trai va bén phai cia mot dinh trong biéu
dién cho biéu thirc con, gia tri cia chung la thanh t6
ma ta 4p dung cho phép toan tai gdc cua cay con.
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Tinh gié tri cha biéu thirc dwoc biéu dién bang dé thi sau

Két qua?

(4+2)* 3= 18
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Pinh nghia. Ta goi két qua c6 dwoc khi duyét cay nhi
phan cla biéu thirc theo phép duyét

- Trung the tw la trung to

- Tién the tw la tien to va dwoc goi 1a ky phap Ba
Lan

- Hau th tw 1a hau to va dwoc goi la ky phap Ba
Lan ngwo'c


http://cuuduongthancong.com?src=pdf
https://fb.com/tailieudientucntt

*

‘
2

/

A

Khi do

= Trungtd: 4+2 *3
= Tiéntd: *+ 423 Ky phap Ba lan
= Hautd: 4 2 + 3 * Ky phap Ba lan nguoc
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Vi du. Cho cay nhi
phan T cua biéu
thire

Hay tim tién t6, trung t6, hau t6 cia G?
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Ky phap Ba Lan

Nhan xét. Dé tinh biéu thrc khi co ky phap Ba Lan ta
tinh t&r phai sang trai: Bat dau tlr bén phai, khi gap
moOt pheép toan thi phep toan nay dwoc thwe hién cho
2 thanh td ngay bén phai no, két qua nay la thanh t6
cho phép toan tiép theo.

Vi du. Tinh gia tri cua ky phap Ba Lan sau:
a)—-*x2/843
P)A"—-x33x425
c)+-"32"23/6-42
d*x+3+373+333
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Gidi.a)—-x2/84 3 b) *-%x33%x425
=-%x223 ="-%x3385
=-43 ="- 9085
=1 =N"N15

=1

C)+-"32723/6-42 =
d)++3+373+333 =
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Ky phap Ba Lan ngwoc

Nhan xét. Bé tinh biéu thirc khi c6 ky phéap Ba Lan
ngworc, ta tinh te bén trai, khi gap mét phép toan thi
phép toan nay dwoc thwc hién cho 2 thanh td ngay
bén trai no, két qua nay la thanh td cho phép toan
tiép theo.

Vi du. Tinh gia tri caa ky phap Ba Lan ngwoc sau:
a)521-—-314 ++ x
b)93/5+72 -+«
cC)32+x2"53-84/x-
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