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Finite Difference Method
LElliptic Equation on 2D

L Poisson’s equation

Poisson’s equation

We will use the finite difference method on two dimensions to
discretize the following equation with subset Q C R? and
feL2(Q):

—Au  =f(x,y) inQ
u(x,y) =0 on 0Q.
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LElliptic Equation on 2D
LScheme

Mesh

For simplicity, we consider the diffusion equation on
Q=(0,1) x (0,1). On interval [0,1], we make two uniform
partition (xi);cg. (¥)jcon: such that

xi=1ih forallie0,---,N

yj=jh forallj€0,--- N

We would like to find the value of the function u at points (x;, ;)
forall i,j =0,--- N, it means that

ujj = u(Xi, x;)
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LScheme

Scheme

From the first equation of (1), we have

d%u d%u o
—@(Xid’j) - 0_}/2(Xiﬂyj) =f(x,y) Vi, j=1,--- ,N—-1

Using the approximation of the second order derivative respect x,

we have )
0%u —Uj—1j + 2Ujj — Ujt1
g2 i) = h2
It is similar, there holds
0?2 —u; i 2ui i — uj
__Lzl(xi,yj) _ ij—1+ 21,./ ij+1
dy h
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Finite Difference Method
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LScheme
: :
Scheme
Then, we get the scheme for finite voulume dicretization:
—U;i 1 — Ui ‘+4U"—U' — U
ij—1 i—1, iJ i+1, ij+1 _ f; . (2)
h? J

and

upj =unj=uio=un=0, Vi, j=0,---,N

» If j=1,and i =1 then u;j_1; = uj_1; = 0, the equation in
(2) becomes
Aujj — Uiy — Ui
2
» Ifj=1,and i = N —1 then u; ;1 = ujy1 = 0, the equation
in (2) becomes

=1

—Uj—1j +4uij — Ujj1
2
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Scheme
» If j=1and i ¢ {1, N — 1} then u;j_; = 0, the equation in

(2) becomes

—Uji—1j +4Uij — Uip1j — Ujj1
h2
» If j=N—1andi=1then ujji1 = uj_1; = 0, the equation
in (2) becomes

—Ujj—1+4uij — Uit1j
h2
» Ifj=N-—-1andi=N-—1then ujj;1 = ujt1;=0, the
equation in (2) becomes

—Ujj—1 — Uj—1j + 4ujj
h2
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:

Scheme

» Ifj=N—1andi¢{l,N—1} then u;j;1 =0, the equation
in (2) becomes

—Ujj—1 — Ui—1j +4Uij — Uiy
2

= fij,
» j¢{1,N—1} and i =1 then uj_1; = 0, the equation in (2)
becomes

—Ujj—1 +A4ujj — Uig1j — Ujj+1
h2
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Scheme

» j&{1,N—1} and i = N — 1 then vjy1; = 0, the equation in
(2) becomes

h2

—Ujj—1 — Ui—1j +AUij — Uijp1 £
- h

» j&{L,N—1} and i & {1, N — 1} then ujy;1; =0, the
equation in (2) becomes

h2

—Ujj—1 — Ui—1j +4Uij — Uiy — Ujjt1

CuuDuongThanCong.com

https://fb.com/tailieudientucntt



http://cuuduongthancong.com?src=pdf
https://fb.com/tailieudientucntt

Finite Difference Method

L Elliptic Equation on 2D
LScheme
:

Linear System

We get a linear system

—1)2 —1)2
Au=F, AeRWN-1 x RIN-1)
_ T
u=[uy1, - UN—1,1, U1, S UN=12, s UL N1, UN—1,N—1]
T
F= [fl,la T fN—l,la f1,2a g fN—1,2v T ﬂ,N—l? T fN—l,N—l]
"B _J -
-1 B -l
1 -1 B -l
A=
h2
—1
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LS(:heme
Linear System
where
— 4 1 -
-1 4 -1
5 -1 4 -1
-1 4 -1
i ~1 4
and
— 1 -
1
| = L
1
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Finite Difference Method
LEIIiptic Equation on 2D
L Scheme

Other types of boundary condition

» Dirichlet-Neumann boundary condition

g;(o,n — u(x,0) = u(L,y) = u(x,1)

We can use the forward difference or the second order
approximation of derivative respect y at (0, y) or the central
differnce (see 1D, changing only the matrix A).

» In-homogeneuos Dirichet boundary condition
u(x,y) = g(x,y) on 9Q
with this condition, changing only the vector F.
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:

Other types of boundary condition

» In-homogeneous Dirichlet-Neumann boundary condtion

u(x,0) = gi(x),
u(l,y) = a&(y),
(x)
g1(y)

u(x 1)=g3

(0 y)=

X),

y).
With this condition, it make vector F and matrix A change

CuuDuongThanCong.com

https://fb.com/tailieudientucntt



http://cuuduongthancong.com?src=pdf
https://fb.com/tailieudientucntt

Finite Difference Method

L Elliptic Equation on 2D

L Numerical Experiments

Numerical experiments

We will demonstrate the convergence and convergent rate of the
scheme for 4 previous boundary condtion.
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\—Stability, Consistency and convergence

Stability

Definition
The numerical solution itself should remain uniformly bounded

Now, we prove the stability of the scheme for Dirichlet boundary
condition with Q =]0, 1[2. Firstly, we define discrete L2-norm

lullzp =D ufsh®
) 7J
i

Multiplying (2) by uj; then sum over i,j =1,--- N — 1, we get

N—-1
T (i — i)t (Uig = Ui ) Uiy
h2 h2
i,j:l
(uij — ”w Wiy, (Ui = Uijr1)uij _ N ¢
+ E + 2 E ijUij
ij=1 ij=1
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LStability. Consistency and convergence

Stability
We can change the index in the sum, we have
N— 1 N,N—1
Z (uij — u’—ld)u'd Z (ui—1j — ujj)ui—1,
h2
ij=1 i=2,j=1
N— 1 N—1,N
ul,_j ul,_j 1 Ul,_/ (uI,J 1— ullj)ul,_j 1 £
+2. D> =D fijuij
ij=1 i=1,j=2 ij=1
Sine Up,j = UNj = Ujo = Uj N, then
N,N—1 N—-1,N
2
’ (uij — ui-1/) (uij — uij-1) >
y gl -
ij=1 ij=1 ij=1
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LStabili':y. Consistency and convergence

Stability
We can write again
N,N—1 N—1,N N—1
o (Deu)ij+ D (Dy-u)iy = fijuiy, (3)
ij=1 ij=1 ij=1
where
(Dx—u)ij = % (Dy-u)ij = %
Let's define the discrete H:-norm
N,N—1 N—1,N
|||U|||ih = Z (D —U),?th‘f' Z (D —U)i/h2
ij=1 ij=1
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LStabili':y. Consistency and convergence

Stability

Applying Holder inequality, there hold

N—-1 N—1 1/2
h2ZﬁJUfJ§ Zh2f2

N—-1
2 2
i > Hud;
ij=1 ij=1

ij=1
|2,nlu

1/2

= |If

From (3), we get

2,h

alliE < 1F1l2.plull2.n
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LStabili':y. Consistency and convergence

Stability

Lemma

There exists a constant positive Cq such that

lull2,n < Calllulll1,4

Proof: Since ug; = 0 then

i

i
Ui i —
U,,J—Z(U,'/’j—u,'/_l,j)zz Y]

upr—1 j
. . p .h
i'=1 i'=1
= Z(D _U),'/J.h

i'=1
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Finite Difference Method
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LStability. Consistency and convergence

Stability
Thus
i i N—1
u,-2J < Z 1 Z(D _u),%’jh2 <N Z(Dx—u):%,jh2
=1 i'=1 i'=1
So

N—-1N-1
ul? = Z/Fu <ZN2h2Z _u)i

j=1 i=1 =1
N-1

= W20 Y (Do ufl b < [|ull,
i’ j=1

We have completed the proof of the lemma. Using the lemma and
(4), we get

c [l
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LStabili':y. Consistency and convergence

Consistency

Let L be the differential operator, U be a exact solution of the
following equation:

Li(x,y) = f(x,y), forall x € Q

Let Ly be the discrete differential operator of L, and u be the
discrete solution, we have

Lpu(xi,y;) = f(xi,y;) forall i,j € [1, N —1]
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Finite Difference Method
LElliptic Equation on 2D

LStability. Consistency and convergence

Consistency (Cont.)

Definition

A finite differential scheme is said to be consistent with the partial
differential equation it present, if for any smooth solution u, the
truncation error of the scheme:

7ij = Lat(xi, yj) — f(xi,yj) forall i,j € [1,N —1]

tends uniformly forward to zero when h tends to zero, that mean
that

lim ||7 =0

lim {17
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\—Stability, Consistency and convergence

Consistency (Cont.)

Lemma
Suppose U € C*(Q2). Then, the numerical scheme in (2) is
cosistent and second-order accuracy for the norm || - ||

Proof: We write again the definition L, Lj operators of our case:

N 0% 0%u
L i»Yj) = T3 s\ XisYj) — a5\ XisYj
(@06, 5) = = 5,2 060:51) = 5,306, )
Ln(u)(xi,y;) =
_ Z’\(Xi—layj) +3(Xi+17)0) - 4U(Xi7)/j) +E(Xiayj—1) +a(Xi,_)/j+1)
h2

By using the fact that

~ 9%u o%u
L(U)(Xi,yj) = —ﬁ(x,',yj) - 87}/2(%)’1') = f(Xiv)/j)
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LStability. Consistency and convergence

Consistency (Cont.)
We have

7ij = La(0)(xi, ;) — (i, %))
= La(@)(xi, y;) — L(@)(x;, %)
Using the defintion of L and Ly, there holds

U(xi-1,¥;) — 20(xi, yj) + U(xi41,5) | 0°0
Tij=— e 4+ 5 060, )

E(X'ay'—l) y Zﬁ(x,y) +/L7(X'ay'+l)
_ is Y hl2 j is Y + 6—}/2(x,-,yj)

Using the Taylor series expansion respect x, there exists
Ni € [xi—1, Xj+1] such that

U(xi—1,yj) — 2u(xi, y;) + U(xiv1,yj) 0T o —h? 0*u o
- % _'_W(XI?XI)_EW(T’HXI)
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LElliptic Equation on 2D

LStabili':y. Consistency and convergence

Consistency (Cont.)

It is similar, there exists (; € [yj—1, yj+1] such that

U(xi, yj—1) — 2U(xi, yj) + U(x;, yjy1) | 0%U —h* 9*u
_ 1Y) h12 J 1Y) +6_}/2(Xi7yj):fa_y4(Xi7Cj)

Adding two previous equations, we get

h? 0*u h? 0*u
Tij = _Eﬁ(nlay_/) - Ea_y‘;(xng)

Thus,

| < [ 7lloo,n < s |!84EH + ||84a||
T T — | == —
2,h > o0,h = 12 x4 0 ay4 )
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LStability. Consistency and convergence

Convergence

Lemma
Let u be the exact solution and uy, be the discrete solution, there
holds

li u-— =0.
fim 13 = a1

Proof: We have

7ij = La(u)(xi, v5) = F(xi, 55) = La(@)(xi, y5) = Ln(u) (%, y7)
= Ln(u = u)(x;, %)

Using the proof of stability, we have

12
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