GV LE VAN HQP
CHUONG 11

CAC PHEP TOAN MA TRAN
MA TRAN VUONG KHA NGHICH

I. CAC PHEP TOAN TREN MA TRAN:

1.1/ PHEP CHUYEN VI MA TRAN:
ChO A= (aj )1g,‘gm (S me H(R)

”
1< j<n

Dit B= (b, )i € Maxm(R) sao cho bjj=a; (1 <i<n, 1 <j<m), nghiala

1<j<m

ma tran B dugc suy tir A bang cach viét cac dong (hay cot) cia A 1an luot
thanh céac cot (hay dong) cua B.

Tanéi B 14 ma trdn chuyén vi cia A vaky hiéu B = A' (t = transposition).
Péy (A)'=B'=A.Néu C € My(R) thi C' e My(R).

Vidu:
-2 1 5
-2 7 8 =5 7 0 3
A)A=|1 0 -4 9 |eM;suR) cOo B=A"= . ) e My 3(R).
5 -3 2 -6
-5 9 -6

Ta co b13=a31=5,b22=a22=0 va b41=al4=—5.Dé}” (At)tthzA.

9 -2 5 9 -7 4
b)C=|-7 8 -1|eM;R)c6 D=C'=|-2 8 6 |ecM;R).
4 6 -3 5 -1 3

Ta co d122021=—7, d33=C33=—3 va d23=C32=6. Dé}” (Ct)tthZC.

1.2/ PHEP NHAN SO THUC VOI MA TRAN:
Cho A= (Clj )19‘911 € men(R) va c € R.Pat c.A= (caij )19‘911 € men(R)'

.
1< j<n 1<j<n

Taco 1.LA=A, 0.A=Omnxn, (—1).A=(-q,)en -

.
1< j<n

Pit —A=(-1).A vagoi —A 14 ma trdn déi cia A.
Vidu:

2 7 8 -5 . 8/3 —28/3 -32/3 20/3
A=|1 0 -4 9| eM;,4R)co _?A= —4/3 0 16/3 -12
5 3 2 -6 —20/3 4 -8/3 8



1.3/ PHEP CONG MA TRAN:
ChO A= (aij )1g,‘gm Vél B= (by )1g,‘gm (S MmXH(R)-

1<j<n 1<j<n
Dat A+B= (al.j-i-bij)g,-gm va A-B :A+(—B)= (Clij —b,-j)gis,n € men(R)-
1<j<n 1<j<n
Vidu:
2 7 8 -5 8 -1 9 0
A=|1 0 -4 9| vaB=|-3 6 -2 7|eM;.R).
5 -3 2 -6 4 -5 3 2
6 6 17 -5 -10 8 -1 -5
Taco A+B=|-2 6 -6 16| va A—B=| 4 -6 2 2 |eM;.R).
1 -8 5 —4 9 2 -1 -8

1.4/ TINH CHAT: Cho A, B, C € M, x(R) va ¢, d € R. Khi d6:

a)c.(d.A)=(c.d).A (c.A) =c.A' (A+B)=A"+B'
b) Phép cong ma tran giao hoan va két hop:

B+A=A+B (A+B)+C=A+B+C)=A+B+C
C)Omxn+A=A+Omxn =A (_A)+A=A+(_A)=Omxn
d)(ctd)A=cA+dA c(AtB)=c.AxcB

Vidu: Cho A, B € My «u(R). Taco
(—4A)' = —4A' (=7)6A) =] (-7)6 ]A =—-42A
(5+8)A=5A+8A (-9YA+B)=(-9)A +(-9)B

1.5/ TICH VO HUONG CUA DONG VOI COT:

vl
Chodong U=(, u, .. u,)€ My (R) vacdt V=|"2| e My i(R).

v

bat UV =(uv,+uvy+...+uwvy) = Zn:uiv,. thi U.Ve R.
i=1
Vidu:

7
0

U=(-3 8 -6 9 2)e M;s(R) va V=|-5e Ms,i(R).
1
4

Taco UV =(-3)7+80+(-6)-5) +9.1 +2(-4)=10 € R.

1.6/ PHEP NHAN MA TRAN:
Cho A= (g, )ssn € Mmxu(R) va B= (b, )i € Maxp(R) thoa dicu kién

1< j<n I<k<p

(s6 cotciia A) = n = (s6 dong clia B).




Taquan tim m dong A;, A,, ..., An ciia A (mdi dong cd n sb hang) va
quan tim p cdt By, By, ..., B, clia B (mdicdtcd n s6 hang).

Ta thuc hién phép nhan ma trdn A€ Mmnx(R) v6i B € Maxp(R) bang cach
nhdn vé hwéng méi dong ciia A véi moi cét cia B dé dwuoc ma trén tich

C = (c; )i=isn € Mpyp(R) nhu sau:

1<k<p

4 AB, AB, - AB,
A AB AB, -+ AB
C=AB= _2 (B1 32 Bp): 2. : 2. 2 2. Pl = (Cik)lgs:n S mep(R)
: : . . 1<k<p
m AmB 1 AmB 2 AmB P
by
re \ o b
vOi cy = (dong Aj)(cot By) = (a, a, W) | | = (@b + apbox + ...+ aigbr).
bnk
Nhu vy C=A.B=AB = (¢, )isisn VOi Cix = Zay L, (1<i<m, 1<k<p).
1<k<p Jj=1
Vidu:
9 -1 -5
-2 1 3 -4 7 4 6
Cho A=|5 0 -6 2 € M3 X4(R) va B = 3 )1 € M4X3(R).
-1 4 8 -3
2 0 8
-18 -11 -7 -23
280 -1 0 31 45 -38
TacOo C=AB=|67 7 -15| va D=BA= s 11 s VOl
-11 1 13

-12 34 70 -32
C e M3(R) va D € My(R). Nhu vay AB # BA.

1.7/ MA TRAN DON VI: ,
Ma trgn don vi cdp n la ma tran vuéng cap n co6 dang nhu sau:

1 0 ... 00

01 .. 00

Li={: ¢+ "~ &

0 0 ... 1O

0 0 ... 01

(tit ca cac hé sb trén duong chéo chinh déu bang 1, bén ngoai déu bang 0)

Vidu:
100 0
10 Lo 0100
L= L= L=]0 10 L=
=) 2{01} 3001 “loo1o
000 I



1.8/ TINH CHAT:
Cho A € Mn«n(R), B, C € My«p(R), D € M «¢(R) va ¢ € R.Khi do:
a) (AB)D = A(BD) = ABD (phép nhan ma tran cé tinh két hop).
b) (AB)' =B'A' va (cA)B = A(cB) = c(AB)
c) ABxC)=AB+AC va (B+C)D=BD+CD
(phép nhan ma trin phdn phéi trdi va phadi véi cac phép cong trir ma tran).
d) kamA = kan va A()nxk = Omxk-
e)h,A=A va Al, =A.

8 1
M, 3(R).
_4_9J€ 23()

Ta c6 05x2A205x3, A03x8202x89 IzAZA va AI3 =A.

Cho A= [_5
0

1.9/ GHI CHU:

a) Phép nhan ma tran khdng giao hodn. Néu AB va BA cing xac dinh thi
khong nhit thiét BA = AB.
Néu AB=BA thi A va B la hai ma trdn vuong c6 cung kich thudc.

b) Co thé nhdn lién tiép nhiéu ma trdn néu s6 cét ciia ma trdn di truée bang
s6 dong cia ma trdn di sau.

¢) C6 thé xdy ra kha ning
A € Mn«u(R), B € My« p(R), A# O #B nhung AB = Op, .

Vidu:
a) Trong Viducua (1.7, C=AB =D =BA vi C € M3(R) va D € My(R).
b) Cho A e M3 x7(R)9 B e M7x4(R)9 Ce M4x1(R) va D e MIXS(R)'
bat E=ABCD thi E € M;,3(R).
1 -1
C)ChO A=|-4 4 ¢O3x2 va B:[
0 O

2 0

_;tOxnh AB=0
20—3} 2x3 nNnung 3.

II. CAC PHEP TOAN TREN MA TRAN VUONG:

2.1/ PHEP NHAN VA LUY THUA: Cho A, B € My(R).
a) Tacd AB € My(R), BA € M(R) va khéng nhdt thiét AB = BA.
b)bat A’=1,, A' =A, A =AA, ..., A" =AA" vkeN.
Tacoé Taco A e My(R) Vk e N.

Vidu:
3 -1 R -4 6
a) Cho H = [5 2} va K= [ 5 7} € My(R).

-17 25

Tacd HK = [
30 44

j e My(R), KH = [ 1280 _98j € My(R) va HK # KH.



b) Cho A = {(1) ‘lzj € My(R). Tinh A* Vk e N.

1 -2 .2 X > .
Du doan A* = [0 lkj vk € N va kiém ching dé dang bang phép qui nap.

2.2/ TINH CHAT: Cho A € M,(R).
a) 0 =0, va I'=1 Vknguyén> 1.
b) A'A*=A""° va (A)’=A" Vr,seN.
¢) 0,A=A0,=0, va [,A=AI,=A.
d) C6 thé xay ra kha ning (A # O, va Jrnguyén>2 thoa A’ =0,).

Vidu:
a) 0™ =0 va ' =1I.

n

b) VA € My(R), APAI6 = AOF16 2 A2 Uy (A9)16:A9x16:A144.

0 -2 3 0 0 10
)A=10 0 -5|eM;R) va A#0;.TacoA’=|0 0 0|=0;=A’
0 0 O 0 0 O

2.3/ CAC MA TRAN VUONG DPAC BIET:

Cho A = (aj)1 <i,j<n € Mn(R).

Puong chéo (chinh) cia A bao gdm cac hé sé a; (1 <i<n).

a) A la ma trén (dwong) chéo néu cac hé sb ¢ ngodi duwong chéo déu bang 0
va cac hé s6 cua dudng chéo thi tuy y (nghia la a; =0 khi 1 <i#j<n).

b) A 1a ma tran tam gidc trén néu cic hé sd ¢ phia dwéi dwong chéo déu bang
0 va cac hé s6 khac thi tuy y (nghia la 2 = 0 khi 1<j<i<n).

c) A la ma tran tam gidc dwdi néu cac hé so ¢ phia trén dwong chéo déu bang
0 va céac hé s6 khac thi tuy y (nghia la a3 =0 khi 1 <i<j<n).

d) A 1a ma trdn tam gidc trén ngat néu A 1a ma tran tam giac trén c6 dudong
chéo gom toan cac hé s6 bang 0 (nghia 1a a;j=0 khi 1 <j<i<n).

e) A la ma tran tam gidc duoi ngat néu A 1a ma tran tam gidc duoi cd duong
chéo gém toan cac hé s bang 0 (nghiala a; =0 khi 1<i<j<n).

Vi du: Céc ma tran dang dac bi¢t (ma tran duong chéo, tam giéc trén, tam giac
dudi, tam giac trén ngat va tam gidc dudi ngét) :

*

30 0 0 42 0 -5 ' 0 0 0
A=|0 2 0 0 B 0 I 8 3 _|2 000
0 0 0 0 0 0 9 7 7 3 -8 0
0 0 0 -7 0 0 0 -6 9 6 0 5



00 2 9 -5 0 0O 0 O
D= 0 0 —? 3 E= -9 0 0O 0
0O 0 O 2 5 0 O
O 0 0 O 0o -6 1 0
2.4/ MENH DE:

a) Tong, hiéu, tich va lity thira nguyén duong cac ma tran duwong chéo ciing 1a
ma tran duong chéo. Céc phép toan thuc hién tu nhién trén duong chéo.

b) Tong, hiéu, tich va lily thira nguyén duong cac ma tran tam gidc cing loai
cling 1a ma trén tam gidac cung loai.

Vidu:

0 0 30 0 1 -3 0 2 3]
A=l0 =2 0|, B=|0 7 o|, C=|0 8 4 vi D=0 9 4
0 0 4 0 0 6 0 0 -2 0 0 0
2 0 8§ 0 0 15 0 0
Tacd A+B=[0 5 0|, A-B=|0 9 0|, AB=| 0 -14 0
0 0 10 0 0 -2 0 0 24
500 0 0 1 -6 1 30 -1
A= 0 2° o], C+D=|0 17 8/, C-D=|0 -1 0
0 4 0 0 -2 0 0 -2

2 230 11 1 219 -84

CD=|0 72 32 va C’=(0 512 208

0 0 0 0O 0 -8

2.5/ MENH DE: Cho A, B e M(R) théa AB=BA. Khi dé
cac hang dang thuc trong R van c6 hi¢u lyc déi voi A va B.

k
Vk22, (AB)* = A'BY, (A+B)‘=) 4B va
i=0
A~ B*=(A-B)A“'+A’B+ ...+ AB*?+B“")

Vidu: Cho A, B € My(R) thoa AB = BA. Khi d6
(AB)'= ABABABAB = AAAABBBB =A"B*
A’ +B°=A’- (-B)’=(A + B)(A* - A’B + A°B* - AB’ + BY)
(4A - 51)° = (4A)’ = 3(4A)*(51L,) + 3(4A) (51)* - (51,
= 64A° — 240A% + 300A — 1251,

2.6/ GHI CHU: Néu A, B € My(R) thoa AB = BA thi cic hing dang thirc trong
R khong thé ap dung cho A va B. Céac phép tinh phai dung dinh nghia.



Vidu: Cho A, B € M(R) théa AB = BA. Taco
(A+B)YA-B)=A’-AB+BA-B*#A’-B* vi (- AB+BA) = O0,.
(A+B)Y’=(A+B)(A+B)=A’+ AB+BA+B*# A%+ 2AB +B* vi
(+ AB + BA) # + 2AB

III. SU KHA NGHICH CUA MA TRAN VUONG:

3.1/ VAN DE:

a) VA € My(R), tacéd [,A=Al, =A.

b) Cho trudc A € My(R). Co hay khong A’e My(R) théa A’A=AA’=1,?
Néu co thi A’ duoc x4c dinh ra sao ?
Khi n=1, ta tra 16i dé dang c4u hoi trén: néu a=0 e R=M;(R) thi khong co
a’c R thoa a’a=aa’=1 vatanodi a=0 1356 khéng khd nghich.
Néu ae R\{0} thico a’=a'e R=M;(R) thoa a’a=aa’=1vatandi a 1a
s6 kha nghich ciing nhu ky hiéu a™' =a’ 1a 56 nghich ddo cta sb a.
Ta s€ dua ra cau tra 101 cho cau hoi trén khi n > 2.

3.2/ PINH NGHIA: Cho A € My (R).

a) Tanoéi A 1a ma tran khd nghich néu c6 A’e My(R) thoa A’A=AA’ =1,

b) A’(néu c6) thi duy nhdt va lac d6 taky hidu A’ = A" 1a ma trdn nghich ddo
cua ma tran A.

¢)Néu A kha nghich (c6 A™") thi ta dinh nghia thém cac lity thira nguyén am cho
A nhusau: A2 =AY, A7 =AY, ...,A" =(A™)" Vknguyén>2.
Tacd A™ e My(R) Vm € Z. Honnita A'A*=A""°, (A"’ = A" Vr,s € Z.

Vidu
-3 4 6 1 2 2

Cho A=|0 1 1| vaB=|-2 0 -3|¢e€M;R).
2 -3 -4 2 1 3

Tacé AB=BA =1;5. Dod6 A kha nghich va A'=B. Tuong ty B kha nghich
va B'=A.Honnita A*=(A")*=B* Vknguyén>2 va A™ € Ms(R) Vm € Z.
Tacod ATAT2=ATTC1D = A5 vy (A7) 2= ATCID — A8

3.3/ PINH LY: (nhan dién ma tran kha nghich)

Cho A € M,(R). Ta xac dinh dugc Sp, Ry va r(A) <n.

Céc phat biéu sau day 1a firong dirong véi nhau:
a) A kha nghich. b) Sa ¢6 cac hé sb trén dudng chéo déu = 0.
c) Ra=1,. d) r(A) =n.

3.4/ HE QUA: (nhan dién ma tran khong kha nghich)

Cho A € M,(R). Ta xac dinh dugc S,, Ry va r(A) <n.

Céc phat biéu sau day 1a firong dirong véi nhau:
a) A khong kha nghich. b) Sx c6 it nhat mot hé s6 0 trén dudng chéo.
c) Ra # L. d) r(A) <n.



3 -1 4 3 4 6
Cho A=|-3 0 2| va B=|-5 2 16| € M5(R).
2 -2 1 2 1 -1
r 1 3 I 1 3 I 0 5 ' 0 0
A—>|0 -1 2|>Sxa=|0 " 2 |50 1 =2|>Ra=|01 0|=Lk
0 -4 -5 0 0 -13 0 0 -I3 0 0 I

Bang 1: (2) > (2)+ (1), (1) > (1) -3), 3)— (3)-2(1).
Bang 2: (3) > (3) —4(2). Bang 3: (1) > (1) + (2), (2) > —(2).
Bang 4: (3) > —137'(3), (1) > (1) -5@3), (2) > (2) +2(3).

r 3 7 r 3 7 r o0 =2
B—>|0 17 51 |—>Sg=|0 177 51| > Rg=|0 I' 3 |#];
0 -5 -15 0 0 0 0 0 0

Bang 1: (1) > (1)-(3), 2)—> 2)+5(1), 3)—> (3)—2(1).

Bang 2: (3) > (3) + (5/17)(2). Bang 3: (2) > 177'(2), (1) > (1) = 3(2).

Ta théiy A kha nghich (dé y cac h¢ $6 trén duong chéo cia Su déu 20, R, =14
va r(A) =3) va B khong kha nghich (dé y c6 hé s6 =0 trén duong chéo cua Sg,
Rg # 15 va r(B) =2< 3)

3.5/ PINH LY: (tim ma trdn nghich ddo cho ma tran kha nghich)
Cho A kha nghich € M(R) (nghiala R =1,).
Néu céac phép bién d6i so céip trén dong @y, @2, ... , Pk bién A thanh R, =1,
thi chinh cac phép bién ddi do, theo dung tht tu, s& bién I, thanh A~
Cu thé nhu sau:
Néu A > A; > Ay —> ... > Ay =R, = I, (dung céac phép bién ddi @1, ¢, ... , ¢x)
thi I, > B; = B, —> ... > B, =A"" (ciing dung cac phép bién d6i @1, ¢, ... , @)

3.6/ PHUONG PHAP GAUSS — JORDAN TiM MA TRAN NGHICH DAO:
Cho A € My(R). Ta thuong kiém tra A kha nghich va tim A" cing mét hic
theo so d6 sau (phwrong phdp Gauss — Jordan):

(A |T) > (A |B1) —>v(A2 | 32) — ... > (A¢ | By) trong dq Ax =Ra.
(dung céc phép bién doi so cap trén dong @y, ¢o, ... , @x bién A thanh R,)
Néu Ry #1, thi A khéng kha nghich.

Néu Ry=1, thi A khd nghich va Al = By.

Vidu:
Xét tinh kha nghich va tim ma tran nghich dao (néu c6) clia cac ma tran sau:

1 2 4 3 49
B=|-2 -3 -11| va A=|2 1 2|eM®R).
35 15 7 1 4



1 2 4 |1 oo} (1" 2 4|1 00 I 0 10 |3 2 0
B|L)=|-2 -3 =11 0 1 0|—>/0 1 -3 (2 1 0|—>|0 1" =3 {2 1 0
35 15 0 01 0 -1 3 |3 0 1 0 0 0 |-1 1
Bang 1: (2) > (2) +2(1), 3) — (3) = 3(1).
Bang 2: (1) > (1) -2(2), 3) > 3) + (2).
Tathiy Rg#1I; nén B khong kha nghich.

3491 00 r 3 7 |1 -1 0 ' 3 7|1 -10
Allz))=12 1 2101 0[—>|0 -5 -12 -2 3 0|—>|0 I 3 |-5 18 3
-7 1 4 0 0 1 0 22 53 |7 -7 1 0 25 |-1 5 1

' 0 =2 |16 =55 -9 r o o -2 7 1

-0 1 3 |-5 18 3 |—>|0 1" 0 [22 -75 -12].

0 0 -1 |9 =31 -5 0 01 |-9 31 5

Bang 1: (1) > (1)-(2), 2)—>2)-2(1), 3)—>3)+7(1).
Bang 2: (3) > (3) +4(2), 2) > (2) +3(3).

Bang 3: (1) > (1) -3(2), 3) = (3) -2(2).

Bang 4: (1) > (1)-23), 2)—>2)+33), 3) —»>-(3).

-2 7 1
Do R4 =13 nén A kha nghich va Al={22 75 —12].
-9 31 5

Thir lai, ta thdy A"A=1; hay AA™ =15.

3.7/ MENH BDE: Cho A, B, A}, A,, ..., Ax € My(R). Khi d6

a)Néu A khd nghich thi
* A7 cling khd nghich va (A™) ™' = A.
* A' cling kha nghich va (A)™' =A™ .
* cA (c € R\ {0}) ciing kha nghich va (cA)"' =c¢'A™".
* A" (r € Z) cling khd nghich va (A" =A™ .

b) AB khd nghich < (A va B déu kha nghich). Lac d6 (AB) ' =B'A™".
AB khong kha nghich < (A hay B khong kha nghich).

) (AA; ... AY) khd nghich < (A4, As, ..., Ac déu kha nghich).
Liacdo (AjA; ... A) = 44" .44

(A1A;y ... Ax) khong kha nghich < 3j € {1,2,...,k}, Ay khong khad nghich.

Vidu:
1 2 2 -3 4 6
a)A=|-2 0 -3|khanghichva A”'=|0 1 1| Suyra
2 1 3 2 -3 -4
* A7 cling khd nghich va (A™)™' = A.
1 -2 2 -3 0 2
*A'=12 0 1] cilingkhd nghichva (AY"' =(A)'=|4 1 -3]|.
2 3 3 6 1 4



* %SA ciing khd nghich va (%SA)‘I = _?2A‘1 .

* A™ cling khd nghich va (A™) 7' = A",

b)H={5 ‘2J va K=[4 3} kh nghich ¢ H‘1=[3 2} va K‘1=[‘2 3}.
7 3 3 2 7 5 3 4

~1/4
0

L= [ 48 ‘;j khong kha nghich (48 ¥ Ru=Rx =T, va R, = {(1) j +1,).

14 11

Ta co HK=[
-19 -15

j kha nghich va (HK)™' =K 'H™' = [ S j
-19 -14

Ta c6 KH = {‘11 (IJ kha nghich va (KH)™' =H K" = {‘1’ 3

Cac ma tran HKL, KHL, HLK, KLH, LHK va LKH déu khong kha nghich.

3.8/ MENH PE: (nhan dién 2 ma tran déu kha nghich va 1a nghich dao ctia nhau)
Cho A, B € My (R). Céc phat biéu sau 1a fwong dwong voi nhau:

a) A kha nghichva A™' =B, b) B kha nghich va B™' = A,
c) AB=1,. d)BA =1,
Vidu:

a) Cho P € My(R) théa P’ =0,.

Pit A=(I, —P) va B=(I,+P +P*+P’+P%.

Chung minh A kha nghichva A™' =B,

Theo 3.8, ta chi can chimg minh AB = I, 1 xong. Ta ¢

AB=(, —-P)(I,+P +P*+P*+P%

=L,+P +P°+P+P' =P +P*+P+P'+P)=1,—- P’ =1,- O, =1,
b) Cho H, K € M, (R) sao cho C = (I, + HK) kha nghich. Chirng minh

D = (I, + KH) ciing kha nghich va D' =E trong d6 E = (I, - KC 'H).

Theo 3.8, ta chi cin chimg minh DE = I, 1a xong. Ta ¢6

DE = (I, + KH) (I, - KC"'H) = I, + KH - KC'H - KHKC 'H

=1,+KH-K(,+HK)C'H=1,+KH-KCC'H=1,+ KH-KH=1,.

3.9/ LIEN HE GIUA TiNH KHA NGHICH CUA MA TRAN VUONG VA
NGHIEM CUA HE PHUONG TRINH TUYEN TINH:
Cho hé phuong trinh tuyén tinh AX =B vdi A € My(R) va B € My (R).
a) Néu A kha nghich thi hé trén cé nghiém duy nht.
Néu A khong kha nghich thi hé trén vé nghiém hodc co vo s6 nghiém.
b) Suy ra: Néu A khd nghich thi hé AX =0 ¢6 nghiém duy nhdt1a X = O.
Néu A khéng kha nghich thihé AX =0 ¢4 vé sé nghiém.

Vidu: Cho cac ma tran

1 2 2 1 -1 3 X, u
A=[-2 0 3|,C=12 2 2|eM;R)vaX=|x |, B=|v| e M;siR).
2 1 3 -1 -3 1 X, w

10



1 2 2| u r 2 2 u ' 0 2| u-2v-—2w
AX=B < |2 0 -3 v|[=>|0 1 0 v+w |[—=>|0 1" 0 V+w -
2 1 3| w 0 -3 -1 w-2u 0 0 -1 3v+4w-—-2u
" 0 0 4v+6w-3u
-0 1" 0 v+w
0 0 I'| 2u-3v—4w

Bang 1: (2) = 2)+(3), (3) > (3) —2(1).

Bang 2: (1) > (1) -2(2), 3) — (3)+3(2).

Bang 3: (1) > (1) +2(3), 3) —> - (3).

Do R =15 nén A kha nghich va hé AX =B c6 nghiém duy nhat
x;=4v+6w-3u,x,=v+w,x3=2u—-3v-4w) Vu,v,w € R,
Suyrahé AX=0 (u=v=w=0) c6nghiém duy nhit (x; =x,=x3=0).

1 -1 3| u I -1 3 u " 0 2| (v+2u)/4
CX=B < |2 2 2/ v|>|0 4 -4 v-2u|—>|0 1" -1 (v=2u)/4
-1 =3 1 w 0 -4 4| u+w 0 0 O —u+v+w

Bang 1: (2) —> (2) - 2(1), 3) —> (3) + (1).

Bang 2: (3) > 3)+(2), 2)—>4'(2), (1)> 1)+ ().

Do Rc#15 nén C khong kha nghich.

Néu v+w—u=0 thihé CX=B v nghiém.

Néu v+w—-u=0 thihé CX=B cb v6 sb nghiém véi mét an tu do
[x3=a(a e R),x;=—-2a+(vV+2ud, x,=a+(v-2u)/4d] Vuv,we R.
Suyrah¢ CX=0@u=v=w=0) covd ) nghiém véi mot an tu do
[x3=a(aeR),x;=—2a,x,=a].

IV. GIAI PHUONG TRINH MA TRAN:

4.1/ CAC PHUONG TRINH UNG DUNG MA TRAN KHA NGHICH:

Cho céc ma tran kha nghich A € My(R) va C € M(R).

a) Phuong trinh AX =B (B € My m(R) va ma trdn dn X € Myxm(R))
Tacoé AX=B < (A'A)X=A"B < X=A"B (nghiém duy nhar)

Picbist AX=0 < X =A"'0 =0 (nghiém duy nhit tam thuwong).

b) Phuong trinh XA =B (B € My, (R) vama trdn dn X € Mp,(R))
Tacé XA=B < X(AA)=BA"' < X=BA™' (nghiém duy nhar)
Picbist XA=0 < X =0A" =0 (nghiém duy nhat tam thuong).

¢) Phuong trinh AXC =B (B € My m(R) va ma trdn an X € Mpym(R))
Tacd AXC=B < (A'A)X(CCH=A"BC" < X =A"BC ' (duy nhdr)
Pic biést AXC=0 < X=A"0C " =0 (nghiém duy nhdt tam thuong)

-3 4 6 1 2 2
A=[0 1 1 |eM;R) khanghichvataco A”'=|-2 0 -3|.
2 -3 -4 2 1 3
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c-= @ ‘;j € Ma(R) khd nghich va tacé C' = [‘2 IJ.

- -5 2
-2 14
Phuong trinh AX =B =| 3 | ¢c6 nghiém duy nhat X =A"'B=|-11].
5 14
0 0
Phuong trinh AX =0 =| 0| c6 nghiém duy nhdt X=A"B=0=|0]|.
0 0
4 0 -8 4
Phuong trinh XC=D=| 1 -5|c6 nghiém duy nhdt X =DC'=|23 —9|.
-3 2 -4 1
0 0 0 0
Phuong trinh XC=0=|0 0| c6 nghiém duy nhat X=0C"'=0=|0 0.
0 0 0 0
\ 7 -1 =23 , n £
Phuong trinh CXA =E = (0 ; j c6 nghiém duy nhat
X = CIEA- = [—14 8 7JA_1 _ [—16 21 —31}
=35 17 1 =37 =54 -73
0

6
Phuong trinh CXA =0 = (0 gj c¢6 nghiém duy nhat

X=C'0A"'=0= [0 0 OJ.

4.2/ PHUONG TRINH MA TRAN TONG QUAT:
Xét phuong trinh ma tran tong quat f(X)=0 v6i X 13 ma trdn 4n va f 1a mot
ham theo X.
Ta xéc dinh kich thudc (m x n) cia X va dat
X = (x; )is<n bao gdm mn an 6 thue x; (1 <i<m, 1 <j<n).

1<j<n

Viét f(X) =0 thanh mot hé phuong trinh thuc theo mn an s6 thyc x;;

(1 £1<m, 1 <j<n). Néu hé nay gidi dugc (chang han n6 1a mdt hé¢ phuong

trinh tuyén tinh) thi ta tim dugc cdc ma tran X thda phuong trinh ma tran da cho.

Vi du: Giai cac phuong trinh ma tran sau:

{2 -3 5 th _ [ 6 —;j (X' ldma tran chuyén vi cia X) va Y’ =0, = {g gj

u v w

X U
a) X' € Mj .2(R) nénXeM2X3(R).DatX=[x Y jvé X'=|y v|,taco
z w
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2x-3y+5z=6

6 -5 3x+y—-4z=-1
=

2u-3v+5w=-5

3u+v—-4w=2

Ta c6 hai h¢ phuong trinh tuyén tinh [ hé (I) theo x,y,z vahé (II) theou, v, w ]
va co thé giai chung trong cling mot bang ma tran nhu sau (vi ma tran hé sé & vé

trai cua hai hé trung nhau) :

x oy oz (O D) x oy oz (D U x y oz () (1)

31 4 -1 2 4 -9 -7 7 ' 0o -7/11 3/11 1/11
— — A

2 -3 5 6| -5 0 -11 23] 20| -19 0 1 -23/11 -20/11 19/11

u 1% w u 1% w u 1% w

Bang 1:(1) > (1)-(2), (2) > (2)-2(1).

Bang 2:(2) > —-117'(2), (1) > (1) -4(2).

Heé (I):z e R,x = (7z+3)/11, y=(23z - 20)/11
Hé (I :w e R,u= 7w+ 1)/11,v= (23w + 19)/11

A . A r A LA A 7z+3 23z-20 11
Vay phuong trinh ma tran c6 vo s6 nghiém X = L7z z z
Tw+1 23w+19 11w

11
x* +yz =0(PT1)

b)Y € My(R). Pt Y=[x yj , ta cd [x yj [x yjz[o OJQ y(x+1)=0(PT2)
z z t)\z t 0 0 z(x+1t)=0(PT3)

1’ +yz =0(PT4)

JV(')ri z,weR

Tu (PT 2), ta xét

*Néu y=0:tr (PT1) va (PT4), tacé x =t=0. Lac nay (PT 3) ciing thoa véi z € R.

*Néu y thuctiyy #0:t=—x (PT2),z=-x"y (PT 1) v6i x thyc ty y. Luc nay
(PT 3) va (PT 4) cling thoa.

Vay phuong trinh ma tran c¢6 v6 s6 nghiém nhu sau :

Y=[O 8} va Y=[ g yj Vol X,y,z € R(y=#0).

z -x*/y —x
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