GV LE VAN HQP
CHUONG 1II

PINH THUC MA TRAN VUONG

I. DINH THUC:

1.1/ KHAI NIEM: Véi mdi A € My(R), nguoi ta xac dinh duy nhat mét gid tri
thiwe ca gan lién véi A va goi ca 13 dinh thirc (determinant) ciia A.
Ta ky hi€u cs =det(A) hay ca=|A]|.
Gia tri det(A)=| A | biéu thi tinh kha nghich hodc khéng kha nghich cia A.
Néu |A|#0 thi A khd nghich.Néu |A|=0 thi A khdng kha nghich.

1.2/ DINH THUC MA TRAN CAP 1,2, 3:
a)Néu A=(a) e M(R) thi |[A|=a.

b) Néu A= (a zj € My(R) thi A ¢6 duong chéo xuoila ad va duong
C

chéo nguoc la be. Tadat | A |=ad - bec.

a b c
c)Néu A=|d e f|eM;R) thitaviétlaicot 1 va 2 béncanh A nhu
g h i
a b cla b
sau |d e f|d e déhinhthanh 6 duwong chéo (3 duwong chéo xudila
g h i)g h

aei, bfg, pdh va 3 dwong chéo nguocla ceg, af h, bdi).
Ta c6 qui tac SARRUS tinh dinh thirc cia A theo 6 dwong chéo nhu sau:
| A | = (aei + bfg + cdh) — (ceg + af h + bdi)

Vidu:
a) A= (-6 )e M(R) co |A|=—6.
b) A= [‘i Zj e My(R) ¢6 | A |=(=8)2 —7(=5)=19
4 -1 2 4 -1 24 -1
c)A=|-2 3 1 |eM;R) thitaviétlai |-2 3 1|2 3 vaco
-5 2 -6 -5 2 -6)-5 2

|A|=[4.3(=6) + (=1).1.(=5) + 2(=2).2 ] = [ 2.3(=5) + 4.1.2 + (=1)(=2)(-6) ]
= (=72 +5-8)— (=30 + 8 — 12) = (=75) — (-34) = — 41



1.3/ KY HIEU:
Cho A e My(R) v6i n>2 va 1<14,j<n.
bat A(i,j) 1a matran A xoa dong (i) va cot (j), nghia la A(l, j) € M- 1(R).
Tandi A(,]) 1& ma trdn dong thiva cia A tai vi tri (i, j).
bat ¢ = (1) | A, j) | . Néu khong co sy ngd nhan, ta viét gon cl=c,.
Tanoéi C; la h¢ s6 d‘o”‘ng thiea cua A taivi tri (i, j).

Vidu:
4 -1 2
Cho A=|-=2 3 1 |eMsR)
-5 2 -6
, (4 -1 N . 2+3 . 4 -1
Ta c6 A(2’3) o va G = Cy = (_1) | A(293) | - =-3.
=5 2 -5 2
, e A N . 3+ 1 =2
Taco AG3,1)= 3 va C; =C, =(1)" [A23)|= 3 =-T.

1.4/ DINH THUC MA TRAN CAP n (n>2):
Cho A=(a;) _eMyR).Xét 1 <i,j<n.

1<i, j<n
| A | dugc tinh theo dinh thirc clia cac ma trin dong thira [ cAp (n— 1) ] cta
A (hinh thurc dé qui).

Ta co thé tinh | A | theo bdt ky mét dong hay mét cét ndo cua A.

| A| dugc tinh theo dong (i) nhu sau :

| A | = aijl Ci;l + ai2cig .ot aiﬂci;l = Zaikci;:
k=1
| A| dugc tinh theo c¢t (j) nhu sau :

_ _ N 4
|A|—31jCS +a'2jC2Aj + ... +aner;1_ = Zakjclg'
k=1

Vidu:
4 -1 2

Cho A=|-2 3 1 |e M3R).
-5 2 -6

| A'| dugc tinh theo dong (1) nhusau:|A|=a;;C, +a;,C, +a;3C, =
=4-DT AL [- DT AL [+ 2(-DT A1) | =

-2 1
-5 -6

2 ;| = 4(=20)+ 17 +2(11) = 41

|+

| A'| dugc tinh theo ¢t (2) nhusau:|A|=a;C, +anC,, +axC, =
= (=)'’ A(1,2) |+ 3(-1)" ] AR.2) [+ 2(-1) AB,2) | =

4 2
-5 -6

| —2| 42 f| =17 —42 —2(8) = 41

-2 1
-5 -6

+3|



1.5/ NHAN XET:
Cho A= (a,.j.) e My(R). Xét 1 <r,s<n.

1<i, j<n

Néu a,=0 thi a,C,s=0 makhong can tinh C. Nhu vay ta s& tinh | A |
theo dong hay c0t nao co nhiéu nhat cac hé so bang 0.

Vidu:
1 5 9 -3
_ 0 =2 0 0
Cho A—(al.j)lgﬂ =1 e 4 o e M4(R),
-8 1 -4 0
1 9 3
B=A(2,2)=(b,.j)lgj_§ =17 2 0|eM;sR)va
-8 -4 0
7 2
D=B(1,3)=[ . 4} e My(R).

Taco |A|=ancCi =-2|B|=-2b;3C5 =-2(-3)|D|=6(-12)=-72
(| A | dugc tinh theo dong (2) va | B| dugc tinh theo cot (3) ).

1.6/ MENH DE:
Cho A= (q;) € MyR).

1<i, j<n
a)Néu A c6 mot dong (hay mdt cot) nao d6 fodan hé so 0 thi |A |=0.
b)Néu A c6 hai dong (hay hai cot) nao d6 i Ié véi nhau (dic biét bang
nhau) thi | A|=0.
c) Néu A 1a ma trdn tam giac trén hodc duoi (dac bi¢t 1a ma tran duong
chéo) thi | A |= ajjaz...am ( tich cic hé sb trén dudng chéo chinh).
A [=|Al

Vidu
0 0 O a 0 x a b ¢ a x a
a b ¢=0=p 0 y -2 6 -4=0=1p y b
X y z c 0 z 3 9 6 c z c
4 a b 9 0 O
0 -3 c|=4(=3)=2)=24 0 0 0/=9.0.(-6)=0
0 0 -2 0 0 -6

a b c a d g
Cho A=|d e f|va A'=|b e h|eM;R).

g h i c f i

Tacd | A'| = (aei + dhc + gbf) — (gec + ahf + dbi)=| A |.



IL. PINH THU'C VA CAC PHEP BIEN DOI SO CAP TREN DONG VA
CQT CUA MA TRAN:

2.1/ CAC PHEP BIEN POI SO CAP TREN COT:
Cho A € Myxn(R). Xét 1 <i#j<n.
C6 3 hinh thic bién déi so cdp trén cdt cho ma tran:
a) Hoéan vi cdt (1) véi cot (j). Ta ghi (1)’ < ()’.
b) Nhan cot (i) v6isb ¢ € R\ {0}. Ta ghi (i)’ — c(i)’.
c) Thé cot (i) bang [ cot (i) + c.cot (j) ] véisd ¢ € R.
Ta ghi (i)’ = [(1)” +c()’].
Cdc phép bién déi ddo nguoc ctia cic phép bién d6i so cap trén cot trén 1an
lwotla (i)’ < (), ) —> ¢ ') va ({)—> [(G) - ()]

Vidu:
-3 2 4 5 4 2 -3 5

A=[7 0 -1 8| >A;=|-1" 0 7 8 |quaphépbiénddi (1)’ < (3).
2 9 6 -4 -6 9 2" —4
3 2 4 3 6 4 5

A=[7 0 -1 8|—>A,=|7 0 -1 8 |quaphépbiénddi (2) — -3(2)
-2 9 -6 —4 2 27 -6 -4
3 2 4 5 3 2 14 5

A=[7 0 -1 8|—>A;=|7 0 15 8 | quaphépbiéndoiso cap trén cot
2 9 —6 —4 2 9 -14 -4

Gy —=>10G) +24)]
Cdc phép bién doi dao ngirge ctia cac phép bién ddi so cap trén cot ndi trén lan
luotla (1)’ <> (3)’, (2) > _?1(2)’ va 3) > [(3) -24)].

2.2/ MENH PE: Cho A € M(R). Xét 1<i#j<n.
Gia st A — A’ bang phép bién ddi so cip (i) <> (j) [ hodc (i)’ < ()]

Khidé | A’ |=—|A | (déi dau).
Vidu:
4 -1 2
a)A=|-2 3 1 |eMsR)co|A|=-41.
-5 2 -6
4 -1 2 27 -1 4
AsAi=|-5 2 6[[(QeE)]vaA>A=T 3 2|[(1)e@)]
M S -6 2 -5
Tacod |A|=—]A[=41 va [Ay|=-]A|=4l.



a b c a ¢ b g i h
b)A=|d e f|>B=|d f &|>C=|d f e
g h i g i K a ¢ b
do [(2)" > (3)’] va [(1) <> (3)].
Taco |[C|=—[B|=-(-|AD)=]A]

2.3/ MENH PE: Cho A € M(R). Xét 1<i <n va ¢ € R\ {0}.
Gia st A — A’ bang phép bién ddi so cip (i) — c(i) [ hodc (i)’ — c(i)’].
Khido |A’|=c|A|(bdi c).

Vidu:
4 -1 2
Cho A=|-2 3 1 |eM;R)co |A|=-41.
-5 2 -6
4 -1 2 4 -1 4
A—>A=|-6 9 3|[2Q)—>32)]vaA—>A=|-2 3 27([B)—>-203)1
-5 2 -6 -5 2 12

Tacd |A;|=3|A|=-123 va |A|=-2|A|=82.

2.4/ HE QUA: Cho A € My(R) va ¢ € R.Khido
a)|cA|= c"|A] (Vi A—>cA bailng cach nhan n dongcua A Vi ¢).
b) Co thé rut thira s6 chung ¢ moi dong (hay moi cot) cia A ra ngoai dau

dinh thurc.
Vidu:
4 -1 2 8 2 —4
a)A=]-2 3 1 |eM3(R) co |[A|=—41 va B=-2A=|4 -6 -2]|.
-5 2 -6 10 -4 12

Taco |B|=(-2)| A |=-8(-41)=1328.

28" —40" 76" -12° 7 -10° 19 -3 70 =2" 197 -3
-1 2 - -1 25 - -1 5 -
b) 5 6 3| _ 4 5* 6 -3 —(4x5) 5 6 3
4 10 -5 2 4 100 -5 2 4 -5 2
-7 =35 9 1 -7 35" 9 1 -7 =77 9 1

bang cach rat cac thira sé chung tir dong (1) va cot (2).

2.5/ MENH PE: Cho A € My(R). Xét 1<i#j<n va c € R.
Gia st A —> A’ bang phép bién doi so cap (i) > [ (1) +c(j) ] (hodc
[(1) — (1) +c()]) ?
Khidé | A’ |=| A | (khong thay doi va doc lap voi ).



4 -1 2
Cho A=|-2 3 1}€M3(R) cod |A|=-41.
-6
1 2
1

-5 2
4 - 7 -1 2
A>A =2 3 vi A>A,=|-11" 3 1 |.Tacd
30 2 -11" 2 -6

[Ar[=[A]do B)=>[B)+2(1)] va [Ay|=]A]| do (1)’ =>[(1)"=32)" ]

2.6/ MENH PE: Cho A € M,(R).
Ta c6 thé phan tich | A | thanh tong cua 2 dinh thirc dya theo mot dong ( hay
mot cdt ) nao d6. Chang han phan tich do1 vdi dinh thue cap 3 nhu dudi day:

a+a' b+bdb' c+c' a b c a' b' c'

d e f|=|d e f|l*t|d e f|(phantichtheodong (1))
g h i g h i g h i

a b+b' ¢ a b c a b' c

d e+e' fl=1|d e f|+|d e f|(phantichtheo cit(2))

g h+h' i g h

il |lg h' i

Vi du: Rat gon dinh thtc sau (trude khi tinh bang qui tic SARRUS):
a+bx b—ax c
A=|d+ex e—-dx f
g+hx h—gx i
a b-ax c bx b—ax c
A=|d e-dx f|+ |ex e—dx f| (phan tich theo cdt (1))
g h—gx i hx h—gx i

a b c a —-ax c bx b c bx —ax ¢
=ld e fl+|d —dx f|+l|ex e f|+|ex —dx f|(phan tich theo cit (2))
g h i g —gx i hx h i hx —gx i
a b c b a c a b c
=ld e f|+0+0-%%e d fl=+1D|d e f
g h i h g i g h i

(dé ¥ sy hoan vi va sy ti 1€ cta céac cdt trong cac ma trén trén).

2.7/ AP DUNG: Trudc khi tinh dinh thirc mot ma tran, ta c6 thé dung cac phép
bién ddi so cép trén dong (hay c0t) thich hop dé tao nhiéu hé sé6 0 trén mot
dong (hay cét) nao dé. Cac hé s6 0 nay dugc tao ra dua vao hé s6 +1 ¢ trén
dong (hay cdt) tiwong vmg hodc dwa vao quan hé béi sé - wéc s6. Néu khong co
san hé s6 1, ta lai dung cac phép bién ddi so cap trén dong (hay cot) thich
hop dé tao +1.



3/4 2 -1/2 -5 3 8 2 20 3 20 2 -5
a) 1 -2 3/2 8 =11 1 112 4 3 16 _ 4412 -1 3 4 _
5/6 —4/3 4/3 14/3] 426 10|15 -8 8 28| 480|5 2" 8 7
2/5 —4/5 1/2 12/5 4 -8 5 24 4 2" 5 6
; 01* ; 411 ’ : ’ - 7 -5
:%1_0* 3 1_;_31 1_;_31 _5:;_31 5|_1
X 0o -1" =2 0 -1" 0

o 0 -1 -2
-3 2 5 -3 2 5 -13 5 5 3 s
b)y|7 -4 3|=[2" 2" I'|=|0 0 1 ——| : |=138 hay
-5 6 2 -5 6 2 -1 11 =2
-3 2 -3 20 5 |13
7 -4 =1 0 13|==22 =138
. . 4 -17
-5 6 2 4 0 -17
a a 4d 4 a 0 0 0
b x b b b x-b 0 0
c) = =ax-b)(y-c)(z—-d)
c ¢ y c c 0 y-c
d d d =z d 0 0 z-d
cos2a d 2sin’ a 4 2sin’ a
d) (sinb—cosbh)* 2d (sinb+cosh)’| =|2" 2d° (sinb+cosh)’| =0 (cO 2 cOttilé).
—2cos’ ¢ —d cos2c . A— cos2c
e) 657419 656419 _ 1000° 656419 _ 10001 656419 _
928308 927308 1000° 927308 1 927308

= 1000(927308 — 656419) =270.889.000

II1. PINH THUC VA MA TRAN VUONG KHA NGHICH:

3.1/ MENH DPE: Cho A € M,(R).

a) A kha nghich < |A|#0 b) A khong kha nghich < |A|=0
Vidu:
1 1 1
Xét tinh kha nghichcia A=|a b ¢ |e€ MyR) (a, b, ¢ 1a cac tham s thyc).
a b



1* 1* 1* 1* O* O*

Taco |[A|=|a b c¢|=|a b-a c-al|=|, , , L=
a b a b -a* *-a° br-a” ¢ -a
B I 1| I 0| _
=(b—-2a)(c—a) =(b—-a)(c—a) =(b—-a)(c—a)ic—b)
b+a c+a b+a c-b

Suyra: A khanghich < |A|#20 < a#b#c=#a
A khong kha nghich < |A|=0 < (a=Db) hay (b=c) hay (c=a)

3.2/ MENH PE: Gia sit A € M(R) va A kha nghich (nghiala | A | #0).
Ta xac dinh ma trdn nghich dio A™' bang phwong phdp dinh thire nhu sau:
* Tinh cac hé sb dong thira C;j = (=1) | A(Q, j) | (1 <i,j <n) cla A.
* Lap ma trdn C = (C,) e My(R).

1<i,j<n
*Taco A7 = |—114|Ct ( t = transposition).
4 -1 2
Vidu: Cho A=|-2 3 1 |eM3R)cd |A|=-41#0 nén A kha nghich.
-5 2 -6
_ 1+1 _31_ _ 1+2 __21_
Co=CDTTALD = | =20 Co=DTIAMY = o =17
C.= (=)' A(L3) | = |:§ ;| ~ 11 C,= DX AR | = - ‘21 _26 -2
@2=<—1>2”|A<2,2>|=|_“5 _2|=—14 <:23=<—1>2”|A<2,3>|=—|_“5 ‘21|=—3
-1 2 4 2
c, =C1’"AG | = |3 1| =7 C, =(1Y"1A(3,2) | =—|_2 1| = -8
_ 3+3 _ 4 -1
Co=CDTIAGH) =, | =10
-20 -17 11
Lip C=(c,) _=|-2 -14 3| e M3(R).
1<i,j<3
-7 -8 10
-20 -2 -7 20 2 7
Taco Al = L= 17 14 g|=L]17 14 3
| A 41
11 -3 10 -11 3 -10

a

3.3/ GHI CHU: Gia sir A=[ zje My(R) va A khd nghich.

C
(nghiala A=|A|=(ad —bc) #0).
Ta c6 thé tinh nham ma tran nghich dao A mot cach nhanh chong nhu sau:
1

_ d -b P , O S \ ,
A= " [ j (hoan vi duong chéo xudi va doi dau dudng chéo ngugc)
—C a



‘Zj € Mo(R) ¢6 | A|=60%0 nén A kha nghich va

A_I:i -3 9
60(-8 4/

3.4/ MENH DE: Cho A, B, Ay, Ay, ..., Ax € My(R). Khi d6:
a)|AB|=|A[|B| va |AlAs ... Ac|=] A || As|...| Acl.

Vidu: A = {;‘

b)Suyra |A"|=|A [ Vk>2 (4p dungkhi A; = A, = .= A, =A).
¢)Néu A kha nghich thi | A™ |=|_/11| va |A|=|A[ VreZ

Vidu: A,B,Ce My(R) c6 |A|=-3,|B|=4 va |C|=-6.Taco
|AB|=]A|.|B|=(-3)4=-12 va |ABC|=|A|B|C|=(-3)4(-6)=72

(A=Al =)' =81 (At =L =T va (A=A =3yt L

14| 3 243

IV. QUI TAC CRAMER:
Dinh thirc dugc ap dung vao viéc khao sat cac hé phuong trinh tuyén tinh c6 so
phwong trinh va so an bang nhau.

4.1/ KY HIEU: X¢ét hé phuong trinh tuyén tinh thue AX =B (c6 n phwong trinh

xl
va n 4n sd) trongdo A € My(R), B € My i(R) va X =2 |.

X

Véi 1 <j<n,dit
A=|A| va Aj=]A;| trongdo A; 1a A xda cot (j) va thay bang cot B.

4.2/ MENH PE: Vi cac ky hiéu nhu trén,
a)ij=Aj khi 1 Sj <n.

. . A
b) Néu A =0 thi hé cé nghiém duy nhat1a x; = Xj khi 1 <j<n.

c)Néu A=0 va ke {1,2,...,n}, Ac #0 thi hé vé nghiém.
( luc d6 dang thire Ax, = A, vO nghia ).

d) Néu A=0 va Aj=A=...=A,=0 thi hé vé nghiém hoac vo s6 nghiém.
Luc nay ta phai giai hé bang phwong phdp Gauss hay Gauss — Jordan dé cé
két qua chinh xac ( lac nay qui tic CRAMER khéng con hiéu lwc nita ).

Vidu:
a) Giai va bién luan hé phuong trinh tuyén tinh sau theo tham sb thuc m:

X, +2x,+2x, =0
(m=2)x,+(m=5)x, —2x, =2
(m+1)x; +mx, +x, =2



H¢ phuong trinh trén ¢6 dang AX =B voi

1 2 2 X, 0
A=1-2 m-2 m-5|, X=|x,| va B=]|2
m 1 m+1 X, -2

Tatinh A, A;, Ay va A;.

I 2 2 r o o 3 | 3 |

A=|A|=|2 m-2 m-s|=|2 3 m-1=|" "= " =
-m l1-m 3—-m 0
m 1 m+1 m -m 1-m
=(m-1)(m-3)

0 2 2 0 2 2 ) 5

A=A =2 m-2 m=-5=02" m-2 m-5|=-2 =43 —m)
m—-1 2m-4

1 0 2 1 0 2
A=|Ar|=]2 20 m-5=| 2 2° m-5=0(dong(1)tilévéidong (3)).
m -2 m+l m-2 0 2m-4
1 2 0 1 2 0 | 5
A3=|A3|= 2 m=-2 2'|=|-=2 m-2 2 =—2| |=2(m—3)
. . m-2 m-—
m 1 -2 m-2 m-1 0

*Néu 1 #m=3 thi A=0 nén hé cd nghiém duy nhait 1a
_A _ 4 _ A, A 2
X1 =—=—, X2———O va X3 &= — = ——
A 1-m A A m—1
*Néu m=1 thi A=0 # A; =8 nén h¢ vo nghiém.
*Néu m=3 thi A=0 = A;=A,=A;, ta giai hé bang phuong phap
Gauss — Jordan:

X1 X2 X3
1 2 2] o0 r 2 2| o0 ' 0 6/5 -4/5
2 1 =2 2|10 5 2 2|>1]0 1" 2/5 2/5
31 4] =2 00 -5 2| =2 00 0 0 0
Hé c6 v s6 nghiém nhu sau: x; =a (a € R), x; =— (6a + 4)/5 va x, = (2 — 2a)/5.

b) Xét 4 hé phuong trinh tuyén tinh (2 ans6 x,y va m, p, q 1a cac hang s thyc)
X Yy Xy XYy Xy
m-3 -1 p 31| -4 2 3 1 0 0 -1
1 2 3 4
[S—m m qj( ) [—6 —2‘ lj( ) [—4 6‘ —ZJ( ) [0 0‘ ZJ( )

10




Hé(1):A=m’—4m+5=(m-2)>+1>1>0 Vm e R,

Ax=mp+q va Ay%=m(p+q)—(5p +3q). Vm, p, q € R, hé c6 nghi¢m duy

nhit x=2= ey o Ao mpra)-Gpt3g)
A m—4m+5 A m’ —4m+5

Hé (2) : A=0# Ay=-21 nén h¢ v6 nghiém.

HE(B):A=0=A=Ay vahé¢ & (2x-3y=1). H¢ c6 v0 sd nghiém voi 1 4n
tu do yeR,x=2_1(3y+1).

Hé (4) : A=0=A,=A, vah¢ v6 nghiém vi h¢ c6 phuong trinh 0x + Oy = 2.
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