GV LE VAN HQP
CHUONG 1V

KHONG GIAN VECTOR R"

I. CAC KHAI NIEM CO BAN:

1.1/ KHONG GIAN VECTOR R":
Cho s6 nguyén n>1 va R"={ X = (xy, X2, ... , Xn) | X1, X2, ... , Xn € R }.
Ta goi X =(x, Xy, ... , Xn) la vector X trong R Ta thuong *“ hinh hoc hoa > X
bang mot doan thang co goc, ngon, phuong, chiéu va d6 dai. Ta dinh nghia cac phép
toan cong vector (+) va nhadn so thuc véi vector (.) trén R" nhu sau:
VX = (X1, X2, ..., Xn), Y = (Y1, Y2, ..., ¥n) € R", Ve e R,
X+Y=X+yi,X2+y2,...,X, tyn) € R" va ¢.X =(cx, cxp, ..., cX,) € R".
V& mit hinh hoc, phép nhdn sé thire véi vector c6 thé thay d6i chiéu va d6 dai nhung
khong thay d6i phuong cua vector. Phép céng vector co thé tao ra ra cic vector c6
phuong mai.
CAu trac dai s6 (R", +,.) goi 13 khdong gian vector R" (trén R).
Ta ciing ¢ thé dong nhat R™ vdi M, ,(R) trong d6 phép nhdn sé thuc véi vector
va phép cdéng vector chinh 13 phép nhdn sé thirc véi ma trdn va phép cong ma trin .

Vi du:
V6i X =(=5,1,-4,9), Y =(8,0,-2,-7) € R* va ¢ = % e R, ta co

__4,__14 ) e R4.

X+Y=(3,1,-6,2) € R* va cx=§(8,0,—2,—7):(§,0, =,

1.2/ MINH HOA HINH HOC:
R =R duogc dong nhit voi < Khong gian cac vector gbc O trén truc x’Ox *’
={X=(a,b)|a,be R} dugc dong nhat véi ‘ Khong gian cac vector
goc O trén mit phang (Oxy) *’
R’={X=(a,b,c)|a,bceR } dugc dong nhat vi ** Khong gian céac
vector géc O trén trong h¢ tryc toa do (Oxyz)

1.3/ TINH CHAT:
Khong gian vector (R", +,.) trén R thoa 7 tinh chit sau day:
(A)) Phép (+) giao hodn va két hop, nghiala VX,Y,Z € R",
X+Y=Y+X vda X+Y)+Z=X+(Y+2)=X+Y +Z
(A)30=(0,0,...,0) e R, VX e R", O+ X=X+0=X.
Tanoéi O 1a “vector khong > va O 1a phdn tir trung hoa cia phép (+)
(A3) VX = (X1, X2, ... , Xp) € R", 3X° = (=x;, =X, ..., —X,) € R" thoa
X' +X=X+X"=0.Kyhidu X’ =-X=(-1)X 1a vector doi cua X.




(A), (A2) va (As) 1a céac tinh chét riéng cua phép (+).

(B) VX e R", 1.X=X.

(By) VX € R", V¢, d e R, ¢.(d.X) = (c.d).X

(B1) va (B,) 1a cac tinh chat riéng ctia phép (.)

(CHVXeR", Ve, deR, (c+d).X=cX+dX

(CH VX, Y eR" VceR,c.X+Y)=cX+cY

(C)) va (C,) 1a cac tinh chat lién quan giita phép (+) va phép ()

1.4/ HE QUA: VX € R", V¢ € R,

a)c.X=0 < (¢c=0 hay X=0)
b)cX#0 < (c#0 va X#0)

II. KHONG GIAN VECTOR CON TRONG R":;

2.1/ DINH NGHIA: Cho W cR".

Cac phép toan (+) va () trén R" van duoc st dung trén W.

a) Tanoi W 1a mét khéng gian vector con cia R™ (ky hiéu W < R") néu W thoa cac
diéu kién sau day:
*QeW (1)
*Vo,peW,a+BeW (2)
*VYae W,Vce R, ccae W (3)

b)Suyra W<R" < Va,BeW,VceR, ca+pfeW 4)

¢) R" 1udn ludn c6 hai khéng gian con tam thuong 13 {O} va chinh R".
Néu W<R" va {O} =W =R" thi tanéi W 1a mét khéng gian con khéng
tam thwong cua R".
Néu W <R" va W=R" thi tandéi W 1a mét khong gian con thuc sy cia
R" vaky hiéu W <R".

Vidu:

a) R' chi c6 hai khong gian con1a {O} va chinh R
(chung déu 1a cac khong gian con tam thudng).

b) R* 1uén ludn co hai khong gian con tam thuong 13 {O} va chinh R
Ta mo ta dudi dang hinh hoc cac khong gian con khong tam thuong ciia R®.
Xét duong thang tuy y (D) trong mit phing R? sao cho (D) di qua gbc O.
Dit H = { cic vector gbc O trén dudng thing (D) }. Tacd H < R* va H thoa
(4) trong (2. 1) Do do6 H <R’ va H dugc goi 1a mot khong gian con kiéu duong
thang cua R% Suyra R? c6 vo so khong gian con kiéu duong thang vi c¢6 v s6
duong thang trong mat phang R? di qua gbc O.

¢) R? 1uon ludn co hai khong gian con tdm thuong 1a {O} va chinh R’.
Tamo ta du0’i dang hinh hoc cac khong gian con khong tAm thuong cia R’
—R? c6vo sH khong gian con kiéu duong thang (mdi dudng thang thudc vé

khong gian R® va di qua gbc O).

— Xét mat phang (P) tuy ¥ trong R® sao cho (P) di qua gbc O.



Pit K = { cac vector gbc O trén mit phiang (P) }. Tacé K =« R va K thoa
(4) trong (2. 1) Do d6 K <R’ va K dugc goi 1a mot khong gian con kiéu mat
phdng cia R’. Suy ra R? ¢o vo s6 khong gian con kiéu mat phang vi co vo sd
mit phang trong R* di qua gbc O.

d) Tong quat, R" (n > 4) ¢ cac khong gian con nhu sau:
— Khong gian con tam thudng {O} (ta goi la khong gian con 0 phang).
— vo s6 khong gian con kiéu duong thang (ta goi 1a khong gian con I phdng).
— vo s6 khong gian con kiéu mit phang (ta goi 1a khong gian con 2 phang).
— vo s6 khong gian con 3 phdng, ... , vo sb khong gian con (n — 1) phdng.

Céc khong gian con (n —1) phang cia R" duoc goi 1a cdc siéu phang trong R".

— Khéng gian con tam thuong R" (goi 1a khong gian con n phdng).

2.2/ MENH PE: Khi W <R" thi W ciing duoc goi la khong gian vector (W, +, .)
trén R va no ciing théa 7 tinh chat sau ddy [ twong tu nhu (R", +, ) ] :
ANDVX,Y,Ze W, X+Y=Y+X va X+Y)+Z=X+(Y+Z)=X+Y+Z
(A)) 30 =(0,0,...,0) e W,VX e W,0+X=X+0=X.

(A3) VX = (X1, X2, ..., Xp) € W, X’ =X =(—X1, X2, ... , —Xp) € W thda
X+X=X+X"=0.
(B) VX e W, 1.X=X.
(By) VX € W, Ve, d e R, c.(d.X) = (c.d).X
CHVXeW,Ve,deR,(c+d)X=cX+dX
(C)VX,Y e W,Ve e R, c.(X+Y)=cX+cY
SuyravX e W,Vce R,cX=0 < (c=0 hay X=0)
cX#0 & (¢c#0 va X#0)

2.3/ MENH BPE: (nhan dién khong gian con cia R")
Cho W < R" Khi d6
W<R < JAeMu,(R):W={XeR" |[AX=0}
Nhu vay mo1 khong gian con cua R" déu 1a khéng gian nghiém ciia mét hé phwong
trinh tuyén tinh thuan nhdt nao do.

Vi du: Giai thich tip hop sau la mot khong gian con cua R*:
W={X=uv,wt)e R [4u—v+5w—8t=—Tu+2w+t=6u+9v-3w=
=-O9u—-4v+Tw+3t}
Ta c6 thé st dung [ (1), (2), (3) ] hoidc (4) cua (2.1) dé giai thich W <R*.
Tuy nhién ta s& s dung (2.3) dé giai thich W <R* mot cach don gian hon.
Ta viét lai (bang cach lan luot phdi hop cac vé sau voi vé dau tién)
W={X=uv,wt)e R 1lu—v+3w—-9t=2u+ 10v— 8w+ 8t=
=13u+3v-2w—11t=0 }, nghia la
1 -1 3 -9
W={XeR' |AX=0}véi A=|1 5 -4 4 |eM;4R).Dodd W<R"
13 3 -2 -11



2.4/ MENH BPE: (pht nhan khong gian con ciia R")
Cho W < R". Khi do6
0 eW(5)
hay
a) W < R" (W khong phdi la khéng gian con ciia R™) < | Ja,BeW,a+ B &W(6)
hay
| da e W,3ce R,ca ¢ W(7)

b)W<R" & 3a,peW,3ceR,ca+feW.
Khi giai thich W < R", ta thuong st dung a), nghia 1a chira W théa (5) hay
thda (6) hay théa (7) la du.

Vi du: Giai thich cac tap hop sau day khong phai 1a khong gian con ciia R :
a)H={X=(uv,w) e R*|uvyw=0}. D&y H khong thoa (5) va (7).
H théa (6) vi Ja=(1,0,0), p=(0,1,1) e H,a+p=(1,1,1) ¢ H. Vay H < R’.
b)K={X=(1,v,w) € R3]2u—5v+8W2 1}.K théa (5) vi O=(0,0,0) ¢ K.
Vay K < R®.Déy K ciing thoa (7) nhung khong thoa (6).
o)L={X=(v,w) e R ]u2+3v—4w3=—3 }
L thoéa (7) vi Jo=(0,-1,0) e L,3c=-1 e R,ca=(0,1,0) ¢ L. Viy L < R’
Péy L ciing thoa (5) va (6).

2.5/ KHONG GIAN GIAO VA KHONG GIAN TONG:

Cho V, W, V,, V,, ..., Vi la cdc khong gian vector con ciia R" (k > 2).

a)bat VA W={a|aeV vaaeW} va
V+W ={a=B+y|BeV vayeW}.
Taco (VA W) va (V+W) déula cac khong gian vector con ciia R™.
Tanéi (VW) va (V+ W) lan luot 1a cac khdng gian giao va khdng gian
tong ciaV va W.

b)Dit VinVan..AVi=(),=talacV;, Vi=12 ...k} vi

J=1

k
V1+V2+...+Vk:ZVj:{OL:OL1+OL2+...+OLk’OLjEVj Vj=1,2,...,k}

J=1

k k . )
Tacod ()7, va > ¥, deéu la cac khong gian vector con cia R”.

J= =

k k N ”
Tanéi (|7, va >V, lan lugtla cac khong gian giao va khong gian tong clia

=1 =1
Vl,Vz,...Vél Vk.
c)bat VuW={a|aeV hay a €e W} va
k
V1UV2U...UVk:UVj:{OL|E|j:1,2,...,k thoa OLEVJ'}.

j=l

k I4 14 . 9
Taco VU W va | JV, khong nhat thiét 1a cac khong gian vector con cua R”.

J=1



Vidu:
a) V va W la cac khong gian con kiéu dudng thing cia R* sao cho hai duong
thdng twong ng giao nhautai O. Tacé VAW = {0} va V+ W =R?.
b)H va K lan luot 1a cac khong gian con kiéu duong thang va mit phang cua R’
sao cho duong thang va mit phang tuong tng giao nhau tai O.
Tac6 HNK={0} va H+tK=R’.
¢)P va Q la cac khong gian con kiéu mit phing cia R® sao cho hai mit phing
twong ng giao nhau theo giao tuyén (D) qua O. Ta co PNnQ=Z( Z 1a khong
gian con kiéu dudng thiang tuong tng voi (D) cua R?) va P +Q=R’.
d)E,F va G lacéac khong gian con kiéu dudng thing cia R® sao cho ba duong
thang twong ing khong dong phang va giao nhau tai 0. Taco ENF N G = {0}
vi E+F+G=R%

2.6/ PINH NGHIA: Cho V va W 1a cac khong gian vector con cua R".

a)Néu W c V thita cling néi W 1a mgt khong gian vector con (trén R) cta
V vaky higu W<V,

b) Khong gian {O} chi c6 duy nhit mot khong gian con 1a chinh {O}.
NéuV = {0} thi V ludn ludn c6 hai khéng gian con tam thwong 1a {0} va V.
Néu W<V va {O} =W =V thi tandi W 1a mét khong gian con khéng tam
thuong cua V.
Néu W<V va W=V thi tanéi W 1a mér khong gian con thuc sy cia V va
ky hi¢ula W<V.

Vidu:
W va V lan luot 1a cac khong glan con kiéu duong thing va mit phang cuia R® sao cho
duong thing chtra trong mit phing va ching déu qua O. Tacd {0} <W <V <R’.

III. KHONG GIAN CON SINH BOI MOT TAP HOP HU'U HAN:

3.1/ PINH NGHIA: Cho k>1 va S={a,,ds,..., o} cR"
a) Chontly y ¢y, ¢z, ..., ¢ € R vadat o= (cioq +coon+ ... + cay) € R™
Tanbdi o 1a mér t6 hop tuyén tinh cua S (hay cua oy, 0;,..., 0 ).
Nhu vay tor mot s6 hitu han cac vector cho trude, ta co thé tao ra dugc nhiéu td hop
tuyén tinh khac nhau cua cac vector do.
b) Cho y € R". Khi do
v 1a mot 16 hop tuyén tinh cua S < 3Jcy, ¢y, ...,k € Ryy=cioy+ con+ ... + cok
< Phuong trinh cjo; + co+ ... +cya =y (én sb C1, C25... , Cx € R) co nghiém trén R.
v khong la 16 hop tuyén tinh cua S < Vci,C, ...,ck € Ry y#cioy+ con ...+ croy
< Phuong trinh cjo; +con+ ... + o = ¥ (én sb C1, C2, ... , Ck € R) v0 nghiém trén R.

Vidu: Cho S={o;=(1,1,1,1), 00 =(2,3,-1,0), a5 = (-1,-1,1,1) } = R".
a) o =-204 + 30, — 5a3 =-2(1,1,1,1) + 3(2,3,-1,0) — 5(-1,-1,1,1) = (9,12,-10,—-7) € R*.



B=4oy — 30, + 203 =4(1,1,1,1) - 3(2,3,-1,0) + 2(-1,-1,1,1) = (-4,-7.,9,6) € R*,
b) Cho v = (u,v,w,t) € R*.
v 1a mot t0 hop tuyén tinh cia S < dci, ¢, ¢35 € R, y=cioq+ coon + c303
< Phuong trinh cjo; + c0n +cs03 =7y (én sb C1, €2, €3 € R) c6 nghiém trén R.
Xét cioy+ coon +ezas = v < c(1,1,1,1) + ¢2(2,3,-1,0) + ¢c5(—1,-1,1,1) = (u,v,w,t)

Ci C C3 Ci C C3
¢ +2c,—c=u 1 0 1| ¢ r o 1 t I o0 1 t
¢ +3c,—c,=v 1 3 -1 v 0 I O v-u o1 0 v—u
A — — .
C—Cte,=w 1 2 -1 u 0 2 -2 u-t 0 0 2| u+2w-3t
¢ +c =t 1 -1 1| w 0 -1 0| w—t 0 0 O] v+w—u-—t

y=(u,v,w,t) 1a mot td hop tuyén tinh ctia S <
< He¢ trén c6 nghiém trén R < v+ w—u—t=0 (*). Liuc do ta co bicu dien duy nhat
Y= C100+ C0 + 305 VOI ¢3=2""Bt—u—-2w),co=v—u va ¢;=2"'(u+2w—t) (o)

vy = (u,v,w,t) khong 13 t6 hop tuyén tinh cia S <

<> H¢ trén vO nghiém trén R < v+w—u—t=0 (**).

Xét cu thé €=(9,10,-2,—1) va 6=(-7,1,4-8) € R*.

Taco & thoa (*) va 0 thoa (**) nén & 1a mot td hop tuyén tinh ctia S voi
e= 3o+ o, —403) do (o) va 0 khong 1a to hop tuyén tinh cua S.

3.2/ PINH NGHIA: Cho k>1 va S={a;,ds,..., o} cR"

a) bat W 13 tdp hop tdt ca cdc t6 hop tuyén tinh ¢6 tir S (ky hidu W=<S>),
nghiala W=<S> ={a=cjo;+c0p+... +coylcy,Ca,...,cce R} R

Ta chirng minh dugc W =< S > 13 mot khong gian vector con cia R" [sir dung (2.1)].
Tandi W =<S> 1a khong gian vector con (cua R") sinh bdi tap hop S.

b)Néu S= thitaquiudc <S>={O}(D sinhra khong gian con {O} cua R")

¢) <S> la khdng gian vector con nhé nhdt chita dwoc S ctia R", nghia 1a
VV<R",ScV = <S>cV.

d) Cho y € R". Khi do
ye W=<S> < v 1amot td hop tuyén tinh cia S <

< Phuong trinh cjo; +con+ ...+ cpa = ¥ (én sb C1, C2,... , Ck € R) c6 nghiém trén R.
Suyra y¢ W=<S> & vy khong la t6 hop tuyén tinh cia S <

<> Phuong trinh cjo; + co+ ... + cya = y(ansd ¢y, Cy,... , ¢k € R) vO nghiém trén R.

Vi du:

Cho S={o;=(-3,2,1,5), o, =(4,-3,-1,-7), o3 = (1,-3,2,—4), oy = (-2,5,-3,7) } R*,
Tamota W=<S> vatim diéu kién dé vector y = (u,v,w,t) € W.
a) W=<S>={a=cjo+cop+csas +cq04|Cy,Cr,C3,¢4 € R}
= {a=¢(-3,2,1,5) + c»(4,-3,-1,-7)+ c5(1,-3,2,-4) + c4(-2,5,-3,7) | c1, c2,Cc3, ¢4 € R }
={a=(-3c;+4c, +c3-2¢c4,2¢c;1— 3¢, —3c3+ 5¢4,¢1 —Cr+2¢3—3¢4, 5¢1 — Ty —4c3+ 7c¢y)
|c1,C2,c3,¢4 €R Y}

6



b) Cho v = (u,v,w,t) € R*.
ye W=<S> < y 1amét to hop tuyén tinh caa S
< Phuong trinh c;o; + c0n + c303 + c404 = (én sb C1, C2, C3, ¢4 € R) c6 nghiém trén R.
Xeét C10; T Cr0ly + C3013 + C404 = Y
< ¢1(-3,2,1,5) + ¢c(4,-3,-1,-7) +¢5(1,-3,2,-4) + c4(-2,5,-3,7) = (u,v,w.,t)

Ci C C3 C4 Ci C C3 C4

1 -1 2 3 w I -1 2 -3 w 0 9 -14 u+4w

-3 4 1 2| u 0 1 7 -1l u+3w 0 ' 7 11 wu+3w
- -

2 =3 -3 5| v o -1 -7 11| v-2w O 0 0 O U+v+w

5 -7 -4 7| ¢ 0 -2 -14 22| t-5w o 0 0 O 2u+w+t

Y= (,v,w,t) € W=<S>« H¢ trén co nghiém trén R< (u+v+w=0=2u+w+1t)(*).
Lic d6 ta c6 vo sd biéu didn Y =cioq +co +c303 + 04 VO c3=a,c4=b(a,b € R),
ci=14b-9a+u+4w va c,=11b—-7a+u+3w (o).

v = (u,v,w,t) ¢ W < H¢ trén v6 nghiém trén R < (u+v+w =0 hay 2u+w+ t=0) (**).
Xét cu thé €= (5,-6, 1,-11) va 0= (-3,2,7,-4) € R*.

Tacod & thoa (*) va 0 thoa (**)nén 0 ¢ W=<S> va e € W=<S> vdi vo sd biéu
dién &= (14b—9a+ 9)o, + (11b - 7a+ 8)a, + aaz +boy (a, b € R) do (o).

3.3/ MINH HOA: Cac vector P, v, d trong R" dudi day déu co goc 13 O.

a)Néu S={0O}cR" thi <S>={a=c0=0]|ceR}={0}=S.

b)Néu S={B} cR"\{O} thi <S>={a=cP| c € R} 1amdt khéng gian con
kiéu dwong thang cia R" va duong thang nay chira p.

c)Néu S={B,y} cR" B,y khdc phwong)thi <S>={a=cBp+dy|c,de R}
14 mot khéng gian con kiéu mdt phang cia R® va mit phang nay chtra P, .

d)NéuS={B,y} cR"\{O} B,y ciing phuwong)thi<S>={a=cBp+dy|c,d e R}
14 mot khéng gian con kiéu dwong thang cia R" va Puong thang nay chita B va vy

e)Néu S={B.v,8} cR* B, v, khong dong phang) thi
<S>={a=cp+dy+ed|c,decR} va <S>=R".

fyNéu S={B,v,8} cR" B, v, khdc phwong déi mét nhung dong phang) thi
<S>={a=cp+dy+ed|c,dee R} lamdtkhong gian con kiéu mdt phing
ciia R" va mit phang ndy chta B,y va 8.

g)Néu S={B,7,8} cR"\{O} (B, v, & ciing phwong véi nhau) thi
<S>={a=cp+dy+ed|c,de e R} 1améitkhong gian con kiéu dwong thing
ciia R" va duong thang nay chira B,y va 8.

3.4/ MENH DE:
Cho céc tap hop httu han S, S5, ..., Sxc R" (k>2) va <S;>=W;<R" (1 <j<k).
bat S=S,uS,u...USc. Taco <S>=W;+W,+ ...+ W,.

Vidu:ChoSl={oc},Sz={B,y},S3={8,8,9}CR“ va <Sj>:WjSRn(1 Sjﬁ?)).
bat 8281USZUS3:{OL,B,Y,S,S,G}.TEIC(') <S>=W;+W,+ W;.



IV. SUDOC LAP TUYEN TINH VA PHU THUOC TUYEN TINH:

4.1/ PINH NGHIA: Cho k>1 va S={a;,ds,..., o} cR"

Xét phuong trinh co; + c 0 + ... + cro = O (*) voi cac an sb thuc ¢y, ¢, ..., Ck.

(*) ¢6 it nhat mot nghiém thuc 13 ¢, = ¢, = ... = ¢, =0 (nghiém tam thuong).

a) Néu (*) o6 nghiém thuc duy nhdt (nghiém tam thirong) thi tandi S déc ldp tuyén
tinh (nghia 1a khong co vector nao cua S dugc tinh theo cac vector khac trong S
dudi dang to hop tuyén tinh).

b) Néu (*) ¢ vé s6 nghiém thuc (co nghiém tam thirong va vé so nghiém khéng tam
thwong) thi tandi S phu thudc tuyén tinh (nghia 1a c6 it nhat mot vector cia S
duoc tinh theo cac vector khac trong S duéi dang t6 hop tuyén tinh).

c)Néu S= thitaquiudc S déc ldp tuyén tinh.

Vidu:
a) Cho S={a,=(-3,1,2,7), an = (1,-2,5,—4), 03 = (2,4,1,6) } c R*.
Phu0’ng trinh C10l + Cr0p + Cc3013 = 0O« Cl(—3,1,2,7) + Cz(l,—2,5,—4) + C3(2,4,1,6) =0

Ci C» C3 Ci C C3

1 =2 4 0 r =2 4] 0 r =2 4] 0 r =2 4| 0

3 1 2/ 0 0 -5 14| 0 o —-1" 21| 0 o -1 21 0
= — — — .

2 5 1 0 0 9 -7/ 0 0 0 182 0 o 0 170

7 -4 6 0 0 10 =22/ 0 0 0 6] 0 0 0 0] 0

Phuong trinh ¢é nghiém duy nhét (c; =c,=c;=0)nén S doc lap tuyén tinh.
b) Cho T = {B,=(3,—4,1,7), B2 =(-2,6,8,—1), B3 = (—13,24,13,-23)} c R*,

Phuong trinh C1B1 + C2B2+ C3B3 =0 &

< ¢1(3,4,1,7) +c2(-2,6,8,—1)+ ¢3(-13,24,13,-23) = O

Ci C C3 Ci C C3
1 8 13| 0 r 8 13| 0 0o -3 0
3 -2 13 0 0 26 -52| 0 N 0o 1" 2| 0
2 3 121 0 0 19 38| 0 0 0 0| 0
7 -1 =23 0 0 -57 -114| 0 0 0 0| 0

Phuong trinh ¢6 vo sé nghiém la [c;=a (a € R), ¢;=3a,c,=-2a] nén T phu thudc
tuyén tinh.

Trich ra mot nghiém khong tam thuong (bang cach chon a=1), ta c6
(c1=3,c;=-2,c3=1) vadugc h¢ thic 3,—2B,+P3=0. Suyra B;=2B,—-3B,
nghia la B; dugc tinh theo B, va B, dudi dang to hop tuyén tinh.

4.2/ NHAN XET:
a)S={a} cR".
Néu =0 thi S phu thuoc tuyén tinh
(phuong trinh ¢.0 =0 ¢ vo s6 nghiém ¢ € R).
Néu a=O thi S déc lap tuyén tinh.
(phuong trinh c.oo =0 c6 nghiém thuc duy nhéat ¢ = 0).




b)S={a,p} cR"
Néu o cung phuong vi B (o0 va B co cac thanh phan ti 18 voi nhau) thi
S phu thuoc tuyén tinh.
Néu o khac phuong véi B (o va B co cac thanh phan khong ti 16 véi nhau)
thi S ddc ldp tuyén tinh.
¢)S={o, B, v} cR’.
Néu a, B,y dong phang thi S phu thudc tuyén tmh
Néu o, B, vy khong ddng phang thi S déc ldp tuyén tinh.
d)Cho ScT<R"
Néu S phu thudc tuyen tinh thi T cling phu thude tuyén tinh.
Néu T doc lap tuyén tinh thi S ciing doc 1ap tuyén tinh.
Néu O € S thi S phu thudc tuyén tinh (vi {O} phu thudc tuyén tinh).
Néu S doc lap tuyén tinh thi O ¢ S.

Vi du:
Xét S={a=(-2,4,-8,6),p=(3,-6,12,-9)} vaT={y=(51,-4,7),0=(-1,8,2,-3)} R*

Tacd S phuy thudc tuyén tinh (B = ‘7300 va T doc 1ap tuyén tinh (y khong ti 18 véi §).

4.3/ MENH DE: (xac dinh sy doc 1ap tuyén tinh va phu thudc tuyén tinh)
Cho m>3 va S={a,0,..., 0y} =R"
al

Pat A= sz € Mmxn(R) va ta c6 thé hoan ddi cac dong cia A.Tim r(A) va r(A)<m.

o

a) Néu m>n thi S phu thudc tuyén tinh.
b) Xét truong hop m < n.
Néu r(A)<m thi S phu thudc tuyén tinh.
Néu r(A)=m thi S doc lap tuyén tinh.
c) Xét truong hgp dac biét m=n va A € My(R).
Néu A khong kha nghich (| A|=0)thi S phuy thudc tuyén tinh.
Néu A kha nghich (|A|#0) thi S ddc lap tuyén tinh.

Vidu:

a)Cho Z={a,P,7,8,e} cR.Dom=|Z|=5>n=3 nén Z phuthu@ctuyéntinh.

b) Cho S={a;,=(-3,1,2,7), ar=(1,-2,5,-4), 03 = 2,4,1,6) } = R* va
T={Bi=(3,~4,1,7), B =(-2,6,8,-1), B3 = (-13,24,13,-23) } cR*

a, 1 2 5 -4 B, 3 4 1 7
Pit A=|a |=|-3 1 2 7| vaB=|g|=|-2 6 8 -1|eM;uR).
a, 2 4 1 6 B, -13 24 13 -23



*

r -2 5 4 ' 2 5 —4
A—> |0 517 5|5 |0 -5 17 -5|=SxA¢c0 1(A)=3=m=3<n=4.

0 8 -9 14 0 0 91" 30
I 2 9 6 r 2 9 6
B— [0 10 26 11|—> |0 100 26 11|=Sg ¢c6 r(B)=2<m=3<n=4.

0 50 130 55 0 0 0 O

Do d6 S doc 1ap tuyén tinh va T phu thudc tuyén tinh.
¢)Cho H={y,=(a,1,1), .= (1,a,1),y3=(1,1,a) } cR? (m=n=23).

7, a 1 1
bit C=|y, |=|1 a 1| € M3(R) va
73 1 1 a
a 1 1 0 l-a 1-4° . 2 -
- — +
ICl=[1 a 1|=]0 a=1 1-a|=| ¢ "4 =@-1y “©'=@-12@+2).
. a-1 l-a -1 1
1 1 4 |I' 1 a

Nhu vy H doc lap tuyén tinh < C kha nghich < |C|#0 < —2=za=1
H phuy thudc tuyén tinh < C khong kha nghich < |C|=0 < (a=-2 hodc a=1)

V. CO SO VA SO CHIEU CUA KHONG GIAN VECTOR:

5.1/ VAN PE: Cho W <R™ C6 nhiéu tap hop hitu han cia R" sinh ra W. Ta mudn tim
mot tap sinh S nao d6 cia W sao cho S ¢d so luwong vector la it nhat. Khi d6 ta noi
S 1a mot tap sinh toi vu cua W.

5.2/ MENH PE: Cho W <R" va W=<S> v4i S la mot tap hop hiru han cua R".
a) Néu S doc lap tuyén tinh thi S chinh 1a mot tap sinh 16i wu cia W.
(nghiala VTS, TS = <T>%W)
b) Néu S phu thuoc tuyén tinh thi S la mot tap sinh chua 16i wu cia W.
(nghiala I TS, T#S va <T>=W)

Vidu: W =R

a)S={a,p}cR?(a khac phuong véi B). Taco <S>=R* va S doc lap tuyén tinh
nén S chinh la mot tap sinh tdi vu cia R* Xét T={a} =S va T#S. Tacod
<T>#R? vi <T> la mot khong gian con kiéu duong thing cua RZ.

b)Z={a,B,y} <R (o, B,y d6i mot khac phuong nhau). Taco <Z>=R?* va Z phu
thudc tuyén tinh nén Z 1a mot tap sinh chua t6i vu cia R% Xét T= {a,B} S thi
T#S va <T>=R"

5.3/ PINH NGHIA: Cho W <R". , ,
Mot co so caa W 1a mot tdp sinh doc ldp tuyén tinh (mot tdp sinh t6i wu) cua W.
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5.4/ MENH DE: Cho W <R".
a)Néu W = {0} thi W ¢4 vé 56 co sé’
b)Néu W = {0} va W cocoso B gdbm m vector thi moi co so khac ciing c6 m
vector. Ta goi m la s6 chiéu ciia khong gian vector W va ky hiéu m = dimgW
(viét gon 12 m = dimW ). Nhu vay sé chiéu ciia mot khéng gian vector 13 sé lwong
vector hién dién trong méi co s& cua no.

Vidu:
a) <@ >= {0} va & doc lap tuyén tinh (theo qui udc) nén khong gian {0} co co s6
duy nhdat1a @ va dim{O}=||=0.Tandi {O} 1a khéng gian 0 chiéu.
b) R' ¢6 vo sb co s¢ khac nhau. Mdi co s¢ B cua R' gdm mét vector o= O tiy ¥ vi
B={a} doclap tuyén tinhva <B>=R"
Suyra dimR' =|B|=1vatanéi R' la khong gian 1 chiéu.
¢) R ¢6 v6 sb co s& khac nhau. Mdicosd B cua R' gom hai vector o, B khdc phiong
nhautity yvi B={ o, B} doc 1ap tuyén tinh va <B>=R>
Suyra dimR* =|B|=2 vatanodi R* 1akhong gian 2 chiéu.
d)R® ¢6 v6 s6 co s khac nhau. Mdi co s¢ B ciia R gdm ba vector o, B,y khdng
dong phang tuy y vi B={ o, B, v} doc lap tuyén tinh va <B>=R’.
Suyra dimR® =|B|=3 vatanéi R’ 1a khong gian 3 chiéu.
e) R" (n> 1) ¢6 vo sb co s khac nhau. Trong d6 c6 mot co sé don gian théng dung goi 1a
co s¢ chinh tic Bo= { &= (1,0, ..., 0), &, =(0,1, ..., 0), ..., €. = (0,0, ..., 1) }.
Suy ra dimR" =|B, | =n vatandi R" la khong gian n chiéu.
f)S—{oc 8,7)}cR* va V=<S>= {8—aoc]aeR}<R Do a#0 nén S doc
lap tuyén tmh va cling la mot co sé cia V. Taco V 1la mdt khong gian con kiéu duong
thing cia R? ¢6 dimV =|S |=1<dimR?® =2. Nhu viy {O} <V <R? va V la mot
khong gian con khong tam thuong cta R
) T={B=05,24).y=(3,1,8)} cR’ va W=<T>={8=bB+cy|b,ce R} <R’
Do B khongtilé voi v nén T doc lap tuyén tinh va ciing 1a mot co so cia W. Ta ¢o
W 1a mot khong gian con kiéu mit phing cua R® ¢6 dimW = | T[=2< dimR® =3.
Nhu vy {0} <W <R’ va W 1a mot khong gian con khong tdm thuong cia R*,

5.5/ NHAN DIEN CO SO CUA KHONG GIAN R":

Cho S={ 0, ,...,0n} CR" v6i |S|=n.Dit A=|"| e My(R). Khi do

o

a) S lamot cosd cua R" < A kha nghich < |A|#0.
b) S khong la co sé cia R" < A khong kha nghich < |A|=0

Vidu:
a)Cho Z={a,B,y} va T={08,¢0,m,A } trong R*.Taco |Z]|=3 va |T|=5 nén
Z va T khong phaila cosé caa R* vimdicosé caa R* ¢o 4 vector.
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b)Cho S={a=(1,-2,a),B=@2,a-2,1),y=2,a-5,a+1)} cR’ ¢6 |S|=3.
a 1 2 a
bat A=|B|=1]2 a-2 1 | eM;R).Taco
y 2 a-5 a+l1
1 2 a 1 -2 a
|A|=12 a=2 1|=l0 3 —al|=
2 a-5 a+l1 0 a-1 1-a

3 —a

a-1 l-a

=(a—-1)(a-3).

3 —a
—(a-1
@-nf)

S lamdtcosdcia R? < A khanghich < [A]|#0 < l=a=3
S khong la co sé cia R < A khong kha nghich < |A|=0 < (a=1 hoic a=3).

5.6/ Y NGHIA CUA CO SO VA SO CHIEU:

Cho W<R" va W ¢cbcosd B={oy,0,..., 0y} cR"(dimW =|B|=m).

a) Va € W, ¢6 duynhét C1,C2,...,Cm € R thoa a=cjo;+ oo+ ... + cpoty ().
Mudn tim ¢y, s, ..., Cm, ta phai giai phuong trinh vector (*).

Nhu vdy khong gian W hoan toan duoc xac dinh boi mot co so bat ky ctia nd (vi
mdi vector trong W duoc biéu dién mot cach duy nhat dudi dang to hop tuyén tinh
theo cac vector trong co s&). Do d6 mubn xac dinh mot khong gian vector trong

R", ta chi can gi6i thiéu mot co sé cta né 1a di. Piéu nay rat thuan loi vi cac khong
gian vector # {O} c6 vd han vector trong khi mdi co s& ctia n6 chi ¢é hitu han
vector.

b) Céc khong gian vector (# {O}) c¢6 vo han vector nén ta khong thé so sanh “ tam
voc (d6 10n) > cta cac khong gian dya trén sé lwong vector ctia ching duoc. Ching
ta dung dai lugng “ s6 chiéu ” dé thay duoc “ tim véc (46 10n) > cta cac khong
gian. Khong gian co6 s6 chiéu cang cao thi “ tim voc ” cang 16n.

Vidu:

X,
a) Cho B = {X|=(7,-2), X, = (-4,1)} 1a mot co sé cua R*(vi

1

_‘7 -2

=—1#0).
—4 1‘ #0)

2
VX = (u,v) € R?, ta c6 biéu dién t& hop tuyén tinh duy nhit

X =(-u-4v)X; + (-2u - 7v)X, bang cach giai h¢ X = c;X; + ¢, X, v61 cac an s6 thuc
C; va C:

Ci ©C C1 C2
(x' X;]Xt)=(7 -2 uj_)[l —1‘ u+3vj_)[l (3 —u—4vj
-4 1| v 0 -1 2u+7v 0 1| 2u-7v
b)Cho S={o;=(1,1,1,1), ar=(2,3,-1,0), a3 = (-1,-1,1,1) } cR*.
Xét W=<S>={a=aa; +tba, +tcoz|a,b,ce R} < R*,
a, 1 1 1 1 1 1 1
A=|a,|=|2 3 -1 0|—>|0 1" -3 —2|=Sathi r(A)=3 nén S doc lap tuyén
a, -1 -1 1 1 0 0 2 2

tinh va ciing 1a mot cosd cia W véi dimW =S |=3 <dim R*=4. Suyra W <R*.
12



Theo Vidu cua (3.1), Vy = (u,v,w,t) € W (y théa v+ w —u—t=0), ta cé biéu dién
u+2w—t 3t—u-2w
— ot (v-—ua, + — %

duy nhéat dudi dang t6 hop tuyén tinh y =
5.7/ TIM CO SO CHO KHONG GIAN SINH BOI MOT TAP HOP HUU HAN:
a) Van dé: Cho W=<S>< R* voi S={ oy, a,..., om } = R™
Tim mot co s6 cho W.
b) Giai quyét:

a,

bat A= sz € Mnxn(R) va tim ma tran dang bac thang S, cua A.

o

Sa ¢6 k dong khdng tam thwong tao thanh cac vector vy, va, ..., Yk.
C={711.,7,...%}lamdtcosdcua W=<S>va dimW =|S |=k =r1(A).
Ta cling n61 W 1a khong gian dong cua ma tran A.

Vi du: Trong R*, cho tap hop (duge md ta theo cac tham s thuc a, b, ¢, d)

W={X=(a+4b-2c+3d,2a+7b—-3c+7d,2a+b+4c+15d,—a—2b—5d)|a,b,c,d € R}
Hay tim mot tap hop hitu han S cua R* thoa W=<S>< R* va tim mét co s& cho W.
Dung cach tach riéng cac tham sb va dat mdi tham s 1am thira s6 chung, ta c6

W= {X=(a,2a,2a,—a) + (4b,7b,b,—2b) + (-2¢,-3c,4c,0) + (3d,7d,15d,-5d) |a,b,c,d € R }
={X=a(1,2,2,-1) +b(4,7,1,-2) + c(-2,-3,4,0) + d(3,7,15,-5) |a,b,c,d e R }
Vay W=<S>véi S={a;=(1,2,2,-1), o, =(4,7,1,-2), a3 = (-2,-3,4,0), oy = (3,7,15,-5)}

a, 1 2 2 -1 "2 2 -1 2 -1 2
4 1 =2 - * -
Dt A= |% | = 7 L0 1o 2 g |00 2y
a, 2 -3 4 0 0 1 8 -2 00 -1 0 75
a, 3 7 15 =5 01 9 =2 0 0 0 O (0]
W cocosdla C={vy,=(1,2,2,-1),y,=(0,1,9,-2), y3=(0,0,-1,0) } va dimW =|C |=3

5.8/ TIM CO SO CHO KHONG GIAN NGHIEM CUA HE PHUONG TRINH
TUYEN TiNH THUAN NHAT:
a) Van dé: Cho A € Mp.(R) va W={X e R"|AX= 0} < R"
Tim mot co s cho W.
b) Giai quyét: Giai hé¢ AX =0 démb ta khong gian nghiém W.

-Néu W= {O} thi W c6 coso (duy nhat) 1a @ va dimW = | D |=0.

- Néu hé c6 v sd nghiém voi k anty do thi tamoé ta W theo k an tu do do.
Dung cach tach riéng cac an tu do va dat mdi an ty do 1am thira sd chung, ta c6
duoc mot tap sinh D (gdm k vector) cho W. Téap sinh D ddc lap tuyén tinh
(két qua nay di dugc ching minh trong 1y thuyét) nén D 13 mét co sé cia W.
Tacod dimW =|D |=k = (S an tu do ciahé¢ AX =0).
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Vi du:

1 2 3
a)Cho V={X eR'|HX=0}< R* véi H= ;2 14 _‘1‘ 2 e M4(R).
4 3 21

Ta tim mot co sé cho V. Trude hét ta gidih¢ HX =0 vo1 X =(x,y,zt) € R* Taco

*

1 2 3 4 i 2 3 4| Q2 3 4|2 3 4
2 1 -4 3 2 11 T2 11 T2 11
H|= =% 3 =0 2 =% > 2 Mloga0x0
3 4 -1 2 |0 =10 =10 -10 [0 0 -6 12/ [0 0 -6 12
4 3 =21 0o 5 -10 7|0 0 -12 -4 |0 0 0 28
Vay H khé nghich va h¢ HX = O chi c6 nghi¢m tam thuong X =0 =(0,0,0,0).
Dodo V={0} va V cocosdla & voi dimV = | |=0.
1 -5 -1 -7 3
.. 2 10 3 18 -7
b)Cho W={X e R’|AX=0}< R® vdi A= € Muxs(R).
3 -15 -5 29 11
4 20 7 40 -15
Ta tim mot co sé cho W. Trudc ta giai hé AX =0 voi X = (x,y,zt,u) € R.
X y z t u X y z t u
1 -5 -1 -7 3]0 " -5 -1 =7 3| 0 ' =5 0 -3 2|0
-2 10 3 18 -7/ 0 0 0 1 4 -1 0 0 0 1" 4 -1 0
- -
3 15 -5 29 11| 0 0 0 -2 -8 2|0 0 0 0 0 0O
4 20 7 40 -15 0 0 0 1 4 -1 0 0 0 0 0 0O

Heé c6 vo sénghiémvé’i 3 éntu’do: y,t,bue R, x =5y +3t—2u,z=u—4t.
W={X=0By+3t-2u,y,u—-4t,t,u)|y,t,ue R}
={ X =y(5,1,0,0,0) + t(3,0,-4,1,0) + u(-2,0,1,0,1) |y, t,u e R }
W=<D> véi D={06,=(51,0,0,0), 6, =(3,0,-4,1,0), 63 = (-2,0,1,0,1) } R®.
D doc 1ap tuyén tinh nén D 1a mot co sd cia W va dimW = | D | =3 =s6 an tu do cta hé.

5.9/ TIM CO SO CHO KHONG GIAN TONG:
a) Vandé: Cho V=<S><R"va W=<T><R"v6i S, T la céac tdp hop con hiru
han cia R". Tacod (V+ W) <R" Tatim mdtcosécho V+W.
b) Gidi quyét: Pt Z=S U T thi V+ W =<Z>. St dung (5.6), ta tim dugc mot co
so cho V+ W tutap sinh Z cua no.

Vidu: Cho S={a=(5-2,-5,4), p=(2,0,-53),y=(-4,4,-5,1) } cR*, V=<S><R’
T={8=(4,-64,1),e=(1,6,-8,1)} cR*, W=<T><R"
Tim mét co s6 cho V+ W.
Pit Z=SuUT={a,B, 7.0, ¢} thh V+W=<Z> Tacb
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* *

& 1 6 -8 1 ' 6 -8 1 ' 6 -8 1 ' 6 -8 1
B 2 0 -5 3 0 -12 11 1 0 0 17 -11 0 27 1 =2

A=ly|=|4 4 -5 1|0 4 -15 7|=>|0 0 -17 11 |=>{0 0 177 -11
) 4 -6 4 1 0o 2 -1 2 0 2 -1 2 0 0 0 0
a 5 -2 -5 4 0 -32 35 -1 0 0 51 -33 0 0 0 0
V+W cécosé E={A=(1,6,-8,1), un=(0,2,1,-2), v=(0,0,17,-11) }

5.10/ TIM CO SO CHO KHONG GIAN GIAO:

a) Van dé: Cho V=<S><R"va W=<T><R"v6i S={a,,ds,...,a,} cR"
va T={B1,B2,---,Bq} < R"(p=q). Tim mot co sé cho V. W.

b) Giai quyét: Xét o € R". Ta c6
oeVNW o (aeVvaaeW) <
< dey, ¢, . Cp € Ry o= oy + c0n + ...+ ¢p0, va phuong trinh

difi +doBat ... +dgBg =0 (ans6 dy, dy, ..., dg) 6 nghiém thyr. o

Ta sé thay cy, ¢y, ..., ¢, birang budc bo1 mot h¢ phuong trinh tuyén tinh thuan nhat.
Giai h¢ nay dé chira cac 4ntu dovamo ta oo € VAW theo cac an tuy do nay. Tu
do ta tim dugc mot tap sinh doc lap tuyén tinh (mot co s6) cho V1 W.

Vidu: Cho S= {a=(-24,3,0),p=4,-1,-22),y=(-1411)} cR*, V=<S><R?
T={8=(0,51,-1),e=(1,5-1,0),06=(3,4,1,0) } cR*, W=<T><R*
Tim mot co s6 cho VN W.
Taco aeVNW < (aeV vaaeW) <
< Jab,c € R, o =aa+bB+ cy vaphuong trinh 18 + se + t0 = o (4n 8O 1,5,t) c6 nghiém thyc
Phuong trinh r(0,5,1,-1) +s(1,5,-1,0) +t(3,4,1,0) = a(-2,4,3,0) + b(4,-1,-2,2) + c(-1,4,1,1)

1 =1 1| 3a-2b+c " -1 1| 3a-2b+c r -1 1 3a-2b+c
0 1 3 4-2a-c 0 1 3| 4b-2a-c 0 1 3| 4b-2a-c
= - -
-1 0 2b+c 0o -1 1 3a+2c o 0 4 a+4b+c
5 5 4] 4a-b+4c 0 5 4 4a+9b+9c 0 0 9 19a+9b+19c¢
" -1 1| 3a-2b+c
" 3| 4b-2a- . , e
— 0 \ e . Phuong trinh c6 nghiém < a+c¢=0 < c=-a
0 0 4| a+4b+2c
0O 0 O 67a+67c

Viy VA W={a=aa+bB-ay=a(a—7)+bB|a,be R} =<Z> vbi
Z={A=(a—7)=(-1,0,2,-1), B = (4,-1,-2,2)} doc lap tuyén tinh vi A khong ti 1¢ v&i .
Dodd VAW comotcosdla Z={A, B} va dm(VNW)=|Z]|=2.

5.11/ SO SANH SO VECTOR TRONG MOT TAP HOP POC LAP TUYEN TINH
VA TRONG MOT TAP SINH VOI SO CHIEU CUA KHONG GIAN VECTOR
Cho W <R"c6 dimW =m.
a) Néu S doc 1ap tuyén tinh c W thi | S |<m.
Néu (S doclap tuyéntinh c W va |S|=m) thi S 1amotco s cia W.
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b)Néu <S>=W thi |S|>m.

Néu(<S>=W va [S|=m) thi S lamotcosocia W.
¢)Néu (ScW va |S|>m) thi S phu thudc tuyén tinh.
d)Néu (ScW va [S|<m) thi <S>=W.

Vidu:
a)Néu S doc 1ap tuyén tinh « R* thi |S | < dimR* =4.
Néu (S doc 1ap tuyén tinh c R* va |S|=dimR*=4) thi S 1a mot co so cia R*.
b)Néu <S>=R* thi |S|>dimR* =4,
Néu (<S>=R* va |S|=dimR*=4) thi S 1amdtco sécaa R*.
¢)Néu (ScR® va |S|>dimR® =5) thi S phuy thudc tuyén tinh.
d)Néu (ScR® va |S|<dimR’® =5) thi <S>=R>

5.12/ NHAN DIEN CO SO CHO KHONG GIAN VECTOR:
Trong (5.5) , ta 4 néu ra cach nhéan dién mot co s& cho khong gian R" (R" dugc goi
1a khéng gian day). Bay giod ta gi6i thiéu cach nhan dién co s cho khong gian W ma
W <R" (W dugc goi 1a khong gian voi).
a) Khi chua biét dimW: Ta dung dinh nghia (5.3) néi vé co so.
B lamotcosdcia W < (<B>=W va B doc lap tuyén tinh)
b) Khi dd biét dimW =m : Ta dung phan a) cua (5.11).
B lamotcosdcia W < (BcW,B doc lap tuyén tinh va | B | = dimW =m)

Vidu: Cho S = {a=(-2,1,3,0), p = 3.4,-1,5)}, T= {y=(4,9,1,10), 8 = (9,1,-10,5)} cR*
Pit W=<S>={X=aa+bB|a,beR}<R* Theo (5.11),dimW<|S|=2
nén W =R* nghiala W <R" Ta giaithich S va T 1a cic cosd ciia W.
Giai thich S 1a mot co sé cia W (chua biét dimW): Do<S>=W va S doc lap
tuyén tinh (. khong ti 16 véi B)nén S 1a mot co sé cia W va dimW =[S |=2
Giai thich T 12 mot co s6 caa W (d4 biét dimW = 2):

*T={y,8l cW=<S={a, B} > vicac phuong trinh c;o+ c;p =y (4nlac, va c,)

vadioa +d =0 (an la d, Va d,) déu co nghiém thyclac,=1,¢,=2,d,=-3,d, =1
Céc phuong trinh trén c6 vé trai nhu nhau nén c6 thé giai chung trong mot bang :

Ci C C1 C

-2 3| 4| 9 o2l 5] -1 o 1 3
(o By [8)= L4l o L) f0 2) 41 2 )0 Il 2 1

3 -1 1| -10 0 7| -14/ -7 0 0] 0 O

0 5| 10 5 0 5| 10| 5 0 0] 0 O

di dy d; d;

*T={y, &} doc 1ap tuyén tinh (y khong ti1é véi ) va |T|=2 =dimW.

5.13/ PINH LY: Cho V, W <R".
a)Néu W <V thi dimW <dimV.Néu W<V thi dimW < dimV.
b) Néu (W <V va dimW =dimV) thi V=W.
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¢) dim(V + W) =dimV + dimW — dim(V N W) nén dim(V + W) <dimV + dimW
d) Suy ra dim(V + W) =dimV + dimW < dim(VNW)=0 < VW= {0}.

Vidu:
a) Xét lai Vi du cta (2.5) muc a), b), ¢) vé cac khong gian giao va khong gian tong.
Thir lai dim(V + W) = dimV + dimW — dim(V " W), tathdy 2=1+1-0
dim(H + K) = dimH + dimK — dim(H " K) , tathdy 3=1+2-0
dim(P + Q) = dimP + dimQ — dim(P N Q),tathdy 3=2+2—1
b) Xét lai Vi du cua (2.6). Do {0} <W <V < R’ nén
dim{0} =0 <dimW =1 <dimV =2 < dimR® =3.
¢) Néu (W <R* va dimW = dim R* =4) thi W=R".

5.14/ HE QUA: Cho S={a,, 0, ..., O} ddc lap tuyén tinh c R" véi m <n.
bat W=<S> thi S lamdtcosdcia W va dimW=|S|=m va W<R".
Ta c6 thé thém (n —m) vector vao S dé dugc mot cosé B cia R" va ScB.
Céach bo sung: Ta s& ldy (n —m) vector tir co so chinh tic B, = { €, €, ..., &x } thém
vao S.
al

bat A= sz € Mnx«(R) va tim ma tran dang bac thang S, cua A. S, ¢d6 (n—m)

aﬂ?

cot khong ban chuan hda dugce 1a cac cot thor 1y, 1p, ey In- (1 £1; <1, < ... <1y < 1)
Tathém {¢ ,¢,,...,¢ }vao S déc6B=S U {¢ ,¢,,..., & } lamotcosécia R"

Vidu: Cho S={a; =(3,1,-2,5), o, = (-2,0,4,—3)} doc 1ap tuyén tinh c R* (m =2 <n=4)

31 -2 5 r 1 2 2 A \ A , 2 .
A=Y= —> Sp= . c6 cOt 3 va4 khong ban chuan hoa dugc
a,) (=2 0 4 =3 02 8 1

bat B=S u{e;=(0,0,1,0),e,=(0,0,0,1) } = { oy, a2, €3, & } thi B 1a mot co sé cua R*

VI. TOA PO CUA VECTOR THEO CO SO CO THU TU:

Trong muc VI nay, ta qui dinh tat ca cc co s (duoc stir dung) déu c6 thir tu.

6.1/ PINH NGHIA: Cho W<R" vda W ¢c6cosd A={ay,ds,..., O}
a) Vo € W, c6 duy nhat c;, ¢y, ...,cn € R théa a=cia+crar+ ... + cpom ().
Muon tim ¢y, c,, ..., Cy, ta phai gidi phuong trinh vector (*) [ theo (5.6) ].

G

r A c \ . \ A ? ?
Taky hiéu [a Ja= :2 va [ o Ja goilatoa do cua vector o theo co so A

m

b)Va,B e W,Vce R, [ca]a=c[a]a va [axPB Ja=[a]az[B]a.
17



Vidu: W=R® cocosd A= {o;=(1,-2,2), ar = (2,-3,6), a3 = (1,1,7) }(co thtr tu).

4 4 -20
a)Xét o e R co [a]a=|-1].Taco [Sala=-5[ala=-5|-1|=] 5 | va
3 3 -15

a =40, —ay +305=4(1,-2,2) — (2,-3,6) + 3(1,1,7) = (5,-2,23).
cl

b) Tim [P ]a néu p=(3,11,35) e R’. Piat [B]a=|c, | thi B=cioy+ c0n+ cs05,
G

nghia la ¢(1,-2,2) + ¢»(2,-3,6) + c3(1,1,7) = (3,11,35). Ma tran hoa phuong trinh trén

Ci C» C3 Ci C C3
1 2 1] 3 r 2 1 3 " 0 -5 -31 I 0 o -6 -6
2 3 1 11|>]0 1 3 17|—>|0 ' 3| 17|>[0 1" 0 2 |=[Bla=]2
2 6 7 35 0 3 8 46 0 0 -1 -5 0 0 I'l 5 5
4 -6 -2 10
C)[OLiB]A:[OL]Ai[B]A: -1} 2 |=]1 hOE_VIC =3 1.
3 5 8 -2
4 —43
[~Bala==3 [ala==V3|-1|=| 3
3 343
6.2/ MA TRAN POI CO SO:

Cho W<R" va W codcaccosd A={ay,dy,....,0n} va B={B1,B2,...., Pu}.
Lapmatrin (A —>B)=([Bils [B2la .. [BmIr) € Mu(R).

Tandi (A — B) 13 ma trdn déi cosé tir A qua B.

[ mdi vector ctia co s& B (di sau) dugc 14y toa d theo co sé A (di trudc) ].

Vidu:
a) Khong gian W cocaccosd A={a;,a, 03} va B={p;,B,,Bs} thoa cac h¢ thirc
Bl =70 — O + \/50(3 . Bz = —20(1 — (1n5)0c3 va B3 = 40(1 + e — (9/7)0(3 .

b4 -2 4
Taco (A—>B)=([Bi]a [B2la [Bs]a)=|-1 0 e |€ M3(R).
Y3 -In5 -9/7

b)R? cbcaccosd A= {a;=(-2,5),a=(1,-3)} va B={B;=(-1,1),Bp>=(6,-17)}
Tacd Py=20; +30, va By=— o, + 40, bang cach giai 2 phuong trinh
C10 + Cr0 = Bl (éll’l la Ci va Cz) va letl + dzOLz = Bz (éll’l la d1 va dz) co Vé trai nhu
nhau trong mot bang :
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Ci C C1 C2
-2 1| -1 6 -1 -1 -5 ' o0

- - .
5 31 1| -17 0 2| 6| 8 0 1
d1 dz dl d2

nen (A= B)=([Bih [F10)=[] )] M)

(of ol rﬁ;)=[

2l -1
3l 4

6.3/ TINH CHAT: Cho W <R" v6i dimW=m va W c6 cac cosd A, B, C. Khi d6
a) (A — B) la ma tran vudng cap m khd nghich va (A — B)'=(B > A).
b) (A > A)=1,.
c)(A—>C)=(A—>B).(B—- ().

Vidu:
a) Cho khong gian W c¢6cosd A={ o, a, 03} va dimW =|A |=3.Hién nhién
o = 1.0(1 + 0.0(2 + 0.0(3 , O = 0.0(1 + 1.0(2 + 0.0(3 va o3 = 0.0(1 + 0.0(2 + 1.0(3
I 00
nén (A—>A)=([ou]a [or]a [as]a)=]0 1 0|=1I € M;R).
0 0 1

b) Cho khong gian V c6 caccosd A, B,C va (A—>B)= G _ﬂ, (B —C)= (—23 Zj

Ta ¢6 (B—)A)=(A—>B)_1=[7 ‘2j :[‘1 2j va
4 -1 4 7

(A—>C)=(A—B).(B—C)= G jj (‘23 Zj: [ji fjj

6.4/ CONG THUC POI TOA PO THEO CO SO:
Cho W<R" c6ciaccosd A va B.
Khi d6 ta c6 cong thuc doi toa dé theo co sé
VaoeW,[a]Jra = (A—>B)[a]s

Vidu: Khong gian W cocaccoséd A={a,B} va B={y,d} thoa

(-5 2 B (-5 2) (-3 2
(A—)B)—(_7 3} va (B—>A)=(A—B) —[_7 3} —(_7 Sj.

Cho £.0 e W théa [¢]s = [ﬂ va [9]A=C’8J.Tinh [e]s va [0 5.

-7 3){5 57
(nghiala e=—-6y+58 = €=40a0+57p)

Taco [&]a= (A —> B)[els = (_5 2} (_ﬂ - (40J
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Taco [O0]g=(B —>A).[0]a= (j zj (j’gj - (:ﬁ?}

(nghiala =30 -8B = 6= —-25y-619)

6.5/ MA TRAN DOI CO SO TRONG KHONG GIAN R":
a) R" ¢6 co so chinh tic B, = { &, =(1,0, ..., 0), &2 =(0,1, ..., 0), ..., £,= (0,0, ..., 1) }.

al
VaeR", a=(a;ay,..,a,) < oa=ag +ag +..+ag, < [a], = af =o',
an
7
Chang han a=(7,—v2,e,-n) € R* ¢4 [a], = 2| _ o' .
e
—7T

b) Gia st R" ¢c6caccosd A={ay,0,...,0,} vda B={B,B2,...,Bn}.
Ta mudn viét L = (A — B).

Céch 1: (tim gian tiép thong qua co s& chinh tic B,)
Viét H=(B, - A) = ([a], @], - [a,],) = (of @} ... @) € My(R).
K=(Bo— B)=(I[81, (815 [Bs) = (B B ... B,) € Mu(R).
Tacé L=(A > B)=(A > B,)B, >B)=H'K.Odaytatim L dwavao H".

Céch 2: (tim tryc tiép theo dinh nghia)

Taco L=(A—>B)=([Pi]a [B2]a .- [PBnla). Mudn tim toa do cta cac vector
B, P2,..., Bn theo cosd A, taphai gidi n hé phuong trinh tuyén tinh, mdi hé c6 n
phuong trinh va n 4n sd. Cac hé nay cing ¢6 vé trai 13 (of o ... a')=H va céc vé
phai ctia chung 1an luot 1a cac cot B/, B, ..., B'. Do d6 ta co thé giai dong thoi n hé
B B
duoc viét thanh dang ma tran 1a (H | K) va khi giai xong bang phuong phap Gauss —
Jordan, ta thu duoc (I, |[H'K). Taco L=(A > B)=H 'K.Odaytatim L=H 'K
ma khong can phai tim riéng H™'.

t
n

trén trong cung mot bang la (al’ a, .. «a

- ﬁ,;), nghia 13 n hé trén

Vidu: W=R? cocaccosd A={a=(=3,46), 0 =(0,1,1), as=(2,-3,-4) },
B={B1=0349),B,=2,1,2), 35=(-7,1,4) } va co s& chinh tac Bo=1{¢, €85}
a) Viét L= (A — B).

Céch 1:
-3 0 2 1 -2 2
H=B, > A)=(al o a')=|4 1 3| c6oH' =|2 0 1| theoso ddsau
6 1 -4 2 33
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30 2] 10 0 " 1 -1 1 1 0 o -1 -1 1 -1
H|L)=|4 1 -3 01 0[—=/0 -3 1| -4 3 0[=>[01 0/ 2 0 1]|>
6 1 —4 0 0 1 0 -5 2| -6 -6 1 00 2| 4 =6 6
' 0 o 1 =2 2
>0 1" 0ol 2 0 1|=(L|H™
0 0 I'l 2 33
3 2 -7 13 4 -1
K=B,—>B)=( g p)=|41 1| vaL=H'K=|15 6 -10].
9 2 4 21 7 -5

Cach 2:
-3 0 2| 3 2| -7

ﬁ;): 4 1 -3 4 1 1 |- (L|H'K) nhu sau:
6 1 -4 9 2| 4

H[K) =(af o o

B

Bi

-3 0 2| 3 2 -7 r 1 -1 7] 3| -6 I o -1 -8 -3 4
—| 4 1 -3 4 1| 1|=>]0 -3 1| 24 -11| 25 |=>(0 1" 0| 15 6| -10|—
6 1 —4 9 2 4 0 1 0| 15 6| -10 0 0 1| 21 7| -5
' o0 of 13 4 -1 13 4 -1
—>|0 1" o] 15| 6 -10].Vay L=H'K=|15 6 -10].
0o o0 17 211 71 -5 21 7 -5

2
b)Tim o e R? néu [a]a=| 1 |. Taco
-5

o=2a;+a, —S50;=2(-3,4,6)+(0,1,1)—-5(2,-3,—4) =(-16,24,33).
¢) Tim [P ]a néu p=(4,-3,-2) e R’.
cl
Céch 1: dung dinh nghia cua toa dd. Bat [ Ja=|c¢, | thi B=cioq+ cran+ c3a3 .

G

p)=(H|B) - (I; [H'B'):

Ma tran héa phuong trinh vector trén, ta co (al’ a, a

Ci C C3 € C C3
-3 0 2| 4 r 1 -1 1 10 -1 -5 10 0] 6 6
4 1 3| 3|>|0 =3 1| =7|=]0 1" 0of 6|0 1" 0ol 6| =[Bla=|6
6 1 —4 -2 0 1 0] 6 0 0 1| 11 0 0 I'| 11 11
Cach 2: dung cong thirc d6i toa do theo co so.

4 1 =2 2\(4 6
Tacod [1,=PB'=|-3| va [Bla=(A>By) [B,=H B =|2 0 1]|-3|=|6

-2 2 -3 3)(=2 11
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6
d)Xét ye R co [yIg=|0 |. Tinh [ ]a.
-1
13 4 -1 6 79
Taco [YIa=(A—>B)[yls=L[yls=|15 6 -10|| 0 |=]100|.
21 7 =5 )\-1 131
(nghia la Y :6B1 —B3 = v = 79OL1+ 1000L2+ 1310(3)

6.6/ MA TRAN DOI CO SO TRONG KHONG GIAN W <R"
Cho W <R" (nghiala W<R" va dimW=m<n). Tacd B,={ &, €, .., &} ¢ W.
Gidst W cocaccosd A={oy,0,...,0m} va B={B1,B2,..., Pm}-
Taco L=(A—>B)=([PB1]a [B2]a ... [Pmla)-Mubntim [B;]s (1<j<m),ta
phai gidi m h¢ phuong trinh tuyén tinh, mdi hé co n phuong trinh vd m an sb. Cac
hé nay cung c6 vé trai 1a (o o ... @' ) va céc vé phai cua chung l1an luot 13 cac cot

B, B, ... B..Do d6 ta co thé giai ddng thoi m hé trén trong cling mot bang 1a
(f @b .o B B -] B)

Khi giai xong hé trén bang phuong phap Gauss - Jordan, ta x6a bo (n — m) dong
tam thudng o phia dudi va thu duge L= (A — B) & cac vé bén phai.

Vidu: Cho W<R* nhan A= { o, =(-1,1,5,0), o, = (2,-5,—4,1), a3 = (-3,0,-2,4) } va
B={B=(1,7,16,-5),B,=(11,-17,3,-4), B3 =(-19,13,15,14) } 1a cac co s0.
Tacd dimW =|A |=3<dimR* =4 nén W<R* vaB,={¢, &, 63,64} ¢ W.
Dod6 L=(A—B)=([PB1]a [B2]a[Bs]a). Détim [Bi]a, [B2]a va [Bs]a,

ta giai dong thoi 3 hé (¢ o) i /| pi| Bi)(mdih¢ 3 phuong trinh, 4 an so):
-1 2 =3 -1} 11| -19 I -2 3 I —-11 19
1 -5 0| 7| -17] 13 0o -3 -3 6| -6/ -6
— —
5 -4 2| 16/ 3 15 0o 6 17| 11} 58| —-80
I 4| =5 4| 14 0 1 4| -5 4| 14
r o 5| =31 -7 23 I o 2| 3| 3
o' 1| =2 2| 2 0o 1" o -1 4| -2
— — .
0 0 =23 23] 46| -92 0o 0 I'| -1 -2 4
0 0 3| -3 -6/ 12 0 0 0 Of 0| O

Xo6a dong cudi tam thuong, tu cac cot & vé bén phai ta co

2 3 3
L=(A->B)=([Bi1]a[B2]alBs]la)=|-1 4 2.
-1 -2 4
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6.7/ NHAN DIEN MOT CO SO DUA THEO MOT CO SO KHAC:
Cho W<R" ¢c6cosd A={o;,d,..., 0y} (dimW =m).
Xét tap hop B={ B, P2,...., Pm} = R" ¢c6 |B|=m.

B, o
a) Néu c6 ma tran kha nghich P € M,(R) thoa ’3:2 =P thi B cling 1a mdt co

ﬁﬂ? aﬂ?

sd cia W.Lacdo (A— B)=P'.
@ By
b) Néu c6 ma tran kha nghich P € M,(R) thoa sz =P ’3:2 thi B cling la mot co
aﬂ? ﬁﬂ?

sd cia W.Laucdo (B— A)=P'.

Vidu: Cho W <R?® ¢6 co sd A={oy, 0,03} (dimW =3).
Gia str co cac tap hop B={ B1,B2,P3} va C={7y,,72, 73} trong R’ thoa
Bl:20L1+3OL2+30L3,B2:—0L1+40L2—20L3 va B3:—OL1—2OL2+4OL3
OL1:2Y1+3Y2+3’Y3,0L2:—Y1+4Y2—2Y3 va OL3:—’Y1—2’Y2+4Y3

Nhu vay

B 2 3 3)\(q a, 2 3 3)\(y 2 3 3
B |1=|-1 4 2|la,| va |a,|=|-1 4 =2||y,|Vv6i P=|-1 4 2.
B) -1 =2 4 )|a, a, ) -1 2 4 )|y, -1 2 4

2 3 3] o 11 -1
Taco |[P|=|-1 4 -2/=|1 4 -2/=

‘11 —1‘
-1 2 4 0 -6 6

6l = 60 %0 nén P kha nghich.

Doddé B va C déulacaccosocua W voi

2 -1 -1
(A>B)=(C—>A) =P =(3 4 =2
3 2 4

23



