§1. Hé phwong trinh tong quat
8§2. Hé phuwong trinh thuan nhat

§1. HE PHUONG
1.1. Dinh nghia

TRINH TONG QUAT

Hé gom n an z. (¢ =12,...,n) va m phuong trinh:

Ay, Ly T Aoy dy

&115131 uE &125132 T coc

kamlxl -+ a T, T ...

U CLanE’n — bl
T—a, I =
2n n 2 ([)
- ta x =0

trong do, hé so a,,b €

R(Gi=1..n j=1..,m),

duoc goi 1a hé phwong trinh tuyén tinh tong quat.
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&11 CLln
bat: A= = a. ,
Y mxn
\a'ml a’m'n,)
T . T
B=1b .. b vaX= 2z .. x
m 1 n

lan luwot 1a ma tran hé sO, ma tran cot hé so tu do va
ma tran cot an.

Khi d6, hé (I) tré thanh [AX = B

, T
*Bosoa= «, .. a hoaca= «;..;«

n n

duoc goi 1a nghiém cta (1) néu Aa = B.
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VD 1. Cho hé phuong trinh:

xl—x2—|—2x3+4x4 =4
<2xl—|—x2—|—4x3 = —3
2:1;2—7w3:5.

Hé phuong trinh dugc viét lai dudi dang ma tran:
()

( \ $1 ( \
1 -1 2 4 4
X
1 4 0|l °|=|-3
xz
0o 2 -7 0} ° 5)
\ ) x4 \ )

\ )

va a = (1;—1;—1; 1) 1a 1 nghiém cuta hé.
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1.2. Pinh ly Crocneker — Capelli
Cho hé phuong trinh tuyén tinh AX = B. Goi ma tran
( )

a'll CL12 o a'ln bl

mo rong A A= A‘B =

a a ... a |b

\ ml m2 mn m)

Pinh Iy )
Hé AX = B c6 nghiém khi va chi khi|r(A) = r(A).

Trong truong hop hé AX = B c6 nghiém thi:

= Néu r(A) = n : két luan hé cé nghiém duy nhat;

= Néu r(A) < n : két luan hé cé vé so nghiém
phu thudc vao n — r tham so.




VD 2. Tuy theo diéu kién tham s6 m, hiy bién luan so
nghi€ém cua h¢ phuong trinh:

r+my—3z=20
1-m)z=m—1.

Giai. Hé di cho c6 3 an, ta co:

A

S Mo — | a

A= | A= : .
0 0 l-m 0 0 1-m*m—1
\

<

/

e Néu m =1thi r(4)=r(4)=1<3.

Ta suy ra hé co vo s6 nghiém phu thudc 2 tham so.




e Neum=—1thir(4) =1<2=r(A)

Ta suy ra h¢ vo nghiém.

e Néu m = +1 thi T(A) — T(A) — 2 < 3.

Ta suy ra hé ¢6 vo s6 nghiém phu thudc 1 tham so.




VD 3. bicu kién ctia tham so m dé hé phuong trinh:

max +8z—Tt=m—1
3r +my + 22+ 4t =m
mz + 5t =m” —1
Sz —mt = 2m + 2

cO ngﬁiém duy nhat 1a:
A.m=0;

B.m=1, C.m==+1. D.m = £5.




Giai. Hé c6 4 an va ma tran hé sb 1a:
‘m 0 8 —7
3 m 2 4

H:
b —m

\ /

)

A=

Hé c6 nghiém duy nhat < r(A) = 4

m Oflm 5

& detA =0« = ()
3 m||lb —m

S mi(m” +25)= 0 m=0= A.




1.3. Phwong phap giai hé phuwong trinh tong quat
a) Phwong phap ma tran (tham khao)
Cho hé phuong trinh tuyén tinh AX = B, vo1 A la
ma tran vuong cap n kha nghich.
Ta co:

AX=B< X=A"'B.

VD 4. Giai hé phuong trinh tuyén tinh sau bang

phuong phap ma tran:
20 +y—z2=1
1 yY+3z=3

20 +y+2=—1.




% \ % \
2 1 —1 —1 -1 2
Giai. A=|10 1 3 |=A4" :% 3 2 =3
2 1 1 \—1 0 1 )
Heé phu:()’ng trlnh & X A'B
z 1 1 -1 2(1) (z) (-3
& |y 25 3 2 =33 |&|y|l=]|6
2z —1 0 1 [[—1 Z —1
n \ A S B
T = —3,

Vay h¢ da cho ¢6 nghiem {y = 6,




b) Phwong phap dinh thic (2¢ Cramer)

Cho hé¢ AX = B, voi A la ma tran vudng cap n.

e Buoc 1. Tinh cac dinh thuec:

all

A =detA=]...

(thay coOt thtr 5 trong A boi ¢ot tu do).
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e Bude 2. Két luan:
= Néu A = 0 thi hé c6 nghiém duy nhat:
A —

J

ij:K,\V/jzl, TL.

= Néu A = 0 thi chua c6 két luan. Khi d6, ta giai tim
tham s6 va thay vao hé dé giai truc ti€p.

Chuy f(m—7)$—|—12y—6z:m

Khi m =1thi h¢ {—10x + (m +19)y — 10z = 2m
—122+24y +(m—13)z2 =0

c0 A=A =A =A, =0 nhung hé¢ v6 nghiém.




VD 5. Giai hé phuong trinh sau bang dinh thtc:
2wty —z=1

y+3z2=3
20 +y+ 2= —1.

Giai. Ta co:

1 —1
A = 1 3
1







VD 6. H¢ phuong trinh -

—

(m+1Dr+y=m-+2
r+(m+1)y=0

¢6 nghiém khi va chi khi:
A . m=-2; B.m=-2Am=0;
C.m=0; D. m = —2.
m + 1 1

Giai. Taco: A =

1

m + 1

= m(m + 2)

= A=0&m=-2Vm=0.




-m:—Q:Hé(:)x—y:O:>hécévésénghiém.

= hé vO nghiém.

Vay voi m = 0 thi hé c6 nghiém = C'.
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¢) Phuwong phap ma tran bac thang
(phwong phap Gauss)

Xét hé phuong trinh tuyén tinh AX = B.
* Buwoc 1. Pua ma tran mo rong A‘ B vé dang bac
thang bo1 PBDSC trén dong.
e Buoc 2. Giai nguoc tir dong cudi cung Ién trén.

Chu Y. Trong qua trinh thuc hién budc 1, néu:

" ¢O 2 dong ti 1€ thi x6a di1 1 dong;

= ¢6 dong nao bang 0 thi x6a dong do;

" ¢6 1 dong dang 0...0|b , b = 0 thi hé v6 nghiém.
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VD /. Giai hé sau bang phuong phap Gauss:

20 +y—z2=1
: y+3z2=3
Giai. Ta co: 20+ y+ 2= —1.
2 1 —1 1 2 1 11
AB =0 1 3|3 |—=%% 0 1 3|3
2 1 1]|-—1 0O 0 2(-2
\ J \ J
20 Ly — 2 = rx:—B

H¢ < - y+32=3 S jy=06
22 = —2 z=—1




VD 8. Giai hé phuong trinh tuyén tinh:

dx, — 2, —|—5$3—3x4 = 3
<4xl—|—$2—|—3x3—2:1;4 =3\
2x1+7x2 — = —1.

(

o —2 o5 -3
Gidi. Taco: AB =4 1 3
[




d,—5d,—4d,
d,—5d,—2d,

Vay h€ phuong trinh vo nghi€ém.




x+ 4y + 5z = —1
VD 9. Tim nghiém cua h¢ {2z 4+ 7Ty — 11z = 2

dr +1ly —62 =1

A z—=15y—=—42—=0: B.Hécovo sdnghiém:
z=15— 79 7 =15+ T9a

y = —4 —2la; D. iy =—4—-2l«.

A
A

C.

z=a €€ R z=a € R




( (

I 4 5 1 4 5
Giai. Taco: (2 7 -—11 0 —1 21
3 11 —6|1 0 —1 21
\

\

2 =15 + 79a
Sy =—4-2la=D.
z=oa € R

rx+4y—|—5z:—1

—y —21z=14




. r3x—y—|—2,z:3
VD 10. Tim nghi€ém cua h¢ - .
20 +y—22=717
rx:2 rx:2
A Jy=7-—2q; B. iy = 3+ 2«
z=a €€ R z=a€cR

C. H¢ c6 v0 s0 nghi€ém; D. H¢ vo nghiém.

Giai. Ta co: N




r:z;:2
1y =3+2a = b.
z=a R




VD 11. Gia tr1 cua tl

tuyén tinh -

nam
T +
21 -

s0 m dé hé phuong trinh

20 + (7 —m)z =2
-4y — o5z =1
-0y +mz =3

37

¢ vo so nghiém 1a:
A . m==11. Bm=1, CCm=-7 D.m=7.

(
1
Gidi. Taco: A|B =2
3

\

)

2 7 —m|2
4 =5
6

m |3




1 2 7-m 12 7—-m
0O 0 2m—19 0O 0 2m—19

0O 0 4m —21 KO 0 2m —2
\

Hé c6 vo s6 nghiém < r(A) =r(4) <3 < m=1.




Chay

e Khi hé phuong trinh tuyén tinh co vo S0 nghiém, ta

go1 ng

hiém phu thudc tham so 14 nghiém tong quat.

Néu ¢

o cac tham sO bdi cac g1 tr1 cu thé ta duoc

nghiém rieng hay con goi1 1a nghiém co ban.

» Muon tim diéu kién tham so dé 2 hé phuong trinh co6
nghiém chung, ta ghep chung thanh 1 he ro1 tim diéu
kién tham s6 dé hé chung d6 c6 nghi¢m.
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VD 12. Tim diéu kién cta tham s6 m dé 2 hé phuong
trinh sau c6 nghiém chung:

7+ y—z+t=2m+1 |22+0y — 2242t = 2m+1

<

T+7y — 5z —t=—m |3z+T7y —32+3t =1

Giai. Hai h¢ c6 nghiém chung khi va chi khi hé:

—

x_

-y —z+1t=2m +1

a;‘_
2T

3T

-(y—9z2—1t=—m |
cO ngiem.
+dy —22+2t=2m +1

+Ty—3z+3t=1




—2[—3m —1

—4

Ne
-




)

2m +1
—3m —1
—m —1
—10m—2)

1

=T A‘B :T(A)(:)—lOm—Qz()(:)m:—g.

. 1
Vay 2 h¢ da cho ¢6 nghiém chung < m = — =




§2. HE PHUONG TRINH THUAN NHAT

2.1. Dinh nghia
Hé phuong trinh tuyén tinh

thuan nhat 13 truong hop

dic biét cua hé phuong trinh tong quat, c6 dang:

a.r, +a.,T, -+ ...

~a.x =0
In n

a, T, + a,T, —+ ...




Chuy
* Do r(A) = r(A) nén hé thuan nhat luén c6 nghiém.

* Nghiém (0; 0;...; 0) duoc goi 12 nghiém tam thuwong.

2.2. Dinh 1y 1
Heé (IT) chi c6 nghiém tam thudng khi va chi khi:

ldet A = 0.




VD 1. Tim diéu kién tham so m dé hé phuong trinh
tuyén tinh thuan nhat sau chi c6 nghi€ém tam thuong:

1 (m+2)y -

32+ m2y + (m —5)z =0

dy + (m +2)z = 0.

Giai. Hé chi c6 nghiém tam thuong < det A = 0

3 m’
<10 m+2
0 4

m— 9
1
m + 2

= 0







2.3. Dinh Iy 2

Xét hé phuong trinh tuyén tinh tong quat AX = B (1)
va hé phuong trinh thuan nhat AX = O (ll).
Khi do: ,

 Hi€u 2 nghiém bat ky cua (1) 1a 1 nghi€ém cua (l1);

» Tong 1 nghiém bat ky cua (1) va 1 nghiém bat ky cua
(11 la 1 nghiém cua (I).
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VD 2. Cho 2 he phuong trinh tuyén tinh:

x—|—4y—|—5z——1 w—|—4y—|—5z:()
2 +T7y—11z=2 () vai2z + 7y —11z = 0 (II).
Sx——lly 6z =1 3$——11y 6z =0

X4t 2 nghiém cua (1) va 1 ngh1em cua (11) 1an luot 1a;
o, = (15;—4; 0), o, = (—64; 17;—1)

va 8 = (—158; 42;—2), ta co:
* o, —a, = (79;—21; 1) 1a 1 nghiém cta (11);

* a + B = (—143; 38;—2) la 1 nghiém cua (I).




