» Chudng 4. Anh xa tuyén tinh

§1. ANH XA TUYEN TINH
1.1. Khai niém anh xa tuyén tinh tong quat
a) Pinh nghia

Cho X, Y la2kgvt tren R. Anhxa T : X — Y dugce

go1 la anh xa tuyen tinh (hay toan tir tuyén tinh) néu
thoa man 2 diéu kién sau:

1) T(ax) =aT(z), Vx € X, Va € R;
) T(x+y) =T(x)+T(y), Vr,y € X.
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= Chay
» P6i v&i anh xa tuyén tinh gvié’t tat 1a AXTT),
ky hiéu T'(z) con duogc vict la Tz,

» Hai diéu kién ctia dinh nghia twong duong véi:
T(x+ay) =Tz + Ty, Va,y € X, Va € R.

- T(0,)=0.. Trong d6 0., 6. lan lugt la vector khdng

cua X vavY.
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VD 1. Cho 4anh xa T : R’ — R* duoc dinh nghia:
T(x; z,; x,)= (v, —x, +z,; 2z, + 3x,).

Trong R®, xét x = (z; 2,5 2,), Y = (¥,; U,; ¥,)-

Véi a € R tuyy, ta co:
T(x+ay)=T(z, +ay; z, +ay,; v, +ay,)
= (z, + oy, —x, — oy, +x, +ay.;
2z, + 20y, + 3, + 3ay,)
=(z, —z, +z,; 25, + 3z,)
+aly, — ¥y, + v, 2y, +3y,) = Tz + aTy.
Vay anh xa 7' 13 anh xa tuyén tinh tir R® vao R”.
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VD 2. Cho 4nh xa f : R® — R” xac dinh nhu sau:

flz; y) = (x —y; 2+ 3y).
Xeét u = (1; 2), v =(0;—1) ta co:

—

[futv)=f1;1)=(1~12+3.1)=(0;5)
flu)+ f(v) = (=1 8) +(1,—1) = (0; 7)

.

= flu+wv) = f(u) + f(v).

Vay anh xa f khong phai 1a AXTT t R* vao R”.
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VD 3. Cac AXTT thuong gip trong mit phang:

» Phép chiéu vudng goc xuong truc Oz, Oy:
T(z; y) = (x; 0), T(x; y) = (0; y).
» Phép d6i xing qua truc Oz, Oy:
T(z; y) = (#5—y), T(x; y) = (=3 y).
» Phép quay 1 goc ¢ quanh goc toa do O:

T(x; y) = (xcosp — ysiny; xsing + ycos ).
ty
asin @ + b cos

a cos Y — bsin @
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b) Nhan va anh ciia anh xa tuyén tinh
* Dinh nghia
Cho anh xa tuyén tinh 7 : X — Y.
*Tap iz € X : Tx = 0} duoc goilanhan cua T'.
Ky hi¢u la Kerl'.

Viy KerT ={z € X :Tx =0, }.

* Tap T(X) ={Tx: x € X} duoc goi ladnh cua T'.
Ky hi¢u la Range’l’ hoac ImT'.

Vay ImT ={Tx : z € X}.
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= Tinh chat
Cho anh xa tuyén tinh 7 : X — Y, khi d6:
* Kerl' la khong gian con cua X;

 Im 7' la khong gian con cua Y';

« Néu S la tap sinh cua X thi 7(S) 1a tap sinh cia Im T';

+ T 1a don 4nh khi va chi khi KerT = {6_}.

= Pinh ly
Cho anh xa tuyén tinh 7 : X — Y, khi do:
dim(KerT)+ dim(Im7) = dim X.
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> Chuy

e Khi n=m, ta goi f:R" — R" |a phép bién doi
tuyén tinh (vict tat la PBDTT).
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1.2. Ma trén ciia anh xa tuyén tinh
a) Dinh nghia
Cho anh xa tuyén tinh f: R" — R™ va hai co so cla
R", R™ lan luot 1a:
B = {u,u,,...,u } va B, = {v,,v

17 2’

Matrén A€ M (R): [f(“1)]

duoc goi la ma trgn cua AXTT f trong cap coso B, B,.

Ky hiéu la: [f].” hodc viét don gian 1a A.

1
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Cu thé 13, néu:
fw)=av +a,v, +av,+...+a v

21 2 313

f(u2) : a12v1 —I_ &227]2 —I_ a’32/U3 _I_ _|_ a’m2rUm

;f(un) — a’lnvl T aQnUQ T &Snv?) T a/mnvm

( )
a .. @

all 12 1n
a, G, .. G
a31

a32 oo A
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" Truong hop dac biét

Cho PBDTT f:R" — R"vacosé B ={u,,...,u }.
fw,)] | fw)]

B B
duoc goi la ma tran cia PBDTT | trong co so B.

Ma tran vuong A cép n: [f(ul)}

B

Ky hiéu 1a: [f], hodc [f] hodc viet don gian 1a A.

Chay
Néu A 1a ma tran cia AXTT f: R" — R™ trong cip
co s¢ chinh tac £ , E_thi f(z) = Az, z € R".
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VD 6. Cho AXTT f:R* — R’ x4c dinh nhu sau:
flr;y;2,0) =Br+y —2; x —2y+t; y+ 32 —2t).
Tim ma trgn A = [f]*? Kiém tra f(v) = Av, v € R*?
Gidi. Ta CO: 4
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» Sinh vién tu kiém tra f(v) = Av, v € R".
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VD 7. Cho AXTT f:R* — R’ x4c dinh nhu sau:
f(z; y) = (3z; z — 2y;—5y).

Tim ma tran [ f ]? ?

R
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VD 8. Cho PBDTT f: R’ — R’ x4c dinh nhu sau:
flz; y; 2) = Bz +y — 25 © — 2y; y + 32).

Tim ma tran | f]
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VD 9. Cho PBPTT f: R* — R’ ¢ biéu thuc:
f(z; y) = 2z —y; 3y).
Hay tim ma trdn ctia f trong cip co sé chinh tic £ va
cosé B={u, =(1;2), u, = (=1 3)} ?
Giai. Ta co:
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A=
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VD 10. Cho PBDTT f: R* — R ¢c6 ma tran cua f
doi véicosé F ={u = (1;0), u, = (1; 1)} 12

(1 2\

3 4
\ )

. Hay tim biéu thurc cta f ?

Giai. Goi biéu thirc cua f 1a:
f(z; y) = (az + by; cx + dy).

(; 0) = (a; ¢),
1) =(a+0b; c+d).
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| [f(u,)], = Aneén:

-

(a; ¢) = 1(1; 0) + 3(1; 1)
<(a—|—b; c+d)=2(1;0)+4(1 1)

-

—~a=4b=2c=3d=1.

Vay f(z; y) = (42 +2y; 3z +y).
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VD 11. Cho PBDPTT f: R* — R”. Biét rang:
f(1;2) = (=4 3) va f(3; 4) = (—6; 7). Hay tim [f] 2
Giai. Goi biéu thuc cua f 1a:
f(z; y) = (az + by; cx + dy).

~

f(L;2) = (a+ 2b; c + 2d)
f(3; 4) = (3a + 4b; 3c + 4d)

“

(a+2b: ¢ +2d) = (—4; 3)
(3a + 4b; 3¢ + 4d) = (—6; 7)

Ta co: -

s

“
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VD 12. Cho AXTT f: R* — R*c6 [f] " =

Ey

B, ..z . . 7
Tim ma tran [ f ]BQ . biét hai co s6:
1

B ={u, =1;1), u, =(12)} va
B, = {vl = (1; 0; 1),1)2 = (1; 1; 1),2)3 =(1; 0; 0) }.

)
Gidi. bat A = [f]; ta co:

()

1
1

\ /
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b) Pinh ly
Néu AXTT f:R" > R" c6 |f|'

vaiP =P P =P thi:

- / /
B, — DB, ’ B, — DB,

A =(P')" AP

» Pac biét
Néu PBDTT f:R" — R" ¢6 [f]
va P =P, _ thi:

B —B, )

B =P "' AP|
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VD 13. Cho PBDTT f(z; y) = (z + y; x —2y).

Tim [f],, véicosé B ={(2;1), (1;—1)}?
Giai. Ta co:

Suy ra:
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VD 14. Cho PBDTT f: R* — RR® ¢6 biéu thic:
fle; y; 2)=(x4+y+z,x2—y+2z,x4+y—2).
Tim [f],, voi F ={(% 1 0), (1; 0; 1), (=1 0; 1)} ?

( )

I 1

Giai. Ta co:
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VD 15. Cho AXTT f: R?* — R? ¢6 biéu thic:
flx; 4 2) = (@ +y—22—y +2).
Tim ma tran cua f trong cap co so:
B={(110),(0;1;1), (1 0; 1)}
va B'={(21), (5 D} ?

Giai. Ta co: [f]> =
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¢) Thuat toan tim ma tran cua AXTT

Cho AXTT f:R" — R™ va hai co s lan luot 1a:
B ={u, u,..., u }va B =1{v, v,,..., v }.

 Buwoc 1. Tim cac ma tran:

S = [Ul]Em [UQ]Emm[Um]E

m

(ma tran cOt cac vector cua BQ),

F)], [F0)], - Lfw)],

* Budc 2. Dung PBDSC dong dua ma tran S ‘ Q
vé dang I‘ [f]g2 .
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VD 16. Cho PBDTT f(z; y) = (z + vy; x — 2y).

Dung thuat toan tim [f] , v6i B ={(2; 1), (1,—1)} ?

Gidi. Taco: B = B, = BVa S =

1

(A

0
3

N/
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VD 17. Cho AXTT f: R?* — R? ¢6 biéu thic:
floyy,2)=(+y—22—y+2)

Dung thuat toan tim ma tran cua f trong cap co so:
B={(110),(0;11), (10 1)}

va B'={(21), (5 D} ?

Giai. Ta cO:
f(1; 15 0) = < 0
f(0; 1;1) =
(15 05 1)
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VD 18. Cho AXTT f(z; y)=(x +vy; y — x; x) va

cdp coso: A={(1; 0; 0), (1; 1; 0), (1; ; 1)},
B ={(1;—2), (3; 4)}. Dung thut toan, tim [f], ?

Giai. Taco: S =
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d) Hang ciia anh xa tuyén tinh

* Dinh nghia
Hang cia AXTT f:R" — R"™ |4 s6 chiéu cua
khong gian anh cua no.

Nghia la:

r(f) = dim(Im f).

* Pinh ly ‘
Hang cua AXTT bang hang ma tran cua no.
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VD 19. Cho PBDTT f: R° — R’ ¢6 ma trin trong
(
1 2

cosO F'la A=

VD 20. Cho AXTT f: R’ — R* ¢6 ma tran trong cip
( A
1 1 0

cosé B, B 1a[f]®




