TOAN TO HQP GV LE VAN HQP
CHUONG III
BAI TOAN VE PUONG VA CHU TRINH TRONG PO THI

Trong chuong nay, tir “doé thi > s& duoc hiéu chung 13 “ dé thi vé hwéng hay cé huéng .
Néu chi mudn néi riéng cho “ dé thi vé hwéng > hoic “ do thi c6 hwéng * thi ta s& noi rd.

I. BAI TOAN TiM DUONG PI NGAN NHAT CHO PO THI LIEN THONG:

1.1/ PO THI CO TRONG SO: Cho G =(V, E).

a) Gia sir moi canh cia G dugc gan voi mot sb thuc va ta goi s6 thuc nay la trong 56
ctia canh tuong Gmg da dugc gan. Luc ndy tandi G 1a mét do thi ¢6 trong so.

b) Khi G 1a mot db thi ¢é trong sé, ta goi tong trong sd cua tat ca cac canh trong
G la trong s6 cua G. Tuong tu, trong s6 cuia mot do thi con trong G la té)ng trong
sb cua tit ca cac canh ma do thi con d6 di qua.

c)Néu H<G va ¢ € E, taky hiéu w(H), w(G) va w(e) lan luot 1a trong sb ctua H,
G va e.

d) Néu H 1a mot dudng ( hay chu trinh, mach ) thi w(H) goi 1a @6 dai cua H.
Néu H 1a mot chu trinh (mach ) ¢c6 w(H) <0 thi H duoc goi 1a mdt mach dm.

Vi du: Xét cac d6 thi G (vo hudng ) va K ( c6 huéng ) co trong sd nhu sau:

w(G)=-5+2-9-2-6+0+3+1+7+4+8=3,w(aa)=-5 va w(ae)=0.

wEK)=—9+2+1-2+5-3-8+4+0+8-7+6=-3,w(ed)=5 va w(fa)=-8.



G c6 duong don (P): abechd vo1 w(P)=2+3+4-9+1=1.
K ¢6 mach so cdp am (C): abedefa v6i w(C)=—-9 +8+5+1-7-8=-10<0.

1.2/ PINH NGHIA: Cho G = (V, E) 1a mét dé thi lién théng cé trong sé.

Trong s6 cua mdi canh xem nhu 13 ¢ d6 dai *° cha canh d6. Xét u,v e V (u=#v).
a) Néu co wv < E, dit d(u, v) = d6 dai ngan nhat ctia canh @ ( ¢ thé c6 mot hay
nhiéu canh song song di tir u dén v).
Néu khong c6 canhndi u va v thi d(u, v) = .
b) Néu c6 dudng trong G ndi u véi v, dat d*(u, v) = do dai cua dudng ngan nhét
trong G néi u voi v ( néu dudng ngan nhat nay ton tai ).
Néu khong c6 dudng ngin nhit trong G ndi u véi v thi d*(u, v) = .
¢)Néucod v € E thi d*(u, v) < d(u, v).

Vi du: Xét cac d6 thi lién thong ¢ trong s6 G va H nhu sau:

be
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a) Trong G: d(a,b)=2 (canh ab c6 dd dai 2 ), d(a, ¢) = » ( khong c6 canh ac ),
d*(a, ¢) =4 ( duong ngan nhatndi a véi ¢ 13 aec co do dai 4),
d*(b, ¢) =3 ( dudng ngan nhat ndéi b voi ¢ 13 buc c6dd dai 3 vi d(u,c)=2).
b) Trong H: d(b,a)=-9 (canh ba c6 d0 dai —9), d(a, b) = « (khong c6 canh ab ),
d(b, f)=8 (canh bf c6do dai 8)nhung d(f,b)=—4 (canh 7b ¢6 do dai —4),
d*(f, u) = — 1 ( duong ngdn nhatndi f voi u 1a fhew c6dd dai — 1),

d*(u, ¢) = o ( khong c¢6 duong ndi u véi ¢ ) nhung d*(c,u) =d(c,u) = w(cu) = 1.



1.3/ MENH DE: Cho G =(V, E) 1a mét do thi lién thong c6 trong so.

Néu (P) : xuu,..u, yvv,..v,z 1la duong ngan nhat (c6 trong s6 nho nhat) ndéi x vo6i z thi
(Py) cxuuy..y va (Py) : ywy,..v,z lan luot 1a ** dudng ngdn nhatndéi x voi y >’ vala

““ quong ngan nhatndi y véi z . Honnita d*(x, z) = d*(x, y) + d*(y, 2).

Vi du:

Z
Gia st (P) : xabyuvwz 13 duong ngan nhét trong G = (V, E) ndi x voi z. Khido
(P)) : xaby va (P,): yuvwz lan luot 1a cac dudng ngan nhit trong G = (V, E) ndi x
véi z vandi y voi z. Tacod d¥(x,y)=3+2+5=10 va d*(y,z)=4+1+7+2=14.
Suy ra d*(x, z)=d*x,y)+ d*(y, z) =10 + 14 =24,

1.4/ MA TRAN KHOANG CACH (MA TRAN TRONG SO) :

Cho G=(V,E) la do thi lién thong co trong s6véi V= { VI, V2, ..., Vi }.
Voil<i1#j<n,dat d;= W(Tv].) (néu co E va chon canh c6 trong s nho nhit ),
dij = (néukhéng c6 vy, ) va d;=0.Khidé D= (d,)., ., duoc goi 1a ma trdn

khodng cdach (‘hay ma trdn trong sé ) cua G.

Vi du: Xét d6 thi c6 huéng G = (V, E)




Ma tran khoang cach cua G 1a

Dg| a | b |c¢c | r | s

a 0* 9| 4| o | 4

b | o |0 0| 6 |1

¢ |oo| 2 0% 0| o

r (oo |oo| 5 |0%] 3

S | oo | oo | o0 |=2]0%

1.5/ THUAT TOAN TiM DPUONG DI NGAN NHAT DIJKSTRA (1959) :

Cho G =(V, E) 1a mét do thi lién théng c6 trong sé khéng dm va xét dinh a € V.

a) Gia thiét thém cho G trudc khi thuc hién thuit toan:

* Khi G vé huéng: Ta co thé loai bo cac vong. Néu cd nhiéu canh song song ndi 2
dinh nao do, ta chi giwr lai canh c6 trong s6 nho nhat. Lam nhu vay s€ khong anh
huong dén viée tim duong di ngan nhat. Vay ta ¢ thé coi nhu G 13 don do thi.

*Khi G ¢6 hudng: Ta co thé loai bd cac vong. Néu cd nhiéu canh song song cing
chiéundi 2 dinh nao do, ta chi gitr lai canh c6 trong s6 nho nhat. Lam nhu vay sé
khong anh huéng dén viéc tim duong di ngan nhat. Ta con gia sir thém tir a, ta c6
cac duong di dén cac dinh khac trong G (nhiing gia thiét nay duong nhién xay ra
khi G 1a don do thi lién thong manh).

b) Y tudng cia thudt toan : Ta mudn im dwong di ngdn nhat tr dinh a dén cac dinh
khac trong G. Ta sé& xay dung mét cdy khung T ¢6 goc a trong G dua theo viéc
dinh nghia cac ham L;:V —> [0, + o ], cac anh xa p;: V\ {a} - V va cac cay
T;=(Vi,E) (1<i<n va n=|V|>2).Cay T nay thé hién day du duong di

ngdn nhat tir dinh a dén cac dinh khac & trong G.



¢) Y nghia ctia cacham L;: V—[0,+ o ], clia cac anh xa p;: V\ {a} - V vacia
caiccay T;=(V;, E)(1<i1<n voi n=|V |>2): Vv e V\{a},

Li(v) 1a do dai cua dwong tam thoi o buoc thir i ndi a va v trong G,
pi(v) 1a dinh ding ngay trudc dinh v trén duodng tam thoi & budce thir 1 .
va T;=(V;, E) la cay duoc xay dung dén budc thu i.

d) Thuat toan DIJKSTRA: Cho G=(V,E) nhudanéié a) va | V|=n=>2.
Buéc 1 (i=1): *Khoitao T\=(V,={vi=a},E =) va gan L,(v;)=0.
*VveV\V,gan Li(v)=d(v,,Vv) va

{[p1(v) =v khi Li(v) <o ] hoac [ pi(v)=— (khong xac dinh) khi L(v)=w] }.
* Chon v, € V\'V; thoa Li(v,)=min { L,(v) |v € V\V, }. Ké tir day cot ing v6i
v, khong thay doi.
Buéc2 (i=2):*Gan Ly(v))=0 va T, =(Vo={vi,va }, E={ p,(v)v, } ).
* Vv e V\V,, tadinh nghia Ly(v) va py(v) nhu sau:
Néu d(v,, v) = hodc [d(vy, v) <o va Li(v) <Li(vy) +d(vs, v)] thi
Lo(v) =Li(v) va pa(v) =pi(v). Néu [d(v,, v) <o va Li(v)>L(v2) + d(va, V) ]

thi Ly(v) =Li(v2) + d(v2, V) va pa(v) =va.

Vle .
\\vf

* Néu i=2=n thi thuét toan hoan thanh. Néu i=2 <n thi chon v; € V\V, thoa

Ly(v3) =min { Ly(v) | v € V\ V, } va chuyén qua budc (i+ 1)=3. K& tir diy cot
tmg voi v; khong thay doi.

Buéc (i+1):*Gan 1:=(1+1).

** Gan Li(v))=0 va Ti=(Vi=Vi_1U{vi}, E=E_, U{p_ ) }).



Vv € V\V;, ta dinh nghia Li(v) va p;(v) nhu sau:
Néu d(vi, v)=o0 hodc [d(vi,v)<o va Li_;(v)<L;_;(v;) +d(v;, v) ] thi
Li(v)=L;_(v) vapi(v) =pi_1(v). Néu [d(vi, V) <oova L;_1(v)>Li_1(vy) +d(v;i, v)]

thi Li(v) =Li_1(vi)) ¥ d(vi, v) va pi(v) =V

vl

ae e
vk
ke{2,..,1i—1}, vV=pi_1(v) va [ pi(v) =V hodc pi(v) =v;]

* Néu i=n thi thut toan hoan thanh. Néu i<n thi chon v; ., € V\'V; thoa
Li(vi+1) =min { L(v) | v € V\ V;} va chuyén qua budc (i+ 1).Keé tir day cot
tmg voi vi.+, khong thay doi.

Khi thuat todn da hoan thanh, ta dat

L(a)=0, L(v)=Ly(v) va p(v)=pa(v), Vve V\{a}. Taco Vv e V\ {a},

L(v) = d*(a, v) = dé dai ciia dwong ngdn nhdt nditir a d&én v trong G va

p(v) 13 dinh dimg ngay trude dinh v trén dudng ngin nhat ndi tr a dén v.

Lacnay T 1a mét cdy khung ¢6 goc a cua G. T thé hién day du dwong di ngdn

nhdt tir dinh a dén cac dinh khéc trong G.

Luu y: T khong nhat thiét 1a mot MST cia G.

X

y | . |(0,-)

Y nghia : khéng c6 canh néi truc tiép tir y dén x.



y | .. |[(A2)

Y nghia : duwong tam thoi & buédce thiri nditr a dén x co do daila Li(x) = A
va dinh dung ngay truoc dinh x trén duong tam thoi do6 1a pi(x) =z.
Vi du: Hiy tim duong di ngan nhit tir a dén cac dinh khac cua G va H nhu sau:

j

>,
Vd

<

H

H 14 d6 thi c6 huéng, lién thong va co trong s khong am (H khong lién thong manh).



a) Cac budc bién d6i cua thuat toan DIJKSTRA dugc thé hién cho H trong bang dudi day:

Vib|c | e f g 'h |1 k T
A | (1,2) | (00,-) | (0,-) | (10,2) | (00,-) | (0,-) | (6,2) | (3,2) | (o0,-)
B| — |[(5.b) |(e0,-) [(10,a)](0,-) | (00,-) [ (6,a) [ (3,2) | (o0,-) | @b
J | — |Gb) (0 |(10,0)|(0,-) |9, ) |Gi) | — |(AL)) | @
C — | — [(100)](6,0) [(7.0) |(9,0) |Gal) | — |[(ALj) | e
I — | — [(10,0)] 6,0) [(7,0) |(B) | — | _ |[(ALj) | 7
Flo_ | _ (100 _ [(7e) [(7.O)| _ | _ [(1)) &
— = 09| - _ @y | A | e
G —
— | = 109 _ _ | | _ |(0h)|
H —
E - | — — | - _ | — | _ | — |(0h)| e
K [(La)| 5.b)| (9.g) |(6,0) | (7.0) [(7.£) |(54) |(3,a) [(10,h) | 7k

Luwu y: O moi cot, 6 co ky hiéu — dugc hiéula ‘¢ 6 nay y hét nhu 6 ¢ ngay phia trén n6 va

cac 6 0 phia duoi 6 nay cling van nhu vay .

Buéc 1: T,=(V,={a},E; =J).d(a, c) =d(a, ) =d(a, g) =d(a, h)=d(a, k) =+ o nén

(Li(e), pr(©))s (Li(e), pi(e)), (Li(@), pi(g)), (La(h), pi(h)) va (Li(k), pi(k)) deula (oo, -).
d(aab) = 19 d(a>f) = 105 d(aal) = 67 d(as.]) =3 nén (Ll(b)> pl(b)) = (19 a): (Ll(f)> pl(f)) = (1053)9

(Li(@), pa(i)) = (6,2) va (Li(i), pi()) = (3,2). ey Ly(b)=1=min { Li(v) |v e V\V, }.

Budc 2: T,=(V,=V,U{b},E,=E, U {p(b)b =ab}).

d(b’ e) - d(ba g) - d(b’ h) - d(b’ 1) - d(ba .]) - d(ba k) =+o0 nén ( LZ(e)’ pZ(e) )7 ( LZ(g)a pZ(g) )9
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(La(h), pa(h) ), (La(i), p2(i) ), (L2(), p2() ) va (La(k), pa(k) ) v hét dong 1.
Li(c)=o0>Ly(b)+d(b,c)=1+4=5 néncé (Lyc), pac)) =(5,b).
Li(f)=10<L(b)+d(b, f)=1+10=11 nén (Ly(f), po(f)) y hét dong 1.

Pé ¥ Ly(j)=3=min { L,(v) |[ve V\V,}.

Bude 3: Ts=(Vs=V,U {j},Es=E, U {p,()); = &/ }). d(j,¢) = d(j,e) = d(j,f) = d(j,g) = +oo
nén (Ls(c), ps(c)), (Ls(e), ps(e)), (Ls(D), ps(D) va (Ls(g), p3(g)) v hét dong 2.

Ly(h) =0 > Ly(j) +d(,h)=3+6=9 néncé (Ls(h), ps(h)) = (9, j).

Ly(i) =6 > Ly() +d(j, i) =3 +2=5 nén cé (Ly(i), ps(i)) =(5, ).

Ly(k) =0 > Ly(j) +d(j, k) =3+ 8 =11 nén cé (Ly(k), ps(k)) = (11, j).

Pé ¥ Liy(c)=5=min { L3(v)|ve V\V; }.

Bude 4: T,=(V,=Vi;U {c}, Es=E;U {p,(c)c = be} ). d(c, h) =d(c, i) =d(c, k) =+ 0
nén (La(h), pa(h) ), (La(i), pa(i) ) va (La(k), pa(k) ) y hét dong 3.

Ls(e) = 0> Ls(c) +d(c,e)=5+5=10 nén cé (Ly(e), pse)) = (10, c).
Ly(H)=10>Ls(c) +d(c, ) =5+ 1=6 nén cé (Li®), ps(f)) = (6, c).

Ly(g) =0 >Ls(c) +d(c, g) =5+2=7 néncé (Lu(g), ps(g)) = (7, ¢).

Pé ¥ Lyi)=5=min { Ly(v) |v € V\V, 1.

Bude 5: Ts=(Vs=V,U {i}, Es=E,U {p,(0)i = ji} ). d(i, e) =d(i, g) = d(i, k) =+ o0
nén (Ls(e), ps(e) ), (Ls(g), ps(g) ) va (Ls(k), ps(k)) » hét dong 4.
Ly(f)=6<L,0)+d{, H)=5+4=9 nén (Ls(f), ps(f)) y hét dong 4.

Ly(h) =9 > Ly(i) + d(i,h)=5+3 =8 néncé (Ls(h), psth)) = (8, i).

Pé ¥ Ls(f)=6=min { Ls(v)|ve V\Vs .

Buéc 6:Tg=(Ve=VsU {f},Ec=EsU {p.(N)f =cf } ).

d(f,e)=d(f, k) =+ nén (Lee), ps(e)) va (Lek), ps(k)) y hét dong 5.

Ls(g)=7<Ls(f) +d(f, g) =6 +4 =10 nén (Le(g), ps(g) ) y hét dong 5.



Ls(h)=8>Ls(f) +d(f,h)y=6+1=7 néncé (Lgh), psth)) =(7, ).

Pé ¥ Lg(g)=7=min { L¢(v)|v e V\Vg}.

Buée 7:T,=(V;=VsuU {g},E,=EsU {p,(g)g = cg }).

d(g, k) =+ nén (Ly(k), pk)) y hét dong 6.

Lo(h) =7 <Lg(g) +d(g, h)=7+5=12 nén (Ly(h), p(h)) y hét dong 6.
Ls(e)=10>Lg(g) + d(g, h)=7+2=9 nén cé (Ly(e), p:(e)) = (9, g).
Pé ¥y Lyh)=7=min { Ly(v)|ve V\V;}.

Buéc 8: Tg=(Vg=V,U{h},Es=E; U {p.()h = fn}):
Ly(e)=9<L;s(h)+d(h,e)=7+8=15 nén (Lg(e), ps(e)) v hét dong 7.
L,(k)=11>Ls(h)+d(h,k)=7+3 =10 néncé (Lsk), ps(k)) = (10, h).
Pé ¥ Lg(e)=9=min { Lg(v)|v e V\ Vg }.

Buédc 9: To=(Vo=VsuU {e}, Eg=Es U { p,(e)e = ge } ).

Lg(e.k) =+ o0 nén (Lo(k), po(k)) v hét dong 8.Dé ¥ Lo(k)=10=min { Lo(v)|v € V\ V, }.

Budéc 10: Tio= ( Vip= V9 Y { k }, Ein=EquU {pg(k)k = h_k} ) Dbng 10 y hét ddl’lg 9.

Thuat toan két thiic voi cdy T=Tio(vi n=10).
w(T)=1+3+4+2+1+2+1+2+3=109.
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Cay T gbc a thé hién duong di ngin nhat tir a dén cac dinh khéac trong G.

b) Céc budc bién doi cua thuat toan DIJKSTRA duogc thé hién cho H trong bang dudi day:

V’ib | ¢ e f | g h i T
a | (6.) [ (2,2)%|(0,5) |(0,7) |(0,7) |(0) |(o07)

c GO _ |00 [(6) |(0-) [(0,-) | () | ae
b| — | — | &) 6,07 (0,5) | (0-) | (0) | o
f | — | — |[@Gb* _ |(LDH [(12,) | (o) | ¢
e| — | — | — | — |ALD*(AZD | (0-) | ke
s — | - | = | = - |apsg ]| &
h - | — | - | — | _ ERGRO N
i G0 @a)| @b (6e) | (1L, [(12,0) | (13,h) | &

b 3
N\
a \ 3
2
C 4

T’ (goc a)
Céac budc bién doi (tor Budec 1 dén Buéc 8 ) duogc thuc hi¢n tuong tu nhu dd thi G.
Thuat toan két thiic voi cady T’ =Ty’ (vi n=8).

W(T") =2+3+4+3+5+6+1=24.
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Cay T’ gbc a thé hién dudng di ngin nhat tir a dén cac dinh khac trong H.

c) Néu dung thuat toan KRUSKAL, ta xay dung dugc mot MST cua G 1a Z nhu sau:

MST Z

wZ)=1+1+1+2+2+2+3+3+3=18.

w(Z)=18 <w(T)=19 nén T khong phai la moét MST cua G.

1.6/ THUAT TOAN TiM DPUONG DI NGAN NHAT FORD - BELLMAN :

Cho G=(V,E) la mot do thi lién thong cé trong 6 thue voi V= { VI, V2, ..o, Vi }.
Chon dinh a € V.

Néu G vé huéng va cé canh be ndo dé c6 trong sé dm thi bai toan tim dudng di ngan
nhat trong G ditlr a dén c 13 vé nghiém (do G lién thong, ta chon dugc mot dudng
di (P) tir a dén b trong G. Xét dudng (Py) : bebe..be (be 1ap lai k 1an véi k € N¥)
trong G.Khi 6 duong (P) U (Py) ditir a dén b c6 trong s6 — — oo khi k — + ).
Xét G ¢6 hudng va gia st tir a c6 duong di dén cac dinh khac trong G. Néu G ¢4
mét mach am (C) ndo dé di tir dinh b dén b thi bai toan tim dudng di ngan nhét
nhat trong G ditlr a dén b 1a vé nghiém (Ta c¢6 duong di (P) tir a dén b trong G.
Khi d¢6 duong (P) U (C) U (C)uU ... U(C)[(C) laplai k lanvéi k e N* ] ditr a
dén b co trong s6 — — oo khi k >+ ). Néu G khong c6 mach 4m nao (van c6 thé

c6 canh c6 trong s6 4m) thi ta c6 dudng di ngin nhat di tir a dén cac dinh khac cua G.
12



Nhu vy ta chi quan tdm bai todn tim dwong di ngdn nhat tie dinh a dén cdc dinh khdc
trong 6 thi G lién thong, c6 huéng va cé trong so thue véi gia thiét trong G c6 cac
duong di tir a dén cac dinh khac.

Ta logi bo cdc vong cé trong sé dm (chang ciing 14 cde mach dm) vi lic nay bai toan vé

nghiém. Ta ciing loai bo cdc vong c6 trong sé khéng dm. Néu c6 nhiéu canh song song

cung chiéu ndi hai dinh nao d6 thi ta chi giit lai canh c6 trong sé nhé nhat. Lam nhu
vay s& khong anh huong dén két qua ctia viée tim dudng di ngan nhét.

Nhitng gia thiét d3 néu trén s& duoc thoa ngay khi G 1 don dé thi lién théng manh.

Néu G c6 canh mang trong s 4m thi thudt toan DIJKSTRA khong thé st dung dé

tim cac duong di ngan nhat tir a. Ta dung thuat toan FORD — BELLMAN hitu hiéu

hon dé tim céc duong di nga"in nhat tir a hodc chi ra dd thi ¢6 mach am (chu trinh c6
trong s6 4m) dé khang dinh bai toan v6 nghiém . Thuat toan FORD — BELLMAN

van ¢6 hiéu luc trong truomg hgp G c6 trong sb cac canh déu khong am (c6 thé

dung thay cho thuat toan DIJKSTRA).

a) Y tudong cia thudt toan : Ta mudn im dwong di ngdn nhat tir dinh a dén cac dinh
khac trong G dua theo vi¢c dinh nghia cac ham L;:V — [ 0,+ o0 ] va cac anh xa
pi:V\i{a} >V (1<i<n va n=|V|22). Néududng di ngin nhat ton tai thi ta
xay dung duoc mot cdy T c6 gbc a trong G.

b) Y nghia ctiacac ham L;: V — [0, + o ] vacacanhxa p;: V\{a} > V(1 <i<n)
vol n=|V |2>2): Vv e V\{a}, Liv) 1a do dai cua dwong tam thoi o budc thu i
nbi a va v trong G va pi(v) 1a dinh ¢ ngay triede dinh v trén dudng tam thoi do.

c¢) Thuat toan FORD - BELLMAN: Cho G=(V,E) dandéinhutrén va |V|=n2>2.
Budc I (i=1):

e Gan Ll(Vl) =0.
o VveV\{v},gdn Li(v)=d(vy, V) va
13



{p1(v)=v, [néu L,(v) <o ]hodc pi(v)=— (khong xéac dinh) [néu L,(v)=oo] }.
Budc2 (i=2):

o Gan Lz(Vl) =0.
o YveV\{v},chon wy eI "'(v) thoa

min { Li(u) + d(u, v) |u € T 7'(v) } =Ly(way) + d(Way, v) 10i gdn
Ly(v) = Li(way) + d(way, V) va pa(v) = wyy .

e Néu Ly(v)=L(v), Vv e V thi Ly(v) 6ndinh, Vv € V : thuit toan hoan thanh
va ta c6 dudng ngin nhét di tir a dén cac dinh khac cia G.

e Néu Ive V,Ly(v)#Ly(v) thi c6 2 khaning:khi i=2=n thi G c6 mach

am va bai toan vo nghiém, khi i=2 <n thi chuyén qua budc (i+1).

Budc (i+1):Gan i:=(i+1).

o Gdn Li(vy)=0.

o VveV\{v},chon wy,eTl _I(V) thoa
min { L;_;(u) +d(u, v) J[ue T '(v) } =L;_i(wy) + d(wyy, v) 101 gdn
Li(v) =L;_1(wy) +d(wiy, v) va pi(v) = wi, .

e Néu L(v)=L;_1(v), Vv e V thi L;(v) didn dinh, Vv € V : thuit toan hoan
thanh va ta c6 duong ngan nhat di tir a dén cac dinh khac cia G.

e Néu Ive V,L(v)#L;_1(v) thi c6 2 khaning:khi i=n thi G c6 mach 4m
va bai toan vo nghiém, khi i<n thi chuyén qua budc (i+1).

Khi thuat toan da hoan thanh (Jie {2, ... n} d& L(v)=L;_(v), Vv € V), ta dit

L(a) =0, L(v)=Li(v) va p(v)=p;(v), Vv e V\ {a}.

Tacod Vv e V\ {a}, L(v) = d*(a, v) = dé dai ciia dwong ngdan nhdt ndi tir a dén v

trong G va p(v) 1a dinh & ngay truée dinh v trén dudng ngan nhat ndi tr a dén v.

Luc ndy ta c6 mét cdy T ¢6 goc a cia G. Cay T nay thé hién day du dwong di ngan
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nhdt tir dinh a dén cac dinh khéac trong G.

X

Yy | o |(0-)

Y nghia : khéng c6 canh néi truee tiép tir 'y dén x.

y | . |[(M2)

Y nghia : duong tam thoi & buéc thiri nditr a dén x c6 d6 daila Li(x) = A
va dinh dung ngay truoc dinh x trén duong tam thoi do6 1a pi(x) =z.
Vi du: Hiy tim cac duong di ngan nhit tir a dén cac dinh khéac cua cac d6 thi G

va H c¢6 hudng va co trong s6 nhu sau :

8 1 ; K)
a 9 ¢
4
-1 -2 -7 6
7
-
2 f
G H

a) Cac budc bién doi cua thuat toan FORD — BELLMAN duoc thé hién cho G trong
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bang dudi day:

i a | b | c e f Y
Buécl | 0 [(7,2) |(0-)| (9,2) |(o0,—) | (1,2)
Buéc2 | 0 | (6,2 [(1Lb)| (8.)b) | (7.2) | (1,2)
Buéc3 | 0 | (6,2) [(10,b)] (7.b) | (7,2) | (1,2)
Buécd | 0 | (6,2) | (9¢) | (7.b) | (7.g) | (La)
BuéeS | 0 | (6,2) | 9¢) | (7.b) | (7.) | (La)

Bude 1: Li(a) =0, (Li(b), pi(b)) = (7.2), (Li(c), pi(c)) = (0, -), (Li(e), pi(e)) = (9.a),
(Li(f), pi(f) ) = (0, -) va (Li(e), pi(e) ) =(1, a).

Buic 2: Ly(a) = 0.

Ly(b)=min{ Ly(v) +d(v,b) | v e T "'(b)={a, g }} =Li(g) + d(g,b) = 6 va py(b)=g.

Ly(c) =min{ L;(v) + d(v,¢) | v e T (¢)={b,e }} =Ly(b) +d(b,c) =11 va pa(c) =b.

Ly(e) =min{ Li(v) + d(v,e) | v e T (&)= {a, b, f}} =L,(b) + d(b, &)= 8 va py(e) =b.

Ly(f) =min{ L;(v) + d(v, f) [v e T ()= {b,g }} =Li(g) +d(g, f) =7 va px(H)=g.

Ly(g) =min{ Ly(v) + d(v, g) |v € T "(2) = {a, b, e}} =Li(a) + d(a, ) =1 va py(g) =a.

Buéic 3: Ls(a) = 0.

Ly(b) = min{ Ly(v) +d(v,b) | v e T "'(b)={a, g }} =La(g) + d(g, b) =6 va ps(b)=g.

Li(c) =min{ Ly(v) + d(v,¢) | v e T '(¢)= { b, e }} = Ly(b) + d(b, ¢) = 10 va ps(c) =b.

Li(e) =min{ Ly(v) + d(v,e) | v e T (&)= {a, b, f}} =Ly(b) + d(b, &)= 7 va ps(e) =b.

Ly(f) = min{ Ly(v) + d(v, f) |[v e T ()= {b, g }} =Ly(g) +d(g, f) =7 va ps(h)=g.

Ly(g) =min{ Ly(v) +d(v, g) | v e T "(g) = {a, b, e}} =Ly(a) + d(a, g) = 1 va py(g)=a.
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Budc 4: Ly(a) =0.

Lyb)=min{ Ly(v) +d(v,b) |[ve "'(b)={a,g}} =Lsyg)+d(g b)=6 va pyb)=g.
Ly(c) =min{ Ly(v) +d(v,c) |[ve T "(c)={b,e}} =Ls(e)+d(e,c) =9 va puc)=e.
Lye) =min{ Ly(v) +d(v,e) |[ve T "(e)={a, b, f}}=Lsb)+d(b,e)=7va pse)=b.
Ly(f) =min{ Ly(v) +d(v, f) [v e T ()= { b, g }} = Ls(g) +d(g, f) =7 va ps(H =g
Li(g)=min{ Ly(v) +d(v,g)|ve [ "(g)={a,b,e}} =Ls(a) + d(a, g) =1 va ps(g) =a.
Bude 5: Ly(a) =0.

Ls(b) =min{ Ly(v) +d(v,b) |[ve T '(b)={a,g}} =Li(g) + d(g, b)=6 va ps(b)=g.
Ls(c) =min{ Lyv) +d(v,c) |[ve T "(c)={b,e}} =Lse)+d(e,c)=9 va ps(c)=e.
Ls(e) =min{ Lyv) +d(v,e)|ve T (e)={a,b,f}} =Lyb)+d(b,e)=7 va pse)=b.
Ls(f) = min{ Ly(v) +d(v, ) [v e T ()= { b, g }} = Lu(g) +d(g.N =7 va ps( =g
Ls(g) =min{ Ly(v) +d(v,g) | ve [ '(g) = {a,b,e}} =Lya) + d(a, g) =1 va ps(g) =a.
Ta thdy Ls(v) =Lu(v), Vv € V nén Ls(v) di 6n dinh va thuat toan hoan thanh.

Vay L(v) =Ls(v), Vv e V va p(v)=ps(v), Vv e V\ {a}.

Nhin dong cudi cua bang, ta c6 duoc cac duong di ngan nhat tir a dén cac dinh khac
trong G tao tir cic canh gb, ec, be, gf Va ag.

Céac duong di nay tao thanh mot cay T gbc a trong G nhu sau:

b

W(T)=1+5+6+1+2=15.
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b) Cach 1: H c¢6 mach &m bgeb voi trong sd — 1 <0 nén bai toan v nghiém.
Cach 2: C4c budc bién doi cua thuat toan FORD — BELLMAN dugc the hién cho H

trong bang dudi day:

i a | b C e f Y
Bugcl| 0 | (8,a) | (0,)| (9) |(00,-) |(~1,2)
Buéc2 | 0 |(=3,2)|(13,b)](=8,2)| (9.b) |(~1,a)
Buéc3 | 0 |(-6,e)| (2.,b) |(-8,2)|(-2,b)|(~1,a)
Buécd | 0 |(=6,e)|(-1,b) (-8,2)|(-5,b)|(-2.,b)
Buée5 | 0 |(=6,e)|(-1,b) (-9,2)|(-5,b)|(-2.,b)
Buéec6 | 0 |(-7.e)|(-1,b) (-9,2)|(-5,b)|(-2.,b)

Céc budc bién d6i ( tr Buée 1 dén Buée 6 ) duoc thuc hién twong tu nhu dd thi G.
Ta thdy Lg(b)=—7# Ls(b)=—6 nén Lg(v) chua 6n dinh va bai toan vo nghiém.

II. PUONG VA CHU TRINH EULER TRONG PO THI LIEN THONG:

2.1/ PINH NGHIA: Cho G =(V, E) lién théng.

a) Puong Euler (P) trong G 1a mot duong khéng khép kin di qua tdt ca cdc canh
cia G va chi qua mdi canh diing mét lan.

b) Chu trinh Euler (C) trong G 1a mot chu trinh di qua tdt cd cdc canh cia G va
chi qua mdi canh diing mét lan.

¢) G duoc goi 13 do thi Euler néu G c¢6 chu trinh Euler.

d) Néu G c6 chu trinh Euler thi dwong nhién G khong c6 dudng Euler va nguoc lai.

C6 nhitng dd thi khong co ca dudng Euler 1an chu trinh Euler.
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2.2/ PINHLY EULER 1: Cho G =(V, E) vé hudng va lién thong.

a) G co chu trinh Euler < Moi dinh cia G ¢6 bdc chan.
b) G khéng c6 chu trinh Euler < G c6 it nhat mét dinh bdc Ié.
¢) G ¢o duong Euler < G c6 dung hai dinh bdc le.
(duong Euler ctia G s& ndi hai dinh bdc Ié nay voi nhau)
d) G khéng c6 dwong Euler < S6 dinh bac 1é cia G khdc 2.

e) G khéng c6 chu trinh Euler lan dwong Euler < (Sb dinh bac 1é cua G) > 4.

Vi du: Xét cac d6 thi vo hudng lién théng G, H va K.

G c6 4 dinhbacléla a,b,x va y nén G khong co6 chu trinh va duong Euler.

H c6 moi dinh bac chan nén H c¢6 chu trinh Euler (C) : ab*cbexyz’axyzxa .

K coding 2 dinhbacléla a va x nén K c6 duong Euler (P) : abexyxyzya® zxbx .

2.3/ PINH LY EULER 2: Cho G =(V, E) ¢6 hudng va lién théng.

a) G ¢6 chu trinh Euler < Moidinh ctia G cdn bang [ Vv € V,d'(v)=d (V) ].
b) G c6 dwong Euler < G ¢6 hai dinh a va b théa d'(a)=d (a) + 1,
d'(b)=d (b) — 1 va cac dinh con lai déu can bang.

(a va b 13 hai dinh bdc 1é duy nhdt cia G. Pudng Euler cia G ditir a dén b)
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Vi du: Xét cac d6 thi c¢é hudng, lién thong G, H va K.

a b

G c6 moi dinh can bang nén G c¢6 chu trinh Euler (C): abcefgeacga.

H co d(g)=d(g)+1=3,d(@)=d(a)-1=2 va Vve V\{a b}, d(v)=d(v)
nén H c6 duong Euler (P): gagefechacea ditlr g dén a.

K c6 d'(a)=d(a) +2 =3 nén K khong c6 chu trinh Euler 1an duong Euler .

2.4/ THUAT TOAN FLEURY XAY DUNG CHU TRINH EULER:

Cho G=(V, E) lién théng va gia st G thoa diéu kién c6 ¢6 chu trinh Euler.
Ta xay dung chu trinh Euler cho G nhu sau : Xuat phat tir mot dinh a tiy y
ciia G, ta v& chu trinh di qua lién tiép cc canh va tuan thu hai nguyén tic sau :

e Moi khi d3 di qua mot canh thi x6a ngay canh d6 (tam thoi chua x6a hai dinh cua
no). Ta chi x6a dinh ctia cac cac canh da di qua khi dinh d6 tré thanh dinh c6 1ap
ctia d6 thi mai vao lac dang xét.

e Chi di qua mot cau cta do thi méi vao lac dang xét néu khong con canh nao khac
(khong phai 1a cau cua dd thi méi vao lic dang xét) dé di tiép.

Vi du: a) Cho d6 thi v hudng lién thong G = (V, E) nhu sau :
b

1. 2ta h J

[ 1=}

G=(V,E)
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1, 2ta

Moi dinh cua G déu co bac chan nén G c¢6 chu trinh Euler.

Xuéat phat tir dinh a chon lién tiép cic canh aa, aa, ab, bc, ce, ec, ¢, je, Cau ef

L .
(x06a e colap), 1z, o, fg, ga, ak, ke, cau ci(x06a ¢ co 1ap), ij, cau jf (x6a j co

1ap), cau fi(x6a f co lap), ig, cau gh(x6a g co 1ap), hb, ciu bk (x6a b cb lap),

cau ki (x6a k c61ap), cau i (x6a i o 1ap) va cau ha(x6a h va a co lap).

Nhu vdy G c6 chu trinh Euler (C) : a’beecjefefaakcijfighbkiha c¢6 huéng di chuyén

trén so do nhu sau:

b

h i

i I=

3 e —

G=(V,E)

b) Cho db thi ¢6 huéng G = (V, E) lién thong nhu sau :

AY

£
<

r G

Ta thay moi dinh cia G déu can bang nén G ¢6 chu trinh Euler.

Xuat phat tir dinh a chon lién tiép cac canh aa, ab, ba, az, zr, rx, xr, rx,xc, cb,

be, cy, yz,cau zb(x6a z co1ap), cau by (xda b co 1ap), cau yx(x6a y co lap),
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cau xg (x0a x ¢ l4p), qc, cq, qp, pc, cu cp(x6a ¢ cb 1ap), cAu pg (xéa p cd

1ap), cau ¢r(x6a q 6 1ap) va cau ra(x6a r va a co 1ap). Nhuvday G co chu

trinh Euler (C): a’bazrxrxcbeyzbyxqeqpepgra .

2.5/ THUAT TOAN FLEURY XAY DUNG PUONG EULER:

Cho G=(V, E) lién théng va gia st G thoa diéu kién cé dwong Euler di tir a
dén b. Ta xay dung duwong Euler cho G nhu sau :

e V&thém canh do o= ba trong G.Pit EE=E U {a } thi G’ =(V,E’) co6 chu
trinh Euler (C) ma ta v€ dugc tu thudt toan trong (2.4).
e Xbacanh 4o o trong (C), ta duoc duong Euler (P) ditr a dén b trong G.

Vi du: a) Cho d6 thi v hudng lién thong G = (V, E) nhu sau :

a

; 1
3 ____—p G'=(V,E"

G co dung 2 dinhbacléla b (bac 7) va y(bac 5) nén G c6 duong Euler ndi

3 .
b va y. Vé thém canh d0 a= yb vao G déco G’ =(V,E’=E U {a}).

G=(V,E)
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Moi dinh cua G’ déu co bac chan nén G’ ¢6 chu trinh Euler.

1 2 3

- - - B
ax, xq, cau gc(x6a q co lap), cau cr(x6a ¢ co lap), cau rb (x6a r co lap), by,

2 - N
by, yz, zb,cau bp(x6a b ¢0 1ap), cau pz (x6a p co lap), cau zx (x6a z co lap),

cau xy(x0a x cb1ap) vacau ya(x6a y va a cb lap).

Nhu vay G ¢6 chu trinh Euler (C): abc’ pgpqraxqcrbybyzbpzxya .

Xoa canh a0 o trong (C), ta c6 duong Euler (P) : byzbpzxyabc® pgpqraxqgerby cho

b) Cho db thi ¢6 huéng lién thong G = (V, E) nhu sau :

~

G=(V,E)
G c6 duong Eulerditir ¢ dén b[d'(c)=d(c)+1,d"(b)=d(b)-1 va
VveV\{b,c},dv)=dv)].
2 .
Vé thém canh 40 o= bc vao G déco G’ =(V,E’=E U {a}).

Moi dinh cia G’ déu can bang nén G’ c¢6 chu trinh Euler.

a . 1 7 T
1
N\ N\
- f .
o ~ e
-

" G=(V,E)

3

Vb

G.
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1 1 2 2

cau fa(x6a f co1ap) vaciu ab(x0a a va b cd lap).

Nhu vay G’ c6 chu trinh Euler (C) : bebebecfbgagfgefab .

Xb6a canh 40 a trong (C), ta c6 duong Euler (P) : cbecfbgagfgefabeb trong G.

2.6/ THUAT TOAN MO RONG CHU TRINH XAY DUNG CHU TRINH EULER:

Cho G=(V, E) lién thong va gia st G thoa diu kién cé chu trinh Euler. Ta xay

dung chu trinh Euler cho G theo cac budc nhu sau :

*Chontuyy ae V. Tu a, taditheo cac canh cia G dé vé& mot duong dai nhét ¢
thé duoc trong G va duong nay s& két thic tai a. Ta v& duoc chu trinh (C).

*Néu E c(C,) thi (C)) 14 chu trinh Euler cia G. Néu E « (C)), chon b € (C))
va u € V sao cho c6 canh méi bu ¢ (C;). Tir b, tavélai (C;) dithr b dén b roi
di theo canh mé&i bu dé v& ndi tiép mot duong dai nhat co thé dugce trong G\ (C))
va duong nay sé két thuc tai b. Ta v& duoc chu trinh (C,) mé rong (C)).

*Néu E c (C,) thi (C,) la chu trinh Euler cia G. Néu E « (C,), chon ¢ € (C,)
va v € V sao cho c6 canh méi ev € ¢ (C,). Tir ¢, tavélai (C,) ditr ¢ dén ¢
roi di theo canh méi v v& ndi tiép mot dudng dai nhét ¢ thé duge trong G\ (C,)
va dudng nay sé két thuc tai c. Ta co chu trinh (C;) mo rong (C»).

* Tiép tuc nhu trén cho dén khi c¢6 dugc E < (Cy) va (Cy) 1a chu trinh Euler ciia G.

Ghi chii: Khi chuyén tir (C;) qua (C,)thicoéthé [b=a hoic b=a],[u e (C))

hodic u & (C;)] va [b=u hodc bzu]).Néu b=u thi bu 1ad mot vong tai b.

Khi chuyén tir (C,) qua (C3) thicothé [e=b hodc c¢#b ], [ ve(C,) hoic

ve(Cy)] va [e=v hodc c¢#v].Néu c=v thi ¢v 1amotvong tai c.
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Vi du:

a) Cho db thi c6 huéng G =(V, E) lién thong nhu sau :

r G= (\v9E) q
Ta thdy moi dinh cia G déu can bang nén G ¢6 chu trinh Euler.
V& (C)) : aba’zra va Ez (C)).Chon b e (C)) va yeV cb by ¢ (C)).

V& (Cy) : ba’zrabyzbeb va E & (C,). Chon ¢ € (Cy) va y e V ¢cb oy ¢ (Cy).

V& (Cs) : cba’zrabyzbeyxcpgegpe va E & (C3). Chon q € (C3) va re V ¢o gr g (Cs).

V& (C,) : gegpeba’ zrabyzbeyxcpgrarxg va E < (Cy). Ta cd (Cy4) 1a chu trinh Euler cua G.

b) Cho db thi v6 hudng lién théong H = (V, E) nhu sau :

Tathdy H c6 dung 2 dinh bac1é1a b (bac 7) va y(bac 5) nén H c6 duong
Eulerndi b va y.

Céch xay dung duong Euler cho H da duoc trinh bay trong (2.5).

3 .
Vé thém canh do o= yb vao H dé€co H =(V,E’=E U {a}).
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P H'=(V,E)

H’ c¢6 moi dinh bac chan nén c¢o6 chu trinh Euler.

V& (C)) : abc*raxqrbpzya va E> ¢ (C;).Chon b e (C)) va ye V ¢b by (C)).

Ve (C,) : bc’raxqrbpzyabybyxzb va E’ ¢ (C;). Chon ¢ € (C,) va pe V ¢o op ¢ (Cy).

V& (C3) : c*raxqrbpzyabybyxzbcpgpge va E’ < (C3). Ta co6 (Cs) 1a chu trinh Euler cua H’.

Xoba canh a0 o trong (C;), ta co duong Euler (P) : byxzbepgpqc®raxqrbpzyaby cho H.

III. PUONG DI VA CHU TRINH HAMILTON TRONG PO THI VO

HUONG LIEN THONG:

3.1/ PINH NGHIA: Cho G =(V, E) vé huéng va lién thong.

a) Mot chu trinh Hamilton (C) trong G 1a mét chu trinh di qua tdt cd cdc dinh
cia G va mdi dinh qua diing mét lan.

b) G duoc goi la mot do thi Hamilton néu G ¢6 chu trinh Hamilton.

¢) Mot dwong Hamilton (P) trong G 13 mét duwong khéng khép kin di qua tat
cd cdc dinh cua G va méi dinh qua diing mét lan.

d)Néu G ¢6 chu trinh Hamilton (C) thi G ciing ¢é dwong Hamilton bang
cach x6a bo mdt canh tuy y cua (C) [ khong x6a 2 dinh cua canh do .

e)Néu G ¢6 dwong Hamilton thi G khoéng nhét thiét c6 chu trinh Hamilton.

£) Db thi ddy dui ludn ludn 6 chu trinh Hamilton.
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Vi du: Cho cac db thi vo hudng lién théong G va H nhu sau :

G c6 chu trinh Hamilton (C) : abycxvza nén cling c6 duong Hamilton (P) : abycxvz.
H c6 duong Hamilton (Q) : ayxbcz ma khong c6 chu trinh Hamilton (xét tai dinh a).

3.2/ PINH LY DIRAC (1952): Cho G =(V, E) 1a don dé thi vé hudng lién théng.

Giasu |V| =n>3 va VveV,dv)2= g Khi d6 G co chu trinh Hamilton.

Vi du: Cho don d6 thi vo hudng lién thong G =(V, E) vé6i | V|=7 nhu sau:

S T
L
be

Tathdy Vv e V,d(v)>4>(7/2) nén G thoa gia thiét cia dinh Iy DIRAC va

a

G c6 chu trinh Hamilton (C) : axyuecha .

3.3/ PINH LY ORE (1960): Cho G = (V, E) 1a don dé thi vé huéng lién thong.

Giastr | V| = n>3 vatdng bac cua hai dinh khong ké nhau bat ky trong G ¢6 gia
tri >n. Khi d6 G co chu trinh Hamilton.

Ghi chii : Dinh Iy DIRAC (1952) ¢6 gia thiét manh hon gia thiét cua dinh 1y ORE
(1960). Do d6 Pinh Iy DIRAC trd thanh mot hé qua cua Dinh Iy ORE ké tir 1960.
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Vi du: Cho don d6 thi vo hudng lién théng G =(V, E) vé6i | V|=7 nhu sau:

G thoa gia thiét ciia dinh Iy ORE nén G c6 chu trinh Hamilton (C) : abctzyxa .

3.4/ NHUNG PIEU LUU Y VE CHU TRINH HAMILTON:

Cho G =(V, E) vé hudéng va lién théng. Ta chira c6 cdc diéu kién can va di dé
nhan biét mot dd thi lién théng c6 hay khéng c6 chu trinh va dudng Hamilton (ma
chi c6 mét s6 diéu kién dii nhu Pinh Iy DIRAC, ORE, ...). Do d6 khi muén noi

d6 thi ¢6 chu trinh hay dwong Hamilton thi ta phai vé truc tiép nd. Khi mudn noi dd
thi khong co chu trinh hay dwong Hamilton thi ta dung chitng minh phan ching.

Ta luu ¥ mot sb thong tin sau dé khang dinh do thi khdng c6 chu trinh Hamilton:
a)Néu G codinh treo a[d(a)=1] thi G khdng cé chu trinh Hamilton.

b)Néu G c6 chu trinh Hamilton (C) thi Va € V, ¢ ding 2 canh ctia (C) qua a.
¢) Moi chu trinh Hamilton cua (G) khong chira mot chu trinh con nao thuc su.

Vi du: Cho céac d6 thi lién thong G va H nhu sau:

E \/
| b ZAN C
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| | |
— T £ 1 X
Z | y
P A4 |

28



G 1a db thi Hamilton vi G ¢6 chu trinh Hamilton (C) : axcuvyzba .

H khong phai 14 d6 thi Hamilton. That vay. Gia st H c6 chu trinh Hamilton 1a (L)
Do d(q)=d(t)=2 nén ag,pq, st, txe (L). Suyra ax ¢ (L) hay 3 ¢ (L). Do rs«x
nhu 13 truc d6i xtmg cua (H) nén ta c6 thé xem nhu 3y ¢ (L) ma khong giam su
tong quat. Suy ra ax € (L) vado d6 &7, yz € (L). Suyra be & (L), ab, bs € (L). Suy
ra ar ¢ (L) va 75 e (L). Nhu vay tai s, chu trinh Hamilton (L) di qua 3 canh sz,

bs va 75 : mau thuan v6i b) cua (3.4). Vay H khong c6 chu trinh Hamilton.
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