TOAN TO HQP GV LE VAN HQP
CHUONG VI

CAC SO PEM NANG CAO
I. SO PEM CATALAN:

1.1/ PHEP PHAN HOACH TAM GIAC: Cho D 1a mét da gidc 16 trén mdt mit phang.

Ta dung mét s6 dwong chéo ndo dé khéng cat nhau ¢ phdn trong cia D dé phan chia
D thanh cdc tam gidc roi nhau tirng déi mét (hai tam giac khac nhau c6 thé c6 chung
dinh hay c6 chung canh ma khong c6 phan dién tich chung). Mdi cach phan chia nhu
vay duoc goi 1a mdt phép phéin hoach tam gidc cia da giac 16i D.

Ta quan tAm sé phép phdn hoach tam gidc cua mot da giac 161 trén mot mit phang.
Vi du: Xét mot da giac 16i trén mot mat phang tuy .

a) Tam giac (khong c6 duong chéo) tu nd c6 mot phép phan hoach tam giac duy nhat.
b) Tt giac 16i ¢6 hai phép phan hoach tam giac (chia bang mdt trong hai dudng chéo).
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c) Ngil giac 16i c6 5 phép phan hoach tam giac (mdi phép phan hoach twong tmg voi

mot tam gidc & gitra duoc tao tir 1 dinh bat ky cing 2 dinh khac khong ké vai no).

A



d) Luc giac 16i c6 9 duong chéo bao gobm 3 duong chéo chinh (mdi duong chéo chinh
chia luc giac 16i thanh 2 tu giac 16i) va 6 duong chéo phu.
Trudce hét ta cd 2 phép phan hoach tam gidc ma mdi phép phan hoach cé duogc bing
cach dung 3 dudng chéo phu nao d6 khong cit nhau & phan trong cua luc giac 10i.
Moi duong chéo chinh ciing véi 2 dudng chéo phu thich hgp tao ra mot phép phan
hoach tam giac. Do d6 mdi dudng chéo chinh twong tmg v&i 4 phép phan hoach tam

giac. Nhu vay luc giac 10i c6 tit ca 2 + (3 x 4) = 14 phép phan hoach tam giac.

1.2/ SO CATALAN: Quiuéc C,=1 va Vn>1,dit C, 1a sé phép phan hoach tam giac

ciia mot da giac 16i c6 (n+2) canh trén mit phang.

Tagoi C,(n>0) 1a sb Catalan thtt n. Taddcoé C,=C;=1,C,=2,C;=5,C,= 14.
1.3/ MENH DE: Vn > 1, ta c6 cong thirc dé qui C,= S C,C,
k=0

Chirng minh: Gia st D 1a da giac 16i c6 (n+2) canh trén mit phang. Néu n=1 va

n=2 thi déng thic trén ding (1=C,=C,C, _,_; va2=C,=C,C;, _,_ 1 +C,C,_; ).
Xét n>3 va gia st co gia thiét qui nap cho cac truong hop < (n-— 1).

Xétcanh AB tuyycua D va dinh H cua D thoa A #H # B. Tam giac ABH chia
D thanh mét hay hai da giac 16i tuy theo ( H 1a dinh ké véi A hay B) hoic (H la

dinh khong ké véica A 1an B).
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Néu H ké voi A thi D 1a phan hoi cia AABH va da giac 16i D’ ¢6 (n+ 1) canh.
Luc d6 sb phép phan hoach tam giac cia D’ 14 C,_;=C,Cn_o_1 (gia thiét qui nap)
vatacd C,C,_,_ 1 phép phan hoach tam giac cia D mot cach tuong tng (k = 0).
Néu H ké véi B thi 1y luan tuong tu, ta cling duge Cy_1=Cy_1Cp_w_1y —1 phép
phén hoach tam gidc cia D (k=n-1).

Néu H khong ké voica A 1an B thi D 1a phan hoi cia AABH, cua da giac 161 D’
c6 (k+2) canh va ctuada giac 16i D’ ¢6 (n—k+1) canh (1 <k <n-—2). Dung gia
thiét qui nap cho D’ va D>’ , tacd CyCh_x_ phép phan hoach tam giac cua D
(1<k<n-2).

Tir cac truong hop da trinh bay & trén, ta c6 s phép phan hoach tam giac cia D 1a

=

Cn = CkCn—k—l .

0

=
Il

Vi du:

8) Cs = CoCs+ CiC3 + C,Cy +C3C1 + CyCo=14+5+4+5+ 14 =42.

b) C = CoCs + C,Cyq + CoC3 + C3C, + CyCy + CsCo=42+ 14+ 10+ 10 + 14 + 42 =132
1.4/ MOT SO BAI TOAN PEM DUNG SO PEM CATALAN:

a) Bai toan 1: Cho hai ky ty V (vay) va T (tra).
Pit a,=1.Vn> 1, dat a, la sd cach sép n kyty V va n kytu T thanh mét day
c6 d0 dai 2n sao cho tai mdi vi tri thit k cua dy, tinh tir dau day dén ky tu tht k,
(s6 kyty V)= (s6 kytw T)[1<k<n] Khidé a,=C,, Vn>0.

b) Bai toan 2: Cho hai ky hiéu ( va ) [ ddu md ngodc don va dau dong ngoic don ].
Pit b,=1.Vn> 1, dat b, 1a sd cach sa"ip n ddu ( va n ddu ) thanh mét day co
dd dai 2n sao cho tai mdi vi tri thar k cua diy, tinh tir dau day dén ky tu thar k,

( s6 ddu mo ngodc ) > (s6 ddu dong ngodc) [ 1 <k <n]. Khidé b,=C,, Vn>0.



c) Bai toan 3: Mdi budc chan ciia An s& di ngang tir trai qua phai hodc di doc tir dudi
1én trén vo1 do dai 1 mét.
Pit d, = 1. Vn > 1, xét hinh vuong EFGH c¢6 canh dai n mét va dat d, 1as6 cach
An budc chan di tir dinh E dén dinh G sao cho tai bat ky thoi diém nao, An ciing

c6 (s budc da di ngang ) > ( s6 bude da di doc ). Khidé d,=C,, Vn 0.
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d) Bai toan 4: Vn > 0, dit e, 1a s6 cAy nhi phan (c6 gbc) co6 n dinh trong va day du.
Khidé e,=C,, Vn>0.

Chirng minh:

a)a,=C,=1,a,=C;=1(vi VT 1a ddy duy nhét), a, = C, =2 (vi c6 dung 2 diy
thoala VVTT va VTVT). Ta ching minh a, =C,, ¥Vn >0 (*).
Khi n=0,n=1va n=2 thihién nhién (*) dung.
Xét n>3 va gia sir co gia thiét qui nap cho cac trudng hop < (n— 1). Ky tu dau cua
day phaila V vaky tu cudi ctia diy phai 1a T. Ta c6 thé viét ddy theo dang VATII
trongdd A ladayco (k kyte V) va (k kytg T),IT ladaycdo (n—k—-1) ky tu

Vva (n-k—-1) kyty T[0<k<n—1]. Dung gia thiét qui nap cho A va II, ta
, n—1
c6 CC,_k_ cach x€p cho day ky tu dang xét. Nhu vay a, = ZC,CCHf1 =C,, Vn2>1.
k=0

b) Pay 1 bai toan 1 néu xem ddu mé ngodc ( 1a V va dau dong ngodc ) 1a T.

¢) Pay 1a bai toan 1 néu xem mdi budc ngang chinh 1a V va mdi bude doc chinh 14 T.



d) Tacongay e, =C,=1,e,=C;=1 va e;=C,=2.

a an a

/ N

n=0 n=1 n=2
Ta chiing minh e, =C,, Vn >0 (*%*).
Khi n=0,n=1 va n=2 thi hién nhién (**) dung.
Xét n>3 va gia sir co gia thiét qui nap cho cac truong hop < (n— 1).
Xo6a gbc a cuaciy T,taco cay con bén trai T’ va cdy con bén phai T’
T’ va T déu 1a cac cay nhi phan (c6 gdc) day du véi sb dinh trong 1an luot 1a k va
(n—k-1)[0<k<n-1]. Dung gia thiét qui nap cho T’ va T”’,tacd CCp_1_1

cach tao cdy cay nhi phan (c6 gbc) day du cho truong hop dang xét .

n-1
Nhu vay e, = > C.C,, ,=C,, Vn=0.
k=0

1.5/ PINH LY: Vn >0, C, = —— 2, nghia la C,= —20! - (2#2)(n+3)..Qm)
n+1 nl(n+1)! n!
Vi du: Cg = 1 ct, = 8x9x10x11x12 _ 132.
e 7 2x3x4x5%x6
1.6/ HAM SINH CUA DAY CATALAN:
—+/1-4x

Pit G(x) = > Cx" 1a ham sinh ctia day Catalan thi G(x)= " :
n=0 X

Chirng minh:
+oo  n—l +o  n-l1

Gx) = fcnx" =C,+ iCﬂx" =1+>Y 0. cC,  )x" =1+x> 0. CC,, )x""
n=0 n=1

n=1 k=0 n=l k=0

= 1+x3>CC, )" =1+x[ G(x) T (m=n—1), nghia 1a x[ G(x) *— G(x) + 1 =0.

m=0 k=0



_ 1£N1-4x _ 2 2. 2 _ Ao < X
Suy ra G(x) = T 11\/m.f)ey hg}m =oo (dau —) hodac 1 (dau +)

1-+1-4x

va limG(x)=C, =1 néntaco G(x)= 5
X X

II. SO PEM STIRLING (LOAI 2):

2.1/ PINH NGHIA: Cho n, k>0. Quiudc s°=1, §*=5°=0, Vn, k> 1.

vn, k> 1, dat s* 1asb cach xép n vdt khdc nhau vao k hép giong nhau sao cho

khéng cé hdp ndo trong. Rdrang ' = s =1 va ' =0 néu k>n.
Tandi S 1as6 dém Stirling (loai 2) va ta ciing dung ky hiéu s* = {Z}

2.2/ MENH DE: vn>2, 5/ = .
Chirng minh: Dé xép n vat khac nhau vao (n— 1) hop giéng nhau sao cho khong co
hop nao trong, ta s& thay co mot hop nao d6 phai chira 2 vt va cac hop khéc sé chira
1 vat cho moi hop. Ta chi can chonra 2 vét bat ky dat chung vao mot hdp nao do thi
duong nhién xac dinh duogc ngay mot cach xép. Do d6 s6 cach xép 1a s = 2.
Vidu: s; =8"=c¢c; =3 va §; =5 =C; =6.

2.3/ MENH PE: vn>2, s> =2"""—1.
Chirng minh: SO cach xép n vat khac nhau vao hai hop khac nhau ( ¢ thé c6 hop
trong ) 1a 2" (mdi vt co 2 cach xép vao mot hop tiy ¥ ). Do d6 s6 cach xép n vt
khac nhau vao hai hop khac nhau ( khong c6 hop tréng ) 13 (2" — 2) vi phai loai bo hai
truong hop c6 hop tréng. Suy ra s6 cach xép n vat khac nhau vao hai hop gidng nhau
(khong cohop trong ) 1a s> =2 ' (2" —=2)=2"""—1.
Vidu: s2=2""-1=4-1=3 va s2=2"""-1=8-1=7.

2.4/ PINH LY: Vn, k > 1, ta c6 cdng thirc dé qui S =kS*, + 5.

n—1



Chirng minh: Quinap theo n>1.Khi n=1=k thica 2 védéubang I.

Khi n=1<k thica 2 vé déubing 0. Vay ding thirc dang khi n=1.

Xét n>2 va gia sir co dang thirc dung cho céc truong hop < (n— 1).

Xép n vatkhacnhau vy, ... v,_1, va vao k hop giéng nhau sao cho khong c6 hop

nao tréng. Khi ta da Xép xong (n—1) vat vy, ... v,_; vao cac hop thi c6 hai truong

hop sau day xay ra cho vat cudi ciing v,

TH1: con mot hop tréng va ta dua vat v, vao hop cudi nay. Tacod S' cachxép n

VAt Vi, ... Va_1, Va [ Vitrudc d6 ddco s cachxép (n—1) vat vy, ... Va_; Va0

(k — 1) hop gidng nhau sao cho khong c6 hop nio tréng ].

TH2: khong con hop nao trong. Ta xép vat v, vao hdp nao ciing dugc. Ta co ks*,

cach xép n vatvy, ... vy 1, vy [vitrubcddédaco Ss°, cach xép (n—1) vat vy, ...,

Va_1 vao k hop giéng nhau sao cho khong c6 hop nao tréng ].

Dodoétaco sf =ks', + s .

Vidu: 8! =35, +5;=3x6)+ 7=18+7=25.

2.5/ HE QUA: Cho n, k > 1. Khi d6

a) Sb cach xép n vt khdc nhau vao k hép khdc nhau sao cho khong c6 hop nao
tréng la k!s*.

b) S6 cach chia n vién keo khdc nhau cho k dira tré sao cho dira nao ciing ¢ keo
la k!s*.

¢) Sb toan dnh tir mot tap hop c6 n phan tir vao mot tp hop ¢6 k phan tirla k!s*.

Chirng minh:

a) Do xép n vat khac nhau vao k hop khac nhau nén phai nhan thém k! truong hop

cho viéc chon hop. Nhu vay s cach xép 1a k! s*.



b) Xem modi vat 13 mot vién keo va mdi hop 1a mot dira tré thi ta lai tré vé ph?m a).

c) Xéttoananh f: V={v,...v, 1, vpa } > H={hy,...h_;,h}. Taco n vt
khac nhau va k hop khac nhau h, ... hy_;, h. Khi f(vj) =h; thi ta xem nhu vat
v; duogce xép vaohop h; (1<i<n, 1<j<k) thitalai tré vé phan a).

2.6/ PINH NGHIA: Cho tagp hop T ¢6 n phanti (n>1).

Mot phép phan hoach cua T 1a mét phép phan chia T thanh k tap hop con khac &
ro1 nhau tung d6i mot Ty, ..., Ty (vo1 1 <k<n), nghiala
T=Tiv..UT, Tizd va TinT;=0 khi 1 <i#j<k.
Lac dotacingnoi { Ty, ..., Tk } 1a mot phép phdn hoach cua T.
Vidu: Cho T={1,2,...,10}, T, ={5},T,={1,4,9},T;={2,7 } va
T,=1{3,6,8,10}. Tacd { Ty, Ty, T3, T4} 1la mot phép phan hoach cua T.

2.7/ MENH DE: Cho n, k > 1. Khi d6 s6 phép phan hoach ciia mot tip hop c6 n phan
tor thanh k tap hop conla s*.
Chirng minh: O day chung ta xép n phan tor (n vat) khac nhau vao k tip hop con
ma khong quan tdm dén thtr tu cta cac tap (k hop giéng nhau) nén sb cach xép 1a s*.
Vi du: Xét s6 cach phan tich 269178 thanh tich cia 3 s6 nguyén > 2. Phan tich
nguyén té 269178 =2 x 3 x 7 x 13 x 17 x 29. Mdi cach phan tich 269178 thanh tich
ciia 3 sbnguyén >2 chinh 1a mot sy phan hoach T = {2,3,7,13,17,29 } thanh 3

tap hop con. SO cach phan tich 1a $2=352 +52 =3 x25)+ (2> ' =1)=75+15=90.

2.8/ PINHLY: Vn,r>1,taco r" zsuk - z ' ”k)'.
r .

Chirng minh: Ta tim s6 cach xép n vat khac nhau vao r hop khac nhau.
Cach 1:1" cachxép (mdivat co r cach xép).

Cach2: Xét ke {0, 1,...,r}. S6 cach xép n vat khac nhau vao k hdp khac nhau



(trong r hop dangco) la C'k!S! = Si4". Sosanh 2 cach,taco " = > 5'4".
k=0

Vi du:
a) V6i n=6 va r =4, 3 si4" =4° = 4096.
k=0

b) Viét x* thanh mot to hop tuyén tinh cta cac ham x, x(x —1) va x(x — 1)(x — 2).

Véi n=3 va r =x (x 1abién sd nguyén > 1), ta c6 dang thirc

X = 3t T 3G D x D(=D) [dé 51 =0 Khi k=0 hofe k> 3]
k=0 X—K).

Hai da thirc ¢ hai vé bang nhau tai vo sd cac gia tri nguyén duong cia x nén chiing
ddng nhat voi nhau.

¢) Viét x* thanh mot to hop tuyén tinh cta cac ham x, x(x—1), x(x — 1)(x—2) va
x(x - 1)(x - 2)(x - 3).

Vi n=4 va r =x (x labién sd nguyén > 1), ta co dang thic

x' = ZS]{( f'k)' =x+7x(x—-1)+o6x(x—-1)(x-2) +x(x - 1)(x —2)(x — 3).

[déy s =0 khi k=0 hodc k>4 ]. Hai da thirc & hai vé bang nhau tai vo s6 céc
gia tri nguyén duong cia x nén chung dong nhat v6i nhau.

III. SO PEM BELL:

3.1/ PINH NGHIA: Quiuéc B,=1 va vn>1,dit B, 1a sb phép phan hoach ctia mdt

tap hop c6 n phan tir. Suyra Vn> 1, B, 1as6 cach chia n vét khac nhau thanh cac
nhom vat ( mdi nhom cé it nhat mot vat ).
Vidu: D& thiy B;=1,B,=2.B;=5 vi T={1,2,3}c6 5 phép phan hoach nhu

saw: T= {1} U2} U Bl={1} U 2,3 =021u{l,3} =3 U{l,2 ={l,2,3).

3.2/ MENH BE: Vn >0, B, = 35" .
k=0



Chirng minh: Suy ngay tu (2.7) va (3.1).

Vi du:

4
a)By=Ys5=0+1+Q2-1) +C+1=1+7+6+1=15,
k=0

b) Xét s6 cach phan tich 666655 thanh tich cta cic s6 nguyén > 2.
Phén tich nguyén t6 666655 = 5 x 11 x 17 x 23 x 31. Mdi cach phan tich 666655

thanh tich cta cac sb nguyén > 2 la mgt sy phan hoach cua T = {5, 11, 17, 23, 31}.

Do d6 sé céch phan tich la Bs= Y55 =0+ 1+ (2%~ 1)+25+10+ 1 =52.

k=0

3.3/ PINH LY: Vn > 0, ta c6 cong thirc dé qui By, 1= Y C'B, .
=0
Chirng minh: T={ vy, ... v, , Vo+1 } ¢0 B+ phép phan hoach.
Xét mgt phép phan hoach nao dociia T va A 1a mét tap hop con cia T hién dién
trong phép phan hoach néi trén théa v,,, € A. Ta xét s6 phan hoach cia (T\A).
Néu |A|=k+1va |[T\A|=n—-k (0<k<n) thitaco C* cachchon truéc A va
(T\A) c6 B,_x phép phan hoach. Mdi phép phan hoach ctia T bao gdm tap hop

con A cung véi mot phép phan hoach ciia ( T\ A ). Do d6 s6 phan hoach cua T 1a

B = inBH = Zn“c;“*'"Bm (m=n-k) = iC;”Bm = ichk .
k=0 m=0 m=0 k=0

Vi du:

BfiCé‘Bﬁ(lx1)+(5x1)+(10x2)+(10x5)+(5x15)+(1x52)=2o3.
k=0
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