TOAN TO HQP GV LE VAN HQP
CHUONG IV

HAM SINH
1. HAM SINH:

1.1/ PINH NGHIA:

a) Cho day sb thuc {a,|k>01} c6 vo han sb hang. Ta goi chudi liy thira hinh thirc
F(x)= 3 a* =a, + aix +ayx’ +asx’ + - 1a ham sinh ctia ddy { ay k>0 }.

b) Dy s6 thuc ¢6 hiru han sd hang {a, |p<k<q} (0<p<q) c6ham sinh van la
F(x) = iakxk voi qui ude a, =0 khi k<p hodac k>q.

Vi du:

a) Ddy vo han {a, = (- 2)k! | k > 0} va ddy sb hiru han {b, =k’Ink | 3 < k <20} c0 cac
ham sinh 1an luot 13 F(x) = i”akxk =1 -2x+8x"-48x + -+ va G(x) = fbkxk =
=9(In3)x’ + 16(In4)x* + --- + 400(In20)x*° (b, =0 khi k <3 hodc k>20).

b) Xéttaphop X ¢6 | X|=n>1.Vk e {0,1,...,n}, ddt a,=sd tap hop concod k

phan tir trong X thi a,= ¢*. Didy sd hituhan {a,|0<k<n} c6hamsinhla
F(x) = iakxk = Zn:Cfx" =(x+1)" trong d6 a, =0, Vk > n.
k=0 k=0

c) bat a, =b, =0, a, = s6 cac s0 nguyén duong <k ma nguyén to cung nhau véi k

va by = sb udc s6 nguyén dwong ciia k, Yk > 1. Cac diy s6 vo han { a, |k >0} va

{bx| k=0 1} cbdcac ham sinh lan luot la F(x) = iakx"=x+x2+2x3 +2xt+ ... va
k=0

G(x) = +Z.Obkx"=x+2x2+2x3+3x4+ .- Vk nguyéntb>2,b,=2 va a,=k— 1.
k=0



1.2/ HAM SINH DAN DEN TIiM SO NGHIEM NGUYEN CUA PHUONG TRINH:

a) Vk > 0, dat a, = sb cach chon k vién keo tir 1 vién keo dira, 2 vién keo chanh,
3 vién keo me va 4 vién keo gimg.Viét ham sinh cua day s6 hitu han {a, |k >0 }.
vk >0, a, = s6 nghi¢m nguyén cua phuong trinh e; +e,+e;+es=k voi 0<¢; <1
(1<1<4) trongdd ey, e, €3 va ey 1an luot 14 sb vién keo dura, chanh, me va gung.
Dé viét ham sinh cua {a, | k > 0}, ta xay dung cac da thic sao cho khi nhan chung lai
v6i nhau, ta dugc tit ca cac sd hang c6 dang x*x2x“x* trong d6 0<e;<i (1 <i<4).
Nhu vy ta xdy dung cac dathic (1+x), (1 +x+x°), (1+x+x*+x’) va
(1+x+ x>+ x>+ x4) lan luot cho ey, ey, €3 va eq. Do d6 ham sinh cta {a|k>0}
A FR)=(1+x)1+x+x)1+x+x*+x)1+x+x>+x +x*) =
=1 +4x +9x> + 15x +20x* +22x° + 20x° + 15x” + 9x® + 4x° + x'° (a, = 0 khi k > 10).
b) Vk >0, dat a, = sb cach chon k vién bitlr 2 vién bi tréng, 3 vién bi den, 3 vién
bi d6 va 4 vién bi xanh.Viét ham sinh cua ddy s hitu han { a, | k>0 }.
Vk >0, a,= $b nghiém nguyén cua phuong trinh e; +e; +e; +e; =k vdi 0<e; <2,
0<e<3(=2,3)va 0<e;<4trongdo e, e, e; va e 1an luot 14 sb vién bi
tréng, den, xanh va do duoc chon. Dé v a,=0 khi k>12.
Pé viét ham sinh cua {a, | k > 0}, ta xdy dung cac da thic sao cho khi nhan chung lai
v&i nhau, ta duoc tit ca cac sd hang c¢6 dang x“x“x“x*“trong d6 0<e; <2,0<¢;<3
(i=2,3)va 0<e,<4. Nhuvay ta xay dung cac da thac (1 +x+x°) [ cho e],
(1+x+x*+x’)[cho e; va e5] va (1+x+x*+x +x")[cho e, ]. Do d6 ham
sinh ctia {a, | k>0}1a Fx) =1 +x+x )1 +x+x+x ) (1 +x+x+x +x*).
c) Vk >0, dat a, = sb cach chia k hat dé y hét nhau vao 5 céi hop sao cho sb hat &
hop 1 la s6 16 <7, sb hat & hop 2 1a s6 chin < 10, s6 hat & 3 hop con lai déu co sb

luong trong khoang tr 4 dén 9. Viét ham sinh ctia ddy sb hitu han {a, |k>0 }.



Vk >0, a,= $b nghi¢m nguyén cua phuong trinh e, + e, +e3 +e4+es=k vdi
0<e 16<7,0<e,chin<10 va 4<¢;<9(i=3,4,5)trong dd ey, ,, €3, €4 Va €5
1an luot 13 s hat dé dugce dat vaohop 1,2, 3,4 va 5.

Pé viét ham sinh ciia { a, |k >0 }, ta xAy dung cac da thirc sao cho khi nhan ching
lai v&i nhau, ta dugc tat ca cac sb hang c6 dang x“x“x%x%x% vo1 0<e 1€ <7,
0<e,chan<10 va 4<¢;<9(i=3,4,5). Nhu vay ta xay dung cac da thic
x+x+xX+x )[cho ], (1 +x*+x*+x°+x*+x'") [ cho e,]va

X'+ +x°+x +x%+x”) [ cho ey, es va es ]

Do do hamsinhciia {a,|k>0} 1a

FR) =x+x +xX +x )1 +xX+x ' +x°+x* +x'" )+ + P +x" +x¥ +x7)’.
Taco a, =0 khi k<13 hoac k> 44.

d) vk > 0, dat a, = sd cach xép k hop banh y hét nhau vao 3 cai ti sao cho: s6 hop
Gt 1 laboisdcta 3 va <9,s6hopatn 2 1asdchin>6 vasdhopota 3 1a
s6 nguyén t6 < 13. Viét ham sinh cua ddy sb vo han {a|k>0}.

Vk >0, a, = s6 nghiém nguyén ctia phuong trinh e, + ¢, + e; =k véi

0<e (bdicua3)<9,e,chan>6 va 2<e; nguyén t6 < 13 trong do e, e; va e;

1an luot 13 s6 hop banh duoc dit vao tu 1,2 va 3.

Dé viét ham sinh ciia { a, |k >0 }, ta xdy dung cac da thirc sao cho khi nhan ching

lai v&i nhau, ta dugc tt ca cac sb hang c6 dang x“x2x® vé1 0<e; (bdicua3d)<9,

e, chin>6 va 2 <e; nguyén td < 13 . Nhu vay ta xay dung cac da thirc
Q+x+x°+x")[cho e ], X +x’+x +x +x" +x”)[choe;]va

x*+x*+x'""+ ) [cho e, ]. Do d6 hamsinh ciia {a.|k>0} Ia

F) =1+ +x°+x )X+ +x+ )+ +x+x" +x" +x7).

Taco a,=0 khi k<8.



1.3/ MOT SO CONG THUC PAI SO VA KHAI TRIEN MAC-LAURIN:

n+l

a) ll—x =Zx"=1+x+x2+--- +x"(n=1).
- X k=0

b)(1+x)"=YCx=1+Cx+Cx+ - +Cx"(n>1).

k=0

) (1—x"'=Y(Dcixm=1-Cx"+ X"+ + (= 1)'C’x™ (m,n>1).
k=0

d)%22xk=1+X+X2+X3+-~- va —11 = Z(—l)"x"=l—x+x2—x3+...
- - + X =
(1 ) - ZC11+(/€ l)x _1+ C1X+ C2 X + C3 et (1'122).
X k=0

1.4/ TICH CAUCHY CUA CAC CHUOI LUY THUA HINH THUC:

Cho f(x)= Y ax* v g(x)= 3 b . Khidé h(x)=f(x).gx)= S et véi
k=0 k=0 k=0

k
Cx = Zaibk—i = (abx tajby_taby o + - +ab,), Vk=0.

Chudi h(x) goi la tich Cauchy cta cac chudi f(x) va g(x).
1.5/ TIM HE SO CUA HAM SINH:

Ta sur dung céac k¥ thuat tinh toan dai s6 dé tim cac hé sb cuia cac ham sinh. Ta s&
bién d6i mot ham sinh phire tap vé ham sinh kiéu nhi thirc hodc tich ciia cac ham
sinh kiéu nhi thirc bang cach 4p dung (1.3) va (1.4).

Vi du:

a) Timhé sd cua x* trong (x’ +x* +x* + =)',

, 1 +00
Tacd (X +x" +x°+ ) =x" (A +x+x"+ "')4=Xlz(1_x)4=X12 > Coogin”

k=0

A 1A A o 20 3 4 5 4 4, VA A o 8 .2 ,
nén hé s6 cua x™ trong (X” +x" + X"+ ---)* chinh 1a hé s0 cia x° trong biéu thirc

Z ar(k-nX - . Vayhe sO can tim 14 c} =165.



b) 20 ban quyén gop v cho hoc sinh nghéo. Ban dau tién gop 1 hodc 2 hodc 5
vé. 19 ban con lai méi ngudi gép 3 hodc 4 vo. Hoi co bao nhiéu cach quyén
gop dé thu duge 76 cudn vo ?

Vk >0, dit a, 13 s6 cach quyén gop k cubn vo ciia 20 ban di néi & trén.
Ta can tim az = s6 nghiém nguyén ctia phuong trinh e, + e, + ... + ey = 76,
trongdd e;=1,2,5 va ¢;=3 hodc 4 (2<1<20). Ham sinh cta {a, |k >0} la

76

Fx)=x+x +x)x +x)"”=x*1 +x+x*)(1 +x)". Mudn tim hé s6 cia x

trong F(x), ta tim hé s6 cua x'® trong (1 + x + x*)(1 +x)"”. Pat f (x) = (1 + x + x*)

+o0 +0o0 19
- zbkxk > g(X) = (1 +X)19 - zckxk - zclkoxk =1+ C119X+ C129X2 Tt C1I:X19 va
= =0 k=0

h(X) (1 +xX+X )(1 +X)19 de Ta co dlg— Zbcm P 0C18+b1017+b4014—

=CS+cl+ Cli =19+ 171 + 11628 = 11818.

¢) C6 bao nhiéu cach xép 30 bt y hét nhau vao 8 hop sao chohdp 1 c6 khong
qua 12 but va cac hop con lai mdi hop co it nhat 2 bat ?
Vk >0, dat a, 1as6 cach xép k but vao 8 hop thoa yéu cau ciia bai toan. Ta can
tim asp = s nghiém nguyén cua phuong trinh e; + e, + ... + es =30 trong do
0<e; <12 vae=>2(2<i<8). Hamsinhcua {a,|k>0} 1a
Fx)=(1+x+ .. +x)E+x+x +.. ) =x"(1+x+ .. +xHA +x+x*+...).
Mudn tim hé s6 ciia x*° trong F(x), ta tim hé s6 ctia x'® trong biéu thirc

1-x" 1 _ 3 1 _
I-x (1-x) = (I=x )(l—x)8

h(x)=(1+x+... +x )1 +x+x>+ ) =

13 +00
=(1-x")(1+x+ x>+ C,x +- )= dxt.
k=0

Nhu vay hé s6 cantim1a dg = G — Cl,=245157 — 120 =245037.



II. SU PHAN HOACH CUA SO NGUYEN DUONG:

2.1/ PINH NGHIA: Cho s6 nguyén duong n. Néu c6 cac sd nguyén duong ny, n,

ey g
thoa n;<n, <...<n, va n;+n, +...+ n,=n thitandi (ny, ny, ..., n,) la mot phép
phadn hoach ctua n. Phan hoach (n) 1a phép phdn hoach tam thwong cua n.

Vi du:
6 c6 11 phanhoachla (6),(1,5),(2,4),(3,3),(1,1,4),(1,2,3),(2,2,2),(1, 1,1, 3),

(1,1,2,2), (1,1,1,1,2) va (1,1,1,1,1,1). Tacé (6) 1a phép phan hoach tdm thudng cia 6.
2.2/ HAM SINH CUA SO PHEP PHAN HOACH: Ta xay dung ham sinh cho diy vo

han {ac|k>0}v6i a,=1va a,=sd phan hoach cta sd nguyén duong k, vk > 1.
Mot phép phan hoach ctiia k duwrge xdc dinh khi ta biét sé luong cac sé nguyén duong
1,2, 3, ...,k dugc str dung trong phép phan hoach do6. Goi e; la s6 14an sb nguyén.
duong 1 duogc dung trong mot phép phan hoach cia k (1 <1 <k), ta c6 phuong trinh
l.e; + 2.6, + ... + keey = k. Nhu vy a, = s6 nghiém nguyén > 0 ctia phuong trinh trén.
Ta sé& x4y dung cac da thiic sao cho khi nhan céc da thirc d6 v6i nhau, ta duge cac s6
hang c6 dang

3ey key,

xax*exs . xM .

Tacocacdathic (1+x+x*+x +...)[cho e/],(1+x*+x*+x°+...)[cho 2e,],
e, (L x5+ x™ + x4+ ) [ cho keg], .... Nhu vdy ham sinh can tim 13
F)=(1+x+x+x +. )1+ +x"+x°+..) . A +x+x*+x*+..)...=

B |
A=) (=2 (1=x5).

Vi du:

a) Xétday vohan {a.|k>01}v6i a,=1va Vk>1, a,=sd cach viét k thanh téng

cdc s6 nguyén dirong khdc nhau ( cac phan hoach dic biét cua k) = sb nghiém



nguyén cua phuong trinh l.e; +2.e;+ ... tkiey = k v61 0<e; <1 (1<L1LKk).

Do d6 ham sinh cta diy 1a F(x)=(1 +x)(1 +x*) ... (1 +x") ...

b) Xétday vohan {a |k>0} véi a,=1va Vk> 1, a,=s6 cach viét k thanh tong
cdc chir 56 1ay tir tap hop { 1,2, 4,7 } (mdi chir s6 c6 thé dung mot s6 1an tiy )
= 56 nghiém nguyén > 0 ctia phuong trinh 1.e; +2.e; + 4.e5 + 7.e4 = k.
Do d6 ham sinh cuaday {ac|k=>0} la
F)=(1+x+xX+ .. )1+ +x*+. )A+x*+x*+ .. )1 +x"+x"*+ ).

¢) Dung ham sinh chtrng minh moi sé nguyén duong duoc viét mot cach duy nhat
thanh tong cua cac lily thira nguyén khong 4m khac nhau cua 2.
Xétddy vohan {ac|k>0} véi a,=1 va Vk>1, a, =sb cach viét k thanh
( tong cdc lily thira nguyén khéng am khdc nhau cia 2 ) = sb nghiém nguyén cia
phuong trinh 2%e,+2'.e; +2%e,+... =k véi 0<e;<1(i>0). Do d6 ham sinh

ciaddy {a|k>01}1a F(x)=(1+x)(1+x)1+xH1+x1+x") ...

r ) 2r+l_q N
Vr>0,taco [Ja+x")= Y x' bang cach chimg minh qui nap theo r>0.
i=0

i-0

Nhu vay F(x) = ﬁ(l+x2i) fo" =l +x+x2+xF Suyra a,=1,Vk>1.
i=0

k=0
d) Xét didy vohan {a,|k>0} voi a,=1 va Vk> 1, a,=sd cach viét k thanh
tong cdc sé nguyén dwong Ié = sb nghiém nguyén >0 ctia phuong trinh
l.ey+3.ep+5.e5+...=k.Dodohamsinhcia {a |k>0}1a
Fx)= (1+x+x+x+.. )1 +x +x°+xX+ .. )1 +x+x+x"+..) ...
e) Xét day vo han {a |k>01}vdi a,=1 va Vk> 1, a,=sb cach viét k thanh
t6ng cdc sé nguyén dwong chan = sb nghiém nguyén > 0 ctia phuong trinh

26 +t4e,+6e3+... =k.Péy a,=0 khi k 1é. Himsinh cia {a;|k>0}



A Fx) = Q+xX+x*+x°+ . )0 +x  + x5 +x7+ . )0+ 0+ xZ+x3+ ).

III. HAM SINH MU:

3.1/PINH NGHIA:

a) Cho day s6 thuc { a, |k >0} (co vo han sb hang). Ta goi chudi Ly thira hinh thirc

<« _ A5+ B 20 B 301 ha . ~ 2 1 >
E(x) = kz 0' 1!X ) 3 1a ham sinh mii cta day { a, [ k>0 }.

+00

b) Diy s6 thuc hitu han {a|p<k<q}(0<p<q) c6ham sinh mi E(x)= z

k=
voi qui uoc a, =0 khi k<p hoac k>q.
Vi du:
a) Day vo han {a,=(-2)"k! |k>0} va diy hitu han {b,=k’Ink |3 <k<20} cb cic

ham sinh mi 1in luot I3 B(x) = z%x =1 - 2x+4x2-8x’ + - vd G(x) = z%x
. k=0 K -

k=0

= %(1n3)x3 + %(1n4)x“ +o f—;(lnzo)x” (by=0 khi k<3 hodc k>20).

b) Xéttaphop X ¢6 | X|=n>1.Vke {0,1,...,n}, dit a,=sb cach chonra k
phan tir trong X roi xép vao k vi tri (khong xép trung) thi a, = 4*. Day hitu han

{ak|0£k£n}cc’)ha‘lmsinhmﬁE(x)=ii"' ¥= 3 Ch = (x + 1) (Vk > n, a, = 0).
k=0

k=0

3.2/ HAM SINH MU VA CAC BAI TOAN PEM CO YREU CAU SAP THU TU:

Ham sinh dung trong cac bai toan dém s6 nghiém nguyén c6 diéu kién ctia mot

phuong trinh. Ham sinh mii duogc ding c6 hiéu qua trong cac bai toan dém c6 yéu

cau thém viéc sap xép thur tu.

a) Vk >0, dit a, =s6 chudi ky tw c6 k miuty ldytir {x,y,z t} sao cho trong
chudi xuit hién x (it nhat 2 1an) va z. Viét ham sinh mii cta day { a, |k >0 }.

vk > 0, xét phuong trinh e, +e, +e; t e, =k vbi ey, e, €3, €4 lan luot 1a sb 1an



xuat hién cia x,y, z,t trong chudi c6 k mautu (e;>2,e,>20,e5>1,e,>0 va

déu nguyén). Mbi nghi¢m (e, e,, €3, €4) cuia phuong trinh trén cho ta s6 chudi ky

\ (g +e +e +e,)! k! A 1N A 1z i< A X1
tu 1a @retete) ( day la s6 phép hoan vi 1ap trén chudi ky tu ).
ele,lele,! elelele,!
. k! . a x4 x® X% x*
Taco Vk>0,a=> ———— va Lxf=> vi k=e;+e,+e;+e,.
ele,lele,! k! elelele,!

[ ca hai tong déu ldy trén tat ca cac nghiém (e, e,, €5, €4) cla phuong trinh trén ].

Pé viét ham sinh mii cia { a, | k>0 }, ta xay dung céac da thic sao cho khi nhan

€ (2] e €y

X X° X X

chung lai v61 nhau, ta duoc tat ca cac sb hang c6 dang trong do

elelele,!

e =2, €2>0, e >1 va e,>0. Nhuvay hamsinhmiicua {a,|k>0} la

oo 2 3 4 2 3 2
E(x) = a_kxk:(x_er_ + 2 4 X R T T )1+ XX 4. )2_
;k! 2! 3! 4! 1 2! 3! 1! 2!

b) Vk >0, dat a, = sb cach Xép co thu tu k vat duoc chon tir 5 loai vat khac nhau
sao cho loai 1 va 2 c6itnhit 3 vatcho mdi loai, loai 3,4 va 5 c6sd vattr 2

dén 4 vat cho mdi loai. Ta c6 ham sinh mii ctia {a,|k>0}1a

+00 3 4 5 6 2 3 4
E(x) = a_kxk:(x_+x_+x_+x_+...)2(x_+x_+x_)3.
;k! 3! 4! 5! 6! 2! 3! 4!

¢) Vk >0, dat a, =sb cach xép k nguoi vao 5 cin phong khac nhau sao cho khong
c6 phong nao tréng, phong 4 va 5 c6 sb nguoi & mdi phong 1a boi sb cua 3.

Tacohamsinhmiicia {a,|k>0} la

oo 2 3 4 3 6 9
E(x) = a_kxkz(ﬁ+x_+x_+x_+...)3(x_+x_+x_+...)2_
;k! 1! 20 31 4! 3! 6! 9!

d) Vk >0, dat a, = s cach xép k ngudi vao 4 cin phong khac nhau sao cho phong
1 va 2 c6khong qua 3 ngudi cho mdi phong, phong 3 c6 sb ngudi chin va

phong 4 c¢6 s nguoi 1é. Ta ¢ ham sinh mii caa {a, |[k>0} 13



3 5 7
X X

+o0 4 6
E(x) = ﬂxk=(1+_+—+_)( T, SR SR V.U S S A
Z;k! o2 21 41 6! ro3rost 7

3.3/ CAC CONG THUC CO BAN CHO HAM SINH MU:

2 3 2 3

aye*=1+21+2 +2 4. b)er—1= 2+ + X + ..
2! 3! 2! 3!
2 3 4 2.2 3.3
e —l-x="+I+2 +.. de™=1+24+2% 4% 4 .
2! 3t 4! 1! 2! 3!
2 4 6 3 5 7
)2 (+eH)=1+1+2 + X+ )2 lEe-—eH) =2+ 4 X X4
2! 4! 6! " 3 5! 7!

Vi du:
a) Vk > 0, dat a, = s6 cach sa"ip Xép co thuo tu k vat chon tr n loai vat khac nhau.

Tinh a,, Vk > 0. Trudc hét, ta c6 ham sinh mii cia {a,|k>0} 1a

~+00 2 3 i 3 3
E(x) = E—a"xk=(1+f+x_+x_+... L R S N
i k! 1 2! 3! 1! 2! 3!

k
Suyra Vk=>0, % = %, nghia la a, = n“.
b) Vk > 0, dat a, = s cach sip xép k khach vao 3 phong khac nhau sao cho khong
c¢6 phong tréng. Tinh ay, Vk > 0. Trudc hét, ta c6 ham sinh mii cta { a |k >0}

Ia E(x)—Z?" = (2 +;+§+ Y= - 1) =" -3e™ +3e" - 1 =
k=0 !

+oo ~k +00 k k
2 —32 ) I 2(3 D2
T &h =11
k k
Suyra a,=0 vi k21, % =3‘3]{#.Dodé a = 3—32%+3, vk>1.

IV. UNG DUNG CUA HAM SINH VA HAM SINH MU:

4.1/ MENH PE: Cho f(x) = +Z.Oakx" ,g(x) = ibkx" ,h(x) = iockxk ,de RvareN.Taco
k=0 k=0 k=0

a)g(x)=df(x) & Vk>0,by=day. b)h(x)=f(x)*gx) < Vk=>0,c,=a; b

10



¢) h(x) =1 (x).g(x) < Vk20,cc=(abytabe 1+ aby o+ - +adb,).
d) gx)=x'.f(x) © Vk>0,b,=0(khi k<r) va by=a,_,(khi k>r).

4.2/ PAO HAM CUA CHUOI LUY THUA HINH THUC:

a) Voi f(x)= Y ax*, taco chudi dao ham £’(x) = > ka,x*"' = > (k+1)a, 2" .
k=0 k=1 k=0

Tuong tu, ta ciing ¢ cac chudi dao ham hinh thirc cép cao f’(x), f P(x), ...
b) [ g(x).h(x) I’ = g’(x)h(x) + g(x).h’(x) ( Cong thirc Leibniz cho dao ham tich sb ).
o) [ g(x)/hx) ] =[ g’ x)h(x) — g(x)h’(x) ] /[ h(x) ] (cong thirc dao ham thuwong sd).

Vi du: Ta tim biéu thirc mét s6 ham sinh khi biét cac hé s6 cua no.

a) Cho g(x)= > hx' va f(x)= S a.x* thoa a, =Kkby, Vk > 0. Tinh £(x) theo g(x).
k=0 k=0
Taco £(x)= Sax' =Y kbt = S kbt =x 3 kb = xg'(x). Vay f(x) = xg’(x).
k=0 k=0 k=1 k=1
b) Cho f(x)= i”akxk thoa a, = 2k% Vk > 0. Tinh biéu thic cua f(x) theo x.
k=0

Taco f(x)= Zak : —2Zk2 "—22k2 k—2x2k2 - ‘—2X(ka") —2X(X2kx"’l)’

=1

=2x (x50 ) =2 6y P = 2x [ = 2

¢) Cho f(x)= fakxk thoa a,=(k’—k), vk > 0. Tinh biéu thic cua f(x) theo x.
k=0

Cach I: f(x)= Zak b= 218 ¢ ka" Z/ﬁ ‘ ka’f—xz‘ﬁ ! Xka" =

AT T T

k-1 L_ _
KX ) T = s =  T
_ X . X _ x(x+1) - x o _ x(x+1) X _
o N e A R rpupe s A rouper
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_ x(x2+4x+l)_ X _ x(x2+4x+1)_ x(1-x)? _ x(x2+4x+1)—x(x2—2x+1): 6x°

(1-x)* (1-x)° (1-x)* (1-x)* (1-x)* (1-x)*

Cach 2: f (x) = i”akxk = i”actk)xk =§(k—l)k(k+l)x": [ io(k—l)kx"*‘ I'=

X DD P = [kt ) T = ()7 P = (X (1= x)" ) =

— 3 i 55 10 — 3 2x—x2 50 — 2x3 s 6x2
R B B e

d) Cho f(x)= i”akxk thoa a, = (k’+k%), Yk > 0. Tinh biéu thirc ciia f(x) theo x.
k=0

F(x)=Yax' =YK+ =Y Eh+Dx = (Y ) =[ XD ] =
k=0 k=0 k=1 k=1

k=1

= )T = [ zkx )] = {xz[x§<k+nxk Py = {xz[x@xkﬂ YTy =

k=1

X 1 ,:[xz(x+l)],: 2x(2x +1)
(1-x)’ (1-x)’ 1-x*

=X T = )T =

4.3/ MENH BE: Cho f(x)= > a.x* va g(x)= @ = 3 bt Khi d6
k=0 k=0

k
Vk20,by=>a=a,+a + - +a.
i=0
Vi du: Ta ding (4.3) dé tinh tong mot sd ddy sé don gian.

a) Tinh s, = 1> +22+ . + K%, Vk 2 1. X6t £(x)= Yo voi a =K%, Vk 2 0.
k=0

, . _ x(x+1) < _ S _ox(x+1) &, kg
Theo Vidu (4.2),taco f(x) 1 .bat g(x) = - ;bkx thi

Vk>1,b,=a,+a,+- +a =02+ 12+22+ ... +k* =5, va
+00 +00 i

gX)=x(x+1) Y Cix' =Y Ci ™ + Y Gx = Zcféxk ZC;Q? =
k=0 k=0 k=0

—x+ Z(C“ +C 2 Do do Vk>2, 5, =by= ¢! + ¢ = KEFDEEFD oy

k+2 k+1
6

12



_ k(k+D(2k+1)
‘ .

s;=b;=1%= W.Véy Vk > 1, s, = by
b) Tinh u=123+234+ - + (k- Dk(k+1), Vk > 2.

Xét f(x)= Saxt voi a =k’ — K= (k— Dk(k + 1), Vk > 0,
k=0

, . 6x” < 6x” & .
Theo Vi dy (42), ta c6 £(9) = _xx)4 . Pit g(x)= { f’“x) o _xx)s = b thi

Vk>2,by=a,+ta +--+a=123+234+ - +(k-Dkk+1)=u.

Suy ra g(x) = 6XZZC"+4xk = > 6C; = >6C;x" . Dodo Vk=2,s,=by=6C/;.
k=0 k=0 k=2

k

_ (k=Dk(k+1)(k+2)
2 .

Vay Vk>2, s,

4.4/ GIAI HE THUC PE QUI TUYEN TiNH HE SO HANG BANG HAM SINH:

Xét hé thirc dé qui tuyén tinh hé s hang { a, |n>r} (r > 0). Lap ham sinh tuong tng

F(x)= Y a,x"= S a,x" (a;=0khi i<r) () . Ta gidi h¢ thirc d¢ qui da cho nhu sau:

=0

* Budce 1: Nhan ca hai vé cta hé thirc dé qui cho x” voi p 14 chi s6 cao nhdt theo n
trong hé thic dé qui (chang han p=n hodc p=n+1hodc p=n+2,...). Liy téng
v6 han hinh thirc céc sb hang trong h¢ thurc dé qui theo céac gid tri n>s sao cho chi
s6 nhé nhdt trong hé thirc dé qui s& >r khi n > s. Sau d6 chuyén biéu thirc c6 duoc
thanh mot phuong trinh ham theo an F(x).

* Budc 2: Giai phwong trinh ham dé tim biéu thirc ciia F(x).

* Budce 3: Khai trién F(x) thanh chudi liy thira va dung (1)) dé tinh duoc a,, Vn >r.

Vidu:

a) Cho a,=5 va a, =-4a, |, Vn>1(*). Tinh a,, Vn>0. bat F(x) = +zwanx" :
n=0

Nhan hai vé ciia (*) vai x" roi 1ay tong theo cac chisd n> 1, taco

13



+00

Sux'=-4%a ' =-4xYa_x . Suyra F(x)—5=-4xF(x) va (1 +4x)F(x)=5.
n=l1 n=1

n=1

Vay F(x) = = SZ( 4)" x" = Zanx” ,nghiala a, =5(—4)", Vn>0.
n=0

b) Cho a,=0,a;=—64 va a,.; =8a,— 16a,_;, Vn>3 (*). Tinh a,, Vn>2. Dat

a,=a;=0. Nhan hai vé cia (*) v6i x""' rdi ldy tong theo cac chi sé n >3, taco

Za,mx"+1 = 8Za "= 16261 = SXZa X —16x° Za X" bat F(x) = Za x"

n=3 n=3

Tacod F(x) + 64x’ = 8xF(x) — 16x*F(x) va (16x° — 8x + 1)F(x) = —64x’. Suy ra

= 4) ~ o Z "“(4x)n_z( ra) (40" = Z(—4”CSZ§)X"=§anx”-

Do d6 a,=0 va a,=—-4"C"2 =(2-n)4", Vn>3.Vay a,=(2-n)4", Vn>2.
c)Cho aj=-16,a,=2 va a,+» =a,+; +6a,, Vn>1 (*). Tinh a,, Vn>1.

- A Ao I +2 A 1A A r . A J
bat a,= 0. Nhan hai vé ctia (*) voi x" "~ roi lay tong theo cac chi s6 n> 1, taco

Zawx”+2 = Zcznﬂ)c"+2 + GZa X" = XZa,mx”+1 + 6x° Za x" . Pat F(x) = Za x" (D).

n=1

Ta c6 F(x) + 16x — 2x* = x(F(x) +16x) + 6x*F(x) va (6x> +x — 1)F(x) = —18x> + 16x.

+o0 _ 2 _ —
Suy ra Zanx”ZF(X)Z 182x +16x:_3+ 19x -3 —_ 34 5 2
p 6x" +x—1 2x+1)(3Bx-1) 1+2x 1-3x

=-3+5 i(—zx)" — 2§(3x)" =-3+ i[S(—2)” —2.3"Ix" .Tw (1)), a, = 5(-2)" - 2.3", Vn> 1.
d) Cho a;=-15 va a,+; =—3a,+8n—- 18, vn> 1 (*). Tinh a,, Vn>1.Dat a,=0 va

F(x) = Y a,x" (7). Nhan hai vé cia (*) voi x" "' va lay tong theo céc chisd n> 1, ta

n=0
+30 +00 +00 +00 +00 2 +90 b +00
¢ Da, x"'==3>ax"+8> mx =18 x"'=-3x>ax"+8x (D x") - 18x" ) x".
n=1 n=1 n=1 n=1 n=1 n=1 n=0

2 3 2
Suy ra F(x) + 15 = - 3xF(x) + 8y - 18 =—3xF<x)+%.Do ds
—X —X —X
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3x° +20x% —15x 3x° +20x% —15x 7 n 2 n 4

(1 +3x)F(x) = F(x) = =1-

va =
(1-x)° (1-x)*(1+3x) 1-x  (-x)> 1+3x

=1- 7§x" +2 fq’“x” + 4?:(—3)6)" =1+ §[4(—3)” +2(n+)-7x"=1+ §[4(—3)” +2n—-5]x"
n=0 n=0 n=0

n=0 n=0
Tu (U),tacd a,=4(-3)" +2n-5,Vn>1.
e)Cho a,=—7 va a,.,; =—4a,+8(n-2)(-4)",Vnx>0(*). Tinh a,, Vn=>D0.

A 5 A 7 L5 1 A 1A A J4 9 A J4
Nhan hai vé ctia (*) véi x"" ' roi lay tong theo cac chi s6 n >0, ta co

z a, x""'=—4 z ax" =2 Zw“ (n—2)(—4x)"" =

n=0

——4X2ax —2Z(n+2)( —4x)"! +82( —4x)"". bat F(x) = Zax thi

n=0 n=0 n=0

2 32x

_ , 16x(6x+1)
F(x) + 7 = — 4xF(x) + 8(— — F 22X Do dé
(X) X (X) (1+4x) 1+4x 4x ( ) 1+4x)
2 2
(1 +4X)F(X)= —208x  =72x—-7 va F(X)Z —-208x —723x—7: —13 n 8 - 2 =
(1+4x) (1+4x) 1+4x  (1+4x) (1+4x)

= - 132( 4x)" +82 Cl (—4x)" — Z C!(—4x)" = 2[8 Cr, —-2C, -13](-4)'x" =

-2C

= ianx" .Suyra Vn>0,a,=(8C” " —13)(=4)"=(-n*+5n-7) (- 4)".

n+l

f)Cho a,=3,a,=—5 va a, =2a,_; +3a,_, — 8(—1)", Vn>2 (*). Tinh a,, Vn=>0.
Nhén hai vé ctia (*) véi x" 16i lay tong theo céc chisd n > 2, ta co

8x?

1+x'

Zax —2261 X" +3Za X" —82( )" x" _2X2an X +3x° Zan2

bat F(x) = Zax Tacd F(x)+5x—-3=2x[F(x) - 3]+3x F(X)—T Suy ra
X

n=0

—8x+3_ 6 2 1

4 F(x)= = -2 -

(x+1)(1 3x) l+x  (1+x)>  1-3x

2
(3x> + 2x — 1)F(x) = X *8x=3
x+1

= 62( x)" = 22 et (=X)" = Z(3X)" = §[6(—1)" —2(n+D(ED" =3 =

n=0 n=0
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= i[(4—2n)(—l)" —3x" = ianx” .Suyra Vnx>0,a,=(4-2n)(-1)" -3"
=0 n=0

4.5/ GIAI MOT SO HE THUC PE QUI PHI TUYEN BANG HAM SINH MU:

Xét hé thirc dé qui phi tuyén {a,|n>r} (r>0). Lap ham sinh mi trong tng

E(x) = ia—"'x” (). Ta giai hé thirc d¢ qui phi tuyén da cho nhu sau:

=0

* Budc 1: Nhan ca hai vé cua hé thirc dé qui cho xP /p! voi p 14 chi s6 cao nhdt theo n
trong hé thirc d¢ qui (chdng han p=n hodc p=n+ 1 hoic p=n+2, ...). Liy téng
vé han hinh thirc cic sb hang trong hé thirc dé qui theo cac gid tri n>s sao cho chi
s6 nhé nhdt trong hé thirc dé qui s& >r khi n > s. Sau d6 chuyén biéu thtc c6 duoc
thanh mot phuong trinh ham theo an E(x).

* Budc 2: Giai phuong trinh ham dé tim biéu thirc ctia E(x).

* Budc 3: Khai trién E(x) thanh chudi lity thira va dung (U) dé tinh dugc a,, Vn >r.

Vi du:

a)Cho a,=1 va a,,1=(+ l)a, + (1 —n%), Vn=0. Tinh a,, Vn=>0.

Nhén hai vé ctia (*) véi x™'/(n+ 1)! rdi ldy tong theo cac chi sd n> 0, ta co

~+00

(n+1a, o 1-n> ., _ o aax” n l-n g _
z(n+1)' Z Z(n+l)!x X2 T

n=0 (n+1)' =0 s n!

Iy Pt Ex)=3 %y

. a,x" X"
Xz TR ;m—l) 2!

Tacod E(x)— 1 =xE(x)+xe* —x%". Suyra (1 —x)E(x)=x(1 —x)e*+ 1 va

+00 n+1 +o0 +o0 1 +90

E(x) = —+ xe' = Zx + nz(; Z 21: Y = Z[1+(n_1)!]x” = Z%x”.

n=0 n=1 n=0

Suyra a,=1 va D=1+
n (n—1)!

,vn>1.Dodd Vn=>0,a, =n! +n.

b) Cho a,=0 va a,.;=2(n+ 1)a,+ (n+1)!, Vn > 0. Tinh a,, Vn > 0.

Nhén hai vé ctia (*) v6i x™' / (n+ 1)! 16i lay tong theo cac chisé n >0, ta co
16



n=0 n=0 n=0 n=0 n n=0

Taco E(x)=2xE(x) + li nén (1 -2x)E(x)= IL va
—X —X

1 1 +00 +o0 +00 = aq
E = X = _ = 2 n__ n— 2”_1 n — _n 4N .
(x) (—0(-2x) 1-2x 1-x Z(;( %) Zolx 2,2 =hx" =D

n=0 n=0

Suyra Vn>0, ==(2" -1).Dodé Vn>0,a, =" — 1)n!.

- (n+1)an n+1 - n+l ax +oo& n
z(n+1)' z (n+1)! Z 2XZ +sz Pat B(x) = zn!x
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