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~Khai niém mdi truong lién tuc (Continuum)

Structure

* Static strength prediction
*Creep/fatigue life prediction

Laminatg

* Constitutive relation
Micromechanics * Failure criterion
— *Master curve
.
Constituents

* Ngudn: Wikipedia
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~—Khéi niém moi truong lién tuc (Continuum)

Két cau cuia vat chat | tap hop cua cac hat phan ti.

Tuy nhién, trong nghién ctru s6 vé tng xur cua vat liéu, ngudi ta xem xét
chung nhu la mot moi truong lién tuc.

Khai niém moi truong lién tuc (continuum) 1a nén tang ciia Co hoc moi
truong lién tuc (continuum mechanics).

Cac chat ran, long va khi 1a cac doi tuong c6 thé duoc nghién ciru dudi goc
do moi truong lién tuc.

Dudi goc d6 mdi trudng lién tuc, cac dai lugng nhu Gmg suat, bién dang hay
chuyén vi dugc mo ta vé mat toan hoc la cac ham lién tuc tirng doan theo
bién khong gian va thoi gian.



~— MOt s6 khai niém
Sy thuan nhat (homogeneous): vat liéu thuan nhat 13 vat liéu c6 cung dic
tinh tai moi diém.

Sy dang hwong (isotropic): vat liéu dugc goi la dang huéng khi cac dic
tinh cua vat li€u la nhu nhau theo moi hudng tai mot diém.

Su bat dang hwéng (anisotropic): vat liéu dugce goi la bat dang hudng khi
cac dac tinh cua vat liéu la phu thudc vao huéng tai mot diem.

Ti trong: (density)

o Ti trong trung binh:

_AM
Pav) - EV (2.1)
o Ti trong tai mot diém
.. AM _ dM
po= My = Gy . (22

p la dai lwvgng v6 hwdng




— M6t sO khai niém
Luec thé tich/lwe khoi (body force) - vector: luc tac 1én tat ca cac phan tir
cta mOi truong lién tuc, nhu luc quan tinh, trong luec.

o Ky hiéu: b; (lyc trén don vi khéi luong), p; (luc trén don vi thé tich).
pbi = »i or pb = p

Lwe maét (surface force) - vector: luc tac 18n bé mit cua phan tir caa moi
trrong lién tuc, cO thé la mot phan bé mat méi truong lién tuc hoac co the la
mot mat bén trong bat ky.

o Ky hiéu: f; (lyc trén don vi dién tich)



.

~ Nguyén Iy tng suat Cauchy. Vector ing suét

Ly

Xét mot moi truong lién tuc trong khéng
gian chiu tdc dung boi cac luc mat f; va
luc thé tich b; (H.2.2).

n. 1a phép tuyén ngoai tai diém P cua
phan tir dién tich AS cta mit S. Af, la
tong luc mit tdc dung 18n AS (ndm trong
V) boi phan bén ngoai cua V. Luc phu
thudc vao viéc chon AS va n;.

Luu y: tong quét, luc phan bd tuong
duong véi mét luc va mot moment tai P Fig. 2-2
(H.2.2)



v = = / %
~—Nguyén ly tmg suat Cauchy. Vector (rng suat

Luc trung binh trén don vi dién tich: Afi/AS

Nguyén ly img sudt Cauchy: ti s6 Af/AS tién téi mot gidi han xac dinh
df./dS khi AS tién t6i O tai diém P, dong thoi moment cua Af. theo diém P
triét tiéu. Vector df./dS duoc goi 1a vector ing suat t"”.

Truong hop moment khong triét tiéu, sé G
xuat hién mot vector ngau luc nhu H.2.3. of

Vector g suat (stress vector) (luc/dién tich)

t (n) — . ‘f}"fl — dft
Hm s s

. (2.4)
M — A df
t lIim ¢ = g3

Vector mg suat phu thudc vao phén tu dién
tich duoc chon hay phu thuéc vao phap
tuyén don vi n.. Fig. 2-3
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~Nguyén 1y ung suat Cauchy. Vector (g suat

» Hé qua: theo dinh luat 3 Newton (DL tac dung va phan tac dung) thi

at s il M
_.._tg“} — tg"rl) or ,_,t(!l:' f— tf—n}



_ Trang thai ing suat ta1 mot diem. Tensor
urng suat
Theo nguyén Iy éng suét Cauchy, mdi vector img suét ™ s& tng voi mdi
vector phap tuyén don vi n.. (H.2.3)

Vay tong tat cd cac cdp cO thé cO cua vector ing sudt va vector phap
tuyen sé Xac dinh trang thai ung suat tai mot diem (khéng kha thi).

Cho vector tmg suat trén mdi 3 mat vudng goc nhau tai diém P. Phép
bién doi toa do sé duoc sir dung de lién hé vector trng suat trén mot mat
bat ky voi 3 vector irng suat da cho.



_ Trang thai ing suat tai mo
urng suat

» Cho 3 mit phang vudng goc lan luot véi 3 truc toa do (goc toa do tai P).
Vector rng suat va vector phap tuyén twong trng cho nhu H.2.4.

Fig. 2-4
. {0 — tcEIJA t(ei (eI]A (e) A
- 1 + e +t ., — tj ! E}
) st
{es) ( -~ N
» te) = tleg, + tte31E2+ t“.‘.g] 8 = t(Eg] (2.6)
“ t{ga} — tfé“a)"“‘ tfg:g}"ﬂ (23)""' _ {;:i.]""
= 1;7Ver tly e+ ;e = ;% e;

Fig. 2-5



_ Trang thai Ung suat tai mo
urng suat

Tensor tng suat (tensor Cartesian bac 2): chin thanh phan cta c4c vector
ung suat

Fa
(e;)
1 %12 Y13 Ty T2 Ty
z = T31 %32 %3 | hay [“'i;i] = Ta1 Y22 Ty3 (2.8)
O3t 932 O3 | T31 932 Ts3 |

738

Ung suat phap: ({r”, Ty 033)

Ung suat tiep (cat): (049 0yq U215 P92 Tgy» T3a) e - ™
913

Lo

o11

ry

Fig. 2-6



_ Trang thai ing suat ta1 mot diem. Tensor

urng suat

Thanh phan ung suat 1a duong khi n6 tc dung theo hudng dwong cua
truc toa do va tac dung Ién mat phang c6 phap tuyén ngoai hudéng theo
hudng toa do duong.

T3

; tac dung theo huong cua truc toa do
thu j va 1én miat phang c6 phap tuyén
ngoai song song véi truc toa do thir . AR

%38

U133

Lo

gi2

o11

ry

Fig. 2-6



—M0Oi lién hé gitra tensor va vector irng suat

Xét mot tr dién nhu H.2.7. Pay ABC
cO phép tuyén ngoai la n;, ba mat con
lai vuOng goc voéi cac mat phang toa
do. P la dinh tr dién
dS: dién tich day ABC

A
_a¥(eg)
tt'

Xa

dS;: dién tich cac mat con lai
dS: = dS(n-e) = (2.9)
= dS cos(h,e) = dSn

*(e3)
_ti €3

Fig. 2-7

Céan bang luc trén phan tir tir dién (c6 ké luc the tich)

PF dS — t¥© S, — 3 dS, — t¥ dS; + pbFdV = 0 (2.10)
—t’f(e"’ : vector (ing suat trén cac mit

M
t¥™ . vector tmg sudt trén mat day



~MOoi lién hé giira tensor va vector ing suat

Khi thé tich tién vé khong, luc thé
tich s€ tien vé khong nhanh hon so
véi cac luc mat; suy ra

I® S = t&0pdS + t&nedS + tndS = t&mdS  (2.11)
=) tf.’i:- _ tce,
Mat“” = o,
= t™ =om or t®=H-T (212
Dang ma tran o, G, O]
] = [n,]) o l=[E®, 67, 6] = [ny, 15, 0] | o om n
t‘:} = N0, + N0, + Nyo,, Lo B B
E = + N,0,, + N0,

112

) _
L3V = Moyt Nyoyg + Nyoy,



_ €an bang luc va can bang moment. Tensor

ung suat do1 xung
Mot thé tich V bat ky trong méi truong
lién tuc chiu tac dung cua cac luc mat va
cac luc khoi nhu trong H.2.8.
Do can bang ma tong cac luc ciing nhu
tong moment phai bang khong.

Can bang luc:

ftﬁ’ds +fpbidv = 0 (

(2. 1 5] Fig. 2-8
f t™dS + f pbdV = 0
t(n) —

% | (g, +pb)dV = 0 hay
— v (2.17)
DL Di

lvergence J‘ (V-Z+pb)dV = 0
Vv



_ €an bang luc va can bang moment. Tensor

ung suat do1 xung

Can bang luc:

f t™dS + f pbidV = 0 " s -
3 4 ;
f t™dS + f pbdV = 0
S Vv Yo

I‘/E'ﬁ) = oM, J‘ (in,j +pb)dV = 0
v
— (2.17)
DL Divergence haYJ‘ (V*Z+pb)dV = 0 Fig. 2-8
Vv

ViV bat ky nén
o, ;+pb, =0 or V-ZT+pb =0 (218)

Phuong trinh (2.18) duoc goi la phwong trinh can bang.



_ €an bang luc va can bang moment. Tensor

ung suat do1 xung

Can bang moment theo gdc toa do (gia sir khong c6 ngau luc)

L Eijkﬂ,‘jt,i“] dS + L eijkmjpbkdv = 0
(2.19)
LxXt(;}dS—l—fxprdV = 0
v
tg:) = oMy
) f e 4V = 0 or f 5,dV = 0 (2.20)
DL Divergence 14 14

V bat ky

) 0, = 0 or 2, =0
“ O = 9 (2.22)

Nhuw vy, tensor &ng suat la mot tensor doi xirng.



_ €an bang luc va can bang moment.

ung suat do1 xung

» Phuong trinh can bang:

L + pbi =0

6‘0”

0
t'th:r21
o
9o
0x1

+

+

do,,
02

E>‘o::1r22
0o
3032

0x2

_|_

_E_

do,,
0xa

6023

0X3

__ 33
6x3

CNSOT

(2.23)

(2.24)



=~ Quy luat bién doi g suat

Cosin chi phuong

Xy Lo Xqg
!
O @y 9 Qi3
!
o Ugy Qoo Aoy
f
XLy a3y dao dag

Ma tran bién doi

N
A = aijeie;

Phép bién doi toa do cho vector tmg suat (tensor bac 1)

Fa% P oy Fat
tf{n} — a'ijt;“} or t,r(n]' — A_t(n:l

Phép bién doi toa do cho tensor ng suat (tensor bac 2)

= ’F — . .
o; = @ Q.0 or Z = AZ-A



~Quy luat bién doi tng suat

Dang ma tran:
\ector ng suat

— [a,.;j] [t;f ]

Tensor tng suét

[tr[f{)
i1

AT
?(n)
tl

A
fln)
2

[“i j] =

12 13
r Id

Oag  Uya
’ r

O30 U3

|_G£11

21

(31

:a’ip] [Uﬁq] [acu'1

ail

aZl

a

31

12

oo

a2

12

22

32

13
(o3

a3

13

23

33

A —
(n)
tl

A]

t(.’h
B2

11 Y2

22

Tay Oy

13

23

T33 |

(2.28)

(2.80)

31

32

33

(2.31)



~TUng suat chinh. Bat bién g suat.

Hudng chinh: huéng ma theo dé vector ung
suat va vector phap tuyén la cong tuyén. Nghia
la

~

t™ = on;  or t™ = oh (2.35)

o: gia tri rng sudt chinh (v6 huwdng).

M
) _
L = ey

s (0, —8,0)n, = 0 or (E—lk):'n =0 (2.36)
n, =38 .M.
1 LA

ﬂij m— ﬂji

(2.36) 1a bai toan tri riéng, vector riéng. An cta bai toan la c4c cosin chi
phuong (hudng chinh) va gia tri trng suat chinh.



~—Ung suat chinh. Bat bién (rng suat.

Phuong trinh dac trung:

o —I,0* + Il;6 — III, = O (2.38)
trong do

I, = o, = tr2 (2.39)

II; = ¥(e0,,—0,0,) (2.40)

III; = |o,| = detZ (2.41)

14 cac bat bién tht nhat, thi hai va thi ba.

Nghiém cia (2.38) 14 ba tng suat chinh o,,,, o5, oy

Ung voi mdi tng suat chinh, ta tim duoc hudng chinh bang céach giai
phuong trinh

(0, 04,8 )n® = 0 or (Z—o,,):A® =0 (k=1,23) (2.42)

Luu V: - Vi tensor tung suat doi xitng nén cac gia tri g sudt chinh déu 1a thue.
- Néu cac ung suat chinh 1a phdn biét thi cac hudng chinh s€ truc giao nhau.



~—Ung suat chinh. Bat bién rng suat.

Khi str dung cac hudng tng suat chinh, thi ma tran Gng suat 13 mot ma tran chéo

"'"0_{1] 0 0 ] rGI 0 0 .
[qi;f] = 0 T2y 0 or [Uij] - 0 U511 0 (2"&'4)
0 0 T3 | Y 0 oy

trong do ky hiéu béng chir La M4 am chi cac gia tri ing suat chinh c6 thtr tu, nghia
la o, > o > 0
Trong khong gian tmg suat chinh, tic 1a khonq gian c¢ cac truc la cac hudéng

chinh va c6 d¢ do don vi la vector umg suat (t‘“’ t‘“’ t‘"’) ( ), mot
vector tmg suat bat ky t*-ﬂ' c6 cé4c thanh phan theo (2.12) 1a
ti“) = Sl t{;) = O ly  t3Y = g, (2.45)
$(m)y2 t(n} f(n))2

e e E e T b

Nhuwe vdy cdc vector ting sudt phdi théa méan phwong trinh elipsoid (Lamé stress ellipsoid)


KG ung suat chinh.jpg
KG ung suat chinh.jpg
KG ung suat chinh.jpg
KG ung suat chinh.jpg
KG ung suat chinh.jpg

~—Ca4c gia tri trng suat truot cuc dai va cuc tiéu

Néu vector tmg suat ;™ duoc phan tich thanh 2 thanh phan phép tuyén va
tiép tuyen (cat) cua phan tir dién tich dS, thi d6 16n cta ching cho boi

Ung suatphap oy = tWn, = ¢ = o, M, (2.33)
Ung suat tiép o2 = tE;}tE:’ — o} (2.47)

Su phan tich trén duoc cho trong H.2.13
trong khong gian tng suat chinh véi cac
gia tri ung suat chinh o; > oy, > oy

Tu (2.12)
) _
LY = oy
it = o,

-t = g m (2.48)

I 2

F.Y
{I‘I} -
t 3 Oty



~Cac gia tri Gng suat truot cuc dai va cuc tiéu

> Tir (2.33)
o, = tg::]ﬂi = tep = o, mN, (2.33)
= oy = o]+ on?+ o mi (2.49)
t™ = om, o
(2.48) t& = om,
ey ti::i:} = Ol

— 2
\(2,49) oy = oy + allﬂ§ + Um‘?%g

—> (2.47) o2 = t™™ — o2

-’51 Fig. 2-13

2 2.2 2 42 2 2 2 2 2)2
=) o5 — opN] + o N, T o Ny (ﬂrl’nl to ;T UIII%E) (2.50)



» S e s / i
—Cac gia tri rng suat trugt cuc dai va cuc tiéu

Str dung phuong phap nhan tir Lagrange tim gia tri cuc dai va cuc ticu cua o,
Xét ham sb

F = ¢% — anmn (2.51)
trong d6 A la nhan tr Lagrange. F, ham theo cosin chi hudng, dat cuc tri
khi oF/on; =0
n,{o? — 20(on2+on2+o,M2)+1} = 0 (2.52a)
{02 — zt:ru(crl?lf +o s+ ﬂ'IH’H%) + A} =0 (2.52b)
Ny{o?, — 20, (0 M2 + o M2+ 0, M2) + A} = 0 (2.52¢)
v4i dicu kién

nin = 1

Giai hé trén xac dinh cac cosin chi huéng va nhan tir Lagrange ting voi
cac cuc tri cia irng suat truot.
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~—Céc gia tri tmg suat truot cuc dai va cuc tiéu

Tap diém cuec tri thir nhat

n = *1, n. = 0, ns = 0; for which o, =0 (2.53a)
n = 0, n, = =1, mny = 0; for which o, =0 (2.53b)
nm = 0, ne = 0, g = =*1; for which o, = 0 (2.53{!)

Trong (2.53), gia tri Gmg suat tiép dat cuc tieu. Pong thoi do tmg suét tiép
tri€t tiéu trén cac mat chinh, nén cac hudng ¢ (2.53) la cac hudng chinh.,

Tap diém cuyec tri thit hai

n = 0, ne = 12, ns = £1/V2;0,= (o — oy )/2 (2.540)
ny = i]_f\/é, Ny =— 0, Ny = il/\/ﬁ;ﬂsz (G-III—UI)/Z (2.54&')
n o= =1//2, ny = *=1/y/2, ns = 0; og = (o, — o )/2 (2.54c)

Trong (2.54b), gia tri tng sudt tiép dat cuc dai trén mit phang chia doi goc
gitta hai hudng tng suat chinh cyc dai va cuc tiéu.



=~ Vong tron rng suat Mohr

Vong tron ung suat Mohr 12 luge @6 dung dé biéu dién trang thai tmg suat
tai mot diem trong khong gian ba chiéu bang hinh hoc hai chiéu => tién 1oi.
Cac truc toa do6 duoc chon la cac
hudng tng suat chinh tai diém P
nhu H.2.14. Ung suat chinh duoc
gia thict la phan biét va co thur tu
o > oy 2 oy (2.55)

Vector Gmg suat cO cac thanh phan
phap tuyén va truot thoa

(2.56) On — Ulnf + “’u“g + “lnfng

2 8 — 2,9 2 43 2 2 12
(2.57) °x T 0% ory T oty + on s

Picéukién nn; = 1



=~ Vong tron rng suat Mohr

Giai (2.56) va (2.57) theo cosin chi huéng véi diéu kién trén ta duoc
(o — op)loy — o) + (05)?
(o7 = o) (o, — ayyy)
(ns)? = (o — oy )loy —op) + (0g)*
(03~ o) (0, — o)
oy — O - g )?
(??e::l)z = ( N I)(UN UII) + ( 5) (2.580)

(“m - “1)(”111 - U'11)

(n1)* =

(2.580)

(2.58b)

Tu:
(?’61)2 _ ("N o “II)("N _ UIII) + (“3)2 >0
(o, "11)(“1 - "111)
op—a; >0 o (“'N - “H)('TN - "'Ill) + (“5)2 = 0
O — Oy > 0 (2.59)




- Vong tron ing suat Mohr

Véi (2.58a) cic diém g suat trong mit phang (c,,05) nam trén hozc bén

ngoai duong tron
oy = ("11+“m) 212 + (o ) = [(” —~ oy, )/2]?

Tuong tu véi (2.58b) va (2.58¢)
(2.58Db), (g suat nam trén hozc bén trong dudng tron

loy — (ogy +0)/2]% + (05)> = [(og — 0 )/2]2
(2.58¢), ing suat nam trén hodc bén ngoai dudng tron

["N - ("1 +oy)/2)% + (05)* = [("-’ —a,)/2)?

(2.60)

(2.62)

(2.64)



- Vong tron irng suat Mohr

[{IN - (“H + ﬂm)/z]g + (US)E — [(UH-— UIII)/2]2 C1
[HN - (UIII + Gl)xz]ﬂ + (“S)z - [(“111 _ ”1)/2]2 C2
Loy = (op +oy)/2]" + (o) = [(0— oy,)/2]? C3




=~ Vong tron rng suat Mohr

Trang théi tng suat dugc thé hién bén trong phan dién tich gidi han boi céc
vong tron Mohr trong cho trong H.2.15.

Luoc d6 ciing cho thay gia tri ng suat trugt cyuc dai la (c,-0,,,)/2
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~-Vong tron irng suat Mohr

Biéu dién trang thai ing suat bang vong tron Mohr

M&bi quan hé giira lugc d6 Mohr va trang thai tng suat duoc thiét lap
thong qua viéc xem xét H.2.16.

Phap tuyén n. tai diém Q trén mit cau ABC mo phong phap tuyén voi
phan tir dién tich dS tai diém P.

Piém Q duoc X4c dinh bai cac
cung KD, GE, FH.

Cac thanh phan tng suat cho
diem Q bat ky c6 thé duoc xac
dinh theo H.2.16.




~ \ r \;‘T /

~-Vong tron ing suat Mohr
Biéu dién trang thai ing suat bang vong tron Mohr

Xd diém e nam trén C, bang cach vé dudng noi tir tAm véi goc do 1a 28

Luu y: goc khong gian vat Iy gap doi goc trong khéng gian tng suat.

Tuong tu Cac diém g, hvaf
cing duoc xac dinh trén
H.2.17




~-Vong tron ing suat Mohr

Biéu dién trang thai ing suat bang vong tron Mohr

Phan giao gitra cac cung ge va hf dai dién cho c4c thanh phan oy va o
cua vector ung suat trén mat phang co phap tuyén n; tai Q nhu H.2.16.
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~~Tensor rng suat cau va lech

Tensor bat ky
oy = 8,00/8+s, or Z = o l+Z (2.70)

Tensor Gng suat cau

oy 0 0
ZM —= u'Ml = U T s 0 (2.33)
0 0 o,

oy = —P = 0,,/8 Ung suat phap trung binh
Tensor (g suat 1éch

Ty Oy Ty Oiq 811 812 813
2, = 0y Ooy — Oy Ogq = 821 S22 Sa3 (2.69)

Ty T30 Tgq ™ Tpy 831 832  Ssg



~Tensor irng suat cau va leéch

Cac hudng chinh cua tensor ung suat léch Si trung vdi hudng chinh cua
tensor (mg suat oj;- DO do, ing suat 1éch chinh bang vOi

Phuong trinh dic trung cua tensor tmg suat 1éch 1a
s? + II:DS — III:D =0 or 8%+ (31311 + susu + 311131)3 — 818uSm = 0 (2.?2}



