CHUONG 3. VANH DA THUC

§1. Vanh da thiic mét an
1.1. Dinh nghia
Gid st R 1a mot vanh giao hoan va co don vi 1. Goi A la tap hop tat
ca cac day
(ag, ay, ..., ap, ...),
trong do cac a;, € R,Vi € N va bang 0 tat cd trt mot so hitu han. Nhu
vay A 1a mot bo phan cta lay thia Descartes RY.

Gia su f = (ag,ay, ..., ap,...) va g = (by, by, ..., by, ...) la cac phan ti
tay v cua A. Khi do
f+9g = (ag+by,a; +by,...,a, + by, ...),

fg = (co,c1..iCpy...),

Cp = Z aib;, k=0,1,2,..

1+ 1=k

trong do
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Dé dang kiém tra lai ring A cung véi hai phép toan do lap nén mot
vanh giao hoan, c6 don vi la (1.0,0,...), phan t& khong cda vanh nay la
(0,0,0,...). Ta sé ky hiéu phan t don vi ctia A 1a 1 va phan ti khong
cua A la 0.

Pit # = (0,1,0,0,...). Dé thay ring

> = (0,0,1,0,...);
= (0,0,0,1,0,...):

" = (0,0,...0,1,0,...).
e, s’

. phan ti 0
Ta quy uéc z° = (1,0,0,...) va mdi phan tid a € R c6 thé dong nhat véi
day (a,0,0,...) nhd don ciu vanh

R — A

a +— (a,0,0,...).
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Nhu vay
ar" = (0,0,...,0,a,0,...),Va € R.

.

n phin ta ()

Do do
f = (ag,ay,...,a0,,0,0,...) = ag + a1z + ... + a,z",
va thuong duogc viét l1a

flz) = a,z" + ... + a1z + ay.

Vanh A noéi trén dugc goi 1a vanh da thite cia an = (hodc bién ) véi
cac hé s6 trong R, va dugc ky hiéu 1a R[x]. Méi phan t cda R[x] dugc
goi 1a mot da thitc cia dn x trén R. Da thic dang ax” (a € R) dugc
goi la mot don thiic.
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Gia su
flz) =a,x" + ... + a1z + ag

vOi a,, # 0. Khi do ta noi da thic f(x) co bdc la n va ky hiéu degf = n
hay degf(z) = n. Phan t a; dugc goi 1a hé sé thit i clia fl(x), phan t
a, dugc goi 1a hé sé cao nhdt, con phan ti a, duge goi 1a hé s6 tu do.
Béac cua da thic 0 dugc quy udc la —oc.

Dé dang thay rang:
) deg(f(z) + g(x)) < max{degf(z), degg(z)}
i) deg(f(x)g(x)) < degf(z) + degg(a)

voi f(z) va g(z) la hai da thic bat ky trén R.
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1.2. Pinh ly. Néu D la mdér mién nguyén thi D[z| ciing la mdt mién

nguyen.

1.3. Dinh Iy (Phép chia Euclide). Gia st K la m¢t truong va
f(z),g(x) € Klz|,g(z) # 0. Khi dé tén tai duy nhdt cdc da thiic
q(x),r(x) € Kl|z| sao cho

flx) =glz)g(x)+ r(z), vdi degr(z) < degg(x).

Cac da thic ¢(x) va r(z) dugc goi tuong tng la thuong va du trong
phép chia f(z) cho g(x).
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1.4. Vi du
Trong thuc hanh, dé thuc hién phép chia da thdc f(z) cho da thic

g(x) ta sap dat nhu viéc chia s6 nguyén. Chang han trong Z,,[z], dé
tim thuong va du trong phép chia da thtc

fl(x) = —12® —T2* +32z -5 ¢cho glr) = —22° + 2z — 1,

—1a? — T2 +3x -5 222 +22r — 1
—1z° -+ 1% — E.‘L‘

6 -+ 4
—82°+9z -5
—8z°+ 8z —4
1o —1
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1.5. Pinh nghia

Cho cac da thic f(z), g(z) € K[z], 6 day K 1a mot trudng va g(z) #
0. Néu ton tai ¢(z) € K|z] sao cho f(x) = ¢(z)g(z) thi ta néi f(x)
chia hét cho g(x) (hay g(x) 1a wdc cua f(z)) trong K[x]. Mot da thic
d(z) € K|z| la ubc cua hai da thic f(z) va r;( ') dugc goi la woc chung
cia f(z) va g(z). Néu d(z) la udc chung cua f(a ) va g(z), dong thoi
d(z) chia hét cho moi udc chung khac caa f(x) va g(z) thi d(z) dugc
g0i 1a wdc chung lon nhdt cia f(x) va g(x), viét tﬁt la UCLN, ky hiéu la
rf( ) = (f (:::} g(x)). P& dam bao tinh duy nhét ctia UCLN, ta quy uéc
rang hé s6 cao nhat cia UCLN bao gid cing lay bang 1.
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1.6. Thuat chia Euclide

Pé tim UCLN cta hai da thic f(z),g(z) € K[z] ta dung thuat chia
Euclide bang cach thuc hién mot s6 hitu han phép chia lién tiép nhu
sau:

flz) =g(x)g(x) + r(x), degr(zr) < degg(x)
glx) =r(x)q(z) + ri(x), degri(z) < degr(x)

ri_o(x) = rp_(x)gp(x) + ri(x), degri(z) < degri_i(x)

UCLN = — 0 -
hé s6 cao nhat cua 7y (x)
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T thuat toan Euclide ta thay rang néu d(z) = (f(z), g(z)) thi ta co
thé tim dugc hai da thdc u(z), v(z) € K[z] sao cho

f(x)u(z) + g(x)v(z) = d(z).
1.7. Vi du
Trong R[z| cho cac da thic
f(z) = 4z* — 22° — 162° + 5z + 9

va

Tim d(z) = (f(x), g(x)) va tim céac da thic u(z), v(x) € R[x| sao cho

f(x)u(x) + g(x)v(x) = d(x).
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1.8. Pa thic bat kha quy trén mién nguyén

Néu D 1a mién nguyén thi D[x] ciing 14 mién nguyén (Dinh Iy 1.2).
ba thic f(x) € D[x] khac khong, khong kha nghich goi la bdt khd quy
trong D|z] (hay con goi la bat kha quy trén D) néu no khong c6 udc
thuc sy trong D[z, tic la néu f(z) = g(x)h(z) (g(x), h(x) € D[z]) thi
g(z) hay h(z) phai la phan tit kha nghich cta D.

N6i riéng, néu K 1a mot truong thi cac phan ti kha nghich trong
K|x] chinh 14 cac phan tir khac khong cda K. Pa thic f(z) € Klz],
khac khong, khong kha nghich 1a bat kha quy trén K khi va chi khi néu
f(x) = g(x)h(z), (g(zx), h(z) € K[z]) thi g(z) hay h(x) 12 phan ti khac
khong cta K. So cac da thic bat kha quy trén mét truong 1a vo han.

1.9 Pinh ly. C6 vé sé da thite véi hé sé cao nhdt la 1 bdt khd quy trén
trivong K.
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2. Nghiém cua da thiic

Gia stt c € R va
f(z) =apz" + ... + a1 + ap € R|z].

Phan ti flc) = a,c" + ... + ajc + ag duge goi la gid tri cua f(x) tai c.
Néu f(c) = 0 thi ¢ dugc goi 1a nghiém cta f(x).

2.2. Pinh ly Bezout. Phdn ui ¢ ciia truong K la nghiém ciia da thiic
f(z) € Klx] khi va chi khi f(z) chia hét cho x — c.
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2.3. So d6 Horner

Cho f(z) = a,z" + ... + a1z + ag € K[x] va ¢ € K. Ta diung so do
Horner dugi day dé tim q(z) = by_12" '+ ..+ bx+byvar = f(c)
trong thuat chia Euclide f(z) = (z — ¢)q(x) + r.

(y, (yp—1 s (] i

C E:'n—l = Qp hn—? . i b[] = =
(Ipy—1 T+ f-ﬁn—l (1] + l’..’!!jil gy + l’_.'!!}[}
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2.4. Vi du

a) Trong Q[z] cho

f(r) =32 +42* — 22° + 52° — 2 + 6

va ¢ =4 € Q. Ta co so do Horner nhu sau:

VANH DA THUC

| 4 |-2[ 5 | -1 6
143]16| 62 | 253 | 1011 | 4050
Vay
flx) = (x —4)q(x) +r
VOl

q(x) = 3z* + 162° + 622° 4+ 253z + 1011 va r = f(4) = 40

e)

=

0.
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b) Trong Z:|x] cho f(x) = 22" —2? + 32> —2vac = —3 € Z;. Ta
co so do Horner nhu sau:

—3

= =
e ]

0
-3

] | W]

Vay f(x) = (z + 3)g(x) v6i g(z) = 22" + 2° + 32° + 2 - 3,r = 0. Da

thitc f(x) chia hét cho = + 3 nén ¢ = —3 1a mjt nghiém ctia f(x).

2.5. Pinh ly. Cho da thiic f(x) trén truong K, degf(x) =n > 0. Khi
dé f(x) c6 nhiéu nhdt n nghiém trén K.

2.6. Hé qua. Néu hai da thiic trén truong K cé cung bdc n va ldy
nhitng gid tri bang nhau tai n + 1 phan tit khdc nhau ciia K thi chiing

bang nhau.
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2.8. Pinh nghia
Cho da thac f(x) trén truong K.

a) Néu f(x) = ap € K, dit f'(z) = 0. Néu f(z) = Zu.;,:f:’n' V(i

k=0

n > 1, dat f'(: an "1, Ta goi f'(z) 1a dao ham cta f(z).

=1

b) bat
fW(x) =
f{f) Yrr

L) = f), ) = £, (O = (@),
(f*=Y(x)),Vk € N*. Ta néi f"(x) 1a dao ham cdp m cia
€ N,
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2.9. Khai trién Taylor

Cho da thitc f(z) trén trudng K va degf(x) = n. Khi d6 véi moi
¢ € K da thic f(z) co thé khai trién duy nhat dudi dang

)

f(x) = Z cr(z —e)r.

k=()
That vay, thuc hién phep chia f(z) cho = — ¢ ta co

f(z) = (z — c)g(x) + ¢,

trong do ¢y € K va g(x) € K|x] (degg(x) = n — 1) xac dinh duy nhat
theo Pinh 1y 1.3. Lai tiép tuc thuc hién phép chia ¢(z) cho =z — ¢ ta ¢6
duy nhét ¢; € K va g,(z) € K|z] sao cho

g(z) = (x — c)g1(x) + 1, deggi(x) =n — 2.
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Khi do ta co

VANH DA THUC

flz)=(x — {:)zgl () + c1(x — ¢) + .

Lap lai qua trinh trén, cubi cung ta dugc
f(.‘-j’;) — !'f“(.’f: _ r:)n 4 {_‘_.”_l(:f: _ |!,:]u—l g

Nho so do Horner ta dé dang thu dugc cac hé so «, ...

+ ¢c1(z — ¢) + .

. ¢,, nhu bang sau:

(1, (1,1 (11 (I
C (1, * * N
!’,’ 1y, * Ci
!’f (1, Cn—1
Cl|Cn = Up
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2.10. Vi du

Trong vanh Q[z], dé phén tich da thic f(z) = 2* — 2 + 1 theo cac
lidy thtta ctia = — 3 ta lp so do Horner

1 (1] 0] 0|1
30112 | 6 | 18 |[55
311 5 | 21 |[81]

31 1| 8 [[45

301 |[11

3|1

Tu do
f(x) = (z = 3)* + 11(z — 3)° + 45(x — 3)* + 81(x — 3) +!

(] |

D.
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2.11. Nhan xét

Trong truong hop K 13 trudng co dic so 0 thi cac hé so ¢ trong khai
trién Taylor c6 thé tinh theo cic dao ham cta da thic f(r) nhu sau:

nghia la
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2.12. PDinh nghia

Gia st k 1a mot so tu nhién khac khong, R 1a mién nguyén. Phan td
¢ € R dudc goi 1a nghiém boi k cia da thic f(z) € R[z] néu f(z) chia
hét cho (x — ¢)* nhung khéng chia hét cho (z — ¢)**!, nghia 1a f(z) c6
thé phan tich thanh

f(z) = (z — ¢)*¢(x)
voi g(z) € R|x| va g(c) # 0.

2.13. Nhan xet

i) Néu f(z) = Z cr(xz — ¢)* 1a khai trién Taylor cta da thac f(z) thi

k=0

¢ la nghiém bdi m khi va chi khi ¢,, # 0 va ¢; = 0,Vi < m.

ii) Noi riéng, néu f(x) € K|z] _vﬁi charK' = 0 thi ¢ € K la nghiém
boi m cda f(x) khi va chi khi f"(c) # 0va f'(c) = 0,¥i < m.
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2.14. Vi du

Trong 7Z; :;rr], cho f(z) = 20t —32° +2r —3vie = -2 € Z-. pé
kiém tra xem ¢ ¢6 la nghiém cta f(z) hay khong, néu ¢ thi 1a nghiém
boi bao nhiéu, ta sé dung so do6 Horner mot so lan lién tiép nhu sau:

230 ]2]-3
~212|00]2]|0
2|23 |1/
—2(2|-1||3]

Can ct vao so do Horner ta thdy ¢ = —2 1a mét nghiém kép cta f(z).
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2.15. Pinh nghia (Phan ti dai s6 va phan t{ siéu viét)

Gid stt R la vanh con chita don vi cda mién nguyén D. Phan td
o € D dugc goi 1a dai sé trén R néu o 1a nghiém cda mot da thic khac
khong véi hé so trong R. Néu a € D khéng dai so trén R thi o dugc
goi 1a phan t siéu viét.

Mot phén ti dai so (siéu viét) trén truong so hiu ty Q goi tit 1a phan
td dai so (siéu viét).
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Véi moi o € D, ky hiéu Rla] = {f(a)|f(z) € R[z]}. Dé dang thay
rang R|a] 1a vanh con ctia vanh D. Dé do dj léch cta vanh R[a| so v6i
vanh R[z] ta xét toan ciu vanh

¢: Rlx] — R|a]
f(r) — f(a).

Theo binh 1y 3.9, chuong 11, ta ¢6 R[z|/Kery ~ R|a]. Trong truong hop
o 12 phén ti siéu viét trén R thi f(a) = 0 khi va chi khi f(z) 1a da thic
khong, tic la Kerp = {0}. Khi do R|a| ~ R[x|.
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2.16. Cong thitc Viete
Cho da thac f(z) € K|z],
f(z) =a,xz" + ... + a1z + ap, a,, # 0.

Gia st f(x) ¢6 n nghiém (ké ca s6 boi) 1a oy, as, ..., a,, € K. Khi do ta
co

f(x) = ap(x — aq)(z — as)...(x — ay).
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. . a FI - - - - .-."' ¥ - - - . a
Khai trien vé phai va so sanh cac hé sé cua cac lay thua giong nhau ta
— -~ - - = A - . - -.-? - - - "
sé dugc cong thuc sau goi la cdng thitc Viete, chung bieu thi cac hé so
cda da thidc theo cac nghiém cda né:

T

(hp—1
= —(p4+a+ ... +a,)=— E vy
(1y, .
1=1

p—-2 .

(1 - A%

e 1<i<j<n
(i —k; -

- = (=1) E g, Oy O

k. 1{_:.':1{.1;2{.--{!-;1-5-}.'

(g

— = (=1)"oas...qy,.
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2.17. Vi du

a) Néu z; va 25 1a cac nghiém cda mot phuong trinh bac hai
ar’ +br+c=0,a+#0

thi ta co

b c
i1 T+Tg=——,T1T92 = —.
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b) Néu ., 25 va x3 la cac nghiém ctia mot phuong trinh bac ba

az’ + bz’ +cx+d=0,a#0

thi ta co

b
Ty +To+T3 = ——,
a

&

T1To + ToT3 + T3Ty = —,

(a
d

T1LoLy = ——.
4
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3. Da thiric ndi suy Lagrange

Cho zy, z9, ..., T,, €1, 2, ..., ¢, 12 cAc phan tU cda truong K, trong
d6 z; # z;,V¥i # j. Tim tat ca cac da thiac f(z) € Klz] sao cho
f(x;) = ¢, Vi.

Dat
e 1—”[ X X,
1= j*i Xi N Xj
fu(:,f:] = 1 1(x) + coha(z) + ... + e,y (;;:) = cithi(x)
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3.2. Ménh dé. Vdi gid thiét va ky hiéu nhu trén, da thite f(z) € K[z
théa man diéu kién f(x;) = c¢;,i = 1.2, ...,n khi va chi khi f(x) cé dang

f(z) = fo(z) + g(z)p(z) (1)
vdi g(x) la da thitcc nao do cua K|zl

3.3. Nhan xet

Trong (1), lay ¢(z) 1a da thic khong thi ta co f(z) = fo(x) cing la
da thic thoa diéu kién f(x;) = ¢;, hon ntta degf(x) < n — 1.

3.4. Vi du

Tim tit ca cic da thic f(z) € R[z] sao cho f(—4) = 2,
f(=1) =3, f(5) = —6va f(7) = 9.
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4.2. Hé qua. Cdc da thiic bat khd quy ciia vanh Clx|, C la truong sé
phite, la cdc da thite bdc nhat.

4.3. Ménh dé. Néu mét sé phitc o la nghiém ciia da thitcc f(x) vdi hé
5O thiéc thi s6 phiic lién hop @ ciing la mét nghiém cua f(x).

4.4. Pinh ly (Cac da thitc bat kha quy trong R|z]). Cdc da thicc bat
khd quy trong R|x| la cdc da thitc bdc nhdt va cdc da thitc bdc hai
az® + bx + ¢ vdi biét s6 A = b* — dac < 0.
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5. Pa thic trén truong so hitu ty
5.1. Nghiém hitu ty cta mot da thic véi hé s6 hitu ty
pé dé dang tim nghiém hitu ty cla cac da thdc véi hé s6 nguyén

ta cha y dén mot so tinh chat sau day:

a) Gia st f(z) = a,2" +a, 12" '+ ...+ aix +ag,n > 1 la mot da

" A & A LY } 5 - A = ) 3 .
thiic v6i hé s6 nguyén va a = £ (p,q) = 1 la nghiém hau ty cua f(z).
q
Khi do p 1a uéc cua ay con ¢ la uée cua a,,.

b) Moi nghiém hitu ty cda da thidc véi hé s6 nguyén

1

glz)=a2"4+a, 12" + ...+ ax+ay,n>1

déu 1a s6 nguyén va 1a udc cda ag. Néu o 1a nghiém nguyén cda g(z)
thi 1 — a la uéc cua g(1), con 1 + « la ubc cua g(—1).
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5.2. Vi du

Tim nghiém hau ty caa da thtc
f(x) = 2° — 82* 4+ 202° — 202 + 192 — 12.
5.3. Pa thitc bat kha quy cua vanh Q[

Trong 64 ta da mo ta duoc tat ca cac da thdc bat kha quy trén trudng
s6 thuc va phic. Trong vanh Q[z] cac da thic trén truong hitu ty thi van
dé phtc tap hon nhiéu. Du6i day ta sé trinh bay tiéu chuin Eisenstein
1A mot dieu kién di dé nhan biét mot da thic 1a bat kha quy trén Q.

5.4. Pinh nghia

Mot da thidc véi hé s6 nguyén duge goi l1a da thitc nguyén bdn néu
u6c chung 16n nhat cta cac hé so la 1.
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5.5. Nhan xet

i) Néu f(z) € Z[z], ky hiéu a 1a udc chung 16n nhat cta cac hé so6
thi f(z) = af*(z), v6i f*(x) la mot da thic nguyén ban.

ii) Néu f(z) € Q] thi f(x) dugc viét dudi dang
f(@) = 71 (@),
)

trong do (a,b) = 1 va f*(x) la mot da thiic nguyén ban.

2 ) 5 . , " 79 —— : .
5.6. Bo dé. Tich ciia hai da thitc nguyén ban lai la mot da thiic nguyén
ban.
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5.8. Tiéu chuin Eisenstein
Gia st
flz)=a 2" +a, 12" '+ ... +ax+ay (n>1)
la da thic vdi hé s6 nguyén va gia st ton tai so nguyén to p sao cho:

i) hé so cao nhat a, khong chia hét cho p, tat ca cac hé so con lai
déeu chia hét cho p;

ii) hé so tu do ay khong chia hét cho p?.

Khi d6 f(x) 12 mét da thic bat kha quy trong Q[z].
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5.9. Vi du

Dung tiéu chuan Eisenstein dé chiing minh cac da thic sau day bat
kha quy trong Q[z].

a) x — 8x° + 122° — 6 + 2;

b) z* — 2% + 2z + 1.



