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. 2 = 9;
Vi du. Giai hé phuong trinh tuyen tinh { Ty =5

e —y =17.

- 4y +z =1
Vi du. Giai hé phuong trinh tuyén tinh { 4x -3y +5z =6;
2 4y —z =2

Vi du. Giai hé phuong trinh tuyén tinh

-2z +2y +z 42t =1;
2 2y 43z -3t =2
T 4y 4z =2 =2
3x 44y —bz +2t =T.

Hoi. Lam céach nao dé giadi hé phuong trinh c¢6 sé an va s6 phuong
trinh 16n?
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No6i dung

Chuong 1. MA TRAN VA HE PHUONG
TRINH TUYEN TINH

1. Ma tran

2. Céac phép bién do6i so cap trén dong
3. Hé phuong trinh tuyén tinh

4. Ma tran kha nghich

5. Phuong trinh ma tran
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1.1. Ma tran No6i dung

1.1. Ma tran

@ Dinh nghia va ky hiéu
@ Ma tran vuong

@ Cac phép toan trén ma tran
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1.1. Ma tran

1.1.1. Dinh nghia va ky hiéu

1.1.1. Dinh nghia va ky hiéu

Dinh nghia. Mot ma tran A cip m x n trén R 13 mot bang chit nhat
gdm m dong n cot véi m x n phan ti trong R, c6 dang

ail a2 A% A1n
A= a21 a2 a2n
Gml Om2 Amn

v

Ky hicu.
o A= (aij)mxn hay A = (a;j), trong do a;; € R.
e a;; hay A;; 1a phan tu & vi trf dong i cot j ctua A.

® M, «n(R): Tap hgp tat ci nhitng ma tran cap m x n tren R.
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Vi du.

1 2 -3 \J
A= S ngg(R); B = 0 1 € ngg(R).
5 —6 7 9 3

Dinh nghia. Ma tran c6 tat cac phan ti bang 0 duge goi 1a ma tran
khong, ky hiéu 0,,,x» (hay 0).

Vi du.

O3x4 =

o O O
o O O
o O O
o O O
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1.1. Ma tran 1.1.2. Ma tran vudng

1.1.2. Ma tran vuong

Dinh nghia. Néu ma tran A c6 s6 dong bang s6 cot thi A dugce goi 1a
ma tran vuéng.

ail  ai2 Aln
A _ as1 a2 a2n
anl Qan2 Ann

> M,,(R): Tap hop téat ci cac ma tran vuong cap n trén R.

Vi du.
—1 3 2 0 0 O
A= 2 -1 1 € Ms (R); 03 = 0 0O
5 2 3 0 00
L&5Vian Luyen hetpsdih o talferdigaticot e PTTT 3/3/2015 7/104
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1.1. Ma tran 1.1.2. Ma tran vudng

Dinh nghia. Néu A = (a;j) € M, (R) thl dudng chita cac phan tit
A11,0Q22, .« « Ay duge goi 1a duong chéo chinh (hay dudng chéo)
cua A.
ail  a12 A1in
A | 021 a22 a2n
Gpl  An2 Ann
Vi du
1 3 5
A= -2 -3 3
2 =21
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Dinh nghia. Cho A = (ai;) € M,(R). Khi dé

e Néu cac phan tit nam du6i duong chéo ctia A déu bang 0 (nghia 1a
a;j = 0,Vi > j) thi A dugc goi la ma tran tam gidac trén.

e Néu céc phan tif ndm trén duong chéo ciia A déu bang 0 (nghia 1a
a;j =0,Vi < j) thi A dugc goi la ma tran tam gidc dudi.

e Néu moi phan tit nim ngoai dudng chéo bang 0 (nghia la
a;j = 0,Vi # j) thi A dugc goi 1a ma tran dudng chéo, ky hiéu

A = diag(a1,a2,...,ay).

1 3 5 10 0
ViduwA=|0 -3 3|, B=| -2 0 o0
0 01 -1 2 4

—1 0 0

C = diag(—1,0,5) = 0 00

0 0 5
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1.1. Ma tran 1.1.2. Ma tran vudng

Nhan xét. Ma tran A la ma tran duong chéo khi va chi khi vita la ma
tran tam gidc via la ma tran tam gidc dudi.

V.

Dinh nghia. Ma tran vuong cap n c¢6 cac phan tit trén duong chéo
bang 1, cAc phan t ndm ngoai dudng chéo bang 0 duge goi 1a ma
tran don vi cap n, ky higu I,, (hosic I).

Vi du.

fepl

Il
7N

o
)
S~

&

1
OO =
o = o
=
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1S, O (et izn o 3
1.1.3. Cac phép toan trén ma tran
a) So sanh hai ma tran

Dinh nghia. Cho A, B € My, x,(R). Khi d6, néu a;; = b;j, Vi, j thi A
va B dugc goi 1a hai ma tran bang nhau, ky hieu A = B.

) R . r+1 1\ [ 3y—4 1 ?
V1d1_1.T1m:c,y,zde<2$_1 z>_(y—1 22+2>.

Giai. Ta co

z+1 = 3y—4; Tz = 1;
2r—1 = y—1;, <& Yy = ;
z = 2z+42. z = =2.

Leé Van Luyén
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1.1. Ma tran 1.1.3. Cac phép toan trén ma tran

b) Chuyén vi ma tran

Dinh nghia. Cho A € M,,x,(R). Ta goi ma tran chuyén vi cta A,
ky hieu AT, 1a ma tran cAp n x m, c6 duge tir A bing cach xép cac
dong ctia A thanh cac cot tuong ing, nghia la

aip ai2 Qin a1l a1 am1
A: asy a9 aon thi AT: a2 ao e A2
aml Am2 Amn Q1n A2p Amn
Vi du.
1 -1 4 5 _1 _g 2
A=16 -8 01 |=A"T=
0 4 -3 6 403
15} 1 6

v
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1.1. Ma tran 1.1.3. Cac phép toan trén ma tran

Tinh chat. Cho A, B € Mp,xn(R). Khi do:
D) (AT)T = 4;
ii) AT=BT & A=B.

Dinh nghia. Cho A € M,,x,(R). Néu AT = A thi tanéi A la ma
tran doi xing.

1 2 -2
Vi du. Cho A = 2 4 5 |.Hodi A colama tran doi xiing
-2 5 6
khong?
1 2 -2
Giai. Taco AT = 2 4 5 |.SuyraA=A". Vay Alama
-2 5 6

tran d01 xung.
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1.1. Ma tran 1.1.3. Cac phép toan trén ma tran

c) Nhan mot sé véi ma tran

Dinh nghia. Cho ma tran A € M,,,x»(R),« € R. Ta dinh nghia tich
ciia  véi A (ky hieu awA) 1a ma tran duge xéc dinh bang cach nhan
cic phan tt clia A véi o, nghia la

(OéA)ij = ()éAij,Vi,j.

Néu o = —1, ta ky kieu (—1)A bsi — A va goi la ma tran doi cia A.

v

3 4 1
01 -3

6 8 2
oQA_<02—6>'

-3 —4 -1
Q_A_< 0 -1 3)'
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1.1. Ma tran 1.1.3. Cac phép toan trén ma tran

Tinh chat. Cho A la ma tran va «, f € R, ta ¢
i) (aB)A = a(BA);

i) (@A) =aAT;

i) 0.A=0va1.4=A.

d) Tong ctia hai ma tran

Dinh nghia. Cho A, B € My,x,,(R). Khi d6 tong ciia A va B, ky hiéu
A + B 1a ma tran dudc xac dinh béi:

(A+ B)ij = Aij + Bij.

Nhan xét. Dé tinh A + B thi:

Q@ A v B cling cap;
@ Céc vi tri tuong tng cong lai.

Ky hiéu. A — B := A+ (—B) va goi la hiéu ctia A va B.
-UuD L&Vian Luyen hetpsd/ih o telferdipaticot e PTTT 3/3/2015 15/104
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1.1. Ma tran 1.1.3. Cac phép toan trén ma tran

Lo 2 4 -3
Vidu.Cho A= 2 0 VaB:< ).TinhAT+2B
: 2 1 2
1 3
va —3A+2BT?
Giai.
1 21 4 8 —6 5 10 -5
T _ _
°A +23_<—303>+<42 4)_<1 2 7>
-3 9 4 4 1 13
e 34+2B"T=| -6 0 |+ 8 2 | = 2 2
-3 -9 —6 4 -9 -5
1 2 -3 3 -2 1
Vidu.(tulam) ChoA=| 2 1 4 |vaB=| 4 5 2
2 3 -3 3 6 2

Tinh 24 — 53 va 3A —2BT?
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1.1. Ma tran 1.1.3. Cac phép toan trén ma tran

Tinh chat. Cho A, B,C € My,xn(R) va o, B €R, ta cé
i) A+ B= B+ A (tinh giao hoan);
ii) (A+B)+C = A+ (B+C) (tinh két hop);
) Omxn + A=A+ Opxn = A;
) A+ (=4) = (—A) + A = Omxn;
v) (A+B)T =AT +BT;
i)
i)
i)

iii

v

vi) a(A+ B) = aA+ aB;

vii

a+ p)A =aA+ BA;

(
(—a)A =a(-A) = —(ad).

viii

L&5Vian Luyen hetpsdih o telferdipaticot e pTTT 3/3/2015
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1.1. Ma tran 1.1.3. Cac phép toan trén ma tran

e) Tich cta hai ma tran

Dinh nghia. Cho hai ma tran A € M, x,(R), B € Myx,(R). Khi do,
tich cia A véi B (ky hieu AB) la ma tran thudc Mp,x,(R) duge xac
dinh bdi:

(AB);j := Aj1B1j + AiaBaj + - -+ + Aip Bnj.
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1.1. Ma tran 1.1.3. Cac phép toan trén ma tran

Nhan xét. Dé tinh tich AB thi:

@ 56 cot clia A bang s6 dong clia B;

@ Phan ti thiti,j cia AB bang dong i ciia A nhan cot j cia B.

2 3
Vidu ChoAd=( + 2 ~1 :B=[ -2 1 | wC= 32
: 30 1 L 9 1 -2
Tinh AB, BA, AC, CA, BC, CB?
Giai.
2 3
1 2 -1 -3 3
.AB_< ) 91 _( )
30 1 - 7 11
2 3 11 4 1
eBA=| -2 1 <;§_1>: 1 —4 3
1 2 7021
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1.1. Ma tran 1.1.3. Cac phép toan trén ma tran

e AC khong ton tai vi s6 cot ctia A khong bang s6 dong ctia C.

3 2\ (1 2 -1 9 6 —1
'CA_<1 —2)(3 0 1>_<—5 2 —3)‘

2 3 9 —2
oBC=| -2 1 <‘i’ _§>= ~5 -6
1 2 5 -2

(B khong ton tai vi sd cot ctia A khong bang s6 dong cta C.

) \ (123 2\ ., (23 -23
Vldu.(tl_rlam)ChoA—(_l 9 3 1>,B—(1 9 _4 3)'

Tinh ABT va AT B?

1 1 2 0

—4 -13\ . | 6 10 —12 12
)’ AB=1 9 15 18 13

-3 -4 0 -3
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1.1.3. Cac phép toan trén ma tran

1 2
Vidu ChoA=| 4 -3 ,B:(l _3>Vacz<2 4)_
’ 2 0 3 =2
2 1
Tinh
Als, I3A, AO2y3, 04534,

a)

b) ( ) BTAT.
¢) (AB)C, A(BC);
d) A(B+C),AB + AC;

e) (B+C)AT, BAT + CAT.

Giai.
a) Al = A, I3A = A, AOgyx3 = 03x3, 04x3A = O4x2.

5 -3
by AB=| -2 —12 :>(AB)T:< b2 4)
T 6 -3 —12 —6

L&5Vian Luyen RS oV NIV PO He PTTT 3/3/2015 21/104
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1.1. Ma tran 1.1.3. Cac phép toan trén ma tran

BT—<_§ g),AT—<; _;1 ?).Suyra

(5 -2 4
BA_<—3 12 -6 )

¢) Tinh (AB)C va A(BC)?

5 =3 9 4 1 26
(AB)C=| -2 -12 ( 3 _o ) = —40 16
4 —6 —10 28
. (=7 10
TacoBC’( 4 8>.Suyra
1 2 1 26
ABC)=| 4 -3 (_Z 13 ) =| —40 16
2 1 —10 28
L&5Van Luyen hetpsdih o telferdipaticot e PTTT 3/3/2015
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1.1. Ma tran 1.1.3. Cac phép toan trén ma tran

d) Tinh A(B + C) va AB + AC?

3 1 13 -3
B—i—C:( >:>A(B—|—C): -3 10
5 =2
1 0
5 -3 8 0
Tac6 AB=| -2 —-12 |, AC=]| -1 22 |.Suyra
4 -6 7 6
13 -3
AB+AC=| -3 10
1 0

e) Tinh (B+ C)AT va BAT + CAT?
+ (3 1 5 -2 4\ (5 97
(B+C)A _<5 —2 -3 —12 -6 ) \1 26 8
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1.1. Ma tran 1.1.3. Cac phép toan trén ma tran

BAT:<_2 12 _i>,CAT:<_1(1) _1;1 i).Suyra

BAT +CAT = <‘;’ 22 ;)
Tinh chat. Cho A € My« (R), B, By, By € Mysp(R), C € Myyy(R),
Dy, Dy € Myyn(R). Khi do
i) ImA= A va AL, = A. Ddc biét, véi A € M,(R), ta co
I,A = AI, = A.
i) OpxmA = Opxn 04 Alpxq = Omxq. Dac biet, vdi A € My (R), ta co

OanA = Aonxn = On><n-

v
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1.1. Ma tran 1.1.3. Cac phép toan trén ma tran

iii) (AB)T =BTAT.
iv) (AB)C = A(BC).
V) A(Bl + Bg) = AB; + ABy

(D1 + D3)A = D1 A+ DyA.

f) Lay thita ma tran

Dinh nghia. Cho A € M, (R). Ta goi luy thia bac k cia A la mot
ma tran thude M, (R), ky hieu A*, duge xac dinh nhu sau:

AV =1,: Al = A; A2 = AA;. ..  AF = AF 1A,

Nhu vay AF =A... A.
——

1 3

Vidu. Cho A = <0 1

. Tinh A2, A3, A5? Tt d6 suy ra A%,

Lé Van Luyen hetpsd/ih o telierdipaticot e PTTT 3/3/2015 25/104
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1.1. Ma tran 1.1.3. Cac phép toan trén ma tran

)=(o 1)

Du’doénA”:((l) 3”11)

Béang phuong phap quy nap ta chitng minh duge diéu nay dang. Suy ra

00 _ (1 3x200 _ (1 600
—\ 0 1)~ \o 1)
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1.1. Ma tran 1.1.3. Cac phép toan trén ma tran

Vi du.(ty lam) ChoA:<(1) i).Tinh A0,
111
Vidu.(tylam) Cho A= 0 1 1 |.Tinh A" v6in > 1.
001
1 n n(n+1)
Dép an. A" = | 2
0 0 1

Tinh chat. Cho A € M, (R) va k,l € N. Khi dé:
D) Iy = Iy;
i) AR = Ak AL
iii) AR = (Ak)L

Leé Van Luyén
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1.1. Ma tran 1.1.3. Cac phép toan trén ma tran

g) Da thic ma tran
Dinh nghia. Cho A € M, (R) va
f(x) = apma™ + am1z2™ 1+ L+ arz + ag
la mot da thic trén R (nghia 1a «; € RVi € 0,m). Khi do,
f(A) = an,A™ + Am_1 AT V4. .+ a1 A+ aol,

dugce goi la da thite theo ma tran A.

-2 3

Vidu.ChoAz( 1 -1

> va f(x) = 322 — 22 + 2. Tinh f(A)?

Giai. Ta ¢6 f(A) = 3A%2 — 24 + 2 va A2 = ( _; _Z ) :

hetpsdih o talferdipaticot He PTTT 3/3/2015 28/104
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1.1. Ma tran 1.1.3. Cac phép toan trén ma tran

(1) =( %)

> va f(r) = —2% + 222 — 3z + 1.

2 -1
3 2

Vi du.(ty lam) Cho A = (
Tinh f(A)?

DPap an. f(A) = < _1; Z; )

Nhan xét. Cho A € M,(R). Khi dé cic hing dding thic, nhi thic
Newton van ding vdi A.
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1.2. Cac phép bién déi so cap trén dong [ENSHELITT

1.2. Cac phép bién dbi so cap trén dong
@ Cac phép bién doi so cap trén dong
@ Ma tran bac thang

©@ Hang cila ma tran

hetpsdih o telferdipaticot e PTTT 3/3/2015

Lé Van Luyén

30/104


http://cuuduongthancong.com?src=pdf
https://fb.com/tailieudientucntt

AR R OF T o) (T S S TS (G TS I R acrRs el 1.2.1. Cac phép bién ddi so cap trén dong

1.2.1. Cac phép bién ddi so cap trén dong

Dinh nghia. Cho A € M,,x,(R). Ta goi phép bién doi so cip trén
dong, viét tat 1a phép BDSCTD trén A, 1a mot trong ba loai bién
doi sau:
Loai 1. Hoén vi hai dong i va j (i # j).
Ky hi¢u : d; <+ d;
Loai 2. Nhan dong i v6i mot s6 o # 0.
Ky hiéu: ad;
Loai 3. Cong vao dong i v6i 8 lan dong j (5 # 1).
Ky hiéu: d; + ﬁdj
V6i o 1a mot phép bién ddi so cap, ky hieu ¢(A) 1a ma tran c6 dugce
tir A thong qua .

. 1 -2 di<>do 2 3 2do 2 3
Vldu'(z 3) 5(1—2) (2—4)'

SRV A (1 /0 O A T AU, He PTTT 3/3/2015 31/104



http://cuuduongthancong.com?src=pdf
https://fb.com/tailieudientucntt

1.2. Cac phép bién déi so cap trén dong

1.2.1. Cac phép bién déi so cip tréen dong

Vi du.
1 -2 3 2
A= 6 —1 -3
2 1 3 4
2 1 3 4
Geds 3 6 -1 -3
1 -2 3 2
2 1 3 4
2B, 6 12 —2 —6
1 -2 3 2
-3 9 8
a2, g 12 —2 -6
1 -2 3 2
L&5Van Luyen hepsdiheontalferdigaticot e PTTT 3/3/2015 32/104
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1.2. Cac phép bién dé TRl 1.2.1. Céac phép bién ddi sd cap trén dong

1 2 -2 3
Vi du. Cho A = 1 2 5 1 |.Tim ma tran B ¢6 duge tu A
2 3 =21

thong qua cac phép BDSCTD dy < ds, ds + 2dq, 3d3?

Giai.
1 2 —2 293 -2 1
A=|12 51 o 12 5 1
293 -2 1 12 -2 3
293 -2 1
2ol 58 1 3
12 -2 3
29 3 -2 1

3da 58 13 |=8
36 —6 9

hetpsdih o talferdipaticot e PTTT 3/3/2015
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AR R OF T o) (T S S TS (G TS I R acrRs el 1.2.1. Cac phép bién ddi so cap trén dong

Twong duong dong

Nhan xét.
1) Néu A 20%, 41 g a2 0%, 4,

1

P . =d;
9) Néu A 2%y A"ty A" =2 A,

3) Néu A LU ar gy g0 S50, 4,

Dinh nghia. Cho A, B € My, xn(R). Ta n6i A twong duong dong véi
B, ky hieu A ~ B, néu B c6 duge tit A thong qua hitu han phép bién
doi so cap trén dong nao dé. Vay,

A ~ B & Ton tai cac phép BDSCTD ¢, ..., ¢, sao cho

AN A5 2 AL = B.

v
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1.2. Cac phép bién dé TRl 1.2.1. Céac phép bién ddi sd cap trén dong

Nhan xét. Quan hé tuong duong dong la mot quan hé tuong duong
tréen My, xn(R), nghia la VA, B,C € My,xn(R), ta co:
Q@ A~ A (tinh phan zqa).

Q@ A~ B= B~ A (tinh doi ziing).
Q@ A~BwviB~C= A~C (tinh bdc cau,).

1 2 -2 3 2 3 -2 1
Vidu.A=|12 5 1 |~| 58 1 3 | =8B.
2 3 -2 1 3 6 =6 9

Vi B c6 dudge tit A qua lan lugt cac phép BDSCTD sau: di < ds,
do + 2d1, 3ds.

v

Héi. Lam cach nao kiém tra hai ma tran tuong duong dong véi nhau? J

Lé Van Luyén
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1.2. Cac phép bién ddéi so cap trén dong [PV EIRTS- ol F- Tk (EPeres

1.2.2. Ma tran bac thang

Dinh nghia. Cho A € M,,«,(R). Phan tit khac khong dau tién cta
mot dong ké tit ben trai dugce goi la phan i co sd cta dong do.

0o —1 21
Vi du. Cho ma tran | 3 1 =2 3 |.Khidoé:
0 0 00

> Dong 1 ¢6 phan tit co sd 14 —1, dong 2 ¢6 phan t1t co s6 1 3

> Dong 3 khong c6 phan tit co sé.

Dinh nghia. Mot ma tran dugce goi 1a ma tran bac thang néu né
théa 2 tinh chat sau:
@ Dong khong c6 phan tit c¢o s§ (néu ton tai) thi nam duéi cling;
@ Phan tit co s clia dong dudi ndm bén phai so v6i phan tit co sd
cua dong trén.

Leé Van Luyén
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1.2. Cac phép bién ddéi so cap trén dong [PV EIRTS- ol F- Tk (EPeres

Nhu vay ma tran bac thang c6 dang

)

0 A1y - .. Alky e e A1k, ... Q1n
0 0 0 azk, .. ... Q2. ... Qop

[en)}

0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0
1 2 5 4 2 2 3 21
) o033 17| . 0042
Vidad=1 4 09 1 4| B0 1 03
00 0 00 00 00

Khi d6 A la tran bac thang, B khong 14 ma tran bac thang.
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1.2. Cac phép bién ddéi so cap trén dong [PV EIRTS- ol F- Tk (EPeres

Ma tran bac thang rat ngon

Dinh nghia. Ma tran A dudc goi 1a ma tran bac thang rit ngon
néu thoéa 3 diéu kien sau:

Q@ A la ma tran bac thang.
@ Céc phan tit co s déu bang 1.

@ Trén cot c6 chita phan ti co sd, cac hé sd ngoai phan tit cd s6 déu

bang 0.
1000 4 13027
) o100 -7 [o1000
VidwC=1 4 611 9" P=1 00100
0000 0 00000

> C' la ma tran bac thang rat gon.

> D khong la ma tran bac thang rut gon.

v
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1.2. Cac phép bién déi so cap trén dong [EEEPIEEESER TR EIE RT3l

1.2.3. Hang ctia ma tran
Dang bac thang

Dinh nghia. Néu A tuong duong dong v6i mot ma tran bac thang B
thi B dugc goi 1a mot dang bac thang cia A.

Vi du. Cho
1 2 3 =2 1 2 3 -2
A= -2 -5 1 -4 |, B=|0 -1 7 -8
3 6 9 —6 0 00 O

Khi d6 B la mot dang bac thang cia A vi B ¢6 dude tit A thong qua
céc phép bién doi: dy + 2d1, d3 — 3d;.

Ho6i. Dang bac thang ctia mot ma tran c6 duy nhat khong?

)

Leé Van Luyén
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1.2. Cac phép bién déi so cap trén dong

1.2.3. Hang ctia ma tran

Hang ctia ma tran

Nhan xét. Mot ma tran A thi cé nhiéu dang bac thang, tuy nhién cdc
dang bac thang clia A déu cé chung s6 dong khdc 0. Ta goi s6 dong
khdc 0 cia mot dang bac thang cia A la hang cia A, ky hiéu r(A).
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1.2. Cac phép bién dé SHORA ety tall 1.2.3. Hang ciia ma tran

Dinh nghia. Néu A tuong duong dong v6i mot ma tran bac thang rat
gon B thi B dudgc goi 1a dang bac thang rit gon cia A.

Nhan xét. Dang bac thang rit gon ctia mot ma tran A la duy nhat va
dugc ky hieu Ra.

v

1 2 3 -2
Vidu.(tylam) Cho A=| -2 -5 1 —4 |.Tim ma tran B c6
3 6 9 —6

dugce tit A thong qua lan lugt cac phép BDSCTD dy + 2dy, d3 — 3d1,
—ds va di — 2ds? Sau do6, két luan gi vé ma tran B?

1 0 17 —-18
bapan. B=| 0 1 -7 8 | . Ro rang B la ma tran bac thang
00 O 0

rat gon. Suy ra B la dang bac thang rut gon ctia A (hay R4 = B).
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1.2. Cac phép bién déi so cap trén dong [EEEPIEEESER TR EIE RT3l

Thuat toan Gauss
Tim mot dang bac thang cia A = (a)i; € Mmxn(R)

Buéc 1. Choi:=1,j5:=1.
Buéc 2. Néu i > m hodic j > n thi két thic.

Budc 3. Néu a;; = 0 thi sang Budc 4. Néu a;; # 0 thi thyc hién cac
phép BDSCTD sau:

ar; . .
dy, — ﬁdi vl k> .
Q5

Sau d6i: =i+ 1,5 := j+ 1 vA quay vé Budc 2.

Buéc 4. Néu ayj = 0 v6i moi k > ¢ thi j := j + 1 vd quay vé Budc 2.
Néu ay; # 0 v6i mot k > ¢ ndo d6 thi chon mot k nhu vay va thuc hien
phép BDSCTD: d; ++ dj, va quay vé Budc 3.
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1.2. Cac phép bién dé [cetelsegll 1.2.3. Hang ctia ma tran

Vi du. Tim mot ma tran dang bac thang R clia ma tran

1 7 1 3 0
1 7 -1 -2 =2
A= 2 14 2 7 0
6 42 3 13 -3

T d6 xac dinh hang cia A.

Giai.

i 7 1 3 0

4 da2dy 00 -2 -5 -2

dq—6dy 0 0 0 1 0

00 -3 -5 -3

17 1 3 0

ds—3ds 0 0 -5 =2

00 0 1 0

0 0 0 5 0
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1.2. Cac phép bién déi so cap trén dong [EEEPIEEESER TR EIE RT3l

il 7 1 3 o0
dy—3dy 0 0 -5 -2
o0 0 [1] o
00 0 5 0
il 7 1 3 o0
dy—3dy 0 0 -5 -2
R =R.
o0 0 [1] o
00 0 0 0

Ta c6 A tuong duong dong véi R va R ¢6 dang bac thang v6i 3 dong
khac 0 nén A c6 hang la r(A) = 3.

Luu y. Trong qué trinh dua ma tran vé dang bac thang, ta c6 thé sit
dung céc phép BDSCTD phit hgp dé tranh viéc tinh toan cac so 18.
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1.2. Cac phép bién dé

BNt :lll 1.2.3. Hang ctia ma tran

Vi du.(ty lam) Tim hang clia cdc ma tran sau:

1 3 3 2 3 1 4
A= 2 6 9 |; B = 3 4 2 9 ,
2 7 6 -2 0 -1 -3
1 1 -1 2 1
2 3 -1 4 5
¢= 3 2 -3 7 4
-1 1 2 3 1
Dap an
a) r(A) =3
b) r(B) =3
c) r(C)=3
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1.2. Cac phép bién dé BNt :lll 1.2.3. Hang ctia ma tran

11 1
Vidu.Cho A= | 2 3 4 |.Tim tat ca gid tri m dé r(A4) = 3?
3 2 m
Giai.
11 1 11 1
A= 2 3 4 d3a8ds 0 1 9
32 m Sl 0 -1 m-3
11 1
s tda, 0 1 2 |,
0 0 m-—-1

Dé r(A) = 3 thi dong (0 0 m — 1) khéc khong, nghia 13
m—1#0&sm# 1.

Suy ra r(A) = 3 dang v6i moi m # 1.
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1.2. Cac phép bién déi so cip trén dong [EEEPIEEESEP TR EIE RT3l

1 1 2
Vi du.(ty lam) Cho A = 3 1 2 | . Tim tat ca gia tri m
-2 m+1 m
dé r(A) =27
Pan an. m = -2.
1 21
Vidu.(tylam) Cho A= | m 1 2 |.Tim tat ci gid tri m dé
m 2m 1
r(A) =27
.. 1
Dap an.mzihaymzl.
1 m m
Vidu.(tulam) Cho B=| m 1 m |.Tim tat ci gia tri m dé
m m 1
1
r(B) =27 Dap an. m = —5

Leé Van Luyén
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1.2. Cac phép bién déi so cap trén dong [EEEPIEEESER TR EIE RT3l

Thuat toan Gauss-Jordan
Tim mot dang bac thang rat gon cia A = (a)ij € Mmxn(R)

Chi khac Thuat toan Gauss  Budc 3, ta can thiye hién cac phép bién
déi sau:
1
° —d;.
aij
° dk — akjdi véi k 75 ’i;

Vi du. Tim ma tran dang bac thang rat gon ctia ma tran

1 7 1 3 0
1 7 -1 =2 =2
2 14 2 7 0
6 42 3 13 -3

A=
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1.2. Cac phép bién dé C Rt letee -l 1.2.3. Hang ciia ma tran

3 0
-5 —2
0
-5 -3

7 1 3 0 1
do—di

7T -1 -2 =2 ds—2d;
—=

7 0 d4—6d;

42 3 13 -3

| |
W o N =
—

1
1
2 14 2
6

1
—1dy

d1—d2
da+3d2

DT = DT —

o
(-]

dy—3ds3
da—3ds

—
(@]

—_

dy—3ds

OO~ OO O R, OO
OO OO0 OO0 o
oo~ O OO RO
SO FEF OO R~

fas)
(=]

Ta thay R4 la ma tran dang bac thang rat gon ciia A.
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1.2. Cac phép bién déi so cap trén dong

1.2.3. Hang ctia ma tran

Vi du. Tim dang ma tran bac thang rat gon ctia cac ma tran sau:
1 2 3 4 3 2 2
a)l 2 3 1 b){ 0 2 1 1 |;
31 2 00 3 3
1 -1 -1 1 3 -2 -1
1 3 2 5 =2 1
s -1 N 13
1 7 -2 -6 10
0 0 1 10 00
Dap an. a) 10 1 ]; b){ 0 1 0 0 |;
01 1 0 01 1
0 3/2 1 10 00
1 =7/2 2 01 01
°) o 0 o Y0loo1 2
0 0 0 0000
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1.3. Hé phuong trinh tuyén tinh [EENGIReIterS

1.3. Hé phuong trinh tuyén tinh
@ Dinh nghia
© Nghiém ctia hé phuong trinh tuyén tinh
@ Giai hé phuong trinh tuyén tinh

© Dinh ly Kronecker - Capelli
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1.3. Hé phuong trinh tuyén tinh [ESVGCREIN

1.3.1. Dinh nghia hé phuong trinh tuyén tinh

Mé dau

201 — 229 + 3 — x4 + Trs = 1;

Ty + 229 — xx3 + x4 — 225 = 1;
4ry — 10x9 + bxg — dxry + Txs = 1;
20y — l4x9 + Txz — Txy + 1laxs = -—1.
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1.3. Heé phuong trinh tuyén tinh

1.3.1. Dinh nghia

Dinh nghia. Mot hé phuwong trinh tuyén tinh trén R gdm m
phuong trinh, n an s6 1a mot hé c6 dang

ai1xr + appry +---+

AinTn = bl;
a21r1 + agxry +---+

onTy = by;

trong do6
e a;; € R: cac he s6;
e b; € R: cac heé sb tu do;

2 2 P4 ~ ., .
® X1,T2,...,T,: CAc an sO nhan gia tri trong R.

Néu (*) c6 cac he s6 tur do bang 0 thi ta néi () 1a hé phuong trinh
tuyén tinh thuan nhat tren R.
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1.3. Hé phuong trinh tuyén tinh 1.3.1. Dinh nghia

Dat
a1 a1z ... GQ1p 1 21
X
a1 a2 Lo Qa9 2 2
A= o, X = ., B=
Aml Am2 ... Gmn T bm

Ta goi A 1a ma tran hé s6, X 1a cot cac an, B la cot cac hé s6 tu
do ctia he (*). Khi d6 he (x) dugc viét dudi dang AX = B. Dit

all a2 . A1n b1

A _ (A‘B) N asy ago e aAon b2

A dugc goi 1a ma tran md rong (hay ma tran bd sung) clia he (x).

Lé Van Luyén

hetpsdih o telferdipaticot e PTTT 3/3/2015 54/104


http://cuuduongthancong.com?src=pdf
https://fb.com/tailieudientucntt

1.3. Hé phuong trinh tuyén tinh .3.1. Dinh nghia

Vi du. Cho hé phuong trinh

3r1 + 2x9 + 3x3 — 24 =
ry + To + X3 =
x1 + 229 + 3 — x4 =
Khi dé:
3 2 3 -2
> Matranhesd6 A= 1 1 1 0
1 2 1 -1
x1
> Cot cac an X = ? , cot cac hé s6 tu do B =
3
T4
R 3 2 3 =21
> Matranmérong A=(AB)=| 1 1 1 03
1 21 —-1]0

Ta c6 AX = B.

v

RS oV AN PO He PTTT
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1.3. Hé phuong trinh tuyén tinh 1.3.2. Nghiém ctia hé phuong trinh tuyén tinh

1.3.2. Nghiém ctia hé phuong trinh tuyén tinh

Dinh nghia. Ta n6i u = (aq, o, ..., a,) la nghiém cta hé phuong
trinh (x) néu ta thay thé z1 := a1, 29 1= ag, ... 1, := a, thi tat ci cac
phuong trinh trong (x) déu thoa.

Dinh nghia. Hai hé phuong trinh dugce goi 1a tuong dwong nhau néu
ching c6 cung tap nghiém.

v

Nhan xét. Khi gidi mot hé phuong trinh tuyén tinh, cic phép bién
doi sau day cho ta cdc hé tuong duong:

e Hodn doi hai phuong trinh cho nhau.

e Nhan hai vé ciia mot phuong trinh cho mot sé khdc 0.

e (Cong vao mot phuong trinh vdi mot boi cia phuong trinh khdc.

v

Lé Van Luyén
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1.3. Hé phuong trinh tuyén tinh 1.3.2. Nghiém ctia hé phuong trinh tuyén tinh

Dinh 1y. Néu hai hé phuong trinh tuyén tinh cé ma tran md rong
tuong duong dong vdi nhau thi hai hé phuong trinh dé tuong duong
nhau.

Vi du. Giai hé phuong trinh

T — Yy — 2z = =3
20— y + = 1 (1)
r + y + z = 4
) 1 -1 —2]— 1 -1 —2]-3
Giai. A= 2 -1 1 20 g 1 5] 7
1 1 1| 4 ) ®Bh 0o 2 3| 7
1o 3 4\ i, 10 0|1
td g1 5] 7 T 01 02
G2 \g 0 —7|-7) @752 \o o 1|1
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1.3. Hé phuong trinh tuyén tinh 1.3.2. Nghiém ctia hé phuong trinh tuyén tinh

z + 0y + 0z = 1,
(1) & 0Oz + y + 0z = 2
Oz + 0y + =z =1
Tz = I
And y = 5
z =1

Vi du. Giai hé phuong trinh

z + y — 2z = 4
2 + 3y + 3z = 3 (2)
5z 4+ Ty + 4z = 10.
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1.3. Hé phuong trinh tuyén tinh

Giai. Ma tran hoa hé phuong

A=
) 11 -2
A2 g 1 7
d=5di \ o 92 14

Nhu vay,
X

1.3.2. Nghiém ctia hé phuong trinh tuyén tinh

trinh tuyén tinh, ta c6

11 -2 4
2 3 3|3
5 7 410
4 10 -9| 9
5 | Bz (g 1 7| =5
—10 ) B \o 0 o 0
- 92z = 9
y + 7z = —b.

Ta chon z 1a an tu do. Nhu vay nghiém ctia hé (2) 1a

X

Y
z

hetRs/EReo

Lé Van Luyén
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1.3. Hé phuong trinh tuyén tinh 1.3.2. Nghiém ctia hé phuong trinh tuyén tinh

Vi du. Giai hé phuong trinh

r + Yy — 2z = 4
2 + 3y + 3z = 3; (3)
5S¢ + Ty + 4z = 5.

Giai. Ma tran héa hé phuong trinh tuyén tinh, ta c6

11 —2|4

A= 2 3 3|3

5 7 45
11 —2 10 -9 9
AL g 1 7] 5 | =2y 001 7|-5
d=5h \ g 9 q4|l-15) B \ o 0 0|=5

Hé (3) vo nghiém vi Oz + Oy + 0z = —5.

Lé Van Luyén
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1.3. Hé phuong trinh tuyén tinh 1.3.2. Nghiém ctia hé phuong trinh tuyén tinh

Vi du.(ty lam) Gidi cac h¢ phuong trinh tuyén tinh sau:
x + 2y — 4z = -1
a) ¢ 3x — 2y + b5z = 6;
5 + 2y — 4z = 3.
2r + y + z = 4
b) r — 3y + bz = 3;
3r — 2y + 6z = 8.
-z 4+ 2y + 3z = 4
c) 2t — y + 4z = b;
3r — 3y + 2z = L

Pap an.a)z=1,y=1,2z=1.

b) vo nghiém.
14 11 13 10
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1.3. Hé phuong trinh tuyén tinh 1.3.2. Nghiém ctia hé phuong trinh tuyén tinh

Dinh 1y. Nghiém ciia hé phuong trinh tuyén tinh chi cé 3 truong hop
sau:

o Vo6 nghiém;
e Duy nhat mot nghiém;

o Vo s6 nghiem.

Nhan xét. He phuong trinh tuyén tinh thuan nhat
ailry + apry -+ apr, = 0
airy + azgry +-+  apT, = 0;
1T+ GmsTy ot Gmedn = O,
luon c6 mot nghiém u = (0,0,...,0). Nghiém nay dugc goi la nghiém

tam thwong.
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1.3. Hé phuong trinh tuyén tinh 1.3.2. Nghiém ctia hé phuong trinh tuyén tinh

Luu y. D6i v6i hé phuong trinh tuyén tinh thuan nhat, cac hé sé ty do
sé khong thay déi khi ta thuc hién cac phép bién déi so cap trén dong.
Do d6, khi gidi hé nay ta chi can stt dung ma tran hé so.

Vi du. Giai hé phuong trinh tuyén tinh thuan nhat sau:

r + y + 2z = 0
2 — y + Tz
ox — y + 16z = 0.

I
L

Giai. 1 1 2 1 1 2
A=|2 -1 7 da—2d: 0 -3 3

5 -1 16 ) %7 0 -6 6

—5da 10 3

I I |

d3+6d2 0 0
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1.3. Hé phuong trinh tuyén tinh 1.3.2. Nghiém ctia hé phuong trinh tuyén tinh

Nhu vay hé ban dau tuong duong véi
T + 3z = 0
y - z = 0.

Ta chon z la an tu do. Nhu vay nghiém ctia hé 13

r = =3t
y = t
z = teR.

Vi du.(ty lam) Giai he phuong trinh tuyén tinh sau

z + 2y — 2z = 0
3z — 2y + 4z = 0
2 — 4y + 5z = 0.

DPap an. x=0,y=0, 2 =0.
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1.3. Hé phuong trinh tuyén tinh 1.3.3. Giai hé phuong trinh tuyén tinh

1.3.3. Giai he phuong trinh tuyén tinh

C6 2 phuong phap gidi hé phuong trinh tuyén tinh
e Gauss
e Gauss - Jordan

Phuong phap Gauss
Budc 1. Lap ma tran mé rong A = (A|B).
Buéc 2. Dua ma tran A vé dang bac thang R.

Budc 3. Tuy theo truong hop dang bac thang R ma ta két luan
nghiem. Cu thé:

e Truong hop 1. Ma tran R c6 moét dong la
(000O0---00]#0).

Khi d6 hé phuong trinh vo6 nghiém.
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1.3. Hé phuong trinh tuyén tinh 1.3.3. Giai hé phuong trinh tuyén tinh

e Truong hop 2. Ma tran R c6 dang

Ci1 Ci12 Cin | Q1
0 ca2 Con | Q2
0 0 Con | Op
0 0 0 0
0 0 0o

Véi ci; # 0, Vi € 1,n. Khi d6 hé phuong trinh c6 nghiém duy nhat.
Viéc tinh nghiém dugc thyc hién tur dudi lén trén.

e Truong hop 3. Khéc 2 truong hop trén, khi d6 hé c¢6 vo sb
nghiém, va:

e An tuong tng véi cac cot khong c6 phan ti co sG sé 1a an tu do
(1ay gia tri tuy ¥).

e An tuong tng v6i cot c6 phan tit co s6 sé duge tinh theo thit ti
tit dudi lén trén va theo cac an tu do.
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1.3. Hé phuong trinh tuyén tinh

Vi du. Giai hé phuong trinh

1.3.3. Giai hé phuong trinh tuyén tinh

T + y — 2z = 4
2y + 3y + 3z = 3 (1)
5z + Ty + 4z = 5.
Giai. Ma tran hoa he (1), ta c¢6

) 11 —2]4 11 —2] 4
A=|(23 3|3 | =2, | o1 7| =5
5 7 4|5 ds=5d1 0 2 14|-15
1 1 —2| 4
A2 g 1 7] =5
00 0|5

Hé (1) vo nghiém vi 0z + Oy + 0z = —5.

Leé Van Luyén
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1.3. Hé phuong trinh tuyén tinh

Vi du. Giai hé phuong trinh

1.3.3. Giai hé phuong trinh tuyén tinh

T — Yy — 2z = =3
2t — y + 2z = 1; (2)
r + y + z = 4.
Giai.

/1 -1 -2 -3 1 -1 -2|-3
A= 11 1| ey o 1 5| 07
1 1 1] 4 ds—d 0 2 3| 7
1 -1 -2|-3
72 f g 1 5] 7
0 0 —7|-7

Suy ra nghiém cia he (2) laxz =1,y =2,z =1.
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1.3. Hé phuong trinh tuyén tinh 1.3.3. Giai hé phuong trinh tuyén tinh

Vi du. Giai hé phuong trinh

T + y — 2z = 4
2 + 3y + 3z = 3 (3)
5c + Ty + 4z = 10.

Giai. Ma tran hoa hé (3), ta co

11 -2 11 —2| 4
A=|23 3|3 | 224 | o1 7] -5
5 7 410 d3=5dy 0 2 14|-10

11 —2| 4

B2, o1 7|5

00 0] 0

Nhu vay z 1a an tu do. Cho z =t € R, ta c6
ey=—-5—T7T2=-Tt—5,
er=4—y+2z2=4—(-5-Tt)+2t=9t+09.
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1.3. Hé phuong trinh tuyén tinh 1.3.3. Giai hé phuong trinh tuyén tinh

Nhu vay nghiém ctia hé (3) la

r = 9+ 094
y = —5—Tt;
z = teR.
Vi du. Giai hé phuong trinh sau:
r1 4+ 2wy + 3x3 + 4wy = T,
To + 221 + 223 4+ 3z4 = 6
3r1 + 2x9 + 2x4 + xr3 = 7,
41 + 329 + 223 4+ x4 = 18.
Giai. Ta c6
1 2 3 4 7
~ 2 1 2 3 6
A= 3 2 1 2 7

4 3 2 1 18
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1.3. Hé phuong trinh tuyén tinh 1.3.3. Giai hé phuong trinh tuyén tinh

1 2 3 4 7
do—2d;
ds—3d; 0o —3 —4 ) -8
dy—4d; 0O —4 -8 —-10| —14
0 -5 —-10 —-15| —10
1 2 3 4 7
do—ds 0 1 4 5 6
0 -4 -8 —-10| —-14
0 -5 —-10 -151| —-10
1 2 3 4 7
ds+4ds 01 4 5 6
d4+5ds 0 0 8 10| 10
0 0 10 10| 20
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1.3. Hé phuong trinh tuyén tinh 1.3.3. Giai hé phuong trinh tuyén tinh

1 2 3 4 7
0 1 4 5 6 d3<>dy
00 8 10/ 10 T
0 0 10 10| 20

d4—8d3

Vay hé da cho tuong duong véi hé sau:

1 + 222 + 3xz3 + 4dxy4
o + 4xs + Dxy

r3 + X4

2174

Lé Van Luyén
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1.3. Hé phuong trinh tuyén tinh 1.3.3. Giai hé phuong trinh tuyén tinh

Vi du. Giai hé phuong trinh sau:
1 + 29 — 3x3 + bdxry = 1;
r1 + 3x9 — 13z3 + 2224 = -—1;
3r1 + b5r9 + xr3 — 2xy = 9;
2r1 4+ 3x9 + 4dxz — Try = 4,
Giai. Ta co
1 2 -3 5 1
~ 1 3 —-13 22| -1
4 - 3 5 1 -2 5
2 3 4 -7 4
vl 1 2 -3 5 1
ds—3d, 0 1 —-10 17| -2
da—2dy 0 -1 10 —17 2
0 -1 10 —17 2
L&Van Luyen hepsd/ih o telferdigaticot e PTTT 3/3/2015 73/104



http://cuuduongthancong.com?src=pdf
https://fb.com/tailieudientucntt

1.3. Hé phuong trinh tuyén tinh 1.3.3. Giai hé phuong trinh tuyén tinh

1 2 =3 5) 1

0 1 —10 17| -2

0 -1 10 —17 2

0 —1 10 —17 2

1 2 -3 5 1
d3+ds 0 1 -10 17 —2
dg+d2 0 0 0 0 0

0 0 0 O 0

Vay hé da cho c¢6 hai an tu do 1a x3, 24. Cho 3 = t, x4 = s, ta tinh dugc

T9 = —2410x3 — 1724 = —-2410t—17s;
1 = 1—2x9+4+3x3—5x4 = 5 — 17t + 29s.

Vay hé da cho c6 vo sb nghiém véi hai an ty do
(x1,m2,x3,24) = (5 — 17t +29s, -2 + 10t — 17s,1, s)

véi s, t € R tuy .

Lé Van Luyén
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1.3. Hé phuong trinh tuyén tinh

Vi du. Gidi hé phuong trinh sau:

1.3.3. Giai hé phuong trinh tuyén tinh

r1 — 2x9 4+ 3xz3 — 4dxy = 2;
3r1 + 3x2 — bxz + Ty = —3;
—2x1 + xo + 23 — 3ry = 9;
3331 + 3I3 — 101‘4 = 8.
Giai. Ta c6
1 -2 3 -4 2
- 3 3 =5 1| =3
A o -2 1 2 -3 5
3 0 3 —10 8
1 -2 3 —4 2
do—3d1
ds+2d, 0 9 —-14 13| =9
dy—3dy 0 -3 8 —11 9
0 6 —6 2 2
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1.3. Hé phuong trinh tuyén tinh 1.3.3. Giai hé phuong trinh tuyén tinh

1 -2 3 —4 2

0 9 —14 13 | -9

0 -3 8 —11 9

0 6 —6 2 2

1 -2 3 -4 2
do>d3 0 -3 8 —11 9

0 9 —14 13 | -9

0 6 —6 2 2

1 -2 3 -4 2
dz+3ds 0 -3 8 -—11 9
da+2d 0 0 10 —20 | 18

0 0 10 —20 | 20

1 -2 3 -4 2
dy—ds 0 -3 8 —11 9

0 0 10 —20 | 18

0 0 0 0 2
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1.3. Hé phuong trinh tuyén tinh 1.3.3. Giai hé phuong trinh tuyén tinh

1 -2 3 -4 2
0 -3 8 -11 9
0 0 10 =20 | 18
0 0 0 0 2

Vay hé da cho tuong duong véi hé sau:

r1 — 2$2 + 3$3 — 4$4 = 2;
— 3x9 + 8rs — 1llxy = 9;
10x3 — 20z4 = 18;

0 = 2

Hé nay vd nghiém. Do d6 hé da cho cling v6 nghiém.

Tiép theo,
Phuong phap Gauss - Jordan
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1.3. Hé phuong trinh tuyén tinh 1.3.3. Giai hé phuong trinh tuyén tinh

Phuong phap Gauss - Jordan

Budc 1. Lap ma tran mé rong A = (A|B).

Budéc 2. Dua ma tran A vé dang bac thang rat gon R4.

Buéc 3. Tuy theo truong hgp dang bac thang rat gon R4 ma ta

két luan nghiem. Cu thé:

e Truong hop 1. Ma tran R4 ¢6 mot dong (0 0 0 0...0 0| #0).

Két luan hé phuong trinh v6 nghiém.

e Truong hop 2. Ma tran R4 c6 dang

1 0 -+ 0| oy

1 0042
0 0 1| ap
00 0
0 0 00

RS oAV PO He PTTT
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1.3.3. Giai hé phuong trinh tuyén tinh

1.3. Hé phuong trinh tuyén tinh

Khi d6 hé phuong trinh c6 nghiém duy nhat la

T1=0Q1, T3 =Q9,...,Ty = Q.
e Trudng hop 3. Khéc 2 truong hop trén, khi d6 hé c¢6 vo sb
nghiém, va:

e An tuong ting véi cac cot khong c6 phan tit co sG 1 sé 1a an tir do
(1ay gia tri tuy ¥).

e An tuong tng véi cot c¢6 phan tit co sG 1 sé duge tinh theo cac an
tu do.

S6 an tir do dudc goi la bac tw do ctia hé phuong trinh.

Xem lai cac vi du trang 57
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1.3. Hé phuong trinh tuyén tinh 1.3.4. Dinh ly Kronecker- Capelli

1.3.4. Dinh 1y Kronecker- Capelli

Dinh 1. Cho A = (A|B) la ma tran md rong ciia hé phuong trinh
gom n an dang AX = B. Khi d¢

r(A) =r(A) hogc r(A) =r(A)+ 1.

Hon nita,
o néur(A) =r(A)+ 1 thy hé vo nghiem;
o néur(A) =r(A) =n thy hé cé nghiem duy nhdit;

o r(A) =r(A) < n thi hé c6 vo s6 nghiém vdi bac tu do lan—r(A).

v

Vi du. Giai va bién luan hé phuong trinh sau theo tham s6 m

3xr1 + bxoe + 3x3 — dxy = 1,

2¢7 +  3x2 + r3 + zqy = 0

9¢1 4+ 9x9 + 63 — 1514 = 2
13217 + 2229 + 1323 — 22x4 = 2m.
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1.3. Hé phuong trinh tuyén tinh

A= (A|B) =

d1—ds
L

do—2d;
ds—5dq

ds—13d1

d3—d2
dg—4da

Lé Van Luyén

3 5 3
2 3 1
5 9 6
13 22 13
1 2 2
2 3 1
5 9 6
13 22 13
12
0 -1 -
0 -1 -
0 —4 -1
1 2 2
0 —1 -3
0 0 -1
0 -1

2
3
4
3

—4
1
—15
—22
-5
1
—15
—22
-5
11
10
43
-5
11
-1
-1

R oMV PO He PTTT

1.3.4. Dinh ly Kronecker- Capelli

N O =

2m

—

2m —5
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1.3. Hé phuong trinh tuyén tinh 1.3.4. Dinh ly Kronecker- Capelli

d3—d2
dg—4da

ds—d3

Bién luan.

e V6i2m —4# 0 m# 2

1 2 2 =5 1
0 -1 =3 11 -2
0 0o -1 -1 —1
0 0 -1 —-11| 2m-—5
1 2 2 =5 1
0 -1 -3 11 -2
0 0 -1 -1 -1
0 0 0 0] 2m—4

Khi dé hé vo nghiém.

e V6i m = 2: Hé tuong duong va6i hé sau:

1 + 219

Lé Van Luyén

+ 2x3 — bxy = 1;
— 3x3 + llzy = =2
- T3 — ry = —1.
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1.3. Hé phuong trinh tuyén tinh 1.3.4. Dinh ly Kronecker- Capelli

Ta c¢6 x4 13 an tu do. Cho z4 =t € R ta tinh dudc
r3=1—-24=1-1¢
To =2 —3x3 + 1lxy = —1 + 14¢;
1 =1—2x9 — 223 + x4 = 1 — 21¢.

Nhu vay khi m = 2, hé da cho c¢6 vo s6 nghiém véi mot an tu do

(z1, 29,23, 24) = (1 — 21¢, —1 + 14¢,1 — t,t)

v6it € R tuy §.

Vi du. Giai va bién luan hé phuong trinh tuyén tinh sau theo tham s6
m
r1 + xro — r3 + 2x4 = 1
r1 + 2x0 — 3x3 + 4dxy = 2
Ty — To + 4dxs — Ty = my
Az, + 3xz9 — w3 + may = m?—6m+4,

v
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1.3. Hé phuong trinh tuyén tinh 1.3.4. Dinh ly Kronecker- Capelli

1 1 -1 211
~ 1 2 =3 4 | 2
4= (4]B) = 1 -1 4 -1 | m
4 3 -1 m| m>—6m+4
1 1 -1 211
do—d1
dz—d; 0 1 -2 211
dy—4d; 0 -2 5 -3 | m—1
0 -1 3 m-—8| m?>—6m
1 1 -1 211
ds+2ds O 1 _2 2 ].
da+ds 0 0 1 1| m+1
0 0 1 m—6| m2—6m+1
1 1 -1 211
dy—ds 01 -2 211
0 0 1 1| m+1
0 0 0 m—7| m2—"Tm
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1.3. Hé phuong trinh tuyén tinh 1.3.4. Dinh ly Kronecker- Capelli

1 1 -1 211

01 -2 2|1

0 0 1 1| m+1

0 0 0 m—T7| m>—Tm
Bién luan
e VGim—7=#0< m # 7, hé c6 nghiém

Ty = My

r3 = m+1—xz4=1;

ro = 14+2x3—2x4 =3—2m;

g, = 1—x9+x3— 214 = —1.

Vay, khi m # 7 hé da cho c¢6 duy nhat mot nghiem la:

(1, 9, 3, T4) = (=1, 3—2m, 1, m).
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1.3. Hé phuong trinh tuyén tinh 1.3.4. Dinh ly Kronecker- Capelli

e V6i m = 7, hé tuong duong v6i hé sau:

Ty 4+ xy — 23 + 224 = 1;
T2 — 2x3 + 2x4 = 1;
r3s + x4 = 8.

Ta c¢6 x4 13 an tu do, Cho z4 =t € R ta tinh duge
r3=8—1x4 =8 —t;
ro =14 2x3 — 224 = 17 — 4t
1 =1—x90+ 23— 214 = —8+1.

Vay, khi m = 7 he da cho c¢6 vo s6 nghiém véi mot an tu do

(x1,22,23,24) = (—8+t, 17— 4t,8 —t, t).

véit € R tuy §.
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1.3. Hé phuong trinh tuyén tinh 1.3.4. Dinh ly Kronecker- Capelli

Vi du.(ty lam) Cho hé phuong trinh v6i ma tran mé rong

1
2
3

O I I
S ~ =

m +

Tim tat ci cac gia tri cia m dé hé phuong trinh c6 nghiem?

Vi du.(ty lam) Cho hé phuong trinh v6i ma tran mé rong

1 1
2 1
3 4
-2 -1

SN W
SO»—!»—\
— o N

m —

Tim tat ca céc gid tri ciia m dé hé phuong trinh c6 nghiém duy nhat?
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1.4. Ma tran kha nghich

1.4. Ma tran kha nghich
@ Dinh nghia

@ Nhan dién va tim ma tran kha nghich
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1.4. Ma tran kha nghich 1.4.1 Pinh nghia

1.4.1 Dinh nghia

Mé dau
Cho = € R, héi ton tai hay khong y sao cho zy = 1. J
Hoi. Trén tap hop ma tran thi sao? J

Dinh nghia. Cho A € M, (R). Ta n6i A khd nghich néu ton tai ma
tran B sao cho
AB =BA=1,.

Néu B thoéa diéu kién trén duge goi 1a ma tran nghich ddo ctia A.

v

Nhan xét. Ma tran nghich ddo cta mot ma tran khd nghich la duy
nhat. Ta ky hiéu ma tran nghich ddo cia A la A=,
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1.4. Ma tran kha nghich 1.4.1 Pinh nghia

. (3 5 C e a1 2 -5
V1d1_1.ChoA—<1 2>.Kh1d0A —<_1 3>.

Ménh dé. Cho A € M,(R). Gid sit A khda nghich va cé nghich ddo la
A™'. Khi do
(i) A=Y khd nghich va (A=1)~! = A.
(i) AT khd nghich va (AT)~t = (A=),
1
(iii) Yo € R\ {0}, oA khd nghich va ()=t = A~

«

Ménh dé. Cho A, B € M,(R). Néu A va B khd nghich thi AB ciing
khd nghich, hon nia

(AB)"'=pB7tA7h
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1.4. Ma tran kha nghich 1.4.2. Nhan dién va tim ma tran kha nghich

1.4.2. Nhan dién va tim ma tran kha nghich

Dinh ly. Cho A € M,(R). Khi dé cic khdng dinh sau tuong duong:

(i) A kha nghich.
(i) r(A)
(iii) A~
(iv) Ton tai cic phép BDSCTD o1, ..., bién ma tran A thanh ma

tran don vi I,:
A5 A — B A =T,

Hon nia, khi do qua chinh cac phép BDSCTD ¢1,--- , ok, ma
tran don vi I,, sé bién thanh ma tran nghich ddo A=!:

I, &Bl—> &) Bk:A_l.

v
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1.4. Ma tran kha nghich 1.4.2. Nhan dién va tim ma tran kha nghich

Phuong phap tim ma tran nghich dao

Lap (A|l,) vd dung cac phép BDSCTD dua A vé dang ma tran bac
thang rat gon:

(AlL) 25 (A1] By) — - 25 (Ap| By) —

Trong qua trinh bién ddi c6 thé xay ra hai truong hgp sau:

e Trudng hop 1: Ton tai p sao cho trong day bién déi trén, ma
tran A, c6 it nhat mot dong hay mot cot bang 0. Khi do A
khong kha nghich.

e Trudng hop 2: Moi ma tran A; trong day bién ddi trén déu
khong c6 dong hay cot bang 0. Khi d6 ma tran cudi cling ctia day
tren c6 dang (I,|B). Ta c6 A kha nghich va A~ = B

v

Luu y. Néu bai toan chi yéu cau kiém tra ma tran A c6 kha nghich
hay khong, ta chi can tinh hang clia ma tran (dung Gauss).
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1.4. Ma tran kha nghich 1.4.2. Nhan dién va tim ma tran kha nghich
1 11
Vidyu.ChoA=| 1 2 2 |.Xéttinh kha nghich ctia A va tim A~}
1 2 3

(néu co).

Giai. Lap (A|I3)

111100 11 1] 10 0
1 22/010] 2% (01 1]-110
1 2 300 1 dsNg 01 2/-10 1
100 2 -1 0

dizdas g1 1021 10

ds—d> 00 1] 0 -1 1

100 2 =1 0

brdso g1 0l-1 2 -1

001 0 =1 1

(I3]A71)
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1.4. Ma tran kha nghich

1.4.2. Nhan dién va tim ma tran kha nghich

2 -1 0
Suy ra A kha nghich va A~1 = | -1 2 -1
0 -1 1
1 2 3
Vidu.Cho B=| -2 -5 3 |.Xét tinh kha nghich cta B va tim
2 3 15
B~ (néu co)
Giai. Lap (B|I)
1 2 311 0 0 1 2 3 1 0 0
9 -5 3]0 10| 22 o 19 210
2 3 15|0 0 1 ds =21 0 -1 9/-2 0 1
d1+2ds 1 0 21 5 2 0
ds—d 01 -9/-2 -1 0
2 00 0|-4 —11
Suy ra r(B) = 2 < 3. Nhu vay B khong khé nghich.
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1.4. Ma tran kha nghich 1.4.2. Nhan dién va tim ma tran kha nghich

Vi du. Tim tat ca cac gia tri m dé ma tran sau kha nghich

1 1 2
A= 2 1 m
3 2 1
Giai. Tim hang cua A
1 1 2 1 1 2
2 1 m | 220 [0 -1 m—14
3 9 1 ds—3dy 0 —1 -
1 1 2
Gz g 1 m—4
0 0 —m-—1

Ta c6 A kha nghich < 7(A) = 3. Do d6 dé A kha nghich thi
—-m—-1#0<&m# —1.

Leé Van Luyén
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1.4. Ma tran kha nghich 1.4.2. Nhan dién va tim ma tran kha nghich

Vi du. Xét tinh kha nghich ctia A va tim A~ (néu c6)
1 2 3 4
2 5 4 7
A= 3 7 8 12
4 8 14 19
Giai.
1 2 3 4|1 0 0 O
25 4 7|01 0 O
(Alfs) = 37 8 12/0 0 1 0
4 8 14 1910 0 0 1
1 2 3 4 1 0 0 O
do—2d1
d3—3d; 01 -2 —-1/-2 1 0 0
d4—4dy 01 -1 0/-3 0 1 0
0 0 2 3/—-4 0 0 1
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d1—2do
ST
d3—ds

d1—Tds3
do+2d3

ds—2d3

di+dy
do—dy
=2

d3—dy

Lé Van Luyén

1.4. Ma tran kha nghich .4.2. Nhan dién va tim ma tran kha nghich

1
0
0
0
1
0
0
0
1
0
0
0
1
0
0
0

2 3 4] 1000
1 -2 -1/-2 1 0 0
1 -1 0]-3 010
0 2 3|-400 1
0 7 6| 5 —2 0 0
1 -2 -1/-2 100
0 1 1|-1 -1 1 0
0 2 3|—-4 001
00 —1]12 5 -7 0
10 1/-4 -1 20
01 1[/-1 -1 1 0
00 1/-2 2 —21
00O0]10 7 -9 1
100/-2 -3 4 -1 | _ o
01 0] 1 -3 3 -1 = (Lu]A™).
00 1/-2 2 —2 1
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1.4. Ma tran kha nghich 1.4.2. Nhan dién va tim ma tran kha nghich

Nhu vay, A kha nghich va

10 7 =9 1
-2 -3 4 -1

1 -3 3 -1
-2 2 =2 1

AT =

Vi du. Xét tinh kha nghich ctia A va tim A~ (néu c6)
1 23 4
2 11 0
As 3 02 1
4 -1 0 -3
Giai. 1 23 411000
2 11 0]0100
(Alla) = 3 02 1/0010
4 -1 0 -3/00 0 1
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1.4. Ma tran kha nghich 1.4.2. Nhan dién va tim ma tran kha nghich

dy2d, 1 2 3 4 1 0 00
d3—3d; 0O -3 -5 —-8|—-2 100
dy—4dy 0O 6 -7 —-11{-3 0 1 0
0O -9 —-12 —-19|—-4 0 0 1
1 2 3 4 1 0 00
dz—2dy 0 -3 -5 —8|-2 1 0 0
ds—3ds 0 0 3 5 1 -2 1 0
0 0 3 5 2 -3 0 1
1 2 3 4 1 0 0 0
dy—ds 0 -3 -5 —8|-2 1 0 0
0 0 3 ) 1 -2 1 0
0 0 0 0 1 -1 -1 1

Ta c6 r(A) < 4. Suy ra A khong kha nghich.
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1.5. Phuong trinh ma tran

1.5. Phuong trinh ma tran
Dinh ly. Cho cic ma tran A, A" € M,(R) kha nghich va
B € Myyyp(R), C € Myyun(R), D € M, (R). Khi dé
(i) AX =B X = A'B;
(i) XA=C& X =041
(iii) AXA'=D& X =A"1DAL.

. 4 31 (-2 3
Vi du. G1a1ph1fdngtr1nh<5 2>X—< 9 5).

Giai. Phuong trinh ¢6 dang AX = B. Ta ¢6 A kha nghich va

1 2 -1 1 [ 61
A —<_5 3>.SuyraX—A B-( 16 O).
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1.5. Phuong trinh ma tran

. . 3 1\ (-2 3
Vi du. Giai phuong trth( 5 9 ) = ( 9 5 ) J

Giai. Phuong trinh ¢6 dang XA = B. Ta ¢6 A kha nghich va

(2 -1
4 _(—5 3)’
Suy ra

o (-2 3 2 -1\ [ —-19 11
xepa= (500 )= (% n)

Vi du. Tim ma tran X thoa

1 11 1 -2
1 2 2 X<i§>: 3 1
1 2 3 2 -1

hetpsd/ih o telferdipaticot e PTTT 3/3/2015 101/104

Lé Van Luyén


http://cuuduongthancong.com?src=pdf
https://fb.com/tailieudientucntt

5. Phuong trinh ma tran

Giai. Phuong trinh ¢6 dang AXB = C. Ta c6 A, B kha nghich va

2 -1 0
A= -1 2 -1 ;B1:<_Z _§>
0 -1 1
Suy ra
2 -1 0 1 -2 5 o
X=ACB"'= | -1 2 -1 3 1 (_4 3)
0 -1 1 2 -1
I 3 -2
SY 3 2 -4 3
-1 -2
17 —13
=| -1 9
5 —4
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1.5. Phuong trinh ma tran

Vidu.Timmatr&nXthéa(_; _g _1)X:< ’ _2>. J

-1 1

T1 T2
Gidi. Dat X = z3 x4 |.Taco
T5 T6

1 2 -1 X — T+ 223 — x5
-2 -3 1 - —2x1 — 3x3 + x5
T + 223 — x5
T2 + 274 — T

—2x1 — 33 + 75
—2x9 — 324 + T4

Suy ra hé phuong trinh

1 0 2 0 -1
0o 1 0 2 0

A =
-2 0 -3 0 1
0 -2 0 -3 0
Lé'Vin Luyén h@?ﬂ&%"’f“%‘#?ﬁwc{)ﬁ He PTTT

T2 + 224 — T4
—2x90 — 3x4+x6 )

L;
_2;
-1

0 1
—-1| -2
0] -1
1 1
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1.5. Phuong trinh ma tran

1 0 00 1 0 -1
01 00 0 1 4
0010 -1 0 1
00 0 1 0 —-1|-3
Suy ra
( rT = -1 - t;
r9 = 4—s;
r3 = 1+¢
v = —3+s t,seR
r5 =
. T = S.
—1-—t 4—s
Vay X = 1+t —3+s | v6it,s tudo.
t S
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