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2.1. Dinh nghia va cac tinh chéat No6i dung

2.1. Dinh nghia va cac tinh chat

@ Dinh nghia
© Quy tac Sarrus
@ Khai trién dinh thic theo dong va cot

@ Dinh thic va ciac phép bién d6i so cip
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2.1. Dinh nghia va cac tinh chéat 2.1.1. Dinh nghia

2.1.1. Dinh nghia

Dinh nghia. Cho A = (aij)nxn € My(R). Ma tran A(z|j) dugce goi la
ma tran c6 duge tit A bang cach xzéa di dong i va cot j cia A. Ro
rang ma tran A(i|j) c6 cap la n — 1.

1 2 3 2
. 34 25 . ~ N
Vi du. Cho A = 67 13| Tim ma tran A(1|2) va A(2|3)?
9 2 10 4
Giai.
3 25 1 2 2
AQ)=(6 1 3 |, A23)=|6 7 3
9 10 4 9 2 4
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2.1. Dinh nght tinh chat 2.1.1. Dinh nghia

Dinh nghia. Cho A = (aij)nxn € My(R). Dinh thic cia ma tran A,
dugce ky hieu la det A hay | A, 1a mot s6 thue duge xac dinh bang quy
nap theo n nhu sau:

e Néun =1, nghia la A = (a), thi |4] = a.

oNéuan,nghTalaA:(i Z)thi = ad — be.
ai; a2 ... aip

e Néun > 2, nghiala A= @21 422 e G gy
anpl  Aan2 Ann

dong 1
A| === Zau DA

a11]A 11| = a12|AQ2)| + -+ + arn (1) A(1]n)|.
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2.1. Dinh nghia va cac tinh chéat 2.1.1. Dinh nghia

Vi du. ChoA:<§ _§ ) Khi d6 |A| = 4.5 — (—2).3 = 26.
Vi du. Tinh dinh thic ctia ma tran
1 2 -3
A=[2 3 0
32 4
Giai
dong 1 141 3 0 142 20 _ 143 2 3
e B A L SV A PTG il

= 12-16415=11.

Lé Van Luyén Chuong 2. Dinh thic 24/03/2015 6/ 39



2.1. Dinh nght ac tinh chat 2.1.2. Quy tic Sarrus

2.1.2. Quy tac Sarrus (n = 3)

a1l a2 a3

Cho A= | as1 a9 aos |. Theo dinh nghia ctia dinh thic, ta ¢6
a3z1 as2 ass
a2 Q23 a1 Q23 a1 a2
|A| = an — a2 + a3
asz2 ass a3l ass asl as2

= (11622033 + @12023a031 + 13021032

— 13G22031 — 011023032 — 112021033 -

Tit day ta suy ra cong thic Sarrus dya vao so do sau:

cotl cot2 cot3 cotl cot2
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2.1. Dinh nghia va cac tinh chéat 2.1.2. Quy tic Sarrus

cotl cot2 cot3 cotl cot2

|A| = ar1a22a33 + a12a23a31 + a13a21a32

—(a13a22a31 + ar1a23a32 + a12a21a33).

(Téng ba dudng chéo do - téng ba duong chéo xanh)

= (1.25+21.3+34.1)— (323 +1.1.1 + 2.4.5) = —31.

W =~ =
=N N
ot = W
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2.1. Dinh nghia va cac tinh chét 2.1.3. Khai trién dinh thitc theo dong va cot

2.1.3. Khai trién dinh thic theo dong va cot
Dinh nghia. Cho A = (aij)nxn € My, (R). V6i méi 4,5 € 1,n, ta goi
cij = (—1)det A(i|j)

1a phan bu dai s6 cia he s6 a;j.

1 11
Vidu.Cho A= | 2 3 1 |.Tim phan b dai s6 ctia ajz va ag?
3 4 0
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2.1. Dinh nghia va cac tinh chét 2.1.3. Khai trién dinh thitc theo dong va cot

Dinh 1g. Cho A = (aij)nxn € Mn(R). Véi méii,j € T, goici; la
phan bu dai s6 cia hé s6 a;;. Ta c6

n
e Cong thitc khai trién |A| theo dong i: |A| = 3 apci-
k=1
n

o Cong thic khai trién |A| theo cot j: |A| = 3 akjcr;-
k=1

Nhan xét.

dong i
Al == Zazk )™M AGilk)|

Za 1) |A(K])
3 -1 3
Vi du. Tinh dinh thic cia A= | 5 2 2 |theo dong 2 va cot 3.
4 10

y
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2.1. Dinh nght “ac tinh chét 2.1.3. Khai trién dinh thitc theo dong va cot

3 -1 3
Vi du. Tinh dinh thicctia A= | 5 2 2 |theo dong 2 va cot 3.
4 10
Giai.
dong 2 1\2+1 -1 3 1242 3 3 1243 3 —1
|A| —=5(-1) 10 +2(-1) 40 +2(-1) 41
—15—-24—-14 = -23.
cot 3 _1\1+43 5 2 1\243 3 —1 11343 3 -1
|A] == 3(-1) 4 1‘4—2( 1) 4] +0(—-1) 59

—— —9-1440=-23.

Luu y. Trong viéc tinh dinh thic cia ma tran ta nén chon dong hay
cot ¢6 chita nhiéu s6 0 dé khai trién.
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2.1. Dinh nghia va cac tinh chét 2.1.3. Khai trién dinh thitc theo dong va cot

2 -3 3 2
) SN | 3 0 14
Vi du. Tinh dinh thic clia ma tran A = 9 0 0 2
4 0 -1 5
Giai . 3o L4
TJA = 32| 2 0 2 | =3.32=096.
4 -1 5
Vi du.(ty lam) Tinh dinh thitc cia ma tran
1 2 -1 10 9
0 2 3 -8 4
B=|100 -3 5 4
0 0 0 2 7
00 0 04

Pap an.

B|=—48

Lée Van Luyén Chuong 2. Dinh thic 24/03/2015 12 / 39



2.1. Dinh nghia va cac tinh chét 2.1.3. Khai trién dinh thitc theo dong va cot
Ménh dé. Cho A € M,(R). Khi dé:
(i) [AT] = Al
(ii) Néu A c6 mot dong hay mot cot bang 0 thi |A| = 0.

(iii) Néu A la mot ma tran tam gidc thi |A| bing tich cdc phan ti trén
duong chéo, nghia la

‘Al = Aa11.022 « .« . Qun.

Vi du. Tinh dinh thic cac ma tran sau:
-1 0 4 2 3 4 -2 0 0
a) 30 4], 10 =391 o 3 3 0
4 0 -2 0 0 4 9 8 =5
DPap an. |[A|=0; |B|=2.(-3).4=-24; |C|=(-2).3.(—5) = 30.
Dinh ly. Néu A, B € M,,(R) thi |AB| = |A||B|. J
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2.1. Dinh nghia va cac tinh chét 2.1.4. Dinh thtc va cac phép bién ddéi so cap

2.1.4. Dinh thitc va cic phép bién dbi sd cap

Dinh 1y. Cho A, A’ € M,(R). Khi dé

di<>d;

(i) NeuAT)A’ thy |A'| = —|Al;
(i) Néu A =5 A" tha |A'| = alA;
(iii) Néu A Z0%, = |4

Luu y. Vi |AT| = |A| nén trong qua trinh tinh dinh thitc ta c6 thé sit
dung céc phép bién ddi so cap trén cot.

1 3 7
Vi du. Tinh dinh thic cia ma tran A = | 2 6 —8
5 —12 4

v
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2.1. Dinh nghi (R WXl 2.1.4. Dinh thitc va cac phép bién ddi so cap

137, 1 3 7
§2
2 6 —8=—22—92|1 3 —4
5 —12 4 5 —12 4
" 1 1 7
= 231 1 —4
5 —4 4
11 7
—=d gl o _—11
5 —4 4
—IME2 6(—11)(—1)2+3 ; _i‘ = —504.
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2.1. Dinh nghia v

ac tinh chét

2.1.4. Dinh thtc va cac phép bién ddéi so cap

2 3 -4 5 0 19 —16 7
do—d1
3 -5 2 4 | dg+2d; |1 —8 6 —1
5 4 3 —2 | d1—-2d> |0 44 =27 3
4 2 5 3| BRIy g _3 13
. 19 —-16 7
X 1.(=1)2 |44 —27 3
8 -3 13
ds—A4ds 1195 =751 0O
_d273ds | p4R 349 ()
d=Tds 168 105 1
oot 1 1195 —751|
| 548 —342 = —2898.
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2.1. Dinh nghia va cac tinh chét 2.1.4. Dinh thtc va cac phép bién ddéi so cap

Vi du.
1 1
1 = =
23 6 3 2
(S S N " U U O R e
2 3 4 60ds 6 12 60 20 15 12
1 1 1
3 4 5 , ,
c1—2co 1 0O 1 0
s mo| 2L
e ~10 3 6
dong 1 _ 1 -2 1 . 1
4320 =10 6 | 2160
Nhan xét. Trong qud trinh tinh dinh thic, phép bién doi so cap loai 3
duge khuyén khich dung bdi vi né khong lam thay doi gid tri dinh thic.
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2.1. Dinh nghia va cac tinh chét 2.1.4. Dinh thtc va cac phép bién ddéi so cap

Vi du.(ty lam) Tinh dinh thic cac ma tran sau

1 1 2 -1 3 2 -1 1
2 3 5 0 2 3 -2 0
A= 326 =27 B= -3 1 4 =2
-2 1 3 1 4 1 3 1
Dép an. |[A| = —19; |B| = —30.
Vi du.(ty lam) Tinh dinh thic cdc ma tran sau
13 18 6 -1 7 3 4 2 1 3
4 7 3 4 1 2 -3 5 1 8
C = 7T 9 3 -1 4 |; D= —4 -7 2 =2 4
6 9 3 -2 3 3 -5 4 3 5
6 3 1 -2 3 8 6 —4 1 2
Dap an. |C| =24; |D| = —174.
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2.1. Dinh nghia va cac tinh chét 2.1.4. Dinh thtc va cac phép bién ddéi so cap

Vi du.(ty lam) Tinh dinh thic cac ma tran sau
2 5)
E”A_(a —6 )
2 3 2
byB=|3 25 |
2 -1 2
3 2 3 4 11 2 -1
21 3 2 23 5 0
V=1 121 2P| 326 -2
-3 4 2 1 -2 1 3 1
d) ¢*DT

DPap an. |A| = —27; |B| = 16; |C| = —18; |D| = —19;
|C*DT| = [C?||DT| = |C?|D| = —6156
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2.1. Dinh nghia va cac tinh chéat No6i dung

2.2. Dinh thic va ma tran kha nghich

@ Ma tran phu hgp

©® Nhan dién ma tran kha nghich
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2.1. Dinh nghia va cac tinh chét 2.2.1. Ma tran phu hgp

2.2.1. Ma tran phu hgp

Dinh nghia. Cho A = (ai;) € M,(R). Bat C = (¢;5) vdi
cij = (=1)"17|A(3, )|

1 phan bt dai s6 clia a;;. Ta goi ma tran chuyén vi C'' ctia C la ma
tran phu hop cia A, ky hiéu la adj(A).

2 3 1
Vidu. Chomatran A= | 2 -1 2 |. Tim ma tran phu hgp cua
3 -2
A? )
-6 10 11 -6 10 7
Giai. Ta c6 C' = 10 =7 1 |=adj(A) = 10 =7 -2
7T -2 -8 11 1 -8
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2.1. Dinh nghia va cac tinh chét 2.2.2. Nhan dién ma tran kha nghich

2.2.2. Nhan dién ma tran kha nghich

Dinh ly. Ma tran vuong A khd nghich khi va chi khi |A| # 0. Hon nia,

_ I
A7l = madJ(A).

1 11
Vidu.Cho A= 2 3 1 |. Héi A c6 kha nghich hay khong? Néu
3 40

¢6, hay tim ma tran nghich déo cua A.

Giai. Ta c¢6 |A| = —2 # 0.Suy ra A kha nghich.

=—4; cpp=(-1)""?

2 1
30’_3’
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2.2.2. Nhan dién ma tran kha nghich

tinh chat

|

2.1. Dinh ngh
2 3 11
c13 = (—1)H3 3 4 ’ =—1; ¢ =(—1)*"" 40|~ 4;
C2 = —3;co3=—1;¢31 =25 c32=1; c33 =1
Suy ra
-4 3 -1
C= 4 -3 -1
-2 1 1
Do dé
—4 4 =2
adj(4) =C" = 3 -3 1
-1 -1 1
Nhu vay
1 1 -4 4 -2
A7l = Iadj(A) - 3 -3 1
4] B -1 -1 1
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2.1. Dinh nghia va cac tinh chét 2.2.2. Nhan dién ma tran kha nghich

Hé qua. Ma tran A = ( ‘é 2 ) kha nghich khi va chi khi
ad —bc # 0. Khi do L d —b
ad—bc\ —c a )

. (2 4 41 5 —4
V1du.Ch0A—<3 5>.SuyraA —_2<_3 2).

1 2 1
Vi du.(tulam) Cho A= | 2 3 —1 |. Héi A c¢6 kha nghich hay
3 5 2

khong? Néu c6, hay tim ma tran nghich ddo ctia A bing phuong phap
dinh thtec.

(111 -5
Dépén.A‘1:—§ -7 -1 3
1 1 -1
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2.1. Dinh nghia va cac tinh chét 2.2.2. Nhan dién ma tran kha nghich

Vi du. Tim tat ca cac gia tri cia m dé ma tran sau kha nghich
; 1 g é 1 2 1 1 11
a)A = ; )B=[2 3 m 2 3 2
> 0T m 32 -1 575
-1 2 3 =3

Huéng dan. a) Ta c¢6 |A| = 8m — 72.Do d6 A kha nghich khi
8m—T2#0< m#9.
b) Ta ¢6 |B| = (4m —4)(0) = 0. Do d6 B khong kha nghich v6i moi m.

111
Vidu.(tylam) Cho A= | 2 3 1 |. Tinh |[A7]; [34]; [|adj(A)|.
335

Dap an. [A7Y = 5 |3A| = 54; |adj(A)| = 4.
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2.1. Dinh nghia va cac tinh chét 2.2.2. Nhan dién ma tran kha nghich

Ménh dé. Cho A € M,(R) va A khd nghich. Khi dé
1
(1) [A™ =
A
(i) |aA] = a"|Al;
(iii) |adj(A)] =]A""".

Vi du. Cho A, B € M3(R) va

Al =3,|B| = —2. Tinh

|(2AB)™!| va

adj(AB)|?

Giai.
1 1 1 1 1

2AB| ~ 23[AB| _ S|A||B] _ 8.(3).(-2) 48’
o |adi(AB)] = |ABP*~! = (JA||BI) = (3.(~2))? = 36.

e |(24B)7!| =
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2.3. Ung dung dinh thic dé giai he PTTT [ENIRERrTS

2.3. Ung dung dinh thic dé giai he PTTT

@ Quy tac Cramer

© Bién luan va giai hé PTTT bang Cramer
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2.3. Ung dung dinh thic dé giai he PTTT [RRIEKNaNIETINe e e

2.3.1. Quy tac Cramer

Dinh 1y. Cho hé phuong trinh tuyén tinh AX = B (x) gom n dn van
phuong trinh. Ddt
A = detA; A; =det(4;), Yiel,n,

trong dé A; la ma tran cé tu A bang cdch thay cot i bang cot B. Khi
do:

(i) Néu A # 0 thy (%) c6 mot nghiem duy nhat la:
A
= i
(i) Néu A =0 va A; # 0 véi mot i nao dé thi (x) vo nghiém.
(iii) Néu A =0 va A; =0 Vi€ 1,n thi hé vo nghiém hodc vo sb

nghiém. Trong truong hop nay ta phdi dung phuong phdp Gauss
hodc Gauss-Jordan dé gidi (x).

X; € 1l,n.

v
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2.3. Ung dung dinh thic dé g 2.3.1 Quy tac Cramer

Vi du. Giai phuong trinh sau béng quy tiac Cramer

r — y — 2z = =3
2 — y + z = 1; (1)
r + y + =z = 4.
Giai. Ta c6
1 -1 =2 -3 -1 -2
A=JAl=]2 -1 1|=-T;A1=A]=| 1 -1 1]|=-1
1 1 1 4 1 1
1 -3 -2 1 -1 -3
AQZ |A2| =2 1 1 :*14;A3: |A3| =12 -1 1 = —T.
1 4 1 1 1 4
Vi A # 0 nén hé (1) ¢6 nghiem duy nhat
Aq A AV
_ —— = ].' = — = 2' = — = 1
TTATUYVTATYETA
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2.3. Ung dung dinh thic dé giai he PTTT

2.3.1 Quy tac Cramer

Vi du. Giai hé phuong trinh sau bing quy tic Cramer

r + Yy — 2z = 4
2y + 3y + 3z = 3 (2)
5z + Ty + 4z = 5.
Giai. Ta c¢6
1 1 -2 4 1 -2
A=|Al=]2 3 3|=0, Aj=|A=|3 3 3 |=-45
5 7 4 5 7 4
Vi A =0vacé A; # 0 nén hé phuong trinh vd nghiém.
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2.3. Ung dung dinh thic dé g 2.3.1 Quy tac Cramer

Vi du. Giai hé phuong trinh sau bing quy tic Cramer

T + oy — 2z = 4
2y + 3y + 3z = 3 (3)
br 4+ Ty + 4z = 10.
Giai. Ta c6
1 1 -2 4 1 =2
A=|Al=]2 3 31=0; A;r=|4]=| 3 3 3| =0;
5 7 4 10 7 4
1 4 -2 1 1 4
AQZ’AQ‘: 2 3 3 :0; A3:’A3|: 2 3 3 = 0.
5 10 4 5 7 10

Vi A =A; = Ay = A3z =0 nén khong két luan dugc nghiém ctia hé.
Do d6 ta phai diing Gauss hodc Gauss-Jordan dé giai.
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2.3. Ung dung dinh thic dé g 2.3.1 Quy tac Cramer

Ma tran héa hé phuong trinh tuyén tinh, ta c6

/11 2| 4
A= 2 3 3| 3
5 7 4110
3 1 1 -2 4 1 0 -9 9
AL g1 7] 5 |22 (01 7|-5
do=bh \'g 2 14]-10/) %2 \o 0 o0 0
Ta ¢6 z 1a an tu do. Nhu vay nghigm ctia hé (3) 1a
z = 9409
y = —b5-—Ti
z = teR.
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2.3. Ung dung dinh thicc dé giai he PTTT [RRICIREITNIIEI RN Tl -0 = ko i A Pl @ - Ro T

2.3.2. Bién luan va giai hé PTTT bang Cramer

Vi du. Gidi va bién luan hé phuong trinh sau theo tham s6 m € R:

r1 + 2x9  + 2z3 = 0;
—2x1 + (m—2)z2 + (m—5)zg = 2
mx1 + ro + (m+1lzy = -2
Giai. Ta c6
1 2 2
A=|Al=| -2 m—2 m—-5|=m?—4m+3=(m—1)(m—3);
m 1 m+41
0 2 2
A1:’A1‘: 2 m—2 m-—5 :—4m+12;
—2 1 m+1
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2.3. Ung dung dinh thicc dé giai he PTTT [RRICIREITNIIEI RN Tl -0 = ko i A Pl @ - Ro T

1 0 2
AQZ’AQ‘: -2 2 m-—5 ZO;
m —2 m-+1
1 2 0
As3=|A3l=| -2 m—2 2 |=2m—6=2(m—3).
m 1 -2

Bién luan:

>NéuA#0& { Z z zl)’; Khi d6 hé c6 nghiém duy nhat 13

( )= —4 0 2
Z1,T2,T3) = m—l’ 7m_1 .

m=1
m=3

DNéuAZO@[

e V6im =1, ta c6 A; = 8 # 0 nén hé vo nghiém.
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2.3.2. Bién luan va giadi he PTTT bang Cramer

2.3. Ung dung dinh thic de g

e V6im =3, ta c6 A1 = Ay = Ag = 0. Khi d6 hé phuong trinh la:

12 2] 0 1 2 2| 0

A=| =21 —2| 2| 224, [ o 5 2of 2
31 4|-2 ds=3di\ g _5 _9|_9

djgj; 1 0 6/5|—4/5

—=s 01 25 25

1 00 0 0

Ta c6 3 14 an tu do. Suy ra nghiém ctia hé 1a

6 4 2 2
g, w3) = (= ~t— =, —Zt —,t) Gi t € R.
(1, 22, 23) ( 5Ty 5 Tt VEEE

Vi du. Gidi va bién luan hé phuong trinh sau theo tham s6 m € R:

(m—Tx + 12y — 6z = m;
—10z + (m+19)y - 10z = 2m;
—122 + 24y + (m—13)z = 0.
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2.3. Ung dung dinh thicc dé giai he PTTT [RRICIREITNIIEI RN Tl -0 = ko i A Pl @ - Ro T

m—7 12 —6
Giai. A=] —-10 m+19 —10 | = (m —1)%(m + 1);
—12 24 m—13
m 12 —6
Ar=1|2m m+19 —10 | =m(m —1)(m — 17);
0 24 m-—13

Ay =2m(m —1)(m—14); Asz=—-36m(m —1).

Bién luan:

> Néu A # 0 < m # —1 vam # 1. Khi d6 he c6 nghiem duy nhat 1a

A mm?—-18m+17) m(m—17)
T AT Tm-DmE-1) mr-1
Ay om(m?—-15m+14) m(m—14)
YT A T Tm-Dm*-1)  m2-1
Az —36m(m—1) _ —36m
N A (m—-1)(m2-1) o omZ2 -1
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2.3.2. Bién luan va giadi he PTTT bang Cramer

2.3. Ung dung dinh thic dé g

m = —1;

>NéuA =0«
m = 1.

e V6im = —1, tac6 Ay = —36 #% 0 nén hé vo nghiém.
e V6im =1, tacé6 Ay = Ay = Az = 0. Hé tré thanh
—6x + 12y — 6z = 1;

—10z 4+ 20y — 10z = 2
—122z 4+ 24y — 12z = 0.

Ma tran héa hé phuong trinh ta cé

~ —6 12 -6|1 6 12 —-6| 1
A= —10 20 —10|2 |24, _10 20 —10
12 24 —12|0 0 0 0]-2

Suy ra hé vo nghiém.
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2.3. Ung dung dinh thicc dé giai he PTTT [RRICIREITNIIEI RN Tl -0 = ko i A Pl @ - Ro T

Vi du.(tu lam) Giai va bién luan hé phuong trinh sau

mxy + 2 + w3 = 1
r1 + mzo + r3 = 1;
T, + To + mzz = 1.

Huéng dan.
A=m?—-3m+2=(m—1)>2(m+2);
A1:A2:A3:m2—2m+1:(m—1)2.

Bién luan:

>NéuA#0& { Z z 1_2 Khi d6 hé c6 nghiem duy nhat 1a

( ) ( 1 1 1 )
r1,2X2,2 = .
1, 42,43 m+2’ m+27m+2
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2.3. Ung dung dinh thic dé g 2.3.2. Bién luan va giadi he PTTT bang Cramer

m=1
m= —2

>NeuA =0«

e VGim =1, tacé6 A1 = Ay = Az = 0. Hé tré thanh

8 8 8

+ o+ o+

NN W
[
\.l—‘

o + + +
NN

Giai he bang Gauss hodc Gauss-Jordan, ta c6 hé vo s6 nghiem
(r1,29,23) = (1 —t —s,t,8) v6it,s € R

e m=—2 tacdéA; =9 +# 0. Suy ra hé vo nghiém.
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