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3.1. Khong gian vecto

3.1. Khong gian vecto

Dinh nghia. Cho V 14 mot tap hgp v6i phép toan + va phép nhan vo
huéng . cia R v6i V. Khi d6 V' duge goi la khong gian vecto trén R
néu moi u,v,w € V va «, € R théa 8 tinh chat sau:

(1) utv = v+tu;
(2) (u+v)+tw = ut(v+w);

(3) ton tai 0 € V' : u+0 = 0+u = u;

(4) ton tai —w €V : —utu=ut+—u=0
(5) (af)ew = an(Bow);

(6) (a405)wu = avuLFou;

(7) a.(utv) = avuta.v;

(8)

l.u = u.
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3.1. Khong gian vecto

Khi dé ta goi:
e mdi phan tit u € V 1a mot vecto.
e vecto 0 la vecto khong.

e vectd —u la vecto doi cia u.

Vi du. Xét V =R3 = {(z1, 20, 23) | 7; € R}. Véi
u = (21,72,73), v = (y1,Y2,Y3) va a € R,

ta dinh nghia phép cdong + va nhan vo huéng . nhu sau:

o utv = (w1 +y1, 2 + Y2, T3 + ¥3);

o a.u = (axi,ars, ars).
Khi d6 R? 1a khong gian vecto trén R. Trong dé:

> Vecto khong 1a 0 = (0,0,0);

> Vecto d6i cta u la —u = (—x1, —x2, —23).

Lé Van Luyén Chuong 3. Khong gian vecto 14/04/2015

4/ 96



3.1. Khong gian vecto

Vidu. Xét V =R" = {(x1,22,...,7,) | z; € RVi € 1,n}. V6i
u=(r1,T2,...,%n), v=(y1,Y2,-..,Yn) € R" va a € R,

ta dinh nghia phép cdng + va nhan vo huéng . nhu sau:
o utv= (1 +y,v2+ Y2, Tn+ Yn);
o a.u=(ax1,qr2,...,0Ly).

Khi d6 R" la khong gian vecto trén R. Trong do:
> Vecto khong 1a 0 = (0,0,...,0);

> Vecto dbi ctia u 1a —u = (—x1, —12,..., —Tp).

Vi du. Tap hop M,,xn(R) v6i phép cong ma tran va nhan ma tran véi
mot s6 thie thong thuong 14 mot khong gian vecto trén R. Trong doé:
> Vecto khong 1a ma tran khoéng.

> Vecto déi ciia A 1a —A.

v
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3.1. Khong gian vecto

Vi du. Tap hop
Rlz] = {p(x) = anz" +-- -+ a1z +ag|n € N,a; € R,i € 1,n}

gdm céac da thiic theo x vdi cac hé sd trong R 14 mot khong gian vecto
trén R v6i:
e phép cong vecto la phép cong da thiic thong thusng;
e phép nhan vo huéng véi vecto 1a phép nhan thong thuong mot s6
v6i da thiec.

Vi du. Tap hop R, [z] gom cac da thiic bac nhé hon hodc bang n theo
x v6i cac hé s6 trong R 13 mot khong gian vecto trén R.

Vi du. Cho V = {(z1,72,23) € R® | 221 + 3w + 23 = 0}.
Khi d6 V 1a khong gian vecto trén R.
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3.1. Khong gian vecto

Vi du. Cho W = {(x1,z2,73) € R | 21 + 29 — 223 = 1}.
Khi d6 W khong 1a khong gian vecto, vi

0=(0,0,0)¢ W

Ménh dé. Cho V' la mot khong gian vecto trén R. Khi dé vdi moi
u€eV vaaeR, ta co

(i) cu=0< (=0 hay u=0);
(i) (=1)u = —u.

Lé Van Luyén Chuong 3. Khong gian vecto 14/04/2015 7/ 96



3.2. TS hgp tuyén tinh [EENIIReItery

3.2. T6 hop tuyén tinh

@ T56 hop tuyén tinh

© Daéc lap va phu thudc tuyén tinh
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3.2. T6 hgp tuyén tinh 3.2.1. T6 hgp tuyén tinh

3.2.1. To hop tuyén tinh

Dinh nghia. Cho uy,us, ..., uy, € V. Mot t6 hop tuyén tinh cia
UL, U, - - ., Uy 12 MOt vects ¢6 dang

U= u] + Qou2 + - - - + iy, VO a; € R.

Khi d6, ding thic trén duge goi la dang biéu dién cta u theo cac
vecto Uy, U, ...y Um.

Vi du. Vecto u = (5,4,2) 1a t5 hgp tuyén tinh ciia cac vectd
uy = (17 _]-7 2)7 Uz = (2a 37 _1)7 usz = (07 17 _2)7

viu=ui + 2uy — us.

Nhan xét. Vecto 0 luon luon la mot to hop tuyén tinh cia

UL, UDy ey Uy, Vb
0 = Ouy + Oug + - - - + Oty
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EIPRRe RAtA At Ml 3.2.1. TS hgp tuyén tinh

Vi du. Cho
uy = (1,2, —1),’[@ = (0, 1, —1),U3 = (1,3, —1)

va u = (4,9, —2). Chiing t6 u 13 mot 6 hop tuyén tinh clia ug, ug, us.

Giai. Gia st w 1a mot t6 hop tuyén tinh clia uy, ug, us, khi dé ton tai
a1, g, ag sao cho
U = Ul + Uy + azus.

Tu day ta suy ra dugc hé phuong trinh

oy + a3 = 4
2a1 + oy + 3&3 == 9;
- — Q2 — a3 = —2.
Giai hé ta dugc a1 = 1, a0 = —2, a3 = 3. Suy ra

u = u; — 2us + 3us.

2 N ~ 2 A -
Do dé u 1a mot to hgp tuyén tinh cla wuy, us, us.
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3.2. TS hgp tuyén tinh 3.2.1. T6 hgp tuyén tinh

Phuong phap

Ta c6 u 14 td hop tuyén tinh ctia uq, us, ..., Uy, khi phuong trinh
u = ouy + auz + -+ -+ Uy (%)
¢6 nghiém «q, ao, ..., a, € R.

Xét truong hgp khong gian R™. Gié st

u = (bl,bz,...,bn)
up = (u11,u21 ..., Un1);
Uz = (u12, U2 ..., Un2)§
Um = (ulma U2my -+ + s Unm)
uraq +upee + - F Uy, = by
o U101 + U202 + -+ -+ U2y, = ba;
Khi d6 (x) < e T (k)
Up1 O] + Up2g + -+ + Upm Qi bp.
Lé Van Luyén Chuong 3. Khong gian vecto 14/04/2015

11 / 96



EIPRRe RAtA At Ml 3.2.1. TS hgp tuyén tinh

Ul U2 ... Uim | 01

R . U U .U b

Ma tran héa (xx) ta dugc 2 T 2m | 72
Unl Unp2 Unpm ‘ bn

Thic 1a
Nhu vay, dé kiém tra « 1a t6 hgp tuyén tinh ctia ug,us, ..., u,, trong R”
ta ap dung cic budc sau:

Buéc 1. Lap ma tran mé rong (u] ug ... u,

Budc 2. Giai hé phuong trinh (x).
> Néu (%) vé nghiém, thi u khong phai 14 t6 hop tuyén tinh clia
UL, U2y oevy Upp -
> Néu (x) ¢6 nghiém ay, s, ..., ay,, thi u la td hgp tuyén tinh cia
U1, Usg, .., Uy, VA c6 dang bicu dién 1a

U= iUl + QU2 + +* + A Um,.

V.
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EIPRRe RAtA At Ml 3.2.1. TS hgp tuyén tinh

Vi du. Xét xem u = (—3,1,4) c6 1a t& hgp tuyén tinh ciia cic vecto
uy = (]-a 2, 1)7”2 = (_15 -1, 1)7“3 = (_27 L, ]-) ha’y khéng?

1 -1 —2]-3
Giai. Lap (u] ug ug |u')=12 -1 1] 1
1 1 1] 4
1 -1 —2]-3 10 3| 4
d2d g 5| 7 |t 1 5| 7
ds—di | 3| 7 ) B2\ g o —7|—-7
g 10 0]1
‘ 01 0|2
azi \o o0 11

Hé phuong trinh ¢6 nghiem duy nhat (aq, az, a3) = (1,2,1).
Vay u 14 t6 hop tuyén tinh clia uq, ug, us3.

Dang biéu dién ctia u 1a u = uy + 2us + us.
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EIPRRe RAtA At Ml 3.2.1. TS hgp tuyén tinh

Vi du. Xét xem u = (4,3,5) c6 1a t6 hgp tuyén tinh ctia cic vecto
uy = (1a 2a 5)7 Uz = (17 3, 7)7 uz = (727 37 4) hay kh@l’lg?

11 24
Giai. Lap (u] ug ug |u')=1 2 3 3|3
5 7 4|5

11 -2 4 10 -9| 9

N U T - R I T A

G5\ g 2 14|-15) B \o 0o o0-5

Hé vo nghiém vi
01 + Oag + Ocxg = —5.

Vay u khéng 13 td hop tuyén tinh clia w1, ug, us3.
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EIPRRe RAtA At Ml 3.2.1. TS hgp tuyén tinh

Vi du. Xét xem u = (4,3,10) c6 1a t6 hop tuyén tinh clia cic vecto
up = (1,2,5),us = (1,3,7),us = (-2, 3,4) hay khong?

11 -2/ 4
Giai. Lap (u] ug u3 |u')=1 2 3 3] 3
5 7 4110
P 1 1 -2 4 i, 1 0 -9 9
01 7 =5 | —— 01 7| -5
G5t \ o 2 14f-10) % \oo o 0

Nghiém ctia hé la
(041, a9, 043) = (9 +9t, —5 — Tt, t).
Vay u 1 td hop tuyén tinh clia w1, us, us. vi dang biéu dién clia u la

u= (94 9t)u; + (=5 — Tt)ua + tus.
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IR N e  RANS Ot 3.2.1. TG hop tuyén tinh

Vi du.(ty lam) Xét xem u = (5,7, —2,5) ¢6 1 t& hgp tuyén tinh ciia
céc vecto ug = (1,2,—1,2),us = (—-2,1,—1,1),u3 = (1,3,—1,2) hay
Khong?

DPap an. u = u; — us + 2ug.

Vi du.(ty lam) Xét xem u = (—1,4,—1) c6 1a t6 hgp tuyén tinh ciia
cac vecto

up = (—2,3,1);us = (2,—1,—1);u3 = (1,0, —1);uq4 = (2,1,-1)
hay khong?

DPap an. (aj,a9,a3,04) = (1 —t,—1 — 2¢,3,t). Suy ra

u=(1—=t)u; + (=1 — 2t)ua + 3usz + tus.

Vi du.(ty lam) Xét xem u = (7,3,0,4) c6 1a t6 hop tuyén tinh ctia cic
vecto up = (3,1,1,2),us = (2,1,1,2),us = (2,1,0,—1) hay khong?

- - ~ N 2 4 s
DPap an. u khong 1a t6 hgp tuyén tinh cta g, us, us.
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3.2. TS hgp tuyén tinh 3.2.1. T6 hgp tuyén tinh

Vi du. Trong khong gian R* cho céc vecto
up = (1,1,1,1); ue = (2,3,-1,0); ug = (—1,—-1,1,1).

Tim diéu kién dé vects u = (a, b, ¢, d) 13 mot t6 hgp tuyén tinh ciia
U1, Uz, u3.

Giai. Lap

1 2 —1la 1 2 —1|a
1 3 —1|b 0 1 O|lb—a
T,T .7 1,7y _
(wg ug ug Jut)=1 1 c |7 1o =3 2|c-a
1 0 1]d 0 -2 2ld—a
0 2 -1 a 0 2 -1 a
0 1 0| —a+bd 01 0| —a—+bd
— —
00 2| —4a+3b+c 00 2| —4a+3b+c
00 2| —3a+2b+d 0 0 Ola—b—c+d
Dé u 14 mot t6 hop tuyén tinh clia uy, us, us thi hé c6 nghiém, tic I

a—b—c+d=0.
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EIPRRe RAtA At Ml 3.2.1. TS hgp tuyén tinh

Vi du.(ty lam) Trong khong gian R? cho cac vecto
ur = (1,2,1); ug = (1,3,2); uz = (3,8,5); uga = (2,7,5).

Tim diéu kien dé vecto u = (a, b, c) 13 mot td hgp tuyén tinh ciia
Uy, U2, U3, Ug.

Pap an.a—-b+c¢c=0
Vi du.(ty lam) Trong khong gian R* cho céc vecto
ur = (1,2,1,3); us = (2,3,2,-2); ug = (5,8,5, —1).

Tim diéu kien dé vecto u = (a, b, c,d) 13 mot td hgp tuyén tinh ciia

uy, u2,us.

Pap an. —a+c=0va13a—8+d=0
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3.2. TS hgp tuyén tinh 3.2.2. Doc lap va phu thudc tuyén tinh

3.2.2. Doc lap va phu thudc tuyén tinh

Dinh nghia. Cho uy,uo,...,u, € V. Xét phuong trinh

a1ul + agug + -+ -+ ity = 0. (%)

e Néu (x) chi c6 nghiém tam thuong oy = ag = -+ = ay, = 0 thi
ta noi ui, uz, ..., um (hay {ug,ug, ..., uy}) doc lap tuyén tinh.

e Néu (%) c6 nghiem khong tam thuong thi ta noéi uy, ug, . .., Un

(hay {ui,ug,...,un}) phu thudc tuyén tinh.
Noéi cach khéc,
> Néu phuong trinh (%) c6 nghieém duy nhat thi uy, us, ..., uy, doc
lap tuyén tinh.
> Néu phuong trinh (*) ¢6 vo s6 nghiém thi uy,us, ..., u, phu
thuoc tuyén tinh.
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3.2. TS hgp tuyén tinh 3.2.2. Doc lap va phu thudc tuyén tinh

Nhéc lai. Cho hé phuong trinh tuyén tinh thuan nhat AX =0 c6 m
an. Khi d6 7(A) = r(A) v6i A 1a ma tran mé rong. Hon nita 4p dung
dinh ly Kronecker - Capelli ta c6

@ Néu r(A) = m he chi ¢6 nghiem tam thuong.

@ Néu r(A) < m hé ¢6 vo s6 nghiem.

Nhic lai. Cho A € M, (R). Khi dé cac khing dinh sau tuong duong
(i) 7(A) = n;
(ii) He phuong trinh AX = 0 chf c6 nghiém tam thuong;

(iii) detA # 0.
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3.2. TS hgp tuyén tinh

3.2.2. Doc lap va phu thudc tuyén tinh

Vi du. Trong khong gian R? cho cic vecto u; = (1,2, —3);

ug = (2,5,—1); us = (1,1, -9). Hbi uy, uz,us doc lap hay phu thudc
tuyén tinh?

Giai. Xét phuong trinh
ajuy + aguz + azuz = 0

& 01(1,2,-3) + a2(2,5,—1) + as(1,1,-9) = (0,0,0)

ar + 200 + a3 = 0

= 20¢ + bas + ag = 0;

—301 — ay — 9a3 = 0
B 1 2 1
Ma tran héa hé phuong trinh ta ¢c6 A = 2 5 1
-3 -1 -9

Ta c¢6 r(A) = 3 nén hé c¢6 nghiém duy nhat. Suy ra wuy, us, ug doc lap
tuyén tinh.

Lé Van Luyén

Chuong 3. Khong gian vecto 14/04/2015 21 / 96



3.2. TS hgp tuyén tinh 3.2.2. Doc lap va phu thudc tuyén tinh

Vi du. Trong khong gian R? cho cac vecto u; = (1,1,1); ug = (2,1, 3);
ug = (1,2,0). Hoi uy, us, ug doc 1ap hay phy thudgc tuyén tinh?

Giai. Xét phuong trinh
aiuy + agug + azug = 0

& (a4 209 + a3, a4+ ag + 2a3,a + 3a2) = (0,0,0)

ar + 200 + a3 = 0

& a1+ as + 2a3 = 0

a1+ 3ag =0
B 1 2 1
Ma tran héa hé phuong trinhtac6 A= 1 1 2
1 30

Ta c¢6 r(A) = 2 < 3 nén he vo s6 nghiém. Suy ra uj,us, us phu thuoc
tuyén tinh.
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3.2. TS hgp tuyén tinh 3.2.2. Doc lap va phu thudc tuyén tinh

Nhan xét. Ho vecto ui,us, ..., Uy, phu thudc tuyén tinh khi va chi khi
ton tai vecto u; la té hop tuyén tinh ciia cdc vecto con lai.

Giai thich.
(=) Néu uq, ..., u, phu thuoc tuyén tinh thi c6 ay, as, ..., apy € R

khong dong thoi bang 0 sao cho Y aju; = 0. Gid st a; # 0, khi d6
j=1

Suy ra u; 1a t6 hgp tuyén tinh cac vectd con lai.

(<) Gia st ton tai u; 14 t6 hgp tuyén tinh cac vecto con lai, khi d6

u; =y fjuj. Suy ra
J#i Zﬁjuj —u; = 0.
JFi

Diéu nay chitng té uq, us, . .., Uy, phu thudce tuyén tinh.
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3.2. TS hgp tuyén tinh 3.2.2. Doc lap va phu thudc tuyén tinh

Ménh dé. Cho V la khong gian vecto trén R va S = {uy,ug, ..., Un}
la tap hop cdc vecto thuoc V. Khi do
@ Néu S phu thuoc tuyén tinh thi moi tap chia S déu phu thuoc
tuyén tinh.

@ Néu S doc lap tuyén tinh thi moi tap con cia S déu doc lap tuyén
tinh.

Nhic lai. Cho A € M,xn(R). Khi d6 (A7) = r(A). ]

Meénh dé. Cho ui,us, ..., uny la m vecto trong R™. Goi A la ma tran
c6 dugc bang cach xép uq,us, ..., Uy thanh cdc cot hodc thanh cdc
dong. Khi d6 uy,us, ..., uy doc lap tuyén tinh khi va chi khi A c6
hang la r(A) = m.

Tt hé qua trén ta sé xay dung thuat toan kiém tra tinh doc lap tuyén
tinh cta céc vecto trong R™ nhu sau
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3.2. TS hgp tuyén tinh 3.2.2. Doc lap va phu thudc tuyén tinh
Thuat toan kiém tra tinh déc lap tuyen tinh cua
cac vectd uq,us, ..., u, trong R"

Buéc 1. Lap ma tran A bang cach xép wuq,us, ..., u,, thanh cac cot
hoac thanh cac dong.

Budéc 2. Xac dinh hang r(A) cia A.
> Néu r(A) = m thi ug,us, ..., u, doc lap tuyén tinh.
> Néu r(A) < m thi ug,us,...,uy phu thudc tuyén tinh.

Truong hop m = n, ta ¢c6 A la ma tran vuong. Khi d6 c6 thé thay Budc
2 bang Bué6c 2’ sau day:

Budc 2’. Tinh dinh thitc cta A.

> Néu detA # 0 thi uy, us,...,u, doc lap tuyén tinh.
> Néu detA = 0 thi uy, us,...,u, phu thuoc tuyén tinh.

Lé Van Luyén
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3.2. TS hgp tuyén tinh 3.2.2. Doc lap va phu thudc tuyén tinh

Vi du. Trong khong gian R* cho cic vecto uy = (—1,2,—1,2);
us = (2,2, —4,2); ug = (1,3,1,2). Hay xét xem u1, us, ug doc lap tuyén
tinh hay phu thugc tuyén tinh?

Giai.

-1 2 1N e B 21
2 2 3 | dar 6 5

- T T Ty B NN
Lap A = (ul U U3) - -1 -4 1 d4+2d; 0 —6 0
2 2 2 0 6 4
12 1 1 2 1
d34-ds 0 6 5 | datids 0 6 5
i | 00 5 005
00 —1 000

Ta c6 7(A) = 3. Suy ra ug, uz, uz doc lap tuyén tinh.
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3.2. TS hgp tuyén tinh 3.2.2. Doc lap va phu thudc tuyén tinh

Vi du. Trong khong gian R5 cho cic vecto u; = (1,2, -3,5,1);
ug = (1,3,-13,22,—1); ug = (3,5,1,—2,5). Hay xét xem w1, uz, us doc
lap tuyén tinh hay phu thudc tuyén tinh?

Giai.
U1 1 2 -3 5 1
Lap A= wy |= 1 3 —-13 22 -1
u3 3 5 1 -2 )

1 2 =3 5 1
1 -10 17 -2
0 -1 10 -17 2

do—dq
d3—3d1

o

—_

2 -3 5 1
RN 01 —10 17 -2
00 0 0 0

Ta c¢6 r(A) = 2 < 3. Suy ra uy, ug, ug phu thuoc tuyén tinh.
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3.2. TS hgp tuyén tinh 3.2.2. Doc lap va phu thudc tuyén tinh

Vi du. Trong khong gian R* cho cac vecto u; = (1,2, -1, 3);

ug = (0,1,-1,2); ug = (1,3,—1,4) va ug = (2,6,—-3,9). H61 uy, ug,
u3,us ¢6 phu thuoc tuyén tinh khong? Néu cé hay tim biéu dién cta
mot vectc nao d6 qua cac vects con lai.

Giai. Xét hé phuong trinh AX =0 v6i X = (aq a2 a3 a4)T va,

1 0 1 2 10 01
T T T Ty 2 1 3 6 0 101
A=(up ug ug uy) = 1 -1 -1 3| 7|oo011
32 4 9 0000

Ta c6 r(A) = 3 < 4. Do d6 hé c6 vo sd nghiem. Suy ra ug, us, us, us phu
thuodc tuyén tinh. Hon nita nghiém ctia hé 1a

(041, g, a3, 044) - (_ta _ta _ta t)

Suy ra

—tuy — tug — tug + tuy = 0.
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3.2. TS hgp tuyén tinh 3.2.2. Doc lap va phu thudc tuyén tinh

—tuy — tug — tug + tug = 0.

Chon t = —1, ta c6

up+us +us—ug =0

Ta chon w4 biéu dién qua céc vectd con lai. Do d6

Ug = U1 + U2 + U3.

Vi du.(ty lam) Trong khong gian R* cho cac vecto u1 = (1,2, —3,2);
ug = (1,2, —1,1); va ug = (1,3, —1,4). HOi u1,uz,us c6 doc lap tuyén
tinh khong?

Dap an. Co6

Vi du. Trong khong gian R? cho céc vecto uy = (2m + 1, —m,m + 1);
ug=(m-=2,m—1,m—2)vaus=(2m—1,m—1,2m — 1). Tim diéu
kien dé u,us, ug doc lap tuyén tinh.
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3.2. TS hgp tuyén tinh 3.2.2. Doc lap va phu thudc tuyén tinh

Uy 2m+1  —m m-+1

Gidi. Lap A= | uwe |= m—2 m—1 m-—2 |. Taco
us 2m—1 m—1 2m—1

2m+1 —m m+1 m  —m m+1

Al =|m—-2 m—1 m-2 === 0 m—-1 m-—2

2m—1 m—-—1 2m—1 0 m—1 2m—1

m—1 m-2
m—1 2m—1

cot 1 m(—1)1+1

‘ =m(m—1)(m+1).
Do d6 uy,us,us doc lap tuyén tinh khi va chi khi

Al #0< m(m—1)(m+1) #0< m#0vam# £1.
Vi du.(ty lam) Trong khong gian R? cho cac vecto

up = (1,2,m); ug = (2,m+1,2) va ug = (m, —2,1).

Tim diéu kien dé uq,uo, us doc lap tuyén tinh.
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3.3. Co s8 va s6 chiéu ctia khéng gian vectd No6i dun
ge O

3.3. Co sé va sb chieu ctia khong gian vecto
@ Tap sinh

@ Cd sé va sb chiéu
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3.3. Co s3 va s6 chidu clia khong gian vecto [EEEEHIN V)TN

3.3.1. Tap sinh

DPinh nghia. Cho V 1a khong gian vecto va S 1a tap con cua V. Tap S
dugc goi la tap sinh ctia V néu moi vecto ctia V' déu 1a t6 hgp tuyén
tinh ctia S. Khi d6, ta néi S sinh ra V hoac V duoc sinh bdi S, ky
hieu V' = (S).

Vi du. Trong khong gian R3, cho
S={u; =(1,1,1);us = (1,2,1);uz = (2,3,1)}.
Héi S 6 1a tap sinh ctia R? khong?

Giai. V6i u = (z,y, 2) € R3, ta kiém tra xem u c6 1a t& hgp tuyén tinh
cua uy,ug, us khong?

Lap hé phuong trinh

11 2|x 1 1 2| x
1 2 3|y |—]| 01 1| —x+4+y
1 1 1|z 00 —-1|—-x+z2
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3.3. Cd s va s6 chiéu ciia khong gian vectc 3.3.1. Tap sinh

Hé c6 nghiem, suy ra u 13 td hop tuyén tinh ctia w1, ug, ug. Vay S la
tap sinh ctia R3.

Vi du. Trong khong gian R3, cho
S={u =(1,1,-1);u2 = (2,3,1);us = (3,4,0) }.

Héi S 6 1a tap sinh ctia R? khong?

Giai. V6i u = (7,y, z) € R3, ta lap he phuong trinh

1 2 3|2 1 2 3|z
(u] ug uj |u') = 1 34|y |—=101 1|-z+y
-1 1 0]z 0 0 0|4 —3y—+=

V6i ug = (1,1,1) thi he trén vo nghiém. Vay uo khong 1a t6 hgp tuyén
tinh clia w1, ug, u3. Suy ra S khong la tap sinh ctia R3.
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3.3. Co s8 va s6 chiéu ctia khéng gian vectd 3.3.1. Tap sinh
g8 ap

Vi du.(ty lam) Trong khong gian R3, cho
S ={ur = (1,-2,3);us = (—2,—1,2);u3 = (1, —2,1),us = (1,—7,7)}.

Héi S 6 1a tap sinh ctia R? khong?

DPap an. Cé.

Vi du.(ty lam) Trong khong gian R*, cho
up = (1,2,-1,2);us = (2,-1,2,1);
us = (1,—-2,1,2);uq = (4,-1,2,5).

Héi S = {u1,uz2,us,us} c6 la tap sinh ciia R* khong?

Huéng dan. Gia st u = (z,, z,t), tim diéu kien dé u 1a t hgp tuyén
tinh cla w1, uo, us, us. Ta gidi duge —2x +y + 2z +t = 0.

Ta c6 thé chon up = (1,0,0,0). R6 rang ug khong 1 t6 hgp tuyén tinh
clia uy, ug, uz, ug. Suy ra S khong la tap sinh ciia R?.
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3.3. Co s8 va sb chidu ctia khong gian vectd 3.3.2. Co s6 va sd chiéu

3.3.2. Co sé va sb chiéu

Dinh nghia. Cho V 1a khong gian vecto va B 1a tap con cua V. Tap B
dudc goi 1a mot co sd ctia V néu B 1a mot tap sinh ctia V va B doc
lap tuyén tinh.

Vi du. Trong khong gian R3, cho

B = {ul = (17 1, 1);u2 = (1a2a 1);“3 = (273, 1)}

Kiém tra B 1a co s6 clia R3.

Giai. B 1a tap sinh ctia R3. (theo vi du trén)

Kiém tra B doc lap tuyén tinh. Ta lap ma tran

U1 1 11
A= uz |=[ 1 2 1 |. Tacor(A) =3 (hoac |A| = —1). Suy ra
U3 2 3 1

B doc lap tuyén tinh. Vay B la co sé clia R3.
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3.3. Cad s3 va sb chiéu ctia khong gian vectc [EEIEIRNOIIET I IToNe TN

Vi du.(ty lam) Trong khong gian R3, cho
S={u =(1,1,-2);u2 = (2,3,3);u3 = (5,7,4) }

Héi S ¢6 1a co 56 ciia R? khong?

Vi du.(ty lam) Trong khong gian R3, cho
S ={u = (1,1,~1);us = (2,1,0);u3 = (1,1,0);us = (1, —4,1)}.
Héi S 6 1a co 56 ciia R? khong? )
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3.3. Cd 53 va s6 chiéu ciia khong gian vectc [EEIGINNGICRICIIIG S T1t1

S6 chieu

Ménh dé. Gid stV sinh bdi m vecto, V = (u1,us, ..., Uy). Khi dé
moi tap hop con doc lap tuyén tinh cia V c6 khong qud m phan ti.

Hé qua. Gid stV c6 mot co sé B gom n vectd. Khi dé moi co s
khdc ctia V' cing co ding n vecto.

Dinh nghia. Cho V 1a khong gian vecto. Sé chiéu clia V, ky hieu la
dimV, 1& s6 vecto clia mot co s6 nao do6 cia V.

Vi du.(ty lam) Trong khong gian R3, cho

B={u=(1,2,-1);us = (2,-1,2);uz = (1,-2,1) }.

Kiém tra B 1a co s cia R3. Tim dimR3?

Dap an. dimR3 = 3.
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3.3. Cd 53 va s6 chiéu ciia khong gian vectc [EEIGINNGICRICIIIG S T1t1

Nhan xét. Trong khong gian R"™, zét By = {e1,ea,...,en}, trong dé

er = (1,0,0,...,0),

Vi u = (x1,2,...,2,) € R", ta cé
U = x1€1 + T2€2 + ++ + Tpen.

Do dé By la tap sinh cia R™. Mat khdc By doc lap tuyén tinh nén By la
co 56 ciia R™. Ta goi By la co s& chinh tdc cia R™. Nhu vdy

dimR™ = n. )

Vi du. Khong gian R3 ¢6 co sé chinh tic la
BO = {61 = (1, 0, 0), €y — (0, 1, 0), €3 = (0, 0, 1)}
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3.3. Cad s3 va sb chiéu ctia khong gian vectc [EEIEIRNOIIET I IToNe TN

Ménh dé. Cho V la khong gian vecto c¢6 dimV = n. Khi dé
(i) Moi tap con ciia V chita nhieu hon n vecto thi phu thudc tuyén
tinh.

(ii) Moi tap con cia V' chita it hon n vecto thi khong la tap sinh cia
V.

Vi du. Trong khong gian R? cho u; = (—7,2,—3); ug = (1, -4, —1);
uz = (1,4,3);us = (3,15,3) va

S == {u17u2au37u4}; T = {Ul,Ug}.

Khi d6 S phu thuoc tuyén tinh va 7 khong la tap sinh ctia R3.

Ménh dé. Cho S la mot tap con doc lap tuyén tinh ciia V vau €V
la mot vecto sao cho u khong la to hop tuyén tinh cia S. Khi dé tdp
hop Sy = S U {u} doc lap tuyén tinh.

v
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3.3. Cad s3 va sb chiéu ctia khong gian vectd 3.3.2. CJ s3 va s6 chiéu
g g

Vi du. Trong khong gian R* cho u; = (1,2,2,1); ug = (2,3,2,1);
uz = (0, -2, -3, —1).

a) Ching t6 u1,ug, us doc lap tuyén tinh.

b) Tim mot vecto ug € R* dé uy,us, uz, us doc lap tuyén tinh.

Giai. b) Theo ménh dé trén ta chi can tim vecto uy khong la t6 hop
tuyén tinh cta u, us, us.

Gid st u = (x,vy, z,t) € R%, ta lap he phuong trinh
Yy

12 0|z 1 2 0=z
2 3 -2 0 -1 —2|—-2z+
T,T, 71,7y _ Y Y
(rupug fu) =\ 5 5 31 170 0 1|20-2y+2
11 -1|¢ 0 0 Ol —zx+y—2+t

Dé v khong 1a t6 hgp tuyén tinh ciia uq, ug, ug thi
—r+y—z+t#0.
Do d6 ta c6 thé chon uy = (1,0,0,0).
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3.3. Cad s3 va sb chiéu ctia khong gian vectc [JEICIRNOIIET I IToNe ST=IT]
Dinh ly. Cho V' la mat khong gian vecto c¢6 dimV = n. Khi dé

(i) Moi tap con doc lap tuyén tinh gom n vecto cia V déu la co sd
cua V.

(ii) Moi tap sinh ciia V. gom n vecto déu la co sé ciia V.

Nhan dién co sé ciia khoéng gian V ¢6 dimV =n
Vi dimV = n nén moi cd sé ctia V phai gdm n vecto. Hon nita, néu S
13 tap con ctia V' va s6 phan tit cia S bang n thi
SlacosdcliaV <= S doclap tuyén tinh.
<= S la tap sinh cta V.

Vi du. Kiém tra tap hop nao sau day la cd sé clia khong gian R3?
a) Bl = {u1 = (1,2,3),u2 = (2,3,4)}.
b 2,1,3),us = (2,1,4),u3 = (2,3,1),uq = (3,4,5)}.

) = (
¢) By ={u; =(1,-2,1),u2 = (1,3,2),us = (—2,1,-2)}
d) (

B4 = {u; = (2,-1,0),us = (1,2,3),u3 = (5,0,3)}
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3.3.2. Co s6 va sd chiéu

a) b) By, By khong phéi 1a co sé ciia R3 vi s6 vectd khong bing 3.
C) Bg = {u1 = (1, —2, 1),UQ = (1,3, 2),U3 = (—2, 1, —2)}

Ul 1 -2 1
Lap A= us |= 1 3 2
us 2 1 -2

Ta c6 detA = 3. Suy ra B3 doc lap tuyén tinh. Mat khac s6 vecto clia
Bs bing 3 = dimR? nén B3 1a co s6 ctia R3.

d) By = {uy = (2,-1,0),us = (1,2,3),u3 = (5,0,3)}

U1 2 -1 0
Lap A= uy |= 1 2 3
us 5) 0 3

Ta c6 detA = 0. Suy ra By khong doc 1ap tuyén tinh. Vi vay By khong
1a co 56 ctia R3.
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3.3.2. Co sd va sb chiéu

Vi du. Trong khong gian R3, cho

S={ur=1,m—2,-2);us = (m—1,3,3);u3 = (m,m+2,2)}.

Tim diéu kiem m dé S 1a co s6 ctia R3?

Giai. Do s6 phan tii ctia S bing 3 nén S 1a co s6 ctia R? khi S doc lap
tuyén tinh.

ui 1 m—-2 =2
Lap A= us |=[ m—-1 3 3 |. Ta c6 detA = —m? +m.
U3 m m+2 2

Suy ra, S doc lap tuyén tinh khi detA # 0. Nhu vay, dé S 1a co s clia
R3 thi m # 0 vam # 1.

Vi du.(ty lam) Trong khong gian R3, cho
S={u =(1,2,m);uz = (2,m+1,2);u3 = (m,—2,1)}.

Tim diéu kiem m dé S khong 1a co s3 ctia R3?
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3.4. Khong gian vects con

3.4. Khong gian vecto con
@ Dinh nghia
@ Khong gian sinh bdi tap hop
©@ Khong gian dong ctia ma tran

@ Khong gian téng
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3.4. Khong gian vectc con [EERCIEE DIl T-3sVEN

3.4.1. Dinh nghia

Dinh nghia. Cho W la mot tap con khac rong cua V. Ta néi W la
mot khong gian vecto con (goi tét, khong gian con) cia V, ky
higu W < V, néu W vé6i phép toan (+,.) dugc han ché tut V ciing la
mot khong gian vecto.

Vi du. {0} va V la khong gian vecto con ctia V. Ta goi day la céac
khong gian con tam thwong cta V.

Dinh ly. Cho W la mot tap con khdc rong cia V. Khi dé cic ménh dé
sau tuong duong:

(i) W<V
(ii) Voi moiu,v e W ;a €R, ta cou+veW va au e W.
(i) Vi moi u,v € W; a € R, ta ¢é au+v e W.

o
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3.4. Khong gian vectc con [EERCIEE DIl T-3sVEN
Nhan xét. Cho V la khong gian vecto va W la tap con cia V. Khi do
o Néu W la khong gian con cia V thi 0 € W.

o NéuO ¢ W thh W khong la khong gian con cia V.

Phuong phap kiém tra khéng gian con
Cho W la tap con ctia khong gian V. Dé kiém tra W la khong gian con

ctia V, ta tién hanh nhu sau:
Buéc 1. Kiém tra vecto 0 € W.
> Néu 0 ¢ W thi két luan W khong 1a khong gian con ctia V. Ding.
> Néu 0 € W thi sang Buéc 2.
Buéc 2. V6i moi u,v € W va a € R.
> Néuu+veW vaauc W thi két luan W < V.
> Ngudc lai, ta can chi ra mot vi du cu thé ching té ug, vg € W

nhung ug 4+ vop ¢ W hoac uy € W, a € R nhung auy ¢ W. Khi dé
két luan W khong 1a khong gian con cta V.

v
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EVICIiTe il il 3.4.1. Dinh nghia

Vi du. Cho W = {(z1,22,23) € R® | 21 4+ 3z + 23 = 1} . H6i W ¢6 1a
khong gian con ciia R? khong?

Giai. Tac6 0=(0,0,0) ¢ W (vi0+3.0+0=0# 1). Suy ra W khong
la khong gian con ctia R3.

Vi du. Cho W = {(xl,xg,xg) ER3 | 2wy + 29 — 23 =0}. Hoi W c6 la
khong gian con ciia R? khong?

Giai.
e 0=(0,0,00 €W (vi2.0+0—0=0). Suy ra W # 0.

e VGi HlOl U = (LUl,LUQ,ng), v = (ylay27y3) € VV) nghia‘ la

2x1 +x2 —x3 =0; 2y1 +y2 —y3 =0,

va a € R, ta co
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EVICIiTe il il 3.4.1. Dinh nghia

» u+v=(x1+y1,2z2 + y2, 23 + y3). Hon nita
2(x1 +y1) + (2 +12) — (w3 +y3) =

(2r1+ 22 —x3)+ 2y1 +y2—y3) =04+0=0.
Suyrau+veW. (1)
» au = (ax1,axs, axs). Hon nia

201 + axg — axsy = a(2z1 + 2 — x3) = a0 = 0.

Suy ra au € W. (2)

Tit (1) va (2) suy ra W < R3.

Vi du.(ty lam) Cho W = {(z1, z2,23) € R? | 21 = 2zox3} . HOi W ¢6
la khong gian con ctia R? khong?

Huéng dan. V6i ug = (2,1,1) va vg = (4,2, 1). Ta c6 ug, vg € Wnhung

up +vo = (6,3,2) ¢ W (vi 6 # 2.3.2). Suy ra W khong la khong
gian con ciia R3.
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3.4. Khong gian vectc con [EERCIEE DIl T-3sVEN

la mot khong gian con cia V.

Dinh ly. Néu Wy, Wy la hai khong gian con cia V thi Wi N Wy ciing J

Chimng minh.

e WinWecVViW,CV,WyCV).
e 0eWiNWy (vi0 e Wyp,0e W,). Suy ra Wy N Wa # ().
e V&i moi u,v € Wi NWsy va a € R.

> Viu,v € Wiy nén au+veW; (vi Wy <V).

> Viwu,v € Wi nén au+v e Wy (vi Wy < V).

Suy ra au+v € Wi N Wa.

Vay WinWy < V.
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3.4. Khong gian vectc con [EERCIEE DIl T-3sVEN

Dinh ly. Néu Wi, Wy la khong gian con cia V, ta dinh nghia
Wi+ Wy = {w1+w2 | wy € Wi, wy € Wg}.

Khi do W1 + Wy cing la mot khong gian con cia V.

Chiing minh.

e Wi +WoCV WiW,CV, Wy CV).
e 0=04+0eW;+ Wy (vi0e Wp,0 € Wy). Suy ra Wy + Wy # 0.
e VGimoiu=u;+u,v=v1+ve €W +WsvaaeckR.

> Viwug,v; € Wi nén auy +v; € Wy (vi Wy < V).

> Viug,ve € Wi nén aus +ve € Wy (vi Wy < V).

Ta c6

au+v = a(ug +uz)+ (v1 +v2) = (auy +v1) + (qug +v2) € Wi+ Wha.
Vay au +v € Wi + Wa.

Nhu vay W1 + Wy < V.
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IS G 1o} TS R IR CTeide Il  3.4.2. Khong gian con sinh bdi tap hop

3.4.2. Khong gian con sinh bdi tap hop

Dinh 1y. Cho V' la khong gian vecto trén R va S la tap con khdc rong
cia V. Ta dat W la tap hop tat cd cac to tuyén tinh cia S. Khi do:
(i) W<V
(ii) W la khong gian nhé nhat trong tat ca cic khong gian con cia V
ma chita S.

Khong gian W duogc goi la khong gian con sinh bdi tap hop S, ky
hieu W = (S). Cu thé, néu S = {u1,us, ..., un} thi

W =(S) = {aqu1 + aguz + - + Qmm | o € R},

Vi du. Trong khong gian R?, ta xét S = {u = (1,2)}. Khi dé
W =(S)={a(1,2) | a € R} = {(a,2a) | a € R}.
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an vectd con 3.4.2. Khong gian con sinh bdi tap hop

Vi du. Trong khong gian R3, ta xét
S={u =(1,2,1),us = (—1,2,0)}.
Khi d6
(S) ={tur +sua | t,s e R} ={(t — 5,2t + 2s,t) | t,s € R}.

Nhan xét. Vi khong gian sinh bdi S la khong gian nhé nhdt chia S
nén ta quy wdc (B) = {0}.

Vi du. Trong khong gian R?, cho
W ={(a+2ba—0b,—a+2b)|abecR}.

a) Ching minh W la khong gian con ctia R3.
b) Tim mot tap sinh cta W.

Giai. a) Tac6 0 € W vi 0= (0,0,0) = (04 2.0,0 — 0, —0 + 2.0)
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an vecto con 3.4.2. Khong gian con sinh bdi tap hop

Véi u,v € W va a € R,

u = (a1 + 2b1,a; — by, —a; +2b1) v6i a1, by € R
v = (ag + 2bg, ag — by, —ag + 2by) v6i ag, by € R. Khi dé:
e u+v={((a1+az)+2(b1 +b2), (a1 + az) — (b1 + b2).
—(a1 4+ a2) + 2(b1 + b2) ) € W (vi a1 + ag,b; + b2 € R).
e au = (aay + 2aby, aa; — aby, —aa; + 2aby) € W.
(Vi aag, aby € R).
Vay u + v, cu € W. Suy ra W < R3.
b) Ta c6 W = {(a + 2b,a — b, —a + 2b) | a,b € R}
={a(1,1,-1)+b(2,-1,2) | a,b € R}.
Vi moi vects thuoc W déu la t6 hop tuyén tinh cta
up = (1,1, -1),us = (2,—1,2)

nén S = {uy,us} 1a tap sinh cua W.
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IS G 1o} TS R IR CTeide Il  3.4.2. Khong gian con sinh bdi tap hop

Vi du. Trong khong gian R* cho cac vecto
Uy = (1727 17 1)’ U = (1727273)’ usz = (2747374)

Dat W = (u1,u2,u3) va u = (2,9, 2,t) € R* Tim diéu kien dé u € W?

Giai. Dé u € W thi v phai 13 t6 hop tuyén tinh clia ui, ug, us3. Xét he
phuong trinh

11 2|2 11 2]z
2 2 4 01 1|lz—=
T 7 71,7\ )
(uf wp wglul)=|7 5 3|7 |7 00 0|-2z+y
1 3 4|t 0 0 O0|x—2z+t

Do d6, hé phuong c6 nghiém khi —2x4+y=0vaz —2z+t=0.
Nhu vay, dé w € W thi

—2z+y=0vazxz—2z+t=0.
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an vectd con 3.4.2. Khong gian con sinh bdi tap hop

Dinh 1y. Cho V la khong gian vecto va Si,S2 la tdp con cia V. Khi
do, néu moi vecto cia S1 déu la to hop tuyén tinh cia So va nguoc lai

thi (S1) = (S2).

Chitng minh. Vi moi vecto ctia S déu la t6 hop tuyén tinh ctia Sy
nén Sy C (Sz). Mat khac (S7) 1a khong gian nhé nhét chia S; nén
(Sl> C <SQ> Ly luan tuong tu ta cé <S2> C <Sl>
Vi du.(ty lam) Trong khong gian R? cho

Sy ={ur = (1,-1,4),us = (2,1,3)},

SQ = {Ul = (—1, —2, 1),’[)2 = (5, 1, 10)}.
Ching minh (S7) = (S2).

Huéng dan. Ta c6 v1 = ug — ug;v2 = ug + 2us va

2 +1 1 +1
uy = 3’[)1 3U2,U2 = 32}1 3U2.
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IS G 1o} TS R IR CTeide Il  3.4.2. Khong gian con sinh bdi tap hop

Dinh 1y. [vé cd sé khéng toan ven] Cho V la mot khong gian vecto
va S la mot tap con doc lap tuyén tinh cia V. Khi dé, néu S khong la co
sd ctia V' thi cé thé them vio S mot s6 vecto dé duoe mot co sd cia V. )

Vi du. Trong khong gian R*, cho
S = {u; = (1,0,2,1},us = (1,0,4,4)}.

Chiing t6 S doc lap tuyén tinh va them vao S mot sb vecto dé S tré
thanh co sG cia R

o (wm\ (1021 1021
G‘a"LapA_(W)_(l 044) <0 0 2 3)‘

Ta c6 7(A) = 2 bang s vecto ctia S. Suy ra S doc lap tuyén tinh.

Dua vao A ta c6 thé them vao S hai vecto
usz = (0,1,0,0),uq = (0,0,0,1).

Ro rang S = {u1, ug, uz, us} dltt. Suy ra S 1a co 56 cia R*.
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IS G 1o} TS R IR CTeide Il  3.4.2. Khong gian con sinh bdi tap hop

Dinh 1y. Cho V la mét khong gian vecto sinh bdi S. Khi dé ton tai
mot co s6 B ciia V sao cho B C S. Néi cich khdc, néu S khong phdi la
mot co sé cia V thi ta ¢é thé loai b6 ra khéi S mot sé vecto dé dugc
mot co sd cua V.

Vi du. Trong khong gian R?, cho W sinh béi
S={u =(1,1,1),us = (2,1,3),u3 = (1,2,0)}.

Tim mot tap con cta S dé 1a co s6 ciia W.

Giai. Xét phuong trinh
aruy + aguy + azug = 0

& (a+ 20+ as,a+ az + 2a3,a + 3az) = (0,0,0)

ar + 200 + a3 = 0
= a1 + as 4+ 2a3 = 0
a; + 3ag =0
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IS G 1o} TS R IR CTeide Il  3.4.2. Khong gian con sinh bdi tap hop

Ma tran héa hé phuong trinh,

) 1 21 10 3
A=111 2 |—=1]101 -1
1 3 0 0 0 0
Suy ra hé c¢6 nghiém la oy = —3t,a0 = t,a3 = t. Vay

—3tuy + tug + tug = 0.
Chot =1, tacd —3uy + ug + uz = 0 nén
us = 3u; — us3.
Suy ra ug 14 t6 hgp tuyén tinh ctia u1, ug. Do d6 {ug,us} 1 tap sinh
ctia W, hon nita n6 doc 1ap tuyén tinh nén né la co sé cia W.

Vi du.(ty lam) Trong khong gian R*, cho W sinh bdi
S ={u; =(1,2,1,2),us = (2,1,1,2),u3 = (3,0,1,2),us = (5,7,4,8)}.

Tim mot tap con cta S dé la co s6 ciia W?
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3.4. Khong gian vectd con 3.4.2. Khong gian con sinh bdi tap hop

Huéng dan. Xét phuong trinh aquy + agus + asug + aguy = 0.

Ma tran héa phuong trinh ta cé

1 2 3 5 1 0 -1 3
=200 3
2 2 2 8 00 0O
Suy ra hé ¢6 nghiém la a1 =t — 3s, a0 = =2t — s, a3 = t,a4 = s. Vay
(t — 3s)ug + (—2t — s)ug + tug + suyg = 0.
> Chot=1,s=0 ta cé uy — 2us + ug = 0 nén ug = —uq + 2us.

> Chot=0,s=1tacé —3u; —us +ug = 0 nén uy = 3ug + usg.

Nhu vay ug v uy 1a t6 hop tuyén tinh ctia ug, us. Do d6 {uq,us} 12 tap
sinh ctia W, hon nita n6 doc 1ap tuyén tinh nén né 1a co sé ctia W.
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I G 1o} TSR IR CTeide il Ml 3.4.3. Khong gian dong clia ma tran

3.4.3. Khong gian dong ciia ma tran

Dinh nghia. Cho ma tran A = (ai;j) € My xn(R)

a1l a2 e A1n
a1 a2 e a2n,

A=
Am1 Am2 Amn
Dat
’ uy = (a11,a12, .- -,am);
up = (az1,a22,...,02,);
Um = (amlaam%”- 7amn)
va

WA = <U1,U2,. . .,um>.

Ta goi uy, us, ..., un la cac vecto dong cua A, va W4 dudce goi 1a
khong gian dong cua A.

v
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EVICIiTe el 3.4.3. Khong gian dong ciia ma tran

B6 dé. Néu A va B la hai ma tran tuong duong dong thi Wi = W,
nghia la hai ma tran tuong duong dong co cung khong gian dong.

Dinh ly. Gid st A € Mpyxn(R). Khi do, dimWy = r(A) va tap hop
cac vecto khdc khong trong dang ma tran bac thang cia A la co sé cia
Wa.

Vi du. Tim sb chié¢u v mot co sé ciia khong gian dong clia ma tran

1 2 -1 1
2 5 1 4
A=1511 9 3
9 20 —3 14
1 2 -1 1 12 -1 1
2 5 1 4 01 3 2
Giai. A=1 . 17 5 s |~ o0 01
9 20 —3 14 00 00

Lé Van Luyén Chuong 3. Khong gian vecto 14/04/2015 61 / 96



I G 1o} TSR IR CTeide il Ml 3.4.3. Khong gian dong clia ma tran

Suy ra dimW,y = r(A) = 3 va mot co s6 cia Wy la

{u; = (1,2,-1,1);u2 = (0,1,3,2);us = (0,0,0,1)}.
Thuéat toan tim s chiéu va cd sé ctia mot khong gian con ciia
R™ khi biét mét tap sinh
Gia st W = (u1,us, ..., Uy) <R?, dé tim s6 chiéu vd mot cd sé cia W
ta tién hanh nhu sau:
Budc 1. Lap ma tran A bang cich xép uq,us, ..., U, thanh cac dong.
Buéc 2. Dung cac phép BDSCTD dua A vé dang bac thang R 4.

Budc 3. S6 chiéu ciia W béang s6 dong khac 0 cia R (= 7(A)) va cac
vectd dong khéac 0 ciia R tao thanh mot co sG cua W.

Vi du. Cho W sinh b6i S = {u1, ua, us, us} trong dé u; = (1,2,1,1);
uz = (3,6,5,7); ug = (4,8,6,8); ug = (8,16,12,20). Tim mot co sé cua
khong gian W?

v
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3.4.3. Khong gian dong ctia ma tran

Giai. Lap

U1 1 2 1 1 1 211
A | v |2 3 6 5 7 10012
U3 4 8 6 8 0 0 01
Uy 8 16 12 20 0 00O

Do d6 W ¢6 dimW = 3 va ¢6 mot co sé
{Ul = (1727 1a 1);U2 = (0507 172);U3 = (0,0,0, 1)}

Nhan xét. Vi dimW = 3, hon nita, c6 thé kiém chiing w1, ug, uq doc
lap tuyén tinh nén ta ciing c¢6 {u1,uz,us} 12 mot co s§ cia W.

Vi du. Tim mot co s6 cho khong gian con ciia R* sinh béi cac vecto
u1, ug, 3, trong do

Uy = (17 _27 _173)7 Uz = (27 _47 _370)a us = (35 _67 _474)
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I G 1o} TSR IR CTeide il Ml 3.4.3. Khong gian dong clia ma tran

Giai. Lap

U1 1 -2 -1 3 1 -2 -1 3
A= uw |=| 2 -4 -3 0]~ 0 0 -1 -6
u3 3 -6 —4 4 0 0 0 1

Do d6 ¢6 dimW = 3 va ¢6 mot co sé
{1)1 = (17 _27 _173);7)2 = (0707 _17 _6);7)3 - (070707 1)}

Nhan xét. Trong vi du trén, vi 7(A) = 3 nén wuy, us, us doc 1ap tuyén
tinh, va do d6 {u1,u2,us} cing la mot co s6 cua W.

Vi du.(ty lam) Trong khong gian R* cho khong gian con W sinh béi
cac vecto  up = (1,2,—2,1); ug = (2,1,4,3); us = (3,2,4,3)

ug = (1,3,-4,2); us = (-3,3,—-16,—2); ug = (—4,—1,—10, —5).

Tim mot co sG cia W7
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ERRUSGTCRUM 3.4.4. Khong gian tong

3.4.4. Khong gian tong

Dinh 1y. Cho V la khong gian vecto trén R va Wy, W la hai khong
gian con cia V. Néu Wy = (S1) va Wy = (Ss) thi

Wi+ Wy = <Sl U 52>

Vi du. Trong khong gian R* cho céc vecto
up = (1,2,1,1); ug = (3,6,5,7); ug = (4,8,6,8); ug = (8,16, 12,16);
us = (1,3,3,3); ug = (2,5,5,6); uy = (3,8,8,9); ug = (6,16, 16, 18).

bat W1 = (uy, ug, us, ug) va Wo = (us, ug, u7, ug). Tim mot co sé va
xac dinh s6 chiéu ctia mdi khong gian Wy, Wy va Wi + Wa?

Lé Van Luyén
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3.4.4. Khong gian tdng

Giai.

e Tim co sé cua Wy

w1 1 2 1 1 1 2
A Jw | [3 6 5 7 0 0
Lapdi=1( " 1= 4 8 ¢ s 0 0

us 8 16 12 16 0 0

Do d6 Wy ¢6 s6 chiéu 1a 2 va mot co sé ctia Wy 1a
{v1 = (1,2,1,1);v2 = (0,0,1,2)}.

e Tim co sG cia Wy

us 1 3 3 3 1
X lus | |2 5 5 6 0
Lapde=1| " 1=1 3 g 8§ o9 0

ug 6 16 16 18 0

Do dé Wy ¢6 sb6 chiéu 1a 2 vA mot co sé ctia Wy 13

{1)3 = (1,3,3,3);1}4 = (0, 1, 1,0)}.
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3.4.4. Khong gian tdng

e Tim co s6 ctia Wy + Way

Ta c6 Wy + W5 sinh bdéi cac vecto

V1 = (172) 1’ 1);’02 = (0507 172);U3 = (1’37373);’04 = (07 17 170)
U1 1 2 11 1 2 1 1
el o012 01 10
tapd=1 017113 3 3 00 1 2
N 01 10 00 0 O

Suy ra W7 + Wa ¢6 s6 chiéu 1a 3 v mot co s6 ciia Wy + Wa 1a
{'11}1 = (1?27 17 1),11)2 = (07 17 1,0);11}3 = (0707 172)}
Vi du.(ty lam) Trong khong gian R* xét cac vecto sau day:
Uy = (172707 1)’ U2 = (27 1737 1)5 uz = (758797 5)’ Uyg = (1527 170)a
us = (2,—1,0,1); ug = (—1,1,1,1); ur = (1,1,1,1).

bat U = (uy, u2,us), W = (u4, us, ug, uy). Hay tim mot co s cho mdi
khong gian con U, W va U + W?
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3.5. Khong gian nghiém cta hé phuong trinh No6i dung

3.5. Khong gian nghiém cta hé phuong trinh
tuyén tinh

9 Mé dau
@ Tim co sé cia khong gian nghiém

@ Khong gian giao
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3.5. Khong gian nghiém ctia hé phuong trinh [EEEAEEYGRSEIN

3.5.1. Mé dau

Vi du. Cho W la tap tat ca cac nghiem (z1, 72,3, 74) clia hé phuong
trinh tuyén tinh thuan nhat sau

r1 + 229 — 3x3 + bdry = 0
r1 + 3x9 — 13z3 + 2224 = 0;
31 + OS5z + r3 — 2x4 = 0
2¢1 4+ 3x9 + 4z — Txy = 0.
Ma tran héa hé phuong trinh, ta cé

12 -3 5 10 17 =29

e 1 3 —-13 22 . 0 1 -10 17

1 3 5 1 =2 00 0 0

2 3 4 -7 0 0 0 0

Vay hé c6 nghiém 1a

(x1, 9, x3,24) = (=17t + 295,10t — 17s,t,s) v6i t, s € R.
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3.5. Khong gian nghiém cta hé phuong trinh 3.5.1. M& dau

Do do

W ={(—17t+ 295,10t — 17s,t,s) | t,s € R}
— {[(=17t,10t,1,0) + (205, —175,0,5) |1, s € R}
— {#(~17,10,1,0) + (29, —17,0,1) | ¢, 5 € R}.

Dit up = (—17,10,1,0),us = (29, —17,0,1). Theo biéu thtc trén, véi
uw € W thi u 1a t6 hgp tuyén tinh ctia u; va us. Suy ra

W = (u1, ug).

Hon nita {u1,us} doc lap tuyén tinh, nén {uj,us} 1a co s6 ctia W. Suy
ra dimW = 2.

Nhan xét. Vecto u; va us c¢6 duge bang cach cho lan lugt t = 1,5 =0
vat=0,s = 1. Ta goi nghiém uy, us dugc goi la nghiém co ban cia
hé phuong trinh.
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3.5.1. Mg dau

3.5. Khong gian nghiém cta hé phuong trinh

Dinh ly. Goi W la tap hop nghiém (x1,x2,...,xy,) cla hé phuong

trinh tuyén tinh thuan nhat

anxry + apr: + - 4+ apr, = 0
axnxry + axpr: + - 4+ agr, = 0
Am1T1 + amar2 + + amnTn, = 0.

Khi dé, W la khong gian con ctia R™ va s6 chiéu ciia W bdang s6 an tu
do cua hé. Nhu vay
W={ueR"| Au' =0}

vdi A la ma tran cho trudc va u = (21,22, ..., Ty).
v
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3.5. Khong gian nghiém ctia hé phuong trinh [EERIVNE BseRToREte Je1t NN Yol F-u-S R o WS ¥ s T3 00

3.5.2. Tim cd sd cua khong gian nghiém

Thuat toan
Buéc 1. Giai he phuong trinh, tim nghiém tong quat.
Buéc 2. Lan lugt cho bo an tu do céc gia tri

(1,0,...,0),...,(0,0,...,1)

ta dugc cac nghiém co ban uq, ug, ..., Up,.

Budéce 3. Khi d6 khong gian nghiém ¢6 c¢o s6 1a {ug, ug, ..., un}-

Vi du. Tim co sé va s6 chiéu ctia khong gian nghiém sau

r1 + 229 — 3x3 + dxry = 0
r1 + 3x2 — 13z3 + 2224 = 0;
3x1 + Sxy + r3 — 2x4 = 0
2¢1 + 3x9 4+ 4dxs — Txy = O.
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3.5. Khong gian nghiém cta hé phuong trinh 3.5.2. Tim cd s8 ciia khong gian nghiém

Giai. Ma tran hoa hé phuong trinh, ta c6

1 2 -3 5 oy 1 2 =3 5
i 1 3 —-13 22 ds—3d; 0 1 —-10 17
3 5 1 -2 dy—2dy 0 -1 10 —17
2 3 4 -7 0 -1 10 —17
iy —2ds 10 17 —29
ds—+ds 0 1 -10 17
da+d2 0 0 0 0
0 0 0 0

Suy ra nghiém cua hé la

u = (x1,x2,x3,24) = (=17t + 295,10t — 17s,t,s) v6i t,s € R.

Céc nghiém co ban cta he la
Uy = (_177 10) 1) 0)7 Ug = (297 _177 0, 1)

Do d6, néu W 1a khong gian nghiém thi B = {uj,us} co s6 cia W va
dimW = 2.
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3.5. Khong gian nghiém ctia hé phuong trinh SRR G e sT-ar:s R Rr-sE:Ye)

3.5.3. Khong gian giao

Nhan xét. Cho V la khong gian vecto va Wi, Wa la hai khong gian
con ciia V. Néu Wy = (Sy), Wo = (Sa) thi uw € Wy N Wy khi va chi khi u
la to hop tuyén tinh cia Sy va w la to hop tuyén tinh cia So.

4

Vi du. Trong khong gian R* cho cic vecto u; = (1,2,1,1),
Uz = (1a2a2a3)7 us = (2a4a3a4)7 Ug = (1a3a3a3)7 Us = (Oa 1a 1a0) Dé't
Wi = (u1,u2,us), Wa = (uyg,us). Tim co sé ciia khong gian Wy N Wh.

v

Giai. Gid st u = (z,y,2,t) € Wi N Wa.

e Viu € W, nén u la td hop tuyén tinh ctia uq, ug, us3.

1 1 2|z 1 1 2|«
2 2 4y 01 1|z—=2
T T T T\
(wf wg wgfu®)=1 7 5 5|7 |7 00 0|-2c+y
1 3 4|t 00 Ojxz—2z+t
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3.5. Khong gian nghiém cta hé phuong trinh 3.5.3. Khong gian giao

Suyradé ue Wy thi 2z +y=0vaz—22+t=0 (1)

e Viu € Wy nén u la td hop tuyén tinh ciia w4, us.

1 0|z 1 0|z
3 1|y 0 1|-3z+y
T 71, T\
(ui ug [uT)=| 5 1] 0 0|—y+2
30|t 0 0|—3z+t¢

Suy radéu e Wy thi —y+2z=0vh —3x+t=0 (2)
T (1) va (2) ta co

-2z + vy = 0
T - 2z + t = 0
-y + =z = 0

—3z + t = 0.
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3.5. Khong gian nghiém cta hé phuong trinh 3.5.3. Khong gian giao

Ma tran héa hé phuong trinh

-2 1 0 0 1 1 0 -1

- 10 21| a0 -1 2 2

A= 0 -1 10 da—dy 0 —1 1 0

-3 0 1) @3 \o 3 0 -2

10 -2 1 1 100 —1/3

—d2 343

d1—dsz 01 2 =2 d1+2ds3 01 0 —2/3

ds—da 00 3 -2 da—2ds 0 01 —2/3

da=3dz \ 0 0 —6 4 ditbds \ 9 0 0 0

Suy ra nghiém cta hé la L9 o
u=(z,y,z,1t) = (ga, 3% ga,a) véi a € R.
. PN 122 . a1
Nghiém co ban ciia hé 1a v = (g, 33 1). Suy ra W1 N Wa ¢6 co s6 1a
1 2 2
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3.5. Khong gian nghiém ctia hé phuong trinh SRR G e sT-ar:s R Rr-sE:Ye)

Vi du.(ty lam) Trong khong gian R* xét cac vecto sau day:

up = (1,2,0,1); ue = (2,1,3,1); ug = (7,8,9,5); ug = (1,2,1,0),

us = (2,—-1,0,1); ug = (—1,1,1,1); uy = (1,1,1,1).
bat U = (uy,ug, us), W = (uy, us, ug, u7). Hay tim mot co s6 ciia khong
gian U N W?

v

Dinh 1y. Cho W1, Ws la hai khong gian con cia V. Khi do

dim(W1 + WQ) =dimW; + dimWy — dim(W1 N WQ).
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3.6. Toa do6 va ma tran chuyén co s& No6i dung

3.6. Toa do va ma tran chuyén cd sé

© Toa do
@ Ma tran chuyén co sé
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3.6. Toa do6 va ma tran chuyén co s& 3.6.1. Toa do

3.6.1. Toa do

Dinh nghia. Cho V 1a khong gian vecto va B = {uy, ug,...,u,} 1a
mot co s6 ctia V. Khi dé6 B dudc goi la co sd dude sdap cia V néu thi
tu cac vecto trong B dudgce c¢d dinh. Ta thuong dung ky hiéu

(ula U2y ... 7un)

dé chi co s6 dugc sip theo thit tu wi, us, . .., up.

Dinh ly. Cho B = (u1,us,...,uy,) la co sé cia V. Khi dé moi vecto
u eV déu duge biéu dién mot cich duy nhat dudi dang

U = q1Ul + QaUz + -+ + QplUnp.

Chimmg minh.

e Sur ton tai. Vi B la cd s ctia V nén B la tap sinh. Do d6, véi u € V

thi u 1a t6 hop tuyén tinh ctia B. Suy ra, ton tai oy, as,...a, € R dé
U= Ul + QU9 + -+ + Qply.
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3.6. Toa do6 va ma tran chuyén co s& 3.6.1. Toa do

e Su duy nhét. Gia st u c6 mot dang biéu dién khac la
u = Biui + Poug + -+ + Bpuy.

Nghia la:

U= aqiul + - - + aply, = Brul + Bous + - - - + Bpuy.
Khi dé

(1 — Br)ur + (@2 — Ba)uz + -+ + (i — Bn)un =0
Do B 14 co s6 nén B doc lap tuyén tinh, suy ra

vm—pPr=az—fPr=-=an— =0

hay

a1 = Pi,a2 = Ba, ..., 0, = Bp.

Diéu nay chitng t6 u c6 mot dang biéu dién duy nhét.
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3.6. Toa do6 va ma tran chuyén co s& 3.6.1. Toa do

Dinh nghia. Cho B = (u1,ug,...,u,) la mot co sé cua V vau € V.
Khi d6 u sé dugc biéu dién duy nhat dudi dang:

U = q1uUl + Q2Uz + -+ + QpUp.
Ta dit a1

[uls =

Khi d6 [u]s duge goi la toa do cua u theo co sé B.

Vi du. Trong khong gian R? cho u; = (1,2) va ugy = (2, 1). Chiing t6
B = (u1,u2) 1 cé s6 clia R?. Tim toa do ctia vecto u = (10,11) theo co
sG B?

v

Huéng dan. Ta c6 u = 4uy + 3uy. Suy ra [u]g = < ;l >
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3.6. Toa do6 va ma tran chuyén co s& 3.6.1. Toa do

Vi du. Trong khong gian R?, ta c¢6 co s& chinh téc
By = {e1 = (1,0,0),eo = (0,1,0),e3 = (0,0,1)}.
V6i u = (21, x2,x3) ta c6: u = x1€1 + T2€2 + T3€3. Suy ra
T

[U]Bo = L2
T3

I
IS

Nhan xét. Ddi vdi co sd chinh tic By = (e1, e, ..., e,) cla khong

ian R™ va u = (x1,29,...,2,) € R" ta co
g b ) b
T
T2
-
[ulp, = =u'.
Tn

v
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3.6. Toa do6 va ma tran chuyén co s& 3.6.1. Toa do

Phuong phép tim [u]p

Cho V 1a khong gian vectd ¢6 cd s6 1a B = (uq,us, ..., u,) vau € V. Dé
tim [u]p ta di gidi phuong trinh

u = aiuy + agug + -+ apun (%)
Vv6i an aq, o, ..., a, € R. Do B la co sé nén phuong trinh (*) c6
nghiém duy nhat

(a1, a9, ...,ap) = (c1,c2,...,¢n).

Luu y. Khi V = R", dé giai phuong trinh (*) ta lap hé
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3.6. Toa do6 va ma tran chuyén co s& 3.6.1. Toa do

Vi du. Trong khong gian R?, cho cac vecto
up = (1,2,1),us = (1,3,1),u3 = (2,5, 3).
a) Chitng minh B = (u1, ug, u3) 13 mot cd sd ciia R3.

b) Tim toa do clia vecto u = (a,b,c) € R? theo co sé B.

Giai.
Ul 1 21

a)Lap A= w2 |= 1 3 1 |.TacodetA =1, suy ra uy,us, us
u3 2 5 3

doc lap tuyén tinh. Vay B 1a co s6 ctia R3.

b) V6i u = (a, b, c), dé tim [u]g ta lap he phuong trinh

1 1 2|a 1 0 0|4a—b—c
(uj ug ug |u')={2 3 5|b |- 01 0|-a+b—c
1 1 3|c¢ 0 0 1|—-a+c
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3.6. Toa do6 va ma tran chuyén co s& 3.6.1. Toa do

4a—-b—c
Vay [up=| —a+b—c
—a+c

Vi du.(ty lam) Trong khong gian R* cho
up = (1,2,1,2); ug = (—1,-1,2,1); uzg = (-2,-2,3,1).
Goi W la khong gian sinh béi uy, us, ug.
a) Ching t6 B = (uy,ug, us) la co sé cta W.
b) Cho u = (x,y,z,t) € RY Tim didu kien dé v € W, sau d6 tim [u]g?

v

Huéng dan. b) Dé u € W thi u 14 t6 hop tuyén tinh ctia uq, uz, us. Ta
xét hé phuong trinh

1 -1 2|z 10 0]—2+y
2 -1 -2 0 1 0|8 —5y+2z
T, 7.7,y _ ) Yy
(wpuzug fu) =17 9 12|17 0 0 1| -52+3y— 2
2 1 1]t 00 0|—xz—2+t
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3.6. Toa do6 va ma tran chuyén co s& 3.6.1. Toa do

Nhu vay dé v € W thi —x — z + ¢ = 0. Hon nita

Tty
[ulp=| 8z —5y+2z
-5 + 3y — 2

Vi du.(ty lam) Cho By = (u1 = (1,2,3),u2 = (2,1,1),u3 = (2,1,3)) va
By = (v1 = (2,5,-2),v3 = (1,3, -2),v3 = (—1,—2,1)) 1a hai co s6 ctua
2
R3 va [ulg, = [ —3 | Tim [u]g,?
1

Dap an. [ulg, = (10 —4 18)T.
Meénh dé. Cho B la co sd cia V. Khi dé, vdi moi u,v € V,a € R ta
co:

o [u+v]p=[up+ [v]B

o [aulp = afu]p.
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3.6. Toa do6 va ma tran chuyén co s& 3.6.2. Ma tran chuyén cd sd
~ 2 2
3.6.2. Ma tran chuyén cg s

Dinh nghia. Cho V 14 mot khong gian vecto va
Bi = (ui,ug, ..., uy), Bo = (v1,v2,...,0,)
14 hai co sé cua V.Dat
P = ([v1]s, [v2]B; - - - [valB))-

Khi d6 P dugc goi 1a ma tran chuyén cd sd tit co sé By sang co sd
Bs va dugce ky hiéu (Bl — Bz)

Vi du. Trong khong gian R3, cho

B=(u =(1,-2,3),us = (2,3,—-1),u3 = (3,1,3))
14 co s6 ciia R3. Goi By 1a ¢6 s chinh tic cta R3. Khi d6
1 2 3
(Bo = B) = ([u]s, [uzls, [usls,) = (uf ug ug)=| -2 3 1
3 -1 3
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3.6. Toa do6 va ma tran chuyén co s& 3.6.2. Ma tran chuyén cd sd

Nhan xét. Néu B = (u1,us, ..., u,) la mot co sd cia R™ va By la co
56 chinh tdc cia R™ tha
T T T
(Bo = B) = (uq ug ... u,)

Phuong phap tim (B; — B2)

Gia st By = (uq,u2,...,uy) vd By = (v1,v9,...,v,) 1a hai co s6 ctia V.
Dé tim (B; — Ba), ta thuc hien nhu sau:

e Cho u la vecto bat ky cta V, xac dinh [u]p,.

e Lan lugt thay thé u bang v1,vs, ..., v, ta xac dinh dudc

[Ul]BU [’02]817 SRR [vn]Bl‘

Khi dé

(B1 — Ba) = ([v1]s, [vels, - - [vn]B,)-
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3.6. Toa do va ma tran chuyén cd sd

3.6.2. Ma tran chuyén cd s&
Dic biét, khi V = R", dé xac dinh (B; — Bz) ta c6 thé lam nhu sau:

e Lap ma tran mé rong (u] ug ... u, | v] vg ... v,})

e Diing cac phép bién ddi so cap trén dong dua ma tran trén vé dang
(Ln|P).

Vi du. Trong khong gian R3, cho hai co s6

Bl = (Ul = (1? 17 1)7“’2 = (1727 1))“3 = (2a3a 1))
va,
BQ = (Ul = (1, —3,2),1)2 = (—1, —2,4),1}3 = (3,3, —2)).
Tim ma tran chuyén co sé tit By sang Bs.

Giai. Cho u = (a,b,c) € R3, xac dinh [u]g,. Ta lap hé phuong trinh

1 1 2|a 1 0 0jla—-b+c
(uf ug uglu)y=11 2 3|b |- 0 1 0| -2a+b+c
11 1)c 0 0 1|a-c
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3.6. Toa do6 va ma tran chuyén co s& 3.6.2. Ma tran Chuyén cd sé

a—b+c
Nhu vay [u|g, = | —2a+0b+c |. Thay lan lugt u béi vy, ve, v3 ta c6
a—c
6 5 —2
[Ul]Bl = -3 7[U2]B1 = 4 7[U3]81 = -5
—1 -5 5
6 5 =2
Vay (Bl — Bg) = -3 4 -5
-1 -5 5

Cach khac. Lap ma tran md rong

1 1 2 1 -1 3
(uj ug ug |vf vg va)=|( 1 2 3/-3 -2 3 |-
1 11 2 4 =2
6 5 -2
.Suyra (B —=By)=| -3 4 -5
-1 -5 5
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3.6. Toa do6 va ma tran chuyén co s& 3.6.2. Ma tran chuyén cd sd

Dinh ly. Cho V' la mot khong gian vecto va By, Ba, B3 la ba co sd cia
V. Khi do

(i) (By — By) =
(i) Yu eV, |u ]61 (Bl—>l’>’2)[ 18,
(iii) (By — B1) = (By — Bo)™!
) (By — B3) = (B1 — By)(Ba — Bs).

(iv

Nhac lai. Cho B = (u,us, . .., u,) 1a mot co s6 ciia R” . Khi d6

(Bo = B) = (u] ug ...u)).

n

Hé qua. Cho Bi,Bs la hai co sd cia khong gian R™. Khi do
(i) (By — By) = (By — By)™!
(i) Yu € V,[ulg, = (Bo — B1) " u]s,-

(iii) (By — Bs) = (By — B1) 1 (By — Ba).
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3.6. Toa do6 va ma tran chuyén co s& 3.6.2. Ma tran chuyén cd sd

Vi du. Cho W la khong gian con ciia R* sinh béi cac vecto:

w = (1,2,2,1),up = (0,2,0,1),u3 = (—2,3, -4, 1).

a) Ching minh B = (uy,ug, u3) 1a mot co sé ctia W.

b) Cho u = (a,b, c,d), tim diéu kien dé v € W. Khi d6 tim [u]z?

¢) Cho v = (1,0,2,0);v2 = (0,2,0,1);v3 = (0,0,0,1). Chitng minh
B’ = (v1,v9,v3) ciing 13 mot co s§ ctia W. Tim ma tran chuyén co
sG tit B sang B'?

Giai.

a) Ching minh B = (u1,u2,u3) 1a mot co s6 cia W. J
Ul 1 2 2 1

Lap A= | we |= 0 2 0 1 |.Tacér(A) =3, suyraBBdoc
U3 -2 3 -4 1

lap tuyén tinh. Vi W = (B) nén B la co sé cia W.
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3.6. Toa do6 va ma tran chuyén co s& 3.6.2. Ma tran chuyén cd sd

b) Cho u = (a, b, c,d), tim diéu kien dé u € W. Khi do6 tim [u]g? J
Ta c6 u € W khi u 1 t6 hop tuyén tinh ctia B. Lap hé phuong trinh
10 —2]a 10 0|at2b—4d
2 2 3| 01 0|-a—3b+7d
T T T, Ty _
(wiup wglu ) =15 o 4l 1700 1]b-2d
1 1 1|d 0 0 0] —2a+c¢c

Dua vao hé phuong trinh, ta thiy dé u € W thi

—2a+c=0.

Hon nia

a+2b—4d
[ulp=| —a—3b+7d
b—2d
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3.6. Toa do6 va ma tran chuyén co s& 3.6.2. Ma tran chuyén cd sd

¢) Cho v1 = (1,0,2,0);v2 = (0,2,0,1);v3 = (0,0,0,1). Chitng minh
B’ = (v1,v2,v3) ciing 1a mot co sé ciia W. Tim ma tran chuyén co sé tit
B sang B'?

Ta thiy céac vecto v1, v, v3 déu thoa diéu kién —2a + ¢ = 0 nén theo
cau a), cac vects nay thuoc W.

Mt khac, dé thay rang B’ = (v1, v2,v3) doc 1ap tuyén tinh nén B’ ciing
1a co 86 cia W (do dimW = |B| = 3 = |B'| ). Dung két qua & cau b) ta

1 0 —4

= -1 |,[vals=| 1 |,[v2]ls= 7

0 0 -2
1 0 —4
Suyyra(B—-B)=[ -1 1 7
0 0 -2
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3.6. Toa do6 va ma tran chuyén co s& 3.6.2. Ma tran chuyén cd sd

Vi du. Trong khong gian R?, cho
S=(u1=(1,1,3),ue = (1,-2,1),us = (1,—-1,2))
T=(v=(1,-2,2),v2=(1,-2,1),v3 = (1,-1,2))

a) Ching t6 S va T la co s6 ciia R3.

b) Tim ma tran chuyén co sé tit S sang 1?7

2
¢) Chou € R3 théa [ulr = [ —3 |. Tim [u]g?
—2
a) Ching t6 S va T 1a co 86 ciia R3. J
U1 1 1 3
Lap A= we |= 1 -2 1 |.Tacor(A)=3,suyras doc lap
us 1 -1 =2

tuyén tinh. Hon nita dimR? = s6 vecto ctia S. Vay S 1 co s ciia
R3. Lam tuong ti cho 7.
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3.6. Toa do6 va ma tran chuyén co s& 3.6.2. Ma tran chuyén cd sd

b) Tim ma tran chuyén co s tit S sang 177 J

Lap ma trén mé rong
1 1 1 1 1 1

(u] ug ug |vf vg vi)=|(1 -2 —-1|-2 -2 -1 |-
3 1 2 2 1 2

10 0j-1 00 -1 0 0

1 010[-110|Syra(S>T)=[-11 0

0 01 3 01 3 01
2

¢) Cho v € R? théa [ulr = | —3 |. Tim [u]s?

-2

-1 0 0 2 -2

Taco [uls=(S—=>T)ulr=| -1 1 0 -3 |=| -5

3 01 -2 4
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