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Reducing first-order inference
to propositional inference

First-order inference can be done by converting the
knowledge base to propositional logic and using
propositional inference
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Universal Instantiation (UI)

(JThe rule of Universal Instantiation:

o We can infer any sentence obtained by substituting a
ground term (a term without variables) for the
variable.

YV o

SUBST({v/g}, a)
for any variable v and ground term g
JE.g., Vx King(x) A Greedy(x) = Evil(x) yields:
o King(John) A Greedy(John) = EVvil(John)
o King(Richard) A Greedy(Richard) = Evil(Richard)

o King(Father(John)) A Greedy(Father(John)) =
Evil(Father(John))
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Existential Instantiation

The rule of Existential Instantiation:

o for any sentence q, variable v, and constant symbol k
that does not appear elsewhere in KB

dv a
SUBST({v/k}, a)

QE.g., 9x Crown(x) A OnHead(x,John) yields:
Crown(C,) A OnHead(C,John)

provided C, is a new constant symbol, called a Skolem
constant
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Reduction to propositional inference

Suppose the KB contains just the following:
o VxKing(x) A Greedy(x) = Evil(x)
o King(John)
o Greedy(John)
o Brother(Richard,John)

[ Instantiating the universal sentence in all possible ways,
we have:
o King(John) A Greedy(John) = Evil(John)
o King(Richard) A Greedy(Richard) = Evil(Richard)
o King(John)
o Greedy(John)
o Brother(Richard,John)

The new KB is propositionalized: proposition symbols
are
oKing(John), Greedy(John), Evil(John), King(Richard), etc.
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Reduction to propositional inference

Every FOL KB can be propositionalized so as to preserve
entailment

o A ground sentence is entailed by new KB iff entailed by original
KB

ldea:

o Propositionalize KB and query,
o Apply resolution,
o Return result

dProblem: with function symbols, there are infinitely
many ground terms,
o E.g., Father(Father(Father(John)))
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Reduction to propositional inference

dTheorem: Herbrand (1930)

o If an original FOL KB |- a, then a is entailed by a finite
subset of the propositionalized KB

o Idea: Forn=0to co do
* create a propositional KB by instantiating with depth-n terms
* see if a is entailed by this KB

-> Problem: works if a is entailed, loops if a is not entailed
dTheorem: Turing (1936), Church (1936)

o Entailment for FOL is semidecidable (algorithms exist that
say yes to every entailed sentence, but no algorithm exists
that also says no to every non-entailed sentence.)
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Problems with propositionalization

Propositionalization seems to generate lots of irrelevant
sentences.

JE.g., from:
o Vx King(x) A Greedy(x) = Evil(x)
o King(John)
o Vy Greedy(y)
o Brother(Richard,John)

—> It seems obvious that Evil(John), but propositionalization
produces lots of facts such as Greedy(Richard) that are

irrelevant

AWith p k-ary predicates and n constants, there are p-n“
instantiations.
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Unification

We can get the inference immediately if we can find a
substitution 8 such that King(x) and Greedy(x) match
King(John) and Greedy(y).

- The substitution 6 = {x/John, y/John} works
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Generalized Modus Ponens (GMP)

pll' pZ'J ) pn" ( pl A p2 ARREA pn :>q)

Cryryrorm N

where SUBST(6, p,')= SUBST(6, p,) for all i
o p; is King(John) p, is King(x)
o p, is Greedy(y) p, is Greedy(x)
o Bis{x/John,y/John} qis Evil(x)
o SUBST(9, g) is Evil(John)

AIll variables assumed universally quantified
> GMP is a lifted version of Modus Ponens
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Unification

(dRecall: SUBST(6, p) = result of substituting 8 into sentence p
QUnify algorithm:

o takes 2 sentences p and g and returns a unifier if one exists
o UNIFY(p, q) = 6 where SUBST(6, p) = SUBST(6, q)

dExample: UNIFY(p, q)

p q 0
Knows(John, x) Knows(John, Jane) {x/]ane}
Knows(John, x) Knows(y, Steve) {x/Steve, y/John}
Knows(John, x) Knows(y, Mother(y)) |{x/Mother(John), y/John}
Knows(John, x) Knows(x, Steve) fail

Standardizing apart
eliminates overlap of variables
Knows(z, Steve)

Problem is due to use of same

variable in both sentences
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Unification

JUNIFY(Knows(John, x), Knows(y, z)) = 6,

1. 6={y/John,x/z}
2. 6={y/]John, x/John, z/John}

The first unifier is more general than the second

dThere is a single Most General Unifier (MGU) that is
unique up to renaming of variables.

MGU = {y/]ohn, x/z}

P(x) P(A) {x/A}

P(f(x), y, g(x)) P(f(x), x, g(x)) {y/x} or {x/y}
P(f(x),y,gv)) P(f(x), z, g(x)) W/x, z/x}

P(x, B, B) P(A,y, z) {x/A, y/B, z/B}
P(g(f(v)), g(u)) P(x, x) {x/g(f(v)), u/flv)}

P(x, fx)) P(x, x) fail .

uuuuuuuuuuuuuuuuu om/tailieudientucntt
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The unification algorithm

function UNIFY(z, y, 0) returns a substitution to make = and y identical
inputs: z, a variable, constant, list, or compound expression
Y, a variable, constant, list, or compound expression
6, the substitution built up so far (optional, defaults to empty)

if 6 = failure then return failure
else if x = y then return ¢
else if VARIABLE?(x) then return UNIFY-VAR(z, y, 0)
else if VARIABLE?(y) then return UNIFY-VAR(y, x,6)
else if COMPOUND?(x) and COMPOUND?(y) then
return UNIFY(z.ARGS, y.ARGS, UNIFY(z.0P, y.0OP, 0))
else if L1ST?(z) and LI1ST?(y) then
return UNIFY(z.REST, y.REST, UNIFY(z.FIRST, 3y.FIRST, #))
else return failure
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The unification algorithm

function UNIFY-VAR(var, z, ) returns a substitution

if {var /val} € 6 then return UNIFY(val, z,0)
else if {x/val} € 6 then return UNIFY(var, val, 6)
else if OCCUR-CHECK?(var, x) then return failure
else return add {var/x} to 0
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Exercise

JFind the MGU when we UNIFY(p, q)

p g  IMGU?
A(B, C) Alxy)

A(x,F(D,x)) A(E F(D,v))

A% y) A(F(Cy), z)

P(A,x F(G(y)) P(y F(z), F(z))
P(x, F(y)) P(z, G(w))
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Forward Chaining
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First-order Horn Clauses

] Other name: First-order definite clauses
o Disjunctions of literals of which exactly one is positive
- Can be atomic or implication

dExample:
o King(x) A Greedy(x) => Evil(x)
o King(John)
o Greedy(y)
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Example knowledge base

The law says that it is a crime for an
American to sell weapons to hostile
nations. The country Nono, an enemy of

America, has some missiles, and all of its
missiles were sold to it by Colonel West,
who is American.

- Prove that Colonel West is a criminal
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Example knowledge base contd.

.. it is a crime for an American to sell weapons to hostile nations:
R1: American(x) n Weapon(y) » Sells(x,y,z) A Hostile(z) = Criminal(x)
Nono ... has some missiles, i.e., 3x Owns(Nono,x) A Missile(x):
R2: Owns(Nono,M,);  R3: Missile(M,)
... all of its missiles were sold to it by Colonel West
R4: Missile(x) A Owns(Nono,x) = Sells(West,x,Nono)
Missiles are weapons:
R5: Missile(x) = Weapon(x)
An enemy of America counts as "hostile“:
R6: Enemy(x,America) = Hostile(x)
West, who is American ...
R7: American(West)
The country Nono, an enemy of America ...
R8: Enemy(Nono,America)
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Forward chaining algorithm

function FOL-FC-ASK(KB. «) returns a substitution or false
inputs: KB, the knowledge base, a set of first-order definite clauses
v, the query, an atomic sentence
local variables: new, the new sentences inferred on each iteration

repeat until new is empty
new — { }
for each rule in KB do
(pi A... A pn = ¢q)+— STANDARDIZE-VARIABLES(rule)
for each 6 such that SUBST(6,p; A ... A p,) =SUBST(#.p; A ... A pl)
for some pi,...,p! in KB
q' — SUBST(@, q)
if ¢’ does not unify with some sentence already in KB or new then
add ¢’ to new
¢ — UNIFY(q', o)
if ¢ 1s not fa:l then return ¢
add new to KB
return false
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Forward Chaining Example: The
crime KB

lteration 1:

o R4 satisfied with {x/M1} - R9: Sells(West, M1, Nono)
is added to KB

o R5 satisfied with {x/M1} = R10: Weapon(M1) is
added

o R6 satisfied with {x/Nono} = R11: Hostile(Nono) is
added

lteration 2:

o R1 is satisfied with {x/West, y/M1, z/Nono} 2>
Criminal(West) is added.
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Forward chaining proof

American West)

07/17/2018

MissileiM 1)

st Voo, M1 )
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Forward chaining proof

Americani West)
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Forward chaining proof

Americani West)
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WeaporiM1) Sells{ Wesr, M1, Nono)
Missile(M 1) Chwnsi Nano, M1 )

CuuDuongThanCong.com

Nguyén Hai Minh @ FIT - HCMUS

Haosrilel Nano )

Enemw Nono America )

https://fb.com/tailieudientucntt

25


http://cuuduongthancong.com?src=pdf
https://fb.com/tailieudientucntt

Properties of forward chaining

Sound and complete for first-order definite
clauses

Datalog = first-order definite clauses + no
functions

FC terminates for Datalog in finite number of
iterations

(May not terminate in general if a is not entailed

A This is unavoidable: entailment with definite
clauses is semidecidable
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Efficiency of forward chaining

Incremental forward chaining: no need to match a rule
on iteration k if a premise wasn't added on iteration
k-1

— match each rule whose premise contains a newly added
positive literal

Matching itself can be expensive:
Database indexing allows O(1) retrieval of known facts
e.g., query Missile(x) retrieves Missile(M,)

Forward chaining is widely used in deductive
databases
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Backward Chaining
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Backward chaining algorithm

function FOL-BC-ASK(KB, query) returns a generator of substitutions
return FOL-BC-OR(K B, query. { })

generator FOL-BC-OR(K DB, goal, ) yields a substitution
for each rule (/hs = rhs) in FETCH-RULES-FOR-GOAL(KDEB, goal) do
(lhs, rhs) «— STANDARDIZE-VARIABLES((lhs, rhs))
for each ¢’ in FOL-BC-AND(KB, lhs, UNIFY(rhs. goal. 0)) do
yield ¢’

generator FOL-BC-AND(KB, goals, 6) yields a substitution

if @ = failure then return
else if LENGTH(goals) = (0 then yield #
else do

first,rest — FIRST(goals), REST(goals)

for each # in FOL-BC-OR(KB, SUBST(#, first), #) do

for each #” in FOL-BC-AND(KB, rest,0") do
yield 6"
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Backward chaining example

Criminalf West)
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Backward chaining example

Criminalf West)

American x)

Weapon v)
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Backward chaining example

Criminalf West)
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Weapon v)
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Backward chaining example

Criminalf West)

Americamn Westl

Weapon v)

|
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Backward chaining example

Criminalf West)

Americam West) Weapon v)
Ll
Missile(v)
| wMl}
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Backward chaining example

Criminalf West)

{x/West, wMI, z/Nono |

Hostilel z)

American West) Weapon( v) Sells{West, M1,z)
] | Nona )
Missile(v) || MissilefM1) | | Owns{Nono, M1 )
| wMl}
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Backward chaining example

Criminalf West)

{x/West, wMI, z/Nono |

American West) Weapon( v) Sells{West, M1,z) Hosrile{ Nono )
] | Nona )
Missile(v) || MissileiM1) | | Owns{Nono, M1 ) | | Eneniw Nono, America)
| wMi} |l | L)
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Backward chaining example

Criminalf West)

{x/West, wMI, z/Nono |

American West) Weapon( v) Sells{West, M1,z) Hosrile{ Nono )
] | Nona )
Missile(v) || MissileiM1) | | Owns{Nono, M1 ) | | Eneniw Nono, America)
| wMi} |l | L)
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Properties of backward chaining

Depth-first recursive proof search: space is
linear in size of proof

dIncomplete due to infinite loops
- fix by checking current goal against every goal on stack

lInefficient due to repeated subgoals (both
success and failure)

—> fix using caching of previous results (extra space)

dWidely used for logic programming
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Resolution
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Resolution: brief summary

Full first-order version:

I"1 VoV . mq VoV gy,
SUBST(H VeV { i1 VbV VA pVomy VoV om i—1 A% g4 VoV .I'”.n_)

Where UNIFY({, —m) = 6.

UThe two clauses are assumed to be standardized apart so that they
share no variables.

UFor example,
—Rich(x) v Unhappy(x)
Rich(Ken)
Unhappy(Ken)

with 0 = {x/Ken}
U Apply resolution steps to CNF(KB A —a); complete for FOL
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Conversion to CNF

Everyone who loves all animals is loved by someone:
VX [Vy Animal(y) = Loves(x,y)] = [3y Loves(y,x)]

1. Eliminate implications
Vx [-Vy —Animal(y) v Loves(x,y)] v |3y Loves(y,x)]

2. Move — inwards: =VXp =3dx—p, —IXp = VX —p
VX |dy —(—Animal(y) v Loves(x,y))] v |3y Loves(y,x)]
VX |[dy ——Animal(y) A —Loves(x,y)] v [y Loves(y,x)]
Vx [dy Animal(y) A —Loves(x,y)] v [y Loves(y,x)]
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Conversion to CNF contd.

3. Standardize variables: each quantifier should use a different
one

Vx [dy Animal(y) A —Loves(x,y)] v [3z Loves(z,x)]
4. Skolemize: removing existential quantifiers by elimination.
Each existential variable is replaced by a Skolem function of the
enclosing universally quantified variables:

Vx [Animal(F(x)) A —Loves(x,F(x))] v Loves(G(z),x)
5. Drop universal quantifiers:

[Animal(F(x)) A —Loves(x,F(x))] v Loves(G(z),x)
6. Distribute v over A :

|[Animal(F(x)) v Loves(G(z),x)] A [-Loves(x,F(x)) v
Loves(G(z),x)]
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Resolution proof

- Americanx) v - Weapon(y) v - Sells(x,v,z) v - Hostile(z) v Criminal{x) | - Criminal{ West) ‘

e el e

American West) T American{West) v T Weapon(y) v 0 SellsfWesty,z) v 1 Hostile(z)

—‘_-_-—‘_-_-—‘_-_-_-——_'—-——_

-1 Missileix) v Weapon(x) - Weaponiy) v - Sells{West,v.z) v — Hostile{z)

_-_-—\_-_-—\_-_-—\_-_'_'—\—-—._

Missilel M1 ) - Missile(y) v - Sells{ West,y,z) v - Hostile(z)
- Missile(x) v — Owns{MNoro,x) v Sells{ West.x, Nono ) — Sells{ West. M 1.z) v — Hosrilez)

- ]

Missife/M 1) - MissilefM 1) v o OunsiNono M) v — Hostile{Noro)

Chweris( Moo, M 1) = Cwisi Moo, M) v — Hosriled Nano)
- Enemw x.America) v Hostile(x) -1 Hostilel Noro ) ‘

Erne iy Nono, America) Enemy Nono, America ) |

=] ==
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Conclusion

Logical inference in FOL:

o Inference Rules (Ul & Existantial Instantiation) is used to
propositionalize the inference problem. It is typically slow.

o The use of Unification to identify appropriate substitutions
for variables eliminates the instantiation step in first-order
proofs = more efficient.

o Forward/Backward chaining apply Generalized Modus
Ponens and unification to sets of definite clause.

* FW chaining is complete for Datalog and runs in polynomial time

* BW chaining suffers from redundant inferences and infinite loops

o Generalized Resolution inference rule provides a complete
proof system for FOL, using KB in CNF
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Next week

Chapter 4: Learning
o Learning Decision Trees
o Artificial Neural Network
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