Mo-men dong lvgng
Angular momentum

Co co dién

L=rxp [4.95]

Toa dd cau

Ly = yp, — zpy,
Ly = zpy — xpy, [4.96]
L, = XDy — YDx
Toa do cau
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Toa do cau
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Co lvgng tir

L=rxp

Ly = yp, — ZDy,
Ly = ZPyx — XPz»
L, = XPy — YDx

h o h o h o

Px = 755 Py 7 iy’ Pz~ 752

Lx = YDz — ZDy,
Ly = ZDx — XPz)

[Lx, Ly = [yp2 — 2Dy, 2Dx — x| 1= 500 =12
= [yp, zpx] — Y02 xP,]  [4.97]
—[zpy, zp] + |2y, 2D,
[Lx, Ly] = y0x[ps. 2] + xpy[2, 0]
= ih(xpy — ypx) = ihL,

[Ly, L] = ihLy,;

[Ly, L,] = ihLy; [4.99]
[L,, Ly] = iRL,.

[4.98]

O-LxO-L —( (ihL, )) = _<Lz>2
h
01,01, = 5 [{(L,)| [4.100]

L*=L15+15+L; [4.101]

[L2,L,] =???




[L2, Ly] = [L2, L] + [L3, Ly |+[L2, Ly ]
=L, [Ly' Lx] + [Ly'Lx]Ly
+L,[Ly Lyl + [Lg, Ly L,
= L, (—ihL,) + (—ihL,)L,
+L,(ihLy) + (ih )L,
=0

[L%,L,]=0,[L%L,] =0,[L% L,] =0 [4.102]

[[2L]=0 [4.103]

(L%, L] =0,[L%L,] =0,[L%L,] =0 [4.102]
[L2,L] =0 [4.103]

- M0i thanh phan cla L c¢é cung ham riéng véi L2
(MAi thanh phan cla L c6 thé duogc chéo hda véi L?)
Nhirng thanh phan cla L khdng giao hoan vdi

nhau = c6 thé chon CHi 1 thanh phin dé chéo

héa véi L2.

Nguoi ta quy wdc chon thanh phan L,

Tri riéng cia mo6-men dong lvgng

Tim ham riéng chung cia L% va L,
I2f = Af va L,f=puf [4104]

Toan tlr “bac thang”

Ly =L, +il, [4.105]

[L, L] =L, Ly +iL,]
= [L, Ly] £ i[L, Ly ]
= ihLy, + i(—ihL,)
= +h(Ly 2 iL,)
[L,,Li]=+hLy [4.106]
[L2,L4] =2
[L2,L:]=0 [4.107]




[L2,L.]=0 [4.107]

Xét f 1a ham riéng cla L?: L2 f = Af

= L2(Lyf) = Ly (L*f) = Ly (Af) = A(L+f)
[4.108]

— fvaL,f déula HR cla L% v&icung TR A

(L, L,]=+hl, [4106]

Xét f lahamriéngcla L,: L, f = uf
Lz(Lif) = (LzLi - LiLz)f + Lisz
= ALof + Li(uf)

=t n)(Lsf)
LiflaHRctaL, véiTR (u £ h)

[4.109]

L,(Lyf) =@+ m)(Lyf)

- L, duoc goila toan tlr “tang” vi nd lam
cho TR cla L, tang thém 7
L,(L_f)=(@—-n)(L_f)

- L_ duoc goi la todn t& “giam” vi né lam
cho TR cla L, giam di /

Mbi 1 = “thang” cac trang thai. Mdi nac
thang cach nhau 7.

Leo |&n bang todn tlr tdng L. . Leo xuéng
bang toan tlr giam L_.

Cé thé leo 1én/xuéng dén khi nao? vd han?

(L2 =(L2) + (L2) + (L2) o A =(13) +(L3) +p°
(L2) = (fIL2f) = (Ly f|L, f) = 0
= A= (10 + (15) + w2 2 2

—> Tririéng i cla L, bi chan.

- T6n tai bac (trang thai) cao nhat f;
L,f; =0 [4.110]

Goi 1l 1a TR cua L, ing vdi trang thai f;:

L.fy = hif; L*fi=2f; [4111]




LiLy

(Ly tiLy)(Ly FiLy)
= L3+ 12 Fi(LyLy — LyLy)
=L = LZ Fi(ih ;)

I2=L Ly +I12Fhl, [4.112]

L*fy = (L_Ly + L; + RL,)f;
= (0 + h?I* + R*D)f;
= h2l(l+ Df;

A=R21+1) [4.113]

Ton tai bac (trang thai) thap nhat f;
L_f, =0 [4.114]
Goi 71l 1a TR cta L, &ng vdi trang thai fp:
L.fy =hify ; LI*f, =2f, [4115]
LPfy =L+ L5 —hL)fy

== (0 + hzl_z - hZbe = hzl(l - 1)fb

A=r(l-1) [4.116]

A=h2(l—-1) [4.116]
A=h%l(l+1) [4.113]

=l=—lhoac[=1+1
>1=-1 [4117]

loai l=1+1

Vi [ < I: bac dudi khong thé cao (16n)
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LPf™ = B2+ Df™ Lf™ = hmf"
[4.118]

l—0113 ; =—-L-l+1 [-1,1
- 125 125-"1 m= ) ) ey y L

[4.119]
[ cho trudc > 21 + 1 gid trictam (21 + 1 bac
thang)

Vidw:l=2 -> m=-2,-1,0,1,2

Bai tdp nho

Chirng minh

a) Ly ,Lylacactoan t&r hermit

b) Lz latoantl lién hiép hermit ctia Ly
(fILyg) = (Lxf19)
(flLyg) = (L=flg)

Toa do cau
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Ham riéng
fir=y"
Bai tap 4.18
Lofi™ = (AM™Y [4120]
Tim A
m=haJl(l+1)—m@m+1)
=aJ(Fm)(l+m+1) [4121]

Dung cong thirc [4.112]

Bai tap 4.19

[7.05] = =[pj.7i] = irsyy, [rr] = [pips] = 0

- [4.10]
L] =XY2 1 =X1,=Y,1T,=2Z

CM:

[Lz: x] = ihy;

[L,,] = —ihx,

[L,,z] =0, [4.122

(L, px] = ihpy:
[Lz: py] = —ihpy,
[Lz: pz] =0.]

h h
L= T (I'XV)= T (T'T'XV)
v—“a+§1a+A ! 4123
~"or r 06 ¢rsin96¢ [4.123]
h 9] 10 - 0 |
Lz? r(rxr)§+(rx9)—%+( ('b)smH%_

6 = (cos @ cos @) i+ (cosOsing)j — (sinO)k [4.125]
¢ = —(sin )i + (cos p)j [4.126]
L

h( b+ A)é‘
i[ singpi+ cosgj 50

. o~ 1 0
—(cos 0 cos ¢pi + cos O sinpj — sin O k) Wﬁ]
Al @ 9
L, = n <— smcj)%— cosqbcotH%) [4.127]
h 0 ) 0
L, = ?<+ cosgb% —sin¢ c0t9£> [4.128]
R
L,= 199 [4.129]




Ly =Ly %iL,

[( sing + lcosd))—— (cos¢p + lsmq'J)cotGaZ)

vig (O d
Ly = the*®(—+icotf— [4.130]

L?> = —h? 1 9 1n9i
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= h2I(l + 1)fl

Lfi" = fz = hmf"

¢>

[4.132]

0~ 0¢
LiL_=h? 62+ han t2962+ i
+L_ = m Cco % Cco W L_d)
[4.131]
Hy = EY
12y = R21( + 1Dy [4.133]
L = hmy
1 3
[=0,2,15,; m==L=l+1.,1-11 [4119]

PT Schroedinger (
- h? 9 (22 +L2|Y+VyY =E
2mr? ar\" or YV =EY

A% 1 92 r
" o2mror? " 2mr? L7+ V)Y = By [+

=012..om=—L—1+1,..

,—1,0,1,...,1—1,1

[4.29]

Toa do cau + giai tich
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