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Finite Volume Method in 1D
LFinite volume method for Dirichlet problems
L Introduction

Introduction

The domain of the computation will be 2 =]0; 1[. Let the function
f € L?(Q), we will look for an appproximation of the following
problem

—U(x) =1f(x)inQ
u(0) =0, (2.1)
u(1) =0.

by a cell-centered finite volume scheme
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Finite Volume Method in 1D

LFinite volume method for Dirichlet problems
L Mesh

Dy > T; Div1p2 Dny1y2

RIS
NIw
|

R Y

o w1 Uj—1 ui Ujt1 Uy Un+1

Let us choose N + 1 points {Xi—i-%}ie(),w in [0; 1] such that
= = 1.
0 X%<X%< <XN—%<XN+%

We set

Ti=[x_1.x0] [Til=x,1-x_1 VielLN

xo =0, XN+1:1, x;ieT; Viel, N

h = max{|T;|}
i€el,N

cupvongeoreadh ( T7;), 5 contwelinvotismeiamd: (x;). = are control-point.
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LFinite volume method for Dirichlet problems
LScheme

Integrating the first equation in (2.1) over control volume T;, there

hold
1/ d L /f( )d. (2.2)
— —UgyedX = — x)dx )
\Til JT, |Til Jr,

Applying the Green's formula, we obtain

-1 _UX(X,' 1) + Ux(X,'_l)
— | —uwdx = 2 2
ITil J1, | Ti|
and we put
1
fi = —/ f(x)dx mean-value of f over T;
Til J,
Thus

_UX(XH-%) + UX(Xi—%)
| Til

¢ How to approximate the term uxgx. 1)
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LFlnlte volume method for Dirichlet problems
LScheme

¢ Using the Taylor series expansion

u(xiy1) =u(x;

%) + ux(x, ,+1)(Xl+1 - X:+1)
U (X i+l)
+ 21

u(x;) =u(x;

(xi+1 = x;41)% + 0(h°)
%) S UX( ,+1)(Xl _X,+1)

( 1+ )

F I g x O()
Thus
u(xir1) = u(xi) = (Xie1 = X)) ux(x;y 1)
CuuDuongThanCong.com
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LFinite volume method for Dirichlet problems
LScheme

Thus

u(x,-+1) — U(Xi) = (Xi+1 - X,')UX(XI-+%)
UXX(X,' l)
(o1 = x43) = G = x1)) 5+ 0(h?)

We have two cases:
Case 1: x;, 1 is the midpoint of segment [x;, x;y1] then
2
u(xit1) — u(x;) 2
. =Tl M 4L 0(h
il ) = L2 o)
Case 2: Otherwise,

U(Xi+1) — U(Xi) + O(h)

(i 1) = Xit1 = Xi
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LFinite volume method for Dirichlet problems
LScheme

From two cases, we get the approximation of the term uX(xi+;)
2
Uit — Uj ) ) S
=T yieO,N
|Diy1/2]

Substituding this approximation to the equation (2.3), we have

1 Ujr1 — U; up — uj_ [
m Diraal * 1Draal |=4 vietm  es
Or
uji—1 1 1
"Dl ' LD,-H/ZHTA - |D,-_1/2Hm] N
u; . —
_miihﬂ:ﬁ Viel, N
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I—Finite volume method for Dirichlet problems
LScheme
:

_ uj_1 4 1 + 1 U
|Di_1/2|| Til |Div1ollTil D1yl Til]

Ujt1 . T

— =f VielN
|Djt1/21| Til

We set, for all i € 1, N,

-1
Qi

Dzl T
1
Bi

1
- +
|Diz12l| Til - [Di—12|| Til

-1
Vi =

" Dyl Til
Thus, we get
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LFinite volume method for Dirichlet problems
LScheme

Combining with the boundary conditions, we get the scheme for
the cell-centered finite volume method

ajui—1 + Biuj +yiuipr =fi Viel,N

up = un+1 =10

Linear system for the scheme

(.
i=1,p1u1 +71u2 =f
i =2,azu1 + Bauz + Y2u3 =h
i =3, a3 + Pausz + Y3uy =13
i=N-1, an_1un—2 + Bn-1un—1+yn—1un =y
=N, anun—1 + PBnun =Ty
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LScheme

Matrix form AU = F, AeRN xRN, U,FGRN,

[ B1 M O 0 0 0
az o v O 0 0
A 0 a3 B3 73 0 0
0O 0 O 0 0
0 0 0 any-1 Bn-1 YN-1
L 0 0 0 0 an  Bn
[ up i i ﬁ. ]
uo H
u—| Fo f3
un—1 fn—1
L unv L v

The matrix A remains tridiagonal and symmetric positive definite
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L Numerical experiments

We set up with the following exact solution u and function f

u(x) =x(1-x)
flx) =2

0.3 T T " L
Discrete solution 5 —+—
Discrete solution 10 ——
Discrete solution 20 ——
x(1-x) ——
0.25 |- B
02 4
c
8
El
3
«~ 015 i
o
o
3
<]
s
01 B
0.05 |- i
0 L L L L
0 0.2 0.4 0.6 0.8 1
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|—Finite volume method for Dirichlet problems

L Numerical experiments
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L Numerical experiments
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|—Finite volume method for Dirichlet problems

L Numerical experiments
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LFinite volume method for Dirichlet problems

LConvergem:e and error analysis

Existence and uniqueness of the solution

The discretized problem AU=F has a unique solution

U= (uy,..,uy) € RV

Proof

1. Existence:

It suffices to prove that A is invertible.

2. Uniqueness:

Let U = (uy,...,un) and U = (11, ..., Un) be two solutions of the
discretized problem AU=F.

We have
ui— uj—1 Ujy1 — uj
- = |Tilfi

Xi — Xj—1 Xi4+1 — Xj

Ui —uj—1 Uiyl — U;
- = |Ti|f;
Xi — Xj—-1 Xi+1 — Xi
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LFinite volume method for Dirichlet problems

\—Convergence and error analysis
Put Au; = u; — ;. Then
AU,’ — AU,'_l AU,'_H — Au,-

Xi — Xj—1 Xit+1 — Xi

=0

Multiplying two sides by Awu; and taking sum over i =1,.., N

ZN: (Au;)? Au,,l Au; , Z Auii1.Aui — (Au;)?

=0
Py Xj — Xj— Xi+1 — X|
Changing the index
N-1 2 N 2
Z (Au,-+1) — Auiy1.Au; B Z Aujy1.Au; — (A”i) -0
=0 Xji+1 — Xj i Xi+1 — Xj
We get
N—1
Aujiq — Auj)? Aup)? Aup)?
Z ( i+1 I) + ( 1) + ( N) -0
Xit1 — X X1 —Xo XN — XN-1

i=1
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|—Finite volume method for Dirichlet problems

LConvergence and error analysis

It implies that

AU1=AUN=AU,'+1—AU,'=0, i=1,..,N—1
i.e.

Auj=0, i=1,..,N

CuuDuongThanCong.com https://fb.com/tailieudientucntt
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LFinite volume method for Dirichlet problems

\—Convergence and error analysis

Consistency

Ux(Xi+1/2) is approximated by the differential quotient L

Xi+1—X,
If u € C2([0,1],R), this approximation is consistent in the sense
that there exists C € R4 only depending on u such that

u(xiv1) — u(xi)
’Rl+1/2’ ‘UX(XH-I/Z) Xit1 — X; ‘ < Ch
Rit1/2 is called consistency error.
Proof
Using Taylor series expansion, there exist 1,1/ € (x,-+1/2,x,-+1)
and 0j,1/2 € (Xj,Xj41/2) such that

2
Uxipp 7 Uxipapo Xigl = Xig1/2 1 (Xi41 — Xit1/2)
] ) ) UX(X,'+1/2) ~ 5 ) ) Uxx(77i+1/2)
Xj4+1 — Xi Xi+1 — Xj Xj4+1 — Xj
2
Uxivrjp 7 Uxi Xig1/2 = Xi 1 (Xi+1/2 — Xj) 0
Ux(Xiy172) = —5—————Uxx(0iy12)

i1 — X Xit1 — X 2 Xjit1— X
CuuDuongThanCloﬁg.lcom ! i+1 https //fb.com/tailieudientucntt i+1 !
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LConvergem:e and error analysis

Consistency (cont.)
Taking sum of the two expressions gives

1 (Xip1 — Xiy1/2)?

Ri+1/2 = —5 Xit1 — Xi UXX(ni+1/2)+

1 (X172 — i)
2 Xjt1— X

U (0i11/2)
The following inequality holds

1 (Xit1 — Xiy1/2)? 1 (Xiy1/2 — Xi)?
Riv1yol < 5 op—— |woc(Mi41/2)| + §m|uxx(9i+1/z)|

IN

(Xit1 = Xiy1/2)° N (Xit12 — xi)?
Xit1 — Xi Xit1 — Xi

<cC

Xi+1 — Xi
< Ch
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LFinite volume method for Dirichlet problems

LConvergem:e and error analysis

Error estimate

Let U = (ut, ..., uy) € RN be the (unique) solution of the discrete
problem AU=F. Then there exists C > 0, only depending on v,

such that N
PP (ere1 =) _ oo (2.5)
Xi+1 — Xi
i=0
and
lef] < Ch, i=1,.,N (2.6)

with ey = eny+1 =0 and ¢ = u(x,-) —u;, i=1,..,N.
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LConvergem:e and error analysis

Error estimate (cont.)
Proof
1. ZN—O (eiv1—e)? < C2h2

Y Xig1—Xi T i
Integrating equation —u, = f over K; yields

—ux(Xip1/2) + Ux(xi—1/2) = | Tilf;

The approximate solution U satisfies

ui — uj—1

Uiyl — Ui T
- 1t
Xj — Xi—1 = Xi+1 — X

Therefore

Uiyl — U Ui — uj—1
i+ i + ux(Xi—1/2) i i

— =0
Xi+1 — Xi Xi — Xj—1

—Ux(Xjp1/2) +

CuuDuongThanCong.com https://fb.com/tailieudientucntt
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LFinite volume method for Dirichlet problems

LConvergem:e and error analysis

Error estimate (cont.)

Ujy1 — U €ir1 — €
—UX(Xi+1/2) + X]_—X = = i+1/2 — X]_—X
1+1 — A 1+1 — A
uj — uj—1 € — €1
ux(Xi—1/2) — x5 A2 Ricijpt — — X
1 A= 1 A=
Then
€41 — € €& — €1 .
— o o T Niy1/2 + Ri—1/2 = Oa = 17 ) N
Xi+1 — Xi Xj — Xj—1

Multiplying by e; and summing over i = 1, .., N yields

N (e ei)e N (e —ei_1)e N N

i+1 — €i)€i i — €i—1)€

- Z o — X +Z . — x - Z Ri+1/2ei_z Ri-1/2€i
=1 LT o AT A i—1 i=1

CuuDuongThanCong.com https://fb.com/tailieudientucntt
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LFinite volume method for Dirichlet problems

LConvergem:e and error analysis

Error estimate (cont.)
Changing the index gives

N —
(eiv1 —ei)ei (ei+1 — ei)eit

Y ey Z Rit1/26i— Z Rit1/2€i+1

— Xi+1 — Xj — Xi+1 — Xi ;

i=1 i=0

Reordering and using eg = ey = 0 yields

Z (el+1 Z RI+1/2(eI el+1)

Xi+1 — Xi
Using the consistency property, it implies
N (e
1—
Z a < Chz lej — eit1 (2.7)

i=0 i=0

CuuDuongThanCong.com https://fb.com/tailieudientucntt
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Finite Volume Method in 1D
LFinite volume method for Dirichlet problems

LConvergem:e and error analysis

Error estimate (cont.)
Applying Cauchy-Schwarz inequality

N 1/2

N (6101 — e) N
dlei—eial < [ Do) O X —x)'?
i—1 i 1T Xi i—0

e.g.
1/2

(el-‘rl el)
€ — €41 <
el < (3 222
From eq (2.7) it implies that
N 1/2
Z (eiv1— < ch Z((ei+1 — )’
Xi+1 — Xi =0 Xji+1 — Xi

CuuDuongThanCong.com https://fb.com/tailieudientucntt
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|—Finite volume method for Dirichlet problems
LConvergem:e and error analysis
:

Error estimate (cont.)

Let us define the discrete Hl-norm

N

lullfn=2"

(Ui+1 - Ui)

Xit1 — Xi
i—0 i+1 i
Then we can prove the error estimate

llelli,n < Ch

CuuDuongThanCong.com
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|—Finite volume method for Dirichlet problems
LConvergem:e and error analysis
:

Error estimate (cont.)

2. le| < Ch, i=1,.,N

i
leil = 1> (e —&1)]
j=1

i
leil <> lej— &1
j=1

Using results from 1. we deduce that

N

leil < lej— 1| < Ch

Jj=0
CuuDuongThanCong.com
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Finite Volume Method in 1D
LProperties of scheme

LDefinition of discrete derivatives and discrete scalar products

Definition: Discrete divergence operator

d: RNt s RN

{VH_% },N:o — {(dv)i};vzl

where
Vie AT iy
i
Definition: Scalar product
. N N
Given {ui}izy, {witiz,

(dv),-

N
(W) =Y upwi|Ti|
i=1

lullg, 7 = (u, u)7

CuuDuongThanCong.com https://fb.com/tailieudientucntt
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Finite Volume Method in 1D
LProperties of scheme

LDefinition of discrete derivatives and discrete scalar products

Definition: Discrete gradient operator

g: RN+2 N RN+1

{5t Ly )

where

(g”)i+§ = ID..1] Di+% = [xi, Xi1]

Definition: Scalar product

Gi 1 N 2 N
ven {2 1" 112,)
i+t3) =0’ Uitz)izo

1.2
(v ’V)D:. V/+2 H_1|D,+1|

IvIg.o = (v.v)p  and |ulip = lg(u)l5.p = (g(u), g(u))o

CuuDuongThanCong.com https://fb.com/tailieudientucntt
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Finite Volume Method in 1D
|—Properties of scheme
LDefiniticm of discrete derivatives and discrete scalar products
:

Proposition

N
Given {VH'%}i—O’ {w;}

?’;61 . Prove that

(d(v),w)r =—(v,g(w))p + VN1 WN+1 — WoVvi

777

(3.1)

CuuDuongThanCong.com
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Finite Volume Method in 1D
- Properties of scheme

LA discrete variational formulation for finite volume scheme
Let {uj}icpo n+1) Satisfy (2.4), there hold
—d(g(u)) =f (32)

where f = {f,-},N:l and f; is mean-value of f in T;.
We consider any {w; ,I-V:ng, with wy = wy 41 = 0. Thanks to (3.1)

and to the boundary condition on w, we get

(g(u), g(W))p = (w, f)7 7777 (33)

Thus the scheme may be written under the discrete variational
formulation: Find (u;)icjo,n+1) With up = un11 = 0, such that for
all (Wi)iE[O,N-i-l] with wg = wp1 = 0, there holds

(g(u), g(w))p = (w, f)7 (3.4)

This is a discrete equivalent of continuous variational formulation:
find u € H}(2) such that for all w € H}(Q)

(', W) 2y = (F, W) 2(q)

CuuDuongThanCong.com https://fb.com/tailieudientucntt
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Finite Volume Method in 1D

- Properties of scheme

L

existemce and uniqueness of discrete solution

The scheme is set as a system of N + 2 equations and with N + 2
unknowns (u;)ieo,n+1]- In RN*2, existence and uniqueness are
equivalent for squrare system. Let us prove uniqueness, for linear
sysstem, it is equivalent that if ; = 0 for i € [1, n] then u; = 0 for
ielo,N+1].

If f; then (f,w)7 =0 for all w. Since up = upy4+1 =0, we can
consider w = u. From (3.4), we get

N

(gu,gu)p = Z \Di+1/2|(gu),2+1/2 =0
i—0

Since |D;y /12| is not vanish, this is to equivalent (gu);y1/> = 0 for
all i € [0, N]. According the define of (gu);y1/2, we get u; = ujt1
for all i € [0, N], combining with boundary condition, we ge u; =0
forall i € [0, N + 1]

CuuDuongThanCong.com https://fb.com/tailieudientucntt
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Finite Volume Method in 1D
LProperties of scheme

LThe case of Neumann boundary condition

We consider the equation with Neumann boundary condition

{ﬂm@):a@mn

v'(0) =J(1)=0 (3:5)

Remark
The necessary condition over f to the solution of (3.5) to exist is

/ f(x)dx =0 (3.6)
Q

Remark
To determine unique solution to (3.4), we have

/qnwzo (3.7)
Q

CuuDuongThanCong.com https://fb.com/tailieudientucntt
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Finite Volume Method in 1D
LProperties of scheme

LThe case of Neumann boundary condition

The equation —uyx = f is discrtized same Dirichlet boundary
condition, we get

i Uiyl — U n up — uj—1
|Til [ [Dita2l D1y

=f Viel,N (3.8)

Boundary condtions v/(0) = u'(1) = 0 are discretized by
(gu)l/z = (gu),\,+1/2 = 0, yields that

up = U1 and uyn = Un+1 (39)

Moreover, (3.7) is discretized by

N
> [ Tiluj =0 (3.10)
i=1

CuuDuongThanCong.com https://fb.com/tailieudientucntt
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Finite Volume Method in 1D
- Properties of scheme

\—The case of Neumann boundary condition

Thus, there are N + 3 equations and but only N + 2 unknowns.
However, the set of equations (3.8) and (3.9) are not indepent.
We have

N N
> [ (gu)it1j2 + (gu)i—1/2] = Z | Tifi

=1
N 1
ez + (g2 = - Til /T Fx)dx  (3.11)
i=1 Rl

The left hand side of (3.11) is vanish because of (3.9), the right
hand side is also vanish because of (3.6)
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Finite Volume Method in 1D
- Properties of scheme

\—The case of Neumann boundary condition

Thanks to (3.1) and to bondary condition (3.9), we have

(g(u),g(w))p = (f,w)r (3.12)
If f is vanish and let us be w = u, u;j = c for all i € [0, N + 1]/ We
use (3.10), we get ¢ = 0. Then u; =0 for all i € [0, N + 1].

Remark
When we make numerical analysis, since Z,N:l | Ti|f; is not always
vanish. We must make orther f; satisfy Z,N:1 |Ti|fi=0

N
£ Zi:l ‘T”f;
i |Til

na%d

1
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Finite Volume Method in 1D
- Properties of scheme

\—The case of Robin boundary condition

We consider the equation with Robin boundary condition

— Uyx(X) = f(x) in Q (3.13)
u'(0) — Au(0) =d'(1)+Mu(l)=0
we get discrete equation following:
1 Uiyl — Uj | Uj — Uj—1 Vi
— |- =f VielN (3.14)
| Til [ |Dix1/2l  |Dj—1y2|

and (gu)1/2 — Aoto = (8U)n41/2 + Aunt1 = 0.
How to prove the existence and uniqueness solution of the
scheme???
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Finite Volume Method in 1D
LProperties of scheme

\—Discrete Maximum Principle

We suppose that f is positive on Q and ug = uy,1 = 0.
We wish that we prove that the discrete solution remains
positive on €, i.e u; > 0 for all i € [1, N]

Prove:

We assume that for give i € [1, N], u; < 0. Then there exist

i € [1, N] such that u;, = min{u; : i € [1, N]}, thus u; < 0. From
discrete equation for —uy, = f, we get

1 fup —ujq1 | Uiy —Uj—1
|Til | |Djyy1/2] 1D —1/2]

=f (3.15)
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Finite Volume Method in 1D
LProperties of scheme
LDiscrete Maximum Principle
:

Since uj, = min{u; : i € [1, N]}, thus uj, — uj;+1 <0 and

uy — ujj—1 <0, combining with (3.15) with f; > 0, we have
Uj1+1 = Uj1 = uj1—1. From that, we can prove that

ui = ujp

forall i e[0,N +1]
but while ug = 0 which is a contradiction
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Finite Volume Method in 1D
LError estimation and convergence

LEstimatinn in energy norm

Since exact solution u € C1(Q). We can define projection
n:c(Q) —» rV+
ur— (Mu);=u(x)  Vie[o,N+1]
Since v € C°%(Q). We can define projection
P:C%(Q) —» RV
U/ — (PUI),'_H_/Z = U/(XH_]_/Q) Vi e [0, N]
Lemma

Let (wi)icjo,n+1) With wo = wyy1 = 0 and if u is the solution of
finite volume method. we have

(gu,gw)p = (Pu', gw)p 777 (4.1)
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Finite Volume Method in 1D
L Error estimation and convergence

\—Estimation in energy norm

We shall estimate the H} norm of u — Mu defined by

lu—Mufs,p = (g(u - Nu),g(u — Mu))y? (4.2)
We set w = u — lu, thanks to lema, since wyp = wy11 =0, we
can write
ju—Tuf} = (g(u M), g(u— Nu))p

g( ),&(w))p — (g(MNu), g(w))p
Pu',g(w))p — (g(Mu), g(w))p
PU’—g(”U) g(w))p

< ||Pu" — g(Nu)llo.plwl1,0

Since w = u — Mum then

ju—TNufy,p < [Py — g(Mu)llo,p (4.3)
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Finite Volume Method in 1D
LError estimation and convergence

LEstimatinn in energy norm

There hold

N
1PY — g(Mu)l3p = S Disaley o (4.4)
i=0
where €;11 > is the diffrence v/(xj;1/2) and finite diffrence

u(xit1)=u(xi) .
[Diy1/2] -
) u(xi+1) — u(x)
€iv1/2 =U(Xiy12) — ——
o el |Diy1/2]

We prove that

2 2
Displdies (3) 4 [ Pow 7 o)
Dit12

If X;11/2 is midpoint of D; 15 then

2
2
2 h*|| || LD, 1077 (4.7)

ilieudientucntt

4
2
|Di+1/2|5i+1/2 < QE
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Finite Volume Method in 1D
LError estimation and convergence

LEs':imatinn in energy norm

We set:
Ki={i: Xit1/2 = %} and Kr = {i: Xiy1/2 # Xf+£<.-+1}
There holds

N

2 2 2
Z ‘Di+1/2’€i+1/2 = Z ‘Di+1/2’€i+1/2 + Z ‘Di+1/2’5i+1/2
i=0 ieK1 iek2

4 2
< (E) h* Z ||f/”L2(D,+1/2) + ( ) 4h? Z/
! ick, * Div1/2
(4.8)

We have

2

4\? 4
(E) WY 1P I, < (1—5) W1 12

€Ky
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Finite Volume Method in 1D
L Error estimation and convergence

\—Estimation in energy norm
We suppose that f € H'(Q) and f continuous on Q then
1120 < NIy + 1F1Eo)

/D F2()dt < 2h(2l|F| 20 + IIF 22y
i+1/2

So

2 2 2 3 /

2 ey )dt < (2) BlKal (2l ey + 1 o)
IEK2 l+1/2

Then

4
-1 < (=) mf
lu—TMNul1p < (15> 1|2

2
N (3) 2V2/ Ko 2V 2 Fll 2y + Il 2(ey)

which leading term behaves like O(h%/2). If K5 is bounded when h
cwpuongTi@REISEO Zero, then convergange.dsatileast of 1.5 order
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Finite Volume Method in 1D
|—Error estimation and convergence
L Estimation in L%(Q) norm
:

Lemma (Discrete Poincare inequality)

Let (wi)icjo,n+1) Such that wo = 0 then [|w(lo,7 < |wl|1p
How to prove this Lemma?77?7?
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