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Parabolic equation
LParaboIic equation in 1D
L Introduction

Introduction

The domain of the computation will be 2 =]0; 1[. Let the function
f € L?(Q), we will look for an appproximation of the following
problem

ur(x, t) — uxx(x,t) = f(x,t) in Q
u(x,0) =up(x), x€Q (1)
u(x, t) =g(x,t), x€0Q,te(0,T)
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L Mesh
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Let us choose N + 1 points {X;;1/2};.57 in [0; 1] such that
0=x120 <xg2 <+ <xy-1/2 < Xny12 = 1.
We set T; = [X-_1/2,X,-+1/2], Viel,N, h= maxiem{]7_;|}
x=0, xyj1=1, x €T, Viecl N

We call (T});ci control volumes and (x;);5 7 control points.
We divide the interval [0, T] into Nj + 1 sub-intervals of constant
length k and denote t, = nk. Denote by uj' the discrete unknowns;

cuoungitResyalne uf is an appreximationof (i, tn)-
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L Scheme

Semi-discrete approximation
Integrating the first equation in (1) over control volume T;, there
holds

i),

Applying the Green's formula, we obtain

1
(x,t)dx = / f(x, t)dx
!T\ I Til J,
()

1 —ux(X; 1, t) + ux(x;_1,1)
— U (x, t)dx = 2 2 3
7 Jy, 0! i ©
and we put
1
fi(t) = 57 / f(x,t)dx mean-value of f over T; (4)
1 T;
Thus
dus —Uy(x: 1, t) 4+ ux(x:_1,t)
Ty ¢ — 2 TS gy (5)
CuuDuongThanCong.com dt https://fb.com/tallleuc*e]l_ﬁntl
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¢ Approximate uX(x,-Jr%, t): use Taylor series expansion

u(xivr, t) =u(xjp 1, 1) + ux(y 1, 1) (Xt = X41)
Uxx(X,'+ly t)
R T T X,-+%)2 +0(h%)
u(x;) :U(XH-%? t) + ”X(Xi-i-%? t)(xi — Xi+%)
UXX(XH_%, t)

& 2!

e )2 3
(3% = x1)? + ()
Thus
u(xiz1, t)—u(xi, t) = (xi41 — x,-)uX(xH_%, t)
uXX(Xi+%, t)

(O = X1 0 = 0 — 33— 2+ O(R)
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Thus

u(xip1, t)—u(xi, t) = (xj41 — x,-)uX(XiJr%, t)
Uxx(XiJrl: t)
F(Gn —3543) — G = V) o)

We have two cases:

Case 1: X1 1 is the midpoint of segment [x;, x;11] then

U(Xi+17 t) - U(Xi7 t)
Xi41 — Xj

uX(xiJr%, t) = + 0(h?)

Case 2: Otherwise,

)= u(xit1,t) — u(xi, t) +o(h)

Xi4+1 — Xj

UX(X,-+%, t

CuuDuongThanCong.com https://fb.com/tailieudientucntt
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LScheme

From two cases, we get the approximation of the term ux(xl-+;, t)
2

(i1, t) = un(t) Zuilt) gy (6)

Xi41 — Xj

Substituting this approximation to the equation (5), we have

du,-(t) U,',l(t) 1 1
— + + ui(t
dt (xi —=xi—)|Til * * (Xiv1 — x0)| T (x,~—x,-,1)|T,-|) ()
uir1(t) Je—
_ MY ey WieTN
(xiv1 — xi)| Ti ®)
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L Scheme
du,-(t) B U,'_1(t) 1 1 u
Pl ey 15 Y prppes 1 el gy T A DAL

uir1(t) L
Ui\t _fy) VieTN
(xiv1 — x;)| Ti ®)

We set, for all i € 1, N,

o -1
T DI T
1 1
gk (xi+1 — xi)| Til * (xi — xi—1)| Til
) -1
T i — X))
Thus, we get
duj(t)

+ ajui—1(t) + Biui(t) + viujpa(t) = fi(t) Viel,
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Linear system for the scheme

((duy(t)

+ Brur(t) + y1ua(t) — (1)
dup(t) + apui(t) + Paua(t) + yous(t) = f(t)
du;it) + azua(t) + Baus(t) + v3ua(t) = (1)
duNJ:(t) +  an_1un—2(t) + By—1un—1(t) + ynv—1un(t) = fy—1(t)
\ dugt(t) 4 anun-1(t) +  Bnun(t) = fn(t)

(8)

CuuDuongThanCong.com https://fb.com/tailieudientucntt
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If the spacing T; is uniform, for each i € 1,.., N there holds

du;(t
udg ) =ruly = 2ru! + rul g, ug & u(Xm, nk)
where r = k/h%. Then we get the linear ODE system
dU(t
di) = AU(t) + F(t) (9)
where A is a discrete approximation of the differential operator 03)(.
r —2r 0 0 0 0 ] [ A1)
r =2r r 0 0 0 f2(t)
N f(t
A |0 1 2r r 0 0 P 3§ )
0 O o --- 0 0 :
0 O 0 ro =2r r fn_1(t)
L0 0 0 0 r =2r | | ()

(10)
cubuongTlaEngmatrix A is tridiagenal.aad.symmetric positive definite
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Fully-discrete approximation
The semi-discrete approximation leads to a system of ODEs

du(t) _
% = AU(t) + F(t) (11)

This can be solved by standard numerical methods for ODEs with
a time step At = k, e.g. the Forward Euler method

U™ = U™+ k(AU" + F"), U" ~ U(nk) (12)
or
U™ = (I + kKA)U" + kF",  U" =~ U(nk) (13)
This is an explicit method and the time step restriction is
k 1

In many cases, this restriction is too severe and we need to switch
CuuDuongmdm.&lwiCit methOdS https://fb.com/tailieudientucntt
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The " #-method”
U™ = U™+ KA [(OU™ + (1 — 0)U"] + k [0F™ + (1 — 0)F"]

Fg
(15)
or
(I — 0kAYU™ ! = (I + (1 — O)KA)U™ + kFy (16)
This includes some common methods
» 0 = 0 = Forward Euler (explicit, 1st order)
» 0 =1/2 = Crank-Nicolson (implicit, 2nd order)
» 0 =1 = Backward Euler (implicit, 1st order)
One can show the time step restriction
1
k < h?{ 2(1=20) b<1/2 17)
N 00, 1/2 <6 <1 (unconditionally stable)

cunuongT@Merer, we need to sedvecavlineansystem in each time step.
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L Numerical experiments

Consider the PDE: u; = fxuw, x€(0,1),t€ (0, T)
Initial condition: up(x) = sin(2mx)
Boundary condition: u(0,t) = u(1,t) =0
Exact solution: u(x,t) = ef%wztsin(27rx)
Stability condition: k/h? < (1/2)/(1/16) =8
Exact solution vs numerical solution at T =4, k/h?> =8

%10 =

exact solution

x N=10
1 * N=50
% N=100

5 . . .
CuuDuongThanCong.com 0 hllps:?l?b. com/taiftéudi e@tucﬁhﬁ 08 !
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Exact solution vs numerical solution at T =4, k/h?> =9

« 10105 k/h2=9
1 — 1
* 0ox exact solution
08k * * *x  N=10
* x *®  N=50
06 * » -
” 4 N=100
04t * »
% »
02+ ® ®
L3 x
= 0 # ] L3 # - Lo - - # ol
%
02Fa x
x x
04, "
® E 3
06 "
®

bul * % x * ®

1 EER LS

"o 02 04 06 08

*
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Lax equivalence theorem: The approximate numerical solution
to a well-posed linear problem converges to the solution of the
continuous equation if and only if the numerical scheme is linear,
consistent and stable.
Let u(x;, t") be the exact solution of the PDE
U be the exact solution of the finite volume scheme
U!" be the actually computed solution of that scheme.
Then

|uf = Uf| < |uf = U7 | +|U; = U7
If the scheme is consistent then
luf — U7 < O(h*, kP),¥i=1,.,N;n=0,1,...
If the scheme is stable then

U] — UP| < O(h*, kP),Vi=1,.,N;n=0,1,...

CuuDuongThanCong.com https://fb.com/tailieudientucntt
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Method 1: Matrix stability analysis
Consider the heat equation

Uy = Uxx

subject to a Dirichlet boundary condition.
After discretization by forward Euler scheme we obtain

U™t = (I + kA)U"

Let r = & and B = I 4+ kA. For regular grid the matrix B has the

h2
form
1-2r r 0o . . 0
r 1-2r r O . 0
0 . 0 r 1—2r r
0 . .0 r 1-2r

CuuDuongThanCong.com https://fb.com/tailieudientucntt
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Iteration of the scheme will converge to a solution only if all the
eigenvalues of B do not exceed 1 in magnitude. Indeed, if any of
these eigenvalues exceeds 1 (say, A1 > 1), then ||U" = B"U°|| will
grow as A7.

Proposition: Let B be an N x N matrix of the form

b ¢ 0 . .0
a b c 0 . 0

0 . 0 a b c
0O . . 0 a b

The eigenvalues and the corresponding eigenvectors of B are

(3)1/2 sin L

c 2/2 N+1
H .2y
T 2) % gin ~TL .
Aj = b+ 2y/accos , (C) N+1 , Jj=1..N
N+1 e
N/2 . i
2) % sin vt
CuuDuongThanCong.com https://fb.com/tailieudienlﬁcntl
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We can immediately deduce that the eigenvalues of B are
Aj=1-=2r+2rcos(mj/N), j=1,.,N—-1
and hence
Amin = AN—1 = 1 — 2r + 2r cos(n(N — 1/N)
Amax = A1 = 1 —2r 4 2rcos(m/N)
If 7/N < 1 the preceding expressions reduce to
Amin = AN—1 =1 —4r + r (7/N)?
Amax = A1 =1 —r(m/N)?
The condition for convergence for A, yields
2 1

r<— = —
= T\ 2 2
4= (%)
With this condition, all the round-off errors will eventually decay,
cuubuongTan@nlve scheme is stabbeiib.comtaitieudientucntt
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Method 2: Von Neumann stability analysis
It is rare that the eigenvalues of a matrix are available. We would
like to deduce stability without finding those eigenvalues.
Let us denote the error at point (xm,, nk) by €. Since the heat
equation is linear, the error satisfies the same equation of the
solution
Rl = refy (1 2r)eh, + ey

At each time level, the error can be expanded as a linear
superposition of Fourier harmonics:

6,,.7" — Zp”eiﬁlxm
I
Substituting the above expression into the equation for the error

we obtain

pn—l—leiﬂxm — rpneiﬁxm_H + (1 _ 2r)pneiﬂxm + rpneiﬁxm_l

CuuDuongThanCong.com https://fb.com/tailieudientucntt
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We divide all terms by p"e/?* to obtain
p=reP" 4 (1 —2r)+re"P" =1 —2r 4 2rcos(h)

Theorem (Von Neumann)
A numerical scheme for an evolution equation is stable if and only
if the associated largest amplification factor satisfies

lp| <1+ 0(At)
Condition |p| < 1 yields
—1<1-2r+2rcos(ph) <1

or

h
—1<1—4rsin? (%) <1

CuuDuongThanCong.com https://fb.com/tailieudientucntt
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|—Parabolic equation in 1D
LLinear stability analysis
:

The LHS inequality implies

.o (Bh 1
rsin — | < =
2 )72
In the worst case we must have
< 1
r —
-2

CuuDuongThanCong.com
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Compare method 1 and method 2
» The condition obtained by method 1

< 2
r< — a8
— T 2
4— (%)
is slightly different from that obtained by method 2

h 1
rsin? <i> < 5

because method 1 takes into account the boundary condition
while method 2 ignores these conditions.

» Method 1 provides a sufficient condition for stability of the
numerical scheme. A condition on r obtained by Von
Neumann analysis is necessary, but not sufficient for the
stability of a finite volume scheme. A scheme may found to
be stable according to the Von Neumann analysis, but taking
into account the boundary conditions may reveal that there

CuuDuongThanCongSrf)m iS an instabiW./lfb.com/taiIieudienlucntt
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LConvergence and error analysis

Existence and uniqueness of the solution

Proposition: For a given n, the discretized problem

+1 +1 +1 +1
u{1+1 _ ulp +k <(ul(7+1 B u;' ) + (ulrl—l - ul{7 )> + kf;.nJrl (18)

' |Djt1/2|1 Til |Dj—12||Til
fori=1,..,N, k=1,.., Ny + 1 with
W =u(x), i=1,..,N
and
ug = g(0,nk), un,i=g(1,nk), k=1, Nc+1

has a unique solution U" = (uf, ..., uf)) € RV,

CuuDuongThanCong.com https://fb.com/tailieudientucntt
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Proof

We only need to prove the uniqueness of the solution. For a given
ne{l,..,Ng+1}, set £ =0 and u = 0in (18), and
g(0,nk) = g(1,nk) =0 for all i € {1,.., N}. Multiplying (18) by

1 . . .
u’** and summing over i € {1,.., N} gives

N N 1 1y, nt1 1 1y, nt1
ST = kS (uiy — o)™ (el — o
e} ' v 1Dit1/2] |Dj_1/5]
or

"+1 n+1y2 n+1y2 n+1\2

n+1 —U; ) (U ) (Ul ) .
0,7 Tk + k + k =0

I Z |D, 1/2] |Dny1/2] Dy 5|

It yields that u™™ =0 forall i =1,.., N.

CuuDuongThanCong.com https://fb.com/tailieudientucntt
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Stability of the solution
Proposition: There exists ¢ only depending on ug, T, f and g

such that
[u"loo, ne{Ll, s Nk +1}}<c
Moreover,
c = |luolloc + I&lloc + Tl
Proof

Let mg = min{g(x,t),x € 0Q,t € [0, T]}. Suppose that
min{u™ 1, N} < m,. Take i such that ug“ = min{u"", 1, N}.
The discrete equation written for T}, is

+1 +1 +1 +1
e u + k (ul{:)-‘rl - ul{:) ) + ( l,(1) 1 ug ) + kfr+L
Ui |Dig11/21] T |Dip—1/2[1 T o

CuuDuongThanCong.com https://fb.com/tailieudientucntt
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LConvergence and error analysis

Since ugﬂ < mg we get

1 1 1 1
k (ui,:)il B u'{(1)+ ) + ( ’r(])+1 UZ)+ ) >0
|Dit12|| Til |Di—12|| Tl

Therefore
ug+1 > up + kfi(;’+1 > min{u], 1, N} + km¢

where mg = min{f(x,t),x € Q,t € [0, T}
It implies that

min{u™ TN} > min{min{u/",i = 1, N} + kms, m,}
By induction it yields

mln{u”+1, N} > min{min{u?, 1, N}, mg} + min{(n + 1)kmg, 0}

CuuDuongThanCong.com https://fb.com/tailieudientucntt
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LConvergence and error analysis

Similarly,
max{u""!, 1, N} > max{max{u?,1, N}, M, } + max{(n + 1)kM, 0}
where My = max{f(x,t),x € Q,t € [0, T]} and

Mg = max{g(x,t),x € 9Q,t € [0, T]}.
It follows that

lu"loo ne{l,..,Nxk+1}} <c

where

¢ = [uolloo + llglloo + TIIflloo

CuuDuongThanCong.com https://fb.com/tailieudientucntt o = =
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Consistency of the scheme
If ue C2([0,1],R), there exists C € R, only depending on u such

that
n+1 _ n+1 n+1 n+1
|Ti+1/2| =5+ Ri—1/2 N Ri+1/2| < C(h+k)
where
Ti isth - istn
Sin-l-l _ / Ug(X, tny1)dx — | ‘(U(X +li) U(X ))
| Til
u(x;, tp — u(xj—1, ty
R,-"_Jrll/g = Ux(Xi_1/2, tn1)dx — ( #1) = 0001, 1)

|Dj_1/2|

u(Xit1, tay1) — u(xi, tn+1)|

Rn+1
|Djt1/2]

i+1/2 = UX(Xi+1/2a tn+1)dX -

CuuDuongThanCong.com https://fb.com/tailieudientucntt
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|—Convergem:e and error analysis

Proof

We have proved for elliptic problems that

n+1
RIHL,| < Ch
and
n+1
IRIL| < Ch
It suffices to prove

ST < C(h+ k)

CuuDuongThanCong.com
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LConvergence and error analysis

Error estimate

Proposition: There exists C € R only depending on u, Q2 and T
such that

N 1/2
(Z(e,")z\m) < C(h+k), Vne{l,. Ng+1}
i=1
where el = u(x;, nk) — uk.
Proof
Integrating equation u; — Uy, = f over T; yields

/ Ut (X, tay1)dx — [ux(Xit1/2, thr1) — Ux(Xi—1/2, thr1)] = / f(x, tht1)a

The approximate solution U satisfies

1 +1 +1 +1 +1
| Til(uf™ —wup)  [uly — o + i =/ f(x, tat1)dx
k |Djy1/2] |Di_12| o

CuuDuongThanCong.com https://fb.com/tailieudientucntt
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LConvergence and error analysis

Subtracting side by side these two equations gives

1 1 1 1
| Til(uf ™ —up)  (uliy =™ =t
k |Djt1/2] |Dj_1/2|

— / ue(X, tay1)dx + [Uux(Xit1/2, thr1) = Ux(Xi—1/2, tar1)] = 0

i

From here we make appear the error

T ) (et e g
k |Diy1/2] |Di_1/2]

_ _cntl +1 +1

L _Sin + (Rirlf—l/2 B Rin—l/2)

CuuDuongThanCong.com https://fb.com/tailieudientucntt
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LConvergence and error analysis

Multiplying by ei”Jrl and summing all over i gives

N
§ : | T |en n+1 E Sin+1ein+1
i=1 i=1

N
+ Y Riprjp(e ™t — el

Using the same technique for elliptic problems we get

N N
1
Lr <D |Tilelef ™ =) Sptte ™+ G2
i=1 i=1

1 n+12 1
k”e HO,T+2’e

We have the following inequalities

N N
DSl < Golh+ k)Y ITillef ™ < Co(h+ K)I[0, ][ €™ lo,7
i=1 i=1

CuuDuongThanCong.com https://fb.com/tailieudientucntt


http://cuuduongthancong.com?src=pdf
https://fb.com/tailieudientucntt

Parabolic equation

LConvergence and error analysis

N
1 1
22 | Tilefe™ < (lle™ lo.r + lle"llo.7)
i=1

Therefore

1 1 1
orlle™ G+ Sle™ T p < o 5,7 + Golh+ K)lle" o7 + Gub?

It implies that
le™ 5 7 < €57 + Ca(kh? + k(h+ k)€™ lo,7)  (19)

where Gz = max{2Cy,2G}.
Applying Cauchy-Schwarz inequality gives

k(h+ k)lle™ or < €™ 5 7 + (1/€) k3 (k + h)*  (20)
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Taking €2 = k/(k + 1) in (20) yields

k(h+k)|le

le™ 15,7 + C3k?(k + h)?

k+1
~k+1 k
Inequality (19) can now be rewritten as
€™ 3.7 < (1 + K)[[e"l3 1 + Cskh* (1 + k) + (1 + k) C3k(k + h)?
(21)

Suppose that He”Hg + < cn(h + k)? then from (21) it yields
1+ k)(h+ k)?cy + Cskh?(1 + k) + (1 + k)2 C3k(k + h)?

+ Kk)(h+ k)?ch + Ck(h 4 k)*(1 + k) + (1 + k)>C3k(k -

(1 + k)cn + k(C3(1+ k) + C3(1 + k)?)]

2[(1+ K)cn + k(C3(1+ T) + C3(1 + T)?)]
Cy

12
le™ lo, 7 <
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LConvergence and error analysis

Setting cpr1 = (1 + k)cp + Cyk then

le™ 5.7 < cnsa(h+ k)?

Since ||e"||3 + = 0 we can choose ¢y = 0. This choice gives

cn=[(k+1)"—-1]C
We will prove by induction that

which gives

I3 7 < Cae®T (h+ k)
CuuDuongThanCong.com
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