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Finite Volume Method in 2D
L Introduction

Let Q C R? and f € L2(Q). We will use the finite volume method
to discretize the following Poisson equation

—Au="f(x,y) inQ (2.1)
subject to a Dirichlet boundary condition:

u(x,y)=0 on 09. (2.2)
The Laplacian A is defined in Cartesian coordinates by

0*  0?

2 _ Y 47
A=V _8x2+8y2

When f(x,y) =0, (2.1) is called Laplace equation.
The existence and uniqueness of the solution to equation (2.1) is
proved. Our purpose is to find the discrete solution.
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Finite Volume Method in 2D

|—Rectangular mesh

L Rectangular mesh
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Finite Volume Method in 2D
- Rectangular mesh

L Rectangular mesh

Consider Q = (0,1) x (0,1). On interval [0, 1], we make two
partition (Xi+%)ieQT1' (yj+ );con; such that

OZX%<X%< - < Xy, 1<XN+1_1

Ozy%<y%<--~<yN2_%<xN2+%:1.

Let T = (Ty);ctn; jetn; e an admissible mesh of (0,1) x (0,1)
such that

Ty = DXl < s vl

Tjj is called a control volume of 7. The points x;, 1, Yjy1 are
2 2
called mesh points.
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Finite Volume Method in 2D
- Rectangular mesh

L Rectangular mesh

Choosing the sequences (xi);cg ;71 and (¥));compr1 such that

X0 = X1, Xj= 5 (X,-,% +X,-+%> o XN+l = Xy 41

1,

2
1

0=y ¥ =5 (g ) Mt = Yy

The point (x;,y;) is the control point of control volume T; ;.
Let

h; = \xi+%—xi7%|, ki = \)/H%—yji%] forall i€ 1,Ny and j € 1, N,
and

h+§ = [xit1—=xil, ki1 =|yj+1—y;| foralli€0,Ny and j €0, No.

NI

Then, the area of control volume | Tj;| = hjk;.
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Finite Volume Method in 2D
- Rectangular mesh
L Scheme

The finite volume scheme is found by integrating the first equation
of (2.1) over each control volume T;;, which gives

/ —Au(x,y)dxdy = ’/ (x, y)dxdy (3.1)

Following the definition of —A operator, we have

1/ 1

- uXXx,ydxdy—/ uyy(x,y)dxdy = /fx,ydxd

Tyl Jr, 0N OY =y [ by =1 [ )
(3.2)

We can rewrite clearer that

—1 Yj+1/2 i+1/2 1 Xit1/2 Yi+1/2
- / Uxx (X, ¥) T / uyy (x, y)dydx
| Xj_— 1/2 | | Xi— 1/2 —-1/2

TU| Yj—1/2

‘/ (x, y)dxdy (3.3)
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LRectanguIar mesh
LScheme
:

Applying the integral formulation, we obtain
/YJ+1/2/ ,+1/2
Yj—1/2

Vil
w(X, y)dxdy = /J+2
Xi—1/2 Yy

ux(Xjy 1, y)dy
-3

i+l
- [ utdy 34
Y-} i
and
/‘Xi+1/2 /Yj+1/2
X Y

i—1/2

X 1
uyy (x,y)dydx = /
i—1/2

X

ty (%, ;41)d
i1
X’.+%
- uy (%, y;_1)dy
X
CuuDuongThanCong.com
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Finite Volume Method in 2D
|—Rectangular mesh
LScheme
Then, we get
-1 j+3 1 Yi+d
i ux (X4 1 ,y)dy+—/J " ux(x;_1,y)dy
’ TU‘ j7% | T’_/| jf% 2
X, 1 1 Xi+1
?/ * uy(x, Yigl )dx-l—m/ : uy(x,yj_%)dy
1
=2
1
—/ (x,y)dxdy (3.6)
T
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LRectanguIar mesh
LScheme

The following approximations are made:

1 /yj+§

J- g~ -
Tox 7 X o<
- + + [N +

= = Nl=
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LRectanguIar mesh
LScheme

The approximate equation (3.6) becomes

Uity — Uu + Yij — Uimvy  Uig+l — Uiy | Uij — Uij-1 _ o
i

hih; h,-hl._% kjkjJr kjkj_%
(3.7)
where f;; = |T | / f(x,y)dx is mean-value of f on Tj.
ij
Rearranging equatlon .7) gives
1 u 1 u 1 —u 1 u
— Ui — Ui — ij-1— T Uijt1
h,-hi_% h,-h,-+% kk 1 kij%
(3.8)

+ Lo L u=s
hih;_s hh,+1 kik 1 kik; EA
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Finite Volume Method in 2D

LRectanguIar mesh

LScheme
By setting
1 b 1
aj=— i =
' hih,_1’ ' h,h,+%
1 1
_ d =
T Tk YT Tk

sij=ai+bi+c+d;
At cell (i,j) for i € [1,N1] and j € [1, N2] the discrete equation is
written as

—aitj-1j = bitjt1j — Guij-1 — djuij1 + sijuij = fy - (3.9)

The system is closed with boundary conditions

Uni+1,j = 0, jel,N,

Upj =
ic1, Ny (3.10)

and  ujo = ujn,+1 =0,
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- Rectangular mesh
L Scheme

Matrix form of the discrete equation
We arrange the discrete unknowns

(uij), i=1,...,Ny, j=1,..., Ny in the following form
_ . .. T
U= (U1,1,U12, ey UL Ny} U215 U225 ey UD Ny oei UNG 1y UNG 25 o UNG N )
and
. .. T
f=(f1, 2 N B2, g a1, TN 20 e TN NG)

Then the discrete equation is written in the matrix form Au = f

where
AL Dy 0 ... 0 0
G A D ... 0 0
A=
0 0 0 ... Ay-1 Dy
0 0 0 ... OGCn Apn,
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Finite Volume Method in 2D
LRectangular mesh
LScheme
where
Si1 — b1 0 0 0
—das S,"2 - b2 0 0
A’ = . . .
0 0 0 - SiNp—1 —bN2_1
0 0 0 . —an, Si Ny
—Cj 0 A 0 —d,' 0 0
0 —Ci .. 0 0 — d,'
Ci - . 3 ) DI = .
0 0 —Cj
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Finite Volume Method in 2D
- Rectangular mesh

\—Existence and uniqueness of discrete solution

The scheme is set as a system of Ny x N> equations with Ny x Ny
unknowns (ui,j)ie[l,N1],jE[1,N2]'

In RM>N2 - existence and uniqueness are equivalent for square
systems.

Uniqueness of the solution: We prove that if f;; = 0 for

i €[1,N;] and j € [1, Np] then u;; =0 for i € [1, N1] and

J € [1, N2]

Multiplying two sides of (3.7) by u;; and taking sum over
i€[1,N] and j € [1, Ny]

Ni,No T )
3 iy = uik (i — tiea )k
ij=1 L hi+% h"—% i
Ni,Np T )

n (vijpr = wighi  (uij—uij-)hi| =
> |- i =
ij=1 L kf+% kf—% _
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Finite Volume Method in 2D
- Rectangular mesh

\—Existence and uniqueness of discrete solution

Or
Ni,Np T )
3 iy — wij)uijky (Ui — Uie1j)uijky
ij=1 L h”+% hi—% |
Ni,N> T 7
3 |- (i1 — wig)uihi (i = uij-1)uihi |
ij=1 L kf+% kf—% i

Changing index and using boundary condition, we get

N1,N> N1, N>

Z (Ui+1Jh_ u/,_/ + Z UI,J+1 Ui,j)zhi —0

1

!
i=0,j=1 i+3 i=1,j=0

X
+
NIl

From this equality and combining with boundary condition, we get
uij =0 forall i € [1,Nyi] and j € [1, No]
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Finite Volume Method in 2D
- Rectangular mesh

L Error estimation

Error estimate

Let Q = (0,1) x (0,1) and f € L?(Q). Let u be the unique
solution of (2.1). We assume that there exist ¢ > 0 such that

hi > Ch for i € [1, Ny] and k; > Ck for j € [1, No]. Let

(Ui j)ie[1,n]je[,nm) be the unique discrete solution of (3.7). There
exists C > 0 only depending on u, € and ( such that

N17N2 (e e ) N17N2 (e e )
3 ROy T Gy 3 AL T B po< ch?, (3.11)
i1 i “iso  Kkivie
and
N1,N>
> (eig)?hik; < CH2, (3.12)
ij=1

where e j = u(x;j,yj) — u;j for all i € [0, Ni] and j € [0, Nb]
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Finite Volume Method in 2D
- Rectangular mesh

L Error estimation

Relation (3.11) can be seen as an estimate of a discrete H} norm
of the error, while relation (3.12) gives an estimate of the L? norm
of the error.

Consider first the case u € C?(Q2). We can prove as in 1D case.

Consistency
If u € C2([0,1] x [0,1],RR), there exists C € R only depending on
u such that
1 [Y+3 u(xit1,yj) — u(xi,y;
|Rit1/2,4] = |k/J " Ux(Xi1/2, y)dy— i ;7) & J)\ < Ch
Sy i+3
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LRectanguIar mesh

L Error estimation

Proof
Using Taylor series expansion, there exist 1;1/> € (Xi11/2, Xi+1)
and 0i+1/2 S (X,‘,X,'_;’_l/z) such that

u(Xiv1,¥j) — u(Xiv1/2:¥5)  Xit1 = Xig1/2

Ux(Xit1/2: )
hi+% hi+% Al
1 (Xit1 — Xiy1/2)
= 2 h . UXX(77i+1/2,Yj)

i+3
u(Xiy12:yj) — ulxi,y)  Xiga2 — Xi

h - h ux(Xi—l—l/vaj)

i+1 i+3
1 (Xit1/2 — xi)?
= —E';—’Uxx(9i+1/2,yj)
i+3
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Finite Volume Method in 2D
LRectanguIar mesh

L Error estimation

Taking sum of the two expressions gives

u(xi+1,y5) — u(xi, 1)
T T = = (X172, )
i+1
(xit1 = X,-+%)2 (X1 — xi)?

() + (073,
Aby)  Vlied ) gy O )

The following inequality holds

(X1 — X,'+l)2 (Xi+l - xi)?

Rf,|<—— 2 TR [ e [V (IS 7
| I+%,J| = 2(h’+%) |UXX(T]I+%7y_/)| + 2(h,‘+l) |uXX( 1+%7yj)|

cc (Xit1 — Xi+%)2 N (Xi+§ - x)?

\ hiy 1 hiss

2
< C(hi+%)
hi+§
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Finite Volume Method in 2D
LRectanguIar mesh

L Error estimation

According to mean-value theorem, the following equality holds
(X1, ) = (X 1,9) = (v = ¥y (xi1,0) - C € (v,)
Then
1 5¥) = i1 30)] = by = Lty (x42..€)
< kC
Incorporating with the equality on |R;k+%,j| it implies that

Vil
|mqu_/2 (172 )y — 3 )] IR

J+
s—/'ﬂw,ﬂw)— ey )l + HIR,

< ij + Ch
< 2Ch
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Finite Volume Method in 2D
- Rectangular mesh

L Error estimation

Prove the error estimate

1.
N1,N N1,N;
3 (eir1j— €ij)°kj S (eij+1 — €ij)?hi < B
i=0,j=1 hi+1/2 i=1,j=0 kJ'+1/2

Integrating equation —Au = f over K;; yields
1 /y”% 1 Yi+d
T ux(x; 1,y)dy+/ ux(x;_1,y)dy
|Ki,j‘ y._1 R |KI,J| y._1 AR

(x,y: 1)dx + —— / (x,y: )dy
\K,J\/ s |Ki =
—f (3.13)

The approximate solution U satisfies

Uitly — Uij  Hij — Uim1y  Mij+l T Uiy, Uij T Uij-1 g
— _ = f;
hih. 1 hih. 1 kik. 1 kik. 1 J
i—5 JTj+3 173
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I—Rectangular mesh

L Error estimation

Therefore,

1
J 2
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Finite Volume Method in 2D
LRectanguIar mesh

L Error estimation

Setting
Vil Uit i — Ui )k; 61 — e i)k
_/ 3 UX(XH%,},)dyJF% _ _kJ.R,.H/zJ_W
Yi-3 i+3 i+3
i+l ui; — ui—1)k; eij— e—1;)kj
/J 2 uX(x,-_%,y)dy—( IJ ; :1 1,J) J lﬁRi—l/zJ‘F( ] ; 111,1) J
Yi-3 i3 i3
X, 1 U1 — U Yhs e 1 —e )h:
_/ +§ (XnyH_ )dy+—( ”J—Hl-( ,’J) L= —hiRiJ+1/2_( IjJ—Hl.( ,’J) ’
i1 Jt+3 J+3

X1 s — Ui h e h
/+2 uy (X, y;_1 )dy—M:h,-Ru,l/ﬁM

i-3 kj—% kj—%
Then
(e ek (e —eimay)ky  (eijen —eihi (e —eij-1)h
Pivs i} K4 K1

CuuDuongTh?Colgé.gﬁi_l/z’J k R' Ili(’{ ’ﬁ’fbcom/tallleud(é'w_t Jg o hiRi’j+1/2
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Finite Volume Method in 2D
LRectanguIar mesh

L Error estimation

Multiplying by e; ; and summing over i = 1,...,Nq; j=1,..., N>

gives
N1, N> Ny, Ny
B Z (ei+1,) — eij)eijki Z (eij — el—l,J)eukJ
h.
i—1,j=1 i+3 =) —%
N1,N2 N17N2
S (eiJ+1—eiJ)eiJhi+ >y (eij — eij—1)eijhi
k. k.
i=1,j=1 J+3 i=1j=1 i—3
N1, N N1,N N1,Na
E RI+1/2JeI,_] E RI—1/2JeI,_]k + E Rl,j+1/2el,_]h
i=1,j=1 i=1,j=1 i=1,4=1
Ny, N
E Rij-1/26ih
i=1,j=1
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Finite Volume Method in 2D
LRectanguIar mesh

L Error estimation

Changing the index gives

N1,N2 Nl_]- N2
_ Z (ei+1,) — €ij)eijki + Z (eit1) — €ij)ei+1iki
h; h.
i=1,j=1 i+3 i=0,j=1 i+3
N1,No Ni,N>—1
B Z (eij+1 — eij)eijhi Y Z (eijr1 — eij)eijtrhi
k. k.
i=1,j=1 Y+ i=1,/=0 j+1
Nl,N2 N1—1 N> N17N2
= E: RI+1/2,jeI,J Z RI+1/2,JeI+1,Jk+ Z RIJ+1/ZeIJh'
i=1,j=1 i=0,j=1 i=1,j=1
Ni,N>—1
> Rijsypeijihi
i=1,j=0
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Finite Volume Method in 2D
- Rectangular mesh

L Error estimation

Reordering and using eg; = en, j = €0 = e n, = 0 yields

N1, N> N1, N> 2
Z (ei+1,j - e,J + Z eI,J+1 ei,j) hi
h.
i=0,=1 ’+% i=1,j=0 +%
Nl,Ng N17N2
Y Riyijglei —eivi)ki+ > Rijrije(eij — eijri)hi
i=0,j=1 i=1,j=0

Using the consistency property, it implies

N1,N> Ny, N>

> (e —ei)k 3 (eij+1 — &) hi

| L 1 = ki 1

i=0,j=1 i+3 i=1,j=0 J+3
Ny,N> Ny, N>

<Ch > |(eij—eix1)kil+Ch > (eij — eijya)hil
i=0,j=1 i=1,j=0

(3.15)
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Finite Volume Method in 2D
- Rectangular mesh

L Error estimation

Applying Cauchy-Schwarz inequality

No M e )2 /2 N,
i+1,j — €ij
>k z| |<zk PR ) SURIEE
i=0 i+% i=0
e.g.
N1, N, N> Ny (i1 — e )2 1/2
i+1, i
> e - enal < 3k 30 e
i=0,j=1 j=1 i=0 i+3
Ny N . . )2 1/2 Ny
i — e
Zh Zleu eu+1!<Zh Z*k— (D k)2
= j=0 Jt3 j=0
e.g.
N1,N> Ny N> e i1 — e )2 1/2
1 1
> eij—eijr)hil < hi Z > J
i=1,j=0 i=1 j=0 J+%

CuuDuongThanCong.com https://fb.com/tailieudientucntt
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Finite Volume Method in 2D
- Rectangular mesh

L Error estimation

By setting
Ny 2 N> 2
p. — Z (€1 — €ij) Q: = Z (eij+1 — eij)
J 4 h 1 Y 1 ' k 1
i=0 I+2 J:O .I+2
we have

N, Ny N> Ny
Y KP+Y hQ < Ch| > ki/Pi+> iV (3.16)
j=1 i=1 Jj=1 i=1

Applying Cauchy-Schwarz inequality for the RHS of (3.16) it yields

N> Ny N> Ny 1/2 N> Ny
S kPAY hiQi< Ch Y ki+> hi > kiPi+ > hiQ;
j=1 i=1 j=1 i=1 j=1 i=1

It implies that

1/2

No Nq
> kP> hiQ < 2C7K

CuuDuongThanCong.com j=fttps://fb.com/tailieadientucntt
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Finite Volume Method in 2D
LRectanguIar mesh

L Error estimation

2. S MM )2hik; < Ch2

ij=1
We have
i—1j
eij =y (ent1j— e-1y)
i1=0
Then
i—1
leijl < leit1 — el
i1=0

Applying Cauchy-Schwarz inequality, we have

2 4. 1/2
i
|el1+1,,/ el1,J|
leij| < E > hiiip
I1+1/2 i1=0
1/2

N-
i leit1j — el

i1=0 hi1+1/2

CuuDuongThanCong.com https://fb.com/tailieudientucntt
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Finite Volume Method in 2D
LRectanguIar mesh

L Error estimation

It is similar, we have

1/2
o Jergien — e
el < | S wlk—wl h;
a=0 T2
Multiplying two previous inequality, there holds
N | : 12 /o, ‘ : 1/2
2 €ii+1,j — €y €iji+1 — €ij
|ei,j| < Z 1 h,J 1. Z ,J1h WJ1
=0 ih+1/2 1=0 li+1/2
Applying Cauchy-Schwarz inequality, we have
Ny 2 N> 2
e < 1 3 leit1) — e jl® 1 3 l&ijit1 — iy
2020 w2550 Mg
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Finite Volume Method in 2D
LRectanguIar mesh

L Error estimation

Or

€ € € €
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Summing over i and j, we have
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Finite Volume Method in 2D
|—Rectangular mesh

L Error estimation

Then
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Finite Volume Method in 2D

L Admissible Mesh
L Introduction

Let Q C R? and f € L?(2). We will use the finite volume method
to discretize the following Poisson equation

—Au=f(x,y) inQ (4.1)
subject to a Dirichlet boundary condition:

u(x,y) = ug(x,y) onTl = 0. (4.2)
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L Admissible Mesh
L Admissible Mesh

Let Q be a polygonal domain covered by the elements (T;)jcq1,i) of
a mesh.

Figure: Mesh T; cover Q
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Finite Volume Method in 2D

L Admissible Mesh
L Admissible Mesh

Figure: Two neighboring cells of admissible mesh.

With each T;, we associate a point x; € T;. We will denote by i|k

the common edge of T; and T, when these two elements are
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L Admissible Mesh

The mesh is said to be admissible mesh if [x;xk] is orthogonal to
i|k for any couple (T;, Tx) of neighboring elements, and if, for any
element T; which has an edge on I, the orthogonal projection of
the associated point x; on the straight line going over the
considered edge belongs to this edge.

ilker
Figure: Non admissibility (left) and admissibility (right) at the boundary

In that case, the orthogonal projections on the edge is still denote
by xx with k € [/ 41,/ + I"], where /" denotes the number of

cunuongR@uRdary edges of themesh.wand.gedge is still denoted by ilk.
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L Admissible Mesh
L Admissible Mesh

For i € [1,/], we denote by V(i) C [1,/ + I"] the set of the
neighboring indexes of the element T;, by | T;| the area of T;. Let
h; denote the diameter of T; and p; denote the diameter of the
largest ball inscribed in T;.

We make the following shape regularity assumption on the mesh.
Assumption (shape-regularity of the meshes). There exist the a
constant positive 6 independent of mesh such that

min;epy, hi/pi < 0.

We next denote by E the set of all edges in the mesh, by E™ the
set of interior, by E®* the set of exterior. Let /; be the length of
ilk (note that lix = lx;), and let nj be the unit vector orthogonal
to i|k pointing from T; to T, (note that ny = —ny;). We will
denote by d; jjx = d(x;, k) (resp dy ) is the distance between
point x; (resp xx) and edge i|k, and dj = dii = ||Xix%]|-
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Finite Volume Method in 2D
L Admissible Mesh
\—Schme

We associate with any finite volume T; of the mesh an unknown
denoted by u;, which will approximate the value u(x;), and we
integrate the first equation in (4.1) over T;, there holds

r_T,-1| /T Du(x)dx = |T1| /T F(x)dx. (4.3)

The left-hand side of (4.3) may be evaluated thanks to Green
formula

Au(x)dx = —
!Tl/ |7, |

When the mesh is admissible, a reasional approximation of Vu - nj
on the edge i|k is given by:

VU(O’) . n,-kda (4.4)
kev(i)”’ ik

u(xk) — u(xi)
dik
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L Admissible Mesh
\—Schme

Thus as soon as k € [1,/] (i.e if i|k is interior edge), we can
approach

[;
Vu(o) - nxdo = d—k(uk — ) Vke[Ll.  (4.6)
ilk i

If k€ [l +1,1+1"] (i.e i|k is exterior edge), the formula (4.5) is

still a good approximation of the gradient in the normal direction.
However, the value u(xy) is known since k € . We may approach

l;
Vu(o) - nixdo = d—k(ud(xk) —u) Vker. (4.7)
ilk i
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L Admissible Mesh
LSchmta
:

Finally, the i equation of the scheme thus writes

T el

i|kgr dik

k

Z (ug(xi) —u) =1, (4.8)
|ker di

where f; is the mean-value of the function f over T; it mean that

)
fi=— [ f(x)dx
Ti T,-()
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L Admissible Mesh
\—Properties of Scheme

Divergence and Gradient operators

Let E be the all edges in the mesh and Ng be the number in the
set E (Np be number of boundary edges). We recall that / is the
number of elements in the mesh. We define the following discrete

divergence operator
d:RV — R

Z /lk Vik

ke V(i)

ik )i dv)
(Vik)ikee = (dv); |T\

We also introduce the discrete gradient operator

-

g: RI+I N RNE

Ug — uj
dik

From two operator and our scheme (4.8), we get

(ui)ier = (gu)ik ==

CuuDuongThanCongmrﬁ/(gU),' = f; v Iht@:/)éﬂ.go‘]]taia&lmuqatl: Ud(Xk) VXk c I

(4.9)

(4.10)

(4.11)


http://cuuduongthancong.com?src=pdf
https://fb.com/tailieudientucntt

Finite Volume Method in 2D
L Admissible Mesh
\—Properties of Scheme

Product scalars
We also define the discrete product scalar (.,.)7 by

/

(u,'),-e[l,/], (Wi)ie[l,l] = (u,w)T = Z Tiujw; (4.12)
i=1

and |[u]|§ 7 = (v, u)T
With each edge, we define discrete product scalar (.,.)p

liedi

(ai)ikee, (bi)ikee — (a,b)p = aik bix (4.13)

ikeE

and [[V|[§ p = (v.v)p. [uli p = llg(u)ll5 o = (g(u).&(u))
Finaly, we define boundary discrete product scalar on I’

(ai)ikers (bi)iker — (a,b)r =Y licaibik (4.14)
iker
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L Admissible Mesh
LProperties of Scheme

Proposition
Let (ui)jepi+ir) @nd (vik)ikee be given. There holds

(dv,u)T = —2(v,gu)p + (v,vu)r (4.15)
where the discrete trace operator vy is defined following way:

’y:RI'Hr — R’r

4.16
(Ui)ieror = (yu)ik = ux when x €T ( )

The discrete Green formula is discrete equivalent of

(Vv u)zq) = —(v, Vu)2) + (v - n,u) 2y
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\—Properties of Scheme

Discrete variational formulation

Consider any (w;)e[y,j+r With wi = 0 for all k € [I + 1,1 +1"].
There holds

2(g(u), g(w))p = (f,w)T (4.17)

Proof: Let us start from (4.11), multiple by | T;|w; and sum over
i € [1,1], we obtain

—(dgu,w)r = (f,w)r (4.18)
Combining this with the discrete Green formula (4.15), we have
2(gu,gw)p — (gu,yw)r = (f,w) 1 (4.19)

Now, on I, yw is vanish. Therefore (4.19) implies (4.17).
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L Admissible Mesh
\—Properties of Scheme

Existence and uniqueness of discrete solution

The finite volume scheme may be written as system of / + /" and
I + I" unknowns given by (4.11)/ Therefore, the existence and
uniqueness are equivalent. If f; = 0 for all i € [1,/] and uy = 0 for
all ke[l +1,1+ lr], then we can choose w = u, there holds,

thanks to (4.17),
(). g()p=0="3" "I (g2

ikeE

This implies (gu)ix = 0 for all ik € E. By the definition of (gu)ix,
uj = uy for all ilk (including the boundary edges). Combining with
boundary condition, u; = 0 for all i € [1,/+ /]
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Finite Volume Method in 2D
L Admissible Mesh

LProperties of Scheme

Discrete maximum principle

Proposition
We suppose that f is possitive on Q and that ux = 0 for all
k€[l 41,1+ 1"]. There holds
ui >0 Vie[1,1]

(4.20)
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L Admissible Mesh
L Error Estimation

We shall give error estimate for both in discrete H}(2) norm and
discrete L2(2) norm. We shall define mesh size
h = maxepy,j diam(T;). We suppose that u, exact solution of
(4.1) with uy = 0, belong to C%(Q). We condition the pointwise
projection of u as follows

(Mu)x = u(x) forall ke [1,1+ 1]
and this implies that
(Mu)k =0forall ke [l +1,1 4+ 1] (4.21)

We shall consider the diffence between the projection
((Mu)i)iep,i+r) the value (u;)icp, 4] obtained by from the finite
volune scheme in (4.11) with boundary condition

ue=0 forallke[l+1,1+1 (4.22)
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L Error Estimation

Energy norm

We would like to estimate the norm of the discrete gradient of error

|u—Nufi p = (g(u) — g(Mu), g(u) — g(NMu))p (4.23)
For first, we will define averaged normal gradient on each edge ilk
1
(5u),-k F /_ Vu- n,-k(a)da (4.24)
ik Jilk

Note that this implies that (0u)ix = —(du)ki
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L Admissible Mesh

L Error Estimation

Lemma
For any (wi)jcy,i4r) with wx =0 for all k € [l + 1,1 + I"], there
holds

(f,w)T =2(du,g(w))p (4.25)

Thanks to (4.17) and (4.25), we have

(0u, g(w))p = (&(u), &(w))p (4.26)

for all vanishing on the boundary. Setting w = u — NMu. Thanks to
(4.26), we have
wlip = |u—Tulfp = (g(u—Nu),g(w))p
= (g(v),g(w))p — (g(Mu), &(w))p

= (6u,g(w))p — (g(Nu), g(w))p
= (6u— g(Mu),g(w))p < ||6u — g(Nu)ljo,plw|1,0
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L Admissible Mesh

L Error Estimation

Thus, we have
lu—=TNul1,p < [6u—g(Mu)lo,p (4.27)

By definition of |.|o,p, we have

lidik
16u—g(Mu)§p =" ((6u)ix — (g(Mu))i)?
ikeE
Setting
eik = (0uw)ix — (g(Nu)); / Vu-ny(oc)do — d — 4
ik

1 1

=— | Vu-nyg(o)do — — Vu-ng(o)do
lix lik dik [xxi]
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L Admissible Mesh

L Error Estimation

Let x;x be intersection between /i and [xk, x;], then

e = % // (Vu(o) = Vu(xi)) - ni(o)do

1
_d_ik /[Xk,Xi](VU(J) = Vu(xi)) - nix(0)do

There exists constant C > 0(depending on u) such that

li/ (Vu(o) — Vu(xi)) - nix(o)do| < Cly < Ch
ik J Ik
‘/l / (Vo) — Vulxi)) - n(o)do| < Cdy < 2Ch
ik J Iy
Thus, this implies that
|e,-k| < 3Ch (4.28)
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Finite Volume Method in 2D
L Admissible Mesh

L Error Estimation

Using the estimate of ey, there holds

lidix
I6u—g(Mu)llp =" T(3Ch)2
ikeE

(4.29)

< (3ChY EE ”k;’k _ (3Ch2ll  (4.30)
Then,
|6u — g(Nu)llo,p < 3C|QYY?h (4.31)
This implies

lu—Mulyp <3C|Q)Y2h
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Finite Volume Method in 2D
L Admissible Mesh

L Error Estimation

L2 norm

We will prove the discrete Poincare inequality: Let wc[y ;4 rj such
that wy = 0 for all k € I'. Then there exists C = |Q|*/? such that

[wllo, < Clwl1,p (4.32)
Let us define the following function

w2 =R
x—wx)=wifxeT;

Let x € Q be given, we define by D} and D? the two straight line
going through with direction (1,0) and (0,1), respectively.
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L Error Estimation

L2 norm

For a given i|k in the set of edges E and a given x € Q,we also
define the function x%, with j =1 and j =2 by

le-k:Q—ﬂR

e /:k(X):{l if ilknDL+#0

0 if ilknD, =0
Then, for a given T; and for all x € T;, there holds
w(x) = wj = (Wj—wiq )+ (Wi = Wi )+ - -+ (Wi — Wi, )+ (Wi, — wi)

where the index k is such that x, € I and belongs to an edge of
the mesh which intersects D}, so that wy = 0. Since

Wi — Wiy = dk/k/+1(gw)k/k/+1
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LError Estimation

L2 norm

there holds

w(x Z iy ko gW)kleXklkz( )
ki|ko€E

Performing the same calculation with j = 2 instead of j =1,
multiplying the two inequalities, there holds

\

W)= DD ko (8W)iakeXkyko (X) D ik (8W)iak Xoyky (%)
kilko€E kilko€E )
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L Error Estimation

L2 norm

Intergrating over Q and taking into acount that w is a constant
over each T;, there holds

S Tiw? < / S ko @ik X ()

ie1, @\ ky|kocE

Z dky ko (8W) kK Xﬁl ko (x) | dxidxz
kilko€E

Now, it is easily seen that xim(x) only depends on x» and
XﬁlkZ(x) only depends on xj, so that, setting

a:=min{xy s.t. (x1,x2) € Q}, b := max{x1 s.t. (x1,x2) € Q}
a = min{xz s.t. (x1,x2) € Q}, B = max{x s.t. (x1,x) € Q}
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L2 norm

we get

i€[1,1]

> ITilw? S/ﬂ

«

r

Z dklkz(gw)klkzx}qu(XZ) dxo
kilko€E
Z dk1k2(gW)k1k2Xi1k2(X1) dx1
k1|k2€E
It is easily seen that

b
1 2
/ Xk (X2) a2 < ik, and / Xkoko (X1) X1 < ik,
e a
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L Error Estimation

L2 norm

So that we finally get

Z |TI|W12 < Z dk1kzlk1k2(gw)k1k2

I'E[l,l] kiko€E

Applying the discrete Cauchy-Schwarz inequality, there holds

iy ko iy ko
S (it <[ 3 Gl ) (5 Ay,

i€[1,1] kiko€E kiko€E

which is exact the discrete Poincare inequality (4.32).
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