CHUONG 1
HAM SONG

1.1 PHUONG TRINH SCHRODINGER

Hay hinh dung mot hat c6 khoi luong m, chuyén dong doc truc x, chiu moét luc cu thé F (x, 7)
nao d6 (Hinh 1.1). Cach 1am cta co hoc ¢6 dién 14 xac dinh vi tri cia hat & thoi diém cho
trude bat ky : x(£). Mot khi ta biét didu do, ta co thé tim ra van tdc (v = dx/df), xung luong (p
= mv), dong nang (7= (1/2)mv*) , hodc bit cir bién dong luc hoc nao khac. Va lam thé nao
ta xac dinh duoc x(¢) ? Ta ap dung dinh luat hai Newton : F = ma. (Pdi v6i nhitng hé bdo
toan — 13 loai duy nhat ta s& xem xét, va, may man 13, loai duy nhat xuét hién & cap do vi mo
— luc ¢6 thé duoc biéu dién 1a dao ham cua mot ham thé n:?mg,1 F =-0V/ox, va dinh luat
Newton 1a md*x/dt* = -0V/ox.) Piéu nay, cing véi cac diéu kién ban dau pht hop (thong
thuong la vi tri va van tdc tai t = 0), xac dinh x(¢).

"Luyc tir 1a mot truong hop dac biét, nhung khong phai lo ling vé no bay gio. Tién ddy, ta s& gia sir trong
toan bo cuon sach nay rang chuyén dong la phi twong doi tinh (v << ¢).

Co hoc luong tir tiép can cing van dé nay mot cach kha khac biét. Trong trudng hop nay cai
ta s& tim 1a ham séng cua hat, W(x, £), va ta c6 né bang cach giai phwong trinh
Schrodinger :

oW h2 92w
1 _— w, *
in ot 2m dx2 +V [1.1]

O déy i 1a cdn bac hai cta -1, va 4 13 hing sb Planck — hay thay vao d6, hing sb ban ddu cua
no6 (h) chia cho 2

h = i = 1.054572 x 1073J s, [1.2]
2n
Phuong trinh Schrédinger dong mot vai trd twong tw vé mit logich véi dinh luat hai
Newton. Cho trude nhitng diéu kién ban dau phu hop (thong thudng, (x, 0)), phuong trinh
Schrodinger xac dinh W(x, £) cho moi thoi diém ¢ twong lai, cling nhu trong co hoc ¢6 dién,
dinh luat Newton xac dinh x(¢) cho moi thoi diém ¢ tuong lai.”

1.2 DIEN GIAI THONG KE

Nhung chinh xac thi « ham song » nay 1a cai gi, va n6 lam duogc gi cho ban mdt khi ban c6
n6 ? R6t cude, mot hat, do ban tinh ctia né, dinh xr tai mot diém, con ham séng nay (nhu
tén goi ctia né chi ra) trai ra trong khong gian (n6 1a mot ham cua x, véi bat ky thoi diém ¢
cho trudc). Lam sao mot ddi tuong nhu Vay lai biéu dién trang thai cua mot hat ? Cau tra 1o
dugc cung cap nho su dién giai thong ké vé ham séng cua Born, néi rang [¥(x, £)|* cho xdc
sudt tim hat ¢ diém x, tai thoi diém 7 — hay chinh xac hon,’

j W (x,0)|" dx = {x&c suét tim thiy hat giita a va b, & thoi diém ¢} [1.3]
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3 Ban than ham song la phirc, nhung \P|> =¥V (trong d6 ¥ 1a lién hop phirc ctia W) 14 thyc va khong 4m —
di nhién mot xac suat phai nhu vay.

Xac sut 1a dién tich bén dudi db thi cia |¥|>. P6i v6i ham song trong hinh 1.2, ban c6 kha
nhiéu kha ning tim thay hat trong lan cén cua diém A, & d6 [¥|*16n, va tuong ddi it kha
nang tim thdy no6 gan diém B.

A |tp|2

/\

o
>

|
a b A B

Hinh 1.2 : Mot ham song dién hinh. Dién tich t6 mo biéu dién x4c suat tim thiy hat gitra a va b. Hat
¢6 kha ning duoc tim thiy gan A, va khong c6 nhiéu kha ning duoc tim thiy gan B.

Dién giai thong ké dua vao co hoc lwong tir mot kiéu bat dinh, vi ngay cé khi ban biét moi
thir Iy thuyét nay phai néi cho ban vé hat (tirc ham séng cua nod), ban van khong thé doan
trude mot cach chic chin két qua cua mot thi nghiém don gian dé do vi tri cua né — moi cai
co hoc luong tir phai dé xuat 13 thong tin thong ké vé cac két qua kha di. Su bat dinh nay
gy nhiéu khé khin siu sic cho cac nha vat Iy ciing nhu céc triét gia, va that t nhién khi
hoi rﬁng liéu né 1a mot hién tugng cta tu nhién, hay mot khiém khuyét trong ly thuyét.

Gia sir t6i do vi tri cua hat, va t6i thdy né & mot diém C.* Cdu héi : Hat & dau trude khi t6i
thue hién phép do ? C6 ba cau tra 101 hop 1y cho cau héi ndy, va chung dung dé dic trung
cac trudng phai suy luan chinh lién quan dén tinh bt dinh luong tir :

* Di nhién, khong c6 phép do nao chinh xac mot cach hoan hao : y tdi la hat dugc tim thiy trong lan can ciia
C, trong gidi han cho phép cua thiét bi.

1. Lap trudng duy thwe : Hat dd ¢ C. Diéu nay 16 rang c6 vé 1a mot cau tra 161 hop 1y, va nd
1a 13p trudng ma Einstein ung ho : Tuy nhién luu y rang néu diéu nay dung thi co hoc lugng
tor 1la mot ly thuyét khong hoan chinh, vi hat thuc sy da o C, va co hoc lugng tor khong thé
n6i cho ta biét didu d6. Pbi v6i nha duy thue, tinh bat dinh khong phai 13 mét hién twong
ctia ty nhién, ma 13 sy phan anh cua diéu khong biét ¢ ta. Nhu d’Espagnat da noi, « vi tri
ctia hat khong bao gio bat dinh, ma don thuan 1a ngudi lam thi nghiém khong biét. »° R
rang W khong phai 13 toan bo cau chuyén — can thém thong tin ndo d6 (dugc biét 13 mot
bién 4n) dé mo ta hat mot cach day du.

2. Lap truong chinh thong : Hat thuc sw di khéng & ddu ca. Chinh viée do da bat hat nam
mot chd (mic dau 1am thé nao va tai sao n6 quyét dinh nam & diém C ta khong dam hoi).
Jordan n6i mot cach gan nhu qua quyét : « Cac quan sat khong chi ankh huéng cai duge do,
chang tgo ra n6 ... Ta bdt (hat) 14y mot vi tri xac dinh. »° Quan diém nay (duoc goi 13 dién
giai Copenhagen), 12 do Bohr va cac mén dé. Pdi véi cac nha vat Iy ddy lic nao cling 13 1ap
truong dugc chap nhan rong rai nhat. Tuy nhién luu ¥ rang néu né dung, c6 cai gi do rat ky
vé viéc do — cai ma hon nira thé ky tranh cii hiu nhu khong 1am sang to duoc.

3. Lap truong bat kha tri : Tir chéi tra loi. Didu nay khéng ngd ngan nhu ta thdy — rét cudc,
c6 nghia gi khi khang dinh vé trang thai ciia mot hat trwdc khi do, khi cach duy nhat dé biét
li¢u ban ding hay khong 1a thuc hién mot phép do, trong truong hop do cai ban c6 khong
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con 1a « trude khi do ? » N6 1 siéu hinh hoc (theo nghia xu cta tir nay) khi lo ling vé cai
khong thé duoc kiém chimg do ban chét ctia né. Pauli néi rang : « Ta khong nén nghi nhiéu
vé van dé liéu cai ma ta khong thé biét gi ca vé n6 c6 ton tai nhu véy, ciing nhu hoi cau hoi
xa xua 1a c6 bao nhiéu thién than c6 thé ngdi trén ddu mot ciy kim. »” Trong nhiéu thé ky
day 1a 1ap truong « rat lui » cua hau hét cac nha vat Iy : Ho c¢6 ging dua cho ban cau tra 1oi
chinh thng, nhung néu ban ngoan c¢b ho s& quay vé cau tra 10 bat kha tri, va két thuc buodi
no6i chuyén.

Mai dén gan déy, ca ba 1ap truong (duy thuc, chinh théng va bat kha tri) déu c6 nhimng
ngudi ung hd. Nhung nim 1964 John Bell 1am cong dong vat 1y ngac nhién khi chimg to
rr?mg c6 mot su khac nhau quan sat duoc vé viéc liéu hat c6 mét vi tri chinh xac (mac du
khong duoc biét) trude phép do, hay khong. Phat minh cia Bell d2 loai bo hitu hiéu thuyét
bét kha tri luan véi tu cach 1a mot kha ning c6 thé ton tai, va dit ra mot cau hoi thue nghiém
liéu 1 hodc 2 1a Iya chon dung. T61 s€ tro lai cau chuyén nay ¢ cudi cudn sach, khi d6 ban s&
& mot vi tri tét hon dé hiéu 1ap luédn cua Bell ; hién gio, chi can noi rﬁng cac thi nghi¢m da
x4c nhan mot cach dat khoat cach dién giai chinh théng - Mot hat khong c6 mot vi tri chinh
xéc trude phép do, khong khac cac gon song trén mit hd ; chinh qué trinh d6 cin mot con sb
cu thé, va do d6 theo mot nghia nao do fgo ra két qua 10 rang, chi bi gidi han boi trong sO
thong ké do ham séng qui dinh.

Néu t6i thuc hién mot phép do thir hai ngay sau phép do thir nhét thi sao ? Liéu toi c6 thu lai
dugc C, hay viéc do tao ra mot s6 hoan toan m&i mdi 1an do ? Vé cau hoi nay moi nguoi
déu dong y 1a : Mot phép do lap lai (1én cing mot hat) phai thu dugc cung gia tri. That vay
s& kho dé chimg minh rang hat da thuc sy ¢ C trong 1an do dau, néu diéu nay khong thé
duoc khang dinh bang cach 1ap lai ngay phép do. Liéu cach dién giai chinh théng c6 giai
thich viéc phép do thtr hai budc phai dua t&i gia tri C ? R rang phép do dau tién lam thay
d6i triét dé ham song, sao cho bay gid n6 c6 dinh nhon quanh C (Hinh 1.3). Ta noi rang ham
song suy sup, do viéc do, t6i mot dinh tai diém C (n6 trai ra ngay, theo phuong trinh
Schrodinger, nén phép do thtr hai phai dugc thuc hién nhanh). Khi d6 c6 hai kiéu qua trinh
vat 1y hoan toan khac biét : nhitng qué trinh « binh thudng », trong d6 ham séng tién trién
mot cach tur tir theo phuong trinh Schrodinger va « cac qua trinh do, » trong d6 ¥ dot ngdt
suy sup mot cach khong lién tuc.’

b w2 ﬂ

Hinh 1.3 : Suy sup ham song : d thi cua || ngay sau khi mot phép do tim thay hat ¢ C.

1.3 XAC SUAT
1.3.1 Bién roi rac

1.3.2 Bién lién tuc
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1.4 CHUAN HOA HAM SONG

Bay gio ta quay trd lai dién giai thong ké ciia ham song (Pt 1.3), néi rang [¥(x, £)[* 1a mat do
x4c suat dé tim thdy hat & diém x, tai thoi diém ¢. Theo d6 (Pt 1.16) tich phan cua [¥)* phai
bang 1 (hat phai ¢ dau do) :

+oo
f W (x, )2 dx = 1. [1.20]

—0o0

Khong c6 diéu nay, dién giai théng ké khong c6 nghia.

Tuy nhién, yéu ciu ndy s& 1am phién ban : R6t cudc, ham song duge cho 1a duoc xac dinh
bang phuong trinh Schrodinger — ta khong thé ap dat thém mot diéu kién 1én ¥ ma khong
kiém tra xem hai diéu nay c6 twong thich khéng. Nhin so qua Pt 1.1 cho thiy rang néu W(x,
1) 1a mot nghiém, thi A¥(x, ) ciing vy, trong d6 4 1a mot hang s6 (phtc) bat ky. Khi do, cai
ta phai 1am 13 chon thira s6 nhan khéng xac dinh ndy sao cho dam bao rang Pt. 1.20 duoc
thoa. Qua trinh nay dugc goi 1 chuin héa ham séng. Dbi voi mot sb nghiém cua phuong
trinh Schrodinger tich phan ndy bang vé cung ; trong trudng hop d6 khong cé thira s6 nhan
nao 1am né bang 1. Piéu nay ciing diing d6i v6i nghiém tim thudng ¥ = 0. Nhiing nghiém
khong chuén héa dwge nhu viy khong thé biéu dién cé4c hat, va phai dugc bo di. Nhiing
trang thai nhan biét duoc vé mat vat 1y img véi cac nghiém binh phwong kha tich cua
phuong trinh Schrodinger."!

"' R& rang W(x, 1) phai tién toi khong nhanh hon 1//lx],

dun ciia 4 ; pha ciia n6 van khong duoc xac dinh. Tuy nhién, nhu ta s& thay, pha khong mang ¥ nghia vat 1y
nao.

Nhung chd mét chut ! Gia str toi da chuan héa ham séng tai thoi diém ¢ = 0. Lam sao tdi biét
rang né van s& dugce chuan hoa, khi thoi gian troi qua, va P tién trién ? (Ban khong thé ctr
tdi chuan hoa ham song, vi khi 6 4 tré thanh mot ham cia 7, va ban khong con c6 mot
nghiém cua phuong trinh Schrédinger.) May man 13, phuong trinh Schrodinger co tinh chat
dic biét rang nod tu dong duy tri sy chuan hoa ctia ham song — khong c6 déc diém quan trong
nay phuong trinh Schrodinger s¢ khong tuong thich voi dién giai thong ké, va toan bo 1y
thuyét s& sup do.

Diéu nay quan trong, nén ta phai dimg lai dé chtirng minh can than. Bat dau véi
d [+
dr

(Luuy rang tich phan nay la mot ham chi cua ¢, nén t61 dung mot dao ham toan phan (d/dr)

trong biéu thirc dau, nhung ham dudi dau tich phan 13 mot ham cua x ciing nhu cia ¢, nén nd
12 mot dao ham riéng (8/0¢) trong biéu thic thir hai.) Nho qui tic dao ham cua tich,

400 a
|w(x,:)|2dx=f —|q:(x N> dx. [1.21]

=00

5 . B BU Ut
— V)" = —(¥*W w*— 4 1.22
W = (W) = WP [1.22]
Bay gid phuong trinh Schrédinger néi rang
W ih Vv
o v, [1.23]

ot 2max?  h
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va do d6 ciing bang (ly lién hop phtc cua Pt 1.23)

oW ih 2w*
o e T [1.24]

nén

9 ih 2w 5ry* o [ih oV Jw*
— W= —(v* - V) =— W —— wl. [1.25
Brl | 2m ( dx2 dx? ) {Zm ( 0x dx )] L1-2]

Bay gio tich phan trong Pt 1.21 ¢6 thé dugc tinh tuong minh
d [T - ih ( oV gw* +00
t Yoo DPdx = o (W - )| 1.26
dt [_m ¥ ex. 0l 2Zm dx ax ) —00 [1.26]

Nhung W(x, ) phéi tién t6i khong khi x tién t6i (£) v0 cung — néu khong ham séng s& khong
chuin hoa duge.'” Theo d6

d +oo
Ef W (x, N[> dx =0, [1.27]

va do d¢ tich phéan nay bang hang s6 (ddc lap voi thoi gian) ; néu ¥ duogc chuan hoa tai ¢ =
0, n6 van duge chuan hoéa tai moi thoi diém twong lai. PPCM

1.5 XUNG LUQNG

D6i voi mot hat trong trang thai W, gia tri trung binh cia x bang

+o0
(x) = f x|¥x. 0| dx. [1.28]

Diéu nay co6 nghia gi ? RS rang nd khdng c6 nghia rang néu ban do vi tri ciia mot hat nhidu
1an, A|W|*dx bang trung binh ciia cac két qua ban sé& thu dugc. Trai lai : phép do dau tién (cé
két qua khong xac dinh) s€ lam suy sup ham song t61 mot dinh tai gia tri thuc sy thu duogc,
va cac phép do sau d6 (néu chung dugc thuc hién nhanh) s& chi 1ap lai cung két qua. Thay
vao d6, (x) bang trung binh cua cic phép do duoc thyc hién 1én nhitng hat & cung trang thai
P, nghia 13 hodc ban phai tim cach dua hat trd vé trang thai ban dau sau mdi 1an do, hoic
ban phai chuan bi mot tap hop cac hat, mdi hat trong cing trang thai ¥, va do vi tri cia
chung : (x) bang trung binh ctia nhimg két qua ndy. (T6i mudn chup mot diy céac cai chai
trén mot cai ké, mdi cai chai chira mot hat trong trang thai ¥ (so vdi tam cua chai). Mot
nghién ctru sinh ¢6 mot cay thudc duoc chi dinh cho mdi cai chai, va mdi khi duoc ra hiéu
ho do vi tri cia nhitng hat twong Gng. Khi d6 ta xdy dung mét biéu do cot cac két qua, nd
phai khép véi [P)7, va tinh trung binh, phai phut hop véi (x). (Di nhién, vi ta chi dung mot
mAu hiru han, ta khong thé trong chd sy phit hop hoan héo, nhung cang dung nhiéu chai, ta
cang gan t6i két qua chinh xac.)) Tom lai, gid tri trung binh bang trung binh cia cdc phép
do dwoc lap lai trén mot tdp hop cdac hé duoc chudn bi nhur nhau, khong phai trung binh cua
cac phép do dugc lap lai trén mdt cung mot he.

CHLT, Griffiths (16p VLLT K13-14, 10/2016); N. H. Nha thuc hién 5

CuuDuongThanCong.com https://fb.com/tailieudientucntt


http://cuuduongthancong.com?src=pdf
https://fb.com/tailieudientucntt

Bay gi0, khi thoi gian troi qua, (x) s¢ thay d6i (vi sy phu thudc thoi gian cua ‘P) va ta co thé
quan tdm dén viéc no6 di chuyén nhanh ra sao. Xét Pt 1.25 va 1.28, ta thdy rang "

d (x) f in 8 ([ L9V au*
di WP dx = 2m | Fox ( ax  ox oo [1.29]

1 Pé giir phuong trinh khong qua rudm ra toi s& bo hét cac can cua tich phan.

Biéu thirc nay c6 thé dugce don gian bang cach dung tich phan ting phan :*

dix h v .
o) _ ] f(mp*g— _ov qf) dx. (1.30]

dt 2m 0x ax

(Toi da dung Ox/ox = 1, va bo di cac sb hang bién, do ¥ tiép to1 khong & () vo cung.) Thuc
hién mot tich phan tung phan nira Ién s6 hang thir hai, ta két luan :

d{x _ih o

-—g-l = W —dx [1.31]

dt m ax
Ta phai lam gi voi két quanay ? Luu y rang chiing ta dang néi vé « van toc » cta tri trung
binh cua x, von khong giong nhu vén toc cua hat. Pén gio khong c6 gi cho phép ta tinh van
tdc ctia mot hat. Tham chi khong rd van téc ¢6 nghia gi trong co hoc lugng tur : Néu hat
khong c6 mot vi tri xac dinh (trudce khi do), thi n6 cling khong c6 mdt van tdc duoc xéac dinh
day du. Cai ta ¢6 thé héi mot cach hop 1y 1a xac suat thu duge mot gia tri cu thé. Ta sé€ thay
trong Chuong 3 cach xay dung mat do xéac suat cho van toc, khi ¢6 ¥; vi nhitng muc dich
hién tai s€ chi can phat biéu rang i trung binh cua van toc bang dao ham theo thoi gian
cua tri trung binh cua vi tri :
d(x)

{U) = ""c";';" [132]

Khi @6 Pt 1.31 cho ta biét cach tinh (v) truc tiép tir \P.

That ra, ta thuong 1am viéc v6i xung lwong (p = mv), thay vi van tdc :

d{x) v
= —ih W — ) dx. 1.33
Hay dé toi viét cac biéu thirc cho (x) va (p) mot cach goi mod hon :
(x) = f ¥ (x)W dx. [1.34]
)
(p) =fw* (E—) Wdx. [1.35]
, i 0x

Ta néi rang toan tir'" x « biéu dién » vi tri, va toan tir (A/1)(6/6x) « biéu dién » xung luong,
trong co hoc luong tir ; dé tinh cac gia tri trung binh ta « kep » toan ti twong tng gitta ¥ va
W, va lay tich phan.

15 Mot toan tir 1a mot huong dan dé lam gi d6 cho ham theo sau n6. Toan tir vi tri noi ban nhdn véi x ; toén tw
xung lugng nodi ban lay dao ham theo x (va nhan két qua cho -i4). Trong quyén sach nay moi toan tir s€ 1a
dao ham (d/dt, d°/dr’, 6*/6xdy, v.v. hodc cac nhan tir (2, i, x°,v.v.), hodc két hop clia nhitng céi nay.
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biéu nay hay, nhung con nhitng dai luong khac ‘7 RO rang, moi bién dgf)ng luc hoc c6 dién c6
thé duoc bi€u dién theo vi tri va xung luong. Chang han, dong nang bang
1, p?
T =—mv™ = —,
2 2m
va momen xung lugng bang
L=rxmv=rxp

(di nhién dai luong sau khong xuat hién trong chuyén dong mot chiéu). Pé tinh tri trung
binh ctia bdt cir dai luong nao nhu vy, O(x, p), ta chi viéc thay mdi p bang (#/1)(6/éx), dua
toan tir thu dwoc vao giita ¥ va ¥, va ldy tich phan :

h o
(Q(x.p)) = [ v*Q (x, -—a—) Wdx. [1.36]
i dx
Chang han, tri trung binh ciia dong ning bang
h? 3w
T)y=—— | ¥* 1.37
(7) 2m dx?2 [1.37]

Pt 1.36 1a mot cong thirc dé tinh tri trung binh cua mot dai lugng dong luc hoc bat ky, cho
mot hat trong trang thai ¥; né bao gom Pt 1.34 va 1.35 nhu nhimg trudng hop dic biét.
Trong muc ndy toi da thtr [am Pt 1.36 trong c6 vé hop 1y, khi c6 dién giai thong ké caa
Born, nhung sy that thi diéu nay biéu dién mot cach lam viéc moi triét dé (khi so vdi co hoc
co dién) rang tap dung nd s& la mot y tuong t6t trudc khi ta tro lai (trong Chuong 3) va dat
no trén mot nén tang ly thuyét virng chac hon. Hién gid, néu ban thich xem n6 14 mot tién
dé, diéu do tét cho toi.

1.6 NGUYEN LY BAT PINH

Héy hinh dung rang ban | dang gitr mot dau ctia mot soi day rat dai, va ban tao ra mot séng
bang cach lic né 1én Xuong nhip nhang (Hinh 1.7). Néu ai d6 héi ban « Chinh x4c thi séng &
dau ? » ban co thé nghi rang anh ta hoi dién : Song khong ¢ dau ca — no trai ra trén 50 feet.
Mit khac, néu anh ta héi ban budc song clia no bang bao nhiéu, ban c6 thé dua anh ta mot
ciu tra 101 hop 1y : khoang 6 feet. Trai lai, néu ban cho soi ddy mot cai lic dot ngodt (Hinh
1.8), ban s& thu dugc mot chd 10i 1én twong ddi hep di chuyén doc cai day. Lan nay cau hoi
dau tién (song o dau ?) 1a mot cau hoi hop ly, va cau hoi thir hai (bude song bang bao

nhiéu ?) co ve dién — nd khong tuan hoan, nén lam sao ban c6 thé gan mot bude song cho
n6 ? Di nhién, ban c6 thé v& nhiing trudng hop trung gian, trong d6 song duoc dinh xt khd
tt va budc song duogc xac dinh kha tt, nhung & day c6 mot diéu khong thé tranh duogc : vi
tri cia mot song cang chinh xac, budc song cia nd cang kém chinh xéc, va ngugc lai.'® Mot
dinh ly trong giai tich Fourier lam ro diéu nay, nhung hién tai to1 chi quan tam dén 12p luan
dinh tinh.

—_—
’ E k 10 20 30 40 50 x (feet)
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Hinh 1.7 : Mot séng ¢6 mot bude séng duge xac dinh (khd) tot, nhung c6 mot vi #7 bi xac dinh té.

/ ; 10 20 30 40 50 x (feet)

Hinh 1.8 : Mgt song c6 mdt vi #7 duge xac dinh (kha) tdt, nhung c6 mot budc song bi xac dinh té

Di nhién diéu nay ap dung cho moi hién tugng soéng, va do d6 dac bi¢t cho ham séng cua co
hoc luong tur. Bay gio budc song cua W lién hé voi xung lugng cta hat bang hé thire de
Broglie ;"

== [1.39]

17 T6i s& chimg minh diéu nay sau. Nhiéu tac gia xem hé thtrc de Broglie 1a mot tién dé, tir d6 ho suy ra su
lién hé cia xung lugng vai toan tir (A/1)(0/0x). Mac du day 1a mot cach ti€p can sang suia hon vé mat khai
niém, no lién quan dén nhitng phirc tap vé toan hoc ma td6i muon de lai sau.

Do d6 mot sy trdi rdng cua budc song ing voi mot sy trai rong cua xung luong, va quan sat
tong quat cta ta noi rang vi tri ciia hat dugc xac dinh cang chinh xéc, xung lugng cua néd
cang kém chinh x4c. V& mét dinh lugong,

=t

(T_tﬂ'p:i"_ '5, [140]

Trong d6 oy la d6 léch chuan cta x, va o »1a do 1éch chuan cua p. Pay 1a nguyén ly bt bién
Heisenberg ni tleng (Ta s& ching mlnh n6 trong Chuong 3, nhung t6i mudn dé cap dén né
ngay bay gid, dé ban c6 thé kiém tra nd trong cac vi du trong Chuong 2.)

Hay hiéu nguyén 1y bat dinh c6 nghia gi : Cling nhu phép do vi tri, phép do xung lugng cho
cau tra 101 chinh xac — sy « trai ra » ¢ day chi viéc nhiing phep do 1€n nhiing hé dugce chuén
bi gidng nhau khong dua dén cung két qua Ban c6 thé, néu ban mudn, xay dyng mot trang
thai sao cho cac phép do vi tri 1ap lai sé rat gan nhau (bang cach 1am ¥ c6 mot « dinh » dinh
xtr), nhung ban s& tra gia : phép do xung luong 1én trang thai nay sé& bi phan tan rat nhiéu.
Hoic ban ¢6 thé chuan bj mot trang thai c6 mot xung luong do duogc (bang cach lam ¥ la
mot song hinh sin dai), nhung trong trudng hop do, phép do vi tri s€ bi phan tan rat nhiéu.
Va di nhién, néu ban cam thay rat t& ban c6 thé tao ra mot trang thai sao cho ca vi tri 1an
xung lugng khong dugc xéc dinh tbt : Pt 1.40 1a mot bat dang thirc, va khong co6 gidi han o;
va 0, co thé lon dén ¢ ndo — chi lam ¥ mot dudng cong dai c6 nhiéu dinh va day va khong
c6 cau truc tuan hoan.
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CHUONG 2
PHUONG TRINH SCHRODINGER PQC LAP THOI GIAN

2.1 TRANG THAI DUNG

Trong Chuong 1 ta da néi nhiéu‘vé ham séng, va cach ban dung n6 dé tinh nhiéu dai luong
quan tam. G1¢ da t61 luc thoi chan chur va d61 mdt vai cau hoi trude mot cach 16 gich : lam
sao thu dugc W(x, 7)? Ta can gidi phuong trinh Schrodinger,

eV, h 32w

ih = — + VY, 2.1

ot 2m 9x2 [2.1]
Cho mdt thé cy thé' V(x, 7). Trong chuong nay (va hau hét cudn sach nay) toi s& gia dinh
rang V' doc ldp voi t. Trong truong hop d6 phuong trinh Schrodinger c6 thé duoc giai bang
phuwong phap tach bién (cach lam dau tién ctia nha vat 1y vadi bat ctir phuong trinh dao ham
riéng nao) : Ta tim nghiém 1a cac tich don gian,

W(x.1) = ¥(x) o), [2.2]

Trong d6 w (viét thuong) 1a mot ham cua riéng x, va @ la mot ham cua riéng ¢. M61 nhin
qua, diéu nay la mot sy han ché phi 1y, va ta khong thé hy vong thu dugc chi mét tap con
nho xiu cua tit ca cac nghiém theo cach nay. Nhung khoan d3, vi cac nghiém ma ta thu
dugc lai ¢6 vai tro lon. Hon nira (nhu thuong ding cho phep tach blen) cudi cung ta s& co
thé gan cac nghiém riéng 1¢ lai theo mot cach dé xdy ding nghiém tong quat nhat.

' S& mét néu cr ndi « ham thé ning », nén hau hét moi ngudi chi goi ¥ 1a « thé », ngay ca khi didu nay c6 thé
tao ra sy nham lan véi dién the, von thuce su 1a thé nang trén don vi dién tich.

Déi v6i cac nghiém tach duoc ta co
o wdw v dzap
ar  "dr ax?  dxl’
(bay gio, cac dao ham thuong), va phuong trinh Schrodinger la
dp _ nd%y

= v
thy g = omd2? Tt V.

Hay, chia toan bd cho y¢:

1dy h* 1 d*y
Thap oo ) 2.3
@ di 2m ¥ dx? Y (23]

Bay gio, vé trai 1a mot ham cua riéng 7, va vé phai 1a mot ham cua riéng x. * Cach duy nhat
cd thé dung 1a ca hai vé bang hang s6 — néu khong, bang cach thay ddi 7, ta c6 thé thay d6i
vé trai ma khong dung dén vé phai, va ca hai khong con bang nhau nira. (D6 la mot 1ap luan
tinh té nhung quan trong, nén néu ndé mai voi ban, hay chic chan dung lai va suy nghi vé
n6.) Vi nhitng 1y do s& xuét hién mot 14t nita, ta s& goi hang so tach bién 1a E. Khi d6

=
I
I

ih—— =

w di
hay
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—_—= —-I-—-—(p, [2.4]

dt h
va
h 1 d*y
———— 4+ V =EF,
2m y dx? +
hay
B dy
—_ = Er. 2.5
2m dx? Vi =Ey (251

? Luu ¥ rang diéu nay s& khdng ding néu ¥ 1a mot ham cua ¢ 1an x.

Viéc tach bién da dua mot phuong trinh dao ham riéng thanh hai phuong trinh vi phan
thuong (Pt 2.4 va 2.5). Phuong trinh dau (Pt 2.4) dé giai (chi can nhan hai vé€ cho dt va lay
tich phan); nghiém tong quéat bang Cexp(-iE#/A), nhung ta ciing c6 thé dua hang s6 C vao y
(vi dai lugng quan trong 1a tich ). Khi do

Q@) = e TEIR, [2.6]

Phuong trinh thtr hai (Pt 2.5) dugc goi 1a phwong trinh Schrédinger doc 1ap thoi gian; ta
c6 thé khong can xét thém no dén khi thé V(x) dugc xéac dinh.

Phén con lai cua chuong nay s€ danh cho viéc giai phuong trinh Schrédinger doc 1ap thot
gian, cho mot sO thé don gian. Nhung trudce khi t6i 1am diéu d6 ban c6 1y khi hoi: Piéu gi la
hay ho vé cdc nghiém tach dwoc? Rt cude, hau hét cac nghiém cia phuong trinh

Schrodinger (ddc 1ap thoi gian) khong c6 dang y(x)¢(t). Té61 dua ra ba cau trd 101 — hai cau
veé vat 1y va mot cau vé toan hoc:

1. Chung la nhitng trang thai dirng. Mac du ban than ham song

W(x, 1) = yx)e EN [2.7]
(di nhién) phu thudc vao ¢, mdt dé xdc sudt,
(W (x, )P = W = e EMy o EUR = |y () 2, [2.8]

khong phu thudc — su phu thude thoi gian bi triét tiéu.’ Diéu nay cling xay ra khi tinh tri
trung binh cua bat ctr bién dong lyc hoc nao; Pt 1.36 qui gian thanh

h d
(0@, p)) = waG, )wm [2.9]

3 Pbi voi nhitng nghiém chuén hoa duoc, E phai 14 thue (xem bai toan 2.1(a))

Moi tri trung binh la hang sé theo thoi gian; ta cling ¢ thé bo thira s6 ¢(7), va chi dung y
thay cho . (That vay, ta thuong xem w1a “ham song”, nhung day la ngdn ngir tuy tién cod
thé nguy hiém, va s& quan trong khi nhé rang ham song thyc su ludén mang thira sé mii phu
thudc thoi gian.) Pic biét, (x) 1 hang s, va do d6 (Pt 1.33) (p) = 0. Khéng c6 gi xdy ra
trong mot trang thai dung.
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2. Ching la nhimg trang thai cd ndng hrong todn phan xdc dinh. Trong co hoc c0 dién,
nang lugng toan phan (dong nang cong thé nang) dugc goi 1a Hamiltonian:

2
Hw4ﬂ=§;+Wﬂ- [2.10]

Todn tir Hamiltonian twong tmg, thu dugc bang phép thé chinh tic p — (4/1)(6/6x), khi d6
bang’
o h* 9?
T 2m 82
* Bét cu khi 11;‘10 6 thé gay nham 14n, toi s& dat mot d4u mil 1én toan tu, dé phan biét n6 voi bién dong luc
hoc ma no biéu dién.

[2.11]

Do d6 phuong trinh Schrdinger dc 1ap thoi gian (Pt 2.5) ¢6 thé dugc viét
Hy = Evy, [2.12]

va tri trung binh cua ning luong toan phan bang
=[¢*Erwdx=Ef|w|2dx=Ef|w|2dx=E. [2.13]
(Luu ¥ rang su chuan héa cua W dua dén su chudn hda cia . ) Hon nira,

Ay = H(HY) = H(EY) = E(Hy) = E*Y,

va do do
(H?) = fw*ﬁlwdx = Elf ly|*dx = E>.
Nén phuong sai ciia H bang

op = (H*) —(H)? = E* - E*=0. [2.14]

Nhung nhé rang, néu o= 0, thi mdi phan ctia mau phai chia sé cung gia tri (phan bb co do
mo rong bang khong). Két lugn: mot nghiém tach duge co tinh chat 1a méi phép do ning
lrong toan phan chdc chan cho gid tri E. (D6 13 1y do tai sao t6i da chon ky tu ndy cho hang
s6 tach bién.)

3. Nghiém tong quat 1a mot td hop tuyén tinh cua cic nghiém tach dugc. Nhu ta s&
kham pha, phuong trinh Schrédinger ddc 1ap thoi gian (Pt 2.5) dwa dén mot tap hop vo han
cac nghiém (y1(x), ya(x), ws(x), ...), mdi nghiém lién hé voi gia tri hiang sb tach bién (£,
E,, Es, ...); do @6 c6 mot ham song khac nhau cho mdi niing lwgng dwoc phép:

Wi(x, 1) = (e EN Wy (x, 1) = Y (x)eT BN,

Bay gio (vi ban c6 the dé dang tu kiém tra) phuong trinh Schrédinger (phu thuge thoi gian)
(Pt 2.1) c6 tinh chat ring bét ¢ t6 hop tuyén tinh nao’ ciia cac nghiém chinh 1 mot nghiém.
Mot khi ta da tim dugc cac nghiém tach duoc, thi ta cé thé ngay lap tuc xay dung méot
nghiém t6ng quat hon nhiéu, c6 dang
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oa
V1) =) en¥ulx)e B, [2.15]
n=|

> Mot té hop tuyén tinh cia cic ham £i(z), /(z), ... 1a mot biéu thire co dang

f)=ci fil)+erfolz) + ...,
Trong do ¢, ¢, ... 1a hang sb (phirc) bat ky.

That vy méi nghiém cua phuong trinh Schrédinger (phu thudc thoi gian) co thé dugc viét
dudi dang nay —chi co van d& tim cac hang sd dng (cy, ¢, ...) sao cho thoa cac diéu kién
ban dau cua bai toan dang xét. Ban s& thay trong nhiing muc sau cai cach diéu nay dugc
thuc hién, va trong Chuong 3 ta s& phét biéu no bang mot ngon ngit lich 1dm hon, nhung
d1em chinh la: mot khi ban da giai phuong trinh Schrédinger doc 1ap thoi gian, ban déa lam.
gan xong, tir d6 t¢i nghiém tong quéat ciia phuong trinh Schrodinger phu thudc thoi gian, vé
nguyén tac, don gian va dé dang.

Rét nhiéu diéu di xay ra trong bdn trang vira roi, nén hiy dé toi tom tat lai tir goc nhin khac
hon mot chat. Pay 1a van dé chung: Ban dugc cho mot thé V(x) (doc lap thoi gian) va ham
song ban dau W(x, 0); cong viéc cia ban 1 tim ham song, W(x, ), & moi thoi diém ¢ sau do.
Pé lam dleu do, ban phai giai phuong trinh Schrédinger (phu thudc thot gian) (Pt 2.1).
Chién luoc® 1a dau tién giai phwong trinh Schrdinger doc 1ap thoi gian (Pt 2.5); ndi chung
diéu nay dua t6i mot tap vo han cac nghiém (w4 (x), wa(x), ws(x), ...), mdi nghiém c6 mot
nang luong riéng lién quan (E,, E,, E, ...). Dé khép W(x, 0) ban viét ra to hop tuyén tinh
téng quat cuia nhitg nghiém nay:

o0
W(x,0) =) cn Ya(x): [2.16)
n=1

% Poi khi ban c6 thé giai phuwong trinh Schrodinger phu thudc thdi gian ma khong can dén tach bién — chéng
han, xem bai toan 2.49 va 2.50. Nhung nhitng truong hop nhu vay cuc ky hieém.
Diéu ky la 14 lic ndo ban ciing c6 thé khép trang thai ban diu xac dinh bang cach chon thich
hop céc hang sb ¢y, ¢, c3, .... Dé xay dung P(x, £) ban chi can gin vao mdi s6 hang phan
phu thudc thoi gian dac trung cia nd, exp(-iE,t/ h):

oo

o0
W(x.t) = ch Y (-r)e_fE"Uﬁ = Z Wy (x,1). [2.17]

n=1 n=I1

Bén than cac nghiém tach duoc,
Wy (x, 1) = Py (x)e Bt/ [2.18]

13 nhirng trang thai dirng, theo nghia moi x4c sudt va gid tri trung binh doc 1ap thoi gian,
nhung tinh chat nay khong c6 voi nghiém tong quat (Pt 2.17); cac nang luong thi khac nhau,
cho nhiing trang thai dimg khac nhau, va cic ham mii khong triét tiéu, khi ban tinh |¥|*.

Vi du 2.1 Gia sir mot hat bat ddu trong mot to hop tuyén tinh chi ctia hai trang thai dimg
W(x.0) = )¢ (x) + 22 (x).
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(Dé giir moi viéc don gian toi s& gia sir rang cac hang s ¢, va cac trang thai w,(x) 12 thuc.)
Ham song W (x, ¢) & nhiing thoi diém ti€p theo bang bao nhi€éu? Tim mat dd xac suat va mo
ta chuyén dong cua no.
L&i giai: Phan dau thi dé

W(x, 1) =iy @e” B e (o)e BN,

Trong do E; va E, 1a cac nang lugng lién hé voi v va y,. Theo do

[W(x, I)|2 = (r,'”{flew*'m + (".*glffgerEzm)((‘]I!fle_fE”M + (.'31{rge_f53/h)

= {¥ + Y3 + 2c1c291 92 cos[(E — E)i/h).

(Tbi da dung cong thic Euler, expif= cos@+ i siné, dé don gian két qua.) RS rang mat do
xac suit dao dong theo ham sin, v&i mot tan sb goc (E, — Ey)/ h; day chic chin khong phai 1a
mot trang thai ding. Nhung luu ¥ rang n6 1dy mot 16 hop tuyén tinh cac trang thai (voi ning
lwong khac nhau) dé tao ra chuyén dong.’

2.2 GIENG VUONG VO HAN
Gia st
0. if0<x<a,

00. otherwise [2.19]

Vix) = [
(Hinh 2.1). Mot hat trong thé nay hoan toan tu do, trir hai ddu (x = 0 va x = a), & d6 mot luc
v6 han ngin né thoat ra ngoai. Mot mé hinh cb dién sé& 1a mot cai xe trén mot dudng ray
nam ngang khong ma st, c6 hai ci ngan dan hoi tuyét doi — no chi luon di di lai lai mai
mai. (D nhién thé nay 1a nhan tao, nhung t6i khuyén ban coi trong né. Mic cho tinh don
gidn cia n6 — hay noi khac di chinh xac vi tinh don gian cua né — n6 dung lam mot truong
hop kiém tra d& lam mét cach tuyét voi cho moi co ché tuong tugng sau nay. Ta s€ nhic lai
n6 thuong xuyén.)

V(x) A

a 3 Hinh 2.1: Thé c¢6 dang giéng vudng vo han (Pt 2.19).
Bén ngoadi giéng, y(x) =0 (xac suat tim thdy hat bang khong). Bén trong giéng, & d6 V=0,
phuong trinh Schrodinger ddc 1ap thoi gian (Pt 2.5) 1a

2 d2 v
" 2m dx?

= E, [2.20]

hay
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d>y > 2mE
i —k*y. where k = — (2.21]

(Bang cach viét né nhu vay, t6i da ngdm dinh ring E > 0; ta bi‘ét tu bai toan 2.2 qra‘“lng E<O
khong ap dung duoc.) Pt 2.21 la phuong trinh dao dong tir diéu hoa don c6 dién; nghiém
tong quat la

¥(x) = Asinkx + B coskx, [2.22]
Trong d6 A va B 1a nhitng hing sd tiy . Thong thudng, cac hang s nay duge ¢d dinh bang
cac diéu kién bién cua bai toan. Pau 1a cac diéu kién bién thich hop cho w(x)? Thong
thudng, cd v va dyldx lién tuc, nhung & dau thé tién t6i vo cung chi ¢6 ham song lién tuc.
(T6i s& chitng minh nhiing diéu kién bién nay, va xét dén truong hop ca biét khi ¥/ = oo,
trong muc 2.5; bay gio to1 hy vong ban s€ tin t61.)

Tinh lién tuc ctia y(x) doi hoi ring
¥ (0) = ¥(a) =0, [2.23]
dé két hop voi nghiém bén ngoai giéng. N6 ndi cho ta biét diéu gi vé 4 va B?
Y (0) = Asin0+ Beous0 = B,
nén B =0, va do do
Y(x) = Asinkx. [2.24]

Khi d6 y(a) = A sinka, nén hoic 4 = 0 (trong trudng hop ndy ta chi con nghiém tam thudng
— khong chuén hoa duoc - w(x) = 0), hodc sin ka = 0, c6 nghia la

ka=0, tx, £27, T3m, ... [2.25]
Nhung k = 0 khong t6t (lai nita, diéu nay chi y(x) = 0), va cac nghiém am khong cho diéu gi
méi, vi sin(-6) = - sin(6) va ta c6 thé dua dau trir vao 4. Nén cac nghiém phdn biét 1a
k=""con=1,2,3, ... [2.26]

a

That ngac nhién, diéu kién bién tai x = a khong xéac dinh héng s6 4, ma la héng s6 k, va do
do cac gia tri kha di cia E:

h’k: n?nih?

4-’ -
2m 2mu~

E, [2.27]

Hoan toan trai véi truong hop cd dién, mot hat lugng tir trong giéng vudng sau vo cling
khong thé c6 bat clr ndng luong cli nao — nd phai la mét trong cac gia tr1 dwge phép dac biét
nay.® Bé tim 4, ta chudn héa v

a 5 a )
f AP2sin?(kx)dx = |[AP= =1, so |AP==.
0 2 a

8 Luu y rﬁng su luong tir cuia nang lugng xuét hién 12 mot hé qua vé mit k¥ thuét cta cac diéu kién bién 1én
cac nghiém cua phuong trinh Schrédinger doc 1ap thoi gian.
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-

w1(X) Ya(x) A Wa(X) 4

- ] -
> >
a x \/a_ X a x

Hinh 2.2: Ba trang thai dimg dau tién cia giéng vudng vo han (Pt 2.28)

Diéu nay chi x4c dinh do 16n ctia 4, nhung don gian nhit 1a 1ay can duong: 4 = +/2/a (pha
ctia 4 khong mang ¥ nghia vat Iy ndo). Bén trong giéng, khi d6, cac nghiém 13

Yn(x) = \/gsin (Ex) . [2.28]
a a

Nhu da htra, phuong trinh Schrodinger ddc 1ap thoi gian mang lai mét tdp vo han cac
nghiém (mdi nghiém cho mdi s6 nguyén duong 7). Mot vai nghiém dau tién dugc vé trong
Hinh 2.2. Ching trong nhu cac song dirng trén mdt soi day c6 do dai a; y;, mang nang
luong thap nhit, dugc goi 14 trang thai co ban, cac ham song khac, c6 ning luong ting ti 18
v6i n?, dugc goi 1a cac trang thai kich thich. La mot tap hop, cac ham w;,(x) ¢ mot sb tinh
chat tha vi va quan trong:

4 < N g2 ~ I 5 A < 5 I~ \ i A 9
1. Chung chan va 1é xen k€, so v&i tdm cua giéng: y; chan, y, &, y;chan, va cu vay.

? Pé lam su d6i xung nay rd rang hon, mot s6 tac gia dé tim cia giéng tai gbc toa do (chay tir —a tdi +a). Cac
nghiém chan khi do 1a cos, va cac nghiém 1¢ 1a sin. Xem bai toan 2.36.

2. Khi ban di 1én theo ning lugng, mdi trang thai lién tiép c6 thém mot node (cit truc hoanh
tai khong): y; khong c6 (khong tinh cac diém cudi), y; cd mdt, w;co hai, va cur vay.

3. Chung truc giao tung d6i mot, theo nghia
[ e vawrax =o, [2.29]

bét ¢ khi nao m # n. Chitng minh:

Y () Yn (x) dx = g j: sin (Ex) sin (Ex) dx

a a

1[“[ (m—n ) (m+n )]
- cos TXx | —cos x| | dx
a Jo a a

1 o f(m—n 1  fm4+n
= sin TX | — — sin TX
i (m —n)m ( a ) (m+nmr ( a )}

1 'sin[(m —n)w]  sin[(m +n)x]

a

0

=0.

T (m — n) (m+n)

Luu ¥ rang 1ap luan nay khong ding néum = n. (Ban co thé chi ra né sai ¢ diém nao?)
Trong truong hop do su chuan hoa noi ta biét rang tich phan nay bang 1 That ra, ta c6 thé
két hop tinh truc giao va tinh chuin hoa trong mot phat biéu duy nhét: "

CHLT, Griffiths (16p VLLT K13-14, 10/2016); N. F. Nha thuc hién 15

CuuDuongThanCong.com https://fb.com/tailieudientucntt


http://cuuduongthancong.com?src=pdf
https://fb.com/tailieudientucntt

f Y (O (1) X = [2.30]

Trong do o, (dugc goi la delta Kronecker) dugc dinh nghia theo cach thong thuong,

0, if :
Smn = l 1 :f;: 22 [2-31]

Ta néi rang cac y 1a true chuan.

' Trong trudng hop nay cac v la thuc, nén dau " trén y, khong can thiét, nhung vi nhitng muc dich sau nay
c6 thoi quen dit no & d6 1a mot diéu tot.

4. Chung diy da, theo nghia ring mot ham bat ky, fx), c6 thé duoc biéu dién 1a mot t6 hop
tuyén tinh ctua chiing:

HOEDIAAOE \/_ Zc,. sin (—x). [232]

n=| n=|
T6i s& khong chirng minh tinh day du cta cac ham sin(nz¢/a) nhung néu ban di hoc giai tich
cao cap ban s€ nhan ra rang Pt 2.32 chinh 1a chuoi Fourier cho f{(x), va vi¢c ham “bat ky”
c6 thé duogc khai trién theo cach nay d6i khi duoc goi 12 dinh 1y Dirichlet."
1 Chéng han, xem Mary Boas, Mathemqtical Methpds in the Physigal Sciences, 2d ed. (New York, John
Wiley, 1983), tr. 313; flx) tham chi c6 thé c6 mdt s6 hitu han cac diém gian doan hitu han.
Cac hé sb ¢, co thé dugc tinh ra — cho f{x) cho trudc — bang mot phwong phép ti goi 1a meo
Fourier — st dung mot cach dep dé tinh tryc chuan cta {;,}: Nhan hai vé cua Pt 2.32 cho
w,(x)", va ly tich phan.

f I F0dx =3 6 [ vuto vt dx = an on=C. [233]

n=|

(Luu ¥ rang delta Kronecker triét tiéu moi sb hang trong tong trir s6 hang sao cho n = m.)
Do d6 hé s thu n trong khai trién cua f{x) bang'?

e = [ Y () £ () dix. [2.34]

2 Khong quan trong khi ban ding m hay 7 1a “chi s6 cam” & ddy (dT nhién chimg nao ban ding hop 1 ¢ hai
ve€ cua phuong trinh): du ban dung ki tu gi, n6 chi thay cho “s6 nguyén duong bat ky.”

Bdn tinh chit nay cyuc ky hiéu qua, va chung khong chi cho riéng giéng vudng v6 han. Tinh
chat dau dung bat ctr khi nao ban thén thé 1a mot ham ddi xtng; tinh chét tha hai 1a phd
quat, bat ké hinh dang cta giéng Tinh tryc giao cling kha téng quat — toi sé chung minh
cho ban trong Chuong 3. Tinh day du dung cho moi thé ban s& xét, nhung phan chimg minh
kha rac réi va dai dong; t6i e rang hau hét nha vat 1y chi gid dinh tinh day du, va hy vong nd
ding.

Céc trang thai dimg (Pt 2.18) cta giéng vudng vo cung 1 rang bang
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2 3D 2
W,(x.t) =,/ —sin (EA) g i A/ 2maty [2.35]
a

a

T6i da tuyén b (Pt 2.17) ring nghiém téng quat nhat cho phuong trinh Schrédinger (phu
thudc thoi gian) 1a mat t6 hop tuyén tinh cua cac trang thai ding:

o0
= ]2 . . (22 2
lp(x' f} — LC" — sin (ET) e—l(ﬂ a=h/2ma ).f. [236]
a

a
n=1

(Néu ban nghi ngd rang day c6 phai 1a mot nghiém khong, hiy kiém tra né bang moi cach!)
Toi chi can chiing té rang t61 co thé khdp no véi bat cir ham song ban dau dugc mo ta, ‘W(x,
0), bang cach chon phu hop cac h¢ s c,:

00
W(x,0) =Y catulx).
n=l
Tinh day du cua cac y (dugce khang dinh trong truong hop nay bang dinh 1y Dirichlet) dam
béo rang toi co thé ludn bgéu dién ¥(x, 0) theo cach nay, va tinh tryc chuan ctia chung cho
phép dung meo Fourier d€ xac dinh cac hé s6 thuc:

Cy = \/?f sin (ﬂx) W(x.0)dx. [2.37]
a Jo (4}

N6 nhu vay: Cho trude ham song ban dau, W(x, 0), dau tién ta tinh cac hé s6 khai trién c,,
dung pt 2.37, va sau d6 dua chung vao Pt 2.36 dé thu duoc W(x, 7). Khi dd c6 ham song, ta
san sang tinh bat ctr dai lugng dong luc hoc nao ta quan tam, béng cach dung céc thu tuc
trong Chuong 1. Va nghi thtrc ndy ap dung cho moi thé — diéu duy nhét thay dbi 1a dang
ham cua cac w va phuong trinh cho cac nang luong duoc phép.

Vi du 2.2 Mot hat trong giéng vudng vo cling ¢ ham séng ban dau

Y(x.0) = Ax(a—x). (0<x<a).
d6i véi hang s6 4 nao d6 (xem hinh 2.3). Bén ngoai giéng, di nhién, ¥ = 0. Tim P(x, 7).
A ¥(x, 0)

a x
Hinh 2.3: Ham séng ban dau trong vi du 2.2.

Loi giai: Pau tién ta can xac dinh 4, bang cach chuan héa W(x, 0):
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a , ) o ; ?ai
1=[ W(x. 02 dx = |AP | x%@—x)ldx = |AP =
0 0 30

nén

30

A=,—.
ad

Heé s6 thir n bang (Pt 2.37)

/30
c,,—‘/7f qln mT —1({1 xX)dx
a
a nit “ ni
_ a3 [aj[; 15111( - )dx—./o X sm( - )dx:l

= 22 () s () - e (2] |

HJT a nmw a

0
2 . 2 _ p) d
—-12 (i) X sin (El) - (n7x/a) Cos (Ex)
niw a (nm/a)? a 0
215 3
= \/,'_ [— ? cos(nm) +a EI—T cos(nm) + a 3 cos(O):l
a- nim (nir)-
4
J; [cos(0) — cos(nr)]
_ 0. if n is even.
8+/15/(nm)?. if n is odd.
Do d6 (Pt 2.36):
{30 2 ’ L. niw —in* -r'!n,”nm'
W(x.t) = ?(;) Z n—351n( a A)e

n=1.3.5...

N6i mot cach dai khai, ¢, cho ta “lugng v, chia trong W.” M6t s6 nguoi thich noi rang |c,|
1a “xéc suat tim thay hat trong trang thai dimg thtr n”, nhung déy 1a cach dung 4u; hat trong
trang thai ‘¥, khong phai ¥, , va du sao di nira, trong phong thi nghiém, ban khong “tim
thdy mot hat trong mot trang thai cu thé” — ban do dai lwong quan sdt dwoc nao d6, va cai
ban c6 1a mot con s6. Nhung ta s& thay trong Chwong 3, cai ma |c,|* cho ban biét 14 xdc sudt
ma mot phép do nang luong cho gia tri E, (m0t phép do ding s& luon cho mot trong cac gia
trj “dugc phép” — do d6 c6 tén goi d6 — va |c,|* 1a xac suét thu duoc gid tri cu thé E,,).

Di nhién, tong cua cac xac suat nay phai bang 1,
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Z leal? = 2.38]

That vay, n6 co tu su chuén héa cia ¥ (cac ¢, doc 1ap voi thot gian, nén toi s€é chimg minh
cho # = 0, n€u ban khong thich di€u nay, ban c6 thé dé dang tong quat hoa 1ap ludn cho ¢ bat
ky).

o6
1= f | (x, D)|2 dx :f Z C'm‘l’m(-\')) Zcuvﬁfn(’t)) dx

n—| =1

= Z ZC,"(" f Vi (-\')*1;&; (x)dx

m=|n=

oo D0 o0
* 2
= E E Cmfnamu = E lcn]®.

n=1m=I n=|
(Lai nita, delta Kronecker 14y s6 hang m = n trong tong theo m.)

Hon nita, gia trj trung binh cta ning luong phai bing

20
= Z Icﬂleﬂ- [2.39]

n=|

va diéu nay cling co thé duoc kiém tra truc tiép: phuong trinh Schrédinger doc lap thoi gian
(Pt 2.12) néi rang

}I‘#n - Eﬂ 1&;:» [240}

nén

(H) = f V*HW dx = f (Z cm%)* H (Z:c,,i,!r,,) dx
= Z ZC:,CH E, [ 11/,’:}% dx = Z |cn|2En-

Luuy réng x4c suit thu dugc mot nang luong cu thé doc lap thoi gian, va do do, béng gia tri
trung binh cua H. Pay 1a mdt biéu hién cua bao toan nang lwgng trong co hoc luong tur.

Vi du 2.3 Trong vi du 2.2 ham song ban dau (Hinh 2.3) gan giong trang thai co ban y;
(Hinh 2.2). Diéu nay dé xuét rang |c;|* phai chiém da s, va that vy

e (SJE
| - JT3

) =0.998555....

p A Ao can 1A 14
Cac hé so con lai 1a hiéu:
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2
= 2 8+/15 S
Yl = (") ¥ =

n=I 1.3.5....

Gia tri trung binh cia ning lugng, trong vi du ndy, bang

s 2 4 2.2 2 00 v)
815\ n°m<h* 480h 1 5h
m= > (5R) Gt = e > wm

T 3 | 2ma* mtma? n*  ma*

n=1.3.5....

Nhu ta c¢6 thé trong doi, né rat gan voi E, = 72 5/2ma” - hoi [én hon mot chut, vi sy tron cac
trang thai kich thich.

2.3 DAO PONG TU PIEU HOA
Hé hinh cho mot daq dong tu diéu h(‘)a} 6 dién 1a mot khoi luong m gz“'m vao mot 10 xo ¢cé
hang s0 luc k. Chuyén dong bi chi phoi boi dinh luat Hooke,
d’)
F=—kx=m—=
dr?
(b6 qua ma sat), va nghiém la

x(t) = A sin(wt) + B cos(wt),

trong do
k
w=,— (2.41]
M
1a tan s6 (goc) ctia dao dong. Thé niang bang
1
Vix) = Ek.rz: [2.42)

d6 thi ctia né 1a mot parabol.

Di nhién, khong c6 cai nao 1a mot dao dong tir diéu hoa hodn hdo — néu ban kéo né qua xa
16 xo s€ dut, va thong thuong dinh luat Hooke sai trude khi dat toi diém dé nhiéu. Nhung
trong thuc té, bat ctr thé nio ciing c6 dang xdp xi  parabol, trong lan cén cua mot cuc tiéu dia
phuong (Hinh 2.4). V& hinh thirc, néu ta khai trién V(x) thanh mot chudi Taylor quanh cuc
tiéu:

1
V(x)=V(x0)+ V' (x0)(x = x0) + V" (xo)(x — x0)" + -
trir V(xo) (ban c6 thé cong mot hang sé cho ¥(x) ma khong anh hudng gi, vi didu d6 khong
1am thay d6i lyc), nhan ra rang ¥ (x,) = 0 (vi xo 12 mot cuc tiéu), va bo qua cac s6 hang

bac cao hon (co thé bo di chirng nao (x — x() con nho), ta thu dugc

1 2
Vix) = EV"(.rg)(x - x9)°,
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mo ta dao dong diéu hoa don (quanh diém x,), c6 mot hiang sb 10 xo hiéu dung k = ¥ "{(x,)."®
bo 1a 1y do tai sao dao dong tir di€u hoa don lai quan trong nhu vay: Trong thyc t€ moi
chuyén dong dao dong xap xi bang mot dao dong di€u hoa don, chung nao bién do 1a nho.
' Luu y rang V"(xo) 2 0, vi do gia dinh xo 1a mot cuec tiéu. Chi trong trudng hop hiém ¥ (x) = 0 dao dong
khong phai 1a dieu hoa don.

V(x) 4

~

Y

Hinh 2.4: Géan dang parabol (duong nét dut) ciia mot thé nang bat ky, 1an can mot cuc tiéu dia
phuong

Bai toan lwong tir 1 giai phuwong trinh Schrédinger cho thé
1
V(x) = Em.wzxz [2.43)

(ta thuong thay hang s6 10 xo bang tan s ¢6 dién, dung Pt 2.41). Nhu ta da thay, chi can
giai phuong trinh Schrédinger doc 1ap thoi gian:

r—2 dZw
2m dx?

Trong sach v& ban s& thy hai cach tiép can hoan toan khac nhau cho bai toan ndy. Cach dau
tién la mot nghiém “brute force” khong phirc tap cho phuong trinh vi phan, dung phwong
phap chudi liiy thira; n6 hiéu qua vi cing chién lugc nay co thé duoc ap dung cho nhiéu
thé khac (that vy, ta s& dung né trong Chuong 4 dé giai thé Coulomb). Cach thir hai 1a mot
k¥ thuat dai s6 rd rang mot cach ma quai, ding céc toan tir thang. Toi s& chi ban phuong
phap dai s6 dau tién, vi né nhanh hon va don gian hon (va thu vi hon nhiéu);'” néu ban
mudn bo qua phuong phap chudi lily thira luc nay, thi tot, nhung ban nén chic chén sap xép
hoc n6 mot Iac nao do.

+ ln w*x2y = E. [2.44)

177 Ta s& ding mét s6 chién luoc nhu vy trong ly thuyét momen xung luong (Chuong 4), va ky thuét nay
tong quat hoa cho mot loat cac the trong co hoc lwgng tir siéu doi xirng (chiang han, xem Richard W.
Robinett, Quantum Mechanics, (Oxford U.P., New York, 1997). Muc 14.4).

2.3.1 Phwong phap dai s6
Dé bat du, hiy viét lai Pt 2.44 dudi mot dang goi mé hon

—l-[p2 + (mwx)*y = Ey. [2.45]
2m

trong d6 p = (A/i)d/dx) di nhién 14 toan tir xung luong. Y tudng co ban 14 thira s6 héa
Hamiltonian,
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1
H = ——-[p2 + (mwx)?1. [2.46]
2m
Néu day 1a nhimg con s6, n6 s& dé dang:

240t = (it + v)(—iu + v).

Tuy nhién, ¢ day né khong don gian nhu vay, vi p va x 1a foan fur, va n6i chung cac toan tur
khong giao héan (xp khong giéng nhu px). Con nira, diéu nay giup ta xét cac dai lugng

aty = Jfﬁ (Tip + mwx) [2.47]

(nhan tir ding trude chi lam cho cac két qua cudi cung trong dep hon).

Tich a.a; bang gi?

a_a4 = (rp + mwx)(—ip + mw.x)

2hmn

= [p° + (nwx)” — imw(xp — px)].
2himw b P
Nhu dy doan, c6 thém mot s6 hang, lién quan (xp - px). Ta goi n6 14 giao héan tir ciia x va
p; n6 1a mdt udc lugng chung khong giao hoan ra sao. Noi chung, giao hdan tir cia cac toan
tor A va B (dugc viét bang ngoac vuong) bang

[A.B]= AB — BA. [2.48]
Trong ky hiéu nay,

a-ay = =——[p* + (mwx)*] — —[’c pl. [2.49]

2hmw
Ta can tinh giao hoan tur cua x va p. Canh bao: Cac toan tir kho dung dudi dang triru tuong,
va ban d& mic sai 1am trir khi ban cho chung mot “ham tht,” f{x), dé tac dong Ién. Luc cuodi
ban c6 thé bo di ham thir, va ban s& con lai mot phuong trinh chi lién quan dén céc toan ti.
Trong truong hop hién tai ta co:

h
[x, p]f(l)—[a—w(f)—ﬂi( f)] ( j—{— d—f—f)=-"ﬁf(.r).
[2.50]
B6 di ham th,
[x. p] = ih. [2.51]

Két qua dé thuong va phd bién nay duoc biét dén 1a hé thic giao hoan tir chinh tic.'®

'8 Theo nghia sau xa moi bi an cta co hoc lugng tir co thé dugce truy téi viée vi tri va xung lugng khong giao
hoan. That vay, mét so tac gia lay hé thirc giao hoa chinh tac 1a mot tién dé cta ly thuyét nay, va dung n6 dé
dan ra p = (B/i)d/dx.

C6 diéu nay, Pt 2.49 tré thanh
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a_ay — —H + —. [2.52]
w

hoac

|
H = hw (a-a.,. — 5) . [2.53]
RS rang Hamiltonian khong thanh thira sb hoan hao — c6 thém -1/2 bén phai. Luu ¥ rang &
day thtr ty cia a, va a. quan trong; cung l1ap luan, véi a, bén trai, cho

1 1
aya_ = —H — —. 2.54
+ e 5 [2.54]
bac biét,
la-,a+] = 1. [2.55]
Nén Hamiltonian ciing c6 thé duoc viét 1a
1
H=hw (a.,.a_ + E) . [2.56]
Theo a., khi d6, phuong trinh Schrédinger' cho dao dong tir diéu hoa c¢6 dang
I
ho(araz = 3 W= Ey [2.57]

(trong nhirng phuong trinh nhu vy ban liy du & trén hét, hoic lay dau ¢ dudi hét).

' T6i ngan viét “phwong trinh Schrodinger doc 14p thoi gian,” nén khi 1 rang tir ngit canh céi t6i mudn noi,
toi s€ chi goi no 1a “phuong trinh Schrédinger.”

Bay gid tdi budc quan trong & day: Toi phat biéu rang néu w théa phuwong trinh Schrodinger
voi nang luong E, (toc 1la Hy = Ey), thi a,y thoa phuong trinh Schrodinger voi nang luwong
(E + hw): H(a.y) = (E + ho)(a+y). Chitng minh:

H(a+y) = ho (a.,.a_ + %) (a+¥) = how ((J+a_a+ + %a.;.) v

— ]:'Cl)ﬂ'_g. ((I_CL|. + %) ]!;‘ =ay4 [hw (a+a_ + 1+ _;_) w:l
=da+(H + ho)r = a4 (E + ho)y = (E + hw)(a+ ).

(To6i da dung Pt 2.55 dé thay a-a, bang a.a. + 1, trong dong thtr hai. Luu y rang trong khi
thar ty cua a, va a. quan trong, thir ty cua a. va hang so bat ky — chang han 4, o, va E —
khong quan trong; mot todn tir giao hoan vdi hang s6 bat ky.)

Vi cung 1y do, (a.y) 1a mdt nghiém voi nang luong (£ - Aw):
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H(a_{) = how (a_a... — %) (a-¥) = howa— (a+a_ — %) v

=a- [hw (c:_a+ —-1- 5) ¢j| =a_(H — ho)y =a_(E — ho)y

= (E = hw)(a-yr).

Do d6 day 1a mot cong cu tuyét voi dé tao ra nhitng ham méi, c6 ning luong thap hon va
cao hon — néu ban chi can tim ra mg¢ nghiém, hay bat dau! Ta goi a. 1a cac toan tir thang,
vi ching cho phép ta leo 1én hodc leo xudng theo ning luong; a. 14 toan tir 1én, va a. 13
toan tir xudng. “Thang” clia cac trang thai duoc minh hoa trong Hinh 2.5.

Nhung cho di! Néu toi clr 4p dung toan tir thang thi sao? Cudi cung t6i s& t6i mot trang thai
¢6 nang lugng nho hon khong, vén khong ton tai (theo dinh 1y tong quat trong Bai toan 2.2)!
O chd nao d6 cong cu nay phai sai. Lam sao diéu nay ¢ thé xay ra? Ta biét rang (a.y) 1a
mot nghiém méi ciia phwong trinh Schrédinger, nhung khdng ¢ gi dam bdo rang né sé
chudn héa dirge —n6 c6 thé bang khong, hodc binh phuong tich phan ctia n6 c6 thé 1a vo
han. Trong thuc té no la truong hop dau: Xuét hién mot “thanh thép nhat” (goinod 1a yy) sao
cho

a_ l'b'ﬂ = 0. [2*58]
Ta c6 thé dung diéu nay dé tinh wy(x):

1
(hi + .'?ICO.T) Yo = 0.

V2himew \ dx
hay
dry mo
dx n
Phuong trinh vi phan nay dé giai:
d mew mw
ﬂ =—— | xdx = Inyg=—-—x*+ constant,

Yo K 2h

iy 2

Yo(x) = Ae™FF.

Ta cling c6 thé chuan hoa n6 ngay:

o0 2 mh
| = |A|2f e mwx /h dx = lA‘z _C:J.
—00 m
nén A’ =<mw/ zh,va do do
1/4
maw w2
Yo(x) = (ﬁ) e 0, [2.59]
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Dé xac dinh nang luong cua trang thai nay ta dwa n6 vao phuong trinh Schrodinger (dudi
dang ctia Pt 2.57), Aaa.a. + 2)ywy = Eoyp, va dung viée rang a.y, = 0:
1

Eg = Eﬁa). [2.60]

Bay gio xuét phat tir thanh duéi cung (trang thai co ban cua dao dong tu’ lugong tir), ta chi
can ap dung toan tir 1én (lién tiép) dé sinh ra cac trang thai kich thich,* ting ning luong 1én
Ao sau mdi budc:

Va(x) = Ap(as)" Yo(x), with E, = (" + %) nw, [2.61]

trong d6 4, 1a hing ’sé chuan hoa. Bang cach ap dung toan tir 1én (lap lai) 1én yp, khi do, ta
c6 thé (v€ nguyén tac) xay dung moi’' trang thai ding cta dao dong tir diéu hoa. Trong khi
do, khong tinh n6 cu thé, ta da xac dinh cac nang lugng dugc phép.

% Trong truong hop dao dong tir diéu hoa, vi 1y do ndo d6, ta thudng danh s cac trang thai tir n = 0, thay vi
n = 1. DT nhién, gidi han dudi trén tong trong mot cong thirc nhu Pt 2.17 phai dugc thay doi tuong tng.

Vi du 2.4 Tim trang thai kich thich thir nhét ciia dao dong tir diéu hoa.
Loi gian: Dung Pt 2.61,

A| d niw 1/4 o L2
(x)=Aa =—( h—+mwx) (—) e” ¥
¥ (x) 14+ T 5 -

1/4 _

maow 2mw w2

=A | — xe W,
h h

[2.62]

Ta c6 thé chuan héa né “bang tay”:

gi) o0 me 3
f|w]12d.r=|A.12 E( ”‘")f e 0 = 1A

mh h —0

néntacd A4, =1.

T61 khong mudn tinh s, theo cach nay (4p dung toan tur 1én 50 lan!), nhung dimg lo: Vé
nguyén tic Pt 2.61 lam duoc viéc, trir viée chuan hoéa.

Ban tham chi c6 thé thu duoc su chuan hoa bang dai sd, nhung né can mot sb thao tac triru
tuong, nén quan sat ky. Ta biét rang a, y, 11 ¢ vO1 v, 1 4,

(£_|.l,b'" = Cp 'jfn+le a_y, = dﬂ 1,["n—l [2-63]

nhung thira s6 ti 1é ¢, va d, bang bao nhiéu? Pau tién luu y rang d6i voi cac ham f{x) va g(x)
“bét k}"”22,

20 >0
f f*(aig)dx=f (ax f)*gdx. [2.64]

(Trong ngdn ngir cua dai sd tuyén tinh, a_ la lién hop hermit cua a..)
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*2 Di nhién, cac tich phan nay phai ton tai, va c6 nghia rang f{x) va g(x) phai tién toi khong & +oo.

Churng minh:

> d
f fla+g)dx = * (ZFﬁ— + mwx) gdx,
—oo

1
N 2hmw ./;oo f dx

va tich phan timg phan 14y /7 (dg/dx)dx t6i - /(dfldx) gdx (cac sb hang bién triét tiéu, vi ly
do dugc chi ra trong chu thich 22), nén

f f* (aig)dr—\/_?f [( h—+mw.1)f:| gdx=j;m(a;,;f)*gd.r.

DPCM.
bac biét,
o0 oo
f (a4 w:r)*(ai Yp)dx = / (a+a:|: V) ¥, dx,
—w —
Nhung (dung Pt 2.57 va 2.61)
ara—yy = nyry,  a—apyy = (1 + Dy, [2.65]
nén

00 , [ e
f (ar ) (asym) dx = |y |-f [ Y+ |2 dx = (n+ 1)[ 1'.5"u|2 dx.
—00 =DQ

=00

20 o0 o0
f (a—‘l’:r)*(“—‘ﬁn) dx = 14:12[ |‘J"n—l|2 dx=n f [¥rn |2 dx.

) A\ /‘1 14 /4 2 \ 2 hY /4
Nhung vi v, va v, .| dugce chuan hoa, tacod |c,|"=n+1va |d,| " =n,vadodod

at¥y = vVn+1vu41, a-¥y = Vg, [2.66]
Do d6
Vi=aso. 2= —=asdh = —=(ap)V
1 = 440 -~ = :\/5 +¥1 = ﬁ + 0
_ 1 g cuul dyusrg _ ¢ om 1
va cu vay. RO rang
Y = ——=(a)" W [2.67]
n = \/F? + 0- .

Y néi rﬁng thira s6 chuén hoa trong Pt 2.61 béng A4 =1/ Jn! (dac biét, 4, = 1, xac nhan két
qua cua ta trong vi du 2.4).
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Nhu trong truong hop cta giéng vudéng vo cung, cac trang thai dimg cta dao dong tir diéu
hoa thi tryc giao:

oo
f W;: Yn dX = . [2.68]
-0

Diéu ndy c6 thé dugc chimg minh khi ding Pt 2.65, va Pt 2.64 hai lan — dau tién di chuyén
a. va sau do di chuyén a.:

%0 e
f Y (ara_ )y dx =n f Y Un dx
= f (@-Yrm)* (a—ym) dx = / (aia- 'ffm)*‘.b'n dx

o
=mf Vo dx.
—00

Trir khi m = n, khi do, j w v dx phai bang khong. Tinh tryc chuan c6 nghia I4 ta c6 thé

dung lai me¢o Fourier (Pt 2.34) dé tinh ra cac hé s6, khi ta khai trién W(x, 0) 1a mét to hop
tuyen tinh cua cac trang thai ding (Pt 2.16), va lc,|* 1ai 14 x4c sudt ma mot phép do ning
lugng cho két qua E,,.

Vi du 2.5 Tim gi4 tri trung binh cua thé ning trong trang thai thtr n cta dao dong tir diéu
hoa.

Loi giai:
I 2.2 I 2 = * .2
(V) = ‘—2'???&.) X7 )= —mw \b‘” X"y dx.

C6 mot cong cu dep d& dé tinh nhimg tich phan loai nay (llen quan dén Ity thira cua x hodc
p): Dung dinh nghia (2.47) dé biéu dién x va p theo céac toan tir 1én va xubng:

h fir
X = (ay +a-): p= :‘/ : nwm+ —a-). [2.69]
2mw 2

Trong vi dy nay ta quan tam t6i x*:

i

= 5 —[(@s) + (@sa0) + (@-ap) + @-)?).

"
|38

Nén
ha 2
(V) = Tw f M l:(ﬂ+)'2 + (@ya-) + (a—ay) + (a- )-] Yn dx.

Nhung (a,)* v, béng W, 1 » (khong tinh dén tinh chuén hoéa), truc giao véi y,, va diéu nay
cting dung cho (a. ) Wy, ti 16 V61 w,,. Nén nhitng s6 hang ndy mét di, va ta c6 thé dung Pt
2.65 dé tinh hai s6 hang con lai:
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2
Nhu ta thdy, gia trj trung binh cia thé ning diing bang mot nita nang luong toan phan (ntra
con lai di nhién la dong nang). Pay la di€u ky cuc cua dao dong tir di€u hoa, nhu ta s€ thay
sau nay.

| 1
(V) = Eﬂ?(n +n4+1)= Ehw (n + —) X

2.3.2 Phwong phap giai tich
Bay gid ta trd lai phuong trinh Schrédinger cho dao dong tir diéu hoa,
LN P
——— + —mwx“ Y = Ey. 2.70
2m dx? 2 4 4 [ ]

va giai né truc tiép, bang phuong phap chudi. Moi thit tréng rd rang hon mét chat néu ta
dua ra bién khong thir nguyén

£ = ?x; [2.71]
theo & phuong trinh Schrédinger c6 dang
d>y 5
= — Ky, 2.72
e =K 2.72)
trong do K 1a nang lugng, theo don vi (1/2) Aw:
2E
= —, [2.73]
hw

Bai toan cua ta 1a giai Pt 2.72, va trong qua trinh nay thu duoc cac gia tri “dugc phép” cia K
(vado do cua E).

Dé bit dau, luu y rang & £rét 16n (tie 13, & x rat 16n), & hoan toan chiém uu thé so voi hing
s0 K, nén trong diéu kién nay

d*y
T £29, [2.74]
C6 nghiém gan ding (kiém tra nd!)
V() ~ Ae ¥ /2 4 BetE2, [2.75]

S6 hang B rd rang khong chuan hoa duoc (n6 phan ky khi x| — o0); cac nghiém chap nhan
dugc ve€ mat vat ly, khi do, c6 dang ti¢m can

w(&)—()e*?, 6 &1lon [2.76]
Diéu niy goi y rang ta “bo di” phan mil,
V(&) = hE)e 512, [2.77)

V6i hy vong cai con lai, 4(&), 6 mot dang ham don gian hon ban than y(&).” Lay dao ham
Pt 2.77,

CHLT, Griffiths (16p VLLT K13-14, 10/2016); N. F. Nha thuc hién 28

CuuDuongThanCong.com https://fb.com/tailieudientucntt


http://cuuduongthancong.com?src=pdf
https://fb.com/tailieudientucntt

dg ~ \d&
va
d*y  (d*h dh 5 2
=| — —2f— E- — £ f2’
= (G- ag @ -m)e
nén phuong trinh Schrodinger (Pt 2.72) trd thanh
d*h dh
2&— + (K —1Hh =0. [2.78]
dg? d§

¥ Luu y rang mic du ta dwa ra mot sé gér} dung dé dwa toi Pt 2.77, nhiing cai sau do 1a chinh xdc. Cong cu
bo di trang thai tiém can la mot budc chuén dau tién trong phuong phap chuoi liy thura d€ giai phwong trinh
vi phan — chang han, xem Boas (chu thich 11). Chuong 12.

T6i dé xuét tim nghiém cho Pt 2.78 dudi dang chudi liy thira theo & :**
o0
h(E) = a0+ @€ + aE + - =Za,-gf. [2.79]

** Pay duoc biét dén 1a phwong phap Frobenius dé giai mot phuong trinh vi phén. Theo dinh 1y Taylor, bét
ctr ham nao c6 dang t6t cling c6 thé dwoc biéu dién 1a mot chudi liy thira, nén Pt 2.79 thudng khéng lién
quan dén viéc mét tinh tong quat. Ddi véi cac diéu kién dé ap dung phuong phap nay, xem Boas (chu thich
11) hoac George B. Arfen va Hans-Jurgen Weber, Mathematical Methods for Physicist, 5th ed., Academic
Press, Orlando (2000), muc 8.5.

Lay dao ham ting s6 hang cua chudi,

di‘.‘ +2 &_+3 E’l" i &_J'_q
=4a a (i = a; )
Jj=0
va
d*h 5 0 ‘ " ;
e =201 +2- 313 +3 -4t + - = z(_, +1)(j +2ajat!.
J=0
Pua chung vao Pt 2.78, ta tim duoc
o0
Z [+ DG +2)aj12 —2jaj + (K — Daj] & =0. [2.80]
J=0

Theo d6 (tir tinh duy nht ctia khai trién chudi liy thira®) hé s6 cta méi liiy thira ciia & phai
triét tiéu,

(J+ D(j +2)aj42 —2jaj + (K — Da; =0,
va do d6 ma
2;j+1-K) q
G+DG+2)"

djy2 = [2.81]
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Cong thire truy hdi nay hoan toan trong duong véi phuong trinh Schrodinger. Bat dau tir
agy, n6 sinh ra moi hé s6 duoc danh soé chan:

(1 -K) (5—K) (5—K)(1—-K)
a) = Tao, a4 = Ta; = 4 ag,
va bét dau tir a;, n6 sinh ra cac hé sb 1é:
(3 -K) (7— K) (7-K)3—K)
a3 = 3 aj. c:5=Ta3= 120 ay.  cee.

Ta viét nghiém hoan chinh 13
h(€) = heven(§) + hodad (&), [2.82]

trong do

heven(8) = up + 5"2'52 =+ ""4'54 +oee
12 mot ham chén cta & duoc xay dung trén a,, va

hoad (§) = ar§ +azg” +asg” +
12 mot ham 18, dugc xay dung trén a;. Do d6 Pt 2.81 xac dinh 4(&) theo hai hing sb bat ky
(ap va a;) — day la cai ma ta trong doi, cho mdt phuong trinh vi phan béc hai.
Tuy nhién, khong phai moi nghiém thu dugc thi chudn héa dwoc. Cho j rat 16n, hé thic truy
hoi tr¢ thanh (gan ding)

[a s

ﬂ'j.l_g ~ }aj._
c6 nghiém (gan dung)
C

v6i hing s6 C nao @6, va diéu nay dua t6i (6 £10n, & d6 cac liy thira bac cao chiém uu thé)
; | 2
h(§) ~ — I ~CY —EV =Ce.
(j/2)! 2 J!

Bay gio néu 4 tién t6i gidng exp(&), thi w (nhd w? — d6 1a céi ta dang cé géng tinh) tién
to1 giong exp(& /2) (Pt 2.77), chinh xdc la trang thai tiém cén ta khong mudn.*® Chi c6 mot
cach dé tranh diéu nay: Déi voi cac nghiém chuan hoéa duoc chudi liiy thita phai két thiic.
Phai xuét hién j cao nhit nao d6 (goi no 14 n), sao cho hé thirc truy hoi mat di aniy =0 (diéu
nay s€ ngat hodc chudi heven hodc chudi oy, céi con lai phal bang khong tr lac ddu a; =0
néu # chén, va ap =0 néu n l¢). Dbi voi nhitng nghiém chap nhan dugc vé mat vat 1y, thi Pt
2.81 doi hoi ring

. B
aj

K=2n+1
Cho s6 nguyén khong am 7, néi rang (xem Pt 2.73) ndng lwong phai bang

I
E, = (ﬂ' + —2-) how. forn=0.1,2..... [2.83]
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2 Khong c6 gi ngac nhién khi cac nghiém khong tdt van co trong Pt 2. 81, h¢ thire truy hdi nay twong dwong
v6i phuong trinh Schrédinger, nén n6 phai bao gdm ca hai dang tiém can ta tim thay trong Pt 2.75.

Do do ta thu dugc, bang mot phuong phap hoan toan khac, diéu kién lugng tir hda co ban
ma ta da tim thay bang dai so trong Pt 2.61.

Duong nhu ban dau kha ngac nhién réng su luong tir hoa nang lugng phai xudt hién tir mot
chi tiét k¥ thuat trong nghiém chudi lily thira ctia phwong trinh Schrédinger, nhung hay nhin
n6 theo mot cach khac. Pt 2.70 di nhién c¢6 nhiing nghiém cho moi gié tri £ (that vay, nd co
hai nghiém ddc lap tuyén tinh cho mdi E). Nhung hau nhu moi nghiém phan ky theo ham
mil & x 16n, va do d6 khéng chuan hoa dugc. Chang han hinh dung dung mét £ nhé hon mét
trong céac gia tri dugc phép mot chut (chang han 0.49Aw), va vé nghiém (Pt 2.6(a)); phan
“dudi” tién téi vo cung. Bay gio thir mot E I6n hon mot chit (chiang han 0.51 4w ); phan
“dud1” bay gio s€ phan ky theo hudng con lai (Hinh 2.6(b)). Khi ban thay d6i tham s6 di
mot chut tur 0.49 t61 0.51, duodi d6i hudng khi ban di ngang qua 0.5 — chi tai diing 0.5 cac
phan dudi tién téi khong, dé lai mot nghiém chuén hoa dugc.”’

" Ta c6 thé thiét 1ap diéu nay trén may tinh, va phat hién ra cac ning luong dugc phép “bang thuc nghiém.”

Ban c6 thé goi n6 1a phwong phap vy dudi: Khi cai dudi vy, ban biét ring ban vira di qua mot gia tri duoc
phép. Xem bai toan 2.54-2.56.

Déi véi cac gia tri duge phép cua K, cong thire truy hdi cho

—2(n — j)

. N aj.
G+DG+2)
Néu n = 0, chi c6 mdt s6 hang trong chudi (ta phai l1ay a; = 0 dé bo Ay, va j = 0 trong Pt 2.84
dua to61 a, = 0):

dj42 = [2.84]

ho(§) = ap.

va do do

Vo(&) = age ™52

(tir su chuén hoa, dua toi Pt 2.59). V&in = 1 ta thu duge ao = 0,° va Pt 2.84 ¢6 j = 1 dua t6i
az; =0, nén

h (&) =a§.
va do do
Y1(§) = ajge /2

(xac nhan Pt 2.62). Doi véin = 2,j =0 dua t61 a, = -2ay, va j = 2 cho a, = 0, nén

ha(€) = ag(1 — 2£7).
Va

2
Ya() = ag(l — 26He 512,

va cu vy. (So sanh bai toan 2.10, ¢ do két qua cudi cing nay c6 dugc bang phuong phap
dai s0.)

* Luu y rang c6 mot tap hé sd a; hoan toan khac cho moi gia tri cua n.
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Noi chung, £,(¢) s€ 1a mot da thirc bac n theo &, chi co cac lity thura chén, néu n la mot s6
nguyén chin, va chi ¢6 cac liy thira 1&, néu n 1a mot s6 nguyén 1é. Ngoai thira s6 chung (o
hodc a;) chung la cic da thirc Hermite, Hn(zf). Vai da thic dau tién duoc liét ké trong
Bang 2.1. Theo truyén théng, thira s6 nhan bat ky dugc chon sao cho h¢ s6 cua Ity thura cao
nhit cua £13 2", Vi qui ude ndy, cac trang thai dimg duoc chuin hoa®® cho dao dong tir
diéu hoa 1a

Un(x) = ( St ©e [2.85]

¥ Cac da thire Hermite da dugc nghién ctru day du trong sach toan, va co nhiéu cong cu va meo dé tinh toan
chung. Mot vai cong cu dugc khao sat trong bai toan 2.17.

mo\'* 1
wh

%% T6i s& khong dan ra hﬁng s6 chuén hoa & day, néu ban quan tam cach n6 dugc tinh, chéng han xem
Leonard Schiff, Quantum Mechanics, 3rd ed, McGraw-Hill, New York (1968), muc 13.

(Di nhién) chung dong nhit véi cac da thic ta da thu dugc bang dai sd trong Pt 2.67.

Trong Hinh 2.7(a) t6i dd v& w,(x) cho mot vai n. Dao dong tir luong tir khac dao dong tir ¢6
dién dang ké — nang lugng khong chi dugc lugng tir hda, ma cac phan bd vi tri cling c6 mQt
s6 dic diém ky cuc. Chéng han x4c suit tim thdy hat bén ngoai mién dugc phép cb dién (tirc
14, v6i x 16n hon bién d6 c¢o dién cho nang lugng dang xét) khong bang khong (xem Hinh
2.10), va trong moi trang thai lé xac xuat tim hat ¢ tim bang khong. Chi khi n 16n ta bat dau
thy glong vé6i truong hop co dién. Trong Hinh 2.7(b) to1 dé v& chong phan b vi tri ¢ dién
1én phan b lugng tir (cho n = 100); néu lam tron cac dinh, hai phan bb d6 s& khép nhau kha
t6t (tuy nhién, trong trudng hop ¢ dién ta dang noi vé phan bo cua vi tri theo thoi gian cho
mot dao dong tur, con trong truong hop luong tir ta dang noi vé phan bd trén mot tdp hop
ctia cac hé duoc chudn bi giéng nhau).”!

2.4 HAT TU DO

Ké tiép ta xét truong hop don gian nhét: hat ty do (¥(x) = 0 moi noi). V& mit co dién diéu
nay sé& chi ¢ nghia 1a chuyén dong vé6i van téc khong doi, nhung trong co hoc luong tir bai
toan nay tinh t& va phirc tap mot cach dang ngac nhién. Phuong trinh Schrédinger doc lap
thoi gian la

h? d*y
L EY. 2.90
2m dx? v [2.90]
hoac
d? 2mE
Y o Ky, where k= Y2mE [2.91]
dx-= h

Pén gio, né gidng voi bén trong giéng vudng vo han (Pt 2.21), & d6 thé ciing bang khong;
tuy nhién, 1an nay t61 muon viét nghiém tong quat dudi dang ham mii (thay vi ham sin va
cos), vi nhirng ly do s€ xuat hién sau:

Y(x) = Ae™ + Be ™, [2.92]
Khéng gibng nhu giéng vudng vo han, khéng c6 diéu kién bién dé gidi han céc gi tri kha di
cua k (va do d6 cua F); hat tu do c6 thé mang moi nang luong (duong). Pua thém su phu
thudc thoi gian dién hinh, exp(-iEt/A)
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W(x.1) = AHEED 4 Bemiktet i, 293]

Luc nay, bat cir ham nao cua x va ¢ phu thudc vao nhiing bién nay dudi dang t6 hop dac biét
x £ vt (v&i hang s6 v nao do) biéu dien mot song cd dang cb dinh, di chuyén theo huéng Fx,
v6i toe dd v. Mot di€m ¢ dinh trén dang séng (chang han, mot cuc dai hodc mét cuc tiéu)
ung v&i mat gia tri co dinh cuia doi so, va do do véi x va £ sao cho

x £ vt =constant, hay x = Fvf¢ + constant

Vi mdi diém trén dang song dang di chuyén vai van tdc nhu nhau, hink dang cua né khong
thay d6i khi né lan truyén Do d6 s hang dau tién trong Pt 2.93 biéu dién mot song di
chuyén sang phdi, va s hang thir hai biéu dién mét song (co cung nang luong) di sang trdi.
Tién day, vi chiing chi khac nhau béi ddu trude k, ta cung c6 thé viét

nk*
3

2 1), [2.94]
va cho k am dé chi truong hop song di chuyén sang tréi:

P =+ v2mE with | &> 0= traveling to the right,
- h k < 0= traveling to the left.

We(x. 1) = Ae ®

[2.95]

RS rang “cac trang thai ding” ctia hat tir do dang lan truyén séng; budc song ciia chung
bang A= 2/k|, va theo hé thirc de Broglie (Pt. 1.39), ching mang xung luong

p = hk. [2.96]
Téc d6 cta nhitng séng nay (hé s6 cua ¢ chia cho hé sb cia x) bang
h|k| \[ E
v =—=,/— 2.97
quantum 5m m [ ]

Mit khac, toe dﬁ) 6 dién ctua mot hat tu do ¢6 nang luong E dugc cho bdi E = (1/2)mv2
(dong nang thuan tay, vi V' = 0), nén

2E
Uclassical = E’ = 21’quanmm- [2.98]
RS rang ham song co hoc lugng tir di chuyén bang nita toe dd ciia hat n6 biéu dién! Lat nira
ta s€ tr¢ lai voi nghich 1y nay — c6 mdt van d€ tham chi quan trong hon nhiéu ma ta can xét
dau tién — ham song nay khong chuan héa dwoc. Vi

+00 +00
f W dy = |Af? f dx = |A|*(00). [2.99]

oo —020

Khi d6 trong trudong hop cua hat tir do, cac nghiém tach duoc khong biéu dién nhiing trang
thai nhan biét duoc vé mit vat Iy. Mot hat tw do khong thé ton tai trong mét trang thai dimg;
hay, n6i cach khéc, khong co mot hat tw do véi mot nang luwong xdc dinh.

Nhung diéu d6 khong c6 nghia cic nghiém tach dugc 1a vo ich, vi chung dong mot vai tro
todn hoc hoan toan doc lap véi dién giai vdt [y cua chung. Nghiém tong quat cua phuong
trinh Schrédinger phy thudc thoi gian van 1a mot t6 hop tuyen tinh cac nghiém tach dugc
(chi lac nay nd 1a mét tich phdn theo bién lién tuc k, thay vi tong theo chi sb 10i rac n):
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+o0

1 e i
b (k)el =3 dk. [2.100]
V2 J-x

Y(x.1) =

(Pai lugng 1/+/27 duogc tach ra dé tién; dai lugng dong vai tro cua hé $6 ¢, trong Pt 2.17 la
t6 hop (1/~/27)¢(k)dk ). Bay gid ham song ndy cé thé duogc chuan hoa (cho @(k) thich hop).
Nhung n6 can thiét mang mot ddi k, va do 6 mot dai nang luong va toe do. Ta goi no 1a
mot bé séng.*”

32 Céc song hinh sin trai ra téi vo cling, va chiing khong phuén hoa dugc. Nhung chong chdp nhiing song nhur
vay dua toi su giao thoa, cho phép su dinh xir va sy chuan hoa.

Trong bai toan co hoc lugng tir dién hinh, ta duoc cho Y(x, 0) va dugc yéu cau tim WY(x, 7).
D61 vo1 mot hat tur do nghiém c6 dang cua Pt 2.100; cau héi duy nhat 1a 1am sao xac dinh
(k) dé phu hop v61 ham song ban dau:

L [ e kv
o (k)e'™ dk. [2.101]
V2t J-o
Day 1a mot bai toan kinh dién trong giai tich Fourier; cu tra 161 duoc cho boi dinh 1y
Plancherel (xem bai toan 2.20):

V(x.0) =

e | k ‘ dk k — ‘ -
- ) — ( ) v - ( ) - e ! --dx... |2.102|

F(k) dugc goi la anh Fourier cua f{x); flx) la danh Fourier ngwe'c ctua F(k) (su khac nhau
duy nhat 1a dau cua ham mil). Di nhién ¢ han ché nao d6 1én cac ham duoc phép: Cac tich
phan d6 phai ton tai.>® Vi 1y do cua ta diéu nay dugc dam bao nho yéu cau vt Iy rang chinh
¥(x, 0) duoc chuan hoa. Nén nghiém cho bai toan luong tir dién hinh, cho hat ty do, 1a Pt
2.100, voi

1 oo "
bk = i W (x. 0)e ™" dx. [2.103]
—00

33 Piéu kién can va du cho fAx) 1a jw | f(x)[* dx hitu han. (Trong trudng hop dc')jw | F(k)|* dk ciing hiru han,
va thuc ra hai tich phan nay bang nhau.) Xem Arfkens (chu thich 24), Muc 15.5.

Vi du 2.6 Mot hat tu do, ban dau dinh x1r trong mién —a < x < a, duoc tha ra & thoi diém ¢ =
0:

A if —a<x =<a,

W(x, 0) = 0. otherwise,

trong d6 A v a 14 nhitng hang s6 thuc duong. Tim ¥(x, 7).

Loi giai: Pau tién ta can chuan hoa P(x, 0):
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(0.9 o l
1=f Ux.0)%dx = |A? | dx=2a|lAP? = A= ——.
_wl (x. 0)] |A| - |A| NGT

Tiép theo ta tinh ¢(k), dung Pt 2.103:

1 a - —ikx
k) = —ikx dy =
(0 V2T \/E _ﬂ‘? ' 2‘\/7”7 _'k |_"
] eika _ g—ika 1 sin(ka)

Zkﬁ/rm‘ 2i - Jma  k

Cubi cung, ta dua tré lai vao Pt 2.100:

I > sin(ka) itk =182

TV2a J-x k

Khong may, tich phan nay khong thé duogc giai theo cac ham so cip, mic du di nhién no co
thé duoc tinh bang s6 (Hinh 2.8). (That ra c6 mot s it trudng hop hiém hoi & d6 tich phan
cho W(x, 1) (Pt 2.100) ¢6 thé duoc tinh tuong minh; xem bai toan 2.22 cho mot truong hop
dac biét dep.)

S& rd rang khi xét cac truong hop gidi han. Néu @ rat nho, ham séng ban dau 1a mot dinh
dinh xt dep (Hinh 2.9(a)). Trong truong hop nay ta c6 thé dung gan ding goc nho dé viét

sin(ka) = ka, va do d6
a
gk ~ [ —;
g

NO phang, vi cac k triét tiéu (Hinh 2.9(b)). Pay 1a mot vi du ciia nguyén 1y bat dinh: Néu sy
trai ra ctia vi tri 1a nho, su trai ra cia xung lwong (va do d6 ctia k — xem Pt 2.96) phai 16n. O
thai cuc con lai (a [on) su trai ra cua vi tri 1a 16n (Hinh 2.10(a)) va

.. [asin(ka)
¢(k)_\/; ka

Lic nay, sinz/z c6 cuc dai tai z = 0, va gidm t&1 khong & z = 7 (trong trudong hop na‘ly, co
nghia k = £7/a). Nén voi a 16n, ¢(k) la mot dinh nhon quanh &£ = 0 (Hinh 2.10(b)). Lan nay
n6 c6 mot xung luong dugc xac dinh tt nhung mot vi tri khong xac dinh tot.

‘p(.l', f) = 2m ” dk. [2.104]

Bay gio t61 trd 1ai voi nghich ly dugce luu y trudce day: viéc nghiém tach dugc Wi(x, ¢) trong
Pt 2.94 di chuyen vdi toc do “sai” cho hat ma n6 c6 the biéu dién. N6i mot cach chit chg,
bai toan khong con ding khi ta phat hién ra rang ¥, khong phai la mot trang thai nhan biét
dugc vé mat vat 1y. Tuy nhién, s& tha vi khi xét thong tin nao vé van téc dugc chira trong
ham song hat ty do (Pt 2.100). Y tudng chinh la: Mot bo song 13 mot sy chong chap cac
song hinh sin c6 bién do duoc thay d6i boi ¢ (Hinh 2.11); né gdm céac “don séng” chira
trong mot “ham bao”. Cai timg v&i van toc hat khong phai 13 toe do ctia cac don song riéng
biét (dugce goi la van toc pha), ma 13 toc do cia ham bao (van toc nhém) — ma, phu thugc
vao ban chit cta cac song, c6 thé 16n hon, nho hon, hay bang vén tdc cua cac don song tao
thanh no. Ddi vé6i nhitng song trén mot soi day, van tbc nhom bang van tdc pha. 1301 voi
song nuGe no bang ntra van toc pha, nhu ta co thé dé y ¥ khi ta ném mot hon do xuéng hd
(neu ban tap trung vao mdt don song cu thé, ban s& thay né duogc hinh thanh tir ria, di
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chuyén t&i qua nhom, va mat & mit, con nhém nhu mot tong thé lan truyén o téc d6 bang
mot nura). Cai toi can chung to 1a dbi voi ham song cua mot hat tu do trong co hoc lugng tir
van téc nhém bang hai lan van téc pha — dé biéu dién dung tdc do hat co dién.

Khi d6, van d¢ 1a xac dinh van toc nhom ciia mot bé séng co dang tong quat
+00

W(x, 1) = \/% ¢ (kye' *x—wh gk
-0

(Trong truong hop cua ta @ = Ak*2m, nhung cai toi phai n6i bay gio ap dung cho moi loai
b6 song, bat ké hé thire tan sic ciia nd — hé thirc cho @ nhu mot ham cia k.) Hay gia st
rang @(k) co dinh hep quanh gia tri ko cu thé nao d6. (Khéng ¢ gi bdt hop phdp quanh mot
dinh rong theo k, nhung nhitng b séng nhu vay thay doi hinh dang rat nhanh — vi cac thanh
phan khac nhau di chuyén ¢ nhimng toc do khac nhau — nén khai niém toan phan ctia mot
“nhém”, b6 mot van toc duge xac dinh tot, mat ¥ nghia.) Vi ham dudi diu tich phéan co thé
b6 qua trir 14n cin cua ko, ta ciing c6 thé khai trién Taylor ham a(k) quanh diém d6, va chi
giit cac s6 hang dau tién:

w (k) = wy + wylk — ko),
trong d6 @'y 1a dao ham cua w theo £, tai diém k.

Doi bién tir k sang s = k — k (dé tinh tich phén tai k), ta co

1 +o0 . ‘ ‘
Yx, t) = — (ko + 5)81i(l’fn+31;\—(mj+wns)r] ds.
e o ¢ (ko
Tait=0,
1 +00 .
Y(x,0) = b (ko + S)er(k()-!-x).r ds.

\,’2.71' —00

va & thoi diém sau

+00
o~ = e:’(—wﬂf-l-k"w;,r)f (ﬁ(l’({] _|_S)er'(ku+s)(.r-w[,.r)ds.
V2T -0

Trir viée ddi tir x sang (x - @/of), tich phan nay giéng véi tich phan trong ¥(x, 0). Do d6
W(x, 1) = e Ry (y — ghr, 0). [2.105]

Ngoai thira s6 pha phia truée (khoéng anh hudng [¥]* trong moi su kién) rd rang bo song di
chuyén véi toc do @'y:

dw
Veroup = :II [2 106]
(Puoc tinh tai k = k). Diéu nay trai véi van tdc pha thong thudng
w
Uphase = ? [2.107]

Trong truong hop cua ta, o= (Ak/2m), nén w'k = (hk/2m), trong 46 da/dk= (hk/m), gap
hai lan. Diéu nay khang dinh rang chinh van toc nhom cua bo song, khong phai van toc pha
cua cac trang thai dirng, phu hop vdi van toc hat co dién:

Uclassical = Vgroup = 21-'phase- [2.108]
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2.5 THE CO DANG HAM DELTA
2.5.1 Trang thai lién két va trang thai tin xa

Ta da xét hai dang nghiém rat khac nhau cta phuong trinh Schrodinger doc 1ap thoi gian:
Péi vai giéng vuodng vo cung va dao dong tur diéu hoa ching chudn héa dwoc va duge danh
dau bang mot chi s6 roi rac n; dbi voi hat tu do ching khong chudn héa dwoc, va duge danh
dau bang mot bién lién tuc k. Dang dau ty nd biéu dién nhing trang thai nhan biét dugc vé
mat vat 1y, dang sau thi khong; nhung trong ca hai dang, nghiém téng quat ctia phuong trinh
Schrddinger phy thudc thoi gian la mot to hop tuyén tinh ciia cac trang thai dimg — dbi voi
dang dau t6 hop nay c6 dang cua mot tong (theo n), con dbi véi dang thir hai nd 1a mot tich
phan (theo k). Y nghia vat Iy cta su khac biét nay 1a gi?

Trong co hoc ¢é dién mdt thé doc lap thoi gian mot chiéu co thé dua t6i hai dang chuyén
dong kha khac nhau. Néu ¥(x) 1én cao hon nang lugng toan phan cta hat (E) ¢ hai dau
(Hinh 2.12(a)), thi hat bi “git” trong giéng thé — no chay qua chay lai giita cac diém quay
dau, nhung n6 khong thé thoat ra (di nhién, trir khi ban cho n6 thém mot ngudn ning luong,
chang han nhu mot mé to, nhung ta khong néi vé dicu d6). Ta goi nd 1a mot trang thai lién
két. Mit khac néu E 16n hon V(x) 6 mdt bén (hodc ca hai bén), thi hat dén tir “vo cung,” di
cham lai hodc ting toc dudi sy anh hudng cua thé, va quay lai v6 cung (Hinh 2.12(b)). (No
khong thé bi giam trong thé trir khi c6 co ché nio khéac, chang han ma sat, dé lam tiéu hao
nang lugng, nhung mot 1an nita ta khong néi t6i didu nay.) Ta goi d6 1a mot trang thai tan
xa. Mot s thé chi cho phép trang thai lién két (chang han dao dong tir diéu hoa); mot s6
khac chi cho phép trang thai tan xa (mot ddi thé khong co chd 16m); mot sb cho phép ca hai,
phu thudc vao nang luong cua hat.

Hai loai nghiém ctia phuong trinh Schrodinger (mg dung véi trang théi lién két va trang thai
tan xa. Sy khac bi¢t thdm chi 10 rang h0'n trong linh vue lugng tir, vi hién tuong chui ham
(ma ta s& xét 1at nira) cho phép hat “rod ri” qua bat cit rdo thé hitu han nao, nén diéu duy nhat
quan trong 13 thé & vo cung (Hinh 2.12(c)):

{ E <[V(—00) and V(4+00)] = bound state,

E > [V(-0c0) or V(400)]= scattering state. [2.109]

Trong “doi thuce” hau hét cac thé tién t6i khdng & vo cung, khi d6 tiéu chuin nay tham chi
don gian hon nira

{ E <0 = bound state, 2.110]

E > 0 = scattering state.

Vi cac thé ciia giéng vudng vo cung va dao dong tir diéu hoa tién tdi vo cting khi x — Foo,
chung chi cho phép trang thai lién két; vi thé ctia hat tu do bang khong & moi noi, chiing chi
cho phép trang thai tan xa.** Trong muc nay (va muc sau) ta chi xét nhimg thé cho phép ca
hai loai trang thai nay.

* Néu ban 1a nguoi hay quan sat, c6 thé ban da dé ¥ ring dinh 1y tong quat doi hoi £ > Vinin (bai toan 2.2)
thuc sy khong ap dung cho nhiing trang thai tan xa, vi chung khong chuan hoa duoc Neéu diéu nay 1arn ban
ph1en hay thir giai phuong trinh Schrddinger voi £ < 0, cho hat ty do, va luu y rang thdm chi nhiing t6 hop

tuyén tinh cua cac nghiém nay khong thé dugc chuan hoa. Chinh cac nghiém c6 ning lwong duong tao thanh
mot tap day du.

2.5.2 Giéng c6 dang ham delta
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Ham delta Dirac la mot dinh hep vo6 cung, cao vo cung & tai géc toa do, co dién tich béng 1
(Hinh 2.13)

0. if x #0 ) +00 o
oo, ifx=0 } with f_m (x)dx = L. [2.111]

o(x) = {
V& mit k¥ thuat, n6 khong phai 12 ham sd, vi n6 khong hiru han ¢ x = 0 (cac nha toan hoc
goi n6 13 ham suy réng, hay phan bd).”> Tuy nhién né 13 mot cong cu cuc ky hiru dung
trong vat 1y 1y thuyét. (Ch'flng han, trong dién dong luc hoc mdt do dién tich ctia mot dién
tich diém 1a mot ham delta.) Luu y rang &x - @) s& 1a mot dinh c6 dién tich bang 1 & tai
diém a. Néu ban nhan &x - a) cho mot ham fx) théng thirong, nd ciing giébng nhu nhan voi

f(a)9

F)8(x —a) = fla)d(x —a), [2.112]
vi tich bang khdng moi noi trir tai diém a. Dic biét,
+00 +0o0
f@)8(x —a)dx = f(a) S(x —a)dx = f(a). [2.113]
-0 -0

3% Ham delta c6 thé dugc xem 1a gidi han ciia mot day ham, ching han nhitng hinh chir nhat (hay tam giac)
c6 d0 cao tang lién tuc va bé rong giam li€n tuc.

D6 1a tinh chat quan trong nhét cia ham delta: Duéi ddu tich phan n6 dung dé 1y gié tri caa
fx) tai diém a. (D1 nhién, tich phan khong can di tir -0 t&i +oo; cai quan trong 1a mién lay
tich phan chtra diém a, nén a - £t61 a + g1a da, cho moi £>0.)

Hay xét mot thé c¢6 dang
V(x) = —ad(x). [2.114]

Trong d6 « 14 hiang s duong.*® Chéc chin dy 1a mot thé nhan tao (ciing nhu giéng vudng
v0 cung), nhung n6 don gian, va minh hoa 1y thuyét co ban véi rat it tinh toan. Phuong trinh
Schrodinger cho giéng c6 dang ham delta 1a

__n__ —ad(x)y = Ey; [2.115]

N6 vira cho trang thai lién két (E < 0) vira cho trang thai tan xa (E > 0).
%% Ban than ham delta c6 don vi 1/dg dai (xem Pt 2.111), nén c6 thit nguyén ndng lwong x do dai.

Dau tién ta s& xét trang thai lién két. Trong ving x < 0, V(x) = 0, nén

d’>y _ 2mE

PR =Y, [2.116]
¢ do
K = —"'flmE [2.117]
(E am, nén x thyc va duong.) Nghiém tong quat cua Pt 2.116 bang
Y (x) = Ae " + B, [2.118]

Nhung s6 hang dau tién phan ky khi x — -0, nén ta phai chon 4 = 0:
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¥(x) =B, (x <0). (2.119]

Trong vung x > 0, V(x) lai bang khong, va nghiém tong quat c6 dang Fexp(-xx) + Gexp(«x);
1an nay s6 hang thr hai phan ky (khi x — +o0), nén
Y(x)=Fe ™ . (x > 0). [2.120]

Chi con gan hai nghi¢m nay véi nhau, bang cach dung cac diéu ki¢n bién thich hop tai x = 0.
T61 da dan ra trudc day cac diéu ki¢n bién ti€u chuan cho -

1. ¥ is always continuous; 12.121]
2. dyr/dx s continuous except at points where the potential is infinite. '
Trong trudng hop nay diéu kién bién dau tién cho ta biét rang F = B, nén
Be**. (x <0).
VOO =1 e, (x> 0): [2.122]

y(x) duge vé trong Hinh 2.14. Diéu kién bién thir hai khong cho ta biét diéu gi; day la
truong hop dic biét (gidng giéng vudng vo cung) 6 do V bang v6 cung tai diém ndi, va ro
rang tir hinh v& ham nay c¢6 mot diém nhon & x = 0. Hon nita ham delta khong c6 chuyén gi
¢ day. Ro rang ham delta phai x4c dinh tinh khong lién tuc cuia dao ham cua y, 6 x = 0. To61
s€ cho ban théy bay gio diéu nay dugc thuc hién ra sao, va nhu mdt san phém phu ta s€ th?iy
tai sao thong thuong dy/dx lién tuc.

y(x)
VK

! X
Hinh 2.14: Ham song trang thai lién két cho thé c6 dang ham delta (Pt 2.122)
Y tudng 1a 14y tich phdan phuong trinh Schrodinger, tir -£ t6i +e, va sau d6 14y gidi han khi ¢
—0:

+¢ d w +¢ +e
dx + Vi) (x)dx =E Y(x)dx. [2.123]
C2m —€ dx? —c —
Tich phan dau tién chinh 1a dy/dx, duoc tinh ¢ hai can; tich phan cubi bang khdng, trong
gi61 han & — 0, vi n6 1a di¢n tich cua mdt miéng cd bé rong triét ti€u va dg cao hiru han. Do

do
(D) = (2] 90
dx ]~ >0\ dx e dx|_

Thong thudng, gidi han bén phai lai bang khong, va d6 1a 1y do tai sao dy/dx lién tyc nhu
thuong. Nhung khi V(x) vo han tai bién, 1ap luan nay khong dung. Pac bi¢t néu V(x) =
adx), Pt2.113 cho

+e
) = 2—"1 l1mf V(x)y(x)dx. [2.124]

k2 e=0 —€
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dyr\ _Zmﬂ
A (E?) =~z ¥ (0). [2.125]

Cho truong hop dang xét (Pt 2.122),

dir/dx = —Bke™™*. for (x > 0). so dd/jdx|+ = —Bk,.
dy/dx = +Bke**, for (x <0), sody/dx|_=+Bx«.

va do do A(dy/dx) =-2Bk. Va y(0) = B. Nén Pt 2.125 cho

o — % [2.126]

va ning luong duoc phép (Pt 2.117) bang
Rk mao>

E = = — ) 2.127
2m 2h? [ ]

Cuoi cung, ta chuan hoa w

koo X s |B|?
f [ (x)|*> dx = 2|B|2f e dy = — =1.
0

—r0 K

nén (chon can duong cho tién):

+f HIG
B=.k= i [2.128]
1
R rang, giéng c6 dang ham delta, bat ké d6 16n « cua no, cd diing mot trang thai lién két:

2

Mo q/h2 mo-
Yo =—e MW F=—— [2.129]

h 2h

Con vé trang thai tdn xa, v6i E > 0? D6i véi x < 0 phuong trinh Schrédinger cho

d>y 2mE

2
o A
trong do
v 2mE
k= [2.130]
h
1a thue va duong. Nghiém tong quat bang
Y(x) = Ae™ + Be™ '™, [2.131]
va lan nay ta khong thé bo s6 hang nao ca, vi ca hai khong phan ky. Tuong tu, cho x > 0,
¥(x) = FeX + Ge™™ [2.132]
Tinh lién tuc ctia y(x) tai x = 0 yéu ciu rang
F+G=A+B. [2.133]
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Céc dao ham bang

dyr/dx =ik (Fe™ — Ge™'**) . for (x > 0). sody/dx|, =ik(F - G).
dy/dx =ik (Ae™ — Be™ ™), for (x < 0), sody/dx|_=ik(A— B).

Va do d6 A(dw/dx) = ik(F — G — A + B). Trong khi d6, y(0) = (4 + B), nén diéu kién bién
thir hai (Pt 2.125) cho

ik(F—G—A+B)=—

(2.134]

hay, ngin gon hon,

F—G=A(l+28)— B(l —2iB). where g =

mo
Wk
ba dl‘mg ca hai diéu kién bién, ta cbq lai hai phuong trinh gPt 2.133 va2.135) co bon gia tri
chua biet (4, B, F, va G) — c¢6 nam néu tinh ludn k. Sy chuan hoa s€ khong giap dugc gi — do
khong phai 1a m@t trang thai chuan I}éa duogc. C6 1€ ta nén dung lai va ki,ém tra y nghia vat
1y cua nhiing hang s6 nay. Nho lai rang exp(ikx) (khi ket hop véi thira s6 phu thudc thoi
g1ar1 exp(-iEt/ A)) cho mot ham song lan truyen sang phdi, va exp(-ikx) dan téi mot song lan
truyén sang trdi. Theo d6 A (trong Pt 2.131) bang bién d6 cuia mot song di téi tir bén trai. B
la bién d¢ cuia mdt song trd lai bén trai, £ (Pt 2.131) 1a bién d6 ctia mdt song di sang phai,
va G 1a bién d6 cua mot song di toi tir bén phai (xem Hinh 2.15). Trong mot thi nghiém tan
xa dién hinh cac hat du:qg ban td1 tr mot phia — tir bén trai. Trong truong hop d6 bién do cua
song td1 tir bén phdi s€ bang khong:

G =0 (cho tan xa tir bén trai); [2.136]
A 13 bién d6 cta séng t6i, B 13 bién d6 cia séng phan xa, va F 1a bién d6 cua séng truyén
qua. Giai Pt 2.133 va Pt 2.135 cho B va F, ta tim dugc

ip Fe—' 4 [2.137]

I —1i ﬁ 1 —iB
(Néu ta mudn nghién ctru tan xa tir bén phdi, dé:[ A = 0; khi d6 G 1a bién do song to1, F' la
bién do song phan xa, va B la bién do song truyén qua.)

A

[2.135]

B =

Aeikx Fe ikx
— B

xY

Hinh 2.15: Téan xa tir mot giéng c¢6 dang ham delta.

Bay gio, xac suat tim hat & mot vi tri xac dinh duoc cho boi |‘P|2, nén xac suat twong doi”’
mot hat to1 s€ bi phan xa trd lai bang
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B _ B
AR 14 B2
R’du:(_yc goi la hé ) phan xa. (Né’u ban 9(’) mot chum hat, n6 cho pan bi‘é't 11 I¢ sb hat t6i s& bi
ban tr¢ lai.) Trong khi do, xac suat truyén qua dugc cho boi hé so truyén qua
|FI> 1

AR 14+ 8%

37 bay khong phai 1a mot ham song chuan hoa dugc, nén xac suat tuyér doi tim thay hat tai mot vi tri cu thé
khong duoc xac dinh tot; tuy nhién # so cia cac xac suat cho cac song tdi va song phan xa coé nghia. Poc
thém & doan sau.

R

[2.138]

T

[2.139]

Di nhién f6ng ctia cac xac suat ndy phai bang 1 — va no 1a dung nhu vay:
R+T=1. [2.140]
Luu y rang R va T 1a nhitng ham ciia £, va do d6 (Pt 2.130 va 2.135) 1a ham cua E:

1 1
T

= . = . 2.141
1 + Qh*E/ma?)’ 1+ (na/2RE) [2.141]

Nang lugng cang cao, xac suat truyén qua cang lon (va chac chan co nghia).

Tt ca didu nay rat gon gang, nhung c6 mot van dé khé khin vé nguyén tac ma ta khong thé
b6 qua: Nhimng ham song tan xa nay khong chuan héa duoc, nén chung khong thyc su biéu
dién nhiing trang thai kha di ctia hat. Nhung ta biét 1i giai cho van dé nay 13 gi: Ta phai tao
ra nhitng t6 hop tuyén tinh chuin hoéa dugc cua cac trang thai dimg, nhu ta di 1am véi hat tu
do — nhiing hat vat 1y c6 thuc duoc biéu dién bﬁng cac bo song thu dugc. Mac du dé vé
nguyén tac, day 1a mot van dé rac roi trong thuc té, va & diém nay tt nhat 1a dua bai toan
cho may tinh.*® Trong khi d6, vi khong thé tao ra mot ham séng chuan héa dugc cua hat tu
do ma khong lién quan dén mot ving nang lugng, R va T phai duoc xem 1a xac suat truyén
qua va phan xa gan dung cho cac hat trong ldn cdn cia E.

Tién day, ban co thé thdy ky ring ta c6 thé phan tich mot bai toan phu thudc thoi gian thuan
tay (hat di toi, tan xa boi mot thé, va bay ra vo cung) bang cach dung nhiing trang thai dirng.
R&t cude, w (trong Pt 2.131 va 2.132) chi 1a mot ham hinh sin, doc 1ap thoi gian, phiec, trai
ra vo cing (c6 bién do khong d6i) theo ca hai hudng. Va rdi thi, bang cach ap dung nhiing
diéu kién bién thich hop 1én ham nay ta c6 thé xac dinh xac sudt ma mot hat (duoc biéu dién
bang mot bo song dinh xir) s€ bi bat lai, hodc di qua, mot thé. Su ky diéu toan hoc ding sau
diéu nay 14, t6i gia str, viéc bang cach 1ay t6 hop tuyén tinh cta nhitng trang thai trai ra toan
khong gian, va v6i su phu thudc thoi gian binh thuong, ta c6 thé xdy ding nhitng ham séng
tap trung quanh mot diém (chuyén dong), c6 trang thai kha phirc tap theo thoi gian (xem Bai
toan 2.43).

Do ta di c6 sin cac phuong trinh, hiy xét vin tit trudng hop cia mot rdo thé dang ham
delta (Hinh 2.16). V& mit hinh thirc moi c4i ta phai 1am 1a d6i ddu cta o. Di nhién diéu nay
giét chét trang théi lién két (Bz‘li toan 2.2). Mit khac, cac hé sb phén Xa va truyén qua, chi
phu thudc vao a , khong d6i. That ky la, hat di qua rao clng giong nhu di qua gleng' Di
nhién vé mdt cé dién, mot hat khong thé di qua mot rao thé cao vo cung, bt ké ning luong
cua n6. That vy, nhitng bai toan tan xa ¢ dién kha budn té: Néu E > Via, thi T=1vaR =
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0 — hat chéc chin di qua; néu E < Vi thi T=0va R=1 - nd di 1én ddi dén khi hét ning
lugng, va sau do quay lai noi nd dén. Céc bai toan tan xa lwong tir phong phti hon nhiéu:

Hat c6 xac suat di qua thé khac khong ngay ca khi E < V. Ta goi hién tuong nay la chui
ham; né 1 co che tao ra nhiéu thanh tyu trong dién tir hoc hién dai — néu khong dé cap dén
nhimg phat trién 4n twong trong kinh hién vi. Nguoc lai, ngay ca khi E > V. c6 mot kha
nang hat s€ bi bén nguoc lai — mac du to6i khong khuyén 14i xe qua mgt dinh ntii véi hy vong
rang co hoc luong tir s& ciru ban (xem Bai toan 2.35).

V(x) = atd(x)

xY

Hinh 2.16: Rao c6 dang ham delta.

2.6 GIENG VUONG HUU HAN

La mét vi du cudi ciing, hdy xét thé c6 dang giéng vudng hitu han
—Vo. for —a <x <u,

V(x) = - =

) { 0, for x| > a,

trong d6 V; 1a mot hang §6 (duong) (Hinh 2.17). Ciing giéng nhu ham delta, thé nay cho
phep ca trang thai lién két (c6 £ < 0) lan trang thai tan xa (c6 £ > 0). Dau tién ta s€ x¢t trang
thai lién ket.

[2.145]

AV(X)

>y

- VO

Hinh 2.17: Giéng vudng hiru han (Pt 2.145)
Trong ving x < -a thé bang khong, nén phuong trinh Schrodinger bang

h* d*y ay
———2 =EY. = Ky,
omdx EV O g =Y
trong do
. = v—2mE 2.146]
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thue va duong. Nghiém tong quat bang y(x) = Adexp(-xx) + Bexp(xx), nhung sé hang dau
tién phan ky (khi x — -c0), nén nghiém chép nhan duoc vé mit vat 1y (nhu trudc day — xem
Pt 2.119) bang

¥ (x) = Be**, forx < —a. [2.147]
Trong vung —a < x < a, V(x) = -V,, va phuong trinh Schrddinger bang
h? d*y d*y

—Voy =Ey, or

__1‘,,

2m dx? dx?

trong do

V2m(E + V)

p .
Maic du £ am, cho trang thai lién két, no pvhéi 16n hO’n —Vy, nho dinh 1y cli £ > Vy,;, (bai toan
2.2); nén [ ciing thuc va duong. Nghiém téng quat bang®

w(x) = Csin(lx) + Dcos(/x)., for —a <x < a, [2.149]

trong d6 C va D 1a nhiing hang s6 bat ky. Cubi cing, trong ving x > a thé lai bang khong;
nghiém téng quat bang y(x) = Fexp(-&x) + Gexp(xx), nhung sd hang thtr hai phan ky (khi x
— +o0), nén ta con lai

/

[2.148]

Y(x)=Fe ™. forx >a. [2.150]

3% Néu ban thich, ban c6 thé viét nghiém tong quat duéi dang ham mii  (C'e™ + D'e™). Diéu nay dén t6i
cung két qud, nhung vi the dbi xtmg ta biét rang cac nghiém sé& chin hodc 1€, va ki hiéu sin/cos cho phép ta
khai thac diéu nay truc tiép.

Budce tiép theo 1a 4p dung cac diéu kién bién: yva dy/dx lién tyc tai —a va +a. Nhung ta co
thé tiét kiém it thot gian bang cach luu y rang thé nay la mot ham chan, nén ta c6 thé gia sur
ma khong mat tinh tong quat rang cac nghiém 13 chin hodc 1é (bai toan 2.1(c)). Uu diém cta
diéu nay 12 ta chi can 4p dung cac diéu kién bién 1én mot phia (chang han tai +a); phia con
lai s& tu dong dung vi y(-x) = Ty(x). T6i s& xét cac nghiém chin; ban phai tinh cac nghiém
1¢ trong bai toan 2.29. Cos la chin (va sin 13 1&), nén toi tim nghiém dudi dang

Fe™HY, for x > a.
Y(x)={ Dcos(lx). forO<x <a, [2.151]
¥(—x). for x < 0.

Tinh lién tuc ctia y(x), tai x = a,

Fe ™™ = Dcos(la). [2.152]
va tinh lién tuc cua dy/dkx,
—k Fe " = —IDsin(la). [2.153]
Chia Pt 2.153 cho Pt 2.152, ta tim duoc
i = I tan(la). [2.154]

bay la mot cong thire cho cac nang luong dugc phép, vi k' va / déu 1a ham cua E. Dé giai
tim £, dau tién ta chuyén sang ki hi¢u dep hon: Cho
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z=la, and zg= %.,/2;71 Vo. [2.155]

Theo Pt 2.146 va 2.148, («# + I) = 2mVy/B , nén xa=+/z —z* , va Pt 2.154 bing

tanz = \/(z0/2)? — 1. [2.156]

Day la mét phuong trinh siu viét cho z (va do do6 cho E) 1a mot ham cua z, (1a mét phép do
cho “kich thudc” cua giéng). N6 c6 thé duoc giai bang sd, bang cach ding may tinh, hay d6

thi, bang cach v& tan z va ,/(z, / z)* —1 trén clng hinh v&, va xem nhiing diém giao nhau
(xem Hinh 2.18). Hai truong hop gi61 han déc biét thi vi:

I l I I
. ; -

A

tanz

|
|
| : Zg
nf2 r':- Srtlf2 2; 5n/2 z
Hinh 2.18: Nghiém db thi ctia Pt 2.156, cho zo = 8 (trang thai chén)

1. Giéng siu, rong. Néu z, rat 16n, cac diém giao nhau chi Xuét hién ngay dudi z, = na/2, cé
n 1é; theo do

nir2n?
2m(2a)t
Nhung E + V, 14 nang luong bén trén day ciia giéng, va & vé phai ta co chinh xac ning
lugng cua giéng vuong vo cung, cho mot giéng co bé rong 2a (xem Pt 2.27) — hay, nita ciia
ching, vi n nay 1¢. (D1 nhien cac nghiém con lai dén tu cac ham song /é, nhu ban s& tim ra

trong bai toan 2.29). Nén giéng vudng hiru han tién vé giéng vudng vo cung, khi Vo — oo;
tuy nhién, cho moi ¥, hitu han chi c6 mot s6 hitu han cac trang thai lién két.

En + V(] = [2[57]

2. Giéng hep, ndng. Khi z, giam, c6 ngay cang it trang thai lién két, dén khi cudi cung (cho
zo < /2, & do trang thai /é thap nhat bién mat) chi con lai mot trang thai. Tuy nhién that tha
vi khi dé y rang ludn c6 mgt trang thai lién két, bat ke giéng “yéu” dén thé nao.

Ban cn chuan hoa y (Pt 2.151), néu ban thich (Bai toan 2.30), nhung t6i s& tiép tuc vdi
trang thai tan xa (£ > 0). O bén trai, 6 d6 V(x) =0, ta co

v(x) = Ae™ + Be™™ | for (x < —a). [2.158]
0 d6 (nhu thuong 1€)

~2mE
(= YImE [2.159]
]
Bén trong giéng, & 6 V(x) = -V,,
w(x) = Csin(lx) |+ Dcos(lx), for (—a <x < a), [2.160]
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¢ do, nhu trude day,

2m(E + Vp)

| = 2.161
. [2.161]
O bén phai, gia sir khong co séng t6i trong viing nay, ta co
¥ (x) = Fe*™*. [2.162]

O day, A 1a bién d6 song t6i, B 12 bién d6 song phan xa, va F 1a bién d6 song truyén qua.®

0 Ta ¢6 thé tim cic ham chén va 1é, nhu ta dd lam trong trudng hop trang thai lién két, nhung bai toan tan xa
thi bat doi xung, vi cac song tdi chi tir mot phia, va ki hi€u ham mii (bi€u dién cac song di chuyén) thi ty
nhién hon trong trudng hop nay.

C6 bon diéu kién bién: Tinh lién tuc cuia w tai —a cho

Ae~ikt 4 Beikd — _ sin(la) + D cos(la). [2.163]
tinh lién tuc cua dy/dx tai —a cho
ik[Ae ™ — B¢ = I[C cos(la) + D sin(la)] [2.164]
tinh lién tuc cia y(x) tai +a cho
Csin(la) + D cos(la) = Fe'*, [2.165]

va tinh lién tuc cta dy/dx tai +a yéu cau
I[C cos(la) — Dsin(la)] = ikFe™. [2.166]

Ta dung hai diéu kién dé triét tiéu C va D, va giai hai diéu kién con lai cho B va F (xem bai
toan 2.32):

sin(2la) , 5
—2f‘ka
F= A - (2.168]
cos(2la) — i &2 gin(2la)

2kl
Hé sb truyén qua (T = |[F|*/|4["), duoc biéu dién theo cac bién ban dau, duoc cho boi
b

Tl 1p— 02 \/Zm' (E + Vo) [2.169]
4E(E + V)
Luu ¥ rang 7= 1 (giéng tré nén “trong sudt”) bat ci khi nio sin bang khéng, tic 13, khi
2a
?\/Zm(E,; + W) =nm, [2.170]
khi 7 13 s6 nguyén bat ky. Cac ning luong cho sy truyén qua hoan hao, khi d6 dugc cho boi
72,72
nem-h*
E,+ V= ——. 2.171
" 2m2a)? 2A71]

dung bang ning luong duoc phép cho giéng vudng vé han. T duoc vé trong hinh 2.19, 13
mot ham cua nang luong.*!
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*! Hién tuong tha vi nay da dugc quan sat trong phong thi nghiém, dudi dang hi¢u ing Ramsauer-
Townsend. D¢ ban luan r6 rang xem Richard W. Robinett, Quantum Mechanics, Oxford U.P. 1997, Muc
12.4.1.

E

Hinh 2.19: Hé s6 truyén qua 1a ham ciia niang lugng (Pt 2.169)
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CHUONG 3
HINH THUC LUAN

3.1 KHONG GIAN HILBERT

Trong hai chuong vira roi ta dd phat hién ra mot sb tinh chat tha vi cua nhirng hé lugng tir
don gian. Mot sd tinh chat 13 nhitng ddc diém “ngiu nhién” cua nhimg thé cu thé (chang han
khoang cach déu nhau cia cac murc nang luong cho dao dong tur diéu hoa), nhung nhiing
tinh chat khac duong nhu tong quat hon, va s& tét néu chimg minh ching mét cach day du
(chang han nguyén 1y bat dinh va tinh tryc giao ctia cac trang thai dimg). Muc dich cta
chuong nay 14 trinh bay lai Iy thuyét duéi mot dang chic chin hon, véi luu ¥ d6. Khong co
nhiéu cai that su méi & day; thay vao d6 ¥ tudong 1a 1am twong thich nhimng céi ta da kham
pha trong nhiing trudng hop cu thé.

Ly thuyét luong tr dya vao hai co so: ham song va toan tir. Trang thai ctia mot hé duogc biéu
dién bang ham song cta no, nhitng dai lwong quan sat duoc duoc biéu dién bang toan tir. Vé
mit toan hoc, ham séng thoa cac diéu kién xéac dinh cho nhimg vecto triru tuong, va toan tu
tac dong 1én ching 1a nhirng phep bién d6i tuyén tinh. Nén ngon ngit ty nhién cua co hoc
luong tir 1 dai s6 tuyén tinh.'

Nhung t6i ngd rang, né khong phai la dang dai s6 tuyén tinh ma ban quen thudc ngay.
Trong mdt khong gian N chi€u s€ don gian nhat khi biéu dién mot vecto |a), bang mot cot
cO N thanh phan, {a,}, so vd1 mot co s& truc chuan cu thé:

ai
a
o) -a=| . |. [3.1]
ay
Tich trong, (2| ), clia hai vecto (tdng quét hoa tich cham trong khong gian ba chiéu) 1a s6
phuc,
(|B) = atby +a3bs+ - -+ ayby. [3.2]

Phép bién d6i tuyén tinh, T, dugc biéu dién bang ma tran (d6i v6i co sé xac dinh), tac dong
1én vecto (dé tao ra vecto méi) bang cac qui tac thong thuong cua phép nhan ma tran:

hy fi2 -+ NN aj

hy ta -+ Iy 2]
B)=Tla) >b=Ta=| . . . . [3.3])

vt IN2 - INN an

Nhung cac “vecto” ma ta xét trong co hoc lugng tir (hau hét) 1a am, va chung ton tai trong
khong gian vé han chiu. Dbi voi ching ki hiéu ma tran cot 12 bat tién, va nhimg phép bién
do6i duoc thue hién t6t trong trudng hop sb chiéu hiru han co6 thé c6 van dé. (Ly do nén tang
1a trong khi tong hitu han trong Pt 3.2 ludn t6n tai, mot tong v6 han — hay mot tich phan —
c6 thé khong hoi tu, trong truong hop do tich trong khong ton tai, va bat cir 14p luan nao lién
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quan dén tich trong ngay lap ttrc 1 dang nghi ngo.) Nén mic du hau hét cac thuat ngir va ki
hiéu c6 thé quen thudc, ta phai phai can than khi ti€p can chu dé nay.

Mot tap hop cdc ham cuia x tao thanh mdt khong gian vecto, nhung cho muc dich cta ta né
qué 16n. Dé biéu dién mot trang thai vat Iy kha di, ham song W phai dwoc chudn héa:

f W[ dx =

Tap hop cac ham binh phwong kha tich, trén mot khoang xac dinh,’
b
f(x) such that f |f(.r)izd.x < 00, [3.4]
a

tao thanh mot khong gian vecto (nhd hon nhiéu) (xem bai toan 3.1(a)). Cac nha toan hoc goi
n6 1a L(a, b); cac nha vat 1y goi n6 1a khong gian Hilbert. Trong co hoc luong tir, khi do,

[3.5] | Cac ham s6ng nim trong khong gian Hilbert

? Pbi v6i chiing ta, cac can (a va b) gan nhu s& luén bang +oo, nhung hién gid ta ciing nén giir ching téng
quat hon.

? V& mat k¥ thuat, mot khong gian Hilbert 1a mot khong gian tich trong day di, va tp hop cac ham binh
phuong kha tich chi 1a mét vi du cia mot khong gian Hilbert — that vay, moi khong gian vecto hitu han chiéu
la mot khong gian Hilbert. Nhung vi L, 1a pham vi ctia co hoc lugng tir, n6 1a cai cac nha vat ly thuong nghi
t6i khi ho noi “khong gian Hilbert.” Tién day, tir ddy da & day nghia 1a ddy Cauchy cta cac ham trong khong
gian Hilbert hoi tu téi mot ham ciing nim trong khong gian nay; n6 khong c¢6 “chd tréng” nao trong do, ciing
nhur tp hop tat ca cac s thuc khong c6 chd trong (trai lai, khong gian ciia moi da thire, ching han, ciing nhu
tap hop moi sb hiru ti, chic chan c6 chd trong trong nod). Tinh ddy di ctia mot khdng gian khong lién quan gi
dén tinh day du (khéng may dung cung tir) cua mot tdp hop cdc ham, von 1a tinh chat rang moi ham khéc c6
thé dugc biéu dién 1a mot t6 hop tuyén tinh cta ching.

Ta dinh nghia tich trong ctia hai ham, f(x) va g(x), nhu sau:

b
(flg) = f F(x)*g(x) dx. 3.6)

Néu ca f'va g binh phuong kha tich (tirc 1, néu chiing cting nam trong khong gian Hilbert),
thi thh trong cua ching dam bao ton tai (tich phan trong Pt 3.6 hoi tu t61 moQt con so hitu
han.)* Diéu nay c6 duoc tir bit déng thirc Schwarz cho tich phan:’

b b b
[ f(X)*g(I)dxl < \/[ If(x)'lza'xf lg(x)]> dx. [3.7]

* Trong Chwong 2 d6i khi ta budc phai gip nhitng ham khéng chuan hoa duoc. Nhitng ham nhu vay nam
ngoai khong gian Hilbert, va ta s€ xét n6 voi luu y dac biét, nhu ban s& thiy ngay. Hién tai toi s& gia st rang
moi ham ta xét nam trong khong gian Hilbert.

° Pé ching minh, xem F. Riesz va B. Sz.-Nagy. Functional Analysis (Uger, New York, 1955), Muc 21.
Trong mot khong gian vecto hitu han chiéu bat dang thire Schwarz, [(of B’ <(a ) AP, dé chimg minh
(xem bai toan A.5). Nhung chung minh d6 gia dinh sy ton tai cia céc tich trong, von la cai ta dang muon
thiét ldp & day.

Ban c6 thé tu kiém tra rﬁng Pt 3.6 thoa moi diéu kién cho mét tich trong (Bai toan 3.1(b)).
Luu y dic biét rang
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(glf) = (flg)*. [3.8]

Hon nira, tich trong cta f{(x) v&i chinh no,

b
(FI) = [ )R dx. [3.9]

o
1a thiee va khong am; né chi® bang khéng khi fix) = 0.

% Con vé mot ham bang khong & moi noi trir mot sé diém c6 1ap? Tich phan (Pt 3.9) van triét tidu, ngay ca
khi ban than ham sé khong triét tiéu. Néu diéu nay lam ban phién, ban nén hoc chuyén nganh toan. Trong vat
1y nhitng ham c6 van dé nhu vay khong xut hién, nhung trong moi truong hop, trong khong gian Hilbert hai
ham c6 cung binh phuong tich phan dugc xem 1a twong duong. V& mit ky thuat, cac vecto trong khong gian
Hilbert biéu dién nhitng 16p ham twong dwong.

Mot ham duoc noi la dwge chudn héa néu tich trong ctia nd voi chinh n6 bang 1; hai ham
la truwe giao néu tich trong cia chiing bang 0; va mdt tap ham, {f,}, 1a truc chuan néu
ching dugc chuan hoa va tryc giao tung d61 mot:

(ﬁﬂ |f;r) = amu- [310]

Cudi cung, mot tap ham la day du néu moi ham khdc (trong khong gian Hilbert) co thé
dugc bicu dién 1a mot to hop tuyén tinh cua chung

f) = E e fu(X). [3.11]

n=I
Néu cac ham {fu(x)} truc chuén, cac hé s6 dugc cho bi meo Fourier:
o = {fulf)- [3.12]

Nhu ban c6 thé ty klem tra. D1 nhién t01 d& doan trudce thuat ngir nay trong Chuong 2. (Cac
trang thai dimg cho giéng vuéng v6 cting (Pt 2.28) tao thanh mét tap truc chuan diy du trén
khoang (0, a); cac trang thai dimng cho dao dong tir diéu hoa (Pt 2.67 hay 2.85) 1a mot tap
tryc chuén day du trén khoang (-0, ).)

3.2 CACPAILUOQNG QUAN SAT PUQC
3.2.1 Cac toan tir Hermit

Gia trj trung binh ctia mot dai lvong quan sat duge O(x, p) c6 thé duoc biéu dién rat gon
bang ki hiéu tich trong:’

(Q) =fw*éwx=<wé~v>. [3.13)

"Luu y rang O 14 toan tir dwgc xay dung tir O bang cach thay p — p =(%/i)d / dx . Nhitng toan tir nay 1a
tuyén tinh, theo nghia

Olaf (x) + bg(x)] = aQf (x) + bOg (x)

V6i moi ham fva g va moi s6 phttc a va b. Chung tao thanh cac phép bién doi tuyén tinh (Muc A.3) trén
khong gian ciia moi ham. Tuy nhién déi khi ching mang mot ham bén frong khong gian Hilbert thanh mot
ham bén ngodi nd (xem Bai toan 3.2(b)), va trong trudng hop nay mién cua toan tir ¢ thé phai duoc gisi
han.
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Bay gio, két qua cua mot phép do phai 1a rhuc, va do do, bat bugc, bing rung binh clia
nhiéu phép do:

(Q) =(O)". (3.14]
Nhung lién hop phurc cia mot tich trong dao thir tu (Pt 3.8), nén
(W|OW) = (QW|W). [3.15]

Va diéu nay phai diing cho moi ham séng ¥. Do d6 nhing toan tir biéu dién nhitng dai
luwong quan sat duoc c6 tinh chat rat dac biét rang

(FIQF) = (QfIf) forall f(x). (3.16]

Ta goi nhiing toan tir nhu vy 1a todn tr hermit.

That vy, hau hét gido trinh yéu cau mot diéu kién manh hon:

(f10g) = (Oflg) forall f(x)and all g(x). [3.17]

Nhung du khac nhau, diéu ndy hoan toan twong dwong véi dinh nghia cua toi (Pt 3. 16), nhu
ban s& chirng minh trong bai toan 3.3. Nén hay dung cai gi ban thich. Diém chinh yéu 1a mot
toan tir hermit c6 thé duoc ap dung cho thanh phan dau tién ctia mét tich trong hay cho
thanh phan thir hai, v6i cing két qua, va cac toan tir hermit xuat hién ty nhién trong co hoc
lugng tir vi tri trung binh cia chiung la thyc:

Cic dai lwong quan sat dwge dwoe biéu dién bang toan tir hermit | [3.18]

Gi0, hdy kiém tra diéu nay. Chang han, liéu toan tr xung lugng cé hermit?

h 00 X fhdf\*
(.r‘lﬁm:[ e I +f (-?-«—f) ¢dy=(pflg). [3.19]

—00 i dx

Di nhién t6i dd dung tich phan timg phan, va bo di sb hang bién vi 1}'/ do théng thuong: Néu
Ax) va g(x) 1a binh phuong kha tich, ching phai tién t6i khong & +00.® Luu ¥ cach lién hop
phirc ciia 7 bu trir ddu trir c6 duge tir tich phan timg phan — toan tir d/dx (khong c6 i) khong
phai hermit, va né khéng biéu dién mot dai luong quan sat duoc.

¥ That ra, diéu nay khong hoan toan dung. Nhu t6i dé cap trong chwong 1, ton tai nhitng ham c6 van dé Vén
binh phuwong kha tich nhung khong tlen to1 khong ¢ vo cung. Tuy nhién, nhung ham nhu vay khong xuét
hién trong vat 1y, va néu ban lo ling vé nd ban s€ gidi han mlen clia cac toan tir cia ta dé loai bo chung. Mic
du trén khoang hitu han, ban thuc su phai can than véi cac sb hang bién, va mdt toan ti hermit trén (-oo, o0)
c6 thé khong hermit trén (0, ) hay (-m, 7). Néu ban lo ling vé giéng vudng vo cung, an toan nhét 1a xem
nhirng ham séng d6 nhu nam trén duong vo han — chiing phai bang khong bén ngoai khoang (0, ).

3.2.2 Cac trang thai xac dinh

Thong thuong, khi ban do mdt dai lugng quan sat duge Q trén mdt tap hop cac hé dugce
chuan bj déng nhat, tit ca hé trong cung trang thai P, ban khong thu duogc két qua giéng
nhau mdi 1an do — day la tinh bat dinh cta co hoc luong te.” Cdu héi: c6 thé chuin bi mot
trang thai sao cho madi phép do O chin chin cho cing két qua (goi n6 13 ¢)? D6 sé& 1a mot
trang thai xac dinh, néu ban thich, cho dai lugng quan sat dugce Q. (Thuc vy, ta da biét
mot vi du: nhitng trang thai dung 14 nhitng trang thai xac dinh cua Hamiltonian: mot phép
do niang luong toan phan, 1én mot hat trong trang thai dimg , chac chan cho nang luong
“dugc phép” tuong ing E,,.)
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? Di nhién t6i dang no6i vé nhitng phép do t6t — ludn c6 thé c6 sai 1am va thu két qua sai, nhung d6 khong phai
101 cua co hoc lugng tur.

Luc d6, d6 1éch chuan cua O, trong mot trang thai xac dinh, s¢€ béng khong, tuc 1a,

= (0 — (O = (WO — *W) = {(Q —¥|(Q —q)¥) =0. [3.21]

(Di nhién, néu mdi phép do cho ¢, trung binh ctia n6 cling bang g: (Q) = g. T61 cing dung
viée O, va do d6 O — ¢, 1a mot toan tir hermit, dé di chuyén mot thira sé qua sé hang dau tién
trong tich trong.) Nhung ham duy nhit ma tich trong v&i chinh né triét tiéu 1a ham 0, nén

ov =gqV. (3.22]

Day la phwong trinh tri riéng cho toan tor Q; ¥ 1a mgt ham riéng cia Q, va g 1a tri riéng
tuong ung. Do do

[3.23] | Trang thai xac dinh la ham riéng cua Q

Phép do O trén mot trang thai nhu vay chac chan cho tri riéng q.

Luu ¥ rang tri riéng 13 mot con s6 (khong phai la toan tr hay ham). Ban c6 thé nhan moi
ham riéng bang mot hang sb, va nd van 13 mot ham riéng, véi cung tri riéng. Khoéng (0)
khong dugc tinh 1a mot ham riéng (ta loai bo n6 do dinh nghia — néu khong moi con sO s¢ la
mot tri riéng, vi Q0=¢0=0 cho moi toan tir O va moi ¢.) Nhung khong c6 gi sai néu khong
1a mdt tri riéng. Tap hop moi tri riéng cua mdt toan tur dugc goi la ph5 cua no. Boi khi hai
(hay nhiéu hon) ham riéng doc 1ap c6 chung tri riéng ; trong trudng hop d6 phd duge nodi 1a
suy bien.

Ching han, trang thai xac dinh cta ning luong toan phan 1a cic ham riéng ctia Hamiltonian:
Hy = EY. [3.24]
Day chinh 14 phuong trinh Schrodinger ddc 1ap thoi gian. Trong truong hop nay ta dung ki
tu E cho tri riéng, va y viét thuong cho ham riéng (gan thém thira s6 exp(-iEt/ /) dé lam n6
thanh ¥, néu ban thich; n6 van 1a mot ham riéng cta H).
Vi du 3.1 Xét toan tr
A d

0= td—qb- [3.25]

trong d6 ¢ 1a toa do cuc thong thuong trong hai chiéu. (Toan tir nay xuat hién trong mot
truong hop vat 1y néu ban nghién ctru mot hat trén moét sgi day; xem bai toan 2.46.) 0 co
hermit khong? Tim ham riéng va tri ri€éng ctia no.

Laoi giai: O day ta lam viéc voi nhitng ham f{¢) trén khoang hitu han 0 < ¢ < 27, va yéu cau
rang

f(@p+2m) = f(d). [3.26]

Vi ¢va ¢+ 27 md ta cung diém vat 1y. Dung tich phan timg phan,
oA d L W dfE N
viee = [ (1) ap=issl) [T (L) eas = 10110
0 0 0 d¢
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nén O 1a hermit (1an ndy sd hang bién bién mat nho Pt 3.26).

Phuong trinh tri riéng,

251 =af @), (3.27]
c¢6 nghiém tong quat
f(@) = Ae™"49. [3.28]
Pt 3.26 gid1 han céc gié tri kha di cua g:
e =1 = g¢=0.%1.%2, ... [3.29]

Pho ctia toan tir nay 1a tap hgp cac s6 nguyén, va n6 khong suy bién.

3.3 HAM RIENG CUA TOAN TU HERMIT

Bay gio ta luu ¥ dén cac ham riéng ciia todn tir hermit (vé mit vat ly: cac trang thai xac
dinh cua nhitng dai lugng quan sat dugc). Chung roi vao hai loai: Néu pho 1a roi rac (tie la
cac tri riéng tach roi nhau) thi cac ham riéng nam trong khong gian Hilbert va chung cau
thanh cac trang thai nhan biét duoc vé mat vat Iy. Néu phd lién tuc (tic 1a cac tri riéng 1ap
day mot khoang) thi cac ham riéng khong chuan héa duoc, va chung khong biéu dién nhiing
ham song kha di (mic du 16 hop tuyén tinh cia chung — lién quan dén mot dai cac trj riéng —
¢6 thé chuan hoa dugc). Mot s6 toan tir chi c6 mot phé ro1 rac (chéng han Hamiltonian cho
dao dong tu diéu hoa), mot s6 chi c6 mot pho lién tuc (chéng han, Hamiltonian cua hat tu
do), va mot sO ¢6 ca mot phan roi rac va mot phén lién tuc (chang han, Hamiltonian cho mot
giéng vuong hiru han). Truong hop roi rac dé tinh hon, vi cac tich trong thich hop dam bao
ton tai — that vy diéu nay rat thuong voi 1y thuyét s6 chiéu hitu han (cac vecto riéng cia
mot ma trgn hermit). Toi s€ xét trudng hop roi rac trude, va sau d6 xét truong hop lién tuc.

3.3.1 Pho roirac

V¢ madt todn hoc, cdc ham riéng chuan héa dugc cua mdt toan tir hermit c6 hai tinh chat
quan trong:

Dinh ly 1: Tri riéng cua ching la thuc.
Chirng minh: Gia st
Of =qf.
(tte 13, f{x) 1a mot ham riéng ctia O, voi tri riéng g), va'’
(FIOf) = (QfIf)
(O 1a hermit). Khi d6
q(f1f) =q*(FIf)

(¢ 1a mot con sb, nén né di ra ngoai tich phan, va vi ham dau tién trong tich trong 13 lién hop
phtc (Pt 3.6), nén ¢ bén phai ciing vay). Nhung (f[/) khong thé bang khong (f(x) = 0 khong
phai 1a mot ham riéng hgp phap), nén g = g , va do d6 ¢ 1a thyc. bPPCM
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10 day ta gia str cac ham riéng nam trong khong gian Hilbert — néu khong tich trong ¢ thé khong hé ton
tai.

Diéu nay that tién: Néu ban do mét dai lugng quan sat dugc trén mot hat trong mdt trang
thai xac dinh, ban sé€ co it nhat mot so thuec.

Pinh Iy 2: Nhitng ham riéng thudc vé nhiing tri riéng khac biét thi truc giao.
Chirng minh: Gid st

Of=qf. and Qg=gq'g
va O la hermit. Khi d6 (/|0 g) <Qf‘g nén

q'(flg) =q*(flg)
(thém nita, c4c tich trong ton tai vi cac ham riéng nam trong khong gian Hilbert do dinh
nghia). Nhung ¢ 1a thuc (tir dinh 1y 1), nén néu ¢’ # ¢ ta phai co (flg) = 0. bPCM

D6 13 1y do tai sao cac trang thai ding cta giéng vudng vo han, chang han, hay cua dao
dong tr diéu hoa, 1a tryc giao — ching 14 ham riéng cua Hamiltonian vdi cac tri riéng khéc
biét. Nhung tinh chat nay khong ki la véi chiing, hodc ngay ca voi Hamiltonian — diéu nay
ding cho céc trang thai xac dinh cua moi dai lugng quan sat duoc.

Khoéng may la, dinh ly 2 khong cho ta biét gi vé nhitng trang thai suy bién (¢’ = q). Tuy
nhién, néu hai (hay nhiéu hon) ham riéng c6 cung tri riéng, bat cit t6 hop tuyen tinh ndo cua
chung lai la mot ham riéng, vo1 cung tri riéng (bai toan 3.7(a)), va ta co thé dung qui trinh
chuin héa Gram-Schmidt (bai toan A.4) de thiét ldp cac ham riéng tryc giao trong moi
khong glan con suy bién. Hau nhu khong can thiét dé 1am diéu nay (ta on Thuong dén,
nhung vé nguyén tac n6 c6 thé ludn duoc lam. Nén ngay cd khi c6 ton tai suy bién cac ham
riéng co thé duoc chon dé truc giao, va khi thiét 1ap hinh thirc luan cua co hoc lugng tir ta s€
gia st rﬁng diéu nay da duoc thuc hién roi. Diéu nay cho phép dung meo Fourier, von phu
thudc vao tinh truc chuan cua cac ham co so.

Trong mdt khong gian vecto hitu han chiéu cac vecto riéng cia mot ma tran hermit c6 dac
diém co ban tht ba: Chung lap day khong gian (moi vecto c6 thé duoc biéu dién 1a mot to
hop tuyén tinh ctia ching). Khéng may 1, phan chirng minh khong tong quét hoa cho khong
gian v han chiéu. Nhung ban than tinh chat nay 1 thiét yéu cho su twong thich noi tai cta
co hoc luong tir, nén (theo Dirac'') ta s& xem né6 13 mét tién d@é (hay, chinh xac hon, 13 mot
gidi han ctia 16p cac toan tir hermit c6 thé biéu dién nhiing dai lugng quan sat dugc):

Tién dé: Cac ham riéng cia mot toan tir quan sat dugc 1a day di: Bat cir ham nao (trong
khéng gian Hilbert) c6 thé dugc biéu dién 1a mét td hop tuyén tinh cia ching.'

3.3.2 Phd lién tuc

Néu phé cua mot todn tir hermit 1a /ién tuc, cac ham riéng khong chuan hoa dugc, va cac
ching minh cua dinh ly 1 va 2 sai, vi cac tich trong c6 thé khong t6n tai. Tuy nhién, c6 mot
y nghia trong d6 ca ba tinh chat thlet yéu (thuc, truc giao, va day du) van dung. Toi nghi tét
nhat hiy tiép can trudng hop tinh té nay thong qua nhitng vi du cu thé.

Vi du 3.2 Tim cac ham riéng va tri riéng cua toan tr xung lugng

Loi giai: Cho f,(x) 1a ham riéng va p 1a tri riéng:
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h d
—— fp(x) = pfp(x). 3.30
== [0 = pfyp() [3.30]
Nghiém tong quat 13

fplx) = AP/,
bay khong phai la binh phuong kha tich, voi moi gia tri (phtrc) cua p — toan tir xung luong
khong c6 ham riéng trong khong gian Hilbert. Va do do, néu ta tu gioi han vai cac tri riéng
thuc, ta phai phuc hoi lai mét loai “tinh truc chuan” nhan tao. Xem bai todn 2.24(a) va 2.26,

o9} o0 . \
[ Fatx) frxydx = |A|1[ e PPN g — |AP2h8(p — p').  [3.31]
o0

— 00

Néu taldy 4=1/+27zh, sao cho

o 1 ipx/h 3
fplx) = A= (3.32]
thi
(forlfp) =8(p— P, [3.33]

1am nhé lai tinh true chuan thue (Pt 3.10) — cac chi sb bay gio la céc bién lién tuc, va delta
Kronecker tr¢ thanh mot delta Dirac, nhung ngoai diéu d6 no trong cling vay. Toi sé goi Pt
3.33 1a tinh trwe chuan Dirac.

Quan trong hon ¢4, cac ham riéng 1a ddy du, v6i tong (trong Pt 3.11) duoc thay bang mot
tich phan : Moi ham (binh phuong kha tich) f(x) c6 thé duogc viét dudi dang

oC 1 o0
s
f) = f c(p) fp(x)dp = f c(p)e? /" dp. [3.34]
— P \f ZJTﬁ Late o
Hé s6 khai trién (bay gio 1a mdt ham, c(p)) thu dugc, nhu thong thuong, nhd meo Fourier :
o0

(Fplf) =f c(p)(fplfp)dp =f c(p)8(p—pdp=c(p). [335)

-0 -G

Thay vao d6, ban c6 thé c6 chung tir dinh 1y Plancherel (Pt 2.102), vi khai trién (Pt 3.34)
khong gi khac ma la mgt anh Fourier.

Céc ham riéng cua xung luong (Pt 3.32) c6 dang sin, vdi bude song
__2nh
P

Day 1a hé thuc de Broglie cti (Pt 1.39), ma t61 da hira chiing minh vao lic thich hgp. RO
rang nd tinh t& hon mot chit so v4i de Broglie hinh dung, vi bay gio ta biét rang thuc sy
khong c6 céi nao 1a mot hat c6 xung lugng xac dinh. Nhung ta c6 thé tao ra mot bé song
chuan hoa duoc vi mot ving xung lugng hep, va nd 1a dbi tuong ma hé thire de Broglie ap
dung.

A [3.36]

Ta dung Vi du 3.2 1am gi ? Mic du khéng c6 ham riéng nao ctia p nam trong khong gian
Hilbert, mgt ho ham nao doé cta ching (nhiing ham co tri riéng thuc) nam & « ngoai 6 » gan,
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c6 mot loai tya chuan hoa. Ching khong biéu dién nhiing trang thai vat 1y kha di, nhung
chung van rat hitu ich (nhu ta dé thiy, khi nghién ctru tan xa mot chiéu).”

Vi du 3.3 Tim ham riéng va tri riéng cla toan tur toa do.
Loi gidi : Cho g,(x) 1a ham riéng va y la tri riéng:
x gy(x) =y gy(x). [3.37]

O day y 1a mét con s6 cb dinh (cho mot ham riéng cho trudc nao do), con x la mot bién lién
tuc. Ham ndo cua x c6 tinh cht rang nhan no voi x cling giéng nhu nhan né véi hang sb y ?
Di nhién n6 phai bang khong, trir diém x = y ; that vay, n6 khong gi khac ngoai ham delta
Dirac :

gy(x) = Ad(x — ).

Lan nay tri riéng phai thue ; cac ham riéng khong binh phuong kha tich, nhung no lai chap
nhan tinh truc chuan Dirac :

o0 o
f gh(x) gy(x)dx = |A* [ 3(x — ¥N8(x — y)dx = |AI*8(y — ). [3.38]
-0 —0C

Néu ta chon 4 = 1, thi

gy (x) = 8(x — y). [3.39]
khi d6
gy lgy) = 3y — ). [3.40]
Nhimng ham riéng nay ciing day dii :
G oo
flx)= f c(y)gy(x)dy = f c(¥)8(x — v)dy, [3.41]
~0Q -2
VOl
c( =S [3.42]

(trong truong hop ndy, no ciing binh thuong, nhung ban co thé c6 né tir meo Fourier néu
ban muon).

Néu phé cuia mot todn tir hermit 1a /ién tuc (lac doé cac tri rieng dugc ki hiéu b?mg mot bién
lién tuc — p hay y, trong cac vi du ; z, néi chung, sau nay), cac ham riéng khong chuan héa
duoc, chiing khong nam trong khong gian Hilbert va chung khong biéu dién nhitng trang
thai vat Iy kha di ; tuy nhién, cac ham riéng véi tri riéng thyc 1a truc chuén Dirac dugce va
day du (voi tong bay gio dugc thay bang mot tich phan). May man thay, ddy 1a toan bo cai
ma ta that sy can.

3.4 DIEN GIAI THONG KE TONG QUAT

Trong Chuong 1 t6i di cho ban thay cch tinh x4c sudt ma mot hat s& dugc tim thay ¢ mot
vi tri cu thé, va cach xac dinh tri trung binh cua bat ctr dai luong quan sat duoc. Trong
Chuong 2 ban da hoc cach tim cac két qua kha di cua mot phép do nang luong va xac suit
cua chung Bay gio toi sip phat biéu dién giai thong ké tong quat, bao gdm moi cai nay va
c6 thé gitp ban tim ra cac két qua kha di ctia moi phép do, va xac suat ciia chung. Cing véi
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phuong trinh Schrédinger (cho ban biét ham song tién trién ra sao theo thoi gian) né 13 nén
tang cua co hoc lugng tu.

Dién giai théng ke tf)ng quat: Néu ban do mét dai lugng quan sat duge Q(x, p) trén mat
hat trong trang thai W(x, ), ban chic chin thu dugc mét trong cdc tri riéng cia toan tir
hermit Q(x, —ihd / dx) . Néu phé cua Q 1a roi rac, xac sut tim théy tri riéng cu thé q, lién h¢
v6i ham riéng truc chuan f,(x) 1a

leal>. where ¢, = (fu|W). [3.43]

Néu pho 1a lién tyc, co cac tri riéng thye g(z) va cac ham riéng tryc chuan Dirac lién quan
I (x) xéc suat c6 mot két qua trong mién dz bang

lc(2)*dz  where c(z) = (f:|¥). [3.44]
Sau phép do, ham séng “suy sup” thanh trang thai riéng tuwong tng."*

14 Trong truong hop cua phé lién tyc su suy sup tdi mot mién hep quanh gia tri do dugc, phu thudc vao do
chinh xac cua thiéet bi do.

Dién giai thong ké thi khac cin ban véi bat cit cai ta da gap trong vat 1y co dién. Mot
phuong dién hoi khac gitp lam r& dleu do: cac ham riéng cua mot toan tir quan sat dugc la
ddy du, nén ham song c6 thé duogc viét 1a mot to hop tuyén tinh cia chung:

W(x, 1) = Zc,,f,.(x). [3.45]

(Dé don gian, toi s& gia st ring phd 13 rdi rac; dé tong quat hoa 12p luan nay cho truong hop
lién tuc.) Vi cac ham riéng 13 trwec chudn, cac hé sé duoc cho boi meo Fourier:

Y ] .
o= (il¥) = [ £ W ndx, [3.46]
BLuuy ré“mg su phu thudc thoi gian — khong dugce dé cap 0 day — duoc cac hé $6 mang; dé 1am rd diéu nay,
thyc ra ta nén viét ¢,(¢).

V& mit dinh tinh, ¢, cho ban biét *f, duoc chira bao nhiéu trong ¥ ,” va mot phép do phai
cho mdt trong cic tri riéng cua Q, duong nhu hop 1y rang xac sut tim duoc tri riéng cy thé
g, s€ dugc xac dinh bé“mg ‘lugng cua f,” trong . Nhung vi cac xac suit dugc xéc dinh bang
binh phiwong tuyét dbi cua ham song, dai lugng do ludong chinh xac thyc ra la e, Do 1ay
chinh ctia dién giai théng ké tong quat. is

Di nhién, x4c suét toan phdan (1ay tong theo moi két qua kha di) phai bang mdét:

Y el =1 3.47]
H

va r0 rang, di€u nay co tr sy chuan hoa ciia ham song:

ch.ﬁr = chifcn(fn’|ﬁr)
n n’ n
=D cnudun =D chen =) leul” [3.48]
L n "

= (W) = (D ewtr
n'
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Tuong tu, tri trung binh ctia O phai bang tong ldy theo moi két qua kha di cia tri riéng nhan
vai1 xac suat tim duoc tri riéng do:

Q)= aulcsl. [3.49]

That vay,

(Q) = {'{ﬂé‘l’) = <(Z Cn'f;:') ’(Q ZQ!ﬁI)) ) [3.50]

n'

Nhung Of, =q,f,, nén

(0) = ZZC”'(HQH fulfu) = ZZ‘" CnlGudy'y = an |\’vw|2 [3.51]

ft ra, dén gio moi thir trong twong thich.
Liéutaco thé tao ra lai, bﬁng cach dién dat nay, dién giai théng ké ban dau cho cac phép do
toa d6? Chac chan — nd6 hoi qud, nhung dang kiém tra lai. Mot phép do x trén mot hat trong
trang thai ‘¥’ phai cho mot trong cac tri riéng cua toan tu toa do. Trong vi du 3.3, ta da thy
rang mdi con s6 (thuc) y 1a mot tri riéng ciia x, va ham riéng (truc chuan Dirac) trong tmg 1a
g,(x) = ox - y). RO rang

oG

e(¥) = {8y W) =f S(x — »IW(x.ndx = W(y.1), [3.52]

—00

nén x4c suat c6 dugc mot gia tri trong mién dy bang [¥(y, 7)|*dy, dung la dién giai théng ké
ban dau.

Con vé xung lugng? Trong vi du 3.2 ta d thiy rang cic ham riéng cla toan tir xung luong

la f,(x)=(/~2zhexp(ipx/ 1)), nén

e Py (x, D dx. [3.53]

c(p) = (fpI¥
P «,f23'r —00
bay 1a mot dai lugng quan trong dén ndi ta cho n6é mot tén goi va ki hiéu dac biét: ham
song trong khong gian xung lwgng @ (p, ¢). Chinh anh Fourier cia ham song WY(x, ¢)
(khong gian tga d9) — ma, nho dinh ly Plancherel, 1a anh Fourier nguoc ciia nd

| x
d(p, 1) = e~ P (x, 1) dx; [3.54]
V2rh
1 .
W(x, 1) = =5 eff’-‘/”cb(p, t)dp. [3.55]

Theo dlen giai thong ké tong quat, xac sudt ma mot phép do xung luong cho mot két qua
trong mién dp bang

| (p, )|* dp. [3.56]
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Vi du 3.4 Mot hat c6 khéi lwong m bi giam trong giéng c6 dang ham delta V(x) = -adx).
Xac suat ma mot phép do xung luong ctia nd s& cho mot gia tri 16n hon po = ma/A bang bao
nhiéu?
Loi giai: Ham song (khong gian toa do) bang (Pt 2.129)
VM inale|/n? ,—iEt/h

h
(trong d6 E = -ma//2 ). Do d6 ham song trong khong gian xung lugng bang

3/2 ,—iEt/h
O(p.1) = L vma _igyn [T ipx/h ~mels|/h* 4. _ [2P0 € e
V2rh k —0 T p’+ p;

(Tbi da tra tich phan nay). Khi d6 xac suét biang

Yx,t) =

o0
2 3]‘” 1 1| _ppo 1P
— Py ————dp = — +tan™' [ —
T Sy (PP T [p2+pé po/ ]|,
11
= = — — =0.0908
4 2w

(lai ntra, t61 da tra tich phan nay).

3.5 NGUYEN LY BAT PINH

To1 da phat biéu nguyén 1y bat dinh (dudi dang 0,0, > h/2), tré lai Muyc 1.6, va ban da kiém
tra n6 nhiéu lan, trong cac bai toan. Nhung ta chua ting chirng minh nd. Trong myc nay toi
s& chirng minh mot phién ban tong quat hon cta hé thirc bat dinh, va xét mot s6 hé qua cua

n6. Lap luan nay dep, nhung kha triru twong, nén hay doc ki.

3.5.1 Chitng minh nguyén Iy bat dinh tong quat

Péi v6i mot dai lugng quan sat duge 4, ta co (Pt 3.21):

oh = ((A — (ADW|(A = (ANW) = (F|f),
trong 46 f = (A4 —(4))¥ . Tuong ty, dbi voi mot dai lwong khac quan sat dugc, B,

op = (glg), where g = (B - (B)Y¥
Do d6 (dung bat dang thirc Schwarz, Pt 3.7)

oios = (F1f)glg) = |(fle) > [3.59]

Bay gio, d6i v6i moi s phirc z,
| | i 1 2
|z|* = [Re(2)]* + [Im(z)]* > [Im(z)]* = [5(2 — z*)} : [3.60]

Do do, dat z = (f|g),
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2 o 1 2
040R = (E[(flm — <g|f)1) : [3.61]

Nhung
(flg) = ((A — (ANW|(B — (B)W) = (W|(A — (A))(B — (B))Y)
= (V|(AB — A(B) — B(A) + (A)(B)W)
= (U|ABW) — (B)(W|AW) — (A)(W|BW) + (A)(B)(¥|¥)
= (AB) — (B){A) — (A)(B) + (A)(B)
= (AB) — (A)(B).
Tuong tu,
(gl f) = (BA) — (A)(B),
Nén
(flg) — (gl f) = (AB) — (BA) = ([A, B)),
trong do

(A, f?] = AB - BA
1a giao hoan tir cua hai toan tir (Pt 2.48). Két ludn:

AT
wioh = (0. B1) . (3.62)

Day 1a nguyén 1y bat dinh (tong quat). Ban c6 thé nghi / 1am n6 tAm thuong — vé phai
khong dm a? Khong, vi giao hoan tir cia hai toan tir hermit mang mdt thira so cta 7, va hai i
d6 triét tiu."”

'7 Chinh xac hon, giao hoan tir ctia hai toan tir hermit thi lai phan hermit (Q" =—0Q) va tri trung binh ctia n6

la ao (bai toan 3.26).

La mot vi dy, giad stir dai lugng quan sat dugc dau tién 1a vi tri (21 = x ), va dai luong thir hai
1a xung luong (B = (7 /i)d / dx). Ta da tinh giao hoan tir trong Chuong 2 (Pt 2.51):

[£. p] = ih.

1 2 h 2
2 2 3\ _

hay, vi d¢ 1éch chuén thi dwong vé ban chét,

Nén

h
0x0p = 5" [3.63]
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D6 13 hé thirc bat dinh Heisenberg ban dau, nhung by gio ta thdy rang n6 chi 13 mot ing
dung cua mot dinh 1y tong quat hon nhiéu.

That ra, c6 mot “nguyén 1y bat dinh” cho moi cdp dai lwong quan sdt dwgc c6 cdc todn tie
khong giao hoan — ta goi chung 1a cac dai lwgng khong twong thich. Céc dai luong khong
tuong thich khéng c¢6 chung ham riéng — it nhat, chung khong thé c6 mét tdp day dii cac
ham riéng chung (xem bai todn 3.15). Trai lai, cac dai lugng fwong thich (giao hoan) co
nhiing tap ddy du cac ham riéng dong thoi.'® Chang han, trong nguyén tir hydro (ma ta s&
xét trong Chuong 4) Hamiltonian, d6 16n cia momen xung luong, va thanh phan z ctia
momen xung luong 13 nhitng dai lwong twong thich mot cach twong hd, va ta s& thiét lap cac
ham riéng dong thoi cho ca ba, dugc ki hidu bang cac tri riéng tuong tmg. Nhung khong c6
ham riéng cua toa d§ ma ciing 1a mdt ham riéng ctia xung luong, boi vi cac toan tir nay
khong tuong thich.

¥ Picu nay ing voi viée cac ma tran khong giao hoan khong thé dugc chéo hoa dong thoi (tic 13, chung
khong thé duoc dua vé dang cheo bang cung phép bi€n doi tuong duong), trong khi d6 cac ma tran hermit
giao hoan c6 thé dugc chéo hoa dong thoi. Xem muc A.S5.

Luu ¥ rang nguyén 1y bat dinh khong phai 1a mot gia thiét thém trong co hoc luong tir, ma Ia
mot hé qua cua dién giai thong ké. Ban co thé ty héi 1am sao lai bat n6 phai nhu vay trong
phong thi nghiém — fgi sao ban khong thé xac dinh (chang han) ca vi tri va xung luong ciia
mot hat? Chic chén ban c6 thé do vi tri cta hat do, nhung viéc do 1am suy sup ham song téi
mot dinh hep, cAn mang mdt mién rong cac budc song (va do d6 cac xung luong) trong khai
trién Fourier. Néu by gio ban do xung luong, trang thai d6 sé& suy sup toi mot song hinh sin
dai, c6 budc song xac dinh (bay gio) — nhung hat khong con c6 vi tri ban c6 dugce trong
phép do dau tién."” Do d6 van dé 1a phép do thir hai lam két qua cua phép do thir nhat khong
dung duoc. Chi khi ham séng dong thoi 1a mot ham riéng cia ca hai dai luong thi sé co thé
thue hién phép do thtr hai ma khong anh huong dén trang thai cua hat (su suy sup thu hai s&
khong thay doi gi ca, trong truong hop d6). Nhung didu nay chi co thé, néi chung, néu hai
dai luong 1a twong thich.

3.5.2 B6 song théa do bat dinh tdi thiéu

Ta da xét hai 1an ham song dat t6i giéi han bét dinh toa d6-xung lugng (ov0, = A/2): trang
thai co ban cta dao dong tir diéu hoa (bai toan 2.11) va bé séng Gauss cho hat tu do (bai
toan 2.22). Diéu ndy dé ra mot cau hoi thu vi: B séng ndo tong qudt nhat thoa do bat dinh
t6i thiéu? Khi nhin lai chirng minh cua nguyén ly bat dinh, ta lvu ¥ rang c6 hai diém o do
cac bat dang thirc xuat hién trong 1ap luan: Pt 3.59 va Pt 3. 60. Gia su ta can rang mdi bat
dang thire nay 1a mot ddng thire, va xem cai né cho ta biét vé.

Bét dang thirc Schwarz tré thanh mot ding thire khi ham nay 13 boi ciia ham kia: g(x) =
cfix), vi s6 phirc ¢ nao d6 (xem bai toan A.5). Trong khi d6, trong Pt 3.60 toi dd bo di phan
thyc cta z; dang thuc c6 dugc néu Re(z) = 0, tic 13, néu Re (/] g ) = Re(c(f]/)) = 0. By
gio (f1/) chac chén 14 thyc, nén diéu nay nghia la hang sb ¢ phai thuan a0 — hay goi no 1a
ia. Didu kién can va di cho do bat dinh t6i thiéu, khi do, 1a

g(x) =1iaf(x). where a is real. [3.66]
Véi nguyén 1y bat dinh toa d6- xung luong tiéu chuan ndy trd thanh:
hod
(Td_ — (p}) W =ia(x — {(x))W. [3.67]
[ dx
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D6 12 mot phuong trinh vi phan cho ¥ 13 mot ham cua x. Nghiém tong quat cia né (Pt 3.16)
la

W) = A e~ aWw—(x))*/2h o P/ [3.68]

R rang bo song thoa do bat dinh tdi thiéu 1a mot ham gauss — va hai vi du ta da xét trude
day c6 dang gauss.*’

2 L yu y réng d6 chi 1a sy phu thugc cua ¥ theo x dugc xét & day — cac “héng $6” 4, a, (x), va (p) co thé 1a
cac ham theo thoi gian, va di voi van dé nay W co thé tién trién ra khoi dang t6i thiéu. Moi cai toi khang
dinh ¢ day la, néu, & mot thoi diém nao do, ham song c6 dang gauss theo x, thi (¢ thoi diém do) tich do bat
dinh 1a tdi thiéu.

3.5.3 Nguyén ly bat dinh ning lwong — thoi gian
Nguyén 1y bat dinh vi tri — xung luong thuong duoc viét dudi dang

Ax Ap > g [3.69]

Ax (“d0 bat dinh” ctia x) 1a ki hi¢u khong cht ch& (va cach dung au) cho do 1éch chuén ciia
cac két qua cua cac pl}ép do lap lai 1én cac h¢ dugc chuan bi nhu nhau.?! Pt 3.69 thuong di
kem v6i nguyén ly bat dinh nang luwgng — thoi gian,

.
mAEz%. (3.70]

That vay, trong truong hop cua thuyét trong d6i hep dang ning luong — thoi gian c6 thé
duoc xem la mot 4¢ qua cua phién ban toa do — xung luong, vi x va ¢ (hay thay vao do, ct) di
cung nhau trong vecto bdn chiéu toa d6 — thoi gian, con p va E (hay E/c) di cung nhau trong
vecto bon chiéu ning — xung luong. Nén trong 1y thuyét tuong dbi tinh Pt 3.70 s& can dé di
kém véi Pt 3.69. Nhung ta khong xét co hoc luong tir trong d6i tinh. Phuong trinh
Schrodinger 1a phi twong ddi tinh : né xét ¢ va x khac nhau (n6 13 mot phuong trinh vi phan
bac mot theo ¢, nhung bac hai theo x), va Pt 3.70 that su khong bao ham béi Pt 3.69. Muc
dich cta toi bay gio 13 ddn ra nguyén 1y bat dinh ning luong — thoi gian, va trong luc dan ra
mudn thuyét phuc ban ré'mg n6 that sy 1a mot thir hoan toan khéc, c6 vé bé ngoai giéng
nguyén 1y bat dinh toa d6 — xung luong va diéu d6 dan toi nham 1an.

R6t cude, toa do, xung luong, va nang luong déu 1 nhitng bién dong luc hoc — nhing dic
trung do dugc cta hé, & moi thoi diém cho trude. Nhung ban than thoi gian khong phai 1a
mot bién dong luc hoc (trong 1y thuyét phi twong ddi tinh): Ban khong ra ngoai va do “thoi
gian” ctia mot hat, nhu ban do vi trf hay niang luong ctia chung. Thoi gian 1a bién ddc Idp,
cac dai luong dong luc hoc 1a cac ham cua néd. Pac biét, At trong nguyén ly bét dinh nang
luong — thoi gian khong phai 1a d6 1éch chuan cia mot tap hop cac phép do thoi gian; néi
mot cach chat ché (lat nira toi s€ 1am r6 diéu nay hon) n6 1a thoi gian ma hé can dé thay doi
dang ke.

DPé udc luong h¢ thay d6i nhanh ra sao, hay tinh dao ham theo tho1i gian cua tri trung binh

cua dai lugng quan sat dugc, Q(x, p, ?):
30 A QW
'} viog—).
ot ) +< |Q ot >
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Lic nay, phuong trinh Schrodinger cho

ih-— = HV
ot
(trong d6 H = p*/2m + V 1a Hamiltonian). Nén
d I o~ s I an 30
ar (Q) = T (H¥Y|QW¥) + e (V|QHWY) +<a;>‘
Nhung H hermit, nén <F[‘I"QT> = <‘P|F[QT> , vado do
d i 30
— = —{([H. — ). 7
dr(Q) h([ QJ)+<8:> [3.71]

Pay tu n6 1a mot két qua thi vi va hiru ich (xem bai toan 3.17 va 3.31). Trong truong hop
thong thudng & d6 toan tir khong phy thudc tudng minh vao thoi gian,* né cho ta biét rang
tdc d6 thay d6i cua tri trung binh duoc xac dinh bang giao hoan tir ctia toan tir d6 voi
Hamiltonian. Dic biét, néu Q giao héan voi H, thi (Q) bang hang s6, va theo nghia nay O la
mot dai luong bao toan.

*2 Nhiing toan tir phy thudc tudng minh vao ¢ kha hiém, nén hau nhw hic ndo 80 /ot =0 . La mot vi du ctia sy
phu thudc furong minh vao thoi gian, xét thé ning ciia mot dao dong tir diéu hoa co hang s6 10 xo thay ddi (c6
18 nhiét do ting, nén 16 xo trd nén linh hoat hon): 0 = (1/2)m[w(r)]* x* .

Bay gio, gia su ta ldy A = H va B = O, trong nguyén 1y bat dinh tong quat (Pt 3.62), va gia
su rang Q khong phu thudc tudng minh vao ¢

i () (3227~ ()
“”UQE(ﬁHH‘Q]) “\ziar ) T\2) e )

Hay, don gian hon,

h |d{Q)
OHOQ = E T [3.72]
Hay dinh nghia AE=0,,, va
_ 09
A= oyan 173
Khi dé
h
AE At > > [3.74]

Va d6 1a nguyén 1y bat dinh nang lwong — thoi gian. Nhung luu ¥ rang A¢ ¢6 nghia gi ¢ day.
Vi

d
op = I% Ar,
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At biéu dién lirong thoi gian can dé gid tri trung binh cia O thay doi mét o léch chudn™
bac biét, At phu thude hoan toan vao dai lugng nao (Q) ban can xét — su thay ddi co thé
nhanh cho mét dai lwong va cham cho mot dai luong khac. Nhung néu AE nho, thi toc do
thay ddi cua moi dai luong phai rat cham; hay, dé néi cach khéc, néu moi dai lugng thay doi
nhanh, “d¢ bat dinh” ctia ning lwong phai lén.

3 bay d6i khi dugc goi la cong thire “Mandelstam - Tamm” cua nguyén ly bét dinh ning lugng — thoi gian.
Dé 6n lai nhiéu cach tiép can khac, xem Paul Busch, Found. Phys. 20, 1 (1990).

Vi du 3.5 Trong truong hop ciia mot trang thai dirng, sao cho nang luong dugc xac dinh duy
nhat, moi tri trung binh 14 hing s theo thoi gian (AE = 0 = At = 00) — nhu ta da luu ¥ trude
day (xem Pt 2.9). Bé lam diéu nay xdy ra ban phai ldy mot to hop tuyén tinh cia it nhat hai
trang thai tinh — tic:

W(x, 1) = ayr (x)e BV 4 by (x)e T B2/,

Néu a, b, Wi, va s, la thyc,
2 E,—-E
(90D = a2 ) + B2 + 2aby (o) cos ()

Chu ky dao dong 1a 7= 27zh/( E,— E;). Noi chat ché, AE=FE,— E, va At = r(cho tinh toan
chinh xac xem bai todn 3.18), nén

AE At =2rh,
chinh 1a > 4/2.

Vidu 3.6 Céan bao 1au dé mét bod song cua hat ty do di qua mot diém cu thé (hinh 3.1)? Vé
mat dinh tinh (mgt phién ban chinh xac dugc xét trong bai toan 3.19), At = Ax/v = mAx/p,
nhung E = p*/2m, nén AE = pAp/m. Do d6

pAp mAx
m P
1a > A/2 do nguyén 1y bét dinh toa d6 — xung luong.

AFE At =

= AxAp,

Vi du 3.7 Hat A ton tai khoang 10 gidy, trudc khi phan ra tu phat. Néu ban 1am mot biéu
dd ctia moi phép do khdi luong ctia nd, ban thu duge mot loai dudng cong hinh chudng &
1232 Mev/c?, ¢b d6 rong c¢& 120 MeV/c? (hinh 3.2). Tai sao khdi lugng nghi (mc?) d6i khi
16n hon 1232, va d6i khi nhé hon? Day 1a sai s6 thi nghiém? Khong phai, vi

120
AE At = (— Me v) (1072 sec) = 6 x 10722 MeV sec,

trong d6 A/2 = 3x107* MeV gidy. Nén d6 md rong ctiia m nhé nhu nguyén 1y bat dinh cho
phép — mét hat c6 thoi gian sdng ngan nhu vay khong c6 mot khéi lugng xéac dinh tt.>*
Luu ¥ rang nhiéu ¥ nghia cu thé gin véi s6 hang At trong nhing vi du nay — Trong vi du 3.5
n6 la mét chu ky dao dong, trong vi du 3.6 no 13 thoi gian hat can dé di qua mot diém; trong
vidu 3.7 n6 la thoi gian song ctia mot hat khong bén. Tuy nhién trong moi trudng hop, Af 1a
thot gian h¢ can dé thyc hién sy thay “dang ké”.

Ho thuong néi rang nguyén 1y bat dinh nghia 1a ning luong khong bao toan mot cach chat
ché trong co hoc lugng tir — rang ban dugc phép “muon” nang lugng AE, chung nao ban
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“tra lai” trong mdt khdang thoi gian At = A/(2AE); su vi pham cang 16n, thoi gian ma no
xuét hién cang nho. Bay gid c6 nhiéu tai liéu dang tin cdy vé nguyén 1y bat dinh ning luong
— thoi gian, nhung day khong phai vay. Co hoc lugng tir khong bao gio cho phép vi pham
bao toan nang luong, va chéc chan khong c6 quyén do khi dan ra Pt 3.74. Nhung nguyén ly
bét dinh cuc ky chic chin: n6 c6 thé duoc dung sai ma khong gay ra két qua sai 1éch
nghiém trong, va 1a mot hé qua ma cac nha vat Iy ¢ thoi quen ap dung ndé mét cach kha ciu
tha.

3.6 KIHIEUDIRAC

Hay hinh dung mét vecto A théng thuong trong hai chiéu (Hinh 3.3(a)). Ban s& mo ta vecto
nay cho ngudi khac nhu thé nao? Cach thuan tién nhat 13 thiét 1ap cac truc Descartes, x va y,

va xac dinh cac thanh phan cta A: A =i-A, 4, = j-A (Hinh 3.3(b)). Di nhién chi ctia ban c6
thé v€ mat tap hop céc truc khéc, x’ va y’, va chi ta s€ bao cac thanh phan khac

A =i"-4,4 =j'-4 (Hinh 3.3(c)). Nhung né 1a ciing mot vecto — ta chi biéu dién né theo hai
hai co s& khac nhau ({f ,]} va {f’,j"} ). Chinh vecto nam “trong khong gian,” doc lap voi bat
cu su lya chon (tuy ) cac toa do.

v

A Ay

xY

Ay
(a) (b) ()
Hinh 3.3: (a) Vecto A. (b) Cac thanh phan cta A theo cac truc xy.

(¢) Cac thanh phan ciia A theo cac truc x’y’.
Diéu nay ciing dung cho trang thai ciia mot hé trong co hoc luong tir. N6 duge biéu dién
bang mdt vecto, |s(f)), nam “trong khong gian Hilbert,” nhung ban c6 thé biéu dién n6 theo
bat ctr sO co 56 khac nhau. Ham song ‘(x, ¢) thuc su 1a hé so6 trong khai trién cua |s) trong
co s¢ cua cac ham riéng toa do:

W(x. 1) = (x]|4(1)). [3.75]

r < A « X \ ‘A 5 7. A 25 S r A .
(cd |x) bicu dién cho ham riéng cua x vdi tri riéng x),” con ham song trong khong gian xung
luong ®(p, £)1a khai trién cua | s) trong co s& cia cac ham riéng xung luong:

D(p.t) = (p|8(1)) [3.76]

(c6 |p) biéu dién ham riéng cia p voi trj riéng p).* Hay ta co thé khai trién | s) trong co s&
ctia ham riéng ning luong (dé don gian hiy gia st rang pho 1a roi rac):

cu(t) = (n|4(r)) [3.77]

(c6 |n) biéu dién ham riéng thir n cua H) — Pt 3.46. Nhung n6 13 ciing trang thai; cac ham
song ¥ va @, va tap hop cac hé so {c,}, hoan toan chira cung thong tin — chung chi 1a ba
cach khac nhau dé mo ta cung vecto:
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V(x, t)= f W(v.1)8(x — v)dy =f¢:(p,;)_._l_efp-r/ﬁ dp

V2 h
= Ecn'?- r'E,,r/ﬁw"(x]' [3.78]

Céc toan tir (biéu dién nhitng dai luong quan sat duoc) 1a nhitng phép bién d6i tuyén tinh —
chung chuyén “mdt vecto” thanh mdt vecto khac:

1B8) = Qla). 3.79]

Ciing gidng nhu vecto duoc biéu dién, theo mot co sé cu thé {|e,)},”” nho cac thanh phan
cua chung,

o) =) aylen). with ay = (enla): |B) =)  bulen). with by = (en|B), [3.80]
n
cac toan tir duoc biéu dién (theo mot co s¢ cu thé) bang cac thanh phin ma trin cua
chang®

(&le'en) = Q. [3.81]

T T6i s& gia sir co sO ndy 14 roi rac; néu khong # tré thanh mot chi s6 lién tuc va cac tong dugc thay bang
tich phan.

*® Thuat ngit nay dwoc ldy cam himg, di nhién, tir truong hop hiru han chidu, nhung “ma tran” bay gio s& ¢6
v6 sO phan tir (tham chi c6 thé khong dém dugc).

Trong ki hi¢u nay Pt 3.79 c6 dang
Y bulen) =Y anQlen), [3.82]
n n

hay, 1y tich trong v&i |e,),

Z by{emlen) = Z Iy (€m|Q|€n}. [3.83]
N n

va do do

by = Z anan- [3-84]
"

Do d6 cac thanh phan ma tran cho ta biét cac thanh phan nay bién ddi ra sao.

Sau nay ta s€ xét nhitng h¢ chi cho phép mot s6 hitu han (V) céc trang thai doc 1ap tuyén
tinh. Trong truong hop do | s(7)) nam trong mot khong gian vecto N chiéu; nd ¢ thé duoc
biéu dién bang mot cot cac thanh phan (V) (so véi mot co so cho trudc), va cac téan tir co
dang ma tran (NxN) thong thudng. iy 1a nhitng hé luong tir don gian nhat — khong co su
tinh té nao lién quan dén cac khong gian vecto vo han chiéu. D& nhit trong s6 nay 14 hé hai
trang thai, ma ta xét trong vi du sau.

Vi du 3.8 Hay hinh dung mét hé trong d6 chi c6 hai trang thai doc lap tuyén tinh:*

0=() = =)
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* Vé mit ky thudt, cic ddu “bang” ¢ ddy nghia Ia “dugc biéu dién bang,” nhung i khong nght dé gdy nham
lan ¢ day néu ta dung ki hi¢u khong chinh thirc quen thudc nay.

Trang thai tong quat nhat 1a mot to hop tuyén tinh duoc chuin hoa:
a .
18) = all) +b|2) = (b) with |a|* + |b]* = 1.

Hamiltonian c6 thé duogc biéu dién 1a mot ma tran (hermit); gia st n6 c6 dang cu thé

h g
H= (8 ﬁ) ’
trong d6 g va / la nhiing hang sb thue. Néu hé bat dau (0 ¢ = 0) trong trang thai |1), trang
thai ciia n6 ¢ thoi diém ¢ 1a nhu thé nao?

Loi gidi: Phuong trinh Schrédinger (phu thudce thoi gian) 1a
d
ih—|4) = H|4). 3.85
PPN 4) [3.85)

Luc nio ciing vy, ta bat ddu bang cach giai phuong trinh Schrodinger doc 1ap thoi gian:
H|s) = Els); [3.86]

tuc la, ta tim cac vecto riéng va tri rieng cua H. Phuong trinh dac trung xac dinh cac tri

riéng:

det(h;E h;gE)=U'.’—E)2—g2=0=>h—E=:|:g;‘>Ei =h*tg.
R rang cac ning luong dugc phép 1a (h + ) va (h - g). Dé xac dinh cac vecto riéng, ta viét
h o o
(g i) (ﬁ) =Mhtyg (ﬁ) =sha+gb=htga=p="=1a.

nén cac vecto riéng dugc chuan hoa la

= ()

Ké dén ta khai trién trang thai dau tién thanh mot to hop tuyén tinh cac vecto riéng ciia
Hamiltonian:

1800)) = ((1,) = \/iz (144) +15-)).

Cudi cung, ta gin vao phan phu thudc thoi gian tiéu chudn exp(-iE, ¢/ A):

1 ; .
8()) = —=[e7 OO a,) 4 & OO )

V2

U i | =g (] igt/n ]
_Ee e ) +e 1

= le—:'hr/n e—f:gr;'h + ef:gr/h g cos(gt /)
2 eigt/h _ Gigi/h —isin(gt/h))
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Néu ban nghi ngd két qua nay, hiy kiém tra né: Liéu no c6 thoa phuong trinh Schrédinger
phu thudc thoi gian? Liéu nd c6 khop trang thai ban dau khi £ = 0?

Pay 13 mot mo hinh thé thién (trong nhiéu mé hinh khac) cho dao dong neutrlno Trong
truong hop do |1) b1eu dién neutrino electron, va [2) biéu dién neutrino muon; néu
Hamiltonian c6 mot s6 hang ngoai dudng chéo khac khong (g) thi theo thoi gian neutrino
electron s& chuyén thanh mét neutrino muon (va ngugc lai).

Dirac dé xuat cit ki hiéu ngodc nhon cho tich trong, (/) thanh hai phan, ma éng goi 1a

[1P-2)

bra, (o, va ket, | ) (T61 khong biét didu gi xay ra voi chir cai “c” trong “bracket”). Cai sau
1a mot vecto, con cai dau 1a cai gi? N6 1a mot ham tuyén tinh cua cac vecto, theo nghia khi
no6 tac dong mot vecto (tir bén phai ciia nd) nd cho mot sd (phtrc) — tich trong. (Khi mot todn
tir tac dong 1én mot vecto, nd cho mdt vecto khac; con moét bra tac dong mot vecto, nd cho
mot con sd.) Trong mot khong gian ham, bra c6 thé dugc xem 13 mot cach dé 1y tich phan:

[ ®
(1= [ 76 1ax,
v6i chd [...] chd duge 14p vao bang bat cir ham ndo ma bra tac dong 1én ket & bén phai.
Trong mét khdng gian hiru han chiéu, c6 cac vecto dugce bi€u dién bang cac cdt,
a

o) = ) [3.87]

bra tuong ing 1a mot vecto hang:
(@l = (a*at ... a). [3.88]

Tap hop cac bra tao thanh mot khong gian vecto khac — dugc goi 1a khong gian ddi ngiu.

Diéu kién dé xét riéng cac bra 1a nhitng thuc thé doc 1ap cho phép ki hiéu hitu hiéu va dep
(mdc du to1 s& khong xét no6 trong cudn sach nay). Chang han, néu |@) 12 mot vecto dugce
chuan hoa, toan tu

= |a){a| [3.89]

lay ra phan cua vecto bat ky “nam doc” |@):

PIB) = (@|B)|a):

ta goi n6 1a téan tir chieu 1én khong gian con mét chiéu do |@) lap day. Néu {|e,)} 1a mdt co
s& truc chuan roi rac,

(emlen) = dun. [3.90]
khi do
z len){en] =1 [3.91]

in

(toan tir don vi). Vi néu ta cho toan tir nay tac dong 1én vecto |@), ta thu lai khai trién cua |a)
trong co s& {|e,)}:
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> " len)tenlar) = le).

Tuong tu, néu {le-)} 12 mdt co s& lién tuc truc chuén Dirac,
(ezler) = 8(z —2).

thi

f|e:><e:.|dz= ’

Pt 3.91 va 3.94 1a cach ngdn gon nhat dé biéu dién tinh day du.
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CHUONG 4
CO HQC LUQNG TU TRONG BA CHIEU

4.1 PHUONG TRINH SCHRODINGER TRONG TQA PQ CAU
Su tong quat hoa cho ba chiéu thi don gian. Phuong trinh Schrodinger 13

ow
h— = HWY: 4.1
ih— [4.1]

Toé4n ti' Hamiltonian H thu dugc tir ning lugng ¢ dién
—mv- +V =—(p:+ p: )+ VvV
> 5 (P + Py + P)

nhd phép thuc hién tiéu chuan (bay gio 4p dung cho y va z, cling nhu cho x):

h o h o ho
: - : -, - - —. 4.2
p'\_}fa.\‘ p_}fay P‘-}iaz [42]
hay
h
p—> -V, [4.3]
i
cho gon. Do do
T il ViU + VU [4.4]
e T T am ‘ '
trong do
82 8‘2 32
Vi=e —+—+ [4.5]

la Laplacian, trong toa do Descartes.

Thé ning 7 va ham séng ¥ bay gio 1 nhig ham cta r = (x, y, z) va £. Xac suit tim thay hat
trong thé tich vo cing bé d’r = dxdydz bang |¥(r, 1)|*d’r, va diéu kién chuin hoa 1a

f WPdPr=1, (4.6]

c6 tich phan 13y trén toan khong gian. Néu thé doc 1ap thoi gian, s& c6 mot tap day du cac
trang thai dung,

W, (r, 1) = Y (r)e” Bl /M, [4.7]

trong d6 ham soéng khong gian y;, thda phuong trinh Schrédinger doc ldp thoi gian
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2
—ﬁ—vlw + V¢ =Evy. [4.8]
2m |

Nghiém tong quat cho phuong trinh Schrédinger (phu thuéce thoi gian) 1a
V(r.n) =) cuvu(rye™ E0, [4.9]

cd cac h,é“mg s6 ¢, duoc xac dinh bang ham song ban dau, W(r, 0), theo cach thong thuong.
(Néu thé cho nhiing trang thai lién tuc, thi tong trong Pt 4.9 tré thanh mdt tich phan.)
4.1.1 Tach bién

Thong thuong, thé chi 1a mot ham cta khoang cach téi goc toa do. Trong truong hop do ta
thuong chuyén qua tga d¢ cau (7, 6, 9) (xem Hinh 4.1). Trong toa d cau Laplacian c6
dang’

18 [ ,d 1 3 9 1 3?
sz__ ,2_ - 1 9_ . 4[3
r2 or (, 81') T g 50 (Sm 89) T Zante (3452) 13

Khi 6, trong toa d6 cau, phuong trinh Schrodinger doc 1ap thoi gian 1a

RPlr1a [,y 1 9 oY 1 %y
| = — [ sing—=
om [;-2 ar (" ar ) * 75ing 30 (3'" 90 ) T e (a¢2)]

+ Vy=Ey. [4.14]

Ta bit dau tim nghiém tach duoc bang céc tich:
V(r,0.9) = R(NY (6. ¢). [4.15]

Pua diéu nay vao Pt 4.14, ta c6

Py d ZdR)+ R0 (. ,0r) _R 3%y
—— — — r —_— l —
2 | P2dar " ar )T 7 2sing e 786 ) T r2sin? 0 992

+VRY = ERY.

Chia cho RY va nhan véi -2mr?/ B

1 d ~dR 2mr?
SalpRay e — Vi) —
o (P5) - S vor - £

+1 1 a(,eav)_l_ 1 321’}
—{——|sinf8— .

Y |sind 860 30 ) * sin’g 9¢?
So hang trong ngodc nhon dau tién chi phu thudc vao r, con phén con lai chi phu thudc vao

Ova ¢; theo d6, mdi s6 hang phai bang mot hang sd. Vi nhirng 1y do s& xuat hién sau,’ toi s&
viét “hang so tach bién” nay c6 dang /(I + 1):
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l_"_(,-zd_’:") 2’;” V() — E] =10 + 1): [4.16]

R dr d;_
1 1 8 ayY 1 83y
6 — = —I(+1). 4.17
Y |sin6 98 (Sm ae)+sinlga¢2} =+ 4-17]

3 Luu ¥ rang khong mat tinh tong quat & diy — & giai doan nay / c6 thé 1a sé phirc bat ky. Sau nay ta s& phat
hién rang that ra / phai 1a mot so nguyén, va do du doan dugc ket qua d6 ma t6i da biéu dien hang so tach
bién theo cach c6 vé ki cuc nhu vay.

4.1.2 Phwong trinh goc
Pt 4.17 xac dinh sy phu thudc ctia wvao dva ¢, nhan cho Ysin’ 6, n6 tré thanh

] oY 32y
smé-@— (smé’—) + -¢— = —I(l + 1)sin? @Y. [4.18]

Ta c6 thé nhan ra phuong trinh nay — né xuat hién trong nghiém cua phuong trinh Laplace
trong dién dong luc hoc cd dién. Lic nao cling vay, ta thur tach bién:

Y(,¢)=00)P). [4.19]

Pua no6 vao, va chia cho O®, ta tim duoc:

1 d de 1d*®
— — { :
{ [Slnede (sm@de )}—t— (! + 1) sin 9} > 46 =0

S6 hang dau tién 1a mot ham chi ctia 6, va s6 hang thir hai 1a mot ham chi cua ¢, nén moi so6
5 e 1w A M A A N4 A~ LT A L7 <A \ 2
hang phai bang mdt hang s6. Lan nay" toi s€ goi hang so tach bién 1a m™:

1. d (. d® o 5
- —-_— I - —_ : L] D
S [51n9d6 (smﬂde )]—l—[(l+l)s1n 0 =m [4.20]
e
%j? = —m?, [4.21]

* Lai nira, khong mit tinh tong quat & day, vi liic ndy m c6 thé 1a s phirc bit ky: tuy nhién, 14t nita, ta s& phat
hién ra rang that ra m phai 1a mot s6 nguyén. Can than: chit cai m & day lam hai nhiém vu, 13 khoi heong va 1a
mot hang sb tach bién. Khong co cach nao dé tranh sy tring lap nay, vi ca hai cach dung déu da quen. Mot s6
tac gia chuyen thanh M hay u cho khdi luong, nhung tdi ghet phai thay ki hi€u gitra chung, va t61 khong nght
¢6 nham 13n & day, chimg nao ban biét van dé nay.

Phuong trinh ctia ¢ dé:
AL
d¢?

[That vay, c6 hai nghiém: exp(im¢) va exp(-im¢), nhung ta s¢ bao gdm nghiém sau bang
cach cho m am. Ciing c6 thé c6 mot thira sb hang dang trudce, nhung ta ciing c6 thé dua né
vao ©. Vo tinh, trong dién dong luc hoc ta viét ham ctia goc phuong vi (@) theo sin va cos,
thay vi theo cac ham mi, vi dién thé phéi thuc. Trong co hoc lugng tir khong c6 rang budc
nhu vay, va cac ham mii dé tinh hon nhiéu.] Bay gio, khi ¢ ting 27, ta phai tré lai cing mot
diém trong khong gian (xem Hinh 4.1), nén that tu nhién khi yéu cau’

D(p + 2m) = P(¢). (4.23]
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> Diéu nay trong k‘h() hon. RSt cude, mat d6 xdc sudt (|CD|2)’121 don tri bat ké m. Trong muc 4.3 ta s€ thu dugc
dicu kién ctia m bang mot 1ap ludn hoan toan khac va thuyét phuc hon.

N6i cach khac, exp[im(¢ + 27)] = exp(im¢) hay exp(2zim) = 1. Tir d6 ta c¢6 rang m phai la
mot sO nguyén:

m=0, %1, %2, ... [4.24]
Phuong trinh cta 6,
sin e% (sin 9‘2-?) +[I( + 1)sin® 6 —m*]® =0, [4.25]
khong don gian nhu vay. Nghiém la
@) = AP/"(cosb), [4.26]
trong d6 A"1a ham Legendre lién két, duoc xac dinh nho®
) d fin}
Pl (x) = (1 — x?)ll2 ( —_) Py(x). [4.27]
dx
va P(x) 1a da thirc Legendre bac /, duoc xac dinh bang hé thirc Rodrigues:
/
Pi(x) = 2,—1“ (d%) (x? — 1), [4.28]

® Luu y rang B =p". Mot s6 tac gia dung mot qui wéc dau khac cho nhimng gia tri Am ctia m; xem Boas
(chu thich 2), p. 505.

Chang han,
Py(x) =1 P()—l—d(z—n—-
nlxy=1. 1 (X _Zdr X =X,
1 (d\* , ., 1._,
)= — | — X- — "=—3_,"‘— .
Pa(x) 4.2(&_) (2= 1= 205" =D

va ctr vay. Vai da thirc du tién duoc liét ké trong bang 4.1. Nhu tén goi di noéi, Py(x) 1a mot
da thtrc (bac /) theo x, va né chin hay 1€ tity thudc vao /. Nhung P”(x)n6i chung khong phai

1a mot da thirc — néu m 1é né mang mat thira s6 v1—x” .

PY(x) = %-(33*2 ~1), Plx)y=(- xz)'ﬁd‘—’r E(sxz - 1)} =3xy/1 — x2,
2Ny 2 i)z[l 3 ]_ 2
P (x) = (1 —x )(d'1f SGx* =D =301 - x,

v.v. (N6i cach khéc, céi ta can 1a P"(cosd), va v1—cos’> @ =sin@, nén P"(cos#) lic nao
cling 1a mot da thirc theo cosé, nhan voi — néu m 1é - siné. Mot s6 ham Legendre lién két
cua cos@dugc liét ké trong bang 4.2.)
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Luu ¥ rang / phai 1a mot s6 nguyén khong am, dé hé thirc Rodrigues c6 nghia; hon nita, néu
|m| > [, thi Pt 4.27 n61 rang P" =0. V61 / cho trude, thi c6 (27 + 1) gia tr1 kha di cua m:

=0, 1 2,...; m=—l.—=l+1 ..., —=1.0 1 ....1—=1.1 [4.29]

Nhung cho da! Pt 4.25 1a mot phuong trinh vi phan bac hai : N6 phai ¢6 hai nghiém doc 1ap
tuyén tinh, cho moi gia tri cta / va m. Nhitng nghiém con lai dau? 7rd loi: Di nhién ching
ton tai nhu nhitng nghiém toan hoc cho phuong trinh, nhung chiing khong duge chap nhan
vé mdt vt 1y, vi ching phan ky & @ = 0 vi/hodc 6= 7 (xem bai toan 4.4).

Bay gio, phan tir thé tich trong toa do cau’ 1a
d*r = r2sin6 dr do dg, (4.30]
nén diéu kién chuan héa (Pt 4.6) trd thanh

] |y |71 sind dr df dep = [ |R1>r? dr [ |Y|*sin0dode = 1.

S& tién khi chudn hoa R va Y riéng biét:

o0 5 5 2 pm ,
f IR|“r=dr =1 and f f Y|~ sin6df d¢p = 1. [4.31]
0 0 Jo

Ham séng goc duoc chuin hoa® duge goi 1a ham diéu hoa céu:

QI+ 1D U= |mD!
ﬂ? i P”T 9 . 4.32
176, 9) = \/ 4 (I + |m|)! ¢ j (cos®) [ |

trong d6 = (-1)" chom >0 va & = 1 cho m < 0. Nhu ta s€ ching to sau, chung tu dong truc
giao, nén

2r pw
f [ Y0, OV 6. $)15in0 4O dp = By [433]

¥ Thira s6 chudn hoa dugc dan ra trong bai toan 4.54: & (ludn bang 1 hodc -1) duoc chon de tuong thich voi
ki hi¢u ta s& dung trong 1y thuyét v€ momen xung luong; no 1a tiéu chuén, mic di mét s6 giao trinh cii hon
dung nhitng qui wéc khac. Luu y rang

=)

Trong bang 4.3 t0i da liét ké mot s0 ham diéu hoa cau. Vi Iy do lich st, / dugc goi 12 s
lwgng tir phwong vi, va m 1a so lwong tir tir.

4.1.3 Phwong trinh xuyén tam

Luu ¥ rang phan goc cua ham song, Y(6, ¢), cung nhu vay cho moi thé dbi xtng cau; hinh
ddng thuc su cua thé, V(r), chi anh hudng dén phan xuyén tam ctiia ham séng, R(r), dugc xac
dinh bang Pt 4.16:

2dR 2mr?
o (; 7 ) . (V(r)— EIR =I{l+ 1)R. [4.35]
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Phuong trinh nay don gian néu ta doi bién. Cho

u(r) =rR(), [4.36]
sao cho R=u/r,dR/dr=[r(du/dr)—ul/r’,(d/dr)[r’(dR/dr)]=rd*u/dr*, va do d6
h* d*u R0+ 1)
- - V4 - —
dmdrz "+ l: T 2m 2 u=ku. 4371

Day dugc goi 1a phuwong trinh xuyén tﬁm;’g n6 dong nhat vé dang véi phuong trinh
Schrédinger mot chi€u (Pt 2.5), tru viée thé hiéu dung,

W2 11+ 1)
V=V 4+ — ~ 7
=V S [4.38]

chira thém mét s6 hang, duoc goi 13 s6 hang li tam, (22/2m)[I(I +1)/r*]. N6 c6 xu hudéng
ném hat ra ngoai (ra xa gbc toa do), giong nhu (gia) luc ly tdm trong co hoc c¢o dién. Trong
khi do, diéu kién chuan hoa (Pt 4.31) trd thanh

s
f li|=dr = 1. [4.39]
0

D6 12 cai ta co thé toi chimg nao ta duoc cho mot thé cu thé V(r).
Vi du 4.1 Xét giéng ciu vo han,
0. ifr<a:
Vir) = T [4.40]
oo, ifr>a.
Tim cac ham séng va cac nang luong dugc phép.

Loi giai: Bén ngoai giéng, ham séng bang khong; bén trong giéng, phurong trinh xuyén tim

bang
d*u I(I+1) .
7= [—"2 —k ]u. [4.41]

trong do

:

2mE
h

nhu thuong thiy. V?m dé cua ta 1a giai phuong trinh ndy, chiu diéu kién bién u(a) = 0.
Truong hop /=0 de:

d ZH . .

F = —k"u = u(r) = Asin(kr) + Bcos(kr).

r2

Nhung nhé rang, ham song xuyén tim thuc su 13 R(r) = u(r)/r, va [cos(kr)]/r phan ky khi 7
— 0. Nén'” ta phai chon B = 0. Diéu kién bién khi d6 yéu cu sin(ka) = 0, va do d6 ka = n,
cho n nguyén. Céc nang lugng dugc phép rd rang bang

k

{ [4.42]
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n=1.2.3....), [4.43]

10 That vay, moi cai ta can la ham song chuén hoa dugc, ta khf)ng can né hiru ha_m: R(ry=1/ro géc toado la
chuan hoéa duge (do * trong Pt 4.31). Cho mdt chtrng minh thuyét phuc hon rang B = 0, xem R. Shankar,
Principles of Quantum Mechanics (Plenum, New York, 1980), p. 351.
cling giéng nhu cho giéng vudéng v6 han mét chiéu (Pt 2.27). Chuan héa u(r) cho 4=./2/a ;
gan vao phan goc (hién tai dé vi ¥°(0,4) =1/4x), ta két luan rang

1 sin(nmr/a)

Yoo = - : [4.44]
2mwa ?

[Luu ¥ rang cac trang thai ding duoc ki hiéu bang ba s6 lweng tir, n, [, va m: W, (7,0,0).
Tuy nhién, nang luwong chi phu thudc vao n va l: E,,.]
Nghiém tong quat cho Pt 4.41 (cho mot s6 nguyén / bat ky) khong quen thude 1am:

u(r) = Arji(kr) + Briny(kr). [4.45]

trong do j(x) 1a ham Bessel cu bac [, va ni(x) 1a ham Neumann cau bac L. Chung dugc xac
dinh nhu sau:

mx)-(—n*(' d) %1 mx) = —(— x)’(l d) “’f“'. [4.46]

xdx xdx

Chéng han,

sin.x CoS X
no(x) = — 'T,

Jo(x) =

.

: 414
Ji(x) = (—-1)“_ 7 (

sin x SINX  COSX
X X 2 X ’

va ¢t vdy. Vai ham Bessel va Neumann ciu dau tién duoc liét ké trong bang 4.4. Véi x nho
(6 d6sine=x—x*/31 +x°/5! - ...vacosx=1—x2+xY4!-..),

E-\
v.v. Luu ¥ rang cac ham Bessel 13 hitu han & gdc toa d6, nhung cac ham Neumann phén ky
O goc toa do. Theo do, ta phai cd B;=0, va do do

1 ) X .
Jo(x) = 1; nu(.t)*:—;: Jl_(r)%g: Jax) =

R(r) = Aji(kr). [4.47]
Van con diéu kién bién, R(a) = 0. R rang k phai dugc chon sao cho
Ji(ka) = 0: [4.48]

tuc la, (ka) 1a mot nghiém cua ham Bessel cau bac . Lac nay, cac ham Bessel c6 dang dao
dong (xem hinh 4.2); mo61 ham ¢6 v6 s6 nghi¢m,

Nhung (khong may cho ta) ching khong nam [y nhung diém dé dang (nhu n, hay nz
hay cai gi khac): chung phai dugc tinh bang s6."" G moi luc, diéu kién bién yéu cau rang
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]
k = _JB.{:.’ . [4.49]
a

trong d6 S, 1a nghiém thir # cia ham Bessel cau thi /. Cac ning lugng duoc phép, khi do,
duoc cho boi

nl =

- alﬁ", (4.50]

va cac ham song la
wm'm (r. 0. ¢} = An.‘jf (,Bm'r/“)ﬂm(ﬂ- ¢') [451]

c¢6 hang sb A4,; duoc xac dinh tir sy chu§n~hc’)a. Moi muc ning luong suy bién bac (21 + 1), vi
c6 (21 + 1) gia tr1 khéc nhau cia m cho moi gia tri cua / (xem Pt 4.29).

4.2 NGUYEN TU HYDRO

Nguyén tir hydro gdm mét proton ning, gan nhu khong chuyén dong (ta c6 thé dit né & goc
toa d9), co dién tich e, cung vai mdt electron nhe hon nhiéu (dién tich - e) quay quanh no,
duoc gilt bang luc hut twong hd cua cac dién tich trai dau (xem Hinh 4.3). Tir dinh 1y
Coulomb, thé ning (trong don vi SI) bang

e? 1
V(r) =— -, [4.52]
dmeg ¥
va phuong trinh xuyén tam (Pt 4.37) la
h2 du 2 1 290+ D
R = Eu. 453
2m dr? + [ dmeg r + Zm r2 . [ ]

Bai toan cua ta la gidi phuong trinh nay cho u(r), va xac dinh cac nang luong dugc phép E.
Nguyén tir hydro 13 mot trudng hop quan trong dén ndi toi s& khong dua ban 101 giai 1an nay
— ta s& tim ra n6 mot cach chi tiét, bang phuong phép ta da dung trong khi tim 10i giai giai
tich ctia dao dong tir diéu hoa. (Néu bét cir budce nao trong qua trinh nay khong rd, ban c6
thé xem lai muc 2.3.2 cho 16i giai thich ddy d hon.)
Tinh co, thé Coulomb (Pt 4.52) cho trang thai /ién tuc (£ > 0), mo ta tan xa electron-proton,
cling nhu trang thai lién két roi rac, biéu dién nguyén tir hydro, nhung ta sé dé y dén trang
thai sau.

4.2.1 Ham séng xuyén tim

Nhiém vu dau tién 1 1am gon ki hiéu. Cho

(= YTME [4.54]
hi
(Cho trang thai lién két, E am, nén « thiec.) Chia Pt 4.53 cho E, ta ¢6
L@ B [1—- me* 1 N 1(.'+1)]u
k2dr? 2wegh?i (k1) (kr)?

bicu nay goi y rang ta dua ra
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=xr, and = —. [4.55
p ' P 2meoh’i ]
sao cho
d* 1+ 1
__2‘=[1—@+—‘ i ):lu [4.56]
dp p p-

K¢é dén ta kiém tra dang tiém can cia cac nghiém. Khi p — oo, s6 hang hang trong ngoic
chiém uu the, nén (gin dung)

d?u
d_pl =nu.
Nghiém tong quat 1a
u(p) = Ae™? + Be”. [4.57]
Nhung ¢” phan ky (khi p — ), nén B = 0. R4 rang,
u(p) ~ Ae ", [4.58]

cho p 16n. Mit khac, khi p — 0 s6 hang ly tdm chiém wu thé;'* khi d6 gin dang:
' d*u  1(I+1)
dp>  p?

"2 Lap luan nay khong ap dung khi /=0 (méc cho két luan nay, Pt 4.59 that ra dung cho ca truong hop do).
Nhung ding lo: ci t6i dang ¢d ging lam 1a cho ban y tudng dé ddi bién.

.

Nghiém tong quat (kiém tra no!) 1a

u(p) = Cp't' 4+ Dp~!
nhung p” phan ky (khi p — 0), nén D = 0. Do d6

u(p) ~ Cp'*l. [4.59]
cho pnhd.
Budc ké tiép 1a bd di trang thai ti€ém can, dua ra ham méi v(p):
u(p) = p™*'e u(p). [4.60]
v6i hy vong v(p) s& trd nén don gian hon u(p). Cac ddu hiéu dau tién khong tot lanh 1im:

du I —p dv
n =pe (1+1—p)u+p

va
d*i B I+ 1 d*v
s =ple” - 24 p 4 ED ¢40+1—p%—+p——
dp p dp " dp’

Khi doé, theo v(p), phuong trinh xuyén tam (Pt 4.56) l1a
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d‘)
p +2(I+l~p)~—+[po 2/ 4+ DJv =0. [4.61]

Cudi clng, ta gia sir nghlém, v(p), c6 thé dugc biéu dién 1a mot chudi liy thira theo p
m
v(p) = Z cip’. [4.62]
—0

Bai todn cua ta 1a x4c dinh cac hé so (co, ¢, ¢, .. ) Lay dao ham tirng s6 hang:

dU s 1
— = Z jeip’™ ZU + Dejyip’.
j=0

[Trong téng thir hai toi d3 dat lai tén “chi s6 cam™: j — j + 1. Neu dieu nay 1am ban phién,
viét ra vai s6 hang dau, va kzem tra lai. Ban c6 thé phan ddi rang tong phai bat dau o/ =-1,
nhung thira s6 (j +1) lam mat s6 hang d0, nén ta ciing c6 thé bat dau tir khong.] Liy dao
ham lan nita,

d%v > . i—1
T =2 iU+ Dejrp!
0

Pua chung vao Pt 4.61, ta c6

oo oo
S G+ Dejr! +20+1) Y G + Dejrp?
j=0 j=0

00 oe
%Zchjp-’ + [po — 2(/ + 1)] Zc‘jp-’ = (.
j=0 j=0
Can bang céac hé sb cia cac lity thira gidng nhau dua téi

JU +Dejer +20 + DG+ Dejgr — 2jcj + oo — 200+ Dlej =0,
hay

2 +1+ 1) —po }Cj 4.63]

J+DG+2142)

Cong thire truy hoi ndy xé4c dinh cac hé s6, va do d6 xac dinh ham  v(p): Ta bat dau véi ¢
(day tré thanh mdt hang so toan thé, dugce c¢o dinh bang sy chuan hoa), va Pt 4.63 cho ta cy;
dua vao lai, ta thu duoc ¢,, va ctr Véty.13

Cj+l =

Bay gio hiy xem céc hé sb nay trong nhu thé nao cho j 16n (diéu nay tng voi p 16n, & d6
cac lity thira cao hon chiém wu thé). Trong diéu kién nay hé thirc truy hoi cho'

2j . 2 .
jG+D i+
Gia st hién thoi rang diéu nay diing. Khi d6

cj+l =
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2.

cj = —_1-60. [464]
Jj!
nén
2J
v(p) =cg Z —p" = ¢pe?”,
j=
va do do
u(p) = cop'tle? [4.65]

phan ky & p16n. Him mii duong chinh 13 trang thai tiém can ta khong mudn, trong Pt 4.57.
(Khong phai ngau nhién n6 xuat hién lai & day; rot cudc, n6 biéu dién trang thai tiém can
ctia mdt sO nghiém cua phuong trinh xuyén tdm — chiing chi khong phai 1a céi ta quan tam,
vi ching khong chuan héa dugc.) Chi c6 mdt cach dé ra khoi the tién thoai ludng nan nay:
Chuoi nay phai ket thuc. Phai xuat hién mot s6 nguyén cuc dai nao do, ji.y, sao cho

Clmam+1) = 0. [4'66]
(va sau d6 moi hé sb tu dong triét tiéu). RS rang (Pt 4.63)

2(jmax +1+ 1) —po = 0.

Xac dinh
n= Jmax +1 41 [4.67]
(duoc goi 1a s6 lwgng tir chinh), ta co
po = 2n. [4.68]
Nhung p, xac dinh E (Pt 4.54 va 4.55):
hk? me?
E=-— 2 =‘—ﬁ, [4.69]
m 8 <egh py
nén cac nang lugng dugce phép la
E m (e )- L _E 1.2.3 [4.70]
= — | = - = —=. H=1,24.2,... .
! 2n? \dmeg) |02 n?

bay la cong thirc Bohr péi tiéng — 1a két qua quan trong nhét trong co hoc lugng tir. Bohr
thu du’qc nc} nam 1913 bang mét su tron dé chiu cua vat Iy co dién khong ap giung duoc va
1y thuyét tién luong t&r (mai dén ndm 1924 phuong trinh Schrodinger méi xuat hién).

Két hop Pt 4.55 va 4.68, ta tim duoc
R
me 1 1 .
4meph=/ n an

trong do
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dmeph®
a= 2

=0.529 x 1070 m [4.72]

me

1a ban kinh Bohr." Theo d6 (lai nita, tir Pt 4.55)

an
Cac ham song khong gian cho hydro duoc ki hiéu bang ba sb luong tir (n, I, va m):
Yuim (7, 0, 8) = R (1) Y] (0, 9, [4.74]

trong do (tro lai Pt 4.36 va 4.60)
l
Ri(r) = —p" " e v(p), [4.75]
va v(p) 1a mot da thirc bac jmax =n— [ — 1 theo p, c6 cac hé s6 duogc xac dinh (t61 mot thira
sO chuan hoda) bang cong thure truy hoi
2 +14+1—mn) ..
G+hi+20+2) 7"

Trang thai co ban (tic 13 trang thai c¢6 ning luong thap nhat) 13 trudng hop 1 = 1; dit vao
cac gia tri dugc chap nhan cho céac hang so vat 1y, ta co:

_ ) 2
7 e . .
Ey = . — = 13.6eV. 4,77

R rang nang lugng lién két cua hydro (lwong ning luong ban s& c6 dé 1y electron trong
trang thai co ban dé ion hoa nguyén tir) 1a 13.6eV. Pt 4.68 bat / =0, ttc 1a m = 0 (xem Pt
4.29), nén

[4.76]

Cjtl =

Yioolr, 0, ¢) = Rig(r) YO, ¢). [4.78]

Cong thuc truy hoi bi cit sau s6 hang dau tién (Pt 4.76 voij = 0 cho ¢, = 0), nén v(p) 1a mot
hang s (co), va

Rio(r) = e/, [4.79]
a
Chuén hoa nd, theo Pt 4.31:

0 2.2 ol e
/ [Rio*r?dr = =5 f 1252 gy = |2 = 1,
0 a= Jo 4

nén ¢, =2/ Ja . Trong khi d6, ¥, =1/+/4x , va do d6 trang thai co ban cta hydro 1a
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1
Yrigo(r, 0, 9) = ﬁe—”/‘*. [4.80]

Néu n = 2 ning luong bang
—13.6 eV

Ey = —a - —34 eV, [4.81]
DAy 1a trang thai kich thich tht nht — hay, nhiing trang thdi, vi ta ¢6 thé c6 hodc [ =0
(trong truong hop nay m = 0) hodc /=1 (v6im = -1, 0, hay +1); 16 rang bon trang thai c6
chung nang luong. Néu / = 0, h¢ thtrc truy hoi (Pt 4.76) cho

ci=-¢y(dungj=0), va c¢=0(dungj=1)
nén v(p) = co(1 - p) , va do do
<o FN O
Rao() = > (1= =) e/, [4.82]
2a\  2a

[Luu ¥ rang cac hé s6 khai trién {cj} hoan toan khac cho cac s6 luong tir n va [ khac nhau.]
Néu /=1 h¢ thuc truy hoi két thiic chuoi sau mot so6 hang duy nhat; v(p) 1a mot hang so, va
ta tim duoc

—r/2a :
Ra1(r) = @m 2 [4.83]

(Trong mdi trudng hop hing sé ¢, dugc xac dinh tir sy chuan héa — xem bai toan 4.11.)
Véi n bat ky, cac gia tri kha di cta / (twong thich v6i Pt 4.67) 1a
[=0,1,2,..,n-1, [4.84]
va v6i moi [ co (27 +1) gia tri kha di caa m (Pt 4.29), nén d suy bién toan phan ctia muc
nang lugng £, bang
n—1
dmy =7 @ +1)=n". [4.85]
1=0
ba thirc v(p) (duoc xéac dinh tir h¢ thl’Icvtruy hoi, Pt 4.7@) la mot he‘lm rat quen thudc vdi cac
nha toan hoc ing dung; ngoai viéc chuan hoéa, né co thé dugc viét la

v(p) = LI (2p), [4.86]
trong do
Py EAY
L, _,(x)=(-1)" (E) Ly(x) [4.87]

12 mot da thirc Laguerre lién két, va

' 4 a —X g
Ly(x)=e (E) (e. -x-) [4.88]

1a da thirc Laguerre thir q. (Mot s6 da thirc Laguerre dau tién dugc liét ké trong bang 4.5;
mot sd da thirc Laguerre lién két dugc cho trong bang 4.6. Mot s6 ham song xuyén tim dau
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tién duoc liét ké trong bang 4.7, va duoc vé trong Hinh 4.4.) Cac ham séng chuan hoa cua
hydro 13"

2N ==t N o
Yalm = J(n‘—;) mﬁ’ (na) [L l(zf'fna)] er (5 ¢) [4.89]

Chtng khong dep 1am, nhung dimg phan nan — day la mot trong sO rat it hé thuc té c6 the
duoc giai chinh x4c. Luu y rang trong khi ham song phu thudc vao ca ba sb lugng tir, cac
nang luong (Pt 4.70) dugc xac dinh chi bang n. Pay 1a mot sy ky cuc cua thé Coulomb;
trong trudng hop cua giéng ciu, ban co thé nhé lai, ning lwong ciing phu thudc vao / (Pt
4.50). Cac ham séng truc giao tung do61 mot:

f W,f;m "#n’f.’m" 7"2 sin & dr do dﬁb = Opn’ O11' S’ - [4.90]

Diéu nay c6 dugc tir tinh triuc giao ctia cac ham diéu hoa cau (Pt4.33) va (v6i  n#=n’)tu
vi€éc ching la cac ham riéng cuia H vdi céc tri riéng khéac nhau.
Hinh dung cdc ham song cua hydro khong dé. Cac nha héa hoc thich v& “d6 thi mat dg,”

trong d6 d sang cua dam may ti 1€ voi | w* (Hinh 4.5). Cac bé mit c6 mat do xac sut
khong doi thi dinh luong hon (nhung c6 1€ khé doc hon) (Hinh 4.6).

4.2.2 Pho ciia hydro

Vé nguyén tic, néu ban dit mot nguyén tr hydro vao trang thai dung ¥,;,, nao do, no s¢ &
d6 mai mai. Tuy nhién, néu ban cham nhe vao nd (bang cach va cham v6i mot nguyén tir
khac, hay chiéu anh sang vao nod), electron s€ thyc hién mot sw chuyén doi tdi trang thai
dirng khac — hodc bang cach hdp thu nang lugng, va di chuyén 1én mot trang thai ning
lugng cao hon, hoac #r bo nang luong (thong thuong dudi dang birc xa dién tu), va di
Xué)ng.18 Trong thuc té nhiing nhiéu loan nhu vay /udn hién dién; su chuyén doi (hoac, nhu
chung thuong duoc goi, “budc nhay luong t”) ludn xuat hién, va két qua 1a mot binh chira
hydro giai phéng anh sang (cac photon), c6 ning lugng tng véi su khdc biét vé ning luong
giita trang thai dau va cudi:

_ 11 _

'8 V& ban chat, diéu nay lién quan dén mot twong tac phu thudc thoi gian, va cac chi tiét s& phai cho t6i
Chuong 9; cho nhitng muc dich hién tai co ché thuc su khong quan trong.

Bay gi0, theo cong thire Planck,'” ning luong ciia mot photon ti 16 voi tan s6 cua no:
Ey = hv. [4.92]

1 Photon 1a mét lwong tir cua bue xa dién tir; nd 1a mat ddi tuong tuong ddi tinh néu c6 photon, va do do
nam ngoai pham vi cla co hoc lugng tir phi twong doi tinh. S€ hitu ich trong vai cho khi néi vé photon, va
dua ra h¢ thuc Planck cho nang lugng cua nd, nhung xin hay nhé rang n6é nam ngoai ly thuyét ma ta dang
phat trién.

Trong khi 46, buoc song dugce cho bdi A= c/v, nén

1 1 1 _
S —R ——, 4,93
A n?f n* (%231
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trong do
m 2 \*
= ( _ ) = 1.097 x 10’ m™—* [4.94]
dreh?® \dmen

duoc biét 13 hang sé6 Rydberg. Pt 4.93 13 hé thirc Rydberg cho phd ctia hydro; né duoc tim
ra bang thuc nghiém vao thé ky muoi chin, va thanh cong 16n nhat cta Iy thuyét Bohr 1a kha
nang giai thich két qua nay — va tinh R theo cac hang s6 co ban cua ty nhién. Cac sy chuyén
doi veé trang thai co ban (n,= 1) nam trong ving cyc tim; chiing dugc cac nha pho hoc goi la
day Lyman. Nhing su chuyén doi toi trang thai kich thich thirc nhat (n,=2) ndm trong
vung kha kién; chung tao thanh day Balmer. Nhimng su chuyen doi t01 ny=3 (day Paschen)
nam trong vung hong ngoai; va cur vay (xem Hinh 4.7). (O nhiét do phong, hau hét cac
nguyén tir hydro nam & trang thai co ban; dé thu duoc pho phat xa dAu tién ban cho electron
1én nhiéu trang thai kich thich; théng thuong diéu nay duoc thuc hién bang cach cho mot tia
ltra dién di qua chit khi.)

4.3 MOMEN XUNG LUQNG

Nhu ta da théy, cac trang thai dimg cta nguyén tir hydro duogc ki hiéu bang ba s6 luong tu:

n, I, va m. S6 luong tir chinh (n) xac dinh ning lugng cta trang thai (Pt 4.70); nhu da biét,
va m lién hé v6i momen xung luong qui dao. Trong 1y thuyét c¢6 dién vé luc xuyén tam,

nang lugng va momen xung lugng 1a nhirng dai luong bao toan co ban, va khong ngac nhién
khi momen xung luong déng mot vai trd dang ké (thuc ra, tham chi quan trong hon) trong 1y
thuyét luong ti.

Vé mit ¢6 dién, momen xung lugng cua mot hat (so véi géc toa d§) duoc cho boi hé thire
L =rxp, [4.95]

tle,

Lx =yp; —zpy, Ly =2zpx —xp;, Ly=Xxpy— yps. [4.96]
Toan tir lugng tur twong tmg thu dugc theo cach quen thude p, — —ihd/ ox, p, — —ihd /oy,
p. = —ihd/ 0z . Trong muc sau ta s€ thu dugc céc tri riéng cua cac toan tr momen xung
lugng bang mot ki thuat thuan tay dai sd twong ty voi cai ta dd dung trong Chuong 2 dé thu
dugc cac mic nang lugng cuia dao dong tir di€u hoa; n6 hoan toan dua vao vi¢c khai thac
thong minh céac hé thirc giao hoan. Sau d6 ta s€ di td1 van dé€ kho khan hon 1a xac dinh cac
ham riéng.
4.3.1 Tririéng
Cac toan tir L, va L, khong giao hoan, thuc Vély21

[Lx, Lyl = [yp; — 2Py, 2Pz — XP:]
= [ypz, 2px] — [yPz» xp2) — [2Pys Z0x] + [2py, xp:].  [4.97]

! Luu ¥ ring moi toan tir ta xét dén trong co hoc lwong tir (chu thich 15, Chuong 1) ¢6 tinh phdn phéi véi
phép cong: A(B + C)=AB + AC. Pic biét, [4, B + C]=[A4, B] + [4, C]

Tir cac hé thirc giao hoan chinh tic (Pt 4.10) ta biét ring cAc toan tir khong giao hoan & day
la x vé1 py, y v61 py, va z v6i p.. Nén hai s6 hang ¢ gitra bo di, dé lai
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[Lx, Lyl = ypxlps, 2] + xpylzs pe] = ihi(xpy — ypx) = ihLy. [4.98]

Di nhién ta c6 thé bat dau véi [L, L] hay [L., L], nhung khong can tinh riéng 1¢ — ta c6 thé
thu ngay chung bang phép hoan vi vong cac chisd (x> y,y > z,z > x):

Ly, Ly] =ihLy; [Ly, Ll =ihLy; (L, L] = iAL,. [4.99]

Day la cac hé thic giao hoan co ban cho momen xung luong; moi h¢ thire khac c6 dugce tir
chung.

Luu ¥ rang L,, L,, va L. 1a nhitng dai luong khong twong thich. Theo nguyén ly bét dinh tong
quat (Pt 3.62),

2 2 1 \ 2 h2 R
0L.0L, = ('Ef(ihl‘f}) — .—4‘(Lz_}' .
hay
: h ‘
OTL-'[IGL‘I.’ = Ei(LzH [4100]

Do d6 s& vo ich néu tim nhiing trang thai dong thoi 1a ham riéng cua L, va L,. Mat khac,
binh phiong ctia momen xung luong todn phan,

L>= L2412+ [4.101]
giao hodn véi L,:
(L%, L) = [L}, Lyl + (L}, L]+ [L2, Ly]
= Ly[Ly, Lx]+[Ly, LylLy + L;[Ly, L] + [Lz, Lx]L,
= Ly(—ihLg) + (—ihLz)Ly + L ((ALy) + ((hLy)L,
= 0.

(T6i da dung Pt 3.64 dé don gian cac giao hoan tir; ciing luu ¥ rang moi toan tir giao hoan
v6i chinh né.) Di nhién theo d6 L* ciing giao hoan véi L,valL;

(L2, L,0=0, [L%L,)=0, [L% L,]1=0, [4.102]
hay gon hon,
(L2, 1] =0. 14.103]

Nén L? twong thich véi mdi thanh phéan cia L, va ta ¢6 thé hy vong tim thdy nhiing trang
thai riéng dong thoi cua L va L. (ching han):

L*f=Af and L,f=uf. [4.104]

T6i s& dung k¥ thuat “toan tir thang”, rat tuong tu véi cai ta da dung cho dao dong tir dicu
hoa & Muc 2.3.1. Cho

Ly =L tiL,, [4.105]
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Giao hoén tir véi L. bang

(L, Lal=I[L; L till,, Lyl =ihL, +i(=ihLy) = + h(L, L iL,),

nén
[Lz; L] = +AL4. [4.106]
Va, di nhién,
[L*, Ly]=0. [4.107]
T6i n6i rang néu f1a mot ham riéng ciia L va L., thi L. f ciing vay: Pt 4.107 n6i rang
LALy =Ly (L*f)=Le(f) =MLy ), [4.108]

nén L, f1a mot ham riéng ctia L*, v6i cung tri riéng A, va Pt 4.106 noi
LLyf)=(LiLy—LaL)f+LyL.f=+thLaf +Li(uf)
= (L r)L+f), [4.109]

nén L. f1a mot ham riéng cua L, voi tri riéng moi p + A. Ta goi L, 1a toan tir 1€n, vi n6 lam
tang tri riéng cua L, 1én A, va L_1a toan tir xudng, vi né lam  tri riéng A.

Cho mot gid tri cho trudc cua A, khi d6, ta thu duge maot cai “thang” céc trang thai, c6 moi
“bac” cach cac bac lan can mot don vi cua 4 trong tri riéng cua L, (xem Hinh 4.8). Pé di 1én
thang ta ap toan tir 1én, va dé di xudng, ta ap toan tir xuéng. Nhung qua trinh nay khong thé
tiép tuc mai: That vay ta sé dat tGi mot trang thai & d6 thanh phan z vuot qua gia tri foan
phan, va diéu 6 khong thé.** Phai ton tai mot “béc trén cung”, f;, sao cho™

L.|.fr=0. [41]0]

2 V& hinh thire, (I*) = (L) +(L2)+(L2) , nhung (L2) = (/| L2 f)=(L.f | L,f) >0 (va tuong ty cho i), nén
A=(Ly+( L)+ 2 1

2 That vay, moi céi ta co thé két luan la L.f; khong chudn héa dwoc — chuén caa no b thé vé han, thay vi
bang khong. Bai toan 4.18 xét diéu nay.

Cho Al 1a tri riéng cta L, & bac trén cing ndy (su phit hop cta ki tw “7” s& xuit hién 14t nita):
L.fr =hif; L*fi =Afi. [4.111]
By gio,
LyLly=(Ly +ily)(LyFiLly) =L} + L2 Fi(LeLy — LyLy)
=L* - [2FiGhLy),
hay, ghi né cach khac,
L*=LiLy+LEThL,. [4.112)
Theo do
LYfy=(L_Ly+LE+hL)fi = O+ + B2 f; = 020+ 1) £,
va do do
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A=hA0+1). [4.113]
biéu nay cho ta tri riéng cia L? theo tri riéng cuc dai cua L..

Trong khi d6, ciing c6 (v6i cing 1y do) mot bc thdp nhdt, f,, sao cho

L_fp=0. [4.114]
Cho #7 1a tri riéng cua L, & bac thap nhat nay:
Lofy =hlfy, L*fy = Afp. [4.115]

Dung Pt 4.112, ta c6

. - — Sy oy —
L?fy = (LyL- + 17 —hLy) fy = O+ KL = h°D) fo = 810 — 1) fi,

va do do

A=h1—1). [4.116]
So sanh 4.112 va 4.116, ta thdy rang I(/+1)=1 (I —1), nén hodc 1a / =7+1(diéu nay phi ly —
bac th?ip nhét s& cao hon béc cao nhét!) hoac

=1 [4.117]

RO rang, cac tri riéng cua L, 1a mA, trong d6 m (su phu hop cua ki tuy nay cling s€ rd rang lat
ntra) di tu —/ t61 +/ voi N bude nguyen. Dac biét, theo d6 / =-/+ N, va do d6 /= N/2, nén [

phai 12 mot s6 nguyén hodc s6 ban nguyén. Céc tri riéng duoc dic trung bang cac con sb /
va m:

L2 =R+ D" L f = hmfl", (4.118]

trong do

1=0, 1/2, 1,3/2, ...; m=—1, ~1+1,...,1—1, L [4.119]

AL

V61 mot gia tri cho trude cua [, ¢6 2/ +1 gia tri khac nhau ctia m (vi du, 2/ + 1 “bac” cua cai
“thang”).

Mot s6 ngudi thich minh hoa két qua nay bang gian d6 trong Hinh 4.9 (dwgc v& cho trudng
hop /= 2). Cac mili tén duoc gia sir biéu dién cidc momen xung lwong kha di — theo don vi
cua A chung c6 cung do dai //(/+1) (trong truong hop nay J6 =2.45), va cac thanh phan z
ctia chiing 13 cac gié tri duwoc phép cua m (-2, -2, 0, 1, 2). Luu y rang d6 16n cta cac vecto
(ban kinh cta hinh cau) /én hon thanh phan z cuc dai! (N6i chung, fI(/+1) > 1, trir trudng
hop “tam thudng” /= 0.) RS rang ban khong thé thu dugc momen xung Iuong hudng hoan
toan theo hudng z. Ban du diéu nay c6 vé phi ly. “Tai sao t6i khong thé 13y cac truc sao
cho z chi doc theo vecto momen xung lugng?” Bé lam diéu d6 ban sé& phai biét dong thoi ca
ba thanh phan va nguyén ly bat dinh | (Pt 4.100) no1 rang diéu d6 khong thé. “Puoc rdi,
nhung chic chin mot 1an, do may mén, toi s& hudng tryc z cua t61 doc theo huong cua L.”
Khong! Ban da bo qua diém nay. Khong don thuan 1a ban khong biét ca ba thanh phan cta
L; chi 14 khong c6 ba thanh phan — mdt hat chi khong thé c6 mot vecto momen xung luong
xac dinh, cling nhu n6 khong thé déng tho1 c6 mat vi tri va xung luong xac dinh. Néu L, co
mot gid tri xac dinh tbt, thi L, va L, khong c6. That lira dao néu vé cac vecto trong hinh 4.9 —
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t6t nhat ching phai duoc 1am nhoe quanh cac duong kinh d6, dé chi ra rang L, va L, khong
xac dinh.

T6i hy vong ban cam thiy an twong: Bang phuwong tién thuan tity dai s6, bat dau véi cac he
thirc giao hoan co ban cho momen xung luong (Pt 4.9), ta da xac dinh cac tri riéng cua L*va
L. - ma khong can biét cac ham riéng! Bay gio ta tro lai van dé thiét 1ap cac ham riéng,
nhung t6i phai canh béo ban rang ddy 1a mot cong viée phirc tap hon nhiéu. Vi nhu ban biét
ta di d4u, toi s& bat ddu bang két luan: /" =Y - cac ham riéng cua L*va L, khong gi khac
ma 13 cac ham diéu hoa ciu, ma ta da di bang mot con dudng khé khac trong Muyc 4.1.2 (d6
1a 1y do tai sao t61 da chon cac chir cai / va m, di nhién). Va t61 co thé noi cho ban tai sao cc
ham diéu hoa cau tryc giao: chiing 1 nhitng ham riéng ciia nhiing toan tir hermit (L* va L.)
thudc vé nhitng tri riéng khac nhau (Pinh 1y 2, Muc 3.3.1).

4.3.2 Ham riéng

Trudce hét ta can viét lai L, L,, va L, trong toa do cau. Bay gio, L = (&/i)(r xV), va gradient,
trong toa dd cau, ba'lng:24

) d A d
V—r——f—ﬁi——- + ¢ :

—_ 4.123
ar r 00 rsinf 9¢’ [ ]
trong do, ¥ =7, nén
h R B | ~ ~ 1 0
L_?[r(rxr)3—r+(rx9)£+(rx¢)m£:|.
Nhung (#x7)=0,(7x0)=¢, va (Fx@)=—0 (xem Hinh 4.1), va do d6
Bf~0 ~ 1 0 g
L=—(¢p——6 — 1. 4.124
i (qb a6 sin @ B.Qb) [ ]
Céc vecto don vi 6 va ¢ co thé dugc phén tich theo cac thanh phan Descartes:
6 = (cos 0 cos @)i + (cos@ sin )] — (sind)k; [4.125]
cf; - —(sin¢)l + (cos @) ], [4.126]
Do d6
L h[( ingi+ '¢”")a
, = — | (—sin@1 + cos —
i|° REEFY)
(cos6 cos ¢ + cosd sing qmﬁ?k) ! i
; J sin 6 9¢
RO rang
h d 9
L, = 7 (— sm¢:£ — cosqﬁcotﬂﬁ) ) [4.127]
. ' d
Ly = ?(—[— cos ¢§% — sin-q’)_cotﬁ,@) , [4.128]

CHLT, Griffiths (16p VLLT K13-14, 10/2016); N. H. Nha thyc hién 88

CuuDuongThanCong.com https://fb.com/tailieudientucntt


http://cuuduongthancong.com?src=pdf
https://fb.com/tailieudientucntt

va

L, = ——. [4.129]
[A

Ta cling s€ can cac toan tir 1én va xuong:

Ly=L,%iL,= h [( sing i cosq&)— — (cos¢p i sm¢)cot9-(?—]

dg
Nhung cosg + i sing= e **/ nén
d J .
= thet | _— ticoth— 4.130
¢ (8_9 icotd 5% [ ]
Dac biét (bai toan 4.21(a)):
_ 32 9 3% d
L-|-L._-= —h (Fz' +L0t5ﬁ +Lr(jl aa—éa “]-!E) [4-131]
va do do6 (bai toan 4.21(b)):
22— 2|2 (Gnpd +— > [4.132)
= £l sin 96 90.) = sin®@ 8¢ | o

Bay gi0 ta xac dinh £, (6,¢) . N6 1a mot ham riéng cua L?, voi tri riéng R*(1+1):

L2 fm = —p? L ay qm@i I + 1 —82 = R+ 1) "

I sin6 86 30) ' sin?0 892"’ S
Nhung day chinh 1a “phuong trinh géc” (Pt 4.18). Va n6 cling 1a mdt ham riéng cua L,, voi
tri riéng mA:

h d
L fi" = 36

nhung day tuong duong vdi phuong trinh goc phuong vi (Pt 4.21). Ta da gidi hé phuong
trinh nay : Két qua (dugc chudn héa pht hop) 1a ham diéu hoa cu, Y"(0,9). Két lugn: Cac

— I _kmf} ,

ham cau la nhitng ham riéng ctia L* va L.. Khi ta giai phuong trinh Schrédinger bang cach
tach bién, trong Muc 4.1, ta da thiét 1ap mot cach khong chu y cadc ham riéng dong thoi cua
ba toan tir giao hoan H, Lz, val,:

Hy = Ey, L*% =h10+ D, L,y = hmi. (4.133]
V6 tinh, ta c6 thé dung Pt 4.132 dé viét lai phuong trinh Schrédinger (Pt 4.14) gon hon:

1 «)3 -93. 2 T
[ () ey oo
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C6 mét bude chuyén cudi cing gay to mo cho cu chuyén ndy, vi 1y thuyét dai s6 cua
momen xung lugng cho phép / (va do cing la m) liy nhitng gié tri bdn nguyén (Pt 4.119),
con pheép tach bién chi cho nhitng ham rleng voi nhiing gia tri nguyén (Pt 4.29). Ban co thé
gia dinh rang céc nghiém ban nguyén 13 gia, nhung thuc ra nd c6 tim quan trong siu xa,
nhu ta s& thdy trong cic muc sau.

4.4 SPIN

Trong co hoc ¢6 dién, mot vat ran c6 hai loai momen xung luong: qui dao (L =r x p), lién
quan dén chuyén dong ctia khdi tam, va spin (S = Iw), lién quan dén chuyén dong quanh
khdi tam. Chang han, trai dat c6 momen xung lugng qui dao do su quay hang nam quanh
mat troi, va momen xung luong spin dén tir sy quay hang ngay quanh truc bac-nam. Trong
truong hop ¢ dlen su phan biét nay phan 16n 1a mot van dé tién loi, vi khi ban di vao bén
trong, S chinh 13 tong toan phan cia momen xung lugng “ qui dao” cua tat ca dat da tao
thanh trai dat, khi ching quay quanh tryc nay. Nhung mot diéu twong tu xay ra trong co hoc
luong tir, va & ddy sy phan biét 1a tuyét ddi co ban. Ngoai momen xung luong qui dao, lién
hé (trong trudng hop hydro) véi chuyén dong cua electron quanh hat nhan (va dugc mé ta
bang cac ham diéu hoa cau), electron ciing mang mot dang khdc cia momen xung luong,
khong lién quan gi dén chuyén dong trong khong gian (va do d6 khong duge mé ta bang bat

ctr ham ndo cua cac bién vi tri r, 6, §) nhung tuong ty theo kiéu nao d6 véi spin ¢ dién (va
do do, ta dung cung mot tir). Khong can nhan manh tinh tuvong ty ndy qué xa: Electron (dén
gi®) 12 mot hat diém khong co cau triic, va momen xung luong spin cua n6 khong thé duoc
tach thanh cac momen xung luong qui dao ctia nhirng phan cdu thanh (xem bai toan 4.25).
DU néi rang cac hat co ban mang momen xung luong ndi tai (S) ngoai momen xung luong
“ngoai tai” (L).

Ly thuyét dai sé cta spin 13 ban copy cua 1y thuyét vé momen xung luong qui dao, bit dau
v6i cac hé thirc giao hoan co ban:*°

[Sx? Sry] = fh-jSz? [Sy, Sz] — ikiiqx., [lqz_,_ SJ;] —_ ihSy.- [4.1:;'4]
Theo d6 (nhu trude day) cac vecto riéng cta S” va S, thoa®’
S*lsm) = h*s(s + D)|sm);  S;|s m) = him|s m); [4.135]
va
Silsm) = Ay/sts + D) —mem £ 1) Is m + D), [4.136]

" Béi vi cac trang thai riéng cua spin khong phai 1a hdm s, toi s& dung ki hiéu “ket” cho ching (dang 18 toi
da lam diéu nay trong muc 4.3, viét |/ m) thay cho ¥ , nhung trong tinh hudng d6 ki hi¢u ham c6 vé ty nhién
hon.) Nhan day, toi dang tniéu chir cai, nén ti s€ dung m cho tri riéng cua S, nhu t61 da lam v6i L. (mot sO
tac gia viet m; va my, chi d€ ro rang mot cach tuyét doi).

Trong d6 S: = S, + iS,. Nhung 1an nay cac vecto riéng khong phai 1a cac ham diéu hoa cu

(chting khong phai 13 ham ctia Ova ¢), va khong ¢ 1y do gi dé loai bo nhitng gia tri ban

nguyén cua s va m:
1

5§ =0, 2 1, —...; m=—5, —s+1,...,5—-1, 5 [4.137]

N[ W
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MBJi hat co ban c6 mot gia tri cu thé va khéng thay doi s, ma ta goi 14 spin cta loai cu thé
do: meson pi c6 spin 0; electron co spin '2; photon c6 spin 1; delta c6 spin 3/2; graviton co
spin 2; va cu vay. Trai lai, $6 lugng tir / cia momen xung lugng qui dao (cho mot electron
trong mot nguyén tir hydro) c6 thé 1y bat cir gia tri (nguyén) nao ban thich, va s& thay do6i
tir gia tri ndy qua gid tri khac khi hé bj anh huéng. Nhung s ¢é dinh, cho bit ctr hat nao cho
trude, va diéu nay lam cho 1y thuyét vé spin trong ddi don gian.”®

4.4.1 Spin %

Dén gid truong hop quan trong nhat 14 s = %, vi d6 14 spin ctia cic hat cAu thanh nén vat
chat thong thuong (proton, neutron, va electron), ciing nhu cac quark va cac lepton. Hon
nira, mot khi ban hiéu spin %, tim ra hinh thirc luan cho spin cao hon 13 mét van dé don

gian. Chi c6 hai trang thai riéng: |EE> , ma ta goi 1a spin up (khong chinh thic, T), va

%(—%» , ma ta goi 1a spin down (). Dung chiing 13 nhiing vecto co sd, trang thai tong quat

cua mot hat c6 spin %2 ¢ thé duogc biéu dién 13 mot ma tran cot hai thanh phén (hay spinor):

= (t;) — axe + by [4.139]
_(} [4.140

4o = (?) [4.141]

Trong khi d0, cac toan tir spin tré thanh cac ma tran 2x2, ma ta c¢6 thé tim ra bang cach luu
y anh hudng cua no 1én . va .. Pt 4.135 néi

co
biéu dién spin up, va

cho spin down

. 3 . 3
$%x, = th;g+ and S’y = thx_. [4.142]

A A 2 1~ A A J r \ A ) .
Neéu ta viet S° [a mot ma tran c¢6 cac thanh phan chua dugc xac dinh,

2 _ c d .
§? = (e_ | f) .
thi phwong trinh dau tién cho

ED0)=6) = ©)-(

nén c = (3/4)A° va e = 0. Phuong trinh th hai cho
0

D026 = ()-(s0)
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nén d =0 va f= (3/4) K. Két ludn:

§ 3 1 0
2 _ 32
S = .4.31 (0 1) . [4.143]
Tuong ty,
h h
Six+ = X4 Sex—=—Sx-, [4.144]
2 2
tur do ta cé
A{1 O

Trong khi do, Pt 4.136 noi
S"]‘X—* = ‘h_x-l-! S—X+ = h‘x—a' S+x+ = 'S_X.'_ - 0-3

nén
0 1 {0 O
s.-n(0 D). s=n(0 ) 4146
By gio S. = S, + iS,, nén S, = (1/2)(S+ + S.) va S, = (1/2)(S: - S.), va do d6
E/D 1 A0 =i _
S,Ez-_z—(.l 0) S"’_E(i 0) [4.147]

Vi S, S,, va S. déu mang mot thira s6 A2, s& gon hon néu viét S = (&#/2)c , trong d6

{0 1 {0 —i (1 0 e

by la nhiing ma tran spin Pauli ndi tiéng. Luu ¥ rang S,, Sy, Sz, va S? déu hermit (chiing
phai vay, vi chung bi€u dién nhitng dai lugng quan sat dugc). Mat khac, S, va S. khong
hermit — r0 rang chiing khong quan sat duogc.

Spinor riéng cua S, 1a (di nhién):

X = ({1)) , (ei'genva]ueJr g) CoX. = G}) , (e’ig‘envalue — ;z) . [4.149]

Néu ban do S, trén mot hat trong trang thai téng quat y (Pt4.139), ban co thé thu duoc +4/2,
v6i x4c suit |af”, hodc - B/2, v6i x4c sudt |b°. Vi day 1a nhitng kha nang duy nhat,

la|* + b2 =1 [4.150]
(tire 1, spinor phai dugc chudn héa).”

¥ Nguoi ta thuong noéi rang |a|” 1a “xac sudt ma hat & trong trang thai spin up,” nhung d6 1a cach ding au;
chung c6 ¥ nghia 1 néu ban do S., |af* 1a x4c sudt ma ban thu dugc A/2. Xem chu thich 16 trong Chuong 3.
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Nhung thay vi vay, néu ban chon do S, thi sao? Cac két qua kha di 1a gi, va xac suét tuong
ung cua chung bang bao nhiéu? Theo dién giai thong ké tong quat, ta can biét cac tri riéng
va spinor riéng cua S,. Phuong trinh dac trung la

- 2
—x B2 o (R , g B

2 2

Khéng ngac nhién, cac gia tri kha di cta S, ciing gidng nhu cta S,. Cac spinor riéng thu
dugc theo cach thong thuong:

10 0)(5)-*2()=(0)-+()

nén f==* a. RO rang céc spinor riéng (dugc chudn hoa) cua S, 1a

1 1
a1 = "1[2_ ,(gigenvalue+g); x& = f -,(ei-genvafue— g)—[“-lﬂ]
N V2

La cac vecto riéng cua mdt ma tran hermit, chiing trai ra toan khong gian; spinor y (Pt
4.139) c6 thé duoc bi€u dién 1a mdt té hop tuyén tinh cua ching:

_ (2t @ (‘“_*ﬁ)-f*) 4.152
X (ﬁ)"** ) 141521

Néu ban do S,, x4c suét thu duoc + &2 bang (1/2)|a + b[, va x4c suit thu dugc - A/2
bang (1/2)|a - b|*. (Ban nén ty kiém tra rang nhitng xac suat nay cong lai bang 1.)

Vi du 4.3 Gia st mdt hat c6 spin 2 & trong trang thai

(7

X4c suat thu duogc + A2 va - A/2 bﬁng bao nhiéu, néu ban do S, va S.?

Loi gidi: O day a=(1+i)/vJ6 va b=2/+/6, nén d6i v6i S, xac suét thu duoc +4/2 bang
|(1+1)/~J6 P=1/3, va x4c sudt thu duoc -A/2 bang|2/~/6 f=2/3. Dbi véi S, x4c suét thu
dugc +A/2 bang (1/2)|(3+i)/J6 =516, va xac suit thu duoc -A/2 bing
(1/2)|(~1+i)/~J6 P=1/6. Tién day, tri trung binh cua S, biang

i(ﬂ);(l)i
6\ 2] 6\ 2/ 3

Ma ta cling co thé thu dugc mot cach truc tiép hon:

e _{U=b 2\ kfz) ((1+st N
<Sx)—.x‘3xx-( 76 f.) (n/iz 0 )\ 2//6

Bay gid t6i mudn dua ban t6i mot kich ban do dac tuong tuong lién quan dén spin %, vi né
gitip minh hoa theo nhiing thuét ngu: cu thé nhat mot s ¥ tudng triru tuong ta da ban té1
trong Chuong 1. Hiy gia sir ta bt diu v6i mot hat trong trang théi .. Néu ai d6 hoi, “dau 1a
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thanh phﬁn z cia momen xung lugng spin ctia hat d6?”, ban c6 thé tra 1oi khong mo ho:
+4/2. Vi modt phép d6 S. chic chan cho gia tri ¢6. Nhung néu ngudi chit van hoi, “Pau la
thanh phén x cia momen xung lugng spin cua hat d6?” ta budc phai 1ap 10: Néu ban do S,
kha ning 1a 50-50 thu duoc hodc /2 hodc - /2. Néu nguoi hoi 1a mot nha vat Iy ¢b dién,
hodc mdt “nha thuc chung” (theo nghia cia muc 1.2), anh ta xem n6 1a mdt cau tra 101
khong thoa dang — néu khong mudn néi 13 vo 1y: “Ban dang ndi voi toi rang ban khéng biét
trang thai thyuc cua hat d6?” Trai lai; toi biét chinh xdc trang thai cda hat 1a gi: .. “Vay thi,
1am sao ban lai khong thé cho t6i biét thanh phan x cta spin ctia nd 1a gi?” Vi né khdng co
mot thanh phan x cu thé cia spin. That vy, no khong thé, vi néu ca S, va S, dugc xac dinh
dung, nguyén 1y bat dinh s& bi vi pham.

O diém nay ngudi thach thirc ta cAm ldy cai ong kiém tra va do thanh phan x cta spin cia
no; gia st anh ta thu dugc gia tri + A/2. “Aha” (anh ta hét 1én sung sudng), “Ban ndi doi!
Hat nay c6 mot gia tri xac dinh hoan hao cua S,: A#/2.” Chic chian, - bay gic‘r no6 nhu vay,
nhung diéu d6 khong ching t6 no6 da co gia tri do, trude khi ban do. “Chac chan ban di ché
soi toc lam tu. Va du sao, diéu gi da xay ra v6i nguyén 1y bét dinh cta ban?” Bay gio toi
biét ca S, va S.. Toi xin 161, nhung ban khong c6 duge: Khi ban do, ban di thay doi trang
thai cta hat: bay gio nd & trong trang thai »”, va trong khi ban biét gia tri cua S,, ban
khong con biét gia tri ctia S,. “Nhung t6i cuc ky can than dé khong lam anh huong dén hat
khi toi do S,.” Rét tt, néu ban khong tin t6i, hiy kiém tra di: Po S., va xem ban c6 gi. (Di
nhién, anh ta c6 thé thu dugc + #/2, diéu d6 sé& 1am t6i xau hd — nhung néu ta lap lai toan bd
kich ban nay nhiéu 1an, phin nira thoi gian anh ta s& thu duogc - £/2.)

Déi v6i ngudi khong chuyén, triét gia, hay nha vat 1y ¢d dién, mot phat biéu c6 dang “hat
nay khong c6 moét vi tri xac dinh” (hoac xung lugng, hoac thanh phﬁn X cua momen Xung
lugng spin, hodc bat ctr cai gi) ¢ vé mo ho, nghiép du, hodc (t& nhat) tham thiy. N6 khong
phai vay. Nhung y nghia chinh xac 13, t6i nghi, khong thé thuyét phuc bat clr nguoi nao
khong hoc co hoc lugng tir sau. Néu ban théy minh roi vao su kho hiéu nay, tir tir (néu ban
khong mudn, c6 18 ban da khong hleu van dé nay), tro lai he spin 1/2.: n6 1a truong hop don
gian nhat va rd rang nhat dé nghi vé cac nghich 1y lién quan dén khai niém cua co hoc luong
tur.

4.4.2 Electron trong tir trwromg

Mot hat mang dién dang quay ciu thanh mot ludng cuc tir. Momen ludng cwe tir, p, ti 16
vG1 momen xung lugng spin cua no, S:

L=yS; [4.156]
Héng s ti 1€, 7, duoc goi la ti s0 tir tré.”° Khi mot ludng cuc tir dugce dat trong mot tur

trudng B, n6 chiu mot ngau luc, p x B, ¢6 xu hudng 1am né hudng song song véi truong
(gidng nhu mot kim la ban). Nang lwong lién hé véi ngiu lyc nay 13°!

H=—p-B, [4.157]
nén Hamiltonian ctia mot hat mang dién dang quay, tai chd> trong mét tir truong B, 1a
H=—yB:»5. 14.158]

32 Néu hat dugc phép di chuyén, clng can xét dong nang; hon nira, n6 s& chiu lyc Lorentz (gv x B), von
khong dugc dan ra tr mot ham thé nang, va do d6 khong khdp véi phuong trinh Schrédinger ma ta da phat
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biéu dén gio. Toi s& chimg t6 cho ban sau khi xét diéu nay (Bai toan 4.59), nhung hién tai hay gia st ring hat
tu do dang guay, nhung néu khong phai vay thi né dung.

Vi du 4.3 Hoi chuyén Larmor: Hinh dung mét hat c6 spin % ding yén trong mét tir truong
dong nhat, hudng theo truc z:

B = Byk. [4.159]
Hamiltonian (Pt 4.158), dudi dang ma tran, bang
_ . p B _yﬂoﬂ 1 0° .
H=—yByS; = — (0 _.1) . [4.160]

Céc trang thai riéng cua H ciing giéng nhu cta S,:
X+, with energy Ey = —(yBih)/2,

' 4.161]
X—, with energy E_ = +(y Boh)/2. [4.161]

R rang nang lugng la thip nhat khi momen ludng cuc song song véi trudng — gidng nhu ¢b
dién.
Vi Hamiltonian ddc l4p thoi gian, nghiém tong quat cho phuong trinh Schrédinger phu
thudc thoi gian,
0 -
ihX — Hy. (4.162]
at
c6 thé duoc biéu dién theo cac trang thai dung:

e CiELi] SE_t/h 'aeiy'Bgr/Z_.
x(0) =axpe EHP 4 by _e 1B = (be—ijrﬂ!_lrfz .

Cac hang s0 a va b dugc xac dinh tir cac diéu kién ban dau:

; ] .a,'
x(©0) = (b) :

(di nhién, |a* + |b|* = 1). Khong hé mat tinh tong quat cbt yéu™ t6i s& viét a = cos(a/2) va b
= sin(/2), trong d6 o la mot gbc ¢6 dinh co ¥ nghia vat Iy s€ xuat hién 14t ntra. Do d6

_ @) iy Byt /2 _
x () = (;Eig‘;gl‘i”, Bt _ﬁ) . [4.163]

3 Piéu nay gia st rang a va b 1a thuc; ban co thé tinh trudng hop tong quat néu ban mudn, nhung cai n6 lam
la dua thém mot hang s6 vao 7.

Pé hiéu didu gi dang xay ra & day, hay tinh gia trj trung binh ctia S, 1 mot ham cua thoi
gian:

(Sx) = x (@) Sy x(t) = (cosla/2)e Y #oi/2  sin(a/2)e’ v B1/2)

hio 1 cos(a/2)e yBot/2
x 2 ('l_ ﬁ) (s'm_(@ /2ye—1y Bot /2 [4.164]

= —2~ sine cos(y Bot).
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Tuong tu,
(8y) = x (J)TSJ, %) = —; S ¢ siir{yBﬁr') , [4.165]
va
IR P : ,.
(S:) =x(@)'8x() = Ecnsa. [4.166]

R rang (S) bi nghiéng mot goc khong ddi a vai truc z, va quay quanh trudng véi tin sb
Larmor

w = y By, [4.167]

Nhu ¢6 dién®* (xem hinh 4.10). Khong cé gi ngac nhién & ddy — dinh 1y Ehrenfest (dudi
dang dugc dan ra trong bai toan 4.20) dam bao rang (S) tién trién theo dinh luat cd qdién.
Nhung that hay dé thay di€u nay duoc thuc hién ra sao trong mét truong hop cu thé.

Vi du 4.4 Thi nghi¢m Stern-Gerlach: Trong mét tir trudng khdng dong nhat, khong chi c6
mot ngdu luc, ma con c6 mot /e, 1én mot ludng cuc tr:*

F=V(u-B). [4.168]
Lyc nay c6 thé duoc dung dé tach céc hat c6 mot dinh hudng spin cu thé, nhu sau. Hinh

dung mot chum céc nguyén ttr trung hoa twong dbi ning,*® di chuyén theo truc y, di qua mot
vung cé tu truong khong déu (Hinh 4.11) — tic,

B(x,y,2) = —axi + (By + az)k, [4.169]
trong d(’)’Bo la mot trudong déng nhét manh va hf}ng s6 o mb ta mot do lécb nho khoi tinh 7
dong nhat. (That ra, cai ta muodn chi 1a thanh phan z, nhung khong may di€u nay khong thé —
no s€ vi pham dinh ludt dién tir V- B = 0; du thich hay khong, mot thanh phan x ciing c6
mat.) Luc lén nhitng nguyén tr nay bang
F = ya(—S8:i + 8;k).

*® Ta 1am ching trung hoa dé tranh do 1éch 16n ¢6 thé co tir luc Lorentz, va nang dé ta co thé xay dung cac bo
song dinh x1r va xét chuyén dong theo cac 16 trinh hat c6 dién. Trong thyc te, thi nghiém Stern-Gerlach
khong lam dugc, chang han, véi mdt chum cac electron tu do.

Z v

: 7 _— Spinup
/

= " Spin down

<

/

Magnet

Hinh 4.11: Thiét b cta thi nghi¢m Stern-Gerlach.

Nhung vi sy hdi chuyén Larmor quanh By, S, dao dong nhanh, va frung binh bang khong;
hop luc 1a theo truc z:

F, = yas,, [4.170]

va chum hat bi 1&ch 1én hoac xuéng, ti 1€ v&i thanh ph?m z cla momen xung lugng spin. Ve
mat co dién ta trong chd mdt sy nhoe (vi S, khong bi luong tir héa), nhung that ra chum hat
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bi tach thanh 2s +1 dong riéng 1¢, minh hoa tuy¢t dep su lugng tir hdéa cia momen xung
luong. (Néu ban dung cac nguyén tir bac chang han, moi electron bén trong két cip, sao cho
cac momen xung lwong qui dao va spin triét tiéu. Spin tong cong chi 1a cua electron khong
két cap ngoai cung, nén trong trudng hop ndy s = %, va chum hat bi tich thanh hai.)

Bay gid, 1ap luan d6 thuan thy co dién, dén chinh budc cubi cung, “luc” khong c6 chd trong
mat tinh toan luong tir chinh gdc, va do d6 ban c6 thé thich cach tiép can sau day cho ciing
bai toan.>” Ta xét qué trinh tr phuong dién cua mot h¢ qui chiéu chuyen dong doc theo
chum hat. Trong hé qui chiéu nay Hamiltonian bat dau bang khong, bat 1én trong mot thoi
gian T (khi hat di qua nam cham), va sau do lai tét:

0, for t < 0,
H(t) = { —y(By +2z)S;, for0<r=<T, [4.171]
0, fort > T.

(T6i bo qua thanh phan x ctia B, ma - vi Iy do duoc dé cap ¢ trén — khong quan trong cho
bai toan.) Gid str nguyén tir c6 spin 2, va bat dau trong trang thai

x() =axy +by—, forz<0.
Trong khi Hamiltonian tac dung, () tién trién theo cach théng thuong:
x(0) = aype "EH/A L by e BN for0<t < T,
trong do (tu pt 4.158)
E: =Fv(By+az)s, [4.172]
va do d6 no xuét hién trong trang thai

X(f-) — (aei}';{-gﬂfz.x_!_) itaytfZ)z (be iyl .Huﬂx )e—hi'{wyf'ﬂ)z’ [4173]

(cho ¢> T). Hai s6 hang bay gio mang xung lwong theo hudng z (xem Pt 3.32); thanh phan

spin up c6 xung lugng

ayTh
2

vano di chuyén theo truc z duong; thanh phan spin down c6 xung lugng trai dau, va no di

chuyén theo truc z am. Do d6 chum hat bi tach thanh hai nhu trude (Luu y rang Pt 4.174

tuong thich voi két qua trude (Pt 4.170), vi trong trudng hop nay S. = #/2, va p. = F.T.)

Pz = S [4.174]

Thi nghiém Stern-Gerlach dong mot vai tro quan trong trong triét hoc ciia co hoc luong tir,
& d6 no6 vira phuc vu 14 hinh mau cho sy chuan bi ctia mot trang thai lugng tir, vira la mot
m6 hinh minh hoa cho mét kiéu do lugng tir nao do. Ta dan dan c6 xu huéng gia su rang
trang thai ban dau ctia mot hé 1a dirge biét (phuong trinh Schrédinger cho ta biét no tién
trién ra sao sau d6) - nhung s€ tuy nhién khi ty hoi ban dua mét hé vao mdt trang thai cy thé
ra sao lic dau. Néu ban mudn chuan bi mét chim nguyén tir trong mot cau hinh spin cho
trudce, ban dua mot chum khong phan cuc qua mot nam cham Stern-Gerlach, va chon chum
hat ra ma ban thich (d6ng chum con lai voi cai nép) Nguoc lai, néu ban muén do thanh
phan z cua spin nguyén tu, ban dua n6 qua mot thiét bi Stern-Gerlach, va ghi laino ra phan
nao. To6i khong noi rang day ludn 1a cach tién nhit dé 1am viéc ndy, nhung vé mdt khdi niém
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no rat ro rang, va do do 1a mot truong hop hiru ich dé€ kham phé cac van dé cua viéc chuan
bi va do trang thai.

4.4.3 Cong momen xung lugng

Bay gio gia sir ta c6 hai hat co spin % - chang han, electron va proton trong trang thai co
ban®® cua hydro. Mdi hat c6 thé ¢ spin up hodc spin down, nén c6 bdn kha ning ca thay:*’

Mt I L [4.175]

Trong d6 miii tén dau tién chi electron va miii tén thir hai chi proton. Cdu hdi: Momen xung
luong toan phdn cia nguyén tr bang bao nhiéu? Cho

$=80 +8@. [4.176)
¥ T6i dat chiing vao trang thai co ban dé khong phai lo ¢6 bat cir momen xung luong qui dao nao.

3% Chinh x4c hon, mdi hat ¢ trong mot 16 hop tuyén tinh cta spin up va spin down, va hé tich hop & trong mot
t6 hop tuyén tinh cua bon trang thai dugc liét ké.

M3di trang thai trong bon trang thai tich hop nay 1a mot trang thai riéng cta S. — cc thanh
phan z chi cong lai:

Sz = (SO + Py = SV x0xe + 08P x)

= (Ami 1) x2 + 31 (Fmax2) = Almy + ma)x1 x2.

(Luu ¥ rang S chi tac dung 18n y;, va S® chi tac dung 1én y»; ki hiéu nay c6 thé khong
dep, nhung nd lam dugc viéc). Nén m (s6 luong tir cua hé tich hop) bang m, + my:

TMom=1
N m=0;
It: m=0;
L m=—1.

Thoat nhin, diéu nay c6 vé khong ding: m dugc gia dinh tién theo timg budc nguyen, tur —s
toi +s,nénco vé s =1 — nhung c6 thém mot trang thai véi m = 0. Mot cach dé thao gd van
dé nay 1a ap dung toan tir xudng, S_ =S +S® cho trang thai 17T, dung Pt 4.146:

S =P N1 +162 0
=) T+ 1B =AU+ 1D,

R4 rang ba trang thai c6 s = 1 1a (theo ki hi¢u |s m)):

1y =11
10) ==+ ¢ & =1 (miplet). [4.177)
N-1 =1y
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(hay ap dung toan tu xudng cho [10) dé kiém tra: ban thu dugc gi? Xem bai toan 4.34(a).)
Day duoc goi 14 t6 hop tam tuyén, vi Iy do hién nhién. Trong khi do, trang thai truc giao cd
m =0 mang s = 0:

{l00) = 14 =4} s =0 (singlen. (4.178]

(Néu ban ap dung toan tir 1én hodc xudng cho trang thai ndy, ban sé& thu duoc khdéng. Xem
bai toan 4.34(b).)

Khi d6 t6i néi rang t6 hop cua hai hat ¢6 spin /2 co thé mang mot spin toan phé.n 1 hodc 0,
phu thudc vao viéc chung chiém c4u hinh tam tuyen hay don tuyén. Dé khdang dinh diéu
nay, t0i can ching minh rang cac trang thai tam tuyén 13 nhu’ng vecto riéng cua S véi tri

riéng 2K , va trang thai don tuyen 1a mdt vecto riéng cua S* véi tri riéng 0. Bay gio,
§2 _ (S ¢ S(E}) . (S(l) + S.(?)') _ (S(U-)2 + ('_S(Z}')'.i +28M . g@), [4.179]
Dung Pt 4.145 va 4.147, ta c6
S 8@y = D HEP D+ D HEP 9+ 6P NP D

(B (@) () () ()

. duong .
=7 @I 1.

Tuong tu,
N h?
SP-SEUN = 7@ -4,
Theo @6
s®.8@10) = -}ﬁ-’—{z W=tH2H iD= f‘iu 0),  [4.180]
4 /2 N
va
2 34 2 _
$1.82100) = f(z PPN =20 ) =—7-100). [4.181]
Tr6 lai Pt 4.179 (va dung Pt 4.142), ta két luan rang
3r% 3R N
S2110) = ( Tt T ) 110) = 24%|10), [4.182]
nén |1 0) thuc ra 1a mdt trang thai riéng cua S? voi tri riéng 24 va
"3 3R 3R\ o
2100) = -2 0.0} = 0, 4.183
$°100) n + 4 i 10.0) [ ]
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nén |0 0) 1a mot trang thai riéng ciia S” v6i tri riéng 0. (T6i s& dé lai né cho ban kiém ching
rang |1 1) va |l -1) 1a nhiing trang thai riéng cta S%, v6i tri riéng pht hop — xem bai toan
4.34(c).)

Cai ta vira lam (két hop spin %2 voi spin /2 dé co spin 1 va spin 0) 13 vi du don gian nhat cta
mot bai toan l(m hon: Néu ban két hop spin s; voi spin s, ban ¢6 the thu dugc spin toan
phan s nao ? *° Cau tra 10i*' 1a ban thu dugc moi spin tir (s; + 5,) xudng (s; — s,) — hodc (s, —
s1), néu s, > s, — theo timg budc nguyén:

s=(s1+82), G1+sm—1), G1+52—2), ..., |s1 —82| [4.184]

(Noi ném na, spin toan phan cao nhat xuét hién khi cac spin riéng l¢ hudng song song voi
nhau, va spin thip nhit xuat hién khi chung ddi song.) Chang han, néu ban xép cung nhau
mot hat c6 spin 3/2 v6i mot hat ¢6 spin 2, ban ¢ thé thu dugc mét spin toan phan 7/2, 5/2,
3/2, hodc Y, phu thudc vao cau hinh. Mot vi du khac: Néu mot nguyén tir hydro & trang thai
Wium, Momen xung lrong toan phan cua electron (spin cong qui dao) la / + %2 hoac /- '2; néu
bay gio ban bo vao spin cua proton, s6 luong tir momen xung luong fodn phan ciia nguyén
tu bang [+1,1,hoac /-1 (valcéod thé thu duoc theo hai cach khac nhau, phu thudc vao vigc
mot minh electron & trong cau hinh / + % hay c4u hinh / — 1/2).

Trang thai két hop |s m) c6 spin toan phan s va thanh phan z 1a m s& 12 t6 hop tuyén tinh cta
cac trang thai tich hop |s1 m )]s, my):
smy= ) Gy lsim)ls2ma) [4.185]
mt+my=m

(vi cac thanh phan z cong vao, chi cac trang thai phtrc hop dong gop sao cho m; + my =m).
Pt 4.177 va 4.178 1a nhitng truong hop dac biét cia dang tong quat nay, co s; = s, = 72 (t01

da dimg ki hiéu thong thuong =) %>,¢=| %(—%» ). Cac hiing s6 =, dugc goi la hé s6
Clebsch-Gordan. Mot vai vi du don gian nhét duoc liét ké trong bang 4.8.% Chéng han, cot

t6 clia bang 2x1 cho ta biét rang

o) = —L.| - 3 Lo 1
30) = L2 DI1~1) +/2120)[10) + L2 ~ 1)1 1),
Dic biét, néu hai hat (c6 spin 2 va spin 1) dimg yén trong mot cai hop, va spin todn phdin
bang 3, va thanh phan z ctia n6 bang 0, thi mot phép do S ¢6 thé cho gia tri & (voi xéac

suat 1/5), hodc 0 (voi xac suit 3/5/), hodc — A (v6i xac suat 1/5). Luu ¥ rang cac xac suat
cong lai bang 1 (tong binh phuong ctia bat ctr ¢t nao trén bang Clebsch-Gordan bang 1).

Nhirng bang nay cling ding theo cach khac:
51 m1) |82 ma) Zc,fgf,%fzmnm}‘_ [4.186]

Chang han, hang t6 trong bang 3/2x1 cho ta biét rang

5310 =y 132+ 35—y |

3] =
o b=
S
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Néu ban dit cac hat co spin 3/2 va spin 1 trong hop, va ban biét rang hat ddu c6 m, = % va
hat sau co m, =0 (de cho m nhat thiét bang 1/2), va ban do spin toan phan s, ban co thé thu
duogc 5/2 (voi xac suat 3/5), hodc 3/2 (véi xac suét 1/ 15), hodc 2 (voi xac sut 1/3). Lai nita,
tong clia cac x4c suat bang 1 (tong cta binh phuong mdi hang trén bang Clebsch-Gordan
bang 1).

Néu ban nghi diéu nay bt dau c6 vé gidng sd hoc ky bi, t6i khong trach ban. Ta s& khong
dung bang Clebsch-Gordan nhiéu trong phan con lai, nhung t6i mudn ban biét chd gin
ching vao, trong truong hop ban gdp ching sau nay. Theo mot nghia toan hoc day la toan
bo 1y thuyét nhém tng dung — céi ta dang nodi 1a tach tich truc tiép cta hai biéu dién bét kha
qui cia nhom quay thanh mot tong truc tiép cac biéu dién bat kha qui (ban c6 thé dan lai
diéu nay, dé gay 4n twong voi ban be).
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CHUONG 5
CAC HAT PONG NHAT

5.1 HE HAI HAT

Déi voi mot hat, Y(r, t) 1a mdt ham cua cac toa do khong gian, r, va thoi gian, ¢ (tam thoi
to1 s€ bo qua spin). Trang thai cia mot h¢ Aai hat 1a mdt ham cta cac toa do cuia hat mot
(ry), cac toa do cua hat hai (r,), va thoi gian:

W(ry, 2, ). [5.1]
Su tién trién theo thoi gian dugc xac dinh (luén ludn) bang phuong trinh Schrodinger:
v -
oy [5.2]
trong do H 1a Hamiltonian cho ca h¢:
| R L, Rh _ _
H=———-—-Vi— —V5+V(r.m,t 53
2m1 1 MM 2 (r1.r2, 1) [5.3]

(chi sb duéi trén V chi phép lefiy dao ham theo cac toa do cua hat 1 hoac hat 2, nhu trong
truong hop nay). Dién gidi thong ké dugc dua ra theo cach thong thuong:

|W(ry, 19, ) d°ry d'ry [5.4]

1a x4c suét tim thiy hat 1 trong thé tich d’r; va hat 2 trong thé tich d’r,; 6 rang ¥ phai dugc
chuan hoa sao cho

f Wrr, e, )2 dPr dry = 1. [5.5]

Ddi véi céc thé doc 1ap thoi gian, ta thu dugc mot tap déy da cac nghiém bﬁng cach tach
bién:

W(ry, v, 1) = P(ry, ro)e T H, 15.6]
trong d6 ham song khong gian () thoa phuong trinh Schrodinger doc 1ap thoi gian:
' L &
—— Vi — VY + Vy = Ey, [5.7]
2m1 2my,

va E 1a nang lugng toan phan cua hé.

5.1.1 Boson va Fermion

Gia sir hat 1 ¢ trang thai (mot hat) w,(r), va hat 2 & trang thai w,(r). (Nh¢ rang: tam thoi, toi
b6 qua spin.) Trong trudng hop d6 w(r, r») 1a mét tich don gian:>

Y, r2) = Y (T e ). [5.9]
Di nhién, diéu ndy gia dinh rang ta c6 thé phan biét cac hat — néu khong s& khong co nghia

khi n6i rang s6 1 1a & trang thai y, va s6 2 & trang thai y; cai ta c6 thé néi 1a mot trong
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ching & trang thai y, va hat con lai ¢ trang thai y;,, nhung ta s€ khong biét cai nao 1a cai
nao. Néu ta dang néi vé co hoc ¢é dién thi diéu nay sé& 1a mot sy phan ddi ngu xudn: Ban
Iuén c6 thé phan biét ching, vé nguyén tic — chi can son d6 mot hat va son xanh hat con lai,
hozc dan nhitng con sé nhan dang 1én chiing, hodc thué nhitng tham tir tu dé theo ddi chiing.
Nhung trong co hoc luong tir tinh hudng nay khéac vé co ban: ban khong thé son mét
electron mau dd, hoac dan nhan Ién nd, va nhirng quan sat cua mot tham tur s€ thay (101 trang
thai cua n6 mot cach khong tién doan dugc va khong thé tranh duoc, tao ra nghi ngo rang
liéu hai hat c6 1& d3 d6i chd cho nhau. That ra, moi electron déu hodn toan d‘ong nhat, theo
cach ma khong c6 hai d6i twong ¢ dién nao c6 thé cd. Ta chi khong biét electron nio 1 hat
nao; Thuong dé khong biét hat nao vai hat nao, vi khong co cdi nao 1a electron “nay”, hodc
electron “kia”; moi cai ta c6 thé néi mot cach hop phap 1a mot electron nao do.

Co hoc luong tir dan xép mét cach rd rang sy ton tai ciia nhitng hat vé& nguyén tic khong
phdn biét dwoc: Ta chi thiét 1ap mot ham song ma khong cam két hat nao & trang thai nao.
That vay c6 hai cach dé lam diéu do

¥+ (01, 12) = AlYa(T)¥s(r2) T ¥y (r1) v (r2)]. [5.10]

Do d6 1y thuyét nay chdp nhan hai loai hat ddng nhat: cac boson, ma ta s& dung du cong,
va cac fermion, ma ta s¢ dung dau tru. Photon va meson la boson ; proton va electron la
fermion. That ra

cac hat co spin nguyén 1a boson, va [5.11]
cac hat c6 spin ban nguyén 1a fermion
MGéi lién hé nay giita spin va thong ké (nhu ta s& thiy, boson va fermion c¢6 nhitng tinh chét
thong ké kha khac nhau) c6 thé dugc chirng minh trong co hoc luong t twong doi tinh ;
trong 1y thuyét phi twong dbi tinh nay n6 duoc xem 1a mot tién dé.’
Dic biét, theo d6 hai fermion dong nhdt (chang han, hai electron) khdng thé chiém cing
trang thdi. Vi néu y, = y,, thi

¥ (11, 12) = Al (01) Ya(rs) — Ya (01 ¥a(r2)] = 0,

va chiing ta khong c6 ham séng nao ca.! Day 1a nguyén Iy loai trir Pauli ni tiéng. N6
khong phai 1a mdt gia thiét cho trudce ki cuc, chi dugc 4p dung cho céc electron, ma 1a mdt
hé qua cuia cac qui tac xay dung ham séng hai hat, ap dung cho moi fermion dong nhat.

* Pumg quén t6i van bo qua spin — néu diéu ndy lam ban phién (rét cudc, mot fermion khong cé spin 1a mot
mau thuan vé thuat ngir), gia st ching ¢ cung trang thai spin. Lat nira toi s€ dua spin vao.

T61 da gia su, dé don gian, rang mot hat & trang thai y, va hat kia ¢ trang thai y, nhung c6

mot cach tong quat hon (va phirc tap hon) dé mo ta van dé nay. Hiy dinh nghia toan tir
hoan vi, P, ddi chd hai hat :

Pf(r1,t2) = f(r2, 17). [5.12]

RG rang, P? =1, va theo d6 (hdy ty chimg minh) ring cac trj riéng cua P bang +1. Luc nay,
néu hai hat dong nhat, Hamiltonian phai xét chung nhu nhau : m; = m, va V(ry, r;) = V(r»,
r;). Theo do6 P va H 1a nhiing dai luong tuong thich,

[P, H] =0, [5.13]
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va do d6 ta c6 thé tim ra mot tap hop diy di cac ham dong thoi 13 trang thai riéng cua ca
hai. Ttrc 13, ta c6 thé tim nhitng nghi¢m cua phuong trinh Schrédinger hodc do1 xung (tri
riéng +1) hodc phan xing (tri riéng -1) dudi phép hoén vi :

Y(ry, 1) = T¥r(rg, ). [5.14]

Hon nita, néu mot hé bit dau trong mot trang thai nhu vay, n6 s& van & trong trang thai nhu
vdy. Dinh luat moi (t61 s€ goi no la yéu cau vé tinh dm xtrng) 1a d6i voi nhing hat dong
nhat ham song khong chi dioc phép, ma dwge yéu cau thoa Pt 5.14, v6i dau cong cho
boson, va ddu trir cho fermion.” Py 14 phat biéu téng qudt, ma Pt 5.10 12 mét trudng hop
ddc biét.

Vi du 5.1 Gia sur ta ¢6 hai hat khong tuong tac — chung chi di qua nhau ... dung lo bang
cach ndo ban sé& thiét 1ap diéu nay trong thuc té !, ca hai c6 khéi lugng m, trong giéng vuong
vo cung (muc 2.2). Cac trang thai mot hat 1a

Un(x) = ‘/g sin (%x) , E;=n’K ﬂ

(trong d6 K = 72K /2ma’, cho tién). Néu cac hat 1a phdn biét duoc, v6i #1 trong trang thai n,
va #1 trong trang thai n,, ham song tich hop 1a mot tich don gian :

Yrnyms (X1, 4‘32) = VY, (XY, (2),  Epyny = ("% + "%)K
Chéng han, trang thai co ban la

2, :
Y11 = —sin(mwxi/a) sin(mxz/a), Ep =2K;
(/]
trang thai kich thich thir nhat suy bién boi hai :

2 . _ |
Vi2 = p sin(zx/a)sin(2rxa/a), Ep=3K,

2 ..
¥ = — sin(ZR‘x.lfaJ sin{mxa/a), En =35K;

va ctr vay. Néu hai hat 1a nhing boson ddng nhét, trang thai co ban khong thay d6i, nhung
trang thai kich thich thir nhét 1a khéng suy bién :

| \{2_ [sin(rxi /a) sin(2m x2/a) + sin(2wx /a) sin(7 xp/a) ]

(van ¢ nang luong 5K). Va néu cac hat 1 nhitng fermion ddng nhat, khdng co trang thai co
nang lugng 2K; trang thai co ban la

2 [sinGrxt /) sin(2rxa/a) — sin@x1 fa) sinGrxz/a)]

va nang lugng cua nd bang 5K.
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5.1.2 Luec trao doi

bé giup ban hiéu yéu cau vé tinh d6i xtmg thuc sy 1am gi, toi sé tinh cu thé mot vi du mot
chiéu don gian. Gia st mot hat & trang thai y,(x), va hat kia ¢ trang thai y;(x), va hai trang
thai nay la truc glao va chuan hoa. Néu hai hat 1a phan biét duoc, va sb 1 1a hat & trang thai
W,, thi ham séng két hop 1a

Y (x1, x2) = Ya () ¥n (x0); [5.15]

néu chiing 13 nhitng boson ddng nhat, ham song tich hop 13 (xem bai toan 5.4 cho su chuan
hoa)

1 _
Yy (x1,x2) = E-[Wa(xt)%(_x'z) + ¥ (x1)¥a(x2)]; [5.16]
va néu chung 1a nhitng fermion dong nhat, n6 1a
Y—(x1, x3) = %Wa(xi)%(xa) — ¥p(x1)Ya(x2)]. (5.17]

Hay tinh gia tri trung binh cua binh phuong khoang céach gitra hai hat nay,
2
(1 — %2)%) = () + (5) — 2(x1x2), [5.18]
Truong hop 1: Céc hat phén biét dwgc. Ddi v6i ham song trong Pt 5.15,

(x1) = f x{ Wa(xi)l dxi f [ Ce)” dx2 = ()
(tri trung binh cta x” trong trang thai mot hat y,),
o) = [Watds [ el d = G,

va

(x1%2) = f %1 () dxy f X2l () dxz = (x)alx)p.
Trong truong hop do, thi,
. . - ’) . B . . .
(1 = x2)%a = ()a + (%)p — 2(x)a (). [5.19]
(Nhan déy, di nhién cau tra 16i s& nhu nhau néu hat 1 ¢ trang thai ;,, va hat 2 & trang thai

Ya:)
Truong hop 2: Céc hat dong nhat. D6i v6i nhitng ham séng trong Pt 5.16 va 5.17,
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o) = ]5 [ f XY (x) 1 dixy f 1 (x2) 2 dxz
JrfJ'C%I')-'ﬂh'(-:..cl)l'2 dx f [Wra (x2) [* dxz
= f X a (1) Yy (x1) dx; f Vb (x2) Ya (x2) dxz
T f XEYp (01 ) g (x1) dx f %-'(Iz}*i!fb(xa)'dxz]

— % [‘(x*’-)a +t Lot 0] = % ((x_")a + (.xz')b) :

Tuong tu,
Ly,
(x3) = > ((xz)b t (xz)a) :

(Ty nhién, (x?)=(x’), vi ban khong thé phan biét dugc.) Nhung
(x1%2) = %[[ x| a Ge) P dxy f X2l () [* dixs
+fx111;£rg,(x1)i2'dx1 f-hl‘#'a(xz)\'z dxz
i-. f X1Yq (1) Y (x1) dxy [ X2 Wy (X2) " Va (X2) dix
+ f -xlwb(-xl)'*wﬂ.(‘xl)dxl f xﬂf-’a(ffi’:)*%(xﬁdxz]

= ‘];.((x)a (x)-b + <x'.)b(x}a.' i -(x-}a.b {x)_ba _—|_ (x}ha (‘x)ﬂb)
2

= (o {x)p T |(x)anl?.

trong do
(X)ay = f X (x)* i (x) dx. [5.20]
RO rang
(G =22 & = (P)a+ (P = 2@alxds F2AM L. [521]
So sanh Pt 5.19 va 5.21, ta thiy ring moi su khac nhau nam & sb hang cubi:
" (A% 2 = (Ax))a F 21(x)an*- [5.22]

Céc boson dong nhit (ddu bén trén) c¢6 vé gan nhau hon, va cac fermion ddng nhét (cac du
bén dudi) hot xa nhau hon, so véi cac hat phan biét dugc trong hai trang thai d6. Luu y rang
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(X)qp triét tiéu trir khi hai ham song phui nhau [néu w,(x) bang khong khi y;(x) khac khong,
tich phan trong Pt 5.20 bang khong]. Nén néu i, biéu dién mot electron trong mot nguyén
tr & Chicago, va y, biéu dién mot electron trong mot nguyén tir & Seattle, thi s€ khong co sy
khac biét nao ca néu ban phan xung hoa ham séng hay khong. Do do 1a mot van dé thuec té,
s& duoc néu xem rang nhing electron ¢ cac ham song khong phu nhau Ia phan biét dugc.
(That vay, day 13 cai duy nhat cho phép cac nha vat Iy va hoa hoc tiép tuc, vi vé nguyén tdc
moi electron trong vi try ¢6 lién két v6i nhau, théng qua tinh phan xtng cua ham song cua
chung, va néu diéu nay thyuc su quan trong, ban s& khong thé néi vé mot electron bt ky trir
khi ban xét hét chung!)

Truong hop thi vi 1a khi c6 sy phu cua cac ham song. Hé xu sy nhu thé c6 mot “luc hit”
gilta cac boson dong nhét, keo chung lai gan nhau, va mot “luc day” giira cac fermion dong
nhat, ddy chung ra xa (nh¢ rang ta dang bo qua spin). Ta goi n6 1a mét lwe trao déi, mic du
n6 khong phai 1a mot luc — khong cé thuce the vat Iy nao tac dung 1én cac hat; thay vao do no
12 mot hé qua thuan thy hink hoc cta yéu cau dbi xung hoa. No cling la mot hién tuong
thuan tay co hoc luong tir, khong cé su twong tu ¢d dién. Tuy nhién n6 c6 nhimng hé qua sau
sdc. Chang han, xét phan tir hydro (H,). Néi chung, trang thai co ban gdm mot electron
trong trang thai co ban ctuia nguyén tu (Pt 4.80) tap trung quanh hat nhan 1, va mdt electron
trong trang thai co ban ctia nguyén tir tip trung quanh hat nhan 2. Néu cac electron 13 boson,
yéu cau d6i xtmg hoa (hay, néu ban thich, “luc trao d6i”) s& c6 xu hudng tip trung cac
electron vao gitta hai proton (Hinh 5.1(a)), va sy tap trung dién tich am s€ hut cac proton
vao nhau, tao ra lién két cdng hoéa tri.° Khong may, cac electron khdng phdi boson, chiing
1a fermion, va diéu ndy nghia 14 su tip trung dién tich Am s& thuc su chuyén ra hai bén
(Hinh 5.1(b)), kéo phén tir ra xa!
5 Mot lién két hoa hoc Xuét hién khi céc electron dung chung tap trung gitra cdc hat nhén, kéo cac nguyén tu
lai. N6 khong can lién quan dén hai electron — trong muc 7.3 ta s€ xét mot lién két cdng hoda tri chi voi mot
electron.
Nhung cho di! Ta di bo qua spin. Trang thai ddy dui cta electron khong chi bao gdm ham
song vi tri ciia nd, ma con c6 mdt spinor, mé ta dinh hudng spin ciia nd:’

¥ () x (5). [5.23]
Khi ta dua ra trang thai hai electron, toan b ham song, cht khong chi phan khong gian,
phai phan xtng so voi phép hoan vi. By gio, nhin lai cac trang thai spin tich hop (Pt 4.177
va 4.178) cho thiy rang to hop don tuyén 1a phan xtng (va do do phai dugc két hop v6i mot
ham song khong gian doi xitng), con ba trang thai tam tuyén déu déi xtmg (va can mot ham
song khong gian phan xirng). Khi do, ro rang, trang thai don tuyén phai dua toi lién két, va

tam tuyen dua to1 phan lién két. bu chic chan cac nha hoa hoc cho ta biét rang lién két hoa
trj can hai electron chiém trang thai don tuyén, c6 tong spin bang khong.®

5.2 NGUYEN TU
5.2.1 Heli
5.2.2 Bang tuin hoan

5.3 CHAT RAN
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5.4 CO HQC THONG KE LUQNG TU
5.4.1 Mgt vi du:
5.4.2 Truwong hop tong quat

Xét mot thé nang bat ky, trong d6 cac nang luong mot hat 1a £}, E,, Ej, ..., v6i d6 suy bién d,, db,
ds, ... (tirc la c6 d,, trang thai mot hat khac nhau c6 nang luong Ej). Gia su ta dat N hat (co cung
khéi luong) vao thé ning ndy ; ta quan tdm dén cAu hinh (N1, N2, N3, ....), sao cho ¢O N, hat ¢6 nang
luong E;, N, hat c6 nang luong E», va cu vay. Cdu hoi : Piéu nay cé thé dat duoc bfing bao nhiéu
cach (hay, chinh x4c hon, bao nhiéu trang thai khac bi¢t ing véi cAu hinh cu thé nay) ? Tra 101,
O(Ni, N2, N3, ...) phu thudc vao viéc céc hat 1a phan bi¢t dugc, fermion déng nhét, hay boson déng
nhét, nén ta s& xét riéng ba trudng hop nay.

Dau tién, gia st cac hat 1a phdn biét dwpe. Co bao nhiéu cach dé chon (tir N timg ctr vién) N, hat dat
trong « gio » thir nhat ?

Tra loi : hé so nhi thire, « N chon Ny, »

[N]EL 5.73]
N, )T NIN-N,)!

Vi cé N cach dé 14y hat thir nhat, dé lai (N-1) cach cho hat thir hai va ctr vay :

N!

]\](]\]—1)(]\]—2)(]\[—]\[1 +1):(]v_—]v1)!

Tuy nhién, cach nay dé'm,m(f)‘t cach riéng l¢ V! giao hoan khac nhau cua N, hat, 6 do ta khong quan
tam li¢u hat so0 37 duoc »léy lan d,éu, hay lan t‘hl'r 29 ; nén ta chia cho N;!, nham khang dinh Pt 5.73.
Bay gio N hat do c6 thé duogc x€p vao gio dau tién theo bao nhiéu cach ? Co6 d; trang thai trong gio
nay, nén mdi hat c¢6 d; lwa chon ; 15 rang c6 tong cong (d,)" kha nang. Do d6 sb cach dé dat N,
hat, duoc chon tir tong cong N hat, vao mot cai gié chtra d; kha nang khac nhau, bang

Nldh
N, /(N -N))!
Di nhién diéu nay ciing dting cho gié thir hai, trir viéc bay gio chi con lai (N — N,) hat dé lay :

(N - N)!d)"
N,I(N-N,-N,)!

va cu vay. Theo d6
O(N,,N,,N,,...)
_ N" (N-N)!d)" (N-N,-N)\d»
N, (N-=N)!N,(N=N,-N)! NJ(N-N,-N,-N,)!
_ N|le]déVzd;V% :Nlﬁ d;\'
NN, !N,

[5.74]

(Ban nén ding lai ngay bay gid va kiém tra két qua ndy, cho vi du trong muc 5.4.1- xem bai toan
5.24)

Van dé nay dé hon nhiéu dbi voi cac fermion ddng nhat. Vi chung khong phan biét dugc, hat ndo &
trong trang thai nao khong quan trong — yéu cau bat d6i xung nghia la chi c6 mot trang thai V hat
trong d6 mot tap hop cu thé cac trang thai mot hat bi chiém. Hon nita, chi mot hat ¢6 thé chiém bat
ctr trang thai nao. Co
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[+)

cach dé chon N, trang thai chiém dong trong gi6 tht n,> nén

O(N,,N,,N,,. [5.75]

)=

H N, '(d -N,)!
2 Di nhién s6 hang nay phai béng khong néu N, > d,, vano la nhu vay, néu ta xem giai thira ctia mot s6 4m bé’mg vO
cung.
Tinh toan nay 1a kho nhat dbi voi truong hop cua cac boson dong nhdt. Yéu cau dbi xtng nghia 1a
chi c6 mot trang thai N hat trong d6 mot tap hop cu the cac trang thai mot hat bi chiém, nhung lan
nay khong c6 gidi han nao 1€n s6 hat c6 thé c6 chung trang thai mét hat. P61 voi gié tha n, cau hoi
tro thanh : Ta c6 thé gan N, hat dong nhat cho d, ngan khéac nhau theo bao nhiéu cach khac nhau ?
Co nhiéu meo dé giai quyét bai toan td hgp nay ; mot cach dac biét thong minh 1a nhu sau : cac
cham biéu dién cac hat va cach gach chéo biéu dién vach ngan, dé cho, chang han, néu d, =5 va N,
=17, thi

e 8o X & X0 0 8 X @& X

chira rﬁng c6 hai hat trong trang thai thir nhét, mot hat trong trang thai thir hai, ba hat trong trang
thai thir ba, mot hat trong trang thai thar tu, va khong co6 hat nao trong trang thai thir nam. Luu y
rang c6 N, cham, va (d, - 1) gach chéo (chia cac cham thanh d, nhom). Néu cac chim va cac gach
chéo riéng biét dugc danh dau, s& co (N, + d, - 1) ! cach khac nhau dé sip xép chung. Nhung ddi
v6i muc dich ctia ching ta cac chdm 13 twong duwong — hoan vi chung (N, ! cach) khong thay doi
trang thai nay. Tuong tu, cac gach chéo la trong duong nhau — hoan vi chung ((d, - 1) ! cach)
khong thay ddi gi ca. Nén thyc ra c6

-D! (N, +d, -1
W, +d, =D _| N+, [5.76]
N, I(d, -1)! N,
cach khac nhau dé gan N, hat cho d, trang thai mdt hat trong gio thr », va ta két luan rﬁng
N, +d, -1
O(N,,N,,N;,..) = H ( [5.77]

N i(d —1)!

(Kiém tra cong thirc nay cho vi du trong muc 5.4.1 — xem bai toan 5.24.)

5.4.3 CAu hinh kha di nhit

5.5
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PHAN II UNG DUNG

CHUONG 6
LY THUYET NHIEU LOAN PQC LAP THOI GIAN

6.1 LY THUYET NHIEU LOAN KHONG SUY BIEN
6.1.1 Cong thirc tong quat

Gia su ta da giai dugc phuong trinh Schrédinger (doc 1ap thoi gian) cho thé nao d6 (chang
han, giéng vudéng vo han mot chiéu):

0,0
HO%%Y = E0y?, [6.1]
thu dugc mét tap ddy du cac ham riéng truc chudn, v,

WD) = Sum. [6.2]

va céc tri riéng E° twong tmg. Bay gio ta 1am nhiéu thé mot chat (chang han, dua vao mot
dinh nho & day cia giéng — hinh 6.1). Ta muén tim cac ham riéng va tri riéng méi:

H‘.{fﬂ - E,,l‘ﬂf", [6-3]

nhung trir khi ta rit may man, ta s& khong thé giai chinh xac phwong trinh Schrodinger, cho
thé phirc tap hon nay. Ly thuyét nhiéu loan 13 mot qui trinh c6 hé thong dé thu duoc nhitng
nghiém gan diing cho bai todn nhiéu loan, bang cach dya vao cac nghiém chinh xac da biét

cta trudng hop khdng nhiéu.

Dé bat dau ta viét ra Hamiltonian méi 13 tong cua hai s6 hang:
H=H{rH, [6.4]

trong d6 A’ 1a nhiéu loan (chi s6 trén 0 ludn xac dinh dai luong khong nhiéu). Hién tai ta s&
lay A 1a mot sO6 nho; sau nay ta s€ cho nd bang 1, va H 1a Hamiltonian thuc su. Ké dén ta
viét y, va E, 1a chudi liiy thtra theo A

Y = Y0 AP AT b [6.5]
E,=EY+AE\ + 22 EZ .- . [6.6]

O day E' 1a bo chinh bac mét cho trj riéng tht 7, va ! 13 bo chinh bac mot cho ham riéng
thir n; E> va y” 1a cac bo chinh bic hai, va ctr vay. Pua Pt 6.5 va 6.6 vao Pt 6.3, ta co:

(H? + AH) [y + My + 227 +
= (EQ 4+ AE) + X2E2 - [yl + 2! 2%y + -1,
hay (chon céc lity thira gidng nhau cua 1 ):
HO%%2 + 0n(H1%,) + H' YD) + 22 (H Y+ H'y ) +-
= EgVy + MENW, + E¥) + X (ENYy + Eyv, + Eqv)
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O cap thap nhét' (1°) n6 cho H® = E%?°, von khéng c6 gi méi (Pt 6.1). Téi cip mot (1),

H"w., + H'Y) = EJy, + Ep . [6.7]

' Nhu théng thuong (Chuong 2, ch thich 25) tinh duy nhét ciia khai trién chudi lity thira dam béo rang cac hé sb ctia
nhiing lity thira giéng nhau thi bang nhau.

Téi cap hai (1%),
Huwﬁ + wan = EOWH + Enwn + t’u n * [6'8]

Va ctr vay. (t61 da dung xong 4, bay gio — n6 chi la mot cong cu dé danh diu cac bac khéc
nhau — nén cho n6 bang 1.)

6.1.2 Ly thuyét bic mot
Lay tich trong ctia Pt 6.7 v&i y° (tirc 13, nhan cho (¢°)" va lay tich phan),
Oy 0., 1 0 0 0;,0 0,0
(U lH W) + (W |H Y)Y = EQ (0 [W) + Ep (0 19).
Nhung H° 13 hermit, nén
W HY) = (HOW ) = (B = EJW1v,),

Va diéu ndy triét tiéu s§ hang dAu tién bén phéi. Hon nia, (¢ |y!) =1, nén’

E, = (yry | H'|yr). [6.9]

? Trong truong hop nay khong quan trong néu ta viét <t//3 H 't//,? > hay <l//,? H ’| 1//,? > (c6 thém mdt gach ding), vi ta

dang dung chinh ham song dé “danh dau” trang thai. Nhung ki hiéu sau tién hon, vi ta khong phai theo qui u6c cu thé
nay.

Pay 1a két qua co ban cta Iy thuyét nhidu loan bac mot; trong thure té nd c6 18 1a phuong
trinh quan trong nhat trong co hoc lugng tir. N6 noi rang bo chinh bac mot cho nang lugng
14 tri trung binh ctia nhi€u loan, trong trang thai khong nhiéu.

Vi du 6.1 Cac ham séng khong nhiéu cho giéng vudng v6 cing 1a (Pt 2.28)

2 . nm
1,&,? (x) = [sm (—r) .
a a
Gid su ta lam nhiéu hé bang cach ting “nén” cua giéng mot lugng khong ddi ¥, (Hinh 6.2).
Tim b6 chinh bac moét cho cac nang luong.
Loi gidi: Trong truong hop nay H' = Vo, va bd chinh bac mét cho ning lwong cua trang thai

n bang
E) = w2 volvd) = volwlIv?) =

Khi d6, cac murc niang lugng chinh sira bang E, = E° +V, ; chung chi dugc nang 1én lugng
Vy. Di nhién! Piéu ngac nhién duy nhat 13 trong truong hop nay 1y thuyét bac mot cho cau
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trd 101 chinh xac. RO rang vd1 mot nhiéu loan hang s6 moi bo chinh bac cao hon triét tiéu.?
Mit khac, néu nhicu loan chi mé r6ng nua bé rong giéng (Hinh 6.3), thi

2V Ly fHTT Vo
El = L-'.m2 (——x) dy = —.
a 0 a 2
Trong truong hop nay mdi muc ning lugng dugc nang 1én V/2. D6 khong phai la két qua
chinh xac, nhung n6 c6 vé hop 1y, 1a mdt gan diing bac mat.

* Tién thé, & day khong c6 gi phu thudc vao ban chat cy thé cua giéng vudng vo cing — didu nay ding cho moi thé, khi
nhiéu loan 1a hang so.

Pt 6.9 13 b6 chinh bac mét cho ndng hrong; dé tim bd chinh bac mot cho ham séng, du tién
ta viét lai1 Pt 6.7:

Oy, 1 Iy, 0
En)wn = _(H’— En)%- [6.10]
V& phai 1a mot ham d3 biét, nén nd cho mot phwong trinh vi phan khong thuan nhit cho v
Bay gio cac ham song khong nhiéu tao thanh mot tap day du, nén w, (nhu bat ctr ham khac)
c6 thé duoc biéu dién 1a mot td hop tuyén tinh cua chung:
n
= Wyl [6.11]
m#n
Khong can thiét phai bao gdbm m = n trong tong, vinéu y' thoa Pt 6.10, thi (v +ay?)
cling vy, vo1 moi hi“mg s6 @, va ta c6 thé dung sy tu do nay dé trir s6 hang y° A Néu ta co
thé xac dinh cac hé s6 ¢, ta da lam xong viéc.
Dit Pt 6.11 vao Pt 6.10, va dung viéc w° théa phuong trinh Schrodinger khong nhiéu (Pt
6.1),tacod
0 (n ’ 1y,,.0
Z(Em - m)Wm =—(H - EH)’(I{[II'
m#n
Lay tich trong véi

D (Ep — EDSD (WP ) = — WL H' W0 + Ep (7 1)
m#n

Néu [ = n, vé trai bang khong, va ta thu lai Pt 6.9; néu [ # n, ta co

(E; — EDe m —(yP | H' YD),

hoac
C(u; — <‘1&m|H W:’ } [6 12]
m - y .
E) - E}
nén
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v=y WhlH "“')}w,?,- 613
ms=tn ""

Luuy rang mau so an toan (vi khong c6 hé s6 v&i m = n) chirng nao phé nang lrong khéng
nhiéu la khéng suy bién. Nhung néu hai trang thai khong nhiéu khac nhau c6 chung nang
luong, ta s& gip van dé ric rdi (ta chia cho khong dé co Pt 6.12); trong trudng hop d6 ta can
1y thuyét nhiéu loan suy bién, ma t6i s& néi téi trong Muc 6.2.

D6 hoan tat ly thuyét nhiéu loan bic mot: B6 chinh bac mét cho nang lugng, E!, dugc cho
boi Pt 6.9, va bd chinh bac mdt cho ham song, v , dugc cho boi Pt 6.13. Tdi phai canh bao

ban rang trong khi 1y thuyét nhidu loan thuong mang lai ning lwong chinh x4c dén ngac
nhién (tc 1a, £, + E, kha gan véi gia tri chinh xac E,), cdc ham song kha té.

6.1.3 Nang lwgng bic hai
Nhu trude ddy, ta 13y tich trong cua phuong trinh béc hai (Pt 6.8) véi w:

WA HOU) + WL H ') = Ey (0, 195) + Eq (8 19) + Ex (Yn 1),
Lai nita, ta ding tinh hermit ctia H':

WH ) = (HOylyn) = EX(wy 1v),

nén s hang dau tién ¢ vé trai triét tidu voi sé hang dau tién ¢ vé phai. Trong khi do
<w,? fj> =1, va ta chi con lai mét biéu thirc cho E2:

E} = (Y2IH'|y,)) — ENyllv)). [6.14]

Nhung

O 1y — 1) —
(Wnlwa) = D e (Wnlym) =
mzEn
(vi tong nay loai bé m = n, va moi cai khac truc giao), nén

H' H’
= (WIH Iy = > Wyl H 1y ZWI L'}%')'f;b' Vi)
min nrsEn n

m

hay, cudi cung,

S |<¢3|H’|ﬁ,’) 2

msEn i

[6.15]

Day 13 két qua co ban cua 1y thuyét nhidu loan cap hai.
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Ta c6 thé tiép tuc tinh bd chinh bac hai cho ham séng (v)), bd chinh bac ba cho ning lugng,
va ctr vy, nhung trén thuc té Pt 6.15 thudng 13 hiru dung dé dung phuong phap nay.’

6.2 LY THUYET NHIEU LOAN SUY BIEN

Néu cac trang thai khong nhiéu loan 12 suy bién — tic l@, néu~hai (hay nhiéu hon) trang thai

phén biét (y” va w,) c6 cung nang lugng — thi 1y thuyét nhicu loan thong thuong that bai:
¢ (Pt 6.12) va E. (Pt 6.15) phan ky (trir khi, c6 18, tir s triét tiéu, (y!|H'|y;)=0 - mot 16i

thoat s€ quan trong voi ta sau nay). Do do trong truong hop suy bién, khong c6 1y do dé tin

tuong ngay ca b6 chinh bac mot cho ning lugng (Pt 6.9), va ta phai tim cach khac dé xét
van dé nay.

6.2.1 Suy bién bdi hai

Gia st rang
0,0 0,,0 0,,0 0,,0 0,0
H'Wy = EYg, H Y, = E"Y,. {Ygldy) =0, [6.16]
c6 ' va y” déu chuin hoa. Luu y rang moi to hop tuyén tinh ciia nhimng trang thai nay,
0 0 0
¥ = ayd + . [6.17]
van l1a mot trang thai riéng ciia H°, ¢co cung tri riéng E”:
HOy® = E%°, [6.18]

Thong thudng, nhidu loan (H’) s& “pha v&” (hodc “loai bo™) tinh suy bién: Khi ta ting A (tir
0 toi 1), ning luong khong nhidu thong thuong E° tach lam hai (Hinh 6.4). Di theo hudng
khac, khi ta tit nhidu loan, trang thai “trén” qui gian thanh mot t6 hop tuyén tinh cta w! va
w,, va trang thai “dudi” qui gian thanh t6 hop tuyén tinh truec giao nao d6, nhung ta khong
biét trude hai to hop tuyén tinh “t6t” s& nhu thé nao. Vi li do nay ta thim chi khong thé tinh
nang lugng bac mot (Pt 6.9) — ta khong biét dung nhiing trang thai khong nhiéu nao.

Do d6, hién tai, hdy chi viét cac trang thai khong nhidu “tdt” dudi dang tong quat (Pt 6.17),
gilt o va fthay doi dugc. Ta mudn gidi phuong trinh Schrodinger,

Hy = Ey, [6.19]
cOH=H,+ AH va
E=E 4 AE'"+X2E2+..., yv=9y"4 2y +2%y2+. ... [6.20]

Pua chung vao Pt 6.19, va tip hop nhimg lily thira gidng nhau cta A (nhu trude day) ta im
duoc

HOY? + A(H'YO + By + - = %O + M(E'yO + E%% ) + - -
Nhung H°y° = E%° (Pt 6.18), nén céc sd hang dau triét tiéu; ¢ cip A' ta co
Hoy' + H'y° = EO%! + E'y°. [6.21]
Lay tich trong voi i°
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WO H Y + (wllH YOy = E° w21y Yy + EN v,

Vi H® hermit, s6 hang dau tién & vé trai triét tidu sb hang dau tién & vé phai. Pua vao Pt 6.17
va dung dicu kién tryc chuan (Pt 6.16), ta thu duoc

a(WH [y + Bl H |1y)) = a k!,

hay, gon hon,
aWaa + BWap = aE!, [6.22]
trong do
Wij = (W IH'W)).  (.j=a.b). [6.23]
Tuong tu, tich trong véi y, cho
aWp, + BWyp = BE!. [6.24]

Luu ¥ rang cac W (vé nguyén tic) da biét — chung chinh 1a cac “phan tir ma trdn” cua H’,
theo cdc ham song khong nhiéu ! va y, . Nhan Pt 6.24 cho W, va dung Pt 6.22 dé triét
tieu W, ta tim dugc:

[ WapWha — (E' — Waa)(E' — Wip)] = 0. [6.25]
Néu o khéng bang khong, Pt 6.25 cho mét phuong trinh cho E':
(EN? — EN(Waq + W) + (Wao Wi, — W, W) = 0. [6.26]

Dung céng thirc binh phuong, va luu ¥ (tir Pt 6.23) rang W, =W, ta két luan rang

1
= [Waa + Wi T \/(Waa - th)z + 4|Wﬂb|2 ] . [6'27]

EL =
72

bay la két qua co ban cta 1y thuyét nhidu loan suy bién: hai nghiém tng v6i hai ning luong
nhiéu loan.

Nhung diéu gi xay ra néu a‘bﬁng khong? Trong truong hop d6 f= 1, Pt 6.22 cho W,, =0,
va Pt 6.24 cho E' = W,,,. Diéu nay thuc ra da co trong két qua tong quat (Pt 6.27), c6 dau trir
(dau cong img vo1 a= 1, f=0). Con gi nita, cac két qua,

E-l|- = Wau = {ngH’W:?)* El— = Wi, = <1PE|H’|¢E)

Chinh 13 cai ta da thu duoc khi dung 1y thuyét nhidu loan khéng suy bién (Pt 6.9). Ta rat
may mdn: cac trang thai w° va y° da la nhimg t6 hop tuyén tinh “t5t”. Di nhién, s& tuyét
voi néu ta c6 thé dodn nhing trang thai “t5t” tir dau — khi d6 ta c6 thé tlep tuc dung ly
thuyét nhiéu loan khdng suy bién. That vay, thong thudng ta c6 thé lam diéu nay bang cach
dung dinh 1y sau:

Pinh ly: Cho 4 13 mot toan tir hermit giao hodn v&i H° va H’. Néu y° va y° (cac ham riéng
suy bién ctua H’) ciing 13 cic ham riéng cua 4, véi nhiing tri riéng khac nhau,
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AV;S = ;;,1},'3. Alffg = m,hg. and u # v.
thi W, =0 (va do d6 w° va y° 1a nhitng trang thai “tot” ding trong 1y thuyét nhidu loan).
Chirng minh: Do gia thiét, [4, H'] =0, nén
WOTA. H'yD) = 0

= (O AH"YD) — (O H' AyD)

= (AYQH'Y)) — (WL H )

= (1= WQIH'YE) = (= v)Wa.
Nhung x# v, nén W,, = 0. bPCM

Bai hoc: Néu ta d6i mat voi nhitng trang thai suy bién, hdy tim toan tir hermit 4 nao d6 giao
hoan véi H° va H’; lay nhiing trang thai khong suy bién ma dong thoi 13 nhimg ham riéng
ctia H’ va 4. Sau do dung 1y thuyét nhiéu loan bac mot théng thirong. Néu ban khong thé
kiém ra mot toan tir nhu vay, ban s& phai dung Pt 6.27, nhung trong thuc té, diéu nay hiém
khi can thiét.

6.2.2 Suy bién bac cao hon

Trong muc trudce t61 da gia sir suy bién boi hai, nhung dé thiy phuong phap niy tong quat
hoa ra sao. Viét lai Pt 6.22 va 6.24 duéi dang ma tran:

Waa Wap) (@) _ 1 (@
(Wha Wbb) (ﬁ)—E (ﬁ) [6.28]

R rang cac E' chinh 13 cac #rj riéng ctia ma tran W; Pt .26 1a phuong trinh dic trung cho ma
tran nay, va cac t0 hop tuyén tinh “tot” cua cac trang thai khong nhicu 1a cac vecto riéng cua
W.

Trong trudng hop suy bién bdi n, ta tim cc tri riéng clia ma tran nxn
Wij = (WP IH' YY), [6.29]

Theo cach no6i cua dai s6 tuyén tinh, tim cac ham séng khong nhiéu loan “tot” lién quan dén
thiét 1ap mot co s& trong khong gian con suy bién ma chéo héa ma tran W. Mot 1an nita, néu
ban ¢ thé nghi dén mét toan tir 4 giao hodn vi H’, va dung cac ham song dong thoi ciia 4
va H’ , thi ma tran W s€ tu dong chéo hoa, va ban sé khong phai giai phuong trinh dac
trung.’ (Néu ban lo ling vé su tong quat hoa ty nhién cia toi tir tinh suy bién boi hai cho suy
bién boi n, hiy lam bai tap 6.10.)

8 Ly thuyét nhidu loan suy bién lién quan dén chéo héa phan suy bién ctia Hamiltonian. Sy chéo hoa cua cac ma tran (va

ddng thoi tinh chéo héa ciia cic ma tran giao hoan) dwgc ban téi trong phu luc (muc A.5).

Vi du 6.2 Xét giéng chir nhat vo han ba chiéu (bai toan 4.2):

0, f0<xy<a.0<v<ag. and0<z <a;

. [6.30]
oo otherwise.

V(v,y.2)=

Cac trang thai dung la
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0 _ 2\ L fNyT LNy (N
Ve (5, 0.2) = (E) sin (—r) sm(—-—w) sm( p ;,) . [6.31]

a a
trong do n,, n,, n. 1a nhiing s6 nguyén duong. Céac ning luong duoc phép tuong tng 1a
0 n2h?
Hyltelt:

S (n +rr1.+r12) [6.32]
ma-

Luu ¥ rang trang thai co ban (yq;,) 13 khong suy bién; ning luong cta né 1a

0 n.th
Ei=3 . 6.33
0™ "2ma? (633
Nhung trang thai kich thich tht nhat thi suy bién (bac ba):
Vo = Y2, ¥p = Y21, and ¥ = Yy, [6.34]
tat ca c6 chung nang luong
22
h—-
E = 3 7 [6.35]
ma
Bay gio dua ra nhiéu loan
Vo. if 0 2and 0 < y 2:
g Vo i <jr<a/ <y<al (6.36]
0. otherwise.

N6 lam ting thé 1én mot luong ¥, trong mot phan tu cia hdp (xem hinh 6.5). B6 chinh bac
mot cho nang luong trang thai co ban duogc cho bdi Pt 6.9:

E) = (Y |H' IYin)

= (%)3 Vo f:/z sin® (gx) dx f:xz sin’ (g}‘) dy f; sin? (%Z) dz

1
= =V, 6.37
770 [ ]

la cai ta dang trong cho.

Déi vai trang thai kich thich thur nhat ta can cong cy day di cua ly thuyét nhiéu loan suy
bién. Budc dau tién la xay dyng ma tran W. Cac phan tir chéo giong nhu voi trang thai co
ban (trir viéc ddi sb ciia mot trong cac ham sin nhan d6i); ban c6 thé tir kiém tra rang
1
Waa = Wpp = Wee = Z V.

Cac sb hang ngoai dudng chéo thi vi hon nhiéu:
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2\’ a/2 i1
W, = (—) ng sin? (—x) dx
a 0 a
a2 g [ 2m “ 2 21
X sin (—y) sin| —v ) dy [ sin| —z]sin (—z) dz.
0 a a 0 a u

Nhung tich phan theo z bang khong (né ciing s& nhu vay cho #,.), nén
Wap = Wy = 0.

Cudi cung,

2 3 a2 2
Wy, = (—) VO[ sin (Ex) sin (—ﬂx) dx
a 0 a a
a/2 2 s a Sum 16
in| =— in{—v) dy in” (—z) dz = — V.
x[ﬂ sm(a _v)sm(a_x) }A sin (az) Z ) 0

Do do
0 0O
W=—|0 1 « [6.38]
k 1

trong d6 « =(8/37)* = 0.7205.
Phuong trinh dic trung cho W (hay thay vi vay, cho 4W/V,, dé tinh hon) 1a
(1—w)d -2l —w) =0,
va céc tri riéng 1a
w=1 w=14+k~1705 wi=1-—«x=~0.2795.
Té1 bac moét theo A, khi do,
EY + AVp/4.
E\(\) = { EV + M1 4 k) Vo/4. [6.39]
EY +A(1 — k)Vo/4.
trong d6 E’ 1a ning lugng khong nhiéu (thong thuong) (Pt 6.35). Nhiéu loan loai bo suy
bién, tach E} thanh ba muc nang lugng khac nhau (xem Hinh 6.6). Luu y rang néu ta ap
dung 1y thuyét nhiéu loan khong suy bién mot cach ngdy tho cho bai toan nay, ta s& két luan

rang bo chinh bac mot (Pt 6.9) nhu nhau cho ca ba trang théi, va bang Vy/4- diéu nay thuc ra
chi dung cho trang thai ¢ gitra.

Trong khi d6, céc trang thai khong nhiéu “t6t” 1a t6 hop tuyén tinh c6 dang
V0 = e+ BUp + ¥ e, [6.40]

trong do6 cac hé so (a, £, va p) tao thanh cac vecto riéng ciia ma tran W:
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1 0 0\ [« o
0 1 « Bl=wl|§B
0 « 1 % %

Véiw=1tathudugc a=1, f=y=0;voi w=1+« tathuduoc a=0,8=1y=1/~/2.(Toi
da chuan héa chiing trong luc tinh.) Do d6 cac trang thai “tot” 137

Va.
¥ =1 (W + v /Y2 [6.41]
Wb — ¥o)/V2.

6.3 CAU TRUC TINH TE CUA HYDRO

6.4 HIEU UNG ZEEMAN

6.5 SU TACHMUC SIEU TINH TE
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