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Chuong 16

GIAI TICH VECTO

Cac mat tham sd duge nghién citu trong muc 16.6,
ching thudng dude sit dung béi cac lap trinh vien dé
tao ra nhitng bo phim hoat hinh. Trong phan canh ctia
bo phim hoat hinh Antz bén day, cong chia Bala dang
¢6 gang gidi cttu cho Z khi anh dang bi mac ket trong
mot giot sudng. Mot mat tham s6 ¢ day duge mo ta boi
giot suong va chuyén déng ciia giot suong duge mé ta
béi mot ho cac mit tham sé. Mot trong cac lap trinh
vién thiét ké bo phim hoat hinh nay da néi rang: “Phai
chi t6i da quan tam nhiéu hon dén cac mat tham so
khi ma t6i con tham gia 16p hoc vé giai tich. N6 chic
chin da rit hitu ich cho toi ngdy hom nay ”.

Trong chuong nay, ching ta nghién ctu céc tinh toan trong trudng vecto. (Céac ham
nay thudng gan cac vectd véi cac diém trong khong gian). Dac biét, ching ta dinh nghia
tich phan dudng (c6 thé dugc ding dé tim cong sinh ra bdi mot truong lyc lam vat dich
chuyén doc theo mot dudng cong nao d6). Tiép do, ching ta dinh nghia tich phan mit (c6
thé dugce sit dung dé tim téc do dong chdy ciia chat 1éng qua mot bé mit nao dé). Lien he
gitta cac loai tich phan mdéi nay va cac loai tich phan da gip nhu tich phan mét 16p, hai
16p va ba 16p sé dugce trinh bay trong cac phién ban nhiéu chiéu ctia cac dinh 1y co ban
trong Phép tinh tich phan: Dinh Iy Green, Dinh 1y Stokes, va Dinh 1y Divergence.



16.1 Truong Vecto 3

16.1 Truong Vecto

Cac vects trong hinh 16.1.1 1a cac vectd van toc ciia khong khi bidu thi toc do va
huéng gi6 tai cac diém cach ‘surface elevation’ 10m tai viing vinh San Francisco. Nhin qua
cac miii tén 16n nhat trong phan (a) ching ta thay riang téc do gi6 16n nhat xay ra tai
thoi diém gié di vio vinh qua cau Golden Gate. Phan (b) cho thay huéng gi6 rat khac so
v6i 12 gio trude d6. Ching ta c6 thé lien tudng mot vectd van toc gié véi moi diém trong

khong khi. Day 1a vi du vé mot truong vector van toc.

Hinh 16.1.1: Trudng vecto van téc mo ta huéng gié di qua vinh San Francisco. Hinh trai:
18h ngay 01/03/2010; hinh phai: 6h ngay 01/03/2010.

Mot vai vi du khac vé trudng vects van tdc duge minh hoa trong hinh 16.1.2: dong hai
luu va luong khong khi di qua canh may bay.

Mot dang khéc ctia trudng vecto, duge goi 1a mot truong luc, lien két mot vecto lyc véi

mot diém trong mién. Mot vi du la truong lic hap din ma ching ta sé xem xét trong Vi du 4.

N6i chung, mot trudng vector 1a mot ham cé mién xac dinh 1a tap hop céc diém trong

R? (hoic R3) va mién gia tri 1a tap hop cac vecto trong Vs (hosc V3).

Dinh nghia 16.1. Cho D la mot tap trong R? (mdt mién mit phang). Mot trudng vecto
trong R? 13 mot ham F dat tuong ing mdi diém (z,y) trong D mot vecto hai chiéu F(z, y).
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Hinh 16.1.2: Trudng vectd van téc. Hinh trai: dong hai Iuu ngoai khai ba bién Nova Scotia;
Hinh phai: luéng khong khi di qua mot canh méy bay nghiéng.

Hinh 16.1.3: Trudng vecto trén R2.
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Céch t6t nhat dé mo t4 mot trudng vecto 1a vé miii tén biéu dién vecto F(x,y) bat dau
tai diém (z,y). Di nhién, ta khong thé thuc hién tai moi diém (z,y), nhung ching ta c6
thé c6 sy hinh dung c6 s vé ham F bing cach thic hién cho mot vai diém dai dién trong
D nhu hinh 16.1.3. Vi F(z,y) 13 mot vectd hai chidu nén ta c6 thé viét ham nay theo cac
ham thanh phan P va Q nhu sau:

F(z,y) = P(z,y)i+ Q(z,y)j = (P(z,y), Qz,y))
hosc, viét gon,
F=Pi+Qj
Cha y rang P va Q 1a cac ham vo huéng hai bién va doi khi chiing duge goi 1a trudng
vd hudng dé phan biét véi cac trudng vecto.

Dinh nghia 16.2. Cho E la mot tap con ctia R®. Mot trudng vectd trén R? 1a mot ham
F dit tuong tng mdi diem (z,y, z) trong E mot vectd ba chic¢u F(z,y, 2).

Hinh 16.1.4: Trudng vecto trén R3.

Mot truong vecto F trén R? duge minh hoa trong Hinh 16.1.4. Ta c6 thé biéu dién no
dudi dang cdc ham thanh phan P, Q v R nhu sau:

F(z,y,2) = P(x,y,2)i+ Q(z,y,2)j + R(z,y, 2)k

Nhu cac ham vecto trong muc 13.1, ta c6 thé dinh nghia sy lién tuc clia trudng vects va

chi ra rang F lién tuc khi va chi khi cac ham thanh phan ctia n6 P, Q va R 1a lién tuc.

Dai khi chiing ta xac dinh mot diém (z,y, z) v6i vectd vi trf ctia n6 x = (z,y, z) va viét
F(x) thay cho F(z,y, z). Khi d6 F tré thanh mot ham dat tuong ting mot vecto x v6i mot
vecto F(x).
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Vi du 1. Mot truong vecto tren R? duge zdc dinh bdi F(x,y) =
cach phac thdao mot vai vecto F(z,y) nhu trong Hinh 16.1.3.

—yi+ xj. Mo ta F bing

_‘l'JL
F(0,3 F(2.2)
; IFH,Ur
] 0 T
el

Hinh 16.1.5: F(z,y) = —yi + zj.

Giai Vi F(1,0) = j, ta vé vecto j = (0, 1) bat dau tur diém (1,0) trong Hinh 16.1.5. Vi
F(0,1) = —i, ta vé& vectd (—1,0) v6i diém bat dau (0,1). Tiép tuc theo cach nay, ta tinh
toan dugc mot so gia tri dai dién clia F(x,y) trong bang dudi day va vé cac vecto tuong
ting biéu dién cho truong vectd trong Hinh 16.1.5.

(z,y) | F(z,y) (z,y) | F(z,y)
(1,0) 0,1) (—=1,0) | <0,-1)
(272) <_272> (_27 _2) <2’ _2>
(37 0) <Ov 3> (_37 O) <07 _3>
(07 1) <_170> (O’_l) <170>
(_ ) 2) <_2¢ _2> (27 _2) <27 2>
(07 3) <_37 0> (07 _3) <37 0>

C6 vé& nhu mdi miii tén trong Hinh 16.1.5 tiép xic véi mot duong tron c6 tam tai diém
goc. Dé khang dinh diéu nay, ta lay tich vo huéng clia vecto vi trf x = zi + yj v6i vecto
F(x) = F(z,y):

x-F(x)=(zi+yj) (—yi+aj) =—ay+yzr=0
Diéu nay cho thay ring F(z,y) vuong goc véi vecto vi tri (z,y) va do d6 né la tiép tuyén
clia dudng tron c6 tam tai diém gbc va ban kinh |x| = v/22 + y2. Ta ciing luu ¥ ring:

F(a,y)| = V/(=9)? + 22 = Va2 + y? = |x]
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nén do 16n cla vecto F(z,y) bang véi ban kinh ctia duong tron.

Mot vai hé théng may tinh c6 kha niang vé cic truong vecto trong hai va ba chiéu. Ta
¢6 thé c6 mot hinh dung tét hon vé truong vecto vi may tinh c6 thé vé duge mot s6 luong
16n céc vecto dai dien. Hinh 16.1.6 cho thay ring mot méy tinh c6 thé vé mot trudng vecto

trong Vi du 1; Hinh 16.1.7 v 16.1.8 chi ra hai truong vecto khac.
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Hinh 16.1.7: F(z,y) = Hinh 16.1.8: F(z,y) =

Hinh 16.1.6: F(z,y) =
(n(1+y?),In(1 + 2?))

(—y,x) {y,sinz)

Vi du 2. Hay phdt hoa mot truong vecto tren R® duge cho bdi F(x,y,z) = zk.

Hinh 16.1.9: F(z,y) = zk.

Giai Phac hoa dudc chi ra trong Hinh 16.1.9. Luu ¥ ring moi vectd la thing ding va
hosic huéng lén hoiic huéng xuéng mit phing xy. Do 16n clia cac vects ting theo khoang

céch ciia né véi mit phang zy.
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Hinh 16.1.10: Hinh 16.1.11:
F(x,y,z) = F(z,y,2) =
yi+ zj+zk yi—2j+zk

Chiing ta cé thé vé truong vecto trong Vi du 2 bang tay béi cong thiic dic biét don
gian ctia n6. Tuy nhién, ta hau nhu khong thé phac hoa cac trudng vecto ba chiéu bing
tay dugc, va do d6 ching ta can phai nhd dén mot he théng dai s6 may tinh. Cac vi du
dudc chi ra trong Hinh 16.1.10, 16.1.11 v& 16.1.12. Cha y rang cac trudng vecto trong Hinh
16.1.10 va 16.1.11 c6 cong thitc tuong ty nhau, nhu tat ca céc vecto trong Hinh 16.1.11
huéng nguge lai theo truc y vi thanh phan y déu mang gia tri -2. Néu truong vecto trong
Hinh 16.1.12 biéu dién mot trudng van tbc, thi mot hat sé dude quét len va sé theo dudng

xoan 6¢ quanh tryuc z theo huéng cling chiéu kim dong ho khi nhin tir trén cao.

Vi du 3. Hay tudng tugng mot chat léng chay déu dan doc theo mot duong ong va cho
V(z,y,2) la vecto van toc tai mot diem (x,vy,z). Khi dé ham V gin mot vecto cho moi
diém (z,y, z) trong mién E (bén trong dudng ong) va do dé V la mot truong vecto trén R3
va dugc goi la mot trudong van tée. Mot truomg van toc co thé duoe minh hoa trong Hinh

16.1.18. Téc do tai moi diém cho trude dude cho bdi chiéu dai cia mii tén.

Truong van toc ciing zdy ra trong cac linh vic khdc cia vat ly. Chang han, truong vecto
trong Vi du 1 ciing c6 thé dugce sit dung nhu truong van téc mo td mot banh ze quay nguoc
chiéu kim dong ho. Ta ciing da thay cdc vi du ciia truong van toc trong Hinh 16.1.1 va
16.1.2.

Vi du 4. Dinh Luat Van Vat Hap Dan cia Newton néi rang do lon cia luc hap dan gita

hai vat c¢é khoi luong m va M la:
mMG

r2

|F| =
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X

Hinh 16.1.13: Trudng vecto trong dong chat 1ong.

trong dé r la khodng cdch gitta cic vit thé va G hing s6 hap dan. (Day la mot vi du ciia
dinh ludt nghich ddo binh phuong). Gid si rang vdt cé khoi lugng M dugc dat tai diém
goc trong R3. (Chang han, M c6 thé la khoi lugng ciia trdi dat va diém goc cé thé dat tai
tam cia né). Dat vecto vi tri clia vat cé khoi lugng m la = (x,y,2). Khi dé r = |z|, nén
r? = |zc|2 Luc hap dan tac dong len vat thit hai nay tinh tu diém goc, va vect don vi theo

hudng nay la:
T

||
Do dé, luc hap dan tac dong léen vit tai © = (x,y,z) la:
mMG

0=

(16.1.1)

[C4c nha vat 1y thudng dung ky hiéu r thay cho x dé néi vé vectd vi tri. Nén ban c6
thé thiy cong thiic (16.1.1) duéi dang F = —(mMG/r®)r]. Ham s6 dugc cho béi phuong
trinh (16.1.1) 1a mot vi du clia trudng vectd, duge goi la trudng hap dan, bdi vi no
tuong 1ing mot vectd [lyc F(x)] v6i mdi diem x trong khong gian.

Cong thiic (16.1.1) 1a mot cach viét gon cho trudng hap dan, nhung ching ta ciing c6
thé viét né dudi dang cac ham thanh phan bing cach st dung cac cong thic x = zi+yj+ 2k
va |z| = V2?2 + y? + 22

—-mMGx . —-mMGz . —-mMGz

F(x,y,2) = T 22)3/21 + @2ty + 22)3/2-1 + (@2 + 42 + 22)372

Truong hap dan F dugc phac hoa trong Hinh 16.1.14.

Vi du 5. Gid st mot dién tich Q duge dat tai diém goc. Dua vao Dinh Ludt Coulomb,
hic dien F(x) tac dong bdi dien tich nay lén mot dien tich khdc q ddt tai diém (x,vy,z) vdi
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Hinh 16.1.14: Truong lyc hap dan.

vecto x = (x,y, z) la:

F(z) = Tiga: (16.1.2)

trong dé e la hang s6 (né phu thudc vao don vi s dung). Véi dién tich thod q@Q > 0 thi
lue la luc dcfy; nguoc lai vdi dién tich thod qQ < 0 thi luc la luc hit. Chu § sy tuong
dong gitia cong thic (16.1.1) va (16.1.2). Cd hai truong vecto dé la cac vi du vé truong luc

Thay vi xét luc dién F, cic nha vat ly thuong xét luc trén mot don vi dién tich:
1 Q@
E(x) = - F(z) = W:}:

Khi dé E la mot truong vecto trén R va duge goi la trudng dién cia Q.

Truong Gradient
Néu f la mot ham hai bién, theo Muc 14.6 thi gradient Vf (ho#c gradf) duge xéc dinh
béi:
Vi(@,y) = folz, )i+ fy(z,y)]
Do dé6 V f thuc sy 14 mot truong vecto trén R? va dugc goi la mot trudng vecto gradient.
Tuong tif nhu thé, néu f 13 mot ham ba bién, thi gradient ctia né 14 mot trudng vecto trén
R? dugce cho bi:

Vi(x,y,z2) = folz,y, 2)i+ fy(z,y,2)j + f(z,y,2)k
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Vidu 6. Tim truong vecto gradient cia f(x,y) = 22y — >, Hay vé truomg vecto gradient

va cdc chu tuyén ciua f. Ching lién hé vdi nhau nhu thé nao?

Hinh 16.1.15

Giai Truong vecto gradient dugc cho bdi:

of. Oof. . 2 2y
v _ Y5 Y5 ~3
flay) = =7+ 5,0 = 2wyt (7 = 3y7)]
Hinh 16.1.15 chi ra ham dudng vién ctia f v6i truong vecto gradient. Can luu ¥ réng cac

vecto gradient vudong géc véi cac dudng miic, nhu ta da c6 trong Muc 14.6.

Ciing can chi y rang cac vecto gradient 13 dai trong khi d6 cac dudng mitc 13 gan nhau
va ngan, noi cac dudng cong xa nhau. D6 14 béi vi chiéu dai ctia vector gradient 1& gia tri
dao ham hudéng ciia f va cdc dudng cong gan nhau chi ra mot do thi doc.

Mot truong vecto F dugde goi 1a mot trudng vectd bao toan néu né 1a gradient ciia
mot ham nao d6, nghia la, néu ton tai mot ham f théa man F = Vf. Trong truong hop
dé, f duge goi 1a mot ham thé vi ciia F.

Khong phai moi truong vecto déu bado toan, nhung cac trudng nhu vay phat sinh rat
thuong xuyeén trong vat ly. Vi duy, truong hap dan F trong Vi du 4 1a béo toan béi vi ta
dinh nghia:

mMG

[(2,y,2) = —F/——m——x
( ) a2+ y? 4 22
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khi do

of. odf. of

=i+ =j+ =k

vf(x7 y? Z) axl + ay.] + aZ
—-mMGz . —-mMGy . —-mMGz

= i+ j+ ——k
Va2 +y2+ 22 a2y 422 (a2 g2+ 22

=F(z,y, 2)

Trong Muc 16.3 va 16.5 ta sé tim hiéu lam thé nao dé biét mot trudng vecto duge cho

¢6 bao toan hay khong.

Bai tap 16.1. 1-10 Phdt hoa cdc truong vecto F bing cich vé mot biéu do nhu trong Hinh
16.1.5 hodc Hinh 16.1.9.

1. F(x,y) = 0.32— 0.47.

1. .
2. F(z,y) = §m+ Y.

1, :
3. Fla,y) = —gi+ (y —2)j.

4. F(z,y) = yi+ (v + y)j.
yi+ xj
Var+y?
Yyi— J
q/$2+y2'

7. F(z,y,z) = k.

5. F(z,y) =

6. F(x,y) =

8. F(z,y,z) = —yk.
9. F(z,y,z) = zk.
10. F(z,y,z) =j— 1.

11-14 Hay két hop cdc truong vecto F thich hop véi cic phdc hoa tuong ing dude danh
dau ti I-1V. Héy gidi thich Iy do tai sao ban chon né.
11. F(z,y) = (z,y).
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13

12. F(z,y) ={y,x —y).

13. F(z,y) = {y,y + 2).

14. F(z,y) = {cos(z + y),x)
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15-18 Hay két hop cdc truong vectd F thich hgp vdi
dau ti I-1V. Héy gidi thich lj do tai sao ban chon né.

15. F(x,y,z) =1+ 2j+ 3k.

16. F(x,y,z) =1+ 2j+ zk.

17. F(z,y,2) = xi+ yj + 3k.

18. F(x,y,z) = i+ yj + zk.

I

IV

3
j", VLo - 1 I+ ."1\
Vol ow o ~ =~ 5t
L -.* LN LY 'll. T
‘! I. \h . = L] '\. .". .:._
T R ERE AR T W
TV -~ 11y 3
4" ﬂ:. i -7 |+ 1
I 80
Vil oe - vt
VR LAY/
-3
3
AP AN RN
H’J [ J’ 1|.. -: !I I\ “\ w \h
P A N e ™Y
e e o I
= - - e e
P pa——
e * n 3 A P
LS N
B W T N I8 S ARy
SNy Yrr A
-3

cac phdc hog tuong dng dugc danh
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19. Néu ban c6 mot CAS vé cdc truomg vecto (cdc lenh ding vé trong Maple la fieldplot
va PlotVectorField hodc VectorPlot trong Mathematica), hiy dung ching dé vé:

F(z,y) = (y* — 2zy)i+ (3zy — 62%)j
Hay gidi thich su zudt hién bing cdc tim tap hop cdc diém (x,y) sao cho F(x,y) = 0.

20. Cho F(z,y) = (r* — 2r)x vdi © = {(x,y) va r = |x|. St dung CAS dé vé truong vecto
nay trong cic mién khdc nhau cho dén khi ban cé thé thay nhing gi dang dién ra.
Hay mo td su zudt hién cia hinh dnh va gidi thich né bang cich tim cdc diém thod
man F(x) = 0.

21-24 Hay tim truong vecto gradient cia f.
21. f(z,y) = xe™.
22. f(x,y) = tan(3z — 4y).

23. f(z,y,2) = /a2 +y2 + 22.
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23. f(x,y,2) = zin(y — 22).

25-26 Hay tim truong vecto gradient ciua f va phdc hoa né.

25. f(z,y) = 2 — .

26. f(z,y) = Vx2%+y2.

27-28 Hay tim truong vecto gradient va chu tuyén cia f. Hay gidi thich rang ching

co lién quan vdi nhau the nao.

27. flx,y) = In(1 + 2% + y?).

28. f(z,y) = cosz — 2siny.

29-32 Hay két hgp ham f thich hgp vdi cic phdc hoa trudong vecto gradient ciia chiing
tuong 1ing duge danh dau ti I-1V. Héy gidi thich lj do tai sao ban chon né.
29. f(z,y) = z° + y°.

30. f(x,y) =xz(z +vy).

31. f(x,y,2z) = (x +y)2.

32. f(z,y,2) = sin/22 + y2.
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33. Mot chat diém chuyén dong trong truong van téc Viz,y) = (z* x + y*). Néu né cé

34.

3

r

J.

toa do (2,1) tai thoi diém t = 3, hédy udc tinh toa do ciia né tai thoi diem t = 3.01.

Tai thoi diém t = 1, mot chat diém duge dat tai tog do (1,3). Néu né di chuyén trong
truong van toc:

F(z,y) = (zy — 2,y* — 10)

Hay tim toa do zap xi cla nd tai thoi diem t = 1.05.

Dong chdy (hodc luong khong khi) ciia mot truong vectd la duong dan cia mot chdt
diém ma truong van toc duge cho bdi mot truong vecto. Do vay cdc vecto trong mot
truomg vectd tiép ziic vdi dong chdy.

(a) Héy diung mot phdc hoa cia truong vecto F(x,y) = xi— yj dé vé mot s6 dong
chdy. Tw phdc thdo cia ban, ban cé thé dodn dudc phuong trinh cia dong chdy
do?

(b) Néu phuong trinh tham so ciia mot dong chay la x = x(t),y = y(t), hay gidi thich
tai sao cac ham nay thod man phuong trinh vi phan dzx/dt = x va dy/dt = —y.
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Sau d6, hiy gidi cdc phuong trinh vi phan nay dé tim phuong trinh cia dong
chdy di qua diém (1,1).

36. (a) Hay phdc hoa truong vecto F(x,y) = i+ xj va phdc hoa mot vai dong chay. Cac
dong chdy nay zudt hién cé hinh dang gi?
(b) Néu phuong trinh tham s6 cia cdc dong chay la x = z(t),y = y(t), thi cic ham
nay thod man phuong trinh vi phan nao? Dodn ring dy/dx = .
(c) Néu mot chat dieém khdi dong tai diém goc trong truong van toc duge cho bdi F

hay tim mot phuong trinh mo td di chuyén cia nd.

16.2 Tich phan dudng

Trong muc nay ching ta dinh nghia tich phan twong ty nhu tich phan moét 16p nhung
thay vi tich phan trén doan théng [a,b] ta sé tich phan trén mot dudng cong C. Ta goi
tich phan nay la tich phan duong mac du thuat ngtt “tich phan trén dudng cong” rd nghia
hon. Tich phan dudng duge phat minh vao dau thé ky thit 19 dé gidi cic bai toan dong
chay ctia chét 16ng, Iyc hoc, dién hoc va tit truong hoc.

Ta bat dau tit mot duong cong C' duge cho bdi phuong trinh tham s6:
r=z(t) y=ylt) a<t<bd (16.2.1)

ho#c, tuong duong, duge cho bdi phuong trinh vecto r(t) = z(t)i + y(t)j, va ta gia st rang
C 1a mot dudng cong tron. [Didu nay nghia la ' lién tuc va r'(t) # 0. Xem Muc 13.3]. Néu
ta chia doan [a,b] thanh n doan nho [¢;_1,t;] ¢6 chiéu rong bang nhau va ta dat z; = z(t;)
va y; = y(t;), khi d6 cac diém tuong ing Pi(x;, ;) chia C thanh n cung nhé khac nhau c6
chidu dai tuwong ting 14 Asy, Asg, ..., As,. (Xem hinh 16.2.1). Ta chon mot diém P (xF, y})
bat ky trén cung thit i (né tuong ing véi mot diém tF trong doan [t;_1,t;]). Néu f 1a mot
ham bat ky c¢6 mién xac dinh chita trong dudng cong C, ta tinh gia tri f tai diém (27, y})

va nhan vé6i do dai As;, va lay tong sau:

n
Z ¥, )

va tong nay tuong tu véi mot tong Riemann. Tiép theo ta lay gidi han clia cac tong nay
va dua ra dinh nghia tuong tu nhu tich phan moét 16p thong thuong.
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. Pixt v}
. . g,
P |
0 \ } x
a j" "-, bt
Hinh 16.2.1

Dinh nghia 16.3. Néu f xac dinh trén mot dudng cong tron C cho bdi phuong trinh
(16.2.1), khi d6 tich phan dudng cua f trén C la:

z,y)ds = lim xf Yy As
/Cf( ) "”O%Zlf( v

néu giéi han nay ton tai.

Trong Muc 10.2 ta c¢6 do dai duong cong C' duge cho bdi:

=[5 ()

Lap luan tuong tiu ta ciing c6 thé chi ra ring, néu f 1a ham lién tuc thi giéi han trong

inh nghia 16.3 luon ton tai va cong thitc sau day duge ap dung dé tinh tich phan duong:

/Cf(x,y)ds - /abf(x(t),y(t))\/(cj;>2 + (fg) dt (16.2.2)

Gia tri ctia tich phan duong khong phu thudc vao cac tham s ciia dudng cong, véi dicu

kién 14 dudng cong di qua dtng mot lan khi ¢ tang tit a dén b.

Néu s(t) 1a do dai cta C gitta r(a) va r(t), thi:

ds _ [(dz\* (dy)’
dat dt dt
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Do vay, mot cach dé nhé cong thite (16.2.2) 1a biéu dién tat cd dudi dang tham sb t: sit

dung phuong trinh tham s6 dé biéu dién = vi y theo t va viét ds nhu sau:

dz\ 2 dy 2
ds_m) (Y

1 N

v
] Fflx.v) ’

[x.¥)

o

Hinh 16.2.2

Trong trusng hgp dac biét, khi C 13 mot doan thang néi gitta hai diém (a, 0) va (b,0),
xem z nhu mot tham sb, ta viét phuong trinh tham s6 ctia C nhu sau: x = z,y = 0,a <
x < b. Cong thic (16.2.2) thanh:

Ajmww—évmmm

va khi d6 tich phan duong tré thanh tich phan 1 16p thong thuong.

Ciing giéng nhu tich phan mot 16p thong thuong, ta c6 thé dinh nghia tich phan duong
ctia mot ham duong 1a dién tich hinh phang. That ra, néu f(z,y) = 0, / f(x,y)ds bi¢u
dién dién tich mot bén ctia “la chan” hoac “man che” trong Hinh 16.2.2, nC;a cd s cua nbd
14 C' va chiéu cao trén diém (z,y) 1a f(z,y).

Vi du 1. Hay tinh /(2 + :E2y)ds, trong d6 C' la nita trén cia dusng tron don vi
22+ =1. ¢

Giai D@ sit dung cong thitc (16.2.2), dau tién ta can c6 phuong trinh tham s6 ciia C.
Nhéc lai ring dudng tron don vi c¢6 thé duge tham sb bdi hé phuong trinh:

T = cost y =sint
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Hinh 16.2.3

va nifa trén clia duong tron duge mo ta bdi khodng tham s6 0 < ¢ < 7 (Xem Hinh 16.2.3).
Do d6, cong thitc (16.2.2) thanh:

/(2—1—302 )ds—/W(Q—l-COSQtSth) dx 2+ & th
C wes= | dt dt

™
= / (2 + cos® tsint)V/sin? t + cos? tdt
0

T 3,7
t
=/ (2+0052tsint)dt=[2t—cos }
0 0
2
=27+ -
3

Gia sit rang C 1a dudng cong tron ting khiic, nghia 13, C hgp ctia hitu han céc
duong cong tron C1, Co, ..., Cy, trong dé, nhu minh hoa ¢ Hinh 16.2.4, diém dau cta Cjq
la diém cudi ciia C;. Khi d6 ta dinh nghia tich phan ctia f trén C la toéng tich phan cia f

trén moi duong cong tron cua C':

/ fads = [ fapdst | Fayds ot / F(x,y)ds
C Cq Co Ch

Vi du 2. Hay tinh / 2zds, trong d6 C chita cung C; clia parabol y = 22 tit diém
C
(0,0) dén (1,1) cho bdi doan thang ding Cs tit diém (1,1) dén (1,2).
Giai Duong cong C duge phac hoa trong Hinh 16.2.5. C; 14 do6 thi clia mot ham theo
x, vay ta c6 thé chon = lam tham s6 va phuong trinh C; tré thanh:

=z Y=z 0<z<1
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Y4
Cy
\\_* e
Cq - /"..-— --\-----\-3
Y - ?
e 3
/C,
B,
— T
— C.l
0 x

Hinh 16.2.4: Mot duong cong tron tiung khic.

VA
t(1,2)
Cs |
l; (1. 1)
[
o
.-"/
(0,09 x

Hinh 16.2.5: C = C7 u Cy
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Do dé

2 1
/ 2zds —/ 21‘\/ > dx =/ 22/ 1 + 422dx
Cq 0

=L 20y = Gy5 1
4 3 6
Trén Cs ta chon y lam tham s6, va phuong trinh ctia Co la:

r=1 y=1y I1<y<?2

/CQQxd3=/122(1)\/<CZ>2+ (fg) dy_/lzzydyZQ

-1
/2mds=/2:nds~l—/ 2xds=£+2
c o Co 6

Bat ky su giai thich vat 1y ndo vé tich phan dudng / f(z,y)ds déu phu thudc vao su
C

Vay,

giai thich ctia ham f. Gia st p(x,y) la ham trit mat tuyén tinh tai mot diém (z,y) cta
mot sgi day moéng c6 hinh dang nhu mot duong cong C. Khi d6 khéi Iugng mot phan clia
soi day tit P,_; dén P; trong Hinh 16.2.1 dudc xap xi p(z,y])As; va tong khdi lugng ciia
soi day dudge xap xi 1a Z p(xF,yF)\s;. Bing cach chon cang nhidu diém trén dudsng cong,

ta c6 dude khdi luong m cla soi day 1 gidi han clia cac gia tri xap xi nay:

:nl Zn: zayz Asz—/ ( )dS

[Vidy, néu f(z,y) = 2+ 2%y 13 ham trit mat ciia mot sgi day hinh ban nguyat, khi d6 tich
phan trong Vi du 1 cho ta khdi lugng ciia s¢i day]. Tam khdi ciia sgi day véi ham trit mat
p duge dit tai diém (z,7), trong do:

1 1
T = m/cxp(m,y)ds y= m/C’yp(fE,y)dS (16.2.3)

Nhimg 1i giai thich vat 1y khéc cia tich phan duong sé duge thao luan sau trong chuong
nay.

Vi du 3. Mot soi day c6 dang nita dudng tron 2 + 32 = 1,y = 0 va § phia day 1a day
hon phia dau ctia n6. Tim tam khéi ctia s¢i day néu ham mat do tuyén tinh tai mot diém

bat ky ty e véi khodng cach clia né véi duong thing y = 1.
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il Tam khéi

N

1 ( 1

Hinh 16.2.6

Giai Nhu trong vi du 1 ta 4p dung phuong trinh tham s6 = = cost,y = sint,0 <t <7

va ta ¢6 ds = dt. Him mat do tuyén tinh la:

p(r,y) = k(1 —y)

trong do k 1a hang s6, va do d6 khoi lugng ctia day 1a:
™
m = / k(1 —y)ds = / k(1 —sint)dt = k[t + cost]; = k(m — 2)
C 0
T phuong trinh (16.2.3) ta co:

1 1

1 I -

y m/cyp(x,y)ds k(W_Q)/Cyk( y)ds
1 ™

/ (sint — sin®t)dt =

T™—2 Jp m—2
4—m
2(m —2)

K

1 1 .
—cost — =t + —sin 2t
2 4 0

Tt sy doi xiing ta thay ring z = 0, do d6 tam khoi 1 diém:

(0, 2(47:”'2)> ~ (0,0.38)

Xem Hinh 16.2.6.
Hai loai tich phan duong khéc ciing duge dua ra bang cach thay thé As; béi Ax; =
x; — x;—1 hodc Ay; = y; — y;—1 trong inh nghia 16.3. Ching dugc goi 1a tich phan dudng

cua f trén C theo z va y:

/ f(z,y)dz = lim i [,y ) Ay (16.2.4)
c T3
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[ rady = i 3 rat i on (16.25)
i=1

Khi ta mudn phan biét tich phan dudng nguyén thiy / f(x,y)ds v6i cac tich phan
C
trong (16.2.4) v& (16.2.5), ta goi n6 la tich phan dudng theo chiéu dai cung.

Cac cong thiic sau day noéi ring cac tich phan duong theo  va y ciing c6 thé duge tinh
bing cach biéu dién moi thit theo t: x = x(t),y = y(t), dz = 2/ (t)dt, dy = v/ (t)dt.

b
/J@wm=/fwmmmﬂwt (16.2.6)
C a

b
/f@w@=/fmmmmwwt (16.2.7)
C a

Thudng xuyén xay ra truong hgp tich phan dudng theo x va y cting nhau, khi dé ta c6
thé viét:
| Pads+ [ @eady= [ Pz + QGa)dy
C C C
Khi ta thiét lap mot tich phan duong, doi khi diéu khé khan nhat dé 1a lam sao biéu dién
mot dudng cong v6i cac mo ta hinh hoc cho truée dudi dang tham sé6. Dac biét, ta can

tham s6 hoa mot doan thang, nén nhd ring biéu dién vecto ctia mot doan thang diém dau

14 rp va diém cudi r; duge cho béi cong thrc:
r(t) = (1—t)rg+tr; 0<t<1 (16.2.8)

(Xem phuong trinh 12.5.4.)
Vi du 4. Hay tinh / y*dx + zdy, trong d6 (a) C' = C} la doan thing ndi tit diém

C
(=5, —3) dén (0,2) va (b) C = Cy 1a mot cung clia parabol z = 4 —y? ndi tit diém (-5, —3)

dén (0,2). (Xem Hinh 16.2.7).

Giai (a) Biéu dién tham s6 cud doan thing la:
r=5t—-5 y=>5—-3 0<t<1

(Ap dung cong thitc (16.2.8) v6i rg = (5, —3) var; = (0,2).) Khi d6 dz = 5dt, dy = 5dt
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Hinh 16.2.7

va cac cong thic (16.2.6) va (16.2.7) ta co:
1
/ yidx + xdy = / (5t — 3)%(5dt) + (5t — 5)(5dt)
Ch 0

1
= 5/ (25t2 — 25t + 4)dt
0

253 25¢2 5
= T 4t ==
3 2 6

(b) Do phuong trinh parabol dugc cho bdi mot ham sé theo y, chon y 1a tham s6 va viét
Cs dudi dang:
r=4—y* y=y —-3<y<2?2

Khi d6 dz = —2ydy va theo cong thitc (16.2.6) va (16.2.7) ta c6:
2 2y 2
/C y da:+xdy=/ y*(=2y)dy + (4 — y°)dy
2 -3

2
= / (2" —y* + 4)dy
-3

Cha ¥ rang ta c6 nhitng 16i giai khac nhau trong phan (a) va (b) clia vi du 4 mac du
hai dudng cong c6 ciing cac diém dau muat. Nhu vay, nhin chung, gia tri clia mot tich phan
duong phu thuodc khong chi vio cac diém dau mit clia dudng cong ma con vao dudng nbi
gitta chiing nita. (Tuy nhién, xem Muc 16.3 ta c¢6 cac diéu kien ma tich phan 1a doc lap
v6i dudng nodi).
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Ciing can chi ¥ rang cac 10i giai trong Vi du 4 phu thuoc vao phuong, hodc huéng cia
dudng cong. Néu —C} biéu thi doan thing ndi tit diém (0,2) dén (—5, —3), ban c¢6 thé kiém
tra, bang cach 4p dung phuong trinh tham so:

r=-bt y=2-5t 0<t<1

/ y?dr + zdy = >
—c, 6

N6i chung, mot phuong trinh tham sb cho truée x = z(t),y = y(t),a < t < b, xac dinh
huéng clia duong cong C, v6i phuong duong tuong ting véi gid tri ¢t tang dan. (Xem Hinh
16.2.8, trong d6 diém dau A tng v6i gia tri tham s6 a va diém cudi B tng véi t = b).

o B
(_"_(f/ﬁ
a7
¥ I‘; .-r-
- B
_(_"
A
Hinh 16.2.8

Néu —C biéu dién mot duong cong chita cac diém giéng nhau véi C' nhung ¢ huéng doéi
dien (tit diém dau B dén diém cudi A trong Hinh 16.2.8), khi d6 ta cé:

/ f(z,y)d ‘/fwy / f(z,y)d /fxy

Tuy nhién néu ta lay tich phan theo do dai cung, thi gia tri ctia tich phan dudng khong
thay doi khi ta ddo ngugc hudéng ctia dudng cong:

/ S - /C £z, y)ds
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Diéu nay 1a bdi vi As; luén luon duong, trong khi dé Awx; va Ay; déi dau khi ta dio
ngudc hudng ctia dudng cong C.

Tich Phan Duong trong Khéng Gian

Ta gia st rang C' 134 mot dudng cong tron trong khong gian dugce cho béi phuong trinh
tham so:
r=x(t) y=yt) z=2() a<t<b
ho#ic bdi phuong trinh vecto r(t) = z(¢)i + y(¢)j + 2(¢t)k. Néu f 1a mot ham ba bién s6 lien
tuc trén mot mién ndo do chita C, khi d6 ta dinh nghia tich phan dudng cta f trén C
(theo do dai cung) mot cach tuong tit nhu trong dudng cong phing:

n
=i ETI ,
/Cf(:v,y,Z)dS = Jﬂo;f@z JyE 28 Dsi
Ta tinh tich phan nay bang cach ap dung cong thitc tuong tur nhu cong thic (16.2.2):

/Cf(x,y, 2)ds = /abf(x(t),y(t),z(t))\/<(z>2 + <§;)2 + (‘f;) dt (16.2.9)

Ta quan sat rang cic tich phan trong ca hai cong thiic (16.2.2) va (16.2.9) c6 thé duge

viét bang cac ky hiéu vecto gon hon:

b
/ Fx(@®)|r'(t)dt

Trong trudng hgp dac biét f(z,y,z) = 1, ta dugc:

/ds—/ /(1) dt =

trong d6 L la chiéu dai clia dudng cong C (xem cong thitc 13.3.3).

Tich phan dudng trén C tuong ting theo z, y va z ciing dugce dinh nghia nhu thé. Ching

han,

z,y,2)ds = lim TR VAV-H
| a2 DRSS

b
—/fmmwmwvmﬁ
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Do d6, tuong tu nhu tich phan dudng trong mit phang, ta viét cac tich phan duéi dang:
/CP(SC, y,z)dx + Q(x,y, 2)dy + R(z,y,2)dz (16.2.10)
bing cach biéu dién tat ca (z,y, 2, dw, dy, dz) theo tham s6 t.
Vi du 5. Hay tinh / ysin zds, trong d6 C' 1a hinh xoén tron duge cho bdéi phuong

C
trinh: © = cost,y = sint,z = ¢,0 < t < 27 (Xem Hinh 16.2.9).

Hinh 16.2.9

Giai Cong thic (16.2.9) cho ta:
2m 2 2 2
d d d
/Cysinzds =/0 (sint) sint\/<d:tc> + <d?j> + (;) dt
2w 2m 1
- / sin? tv/sin? ¢ + cos? ¢ + 1dt = \@/ 5(1 — cos 2t)dt
0 0

2 1 27
:£ t— —sin2t :\/577
2 2 0

Vi du 6. Hay tinh / ydx + zdy + xdz, trong d6 C géom hai doan thing Oy tit diém
C
(2,0,0) dén diém (3,4, 5), va ndi tiép doan théng ding Cs tit diém (3, 4, 5) dén diém (3,4, 0).
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2,0,0)

+(3,4.0)

Hinh 16.2.10

Giai Duong cong C dugc chi ra trong Hinh 16.2.10. Ap dung phuong trinh (16.2.8)
ta viét C1 duéi dang:
r(t) = (1 —1)(2,0,0) + t(3,4,5) = (2 + t,4t,5t)
hoac, dudi dang tham sob:
r=2+t y=4 z=5t 0<t<l1

Vay,

1
/ ydx + zdy + zdz = / (4t)dt + (5t)4dt + (2 + t)bdt
Cy 0

1 2 1
= / (10 + 29¢t)dt = [101& + 29} =24.5
0 2 ]

Tuong ty, Cy duge viét dudi dang:
r(t) = (1 — £)(3,4,5) + #(3,4,0) = (3,4,5 — 5¢)

hoic
r=3 y=4 z=5-5t 0<t<l1

Khi d6 dz = 0 = dy, vay,

1
/ ydx + zdy + xdz = / 3(—=5)dt = —15
Co 0
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Cong cac gia tri tich phan nay véi nhau, ta dugc

/ ydx + zdy + xdz = 24.5—15=9.5
C

Tich Phan Pudng trong Truong Vecto

Nhic lai tit Muc 5.4 rang cong thyc hign bdi luc mot bién f(x) khi di chuyén mot
chat diém tit @ dén b doc theo truc z 1a W = / f(z)dz. Khi d6 trong Muc 12.3 ta tim

thay rang cong thuc hién béi mot luc khong déi F trong khi di chuyén mot vat tit mot
diém P dén mot diém khac @ trong khong gian1a W = F-D, v6i D = m 14 vecto tinh tién.

Bay gid ta gia sit ring F = Pi+ Qj + Rk 13 mot trudng lyc lién tuc trén R3, ching han
nhu truong hap dan trong vi du 4 trong Muc 16.1 hay truong Iyc dién ctia Vi du 5 trong
Muc 16.1. (Mot trudng lyc trén R? ¢6 thé dugc coi la mot truong hop dac biét trong do
R =0 va P,Q chi phu thuoc vao = va y). Ta muén tinh todn cong thyc hién béi lyc nay
khi di chuyén mot chat diém doc theo dudng cong tron C.

Hinh 16.2.11

Ta chia C' thanh cac cung nh6 P;_1 P; v6i chiéu dai As; bang cach chia doan [a, b] thanh
cac doan nho ¢6 chiéu dai bang nhau. (Xem Hinh 16.2.1 cho trudng hop hai chiéu hodc
Hinh 16.2.11 trong trusng hgp ba chiéu). Chon mot diém P (x},y¥, 2F) trén cung nhd thi
i tng véi gia tri tham s6 ¢7. Néu As; nhd thi chat diém di chuyén tit diém P, dén P}
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tren dudng cong, n6 tiép tuc di chuyén xap xi theo phuong ctia T(tf), 1a vects tiép tuyén
tai P*. Do vay, sy tac dong béi lyc F trong khi mot chat diém di chuyén tit P* ; dén P}
duge xap xi bai:

F(zf,yi,2) - [AsT()] = [Faf, yf', 2) - T(t)] Asi

7

va tong cong thie hién trong khi chat diém do di chuyén doc C' duge xap xi:
n
MF(f, i, 2f) - T, uf, 2)] Asi (16.2.11)
i=1

trong d6 T(z,y, z) 1a vectd tiép tuyén don vi tai diém (z,y, z) tren C. Bing tryc giac, ta
thiy ring cic xap xi nay cang tét néu n cang 16n. Do d6, ta inh nghia cong W thyc hién
béi trudng lyc F 1a gidi han clia tong Riemann trong (16.2.11), nghia 13,

W = / F(z,y,2) - T(z,y,2)ds = / F - Tds (16.2.12)
C C
Phuong trinh (16.2.12) néi rangcong la tich phan duong twng vdi do dai cung cia cdc

thanh phan cia vecto tiép tuyén cia hic.

Néu duong cong C' dugce cho bdi phuong trinh vecto r(t) = x(t)i + y(t)j + 2(¢)k, thi
T(t) = r'(t)/|r(t)], nén ap dung phuong trinh (16.2.9) ta c6 thé viét phuong trinh (16.2.12)
duéi dang:

w= [y S| = [ peo) o

Tich phan nay thuong dude viét tat 1a / F - dr va dugce tim thiy & cac linh vite khac nhau
C
ctia nganh vat ly. Do do, ta dua ra cac dinh nghia ctia tich phan duong cho moi trudng

vectd lién tuc sau day:

DPinh nghia 16.4. Cho F la mot truong vecto lién tuc xac dinh trén mot duong cong tron
C' dugc cho bdi mot ham vecto r(t),a < t < b. Khi d6, tich phan dudng cta F trén C

: /CF~dr=/abF(r(t))-r’(t)dtz/CF~Tds

Khi 4p dung inh nghia 16.4, ta nhé rang F(r(t)) chi 1a cach viét tat cla
F(z(t),y(t), 2(t)), nén ta tinh duge F(r(t)) don gidn bang cach dat x = z(t),y = y(t),z =
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z(t) trong biéu thic F(z,y,z). Can luu y ring ta c6 thé viét mot cach hinh thic 1a
dr = 1'(t)dt.

Vi du 7. Hay tim cong thyc hién béi mot trusng lye F(z,y) = 2% — zyj khi mot chét
diém di chuyén trén mot phan tu dudng tron r(t) = costi + sintj, 0 <t < 7/2.

¥4

Hinh 16.2.12: Truong luc va duong cong trong Vi du 7 . Cong thuc hién am bdi vi trudng
can tré chuyén dong doc theo dudng cong.

Giai Do x = cost va y = sint nén ta co:

F(r(t)) = cos? ti — costsintj

r'(t) = —sinti + costj

Do dé6 cong thyc hién duge tinh bdéi:
w/2 /2
/ F . dr = / F(r(t)) - r'(t)dt = / (—2cos? tsint)dt
c 0 0

5 [cos3t]w/2 _ 2
3 |, 3

Luu y 1. Mdc du / F.-dr= / F. Tds va tich phan ung vdi do dai cung la khong doi
C C

khi ta lay hudéng ngugc lai, ta van cé

/ F-dr:—/F-dr
-C C

bdi vi vecto tiép tuyén don vi T dugc thay bdi doi cia né khi C' duge thay bdi —C.
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Vi du 8. Hay tinh / F - dr, trong d6 F(x,y, z) = zyi + yzj + zzk va C' 1a mot cubic
C
xoan dugc cho béi:

2.
*
L.5] F(r(1))
z 11
(1 11)
0.51 Fir(3/4))™ _I"'.!_..C
01 F(r{1/2)) ~——
n\
1 L
v 1 0

X

Hinh 16.2.13: Céc khdi xodn C trong Vi du 8 va vai vects dién hinh tai ba diém trén C.
Giai Ta co

r(t) =t +t*j + 'k
r'(t) =i+ 2tj + 3t°k
F(r(t)) = 3 + t° + t'k

Vay,

/CF-dr—/DlF(r(t))-r/(t)dt

1 4 71!

tt 5t 27
= E+50dt=|—+"F| ==
/0( i ) [4+ 7}0 28

Cudi cung, ta nhan thay mdi lién hé gitta tich phan duong clia truong vecto va tich
phan dudng cia truong vo huéng. Gia st ring trudng vects F tren R® duge cho béi
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F = Pi + Qj + Rk. Ta ap dung dinh nghia 16.4 dé tinh tich phan duong trén C:
b /
/CF dr = /a F(r(t)) - r'(t)dt
b
- / (Pi+ Q)+ RK) - («/(1)i + ¢/ (1)j + 2/ (k) dt
b
=/ [P(a(t),y(1), 2(0)2"(t) + Qa(8), y(8), 2(1)y'(t) + R(x(t),y(t), 2(1))#' ()] dt

Nhung tich phan sau ctuing chinh la tich phan duong trong (16.2.10). Vay ta c6
/ F.dr = / Pdx + Qdy + Rdz, trong d6 F = Pi+ Qj + Rk
c c

Vi du, tich phan / ydx + zdy + xdz trong vi du 6 c6 thé duge biéu dién thanh / F-dr
C C
trong do

F(z,y,z) = yi+ zj + zk

Bai tap 16.2. .

1-16 Hay tinh cdc tich phan duong sau day, trong do C' la duong cong cho trudc.

1. /y3ds, C:zx=ty=t0<t<2.
C

2. /a;yds, C:x=ty=2t0<t<l.
C

3/ zytds, C la nida bén phdi cia duong tron z° + y* = 16
C

4. / rsinyds, C la dogn thdng noi tu diém (0,3) dén (4,6)
C

5. / (%y® — /x)dy, C la mot cung cia dudng cong y = /x noi tw diem (1,1) dén
C
(4,2).
6. / e®dz, C la mot cung clia dudng cong x = > t diém (—1,—1) dén (1,1).
C

7/ (z + 2y)dx + 2%dy, C chita cic doan thing ti (0,0) dén (2,1) va tw (2,1) dén
C
(3,0).
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8. / 22dx + y2dy, C chita mot cung cia duong tron z + y* = 4 tu diém (2,0) dén
C
(0,2) néi tiép doan thang ti diem (0,2) dén (4,3).

9. /:L‘yzds, C:x=2sint,y=t,z=—2cost,0 <t <m.
C

10. / zyz®ds, C la doan thing tw diém (—1,5,0) dén (1,6,4).
C

11. /Ca:eyzds, C la doan thdang tu diém (0,0,0) dén (1,2,3).
12. /C(as2 +1y?+28ds, C:z=ty=cos2t,z=sin2t0<t<2r.
15. /nyeyzdy, C:z=ty=t>,z=13,0<t<1.
14./Cydx+zdy+xdz, C:zx=Vty=tz=t1<t<A4.
15. /02de + 2%dy + y?dz, C la dogn thing ti diém (1,0,0) dén (4,1,2).

16. / (y + 2)dx + (x + 2)dy + (z + y)dz, C chita doan thang tiw diem (0,0,0) dén
c
(1,0,1) va t diém (1,0,1) dén (0,1,2).

17. Cho F' la mot truong vecto dugc chi ra trong hinh.

(a) Néu Cy la mot dogn thing ding tu diem (—3,—3) dén (—3,3), hay zdc dinh zem
F-dr la duong, am hay bang khong.
C1
(b) Néu Cy la mot duong tron cé hudng ngudc chiéu kim dong ho vdi ban kinh 3 va tam

tai diém goc, hay xdc dinh zem / F-dr la duong, am hay bang khong.
Co
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12. Hinh dudi day chi ra mot truong vecto F va hai duong cong C va Ce. Cdc tich phan
duong cia F tren Cy va Cy la duong, am hay bang khong.

19-22 Hay tinh cdc tich phan duong / F - dr, trong dé C dugc cho bdi ham vecto 7(t).
C

19. F(z,y) = zyi+ 3y%4, v(t) = 11t*i + 35, 0<t<1.

20. F(z,y,2) = (x+y)i+ (y—2)j+ 22k, r(t) =%+ 25+ t2k, 0<t<1
21. F(z,y,z) = sinzi+ cosyj + xzk, r(t) = t2i —t%j + th, 0<t<1

22. F(x,y,z) = xi+ yj+ xyk, r(t) = costi+sintj+tk, 0<t<m

23-26 Hay st dung mdy tinh hodc CAS dé tinh cdc tinh phan duong sau chinh xdc dén
bon chit s6 thdap phan.
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23. / F-dr, trong dé F(z,y) = xyi+ sinyj va r(t) = e'i + e*tQj, 1<t<2.
C
24. / F.dr, trong dé F(x,y,z) = ysinzi+ zsinzj+ xsinyk va r(t) = costi+ sintj+
C
sinbtk, 0<t<m

25. / zsin(y + z)ds, trong dé C ¢6 phuong trinh tham sé la x = 2,y = t3,2z = t1,0 <
C
t<5o.

26. / ze~™ds, trong dé C' ¢6 phuong trinh tham sé lax =ty =t>,z =e 1,0 <t < 1.
C

27-28 Hiy st dung mot do thi ciia truong vecto F va ducng cong C dé dodn ring tich phan
duong cia F trén C la duong, am hay bing khong. Sau dé hay tinh tich phan duong do.

27. F(z,y) = (x —y)i+ zyj, C la mot cung cia duong tron z° + y? = 4 di nguoc chiéu
kim dong ho tu diém (2,0) dén (0,—2).

28. Flz,y) = ——0

= i+ i §, C la parabol y = 1 + x* tw diém (—1,2) dén
Va2 a2 2

(1,2).

29. (a) Hay tinh tich phan duong / F-dr, trong dé F(z,y) = e* Yi+ zyj va C duoc
C
cho bdi r(t) = t2i+ 35,0 <t < 1.

(b) Hay phdc hoa cau (a) bing cdich sit dung mot mdy tinh do hoa hodc mot mdy vi
tinh dé vé do thi ciia C va cdc vecto trong truong vecto ing vdi t = 0, 1/\/5 va
1 (nhuw Hinh 16.2.13).

30. (a) Hay tinh tich phan duing / F-dr, trong dé F(z,y) = xi— zj+ yk va C dugc
C
cho bdi r(t) = 2ti+ 3tj— t*k, —1 <t < 1.
(b) Hay phdc hoa cau (a) biang cdach st dung mot mdy tinh do hoa hodc mot mdy vi

tinh dé vé do thi cia C va cdc vecto trong truong vecto dng vdi t = +1 va i§
(nhw Hinh 16.2.13).
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31. Hay tim gid tri chinh xdc cia / x3y?zds, trong dé C la duong cong vdi phuwong trinh
C
tham sé x = e 'cosdt,y = e 'sindt,z = e ,0 < t < 2.

32. (a) Tim cong thuc hién bdi truomg luc F(x,y) = z%i+ xyj khi mot chat diém di
chuyén mot lan quanh duong tron 2 + y* = 4 nguoc hudng chiéu kim dong ho.

(b) Hay st dung mot hé thong may tinh dé vé do thi truong hic nay va duong tron
dé trén cung mot dnh. Hay dua vao do thi dé gidi thich cho cau trd loi clia cau
(a) trén.

33. Mot sgi day méng duge uén cong thanh hinh dang ctia mot hinh bin nguyet x> + y* =
4,2 > 0. Néu mat do tuyén tinh la mot hang so k, hay tim khoi lugng va tam khoi ciia sgi
day do.

34. Mot sgi day méng cé hinh dang phan tu thit nhat cia duong tron cé tam tai goc va
ban kinh a. Gid st ham mat do la p(x,y) = kxy, hay tim khoi liong va tam khoi cia
sgi day do.

35. (a) Hay viét cac cong thic tuong tu nhu phuong trinh (16.1.2) vdi tam khoi la
(Z,9,z) cia mot sgi day mong co hinh dang cia mot duong cong C trong khong

gian néu sgi day nay cé ham mat do p(x,y, z).

(b) Hay tim tam khoi ciia mot sgi day cé hinh tron 6c v = 2sint,y = 2cost,z =

3t,0 < t < 27, néu mat do la mot hang so k.

36. Héy tim khoi luong va tam khoi cia mot sgi day cé hinh tron oc x = t,ycost,z =
sint,0 < t < 27, néu mat do tai mot diém bat ky bing binh phuong khodng cach dén

- 2 £
diém goc.

37. Néu mot sgi day cé ham mat do tuyén tinh p(x,y) doc theo duong cong phing C, vdi

maéd-men qudn tinh cia no theo truc x va y zdc dinh bdi:
I = / yplz,y)ds I, = / 2?p(z,y)ds
C C

Hay tim mo-men qudn tinh cia sgi day do trong vi du 3 .

38. Néu mot sgi day cé6 ham mat do tuyén tinh p(x,y,z) doc theo mot duong cong C
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trong khong gian, vdi mé-men qudn tinh cia né theo truc x,y va z xdc dinh bdi:

L= [ 7+ 2ol 2)ds
C
= [ @ 2ol s
C
L= [ @+ (e s
C
Hay tim mo-men qudn tinh cia sgi day dé trong bai tap 35.
39. Hay tim cong thuc hién bdi truong luc F(z,y) = xi+ (y + 2)j khi mot thé di chuyén
doc mot nhip cia duong cycloid r(t) = (t —sint)i+ (1 — cost)jg, 0 <t < 2.
Hay tim cong thuc hién bdi truong luc F(z,y) = z%i + ye®j khi mot chat diém di chuyén
doc duong parabol 2° = y + 1 ti diem (1,0) dén (2,1).
40. Hay tim cong thuc hién bdi truong lue F(x,y,z) = {x —y*,y — 2%, 2 — 2*) khi mot
chat diém di chuyén doc mot doan thang ti diém (0,0,1) dén (2,1,0).

41. Luc tdc dong ciia mot dién tich dat tai diém goc vdi mot dién tich khdc dat tai mot
diém (x,y,2) cd vecto toa do r = (x,y,2) la F(r) = Kr/|r|> trong dé K la mot
hing s6. (Xem vi du 5 trong Muc 16.1) Hay tim cong thuc hién bdi mot chat diém di
chuyén doc theo doan thang ti diém (2,0,0) dén (2,1,5).

42. Toa do ciia mot vat cé khéi lugng m tai thoi diem t la r(t) = at?i+ bt?5,0 < t < 1.

(a) Luc tac dong lén vat tai thoi diem t la bao nhiéu?

(b) Cong thuc hién bdi luc nay trong khodng thoi gian 0 <t < 1 la bao nhiéu?

48. Mot vat c6 khoi lugng m di chuyén vdi ham toa do r(t) = asinti+ bcostj+ ctk,0 <
t < m/2. Hay tim cong thuc hién lén vat nay trong khodng thoi gian trén.

45. Mot nguoi dan ong ndng 160 pounds mang mot thung son nang 25 pounds lén mot
cau thang zodn bao quanh mot duong ham vdi ban kinh 20ft. Néu duong ham cé chiéu cao
90ft va nguoi dé leo chinh xdc ba lan lén tdi dinh, vay thi cong cdn cia nguoi dé vdi trong

luc la bao nhiéu?

46. Gid st c6 mot 16 hong bén trong hop son trong bai tap 45 va khoding 9 pounds son
76 i déu ddan ra khéi lon trong qud trinh ngudi dé di lén. Vay cong thauc hién la bao

nhiéu?
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(a) Hay chi ra rang mot truong luc hing cé cong thuce hién bing khong khi mot chat
diém di chuyén maot lan zung quanh duong tron x* + y? = 1.
(b) Diéu nay cé con ding khong khi truong luc F(x) = kx, trong dé k la mot hang

s6 va = {(x,y)?

Co s cia mot hang rao tron cé ban kinh 10m dugc cho bdi x = 10cost,y = 10sint.
Chiéu cao clia hang rao tai diém (x,y) duge cho bdi h(z,y) = 4 + 0.01(z% — y?), vay
chiéu cao thay doi tw 3 dén 5 mét. Gid s 1 lit son son duge 100m?. Hay phdc hoa

hang rao dé va zdc dinh s6 luong son ta can dé son cd hai mdt cia hang rao dé.

Néu C la mot duong cong tron dugc cho bdi mot ham vecto r(t),a < t < b, va v la

mot vecto hang, hay chi ra rang:

/ v-dr=wv-[rb) — r(a)]
C

N

Néu C la mot duong cong tron duge cho bdi mot ham vecto (t),a < t < b, va v la

mot vecto hang, hay chi ra rang:

/r-drz
C

Mot vat di chuyén doc duong cong C dugc chi ra trong hinh ti diém (1,2) dén (9,8).
Do dai cia cdc vecto trong truomg lhic F duge do bang Newton theo tij lé trén cdc

[Ir®)* — ()]

N | =

truc. Hay tinh cong thuc hién bdi F lén vat do.

v
(meters)

0 I x
(meters)

Thue nghiém chi ra rang mot dong dién on dinh I tren mot sgi day dai sinh ra mot

ti truong B la tiép tuyén cia moi duong tron ndm trén mat phdng vuong géc vdi
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sgi day dé va tam trén truc cia day (nhu trén hinh). Dinh luat Ampere lién hé gita

dong dién va hiéu d¥ng tw truong:

/B'drz,uol
C

trong dé I la dong dién tong hop di qua mot mat bat ky bi chan bdi duong cong kin
C, va po la mot hang s6 goi la do tham ti trong khong gian. Bang cdch lay C' la mot
duong tron cé ban kinh r, hay chi ra rding do lon B = |B| cta ti truong & mot khodng

cach r dén tam cia soi day la

B~ Mol
27r

16.3 Dinh Ly Co Ban cta Tich Phan Dudng
Nhic lai trong Muc 4.3 ring Phan 2 ctia Dinh 1§ Co ban ctia Phép tinh Vi tich phan
c6 thé viét

/bF’(az)d:c — F(b) — F(a) (16.3.1)

trong d6 F’ lien tuc trén doan [a,b]. Ta cling goi phuong trinh (16.3.1) 1a dinh 1y 'Net
Change‘: Tich phan ciia téc do thay doi 1a ‘net change’.

Néu ta xem vecto gradient Vf clia mot ham f hai hodc ba bién nhu 14 dao ham cia
f, khi dé dinh 1y sau day la mot phién ban ctia Dinh 1y Co ban ctia Tich Phan Duong.
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Dinh 1y 16.1. Cho C la mot duong cong tron duge cho bdi ham vecto r(t),a < t < b. Cho
f la mot ham khd vi hai hodc ba bién ma vecto gradient ciia né Vf lien tuc tréen C. Khi
do:

/C V- dr = f(r(v)) - f(r(a))

Vi -
Alx, w) * Blxzy2) c m‘,

4 || 4 X3 ¥ Iy ) ||f .

"II . > * B(x3, ¥, 23)
( 0 j+. C r | 0 \"-.
T ", / v
X "-x,_q_______,f
Hinh 16.3.1

Luu ¥ 2. Dinh Iy 16.1 ndi rdng ta cé thé tinh tich phan duong cia mot truong vecto bdo
toan (truong vecto gradient ciia ham thé vi f) mot cach don gian khi biét gid tri cia f tai
cic diém dau mait cia C. That ra, Dinh lf 16.1 néi rang tich phan duong cia Vf la net
change trong f. Néu f la mot ham hai bién va C la mot duong cong phdang vdi diém dau
A(z1,y1) va diém cudi B(xa,y2), nhu trong Hinh 16.5.1, Dinh lyj 16.1 thanh:

/CVf-drz f(w2,y2) — f(z1,91)

Néu f la mot ham ba bién va C la mot duong cong trong khong gian noi gitta hai diém
A(z1,y1,21) va B(za,y2,22), khi do ta cé

/CVf dr = f(x2,y2,22) — f(w1,y1, 22)

Ta sé ching minh Dinh ly 16.1 trong truong hgp nay.

Chitng minh. Ching minh dinh 1y 16.1
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Ap dung inh nghia 16.4 ta c6:

/CVf~dr:/be(r(t))-r’(t)dt

_ [b(ofox ofdy of o
_/a<axat+ayat+azat dat

b
= /a af(r(t))dt theo dao ham ham hop
= f(rx(0)) — f(r(a))

Buéc cudi cling ciia chiing minh duge suy ra bdi Dinh 1§y Co ban ctia Phép tinh Vi tich
phan (phuong trinh (16.3.1)). O

D1 ta da chitng minh Dinh Iy 16.1 cho trudng hop cac dudng cong tron, tuy nhién dieu
nay ciing dang cho cac duong cong tron timg khtc. Ta c¢é thé dé dang ching minh duge
bang cach chia duong cong C' thanh hitu han cac dudng cong tron va cong céic tich phan
trén do6 lai véi nhau.

Vi du 1 Hay tim cong thie hién béi trusng Iitc hap dan
mMG

FO =

khi mot chat diém c6 khéi lugng m di chuyén trén mot dusng cong C tron timg khic tit
diém (3,4,12) dén diém (2,2,0). (Xem Vi du 4 Muc 16.1). Giai Tit Muc 16.1 ta thiy ring
F 1a mot trudng vecto bao toan va, that ra, F = Vf, trong do,

mMG
a2+ y? + 22

Do dé, theo inh 1y 16.1, cong thuyc hién duge tinh béi:

W [Foae [ rear

= £(2,2,0) — £(3,4,12)
mMG mMG < 1 1)
= — = mM - =
V224922 /32142 4122 2¢v/2 13

f($,y,Z) =

Su doc lap dbéi véi dusng lay tich phan
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Gia stt C; va C3 13 hai dudng cong tron titng khiic (ta goi 14 cAc dudng lay tich phan)
va ching c6 ciing diém dau A va diém cubi B. Ta da biét ring trong vi du 4 tit Muc 16.2,

téng quat ta cé / F-dr # / F - dr. Mot hé qud ctia inh 1y 16.1:
C1 CQ

Vf-dr= Vf-dr
Cl 02
trong d6 V f lién tuc. N6i cach khéc, tich phan dudng cia mot trudng vects bdo toan chi

phu thudc vao diém dau va diem cudi ciia dudng cong ma né di qua.

N6i chung, néu F 1a mot trudng vecto lién tuc trén mién D, ta néi rang tich phan

duong / F - dr 1a doc lap véi duong lay tich phan néu / F.-dr = F - dr vé6i hai
C ] Cs
dusng C; va Cy trong D ma c6 cing diém dau va diém cudi. V6i thuat ngit nay, ta co thé

noéi rang tich phan duong cia cdc truong vectd bao toan la doc lap doi vdi duong lay tich
phan.

Mot duong cong dude goi la déng kin néu diém cudi clia né tring véi diém dau, nghia

1a r(b) = r(a). (Xem Hinh 16.3.2). Néu / F - dr 1a doc lap v6i duong lay tich phan trong
C
D va C la mot dudng bat ky trong D, ta c6 thé chon hai diém bat ky A va B tréen C va

xem C dugdc tao thanh tit duong C tit A dén B va duong Cs tit B dén A. (Xem Hinh
16.3.3). Khi do

/F‘drz/ F~dr+/ F-drz/ F-dr—/ F-dr=0
C C1 Cz C1 *02

N N 2 N . 2 X N + 2 P
vi C1 vav —Cy ¢6 cung diém dau va diém cudi.

Nguge lai, néu ta c6 / F - dr = 0 trong khi C la mot duong cong kin trong D, thi ta
C
sé chitng minh dugce sy doc lap ddi vé6i cac duong sau day. Lay hai duong bat ky Cp va Cy

tit A dén B trong D va dat C la mot duong cong tao thanh béi hai duong cong Cy va —C.

Khi do
O—/F-dr—/F-dr—i—/ F-dr—/F-dr—/ F-dr
C Cl —CQ Cl C’2

va do do / F.dr = / F - dr. Ta vita chiitng minh dinh 1y sau day.
Cl C2
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Hinh 16.3.2: M6t duong cong dong Hinh 16.3.3

Dinh ly 16.2. /F-dr la doc lap vdi duong lay tich phan trong D khi va chi khi
C

/ F-dr =0 vdi moi duong cong kin C' trong D.
C

Ta da biét rang tich phan dudng clia mot trudng vects bao toan bat ky F déu doc

lap v6i duong lay tich phan, nén / F - dr = 0 v6i mot dudng cong kin bat ky. Giai thich
C
mot cach vat 1y thi cong thyc hién bdi mot trusng luc bao toan (chéng han truong hap

dan hodc trudng dien trong Muc 16.1) khi mot vat di chuyén doc mot dudng cong kin bing 0.

Dinh 1y sau day néi rang cac trudng vecto chi doc lap v6i duong lay tich phan thi bao
toan. N6 dugc trinh bay va ching minh cho cac dudng cong phang, nhung ciing cé mot
tinh chéat tuong ty cho cac dudng cong trong khong gian. Ta gid st rang D 14 mé, nghia
14 v6i moi diém P trong D déu c6 mot qua ca tam P nim hoan toan trong D. (Do d6 D
khong chiia bat ky diém bién nao). Hon thé nita, ta ciing gia s ring mién D lién thong:
Diéu nay nghia 1a hai diém bat ky trong D c6 thé duge ndi véi nhau thanh mot duong va
duong dé ciing nam trong D.

Dinh 1y 16.3. Gid st F la mot truong vecto lién tuc trén mot mién md lién thong D. Néu
/ F . dr la doc lap doi véi duomg lay tich phan trén D, khi d6 F la mot truong vecto bdo
C

toan trén D; nghia la, ton tai mot ham f sao cho Vf = F.

Chatng minh. Lay A(a,b) 13 mot diém c6 dinh trong D. Ta dinh nghia mot ham thé vi f:

(zy)
(

a’7b)

v6i moi diém (z,y) trong D. Vi / F - dr 1a doc lap dbéi v6i duong lay tich phan, do dé
C
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dudng 1ay tich phan C tit (a,b) dén (z,y) dé tinh f(z,y) 14 khong quan trong. Do D mé
nén ton tai mot qua ca chita trong D c6 tam (x,%). Chon mot diém bat ky (z1,y) trong
qué ca nay véi 1 < x va goi C chita C; tit diém (a,b) dén (z1,y) ndi véi doan thang nim
ngang Cy tit diém (71, y) dén (z,y). (Xem Hinh 16.3.4).

vV ok

0 X 0 x

Hinh 16.3.4 Hinh 16.3.5

Khi do,

(z1,y)
f(x,y)—/F-err/ F-dr—/ F-dr—i—/ F - dr
C1 Cy (a,b) Cs

Dé ¥ ring tich phan dau tién khong phu thudc vao bién z, do do:

0 0
i — - F.
ach(:n,y) 0+ . /02 dr

Néu ta viét F = Pi + Qj, khi do:
/F-dr— Pdx + Qdy
02 C12
Trén Cy, y 13 hing s6 nén dy = 0. Chon ¢ 14 mot tham s6 trong d6 z7 <t <z, ta ¢

0 0 o [*
%f(%y) = aI/Cchlﬂc + Qdy = p /ﬂc1 P(t,y)dt = P(z,y)

do da ap dung phan 1 trong Dinh Iy Co ban ctia Phép tinh Vi tich phan (xem Muc
4.3). Lap luan tuong tu, ap dung tich phan trén doan thing ding (xem Hinh 16.3.5) chi

ra rang,

0 0 o [Y
—flz,y) = — Pdzx + Qdy = — xz,t)dt = Q(x,
ayf( y) oy Jo, Qdy =5 . (z,t)dt = Q(x,y)
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Do vay,

F:Pi+Qj=g£i+g£j=Vf

diéu nay cho ta két luan F 1a bao toan. O

Cau hoi con lai 6 day: Lam thé nao dé c6 thé xac dinh c6 hay khong mot trusng vecto
F bio toan? Gia st ta biét rang F = Pi + Qj 14 bdo toan, trong d6 P va @ c¢6 dao ham
rieng cap mot lien tuc. Khi d6 ton tai mot ham f théa man F = Vf, tic 1a
_ar of

pP=-= - L
ox va @ oy

Theo dinh ly Clairaut,
P _ 2 _F
dy  Oyor Oxdy Oz

Dinh ly 16.4. Néu F(z,y) = P(z,y)t+ Q(z,y)j la mot truong vecto bdo toan, trong dé
P va Q c6 dao ham riéng cip mot lién tuc trén mot mién D, khi dé trén khdp D ta coé
orP 0Q
dy  ox

Chiéu ngudc lai clia inh 1y 16.4 chi ding cho mot mién dic biet. Dé giai thich diéu
nay, ta can khai niém ciia dudng don, d6 1a mot duong cong khong giao v6i chinh né tai
bat k¥ diém nao gitta hai diém dau mut. [Xem Hinh 16.3.6; r(a) = r(b) cho mot dusng
don doéng, nhung r(t1) # r(t2) khi a < t; <ty < bl.

| don - / don \
khoéng déng [ dong |\

khong don ) kHéng don
khéng dong dong

Hinh 16.3.6: Cac dang ctia duong cong

Trong inh 1y 16.3 ta can mot mién md lién thong. Véi dinh 1y ké tiép ta can mot diéu
kien manh hon. Mot mién don lién trong mié phing 13 mot mién lien thong D ma moi
duong don déng trong D chi chita cac diém nim trong D. Dé ¥ trong Hinh 16.3.7, mot

mién don lién khong c6 bat ki 16 hong nao va khong thé chia hai mién riéng biét.
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mién don )
mién khéng don

Hinh 16.3.7

V6i mién don lién, ta c6 thé phat biéu chiéu ngudc lai ciia inh 1 16.4 cho ta mot phuong
phéap don gidn dé ching minh mot trudng vecto tréen R? 1a bao toan. Ching minh nay sé
dugce phac hoa trong chuong ké tiép nhu 13 mot hé qua ctia dinh 1y Green.

Dinh 1y 16.5. Cho F = Pi+ Qj la mot truong vecto trén mot mién don lien mé D. Gid
s rang P va Q c6 dao ham cap mot lién tuc va

oP 0
— = —Q trén D
oy ox
Khi do F la bdo toan.
Vi du 2 Hay xac dinh truong vecto sau day c¢6 béo toan hay khong

F(z,y) = (z —y)i+ (v — 2)]

10 2
e UL L YT
...... o T / l W -‘.\: : :I:
A A CA
A "'|' C_:/ NS e,
e e e ey S L -2 ]"u; . T 2
g II . ?-" - _--.\1_ II
(AN - s e I
I Py | e e b ra
R A e
I 1% % = = — s ! . . I 1
—10 —2
Hinh 16.3.8 Hinh 16.3.9

Hinh 16.3.8 v& 16.3.9 biéu dién truong vecto trong Vi du 2 va 3 tuong tng. Cac vecto
trong Hinh 16.3.8 bat dau trén duong cong déong C' dudng nhu c6 ciing huéng véi C. Vi
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thé néu / F - dr > 0 thi F khong bao toan. Tinh toan trong Vi du 2 ching té diéu nay.
C

Mot vai vecto gan duong cong C; va Co trong Hinh 16.3.9 gan nhu ciing huéng véi duong
cong, trong khi mot sd khac huéng theo chiéu ngudce lai. Vi thé tich phan duong doc theo
duong cong déng bang 0. Vi du 3 chi ra rang F thyc sy bdo toan.

Giai Cho P(z,y) =z —y va Q(z,y) = x — 2. Khi dé
oP 1 Q _

Sl 1
oy ox
Bdi vi 0P /0y # 0Q)/0x nén F 1a khong bao toan dua theo inh ly 16.4.

Vi du 3 Hay xac dinh truong vecto sau day c¢6 béo toan hay khong
F(z,y) = (3 + 2zy)i + (z* — 3y°);

Giai Cho P(x,y) = 3+ 2zy va Q(x,y) = z° — 3y?. Khi d6

That vay, mién ciia F la mat phing nguyén (D = R?) mé va don lien. Do d6 ta c6 thé ap
dung 1y 16.5 va két luan rang F 13 bao toan.

Trong vi du 3 , Dinh Iy 16.5 cho ta F 1 bdo toan, nhung né khong cho ta biét ham thé
vi f théa man F = Vf. Chiing minh ctia Dinh 1y 16.3 cho ta mot ggi ¥ dé tim ham f nay.
Ta ap dung “tich phan titng phan” nhu trong vi du duéi day.

Vidu 4

(a) Néu F(z,y) = (3 + 2zy)i + (2% — 3y?)j, hay tim mot ham f sao cho F = V.

(b) Hay tinh tich phan dudng / F - dr, trong d6 C la dudng cong dudgc cho bdéi:
C

r(t) =e'sinti+elcostj 0<t<m
Giai

(a) Tt vi du 3 ta biét ring F 14 bdo toan va do d6 ton tai mot ham f véi Vf = F, tiic
Ia,

fa(@,y) =3 + 2wy (16.3.2)

fy(w,y) = 2* = 3y° (16.3.3)
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Lay tich phan (16.3.2) theo bién z ta dugc:

f(z,y) =3z + 2%y + g(y) (16.3.4)

Dé ¥ ring hang s6 ciia tich phan la mot hang s6 theo x, nghia I3, mot ham theo v,

ta goi 1a g(y). Ta lay tiép dao ham hai vé ctia (16.3.4) theo y:

fyla,y) = 2%+ ¢'(y) (16.3.5)

So sanh (16.3.3) va (16.3.5) ta thay rang:

Lay tich phan theo y, ta c6
9(y) = -y’ + K

trong d6 K 1a hign s6. Thay vao (16.3.4) ta c6
flz,y) =3z +2%y— > + K
14 ham thé vi can tim.
(b) Dé ap dung inh ly 16.2 ta phai biét dau va diém cudi ctia C, titc 1a, r(0) = (0,1) va

r(m) = (0, —e™). Trong biéu thiic ctia f(x,y) & cau (a), bat ky gia tri ndo ctia K ciing
dtng, ta chon K = 0. Khi d6 ta c6

/F-dr:/Vf-dr:f(O,—e”)—f(O,l):e3”—(—1):e?’”+1
C C

Phuong phap nay gon hon phuong phap tinh tryc tiép tich phan duong ma ta di nghién
citu trong Muc 16.2.

Mot tieu chi dé xac dinh xem mot trudng vects F trén R? 1a bdo toan duge dua ra
trong Muc 16.5. Dong thai, vi du tiép theo sé chi ra mot ki thuat tim ra ham thé vi tuong
tu nhu tim céc truong vecto trén R2.

Vi du 5 Néu F(z,y, 2) = y*i+ (2zy + €3°)j + 3ye3“k, khi d6 hay tim ham f théa man
Vf=F. Gidi Gié sit ¢c6 mot ham f nhu vay, thi

fy(a,y, 2) = 2ay + ¥ (16.3.7)
fo(x,y, 2) = 3ye* (16.3.8)
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Lay tich phan (16.3.6) theo x ta dugc:
f(z,y,2) = zy* + g(y, 2) (16.3.9)
trong d6 g(y, z) 1a ham héing theo x. Khi d6 ta lay dao ham (16.3.9) theo y, ta c6
fy(@,y,2) =22y + gy(y, 2)

va so sanh véi (16.3.7)
3z

gy(y,2) =€
Vay g(y, z) = ye3* + h(z) va ta viét lai (16.3.9) nhu sau:
flw,y,2) = 2y® + ye* + h(z)

Cudi cling, 14y dao ham theo z va so sdnh véi (16.3.8) ta dude h'(z) = 0 vado d6 h(z) = K,

hing s6. Ham f can tim 1a
fz,y,2) = zy® + ye”* + K

Va dé dang kiém tra rang Vf = F.
Su Bao Toan ctia Nang Lugng

Lay ¥ tudng clia chuong nay cho mot truong luc lien tuc F khi mot vat di chuyén doc
dudng C dugce cho béi r(t),a < t < b, trong d6 r(a) = A la diém dau va r(b) = B la diém
cudi ctia C. Theo Dinh Luat 2 Newton (xem Muc 13.4), lyc F(r(t)) tai mot diém trén C
c6 lien hé v6i gia téc a(t) = r”(t) bdi phuong trinh

F(r(r)) = mr'(t)

Do dé6 cong thyc hién béi lyc tac dong lén vat 1a
W=/F dr—/ F(r(t)) dt—/mr t)dt
m .
= / 7 -x'(t)]dt  (Dinh Iy 13.2.3, cong thiic 4)
- / (t)|2dt = % [\r’(t)|2]z (Dinh 1y Co ban ctia Phép tinh Vi tich phan)

2 (WO - @)
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Két luan

W = —m|v(b)|* — =m|v(a)|? (16.3.10)

2 VAR BN ~ £
trong d6 v = r’ la van toc.

1 . £
Dai lugng §m]v(t)\2, nghia 1a, mot nita khoéi lugng nhan véi binh phuong cia toc do,
dugc goi 14 dong nang clia vat. Khi dé ta c6 thé viét lai phuong trinh (16.3.10) nhu

W = K(B) — K(A) (16.3.11)

cho ta cong thic hién béi trusng lie trén C bang véi hiéu cac dong nang tai cac diém dau

mut cua C.

Bay gio hay gia st ring F 13 mot trudng luc bao toan; nghia la, ta c¢6 thé viét dudi
dang F = Vf. Trong nganh vat ly, thé ning ctia mot vat tai diém (z,v, 2) duge xac dinh
béi P(x,y,z) = —f(z,y, 2), do vay ta c6 F = —VP. Khi d6 theo inh 1y 16.3 ta c6

W = / F.dr = —/ VP .dr = —[P(r(b)) — P(r(a))] = P(A) — P(B)
C C
So sdnh phuong trinh nay v6i phuong trinh (16.3.11) ta thay rang
P(A) + K(A) = P(B) + K(B)
no6i rang néu mot vat di chuyén tit mot diém A dén mot diém khac B duéi sy &nh hudéng
clia mot truong Iyc bao toan, thi tong thé ning va dong niang bing hing s6. Day goi la
Dinh Luat Bao Toan Nang Lugng va doé la 1y do mot trudng vecto duge goi la bdo

toan.

Bai tap 16.3. 1. Hinh dudi day chi ra mot duong cong C va mot do thi duong vien

ctua mot ham f co gradient lién tuc. Hay tim | Vf - dr.
C
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2. Cho trudc mot bang cdc gid tri cia ham f cé gradient lién tuc. Hay tim / Vf-dr,
C

trong dé C c6 phuong trinh tham so:

r=t2+1 y=t3+1t

N Y1012
1]6 4
1 3057
8129

3-10 Héy wdc dinh ring truong vecto F cé bdo toan hay khong. Néu né bdo toan, hdy

tim ham f sao cho F =V f.
3. F(z,y) = 22 —3y)i+ (—3z + 4y — 8)j
4. F(z,y) = e"sinyi + e* cos yj
5. F(x,y) = e® cosyi+ e”sinyj
6. Flz,y) = (322 —2y%)i+ (4ay + 3)j
7. F(x,y) = (ye* +siny)i+ (e” + zcosy)j
8. F(z,y) = (2zy + y_2)i+ (z% — 2¢y~%)j, y >0

9. F(z,y) = (Iny + 2:cy3)i+ (3:102y2 + x/y)j
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10. F(z,y) = (xycoshzy + sinh xy)i + (2 cosh zy)j

11 Trong hinh la mot truong vecto F(x,y) = <23:y,x2> va ba duong cong déu bawt dau tai
diem (1,2) va két thic tai diem (3,2).

(a) Hay gidi thich tai sao / F-dr c6 gid tri bang nhau vdi cd bai dudng cong nay.
C

(b) Gid tri do la bao nhiéu?

3] St
i
/ ~
7 S
[, . »|
2 GOV AVAWAY
\ T o
" . S
. A

[

0 i 3 X

12-18 (a) Hay tim ham f théa man F = Vf va (b) Hay dp dung cau (a) dé tinh

F-dr voi C la duong cong cho trudc.
C

12. F(z,y) = 2%i + 3?4, C la mot cung ciia parabol y = 2> ti diem (—1,2) dén diém
(2,8).
2., .2 - 1 1
13. F(z,y) = zy“i+ x°yj, C : r(t) = {t + sin Ewt,t + cos §7rt>, 0<t<l.
14. F(z,y) = (1 + 2y)e™i+ x%e™j, C: r(t) = costi+ 2sintj, 0<t<7/2

15. F(z,y,2) = yzi+ x25 + (vy + 22)k, C la doan thang tu diém (1,0,—2) dén diém
(4,6,3).

16. F(z,y,2) = (Y224 222%)i+3zyzj+ (xy? +2222)k, C iz = Vt,y =t+1,2 =12, 0<
t<1.
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17. F(z,y,2) = yzeit+e® j+aye®k, C : r(t) = (2+1)i+(t2—1)j+ (2 —2t)k, 0<t <2

18. F(z,y,z) = sinyi+(zcosy+cos z)j—ysinzk, C : r(t) = sinti+tj+2tk, 0<t<m/2

19-20 Héy chi ra rang cac tich phan duong dudi day la doc lap doi vdi duong lay tich phan

va hay tinh gid tri cia no.
19. / 2ze Vdr + (2y — x*eY)dy, C la mot duong bit ki tiw diém (1,0) dén diem (2,1).
C

20. / sinydz + (zcosy — siny)dy, C la mot duong bat ky tu diém (2,0) dén diém (1, 7).
C

21. Gid sit rang ban dugc yéu cau wdc dinh dudng cong ma né doi héi it nhat mot cong
thuc hién bdi mot truong luc F khi mot chat diém di chuyén tw diém nay dén diém
khéc. Ban kiém tra xem F ¢6 phdi la truong bio toan khong, va that vay ban suy ra

né la truong bdo toan. Vay lam cdch nao ban trd 10i cdc yéu cau nay?

22. Gid st mot thi nghiém xdc dinh cong thuc hién bdi mot truong hic F khi mot chat
diém di chuyén ti diem (1,2) dén diém (5,—3) doc duong cong Cy la 1.2J va cong
thue hién bdi F khi mot chat diém di chuyén doc mot duong cong Co khdc noi gitia
hai diém dé la 1.4J. Ban c6 thé néi gi vé F? Tai sao?

23-24 Hay tim cong thuc hién bdi mot truong luc F khi mot vat di chuyén tu P dén Q.

23. Flz,y) = 2y°%i+ 3z/y3;  P(1,1),Q(2,4)

24. F(z,y) =e Yi—xze V5, P(0,1),Q(2,0)

25-26 Cac truong vecto chi ra trong hinh cé bdo toan hay khong? Hay gidi thich.
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25. y 26. y

27. Néu F(x,y) = sinyi+ (1 + zcosy)j, hdy dua vao do thi dé doin zem F c6 bdo toan
hay khong. Sau dé hay kiém tra du dodn cia ban cé ding hay khong.

28. Cho F =V f, trong dé f(z,y) = sin(x—2y). Hay tim cic duong cong Cy va Cy khong
dong va théa man phuong trinh

(a) F-dr=0
C1

(b) F-dr=1
Co

29. Hay chi ra rdng néu truong vecto F = Pi+ Qj+ Rk la bdo toan va P,Q, R cé dao

ham riéng cap mot lien tuc, th

0P 0Q 0P _OR  0Q R

oy O 0z ox 0z oy
30. Hay dp dung bai tap 29 dé chi ra ring tich phan duong / ydr + xzdy + xyzdz la
khong doc lap vdi duong lay tich phan. ¢
31-34 Hay zdc dinh xem cdc tap da cho cé (a) md, (b) lien thong, va (c) don lién.
31. {(z,y)|0 <y <3}
32. {(z,y)|1 < |z| <2}

33. {(z,y)|l <2* +y* <4,y >0}
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34 {(z,y)l(z,y) # (2,3)}

—yi+ xj

L Yy

(a) Hay chi ra 0P/0y = 0Q)/0x.
(b) Chi ra rang / F.dr la khong doc lap vdi duong lay tich phan. [Goi y: Hay tinh
C

F-dr va F-dr trong dé Cy va Cy lan lugt la nia duong tron trén va dudi
C1 02
ciia * +y* = 1 ti diém (1,0) va (—1,0).] Diéu nay c6 mau thudn vdi jnh lj 16.52

36. (a) Gia s F la mot truong luc binh phuong nghich ddo, tic la

cr

= o

vdi mot hang s6 c, trong dé r = xi+ yj+ zk. Hay tim cong thuc hién boi F khi
mot vat di chuyén ta mot diém Py docj mot duong dén diém Py cdch diém goc
toa do lan gt cic khodng cdch dy va da.

(b) Mot vi du cia truong hic binh phuong nghich ddo la truong hip dan F =
—(mMG)r/|r> da dé cap trong vi du 4 trong Muc 16.1. Hay dp dung cau (a)
dé tim cong thuc hién bdi truong hap dan khi trdi dat di chuyén tw diém za mat
troi nhat (tai khodng cdch ldn nhat 1.52 x 108 km ta mat troi). (Lay cdc gid tri
m = 5.97 x 10%*kg, M = 1.99 x 103°kg va G = 6.67 x 107N - m?/kg?).

(c) Mot vi du khdc ctia trudng binh phuong nghich ddo la dién truong F = eqQr/|r|>
da dé cap trong vi du 5 Muc 16.1. Gid s rang mot electron cé dién tich —1.6 x
1071°C duge dat tai diém goc toa do. Mot dien tich don vi duong dugc dat tai
mot khodng cach electron dé 1072 m va di chuyén theo chiéu dwong mot doan
bing nita khodng cich dé. Hay dp dung cau (a) dé tim cong thuc hién bdi dién
truong dé. (Hay ldy gia tri e = 8.985 x 10%).

16.4 Dinh Ly Green

Dinh 1y Green cho ta mdi lién hé gitta tich phan dudng trén mot dudng cong don khép
kin va tich phan boi trén mot mién phang D bi chin béi C. (Xem Hinh 16.4.1. Ta gia sit



58 GIAI TICH VECTO

ring D chita moi diém trong C' va moi diém trén C). Trong khi phét bi¢u dinh 1y Green
ta quy uéc ring chiéu duong clia mot dudng cong don khép kin C' 1 chiéu nguge chiéu
kim dong ho. Do vay néu C' dugc cho bdi ham vecto r(t),a <t < b, thi mién D luon luon
nim bén trai ctia diém r(¢) ma C di qua. (Xem Hinh 16.4.2)

i

0 X

Hinh 16.4.1 Hinh 16.4.2: Hinh trai: huéng duong. Hinh phai: huéng am.

Dinh ly 16.6 (Dinh 1y Green). Cho C' la mot duong cong don khép kin, duong, tron ting
khiic trong mat phing va cho D la mot mién bi chan bdi C. Néu P va Q ¢é dao ham riéng

lién tuc trén mot mién md chita D, khi do

/CPd:L‘+Qdy=//D<aa§2—aa§>dA

Luu y 3. Ky hiéu % Pdx + Qdy hodc yﬁ Pdx + Qdy doi khi dugc ding dé chi ra ring
C C

tich phan duong dugc tinh trén duong cong kin, duong C. Mot kyj hiéu khdc cia duong cong
duong bi chan cia D la 0D, dinh lij Green khi dé duoc viét lai

//D (aag - aa];) dA = /aD Pdz + Qdy (16.4.1)

Dinh ly Green dugc zem nhu la mot phan tuong duong cia Dinh ly Co bin cia Phép tinh
Vi tich phan cho tich phan boi. So sinh phuwong trinh (16.4.1) vdi phdt biéu cia Dinh lyj
Co ban ciia Phép tinh Vi tich phan Phan 2 trong phuong trinh sau:

b
/ F'(2)dz = F(b) — Fl(a)

Cd hai truong hop tich phan déu cé chiia dao ham (F',0Q/0x va dP/dy) & vé trdi cia
phuong trinh. Va trong cd hai truong hop vé phdi déu cé gid tri cia cdic ham (F,Q va P)
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chi trén bién cia mién lay tich phan. (Trong truong hop mot chiéu, khodng [a,b] cé bién

chi bao gom hai diém a va b).

Néi chung dinh lyj Green ching minh khong dé dang, nhung ta cé thé chiing minh trong
truomg hop ddc biét trong dé mién lay tich phan la loai I va logi 11 (xem Muc 15.8). Ta goi

cac mien nhu vay la cic mién don L.

Dinh 1y Green dugc dat theo tén ctia nha khoa hoc ty hoc ngusi Anh George Green
(1793-1841). Ong &y da lam viéc toan thoi gian trong tiem banh ciia cha minh tit Iic 9 tudi
va ong da tit hoc toan tit cac sach trong thu vien. Vao nam 1828 ong ta xuit ban quyén
sach c6 tén Bai lugn vé iing dung cia Gidi Tich Todan hoc vao lyj thuyét Dién va T, nhung
chi khodng 100 ban copy da dugc in vd hau hét ching déu duge phan phét cho nhitng
ngudi ban ctia éng. Tai lidu nay c6 dé cap dén mot dinh 1y ¢6 noi dung tuong duong véi
dinh 1y Green ta da biét, nhung n6é khong dugc biét dén mot cach rong rai vao thoi diém
dé6. Cubi ciing, vao do tudi 40, Green da dau vao trudng dai hoc Cambrige nhung ong da
qua doi sau khi t6t nghiép duge 4 ndm. Vao nam 1846, William Thomson (Lord Kelvin)
¢6 duge mot ban sao bai luan ctia Green, ong nhan ra y nghia ctia né va cho in lai bai luan
nay. Green 1a nguoi dau tién da co ging xay dung mot 1y thuyét toan hoc cia dien va tir.
Cong trinh ctia 6ng 1a nén tang cho cac Iy thuyét dién tit ctia Thomson, Stokes, Rayleigh,

va Maxwell.

Chatng minh dinh lij Green trong truong hop D la mién don I. Luu y rang Dinh Ly Green
sé dugc chitng minh khi ta chi ra rang

/Pd:p— // ZdA (16.4.2)
/Qd // “2dA (16.4.3)

Ta chitng minh phuong trinh (16.4.2) bing cach biéu dién D bdi mot mién loai I:

D = {(z,y)la <z <b,gi1(z) <y <g2y)}

trong d6 g1 v g9 1a cac ham lién tuc. Diéu nay cho phép ta tinh toan tich phan boi trén
& vé phéai ctia phuong trinh (16.4.2) nhu sau:

// LA = / /(() apmy)dydz— / [P g@) - Pag@)]  (1644)
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trong d6 bude cudi dude suy ra tit Dinh Iy Co ban ctia Phép tinh Vi tich phan.
Bay gio ta tinh vé trdi ctia (16.4.2) bang céch chia C' thanh hgp cta céc dudng cong

.1'. .

¥ =g,lx)
L
.. C
o

C, Iy + ol
G
y=g(x)
0 rJ' b x

Hinh 16.4.3

C4,Cy, C3 va Cy duge mo ta nhu Hinh 16.4.3. Trén Oy ta lay x 13 tham s6 va viét phuong
trinh tham s6 = = z,y = g1(x),a < x < b. Do d6,

/01 P(z,y)dz = /: P(z,g1(x))dx

Quan sat thay rang C3 c6 chiéu di tit phai sang trai nhung —C; tit trai sang phai, nén ta
c6 thé viét phuong trinh tham s6 ciia —C3 la x = 2,y = ga2(x),a < z < b. Do dé,

/03 P(x,y)dx = —/_03 P(z,y)dr = —/ab P(z, go(z))dz

Trén Cy hodc Cy, x 13 hing s6 nén dr = 0 va

L%P@yﬂszzK;P@wa

Vay,

/CP(a:,y)dx = P(x y)dz +/ P(z,y dx—i—/ P(z,y)dx +/ P(z,y)dx

Cy
/ngl dx—/P$92

So sanh biéu thitc nay véi phuong trinh (16.4.4), ta thiy ring

/ny /M
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Phuong trinh (16.4.3) duge chitng minh cling cach biéu dién D 1a mot mién loai IT (xem
bai tap 30). Khi d6, cong phuong trinh (16.4.2) va (16.4.3), ta dugc Dinh Ly Green. [

Vidu 1 Hay tinh / ztdz + zydy, trong d6 C dudng cong hinh tam gidc gdm ba doan
C
tur (0,0) dén (1,0), ti (1,0) dén (0,1) va tx (0,1) dén (0, 0).

_"lI L]

{0, 1) y=1—x

(0,0) (1.0) x

Hinh 16.4.4

Giai Tuy rang tich phan duong nay c6 thé dugc tinh bing cac phuong phap thong
thuong nhu trong Muc 16.2, nhung né sé duge tinh bang cach tach ra thanh ba tich phan
trén ba canh ciia tam gidc, va sé diing cong thitc Green. Chil ¥ ring mién D dugce giéi han
béi C va C c6 chiéu duong (Xem Hinh 16.4.4). Néu ta dat P(z,y) = 2! va Q(x,y) = zy,
khi d6 ta c6

11—z
/xdm—}-xydy—//(ax—ax)dfl // (y — 0)dydz
y=1—x
:/ |:1y2:| :1/ (1—11)2dl‘
o L27 1,0 2 Jo

1

= [(1- x)g]o = é

| =

Vi du 2 Hay tinh yg (3y — M%) dx + (Tz 4+ A/y* + 1)dy, trong d6 C la dudng tron
c
z? + y2 =0.

Giai Mién D bi chiin béi C 1a qud cd 22 + y? < 9, nén ta d6i sang toa do cuc sau khi ap
dung dinh 1y Green:

%(33; ST dx + ( 7+\/Tdy_//{a7+\/ﬁ_3y smz)]dA

27
/ /7 3)rdrdf = 4 / d@/ rdr = 36m.
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Trong cac Vi du 1 va Vi du 2 ta thiy ring tich phan boi duge tinh dé dang hon tich
phan duong. (Hay c6 gang tinh tich phan dudng trong Vi du 2 ban sé bi thuyét phuc bdi
diéu nay). Nhung doi khi ta tinh tich phan duong lai dé dang hon, va dinh 1y Green dugc
ap dung trong chiéu ngugc lai. Chéng han, néu ta biét ring P(z,y) = Q(x,y) = 0 trén
duong cong C, dinh 1y Green suy ra

//D@g_?];)m:/cpdwrwy:o

bat ké gia tri cia P va @ trong mién D.

Mot ting dung khac ctia chiéu ngude lai ctia dinh 1y Green d6 1a tinh dién tich. Béi vi

dién tich cia D la 1dA, nén ta sé chon P va @ sao cho
D
Q_or_,
or Oy
C6 nhiéu kha nang: Dinh 1y Green cho ta cong thitc sau day cho dién tich ctia D:
1
P(z,y) =0 Pla,y)=-y Pl,y)=-3y
1
Qlz,y) =z  Qz,y) =0  Qz,y) =z
1
A= yﬁ zdy = —;5 ydr = §£ xdy — ydx (16.4.5)
c c 2Je
22 g2
Vi du 3 Hay tim dién tich cta hinh ellipse — + i 1.
a

Giai Hinh ellipse c6 phuong trinh tham s6 x = acost va y = bsint, trong d6 0 < t < 2.
Ap dung biéu thiic thit ba trong phuong trinh (16.4.5) ta c6

1
Az/xdy—yda:
2 /e

1 2m
= 2/ (acost)(bsint)dt — (bsint)(—asint)dt
0
= ab dt = mab
2 Je

Cong thitc (16.4.5) duge ap dung dé giai thich lam thé ndo may tinh tich phan c6 theé
tinh toan. Mot cai may tinh tich phan 1 mot dung cu co khi sit dung dé do dién tich
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Wheel

Pole arm

Tracer arm

Tracer

Hinh 16.4.5: A Keuffel and Esser polar planimeter

clia mién bang cach tim ra cac dudng bién. Cac thiét bi nay rat hitu dung trong tat ci
céc nganh khoa hoc: trong sinh hoc dé tinh dién tich 14 hodc canh, trong y hoc dé do kich
thude mit cit clia cac co quan hodc cac khdi u, trong lam nghiép dé tinh kich thuée cia
cac khu rtmg tt hinh anh.

Hinh 16.4.5 chi ra hoat dong ctia mot may tinh tich phan cyc: Mot cyc c6 dinh v mot
bo danh dau dude di chuyén doc cac duong bién ctia mién can tinh, cac banh xe trugt va
xoay theo chiéu vuong goc véi truc ctia bo danh dau. Cac may tinh tich phan do khoang
cach gifta cac cuon banh xe va né ty lé thuan véi dién tich cia mién duge gisi han. Cac

két qui duge xem nhu hé qué cia cong thic (16.4.5) duge dé cap trong cac bai bao:

m R. W. Gatterman, “The planimeter as an example of Green’s Theorem”, Amer. Math,
Monthly, Vol. 88 (1981), pp. 701-4.

m Tanya Leise, “As the planimeter wheel turns”, College Math. Journal, Vol. 38 (2007),
pp. 24-31.

Dinh 1y mé rong cta Dinh Ly Green

D11 ta da chitng minh dinh 1y Green chi cho truong hgp mién D la mién don lién, nhung
ta c6 thé md rong dinh 1y nay trong trudng hop D 1a hgp hitu han cac mién don lien. Ching
han, néu D la mién dugc phéc hoa nhu trong Hinh 16.4.6, ta c6 thé viét D = Dy U Do,
trong d6 Dy va Do déu 1a nhitng mién don lién. Bién ctia Dq 1a C; u O va bién cia Do 13
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Cy u (—C3) nén, ap dung dinh 1§ Green tach biét cho D; va Dy, ta duge

/ Pda:—l—Qdy:// ((3@_8P> dA

C1uCs p, \Or 0y

/ de+Qdy=// <6Q—6P> dA
Cou(—C3) Do aﬂf ay

f_"]1: \\h._ . g | I.-" > i N \
\ ! D, : d c, | n .-"’z ,I |
\\“\ Cs l_('--‘ /’X VT Y .'l
- L [“ )
— S o A b _ __'__,/
Hinh 16.4.6 Hinh 16.4.7

Néu ta cong cidc phuong trinh nay lai v6i nhau, tich phan duong trén C3 va —Cj3 triét

tiéu, ta dugc
P
/ Pd:c+Qdy=//<aQ—a>dA
C10Cs p\dzx 0Jy

day 1a dinh 1§ Green cho D = Dy U D, vi thé bién ctia né 1a C = C7 U Cs.

Lap luan tuong tu cho phép chiing ta thiét 1lap dinh 1y Green cho hgp hitu han cac mién
don lien khong giao nhau (Xem Hinh 16.4.7).

Vi du 4. Hay tinh 5]5 y2dx + 3zydy, trong d6 C 1a bién clia nita hinh vanh khuyen
C
D n3m trén nita mit phing tren giéi han béi hai dudng tron 22 + y? = 1 va 22 + ¢? = 4.
Giai Chua y ring mac dit D khong 1a mién don lién, truc y chia né thanh hai mién don
lien (Xem Hinh 16.4.8). Trong hé truc toa do cuc ta viét

D={(r0)|1<r<20<60<n}

Dinh 1y Green cho ta:
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¥4
K_r‘ +yi=4
D ¢
/ :
ol L. . x
Hinh 16.4.8

0 0
9 B K 09
éy dx+3xydy—// [é’x(&ry) ay(y )} dA
// ydA = / / r sin Ordrdf
—/ sn@d@/ ridr = [~ cos 0] 1 2—E
Y 37,73

Hinh 16.4.9 Hinh 16.4.10

Dinh Iy Green c6 thé duge mé rong cho cac mién c6 16 hong, tic la cdc mién khong don
lien. Quan sat bien C ciia mién D trong Hinh 16.4.9 bao gom hai duong cong don khép
kin C; va Cs. Ta gia sit rang cdc dudng bién gi6i han bdi D dude dinh huéng sao cho D
luén nam beén trai mad duong cong C' di qua. Do vay chiéu duong 13 chiéu nguge chiéu kim
dong ho bén ngoai duong cong C; nhung ciing chiéu kim dong ho bén trong dudng cong
C1. Néu ta chia D thanh hai mién D’ vi D" bing cac duong & gitta nhu trong Hinh 16.4.10
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va sau d6 4p dung Dinh Ly Green cho méi mién D’ va D”, ta dugc

(2o [ (22 Do [ (2 0)e

= Pdx + Qdy + / Pdx + Qdy
oD’ oD

Vi tich phan duong doc cac duong bién la nguge huéng v6i nhau, do dé ching bi triét
tiéu, va ta dugc

// (_>dA— Pdx + Qdy + de+Qdy—/Pdw+Qdy
or Oy Cy Cs c

va d6 1a dinh 1y Green ap dung cho mién D.
Vi du 5. Néu F(z,y) = (—yi + zj)/(z* + y?), hay chi ra ring / F - dr = 27 v6i moi
C
duong don khép kin c6 chiéu duong bao quanh diém gbc toa do.

Vi

L"'.l

Hinh 16.4.11

Giai Do C la mot duong cong kin bat ky bao quanh diém gbc toa do, nén rat kho
khin dé tinh tryc tiép tich phan nay. Hay xét mot dudng tron €’ c6 huéng ngude chiéu
kim dong ho vé6i tam tai goc toa do va ban kinh a, trong d6 a dudc chon du bé sao cho
C' nam trong C' (Xem Hinh 16.4.11). Lay D la mién gi6i han bsi C' va C” va theo dinh ly
Green ta c6

/CdeJerer/_ Pdw+Qdy—// <x—>dA
//{52;; —(f;;;;}m:o

/ Pdx + Qdy = / Pdx + Qdy
C c’

Do doé,



16.4 Dinh Ly Green 67

/F-drz/ F -dr
C !

Va tich phan nay dudce tinh dé dang bang cach 4p dung phuong trinh tham s6 cho bdi

chinh 1a

r(t) = acosti + asintj, 0 <t < 2m. Do vay,

/CF-drz/lF-dr:/o%F(r(t))-r’(t)dt

/2“ (—asint)(—asint) + (acost)(acost) it /27r gt = 9
= = = 7'(_
0 a2 cos?t + a?sin®t 0

Ching ta két thic muc nay bing cach st dung dinh 1y Green dé thao luan vé mot két

qué da duge phét biéu trong muc trude do.

Phdc hoa ching minh cia dinh lj 16.5. Gia st rang F = Pi+ Qj 1a mot trudng vects trén

mot mién don lien mé D, P va Q c6 dao ham riéng cap mot lién tuc, va gid sit rang

oP 0 .
@ = g trén khap D
Néu C 13 mot duong don khép kin trong D va R 13 mién ma C bao quanh, khi d6 dinh 1y

Green cho ta

ygF-dr—ngdx—&—Qdy—//R(a;j—Zj)dA—//ROdA—O

Mot duong cong khong don giao véi chinh né tai mot hodc nhiéu diém cé thé duge chia
thanh mot s6 dudng cong don. Ta vita chi ra rang tich phan duong ctia F trén cac dudng

cong don nay bang 0 va, cong cic tich phan nay lai v6i nhau, ta thay rang [ F-dr =0
C

v6i C' 1a dudng cong kin bat ky. Do do, / F - dr 1a doc lap véi duong lay tich phan trén
C
D theo dinh 1y 16.2. Két luan rang F 1a mot truong vecto bao toan. O

Bai tap 16.4. .

1-4 Hay tinh cdc tich phan duong sau day bang hai phuong phdp: (a) tinh truc tiép va (b)
ap dung dinh lj Green.

1. 515 (x — y)dx + (z + y)dy, C la duong tron cé tam tai goc toa do va ban kinh bing 2.
C
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2. 75 xydx + 2*dy, C la hinh chit nhat cé cdc dinh (0,0),(3,0),(3,1) va (0,1).
C
3. 315 zyde + x2y3dy, C la hinh tam gidc c6 cic dinh (0,0),(1,0) va (1,2).

c

4. 515 22y%dx + zydy, C chita mot cung cia duong parabol y = % ti diém (0,0) dén

c
(1,1) va doan thding noi ti diem (1,1) dén (0,1) va tu diém (0,1) dén (0,0).

5-10 Hay dp dung dinh lyj Green dé tinh cdc tich phan duong trén cic dudng cong cé
chieu duong.

5. / xy*de + 22%ydy, C la hinh tam gidc cé cac dinh (0,0),(2,2) va (2,4).
C

6. / cos ydx + x? sinydy, C la hinh chit nhat cé cac dinh (0,0), (5,0), (5,2) va (0,2).
C

7. / (y + eV®)dx + (22 + cosy®)dy, C la dudng gidi han bdi cic parabol y = x* va
C
z =y

8. / ytde + 22y3dy, C la duong ellipse x* + 2y* = 2.
C

9. / y3dx — £U3dy, C la duong tron z2 + y2 =4
C

10. / (1 —y)dx + (2 + eyQ)dy, C la duong gidi han bdi hai duong tron z* + y* = 4 va
C

:L‘2+y2=9.

11-14 Hay dp dung dinh ly Green dé tinh / F.dr (Hay kiém tra hudng cia duong
C

cong trude khi dp dung dinh ly)

11. F(x,y) = {ycosz — xysinz,zy + xcosz), C la hinh tam gidc cé cic dinh theo chiéu
tw (0,0) dén (0,4) dén (2,0) va trd lai (0,0).
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12. F(z,y) = (@ + y? e ¥ + 22), C chita mot cung cia duong y = cosz tw diém
(—7/2,0) dén (7/2,0) va doan thang ti diém (7/2,0) dén diem (—7/2).

13. F(z,y) = {y — cosy,zsiny), C la dudng tron (z — 3)> + (y + 4)? = 4 theo chiéu kim
dong ho.

14. F(z,y) = (Va2 + 1, tan ' 2), C la hinh tam gidc cé cic dinh theo chiéu ti (0,0)
dén (1,1) dén (0,1) va trd lai (0,0).

15-16 hay zdc minh dinh lj Green bing cdch s dung mot hé thong mdy tinh dé tinh
cd tich phan dudng va tich phan boi.

15. P(z,y) = y*e", Q(x,y) = 2%e¥, C chita mot dogn thing tw (—1,1) dén (1,1) va
mot cung ctia parabol y = 2 — 2% tw diém ()1,1 dén (—1,1).

16. P(z,y) =2z —23y°, Q(z,y) = 2%y®, C la hinh ellipse 4z% + > = 4.

17. Hay dp dung dinh lj Green dé tim cong thuc hién bdi luc F(z,y) = z(x+1y)i+ zy?j khi
mot chat diem di chuyén tw diém goc toa do doc truc x dén diém (1,0), va sau do théng

dén (0,1) va quay trd lai diém géc ban dau doc truc y.

18. Mot chat diém khdi dong tei diem (—2,0), doc truc x dén dieém (2,0) va sau dé di
chuyén doc nia duong trony = \/4 — 22 tit diém ban dau. Hay dp dung dinh lj Green
dé tim cong thuc hién trén chat diém nay béi truong hic F(x,y) = (z,z> + 3zy°).

19. Hay dp dung mot cong thitc trong (16.4.5) dé tinh dién tich ciia hinh vom cia cycloid

r=t—sint,y =1—cost.

20. Néu mot duong tron C ban kinh 1 cuén doc béen ngoai mot duong tron x> + y* = 16,
mot diém co dinh P trén C chuyén dong vé ra mot duong cong goi la epicycloid, cé
phuong trinh tham s6 x = 5cost — cosbt,y = Hsint — sinbt. Hay vé epicycloid nay
va st dung cong thic (16.4.5) dé tinh dién tich bao quanh né.



70 GIAI TICH VECTO

21. (a) Néu C la mot doan thing noi ti diém (x1,y1) dén diém khdac (x2,y2), hdy chi

ra rang
/ rdy — ydr = T1y2 — T2y1
C
(b) Néu cdac dinh cia mot da gidc, dugc ddnh dau theo chiéu kim dong ho la

(x1,91), (x2,Y2), -y (Tn, Yn), hay chi ra rang dién tich cia da giac dé duge tinh
bdi

1
A= 5 [(T1y2 — z2y1) + (T2y3 — 23Y2) + ... + (Tn—1Yn — TnYn—1) + (Tny1 — T1Yn)]

(c) Hay tinh dién tich ciia mot hinh nam géc cé cdac dinh lan lugt la (0,0), (2,1),
(1a 3); (Oa 2) va (_L 1)
22. Cho D la mién bi chan bdi mot duong don khép kin C trong mat phing xy. Hay dp
dung dinh lj Green dé chiing minh ring toa do cia trong tam (Z,7) cia D la:

_ 1 2 — 1 2
- — d - - d
v 2A§I§Cx YoovT oA v

trong dé A la dién tich cia D.
23. Hay dp dung bai tap 22 dé tim trong tam ciia phan tw dudng tron cé ban kinh la a.

24. Hay dp dung bai tap 22 dé tim trong tam ciia hinh tam gidc c6 cac dinh la (0,0), (a,0)
va (a,b) trong dé a > 0,b > 0.

25. Mot ban mong trong mién phdang vdi ham mat do la ham hing p(z,y) = p trong mdit
phing xy gidi han bdi mot duong cong don khép kin C. Hay chi ra rdng momen qudn
tinh trén cdac truc zdac dinh bdi:

Ixz—p¢y3dx Iyzpyﬁdey
3 Je 3 Je

26. Hay dp dung bai tap 25 dé tim momen qudn tinh ciia mot qud ca cé ban kinh a va
ham mat do la ham hdng theo duong kinh. (So sdnh vdi vi du 4 trong Muc 15.5).

27. Hay dp dung phuwong phdp trong vi du 5 dé tinh / F-dr, trong do
C

22yi + (y? — 22)j
F(a:,y) = (1’2 I yg)z

va C' la mot duong cong don khép kin theo chiéu duong va chita diém goc toa do.
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28. Hay tinh / F-dr, trong d6 F(z,y) = (x® + y,3z — y*) va C la duong cong bi chin
C

c6 chieu duong gidi han bdi mot mién D cé dién tich bing 6.

29. Néu F la mot truong vecto nhu trong vi du 5, hay chi ra ring / F-dr =0 cho moi
C
duong cong don khép kin khong di qua hodc chita diém goc toa do.

30. Hay hoan thanh chitng minh mot truong hop ddc biét cia dinh lij Green bing cdch
chiing minh phuong trinh (16.4.3).

81. Hay dp dung dinh lj Green dé ching minh cong thic doi bién trong tich phan boi
(cong thic 15.10.9) trong truong hop véi f(z,y) = 1:

//}dedy://g

O day R la mién tich phan trong mdt phing zy va S la mién tich phan trong mdt

,Y)

o(z
3, 0) dudv

phdng wv dudi phép doi bién x = g(u,v),y = h(u,v).

[Goi y: Chii 1 rang bén vé trdi la A(R) va dap dung phan dau tién cia phuong trinh
(16.4.5). Hay chuyén doi tich phan duong trén OR thanh tich phan duding trén 0S va
dp dung dinh ly Green trong mat phdng uv/.

16.5 Curl va Divergence

Trong chuong nay ta gidi thiéu hai phép toan dugc thuc hién trén truong vecto va
doéng mot vai tro co ban trong tng dung clha phép tinh vectc vao dong dién trudng va
dong tir truong. Mdi phép toan tuong ty nhu dao ham, nhung mot phép toan thi tao ra
truong vecto trong khi mot phép toan tao ra mot trudsng vé huéng.

Curl
Néu F = Pi+ Qj + Rk 1a mot trudng vecto trén R? va cac dao ham rieng ctia P,Q vd R
déu ton tai, thi curl ctia F 1a mot trudng vecto tren R? duge xac dinh béi

_ (OB QN (0P _oRY. (0@ _oP
curl F = ((9y aZ)l—i— (62 ax>‘l+ (51: (7y> k (16.5.1)
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Dé c6 thé nhé dé dang, ta hay viét phuong trinh (16.5.1) bing cach sit dung ky higu
phép todn. Ta dinh nghia mot phép toan dao ham vects V (“del”) nhu sau:

0 0 0
PSS A
v e +']5y * 0z

N6 ¢6 ¥ nghia khi n6 tac dong len mot ham vo huéng dé co gradient ciia f:

OF 508 O _ofy ofs oy
V= g, TR, =it T Ak

Néu ta nghi rang V 1a mot vecto c6 cac thanh phan 0/dz, 8/0y, 0/0z, ta c6 thé xem né nhu
la mdt tich vects ctia V v6i trudng vects F nhu sau:

i j k

0 0 0

P Q R
_ (9”@ oP OoR\. (0Q 0oP
_<6y 02) +<6z 6$>J+<6m 0y>k

=curl F
Do d6 cach dé nhat dé nhé dinh nghia (16.5.1) d6 la

curl F=V x F (16.5.2)

Vi du 1 Néu F(z,y,2) = z2i + 2yzj — y°k, hiy tim F. Giai Ap dung phuong trinh
(16.5.2), ta co:

i
curl F = VF = aa a(?

=(2y—zy)i— (0—2)j+ (yz2 — 0k
—y(2+x)i+xj+yzk

Nh6 lai ring gradient ctia mot ham f ba bién 1a mot trudng vecto tren R? va do d6 ta
c6 thé tinh curl ciia né. Dinh 1y sau day néi ring curl ctia mot trudng vecto gradient bang
0.
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Dinh 1y 16.7. Néu f la mot ham ba bién cé dao ham riéng cap hai lién tuc, thi

curl (Vf) =0
Ching minh. Ta cé
i j k
N
curl (Vf) =V x(Vf)=\|oz 0oy 0z
o of
or 0Jy 0z

A AY WA AY >f  *f
= - 1+ - J+ - k
0yoz  0zdy 0z0r  O0x0z ordy  dyox
=0i+0j+0k=0

theo dinh ly Clairaut. 0

Béi vi mot trudng vecto bio toan 1a F = V£, nén theo dinh 1y 16.7 c¢6 thé suy ra riang
Néu F 1a bao toan, thi curl F = 0

Diéu nay cho ta mot dau hiéu nhan biét mot trudng vecto c6 bao toan hay khong.

Vi du 2 Hay chi ra ring trudng vecto F(z,y,2) = xzi + zyzj — y’k khong bio toan.
Giai Trong vi du 1 ta da chi ra rang

curl F = —y(2 + 2)i + zj + yzk

Diéu nay chi ra réang curl F # 0, va do d6 theo dinh 1y 16.7, F khong bao toan.

Téng quét thi chiéu nguge lai ctia dinh 1y 16.7 khong ding, nhung dinh 1y dudi day
néi rang chiéu nguge lai 14 ding néu F xac dinh tai moi noi trong khong gian. (Tong quat
hon, diéu d6 1a ding néu nhu mién xac dinh 14 mién don lién, nghia 14 “khong c6 16 hong”).
Dinh 1y 16.8 1a truong hgp ba chiéu ctia dinh Iy 16.5. Chitng minh ctia né can st dung dinh
ly Stokes va sé dugc phéc hoa trong Muc 16.8.

Dinh 1y 16.8. Néu F la mot truong vecto zac dinh trén toan R ma cic thanh phan cia

né c6 dao ham riéng lién tuc va curl F =0, thi F la truong vecto bdo toan.

Vi du 3.
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(a) Hay chi ra rang
F(z,y,2) = y>2%1 + 20y2°j + 32°2%k

12 mot truong vects béo toan.
(b) Hay tim ham f théa man F = Vf.
Giai

(a) Ta tinh curl cia F:

i K
0 0 0
IF-vF=| 2 <2 2
ot v ox oy 0z
222 2ayz® 3xyta?
= (6xyz® — 6zyz)i — (3y?2% — 3y22D)j + (2y2° — 2y23)k
=0

Vi curl F = 0 va mién x4c dinh ctia F 1a R, nén F 1 trudng vecto bdo toan theo
dinh 1y 16.8.

(b) Ky thuat tim f da dugc dé cap trong Muc 16.4. Ta c6

fol,y,2) = y?2° (16.5.3)
fy(z,y, 2) = 2zy2> 16.5.4
y
fo(w,y,2) = 3wy?2? (16.5.5)

Lay tich phan (16.5.3) theo bién z, ta dugc:

flx,y,2) = 2y®2® + g(y, 2) (16.5.6)

Lay dao ham ciia (16.5.6) theo bién y ta dudgc fy(z,y,2) = 2zyz® + g,(y, 2), va tit
(16.5.4) ta c6 gy(y, 2) = h(z) va

fow,y, 2) = 3uy?z" + 1 (2)
Khi dé6 (16.5.5) cho ta h'(z) = 0, va

flz,y,2) = 2?2 + K
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x

curl F(x, v, z)

{x.y.2)

Hinh 16.5.1

Ly do ma ta goi 1a curl dé6 1a vecto curl tuong ting v6i mot phép quay. Va moi lién he
nay dugce giai thich trong bai tap 37. Mot viec khac x4y ra khi F biéu dién mot trudng van
téc trong dong chay chét 1éng (xem vi du 3 trong Muc 16.1). Chat diém gan (z,y, z) quay
quanh mot truc va chi ra huéng ctia curl F(z,y, 2), va chiéu dai ciia vecto curl do xem cac
chit diém di chuyén nhanh nhu thé ndo trén truc dé (xem Hinh 16.5.1). Néu curl F = 0
tai mot diém P, thi chat 16ng khong xody tai P va F dugc goi 1a khéng xoay tai P. N6i
cach khéc, khong c6 nudce xody hay dong xody tai P. Néu curl F # 0, thi mot banh 14i 14
dong nuéc nhung né khong xoay quanh truc ctia n6. Néu curl F # 0, thi banh 14i d6 xoay
quanh truc. Ta dua ra mot 1i gidi thich chi tiét hon trong Muc 16.8 nhu 1 mot két luan
ctia dinh 1y Stokes.

Divergence

Néu F = Pi+ Qj + Rk la mot trudng vecto trén R? va dP/dx, 0Q /0y va OR/dz ton tai,

thi divergence ctia F 14 motham ba bién dude xac dinh béi

disza—P+@ a—R

e (16.5.7)

Luu ¥ rang curl F 1a mot trudng vecto nhung div F 14 mot truong vo huéng. Dudi toan
tit gradient V = (9/0x)i + (0/dy)j + (8/02)k, divergence ctia F c6 thé duge viét dudi dang
ky hiéu la tich vo huéng caa V va F:

divF=V-F (16.5.8)

Vidu 4. NéuF(z,y,2) = zzi + zyzj — °k, hay tim div F Giai Duya vao dinh nghia
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cia divergence (phuong trinh (16.5.7) va (16.5.8)) ta co

0 0 0
divF=V.-F = a—x(xz) + 8—y(:1:yz) + g(—yZ) =z+ 2
Néu F 13 mot trudng vecto tréen R3, thi curl F ciing 1 mot trudng vecto tren R3. Nhu

vay, ta c6 thé tinh dugc divergence ciia né. Dinh 1y sau day chi ra ring két qua d6 biang 0.

Dinh 1y 16.9. Néu F = Pi+ Qj+ Rk la mot truong vecto tren R® va P,Q va R ¢6 dao
ham riéng cap hai lién tuc, thi
div curl F =0

Chitng minh. Ap dung dinh nghia clia divergence va curl, ta c6
diveurl F=V . (VxF)

L8 (2P 0@\, @ (P _0R\ 2 (% 0P
oz \ox 0z oy \ 0z Oz oz \dxr 0y

B ’R B %Q N %P B 0’R N 0%Q B %P
© Oxdy 0xdz  Oydz  Oydxr  0z0x 020y

do céc s6 hang nay triét tieu theo dinh ly Clairaut. O

Vi du 5. Hay chi ra ring trudng vecto F(z,y, z) = z2i + zyzj — y*k khong thé viét
dugc duédi dang curl ciia mot trudng vecto khac, tic 1la, F # curl G. Giai Trong vi du 4
ta da chi ra rang

divF =2+ 22

va do d6 div F # 0. Gia stt rang F = curl G, khi d6 theo dinh 1y 16.9 ta phai c6
div F =divcurl G =0

diéu nay mau thuan vi div F # 0. Nhu vay, F khong 1a curl ctia mot truong vecto khac.
Mot lan nita, 1y do tit cai tén divergence c6 thé dugce hiéu trong bdi canh dong chay
cia chat 16ng. Néu F(z,y, 2) 1a van toc ctia chat 16ng (hodc khi ga), khi d6 div F(z,y, 2)
biéu dién téc do thay doéi (theo thsi gian) khéi lugng clia chat 16ng (hodac khi ga)
chdy tit diém (z,y,z) trén mot don vi thé tich. N6i cach khac, div F(x,vy,z) do hudng
ctia chat 1éng chay ra tit diém (z,y, z). Néu div F = 0, thi F dugc goi 13 khéng nén dudc.
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Mot toan tit kha vi khac xuat hién khi ta tinh toan divergence clia mot trudng vecto
gradient Vf. Néu f 1a mot ham ba bién, ta c6

div (Vf):v-(Vf)=0—+—+—
va biéu thic nay rat thudng xuyen giap v ta viét tit n6 1a V2f. Toan ti
V2=V.V

dugce goi la toan t1 Laplace bdi vi né lién quan t6i phuong trinh Laplace

orf 0 f  O%f
2 = — _— —_— =
v f_(?x2+&y2 +(922

Ta ciing c6 thé 4p dung toan tit Laplace cho mot trudng vecto
F=Pi+Qj+ Rk
v6i cac thanh phan ctia né nhu sau
V2F = V?Pi + V2Qj + V2Rk

Cac Dang Vecto ciia Dinh Ly Green

Cac toan tit curl va divergence cho ta viét lai Dinh Ly Green dudi nhiéu dang ma ta sé
diing trong céc nghién citu sau nay. Ta gia sit ring mot mién phing D, va dudng bién clia
n6 1a C, va cac ham P va Q théa man cac gid thiét ctia dinh 1y Green. Khi dé, ta xem xét
mot truong vects F = Pi+ @)j. Tich phan dudng ciia né la

%F-drzngdx—i—Qdy
C C

va, xem F nhu 13 mot trudng vecto tren R? v6i thanh phan thi ba 13 0, ta c6

i ik
0 0 0 0Q 0P

P(z,y) Q(x,y) 0

Do doé,

0Q 0P k~k:aQ oP
or 0y

(CurlF)-kz ((’}qj_ay
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va ta c¢6 thé viét lai phuong trinh trong dinh 1y Green duéi dang vecto nhu sau

§1§CF-dr = //D(curl F) -k dA (16.5.9)

Phuong trinh (16.5.9) biéu dién tich phan duong ctia thanh phan tiép tuyén cta F
tréen C dudi dang tich phan boi clia cao do clia curl F trén mién D gidi han trong C. Bay
gid ta liy mot cong thic tuong ty c6 chita thanh phan phap tuyén cta F.

Néu C dugc viét dudi dang phuong trinh vecto

ft) =2+ y(]  1<t<b
thi vecto tiép tuyén don vi (xem Muc 13.2) 1a
a'(t) . Y1)
T(t) = i+ J
'@ ()]

HOIEIOR
YOl )

.tTm

w(f) p“141Ftr|

0

-

Hinh 16.5.2
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(Xem Hinh 16.5.2). Khi d6, tit phuong trinh (16.2.2) ta c6

b
%CF-nds :/a (F - n)(8)|r' () dt
[ [P0 Qa0
a t)] t)]

() ()
b
—/Pmmw»<W—mumwwwm

/de de_//< )dA

theo dinh 1y Green. Nhung ma dai lugng tich phan trong tich phan boi nay chi 1a divergence
cua F. Do vay, ta ¢6 mot dang vecto thit hai ctia dinh 1y Green.

7§CF ‘nds = //Ddiv F(z,y)dA (16.5.10)

Biéu thiic nay néi rang tich phan dudng ciia mot thanh phan phép tuyén ctia F trén C

béng véi tich phan boi clia divergence ctia F trén mién D gi6i han trong C.

Bai tap 16.5.

1-8 Hay tim (a) curl va (b) divergence ctia trudng vecto cho trude.
1. Fz,y,2) = (x +y2)i+ (y+x2)j+ (z + zy)k
2. F(x,y,2) = zy’23i+ 23y225 + 2%y 2k
3. F(z,y,z) = zyeiyze®k

4. F(x,y,z) = sinyzi+ sin zxj + sinzyk
1
Va2 +y?+ 22

6. F(x,y,2) = e%sinzj+ ytan ' (z/2)k

5. F(x,y,z) = (xi+ yj+ zk)

7. F(z,y,z) ={e"siny, eYsin z, e sinx)

8. Flz,y,2) =22
y 2 x
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9-11 Cho mot truong vecto F trong mdit xy va trong giong nhau trén moi mat phdng

nam ngang. (N6i cich khac, F doc lap vdi z va thanh phan z cia né bing 0).
(a) div F la duong, am, hay bang khong? Hay gidi thich.

(b) Hay kiém tra zem curl F =0 hay khong. Néu khong, curl F chi theo hudng nao?

9. }" 10. .\“ K 4 4

——— el =l =

1.y,

12. Cho f la mét truong vo hudng va F la mot truong vecto. Hay néu 1o cdc biéu thitc
sau la c6 nghia hay khong. Néu khong, hay gidi thich tai sao. Va néu cé, hiy néu

xem noé la mot truong vo hudng hay maot truong vecto.

13-18 Hay xét wem cdc truong vecto sau day cé bdo toan hay khong. Néu né bdo toan,
hay tim ham f sao cho F =V f.
13. F(z,y,2) = y*2%1 + 2xy2%j + 3z 2%k

14. F(z,y,2) = zy2%i+ 22y2%j + 22y’ 2k
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(a) curl f (b) gradf

(c) div F (d) curl (gradf)

(e) gradF (f) grad(div F)
(g) div (gradf) (h) grad(div f)
(i) curl (curl F) (j) div (div F)

(k) (gradf) x (div F) (1) div (curl (gradf))

15. F(z,y,2) = 3zy* 2% + 20%y2%5 + 32°y 2%k
16. F(x,y,z) = ¢+ sin zj+ y cos zk
17. F(z,y,z) = e’ i1+ zze¥* 5+ zye’“k

18. F(x,y,z) = e*sinyzi+ ze” cosyzj+ ye* cosyzk

19. C6 hay khong mat truong vectd G trén R sao cho curl G = (xsiny,cosy, z — xy)?
Hay gidi thich.

20. C6 hay khong mot trudng vecto G tren R sao cho curl G = {xyz, —y*z,y2*)? Hay
gidi thich.

21. Hay chi ra mot truong vecto bat ky cé dang

F(z,y,2) = f(z)i+g(y)i+ h(z)k

trong do f,g,h la cic ham khd vi, va khong rota.

22. Hay chi ra mot truong vecto bat ky cé dang

F(a:,y,z) = f(y,Z)?:—i—g(I‘,Z)j—l— h(%,y)k

la khong nén duge.

23-29 Hay ching minh cic dang thic sau day, gid st rang cic dao ham riéng tuong
tng ton tai va lién tuc. Néu f la mot truong vecto vo hudng va F, G la cdc truong vecto,
thi fF,F-G va Fcurl G duogc xdc dinh bdi

(fF)(:E7y7 Z) = f(:v,y,z)F(:U,y,z)
(F G)('T7y’ Z) = F(m,y,z) ’ G($aya Z)
(Fx G)(z,y,2) = F(z,y,2) x G(x,y, z)
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2.
25,
26.
27,
28.

29.
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div (F+ G) = div F+ div G

curl (F+ G) = curl F+ curl G

div (fF) = fdiv F+ F-Vf

curl(fF) = fcurl F+ (Vf) x F
div(Fx G)= G-curl F— F- curl G
div (Vf xVg)=0

curl (curl F) = grad(div F) — V*F

30-32 Cho r = xi+ yj+ zk va r = |r|.

30.

Hay kiém ching cic dang thie sau
(a) V-r=3.

(b) V- (rr) =4r.
(c) V3 =12r.

31. Hay kiém ching cdic ménh dé sau

(a) Vr =r/r.

(b) V x r=0.

(c) V(1/r) = —r/r3.

(d) Vinr = r/r%

32. Néu F = v/rP, hay tim div F. C6 hay khong mot gid tri p sao cho div F = 0.
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33.

3.

35.

36.

37.

Hay dp dung dinh lyj Green vdi dang nhu phuong trinh (16.5.10) dé chatng minh ddng
thitc that nhat cia Green:

//DfVQQdAz?gcf(vg).nds_//va.vgdA

trong dé C va D thod mén cdc gid thiét ciia dinh lyj Green va cdc dao ham riéng
tuong ting cia f va g ton tai va liéen tuc. (Dai liong Vg - n = D,g trong tich phan
duong. Day la dao ham cé hwdng theo hudng ciia vecto phdap tuyén va duge goi la dao
ham huéng phdp tuyén cia g).

Hay dp dung ddng thic thit nhit cia Green (bai tap 33) dé chiing minh ddng thic

th hat cua Green:
// (fV?g—gV?f)dA = yg f(Vg—gVf)-ndA
D C

trong dé C va D thod man cdc gid thiét cia dinh lj Green va cdc dao ham riéng

tuong 1ing cia f va g ton tai va lién tuc.

T Muc 14.3 hay nhé lai rang mot ham g duge goi la tuan hoan trén D néu né thda
man phuong trinh Laplace, nghia la, Vg = 0 trén D. hay dp dung dawrng thic thi
nhat cia Green (vdi cing cdc gid thiét nha trong bai tap 33) dé chi ra ring néu g la

tuan hoan trén D thi yﬁ Dpgds = 0. 9] day Dyg la dao ham hudng phdp tuyén cia g
C
dugc dinh nghia trong bai tip 33.

Hay dp dung ding thic thi nhat cia Green dé chi ra rang néu f la tuan hoan trén
D, va néu f(x,y) = 0 trén bién cia C, khi dé // IVfI2dA = 0 (vdi cing cic gid
D

thiét nhu trong bai tap 33).

Bai tap nay chitng minh mot moi lién hé gitta vecto curl va phép quay. Cho B la mot
vat rdn, cing quay quanh truc z. Phép quay cé thé duge mo td bdi vecto w = whk,
trong dé w la van toc géc cia B, nghia la, vecto van toc tiéo tuyén tai mot diém P
bat ky trong B chia cho khodng cach d tw né dén truc quay. Cho v = {(z,y, ) la vecto
toag do cia P.

(a) Bang cdch xét géc 0 trong hinh, hay chi ra rang truong van toc cia B duge cho

bdi v=w x 7.

(b) Hay chi ra v = —wyi+ wzxj
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(¢) Hay chi ra v = 2w.

38. He phuong trinh Mazwell lién quan dén dién truong E va ti truong H thay doi theo

thoi gian trong mot mién khong dién tich va khong cé dong diéen cé thé dude néu ra

nhu sau:
div E=0
div H=0
curl B = _10H
c ot
curl H = LoB
c ot

trong dé ¢ la toc do dnh sding. Hay dp dung cdc phuong trinh nay dé ching minh cdc
ddng thie sau day:

1 ’E
((1) VX(VXE):—CEW
1 0°H
5 1 0’E
() V'E= G50
2
(d) V2H - 10°H

2 082
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39. Ta vita chiing minh rang moi truong vecto c¢6 dang F = Vg déu théa man phuong
trinh curl F = 0 va moi truong vecto c6 dang F = curl G déu théa man phuong trinh
div F = 0 (gid st riang cdc dao ham riéng tuong wng la lién tuc) Diéu nay cho ta mot
cau hoi: Co hay khong cic phuong trinh ma moi ham cé dang f = div G phdi thoa
man? Hay chi ra cau trd 10i cho cdu héi nay la “khong” bing cdch chiing minh ring

moi ham lien tuc f tren R® la divergence ciia mot truong vecto nao dé. [Goi g: Cho

Gla,y,2) = (g(, . 2),0,0), trong d6 g(w.y, 2) = / Fa,y,2)dt).
0

16.6 Cac Miat Tham S6 va Dién tich ctia chiang

Cho dén nay, ta da xem xét cidc dang dic biét clia mit: mat try, mit nén bac hai, do
thi cfia cdc ham hai bién, cac mit clia ham ba bién. O day, ta ap dung ham vecto dé mo
t4 cac mat téng quat hon, duge goi 1 cde mdat them so, va tinh toan dién tich ctia ching.
Sau do, ta dua ra cong thiic tinh dién tich ctia mot mat tong quat va xem xét né duge &p

dung vao cac mit dic biet nhu thé nao.
Mit Tham Sé

Theo céach tuong tu ma ta da mo td mot dudsng cong trong khong gian bdi mot ham
vectd r(t) theo tham s6 ¢, ta c6 thé mo td mot mat bdi mot ham vecto r(u,v) theo hai

tham s6 v va v. ta gia si rang
r(u,v) = z(u,v)i+ y(u,v)j + z(u,v)k (16.6.1)

1a mot ham vectd xac dinh trén mién D trong miit phing uv. Cho nén z,y vi z, cdc ham
thanh phan ctia r, 14 cac ham hai bién u v& v v6i mién xac dinh D. Tap cac diém (z,y, 2)
trong R? théa méan

x = x(u,v) y = y(u,v) z = z(u,v) (16.6.2)

va (u,v) thay doi trong D, dugc goi 13 mit tham s6 S va phuong trinh (16.6.2) dude goi
la cic phuong trinh tham sb ciia S. Mbi gié tri ciia v va v cho ra mot diém trén S; chon
tat ca cac gia tri nhu vay, ta dudgc moi diém trén S. Néi cach khac, mat S duge vach ra
bdi toa do ctia cac vecto r(u,v) khi (u,v) thay déi trén D (Xem Hinh 16.6.1).
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(o, ')

Hinh 16.6.1: Mot mat tham s6

Vidu 1. Hay xéac dinh va phac hoa mot méat c6 phuong trinh vecto
r(u,v) = 2cosui + vj + 2sinuk
Giai Cac phuong trinh tham sb cho mat nay 1
T =2cosu Yy =0 z = 2sinu
Nén véi mot diém (z,y, z) bat ky trén mit, ta c6
22 + 2% = 4dcos®u + 4sin®u = 4

Diéu nay c6 nghia la theo chiéu doc mit cit song song v6i mit phang zy (tic la, véi y
khong d6i) 14 moi dudng tron c6 ban kinh bang 2. Bdi vi y = v va khong ¢6 rang budc nao
cho v, mat nay 14 mot mat tru tron véi ban kinh 2 ma truc cta né la truc y (Xem Hinh
16.6.2).

Trong vi du 1 ta khong c¢6 rang buoc cho cac tham s6 u va v va do dé ta c6 toan bo

mit tru. Néu, ching han, ta rang buoc u va v bing cach viét mién tham sb
O0<u<mn/2 0<v<3

khi dé x> 0,2 > 0,0 < y < 3 va ta c6 mot phan tu mat tru c¢6 chiéu dai 3 duge minh hoa
trong Hinh 16.6.3.

Néu mot mét tham s6 S duge cho bdi mot ham vecto r(u,v), thi sé c6 hai ho duong

cong nam trén S, mot ho v6i u khong déi va mot ho khéac v6i v khong déi. Cac ho nay
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Hinh 16.6.3

ing véi cac duong thang ding va cac dudng nidm ngang trong mit phing uv. Néu ta gii
u khong doi biang cach dat u = ug thi r(u,v) 12 mot ham vectd chi theo mot bién v va xéc
dinh mot duong cong C; trén S. (Xem Hinh 16.6.4)

Tuong tu, néu ta git v khong déi bing cach dit v = vy, ta dude mot duong cong Co
dugc cho béi r(u,vg) trén S. Ta goi cac duong cong nay la cic dudng cong luéi. (Trong
vi du 1, cac dudng cong ludi c¢6 duge bang cach dat v khong doi 1a céac dudng ndm ngang
trong khi cdc dudng cong lusi véi v khong doi la cac duong tron). That ra, khi mot may
tinh vé do thi clia mot mat tham s6, né thudng mo ta bé mat bang cach vé cac duong cong

lu6i, nhu ta sé thay trong vi du dudi day.

Vi du 2. Hay st dung mot hé théng may tinh dé vé do thi bé mat

r(u,v) = {(2 + sinv) cos u, (2 + sinv) sin u, u + cosv)
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' & Tk
(2ig, tp) | r
=ty —_—
D =iy
0 u
x
Hinh 16.6.4

V6i cac duong cong luéi nao thi u khong déi? Duong nao véi v khong doi?
Giai Ta vé do thi mot phan clia bé mit v6i mién tham s6 0 < u < 47, 0 < v < 27
trong Hinh 16.6.5. N6 c6 su xuét hién ciia mot duong xoan 6¢. Dé xac dinh cac dudng cong

luéi, ta viét tuong tng cac phuong trinh tham so:

x = (2 +sinv) cosu y=(2+sinv)sinu Z=u+cosu

Néu v khong doi thi sinv va cosv khong ddi, nén phuong trinh tham sé giéng nhu mot
duong dinh 6c¢ trong Vi du 4 Muc 13.1. Do vay cac dudng cong ludi véi v khong do 1a cac
dudng xodn 6c¢ trong Hinh 16.6.5. Ta suy luan ring cac dudng cong ludi véi u khong déi
phéi 1 cac duong tuong tu duong tron nhu trong hinh. Thém mot bing chiing cho khang
dinh nay 1a néu v khong déi, u = ug thi phuong trinh z = ug + cos v chi ra ring cac gia tri
clia z sé& thay doi tit ug — 1 dén ug + 1.

Trong vi du 1 va 2 chiing ta c6 mot phuong trinh vecto va dude yéu cau vé do thi cia
mit tham s6 tuong ng. Trong cic vi du duéi day, tuy nhién, ta c6 thém thi thach can
tim mot ham vecto dé biéu dién mot mit tham sé cho trude. Trong phan cudi cia chuong
nay ta sé phai lam chinh xac viéc do.

Vi du 3. Hiy tim mot ham vecto biéu dién mit phing di qua diém Py c6 vecto toa
do rg va chita hai vectd khong song song a va b.

Giai Néu P la mot diém bat ky trong mat phang, ta c6 thé duge diém P bang cach
cho P, di chuyén mot doan cho trude theo hudng ciia vecto a va mot doan khéc theo huéng
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Hinh 16.6.5

vectd b. Do d6 sé c6 hai s6 v va v sao cho Poﬁ = ua + vb (Minh hoa trong Hinh 16.6.6,
theo dinh luat Parallelogram, trong truong hop u va v déu duong. Xem bai tap 46 trong
Muc 12.2). Néu r 1a toa do vecto ctia P, khi d6

r=OP0+POI_3)=r0+ua+vb

Vay nén phuong trinh vecto clia mat phing duge viét dudi dang
r(u,v) =rp + ua+ vb

trong d6 u va v 14 cac s6 thuec.

Néu ta viét r = (z,y, 2), ro = {T0,%0, 20y, a = {a1,az,a3y vd b = {by, b, b3), thi ta c6
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Hinh 16.6.6

thé viét cAc phuong trinh tham s6 ctia mat phang di qua (xg, o, 20) nhu sau:

T = x0 + uaj + vby Yy = yo + uaz + bo z = zp + uaz + vbs

Vi du 4. Hay tim biéu dién tham sb ciia mat cau

2

:L‘2+y2+z2=a

#
2
D
d=c
B =k
0 c ki Ib

Hinh 16.6.7

Giai Mot mit cau c6 biéu dién don gidn p = a trong hé truc toa do cau, nén ta chon
cac goc ¢ va  trong toa do cau nhu la cac tham s6 (Muc 15.9). Khi d6, dat p = a trong
phuong trinh chuyén tit toa do cau dén toa do chit nhat (Cac phuong trinh 15.9.1), ta dudc

x = asin ¢ cos Yy = asin¢cosf Z = acos¢
13 phuong trinh tham s clia mét cau. Phuong trinh vecto tuong tng 13

r(¢,0) = asin ¢ cos i + asin ¢ sinfj + a cos pk
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Tac6 0 < ¢ <mva0 <6 <27, nén mién tham s6 1a hinh ch nhat D = [0, 7] x [0, 27].
Céc duong cong ludi véi ¢ khong ddi la cac dudng tron vi do (chita dudng xich dao). Cac
dudng cong ludi véi 0 khong doi 1a cdc dudng kinh tuyén (nita dudng tron), cé két ndi véi
cac cyc bac va nam. (Xem Hinh 16.6.7).

Luu y 4. Ta da thay trong vi du 4 rang cdac duong cong ludi cia mot mat cau la cac duong
cong co vi do va kinh do khong déi. Véi mot mat tham sé téng qudt ta thuc su tao ra mot
biéu do va cic duong cong ludi tuong tw vdi cdc duong vi tuyén va kinh tuyén. Mo td mot
diém trén mot mat tham sé (giéng nhu Hinh 16.6.5) bing cdch chon ra cdc gid tri dac biét

cta w va v giong nhu la cho cdc gid tri vi do va kinh do cia mot diém vay.

I
JWI ’l "' ‘1\‘-.\‘1‘; i
h i
"‘l\‘t\\\ \‘ ;H s

'a.",’.

Hinh 16.6.8 Hinh 16.6.9

Mot trong nhitng tng dung clia mat tham sb trong do hoa may tinh. Hinh 16.6.9 cho
thiy két qua ctia ¢ ging vé do thi hinh cau z? + y? + 22 = 1 bing cach giai phuong trinh
cho z va vé ban cau trén va ban cau dudi mot cach riéng biét. Phan ctia hinh cau da bi méat
di béi vi ctia hé théng ludi hinh chi nhat duge sit dung bdi cac may tinh. Cac hinh dnh
tot hon trong Hinh 16.6.9 dude tao bdi may tinh bang cach sit dung phuong trinh tham s6
nhu trong Vi du 4.

Vi du 5. Hay tim mot biéu dién tham sb ctia mat tru
2?2 +yt =4 0<z<1

Giai Mit tru c6 mot biéu dién don gian 1 r = 2 trong hé truc toa do tru, do do ta
chon cac tham s6 6 va z trong hé truc toa do tru. Khi d6 phuong trinh tham s cia mat
tru 1a

x = 2cost y = 2sin6 z=z
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trong d6 0 <O <2rval<z<1.
Vi du 6. Hay tim mot ham vecto biéu dién mot elliptic paraboloid 2% = z2 + 2y

Giai Néu ta xem z va y la cac tham s6, thi phuong trinh tham s6 13
r=2x Y=y z=$2+2y2
va phuong trinh vecto
r(z,y) = zi + yj + (2® + 2k

Téng quét, mot miit duge cho trude béi do thi ctia mot ham theo  va y, tiic 1a, v6i phuong
trinh c6 dang z = f(x,%), luon c6 thé dugec xem nhu mot matj tham sbé bing cach chon x

va y 1a cac tham s6 va viét phuong trinh duéi dang

r=2x y=1vy sz(ﬂfa@/)

Bi¢u dién tham s6 (ciing dugc goi 1a tham s6 hoa) cac mit 14 khong duy nhat. Vi du tiép

theo chi ra hai cach dé them s6 hoa mot mat noén.

Vi du 7. Hay tim biéu dién tham s6 ctia mit z = /22 + y2, titc 1a nita trén ctia mit
non 22 = 42? + 492

Giai [1] Khi chon z va y la cac tham s6 thi ta c6
T=2x y=1 2 = 24/22 + y2
Do d6 phuong trinh ctia mat 1a

r(z,y) = xi+yj+ 2vV/2? + y?k

Giai [2] Mot biéu dién khac duge suy ra bang cach chon cdc tham sb trén hé truc
toa do cyc r vh 0. Mot diém (z,y,2) trén mit nén théa z = rcosf,y = rsinf va z =
24/ 2% + y2 = 2r. Phuong trinh vecto clia mét noén 1

r(r,0) = rcosfi+ rsindj + 2rk

trong do r > 0 va 0 < 6 < 2.

Cac mat tron xoay

Céc mit tron xoay c6 thé dugc tham s6 hod va vé do thi thong qua hé théng may tinh.

Chéng han, hiy xem xét mit S c¢6 dugc bing cach xoay dudng cong y = f(x),a < x < b,
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quanh truc z, trong d6 f(z) = 0. Cho 6 la goc clia phép quay va dugc minh hoa trong
Hinh 16.6.10. Néu (z,y, z) 1a mot diém tren S, thi

r=z y = f(z)cosb z = f(x)sinf (16.6.3)

Hinh 16.6.10

Do d6 ta lay x va 6 1a cac tham s6 va nhu trong phuong trinh (16.6.3) 1a phuong trinh
tham s6 ctia S. Mién tham s6 duge cho bdi a < x < b,0 < 6 < 27.

Vidu 8. Hay tim phuong trinh tham s6 cho cac mat duge tao bdi khi quay mot dudng
cong y = sinz,0 < x < 27, quanh truc z. Hay ap dung céc phuong trinh nay dé vé do thi

mat tron xoay nay.

Hinh 16.6.11

Giai Tu phuong trinh (16.6.3), phuong trinh tham s6 1a

r=x y = sinx cos 0 z = sinxsin 6
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va mién tham s6 13 0 < = < 27,0 < 0 < 27. Hay sit dung mot may tinh dé vé do thi ctia
phuong trinh tham sé nay va quay hinh da vé ta duge do thi nhu trong Hinh 16.6.11.

Ta ciing c6 thé ap dung phuong trinh (16.6.3) dé biéu dién mot mit tron xoay bing
cach quay quanh truc y hoac z. (Xem Bai tap 30).

Mt phing tiép xiic

Bay gio ta sé tim cAc mat tiép xtc ciia mot mat tham s6 S dude cho béi phuong trinh
vecto

r(u,v) = z(u,v)i + y(u,v)j + z(u,v)k

tai mot diém Py c6 toa do r(ug,vp). Néu ta cho u khong déi bang cach dat v = wg, thi
r(ug, v) tré thanh mot ham vecto theo tham s6 v va dudng cong luéi C; ndm trén S. (Xem

Hinh 16.6.12). Vecto tiép xic véi C; tai Py duge suy ra bang céc 1y dao ham riéng ctia r

theo v:
ox .0y . 0z
Iy = %(onvo)l + %(UOWO)J + %(UOWO)k (16.6.4)
' Ik
(8gs L)
v=1y
r
D U=

Hinh 16.6.12

Tuong tiy, néu ta chon v khong ddi va dit v = v, ta ciing c6 mot dudng cong ludi Co
dugdc cho bédi r(u,vg) nam tréen S, va vecto tiép xic tai Py la
ox

., 0 . 0
r, = %(UO,U())I + &—z(uo, vo)j + a—z(uo,vo)k (16.6.5)
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Néu r,, x r, khac 0, thi mat S dugce goi 1a tron (n6 khong c¢6 “géc dinh”). Véi mot mat
tron, mat tiép xic la mit phing chita cac vecto tiép xdc r, va ry,, va vecto r, x r, la
vecto tiép tuyén véi mit tiép xic.

Vi du 9. Héy tim mt phing tiép xtc véi mit ¢6 phuong trinh tham s6 2 = u?,y =

v?, 2 = u 4 2v tai diém (1,1,3).

Hinh 16.6.13: M#t phang tiép xtc tai (1,1, 3)

Giai Trudc hét ta hay tinh cac vecto tiép xtc

or. 0y, 0z .
ru—%l+%3+%k—2u1+k
ox oy 0
= — — —k =20+ 2k
Ty 3 +8v +6 V) +

Do d6 vecto tiép tuyén ciia mat tiép xtc 1a

i j k
ry Xry, =20 0 1| =—20vi—4uj+ 4duvk
0 20 2

Chi y ring diém (1,1,3) tng v6i cac gid tri tham s6 u = 1 va v = 1, do d6 vectd tiép tuyén
1a
91— 4j + 4k

Do d6 phuong trinh ctia mét tiép xic tai (1,1,3) 1a
—2(x—1)—4y—1)+4(z—3)=0

hay
r+2y—224+3=0
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Dién tich mat

Ta sé dinh nghia dién tich ctia mit c6 phuong trinh tham s6 téng quat duge cho béi
phuong trinh (16.6.1). D& don gian trude tién ta xem xét mot mit c6 mién tham s6 14 mién
chit nhat D va ta chia n6 1a hai hinh chit nhat nhé R;;. Ta chon (u},v)) la diém goc dinh
bén trai phia duéi ciia R;;. (Xem Hinh 16.6.14).

]
/
N }.l.!' r
—_—
i
/
(ue}. 0})

0 T

Hinh 16.6.14: Anh ctia hinh chit nhat con R;; 1a phan ndi S;;.

Phan S;; cia mat S tng véi R;; dude goi la phan néi va diém P véi toa do vectd 1a

r(u;,v;) 1a mot trong cac géc dinh ciia n6. Dat

r, =1y, (u;,v;) va ry = ry(u;,v])

la céc vecto tiép xuc tai P;; duge cho bdi phuong trinh (16.6.4) va (16.6.5).

Hinh 16.6.15(a) cho ta thay hai canh cia phan néi giao nhau tai P;; c6 thé duge xap xi
bing cac vectd. Cac vecto nay, 1an lugt, c6 thé duge xap xi bdi cac vectd Aur® va Avr® vi
cac dao ham rieng duge xap xi béi cac dao ham thuong. Do vay ta xap xi S;; béi hinh binh
hanh xac dinh bdi céc vecto Aur} va Avr. Hinh binh hanh nay duge chi ra trong Hinh
16.6.15(b) vA nim trén mat phéng tiép xtc véi S tai P;;. Dién tich ctia hinh binh hanh la

[(Aur)) x (Avr))| = | x ri | Aulv
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(a)

(b)

Hinh 16.6.15: Xap xi mot phan ndi bang hinh binh hanh

va do d6 dién tich xap xi ctia S 1a
m n
Z Z Ik x vl Aulv

i=1j=1

Triyc gidc cho ta biét rang xap xi nay tot hon khi ta ting so lugng cac hinh chit nhat
nhd, va ta nhan ra ring hai dai lugng téng nay la téng Riemann trong tich phan boi
// vy, x ry|dudv. Diéu ndy dan dén dinh nghia sau day

D

Dinh nghia 16.5. Néu mot mat tham s6 tron S duge cho bdi phuong trinh
r(u,v) = z(u,v)i+ y(u,v)j + z(u,v)k (u,v) € D

va S dugc phti khi (u,v) thay déi trong mién tham sé D, thi dién tich mit ctia S 1a

AQS)z([] ¥ x r¥]dA
D

trong do r,=—i+—=—j+ =—k r, = —i+ —j+ —k
u u u v v v
Vi du 10. Hay tim dién tich mit cau c¢6 ban kinh a.
Giai Trong vi du 4 ta c6 phuong trinh tham sb
r = asin ¢ cosd Yy = asin ¢ cosf Z = acos¢
trong d6 mién tham sb 1

D={(6,0)|0<¢<¢0<0<2r)
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Trude hét ta tinh tich c6 huéng clia cac vecto tiép xic

i j k
or Oy 0z i J k
ry X rg = % % % = |acos¢pcosf acospsing a—asing
oxr Jy 0z —asin¢sinf asin ¢ cosl 0
0 00 o6

— a®sin® ¢ cos Bi + a® sin? ¢ sin 0j + a? sin ¢ cos pk

Do dé

lry X ro| = \/a4 sin® ¢ cos2 0 + a sin ¢ sin? 6 + a4 sin? ¢ cos2 0

= \/a4 sin? ¢ + a4 sin? ¢ cos? ¢ = a®4/sin® ¢ = a? sin ¢

do sin¢g = 0 v6i 0 < ¢ < w. Do d6, theo dinh nghia 16.5, dién tich ctia mit cau la

2 s
A= // g x r9|dA=/ / a? sin ¢pdgdh
D 0 0

2 s
= aQ/ d9/ sin ¢d¢ = a?(21)2 = 4ma’
0 0

Dién tich mit dudc cho béi dé thi ciia mot ham

Trong truong hgp dac biét cia mot mat S véi phuong trinh z = f(z,y), trong d6 (z,y)
trén D va f c¢6 cac dao ham riéng lién tuc, ta lay = vd y 14 tham s6. Cac phuong trinh

tham sb la

cho nén of f
m_1+<a$>k I‘y +<ay>k
va
ij k
of
1 0 = of. of,
. _ =_—Ji_-iik 16.6.
Iy X Ty g? e 0y']+ (16.6.6)
01 =
y
Vay ta co

|rxxry|:¢<g;)2 (g;)m:w (Z) (2 667
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va cong thic dién tich mat theo dinh nghia 16.5 thanh

A(S) = //D \/1+ (Z—;)Q+ (Z—;)sz (16.6.8)

Vi du 11. Hay tim dién tich clia mot phan mit paraboloid z = z2 + y? ndm tren mit

phéng z = 9.

Hinh 16.6.16

Giai Mait phing giao giita paraboloid trong dudng tron 22 +y? = 9,z = 9. Do d6 mit
duge cho niim trén qua cd D c6 tam tai gbc toa do va ban kinh 3. (Xem Hinh 16.6.16). Ap
dung cong thic (16.6.8) ta c¢6

ae e (2 () s
- //D VIt 207+ (29)%dA
- //D VI+ A 1 2)dA

Chuyén sang hé truc toa do cuc ta dugc

27 3 27 3
A= / / A1+ 4r2rdrdf = / d0/ /1 + 4r2dr
0 0 0 0

3
~lor i 2 w22 | = T(37yET - 1)
83 G
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Cau héi con lai & day 1a lieu dinh nghia ciia ta vé dién tich mat 16.5 phit hop vé6i cong
thiic dién tich mat tir gidi tich mot bién (8.2.4).

Ta xét mat S duge tao bing cach quay duong cong y = f(z),a < x < b, quanh tryc x,
trong d6 f(z) = 0 va f’ lién tuc. Tt phuong trinh (16.6.3) ta c6 phuong trinh tham sb ctia
S la

r=ux y = f(x)cosf z = f(x)sinf a<zx<b 0<6<27m

Dé tinh dien tich mit S ta can céac vecto tiép xtc

r, =i+ f/(z)cosbj + f'(x)sin Ok
rg = —f(x)sindj + f(z) cos Ok

Do d6
1 j k
r, xrg= |1 f'(z)cosf f'(x)sind
0 —f(z)sinf f(x)cosh
= f(z)f ()i — f(x)cos0j — f(x)sin bk
va

v, x tol = \/[F@)PLf@)]2 + [£(@)]? cos? 6 + [f(x)]? sin? 0
= VI @)PO+[F(@)]2] = fl@)V1+ [f/(2)]

bdi vi f(z) = 0. Do d6 dien tich ctia S 1a

A= // Ity x rg|dA
D

2 b
- [ ] s P
b
~2n [ FVIH )P

Day chinh 14 cong thitc xac dinh dién tich m#t tron xoay trong giai tich mot bién (8.2.4).

Bai tap 16.6. .

1-2 Hay zdc dinh xem diém P va Q cé thudc mat cho trudc khong.
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1. r(u,v) = Qu+3v,1 +5u—v,24+u+v), P(7,10,4),Q(5,22,5).

2. r(u,v) = (u+v,u* —v,u+ 0%, P(3,-1,5),Q(—1,3,4).

3-6 Hay xac dinh mat vai phuong trinh vecto cho trudc
3. r(u,v) = (u+v)i+ (3—v)j+ (1 +4u+ 5v)k

r(u,v) = 2sinut + 3cosuj + vk, 0 < v < 2

4. ’I"(S,t) = <S¢ta t2 - 82>

5. r(s,t) = (ssin2t, s%, s cos 2t)

7-12 Hay st dung motmdy vi tinh dé vé do thi cia mat tham s6. Dua vao hinh dnh
via vé€ hdy chi ra cdc duong cong lidi vdi u khong doi va vdi v khong doi.
7. r(u,v) = Wl v u+0), - 1<u<l, -1<v<l1
8. r(u,v) = (u,v®, —v), —2<u<2,-2<v<2
9. r(u,v) = (ucosv,usinv,u®), -1 <u<1,0<v <2
10. r(u,v) = {u,sin(u + v),sinv), - T <u <7, -T<UVT
11. x = sinv,y = cosusin4v, z = sin2usindv, 0 < u < 27,0 < v < 27

12. x =sinu,y = cosusinv, z = sinvsindv, 0 < u < 27,0 < v < 27

13-18 Hay két hop cdac phuong trinh vdi cic do thi tuong wng duge danh daw tiw I-VI
va hay giai thich ly do tai sao chon nhu vay. Hay xdc dinh mot ho cdc duong cong ludi khi
w khong doi va v khong doi.

13. r(u,v) = ucosvi+ usinvj+ vk

14. r(u,v) = ucosvi+ usinvj+sinuk, -7 <u < 7w
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15. r(u,v) = sinwvi + cosusin 2vj + sinu sin 2vk
16. x = (1 —u)(3 + cosv) cosdmu,y = (1 — u)(3 + cosv) sindnu, z = 3u + (1 —u)sinv
3 3 3 3 3

17. x = cos” ucos® v,y = sin” u cos” v, z = sin” v

18. = (1—|u|])cosv,y = (1 — |u])sinv,z = u

19-26 Hay tim biéu dién tham s6 cia cic mat sau day.

19. Mat phang di qua diém goc toa do chia vecto i — j va j— k.
20. Mgt phang di qua diém (0,—1,5) va chita cic vecto (2,1,4) va (—3,2,5).
21. Mot phan ciia hyperboloid 4z — 4y* — 2? = 4 ndm trén mat phdng yz.
22. Mot phan cia ellipsoid z° + 2y* + 322 = 1 ndm trén mdat phang zz.

23. Mot phan ctia mat cau x + > + 2% = 4 nam trén hinh non z = \/a2 + y2
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2/. Mot phan cia mat cau z° + y2 + 22 = 16 ndm trén mat phing z = —2 va z = 2.

25. Mot phan ciia mat tru y2 + 22 = 16 ndm trén mat ph(ing z=0vax=0>5.

26. Mot phan cia mat phc“zng 2z = x + 3 nam trong mat tru 2+ y2 =1.

27-28 Hay st dung mot hé thong mdy tinh dé phdc hoa cdc do thi nhu cdc hinh dudi

®. B
"_/ - \‘\\_
,-/ e
~—— -
0
e -
0 —0

29. Hay tim phuong trinh tham so ctia cdc mat dugc tao béi khi zoay duongy = e *,0 <

x < 3 quanh truc Ox va hay phdc hoa do thi cia mat dé.

30. Hay tim phuong trinh tham sé cta cic mat duge tao bdi khi zoay dudng x = 4y —
y*, —2 <y < 2 quanh truc Oy va hay phéc hoa do thi cia mat do.

31. (a) Chuyén gi xdy ra vdi hinh ong zodn oc trong vi du 2 (Xem Hinh 16.6.5) néu ta

thay coswu bdi sinu va sinu bdi cosu?

(b) Chuyén gi zdy ra néu ta thay cosu bdi cos2u va sinu bdi sin 2u?
32. Mot mdt cé phuong trinh tham so

x = 2cosf + rcos(0/2)
y = 2sinf + rcos(0/2)
z = rsin(0/2)

1 R
trong do 3 <7r < - w0 <0< 2w, duge goi la dai Mobius. Hay vé do thi cia

S Nl

mdat nay vdi nhiéu hudng nhin. C6 diéu gi la bat thuong khong?

33-36 Hay tim mot phuong trinh cia mat tiép xiic véi mot mat tham sé cho trude tai

mot diém dic biét.
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33 x=u+v,y=3y%z=u—0v;(23,0)
. z=u+1lLy=v"+1,z=u+v;(523)
35. r(u,v) = ucosvi+ usinvj+ vk; u = 2,v = 7/3

36. r(u,v) = sinui+ cosusinvj+ sinvk; v = 7/6,v = 7/6

37-38 Hay tim phuong trinh ciia mat tiép wic véi mot mat tham so cho trude tai mot
diém dac biét. Hay vé do thi ciia mat tham s6 va mdat tiép xic dé.

87. r(u,v) = u*i+ 2usinvj + ucosvk; u = 1,v = 0.

38. r(u,v) = (1 —u® —v?)i—vj—uk; (=1,—1, 1)

39-50 Hay tim dién tich cia mdt.

39. Mot phan ciia mdat phding 3x + 2y + z = 6 ndm trén mot phan tam dau tién.

40. Mot phan ciia mat phang cé phuong trinh vecto r(u,v) = {u +v,2 — 3u,1 + u — v)
duge cho bdi 0 < u<2,—1<v<1.

41. Mot phan cia mat phing x + 2y + 3z = 1 ndm trong mdit tru z® + y* = 3.

42. Mot phan ciia mat non z = \/z2 + y2 nam gida mat phing y = x va mat tru y = 2.
2

43 Mat 2= S +y*?). 0z <10<y<1.

44. Mot phan cia mat z = 1 + 3z + 2y* ndm trén hinh tam gidc cé cic dinh (0,0), (0,1)
va (2,1).

45. Mot phan cia mat z = xy ndm trong mat tru 22 + y? = 1.
46. Mot phan ctia paraboloid x = y? + 2° ndm trong mat tru y* + 2% = 9.
47. Mot phan ciia mat y = 4z + 2% nam gigta cac mat phingx = 0,2 = 1,2 =0 va z = 1.

48. Hinh dinh oc (hinh xodn oc) cé phuong trinh vecto r(u,v) = ucosvi+usinvj+vk, 0 <
u<1,0<v<7
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. 1
49. Mt ¢6 phuong trinh tham s6 © = u®,y = uv,z = =02, 0<u<1,0<v < 2.
2

50.

51.

Mot phan clia mat ciu 2° + > + 22 = b% ndm trong mat tru z® + y> = a2, trong dé
0<a<b.

Néu phuong trinh cia mat S la z = f(x,y), trong dé =* + y* < R® va ban biét ring
|fel <1 val|fy| <1, ban néi gi vé A(S)?

52-53 Hay tim dién tich cia mat chinh xdc dén bon chit s6 thap phan bing cdch biéu

dién dién tich nay dudi dang mot tich phan thong thuong va st dung mdy tinh dé tinh tich

phan do.

52.

53.

5/,

55.

56.

57.

58.

Mot phan ciia mat z = cos(ac2 + yz) ndm trong mat tru z® + > = 1.

x

N ) 5 2 .2 R N
Mot phan cia mat z = e Y" ndm trén qud cd x* + y2 < 4.

Hay tinh chinh xdc dén bon chit s6 thap phan, dién tich cia mat z = (1+22)/(1+y?)

nam trén hinh vuong |z| + |y| < 1. Hay minh hoa bang cdac vé do thi cia mdt do.
(a) Hay dp dung Midpoint Rule trong tich phan boi (hay zem Muc 15.1) vdi sdu
hinh vuong zép i dién tich cia mat z = 1/(z* + y? +2%),0 < 2 < 6,0 < y < 4.
(b) Héy sit dung mot hé thong maytinh dé xap zi dien tich trong cau (a) chinh zdc

dén bon chit so thap phan. Hay so sanh vdi cau trd 1oi trong cau (a).

Hay tim dién tich cia mdat c6 phuong trinh  wvecto  r(u,v) =
{cos® ucos® v,sin® ucos® v,sin®v),0 < u < 7,0 < v < 2m. Hay cho két qud
chinh zdc dén bon chit sé thap phan.

Hay tim dién tich chinh xdc cia mat z = 1+ 2x + 3y + 4y2, 1<x<4,0<y<1.

(a) Hay thiét lap, nhung khong tinh, mot tich phdan boi la dién tich cia mat cé
phuong trinh tham s6 © = aucosv,y = businv, z = u?,0 < u < 2,0 < v < 2.
(b) Hay loai b6 cac tham s6 chi ra rang mat nay la mot elliptic paraboloid va thiét

lap mot tich phan boi khdc cho dién tich mdt nay.
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(¢c) Hay dp dung phuong trinh tham sé trong ciu (a) véi a = 2 va b = 3 dé vé do
thi mat.
(d) Trong truong hop a = 2,b = 3 hay st dung mot hé thong mdy tinh dé tinh dién

tich mat chinh xdc dén bon chit so thap phan.
59.

(a) Hay chi ra ring cic phuong trinh tham s6 © = asinucosv,y = bsinusinv,z =

ccosu, 0 <u<m0<v <2 la mot ellipsoid.

(b) Hay dp dung cdc phuong trinh tham sé trong cau (a) dé vé do thi ellipsoid trong
truong hop a = 1,b = 2,¢c = 3.

(c) Thiét lap, nhung khong tinh, mot tich phan boi cho dién tich mat cia ellipsoid trong
cau (b).

60. (a) Hay chi ra ring cdac phuong trinh tham s6 x = acoshucosv,y
beoshusinv, z = csinhu biéu thi cho mot hyperboloid.
(b) Hay dp dung cic phuong trinh tham sé trong cau (a) dé vé do thi ellipsoid trong
truong hop a = 1,b = 2,¢c = 3.
(c) Thiét lap, nhung khong tinh, mot tich phan byi cho dién tich mat cia ellipsoid

trong cau (b) ndm giita cdc mat phing z = —3 va z = 3.

61. Hay tinh dién tich cia mot phan cla mat cau 22 + 1y + 22 = 4z ndm trong paraboloid

z=x2—|—y2.

62. Hinh bén dudi chi ra cic mat duge tao thanh khi mdt tru y2 +22=1 giao vdi mat
tru 22 + 22 = 1. Hay tinh dién tich mat do.

|

2

63. Hay tinh dién tich cia mot phan clia mdt cau 2+ y2 + 22 = a® ndm trong mat tru

332+y2 = ax.
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64. (a) Hay tim biéu dién tham sé ctia mot hinh zuyén dugc tao ra khi xoay mot qud
ca quanh truc z trong mdt phing xz 6 tam (b,0,0) va bin kinh a < b. [Ggi y:
Hay chon 0 va « la cac tham sé chi ra trong hinh.]
(b) Hay dp dung phuong trinh tham so trong cau (a) dé vé do thi ciia hinh zuyén
do ing vdi cdc gia tri a va b khdc nhau.

(c) Hay dp dung biéu dién trong cau (a) dé tinh dién tich cia hinh zuyén do.

16.7 Tich Phan Mat

Mb6i lien hé gitta tich phan mat va dién tich mat cling tuong ty nhu mbi lien he
gitta tich phan duong va do dai cung. Gia st f 14 mot ham ba bién c6 mién xac dinh
chita mat S. Ta sé xac dinh tich phan mit cia f trén S theo mot xach 1a, trong trudng
hop f(z,y,z) = 1, gid tri clia tich phan mit bang véi dien tich cia mat S. Ta bat dau

v6i cac mat tham s6 va sau d6 xét trudng hop dac biét v6i S 1a do thi ctia mot ham hai bién.

Mat Tham Sb

Gia st rang mot mat S c6 mot phuong trinh vecto:
r(u,v) = z(u,v)i+ y(u,v)j + z(u,v)k (u,v) € D
Trude hét ta gid st ring mién tham sd D 13 mot mién hinh chit nhat va ta chia né ra thanh
cac hinh ch nhat nhd R;; véi chiéu rong va chiéu dai lan luot 1a Au va Av. Khi d6 mat S
dugc chia thanh cac phan nhé S;; nhu trong Hinh 16.7.1. Ta tinh f tai mot diém P;; trén

mbi phan, nhan véi dién tich AS;; ctia phan dé, va dang téng Riemann

i zn: F(PE)AS;

i=1j=1
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Hinh 16.7.1

Sau d6 ta lay gidi han khi s6 cAc phan nhd nay tidng va dinh nghia tich phan mat
cua f trén mat S la
m n
p— 3 * ..
//S fey2)dS = im0 3 F(P)AS, (16.7.1)
i=1j=1
Cht ¥ rang cong thitc nay tuong tu v6i dinh nghia tich phan duong (16.2.2) va va ciing
tuong tu véi tich phan boi trong (15.5.5).

Dé tinh tich phan mit trong phuong trinh (16.7.1) ta xap xi mot khodng dién tich AS;;
béi dién tich xap xi theo hinh binh hanh trong mat phang tiép tuyén. Theo quy udc ciia

ta trong Muc 16.6 ta c6 xap xi:
ASZ']‘ ~ ’I‘u X I‘AAUAU

trong do
ox oy 0z or., 0oy 0z
ry,=—i+—j+=—k r,=—i+—j+ =k
“T o T et T CT o T T
la cic vectd tiép tuyén tai cac diém géc clia S;;. Néu cac thanh phan nay lien tuc va r,, va
r, la khac khong va khong song song trén mién trong ctia D, tit dinh nghia 16.7.1, ngay

ca khi D khong phai 14 mién chit nhat,

//Sf(:v,y,Z)dS— //Df(r(u,v))\ru X 1y|dA (16.7.2)
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Ta c6 thé so sanh véi cong thitc ciia tich phan duong:

/fxy, ds/f ()]t
//SldSZ/Dh’uerldA:A(S)

Cong thitc (16.7.2) cho phép ta tinh tich phan mit bing cach chuyén né vé tich phan boi

Ciing quan sat thay rang

tréen mot mién tham s6 D. Khi ap dung cong thiic nay, hiy nhé rang f(r(u,v)) duge tinh
khi ta viét z = z(u,v),y = y(u,v) vd z = z(u,v) trong cong thic f(x,y,z).

Vidu 1. Hay tinh tich phan mat // 22dS, trong d6 S 1a mit cau don vi 22 +4% 422 = 1.
S
Giai Tuong tu nhu Vi du 4 trong Muc 16.6, ta ap dung biéu dién tham sb
x=singcosf y=singsinfd z=cosp 0<o<m 0<0<2n

nghia la
r(¢,0) = sin ¢ cos 0i + sin ¢ sin 6j + cos gk

Nhu trong Vi du 10 Muc 16.6, ta tinh dugc:
lrg X rg| = sing

Do d6, theo cong thic (16.7.2)

// 22dS = // (sin ¢ cos 0)?|ry x rg|dA

27 27 T
= / / sin? ¢ cos? 0 sin ¢dpdl = / cos? 0d0 / sin® ¢do
0 0 0 0

2m 1 ™
/ —(1 + cos 20)do / (sin ¢ — sin ¢ cos® ¢)d¢
0o 2 0

1 1. ] 1 1" 4x
—2[0+281n29]0 {—cosqﬁ—i-gcos qﬁ]o =3

Tich phan mat c6 ing dung tuong ty nhu cac tich phan ma ching ta da xem xét truée
d6. Chang han, néu mot 14 méng (mot 14 nhom) ¢6 hinh dang mat S va mat do (khdi lugng

trén mot don vi dién tich) tai mot diém (x,v,2) 1a p(z,y, 2), thi tong khdi lugng clia 14

m—//sp(x,y,z)ds

la
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va tam khéi 1a (z,7, 2), trong d6

r=— //:C/wy, )s  y=— //ypwy, )as  z=— // p(r,y,2
m m m

Moémen ctia lyc quan tinh duge dinh nghia nhu truée d6 (Bai tap 41).

D5 thi

Mot miit S bat ky c¢6 phuong trinh z = g(z,y) c6 thé duge xem nhu mot mat tham s
c6 phuong trinh tham s

va do do ta co

Vay,
0
ry X Ty = ——xi - “Zj+k (16.7.3)

vy x )| = %2—1— %24—1
roe e ox oy

Do d6, trong trudng hgp nay, cong thic (16.7.2) trd thanh

//fxy, )dS = //f:cygxy)\/<gi> +<g;>2+1dA (16.7.4)

Céc cong thitc tuong tir duge ap dung khi ta chiéu S lén mat phang yz hodac zz. Chéng

han, néu S 1a mot mat c6 phuong trinh y = h(x,2) va D la hinh chiéu ctia né léen mat

phang xz, khi do6

//fxy, )dS = //thxz )\/@;) +<Zz>2+1dA

Vi du 2. Hay tinh //de, trong d6 S lamit z = 2 +9%,0 <z < 1,0 < y < 2 (Xem
S
Hinh 16.7.2)




16.7 T “tch Phan Mat 111

Giai Bdéi vi

Cong thic (16.7.4) cho ta
2 2
Jois= L (Z) + (Z) +1aa
g D or oy
1 2
= / / yv/ 1+ 1+ 4y?dydx
0o Jo
1 2
=/ d:m@/ yv/ 1+ 2y%dy
0 0

IO H IR

Néu S 1a mot mit tron ting khiic, ¢6 nghia la, hgp clia cac mat Sa, So, ..., Sy, chi giao
nhau tren dudng bién cia ching, khi dé6 tich phan mit cia f trén S duge xac dinh béi

//Sf(l‘,y,z)dS = /51 fz,y,2)dS + ... + //Sn f(z,y,2)dS

Vi du 3. Hay tinh // 2dS, trong d6 S 1a mit ¢6 canh S; duge cho béi mit tru 22 +y? = 1,
ma day ctia no la So (?ho bai 22 + y? < 1 trong mit phéng z = 0, va dinh S5 13 mot phan
clia mit phang z = 1 4+ x nim trén Ss.

Giai Mat S dugc chi ra trong Hinh 16.7.3. (Ta c6 thé thay déi vi trf clia cac truc dé
c6 thé hinh thay S 16 hon). V6i S ta sit dung céc tham s6 6 va z (hay xem vi du 5 ) va
viét phuong trinh tham s6 c6 dang

r=-cosf y=sinf z=z
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S (P +yi=1)

S
Hinh 16.7.3
trong do
0<0<2m va 0<z<1l4+z=1+cosl
Do doé,
i j k
rg Xxr, = |—sinf cos60 = cos 6i + sin 0j
0 0 1
va

lrg x r.| =V cos20 +sin?f = 1

Cho nén, tich phan mat trén S; 1a

//zdS = // z|lrg x r,|dA
S D

2 1+cos6 2 1
= / zdzdf = / ~(1 + cos 0)%d6
0 0o 2
27

0
1 1
:_/ [1+200S0+—(1+00329)] do
2 Jo 2
1[3 . LR R
_§[§9+2sm9+zsm20]0 =5

Do S5 nim trén mat phing z = 0, ta c6

//SZZdS://Sz()dS:O
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Mat S ndm trén qua ca don vi D va né la mot phan clia mat phéng z = 1 + 2. Do do, lay

g(z,y) = 1 + z trong cong thiic (16.7.4) v& chuyén déi sang toa do cuc, ta co

//sfds‘//,;(lm\/(gf;f*(Z;)2+1dA

27 1
=/ / (1 +7rcosf)v1+ 1+ 0rdrdd
0 0
2 T
=\/§/ /r+r20089drd9
2
—\/>/ = *COS@)d@
:\/5[2+s1n9} _ Von
0

3

Vay,

//zdS //SlzdSJr//SdeS—ir//S3zdS

2+0+\f7r—( +\f>

Mat c6 huéng

e SRS ;' 4
__,-""'.' /’_ —_—
r -

N

Hinh 16.7.4: M6t bang Mobius

Dé dinh nghia tich phan mat trong céc truong vecto, ta can loai trit cic mit khong
c6 huéng chdng han nhu mot bang Mobius duge chi ra trng Hinh 16.6.4. [N6 duge dat
tén theo mot nha todn hoc hinh hoc August Mobius (1790-1868)]. Ban ciing c6 thé tu
tao ra mot bang tuong ty bang cadch liy mot td gidy hinh chi nhat, cho né xoan mot

ntta, va dan hai dau canh lai v6i nhau nhu trong Hinh 16.7.5. Néu mot con kién bat
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B D
- -

“'( .

e
=
T
=y

Hinh 16.7.5: Xay dung mot dai Mobius

dau di chuyén doc theo dai Mobius tai mot diém, thi né sé dimg lai ¢ “phia bén kia”
ciia dai (nghia la, phia trén ctia né la huéng nguge lai). Khi d6, néu con kién tiép tuc
bo trén ciing mot hudng, né sé két thic trd lai tai cing mot diém ma khong bao gi
vugt qua mot canh. (Néu ban tao ra mot bang Mobius, hay thi vé mot dusng but chi
6 gitta n6). Do d6, mot bang Mobius that sy chi c6 mot hudng. Ban co thé vé ra do
thi ctia mot dai Mobius béng cacj 4p dung phuong trinh tham s6 trong bai tap 32 Muc 16.6.

Trd vé sau ta chi xem xét cac mit ¢6 hudng (hai-huéng). Trude tién ta xét mot méit
S c¢6 mot mit phang tiép tuyén tai moi diém (z,y, z) trén S (trit cac diém bien). C6 hai

vecto phap tuyén don vi ny va ng = —ny tai (z,y,2). (Xem Hinh 16.7.6).

Hinh 16.7.6

Néu c6 thé chon mot vects phap tuyén don vi n tai méi diém (z,y, z) sao cho n thay
déi lien tuc trén S, khi d6 S dude goi 1a mit cé6 hwéng va vectd n duge cho sé cung cap
cho S mot huéng. C6 hai huéng c6 thé c6 cho bat ky mot mat c6 huéng ndo. (xem Hinh
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16.6.7).

Vé6i mot mit z = g(x,y) duge cho béi dd thi clia g, ta ap dung phuong trinh (16.7.3) dé

*n "
& I L n -.-
\\.:‘ Az ’: ;z
¥
Hinh 16.7.7: Hai huéng ciia mot mat dinh huéng
lien két v6i mat c6 hudng dude cho béi vecto phap tuyén don vi
—%9i 954k
h— ozt oyd (16.7.5)

NORIORS

Do thanh phan k duong, né cho ta huéng phia trén ciia mat.

Néu S 13 mot mat c6 huéng tron duge cho dudi dang tham sd bdi mot ham vecto
r(u,v), thi n6 c6 huéng véi vecto phap tuyén don vi duge xac dinh

Fu X Tv (16.7.6)

N [Ty X 1y

va huéng nguge lai duge cho bdi —n. Chéng han, trong Vi du 4 Muc 16.6 ta c6 biéu dién
tham s6
r(¢,0) = asin¢coshi + asin ¢sinbj + a cos pk

tren mit cau 22 + 32 + 22 = 2. Khi d6 trong Vi du 10 Muc 16.6 ta thy ring

ry X Ty = a?sin? ¢ cos 0i + a? sin? ¢ sin 0 + a® sin ¢ cos pk

Iry x rg| = a®sin ¢
Do d6 huéng ctia r(¢, ) dudc xac dinh béi vecto phap tuyén

X 1
n= To X to _ sin ¢ cos 01 + sin ¢ sin 6j + cos ok = —r (¢, 0)
|re X Ty a
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Quan sat rang n chi ra ciing huéng véi vecto toa do, nghia la, huéng ra ngoai mit cau
(xem Hinh 16.6.8). Huéng ngugc lai (huéng vao trong) ¢6 duge néu ta ddo nguge thi tu

clia tham s6 bdi vi rg x vy = —74 X ry.

Hinh 16.7.8: Huéng duong Hinh 16.7.9: Huéng am

Déi v6i mot mat khép kin, nghia 13, mot mit c6 bién la mién F, ta quy uéc rang
huéng duong 13 huéng ma vecto phap tuyén huéng ra ngoai F, va cic vectos phap tuyén
huéng vao trong chi ra huéng am (Xem Hinh 16.6.8 va 16.6.9).

Tich phan mat cta Trudng Vecto

Gia stt rang S 14 mot mat c6 hudng véi vects phap tuyén n, v tudng tugng mot chat
16ng c6 mat do p(z,y, z) va trudng van téc v(x,y, z) chdy qua S. (Hay nghi rang S 1a mot
mit 4o khong can tré dong chay di qua, giong nhu mot lusi danh ca). Khi do, téc do cia
dong chay (khdi lugng trén mot don vi thoi gian) trén mot don vi dien tich 14 pv. Néu ta
chi S thanh cdc mién nho6 hon S;;, nhu trong Hinh 16.6.10 (so v6i Hinh 16.6.1), thi S;; gan
nhu la phéng va do d6 ta c6 thé xap xi khéi lugng ctia chat léng di qua S;; trén mot don
vi thoi gian theo huéng ciia vecto phap tuyén n béi dai lugng

(pv - m)A(S,))

trong d6 p, v va n dugc tinh tai mot diém nao d6 trén S;;. (Nhic lai ring thanh phan

clia vectd pv theo huéng ctia vects n 1 pv -n). Ly tdng cic lugng nay va di qua gidi han
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—— F=pv
[T
s, —io

Hinh 16.7.10

ta dugc, theo nhu dinh nghia (16.7.1), tich phan mat cia ham pv - n trén S:

//spv = //Sp(x’y’ 2)v(@,y,2) - n(z,y, 2)dS (16.7.7)

va no6 giai thich vé téc do dong chiy qua S.

Néu nhu ta viét F = pv, thi F ciing la mot trudng vecto trén R? va tich phan trong
phuong trinh (16.7.7) tré thanh
// F - ndS
S

Mot tich phan mat ciia dang nay rat thuong xay ra trong vat 1y, tham chi khi F khong
bang pv, va n6 dugc goi la tich phan mdat (hay tich phan dong) cta F trén S.

Dinh nghia 16.6. Néu F 13 mot truong vecto lién tuc xac dinh trén mot mit S c6 huéng
v6i vecto phap tuyén don vi n, thi tich phan mat cta F trén S 13

//SF~dS=//SF~ndS

Tich phan nay cing duge goi la théng lugng dong cia F di qua S.

Theo dinh nghia 16.6 néi rangtich phan mit clia mot trudng vecto trén S bang véi
tich phan mat ctia thanh phan phép tuyén ctia n6 trén S (nhu da dinh nghia).
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Néu S duge cho bdi mot ham vecto r(u,v), thi n duge cho béi phuong trinh (16.7.6),
va tit dinh nghia 16.6 va phuong trinh (16.7.2) ta c6

// F.dS = // 2T
|ru x 1y
Ty X Ty
= //D [F(r(u, 'U)) . |ru><rv|:| |I‘u X I'v|dA

trong d6 D 14 mién tham s6. Do d6 ta c6

//F s = // (ry x T,)dA (16.7.8)

Vi du 4. Hay tim thong lugng dong cua trusng vects F(x,y, z) = zi + yj + zk di qua

mit cau don vi 2+ y2 + 22 =1.

Hinh 16.7.11
Giai Nhu trong vi du 1, ta 4p dung biéu dién tham s6
r(¢,0) =singcoshi +singsindj+cosgk 0<op<7m 0<60<2rm

Khi dé
F(r(¢,0)) = cos ¢i + sin ¢ sin 0 + cos ¢k

va tit Vi du 10 Muc 16.6,

ry X o= sin? ¢ cos 0 + sin? ¢ sin j + sin ¢ cos pk
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Do doé,
F(r(¢,0)) - (ry x rg) = cos ¢sin® ¢ cos § + sin® psin® 6 + sin? ¢ cos ¢ cos

va theo cong thic (16.7.8), thong lugng dong duge tinh béi

//SF~dS=//SF-(r¢><r9)dA

2w ™
= / / (cos ¢sin? ¢ cos @ + sin® psin® O + sin? ¢ cos ¢ cos §)dpdf
o Jo

T 2T i 2T
=2 / sin? ¢ cos ¢pd / cos 0df + / sin® pd / sin? 6d6
0 0 0 0

T 2T 2T
=0+ / sin® pd / sin? 0d6 (béi vi / cos fdf = 0)
0 0 0

_dr
3

véi cung cach tinh nhu trong vidu 1.

Néu, chang han, trudng vecto trong vi du 4 14 mot trudng van tdc mo ta mot dong
chdy c6 mat do 1, thi cau tra 15i 1a 47/3, bidu thi téc do clia dong chiy di qua mot mat
cau don vi khéi lugng trén mot don vi thoi gian.

Trong trusng hgp mot mit S duge cho béi dd thi z = g(z,y), ta c6 thé xem x va y la
cac tham s6 va ap dung phuong trinh (16.7.3) dé viét

Vi thé cong thiic (16.7.8) thanh

//F ds = //< i— g;’ R>dA (16.7.9)

Cong thiic nay dugce gia sit khi m#t S huéng lén trén; ing véi huéng xudng duéi ta chi can
nhan né véi -1. Tuong ty ta cing c6 cac cong thic khi S duge cho béi y = h(x, z) hoac
x = k(y, z). (Xem cac bai tap 37 va 38).

Vi du 5. Hay tinh // F - dS, trong d6 F(z,y,2) = yi+zj+ zk va S 1a bién clia mién
S

F gi6i han béi paraboloid z = 1 — 22 — 4? vA mit mit phing z = 0.
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Hinh 16.7.12

Giai S bao gom mot mit parabol bén trén S; va mot dudng tron phia dudi Se. (Xem
Hinh 16.6.12). B6i vi S 1a mot mat khép kin, ta 4p dung quy u6c vé chiéu duong (hudéng
ra bén ngoai). Diéu nay c6 nghia 13 S huéng lén trén va ta ap dung phuong trinh (16.7.9)
v6i D 1a hinh chiéu ctia S lén mit phing zy, 1a qua cd 22 + y? < 1. Béi vi

P(x,y,2) =y Qz,y,2)=x R(z,y,2)=2=1-2"—y

trén Sy va 2
g
= -2
or N i

//SlF ds = //< P—— gz+R>dA
- //D —y(—2z) — 2(-2y) + 1 — 2* — | dA
=//D(1+4xy—932—y2)dA

2w 1
= / / (1 + 4% cos sin § — r2)rdrdf

ta co

2w 1
= / / (r — 73 + 473 cos 0 sin 0) drd6

2w 1 1
:/0 <4+COSGSin9) d0=1(27r)+0=g

Duong tron Sy hudng xudéng dudi, nén vecto phap tuyén don vi la n = —k va ta c6

//SQF.dS=//52F K)dS = // 2)dA = //OdA_O
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bdi vi z = 0 trén Sy. Cubi cuing, ta tinh, theo dinh nghia, // F - dS la tdng clia céc tich
S

phan mit ctia F trén cac thanh phan S; va Sa:

//F-dS:// F-dS+// F-dS=2+0=2
s S S, 2 2

Mic dil ta da thic day tich phan mit clia mot trudng vecto qua mot vi du vé dong
chay ctia chat 16ng, khai niém nay cling phat sinh trong mot sd tinh huéng vat 1y khac.
Chang han, néu E 1a mot truong ellip (hdy xem Vi du 1 Muc 16.1), khi d6 tich phan mat

//SE-dS

dugce goi la dong dién E di qua mat S. Mot trong nhitng dinh luét tinh dién quan trong
la DPinh Luat Gauss, phat biéu ring dién tich trong mot mit khép kin S 1a

Q= 60//SE -dS (16.7.10)

trong d6 g 1a hing s6 (dugc goi la hing s6 dién moi trong khong gian) phu thude vao
nhiing don vi dugc st dung. (Trong hé SI, € ~ 8.8542 x 107 2C?/N - m?). Do d6, néu mot
truong vects F trong vi du 4 biéu dién mot dién truong, ta c6 thé két luan ring dien tich

4
trong S la @ = §7T€0-

Mot tng dung khac ctia tich phan mat 1a trong nghién citu vé dong nhiét. Gia sit rang
nhiét do tai mot diém (z,y, z) trong mot vat thé 1a u(x,vy, z). Khi d6 dong nhiét dugce
xéc dinh nhu mot trusng vecto

F=-KVu

trong d6 K 1a mot hing s6 thuc nghiém xac dinh dudce goi 1a dé6 dan dién ctia chat. Toc

do ctia dong chiy qua mit S trong vat thé dude cho béi tich phan mat

//SF-dS:—K//SVu-dS

Vi du 6. Nhiét do u trén mot qua bong kim loai ty 1é v4i binh phuong khoang cach
tit tam clia qua béng dé. Hay tinh toc do ctia nhiét Iugng qua mot qua ca S c¢6 ban kinh

a v6i tam dat tai tam cha qua béng.
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Giai Lay tam clia qua bong la tai diém gbc toa do, ta cé
u(z,y, 2) = C(z% + 92 + 2%)
trong d6 C 1 hé s6 ty lé. Khi d6 nhiét lugng 13
F(z,y,2z) = —KVu = —KC(2zi + 2yj + 2zk)

trong d6 K la tinh dan dién ctia kim loai. Thay vi 4p dung biéu thic tham s6 ctia di nhu
trong vi du 4 , ta thay ring vecto phap tuyén don vi huéng ra ngoai qua ca z+y? +2% = a®
tai diem (z,y, 2) 1a

1
n= a(mi+yj+zk)

va do do o
F-n:—T(x2+y2+22)

Nhung trén S ta c6 2 + 4% + 22 = a%, nen F-n = —2aKC. Do d6 téc do nhiet luong di

//F s = //F ndS——2aKC//dS

= —2aKCA(S) = —2aKC(4ma?) = —8KCra®

qua S 1a

Bai tap 16.7.

1. Cho S la mat ranh gidi cia hinh hop khép kin bdi cic mat x = 0,z = 2,y =,y =
6—0.1(z+y+z)

S
Riemann nhu trong dinh nghia 16.6, lay cic mién S;j la cdc mién chi nhat la cdc

4,7z =0 va z = 6. Hay zap xi dS bing cdich dp dung cong thic tong

mdt cia hinh hop S va cic diém P{; la tam cida cdc hinh chit nhat.

2. Mot mat S chita mat tru 2 +y? = 1,—1 < z < 1 cang vdi cic qud cd dinh va ddy

ctia né. Gid s rang ban biét rang f la mot ham lién tuc vdi
f(£1,0,0) =2 f(0,£1,0) =3 f(0,0,%+1) =4

Hay tinh cac gid tri cia / f(x,y,2)dS bang cich dp dung mot tong Riemann, lay
S

cac mién Si; la bon nia hinh tru va dinh va ddy qud ca.
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8. Cho H la mot hinh bin cau z* +y? + 22 = 50,2 = 0, va gid st f la mot ham lién tuc
vdi f(3,4,5) =7, f(3,—4,5) =8, f(—3,4,5) =9 va f(—3,—4,-5) = 12. Bang cdch
chia H thanh 4 mién, hay tinh gid tri cla // flx,y,2)dS.

H

4. Gid st rang f(z,y,2) = g(\/22 +y2 + 22), trong dé g la mot ham mot bién théa
man g(2) = —5. Hay tinh // f(z,y,2)dS, trong dé S la mat cau z* + y* + 2% = 4.
S

5-20 Hay tinh cac tich phan mdt sau:

5. // (x +y + 2)dS, trong dé S | mot hinh binh hanh cé phuong trinh tham s6 x =
S
u+v,y=u—v,z2=14+2u+v,0<u<2,0<v<1.

6. // xyzdsS, trong dé S la mat nén cé phuwong trinh tham s6 x = ucosv,y = usinv, z =
<1L,0<v<7/2

//de trong dé S la mat helicoid c¢6 phuong trinh wvecto r(u,v) =

(ucosv,usinv,v),0 <u<1,0<v <.
8. // (2% + y*)dS, trong dé S la mat cé phuong trinh vecto m(u,v) = Quv, u® —v?, u® +
S
vu? + v < 1.
9. // 2?yzdS, trong dé S la mot phan cia mat phing z = 1 + 2z + 3y zdc dinh trén hinh
S

chit nhat [0, 3] x [0,2].

10. // xzdS, trong dé S la mot phan cia mat phang 2x + 2y + 2z = 4 ndm trén mot phan

tam duong tron dau tien.

11. // xdS, trong dé S la mién tam gidc cé cdc dinh (1,0,0),(0,—2,0),(0,0,4).
S
2
12. // ydS, trong dé S la mat z = g(m?’/Q +¥),0<2<1,0<y < 1.
S

18. // 222%dS, trong dé S la mot phan cia mat non 2% = x® + y* ndm gida cic mdit
S

z=1wvaz=3.
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14. //zdS, trong dé S la mat x =y +222,0<y<1,0< z < 1.
S

15. // ydS, trong dé S la mot phan cia paraboloid y = x> + 2% bén trong mdat tru
S
2?4+ 22 = 4.
16. // y2dS, trong dé S la mat cau z® + y* + 2% = 4 bén trong mat tru z® + y* = 1 va
S

phia trén mat phding Ty.

17. // (222 4 y?2)dS, trong dé S la nia mat cau z* + y*> + 2° = 4,2 > 0.
S

18. // x2dS, trong dé S la ranh gidi cida mién déng giga mat tru y® + 22 = 9 va cde mat
S
phing x =0 va x +y = 5.
19. // (z + 2y)dS, trong dé S la mot phan cia mat tru y* + 2% = 1 ndm gitda cdc mdit
S
phdng x = 0 va x = 3 trong phan tam thit nhat.
20. // (3:2 + 9% + 22)dS, trong dé S la mot phan cla mat tru z° + y? = 9 gigta cdc mat
S

phang z = 0 va z = 2, cung vdi cdc hinh tron dinh va ddy cia no.

21-32 Hay tinh cac tich phan mat // F-dS voi F la truong vecto cho trudc va S la
S

mat ¢6 hudng. Noi cach khdc, hay tim thong luong cia F di qua S. Vi cac mat khép kin,
hay st dung dinh hudng duong (hudng ra ngodi).

21. F(x,y,z) = ze"™i—3ze"j+xyk, S la hinh binh hanh trong bai tap 5 duoc dinh hudng
lén trén.
22. F(x,y,z) = zi+yj+ xk, S la mat helicoid trong bai tap 7 dugc dinh hudng lén trén.

23. F(x,y,2) = zyi+ yzj + zak, S la mot phan cia mit paraboloid z = 4 — x* — 3 ndm
trén mién hinh vuong 0 < x < 1,0 <y < 1 duoc dinh hudng lén trén.

24. F(z,y,z) = —xi—yj+ 25k, S la mot phan cia mat non z = \/x2 + y2 nam gida cdc
mdt phing z = 1 va z = 3 dugc dinh hudng Tuong dudi.
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25.

20.

F(z,y,2) = xi—zj+yk, S la mot phan cia mdt cau x° + y? + 2% = 4 trong mot phan

tam dau tien, hudng vé diém goc toa do.

F(x,y,z) = xzi+ xj + yk, S la ntta mat cau 2 + y* + 22 = 25,y = 0, dugc dinh
hudng theo hudng duong cia truc y.

27. F(x,y,z) = yj— zk, S chita mat paraboloid y = 22+ 22,0 <y < 1, va hinh tron
22+ 22 < 1,y =1.

28.

29.

30.

31.

32.

33.

3.

35.

36.

F(z,y,2) = zyi+ 4225+ yzk, S la mat z = xe¥, 0 < x,y < 1, dugc dinh hudng lén

trén.
F(x,y,2) = i+ 2yj+ 32k, S la hinh ong cé cic dinh (£1,+1, £+1).

F(z,y,2) = xi+yj+ 5k, S la ranh gidi cia cdc mién khép kin gidi han bdi mdt tru
22 + 22 =1 va cde mat phiang y =0 va x +y = 2.

F(z,y,2) = 2%+ y*j+ 2%k, S la mot nata mat tru 0 < 2 < /1 — 12,0 <z < 2.

Flx,y,2) = yi+ (2 — y)j + xk, S la mot khoi ti& dien c6 cic dinh
(0,0,0),(1,0,0),(0,1,0) va (0,0,1).

Hay tinh // (2% + y% + 22)dS chinh zdc dén bon chi sé thap phan, trong dé S la
S

mat z = ze¥,0 < z,y < 1.
Hay tinh // x%yzdS chinh xdc, trong dé S la mat z = xy,0 < 2,y < 1.
S

Hay tinh // (22y%22)dS chinh zdc dén bén chit s6 thap phan, trong dé S la mot phan
S

2 _ y? nam trén mat phdng zy.

cta mat paraboloid z = 3 — 2x
Hay tim thong lugng dong ciia
F(x,y,z) = sin(zyz)i + z2yj + 22" k

di qua mot phan cta mat tru 4y + 2% = 4 ndm trén mat phdng xy va gida hai mat
x = —2wvax =2 duge dinh hudng lén trén. Hay minh hoa bang cdch st dung mot hé

thong mdy tinh dé vé mat tru va truong vecto dé trén cung mot hinh.



37.

38.

39. Hay tim tam khéi cda ban cau 2° + y> + 2% = a

40.

1.

42.

43.

44-

45.

/6.
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Hay tim mot cong thic cho // F-dS tuong tu vdi vong thic (16.7.9) trong truong
S

hop S duge cho bdi y = h(x,z) va n la vecto phdp tuyén don vi chi theo hudng bén

tras.

Hay tim maot cong thic cho // F - dS tuong tu vdi vong thic (16.7.9) trong truong
S

hop S duge cho bdi x = k(y, z) va n la vecto phdp tuyén don vi chi theo hudng thong
thuong (tic la, chi theo hudng cia nguoi nhin khi cic truc duge vé theo hudng thong
thuong).

2 2>0, néuné cé6 mat do hing.

Hay tim khoi lugng cia mot mat phéu méng trong mdt non z/x2 + y2, -1 < z < 4,

néu ham mat do cia né la p(z,y,z) = 10 — 2.
(a) Cho trudc mot biéu thite tich phan clia momen luc qudn tinh I, theo truc z cia
mot tod méng c6 dang mat S néu ham mat do cia né la p.
(b) Hay tinh momen luc quan tinh theo truc z cia mat phéu trong bai tap 40.

Cho S la mot phan ciia mat cau 2 + y2 + 22 = 25 ndm trén mdit ph(fng 2z =4. Néu

S ¢6 mat do hang k, hay tim (a) tam khoi (b) momen luc qudn tinh theo truc z.

Mot chat l6ng c6 mat do 870/<:g/m3 va luw thong vdi van téc v = zi+y>j+ 22k, trong
doé x,y va z duge do bang mét va cdc thanh phan cia v duge do bang mét trén gidy.

Hay tim téc do dong chdy qua mat tru 2* +y*> = 4,0 < z < 1.

Nude bién c6 mat do 1025k:g/m3 va lww chuyén trong mot truong van toc v = yi+ xj,
trong dé x,y va z duge do bang mét va cdc thanh phan cia v dude do bang mét trén

giay. Hay tinh téc do dong chdy ra ngoai mot hinh ban cau 2* + y> + 22 =9,z > 0.

Hay dp dung dinh ludt Gauss dé tinh dién tich chia trong mot mdt ban cau 2+ y2 +

22 <a® 2> 0, néu dién truong la

E(x,y,z) = xi+ yj+ 2zk

Hay dp dung dinh ludgt Gauss dé tinh dién tich chita trong mot mat ong cé cdac dinh
(£1, 41, £1) néu dién truong la

E(z,y,2) =xi+yj+ zk
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47. Nhiét do tai diém (x,y,z) trong mot chat diém cé do din K = 6.5 la u(z,y, 2) =
2y? + 222, Hay tinh téc do dong nhiét truyen bén trong mat tru y> + 22 = 6,0 < z < 4.

48. Nhiét do tai mot diém trong mot qud bong cé do dan K ty lé nghich véi khodng
cach ti tam cia qud bong dé. Hay tinh toc do truyéen nhiét bén trong mot mdat cau S co
ban kinh a va tam ddt tei tam cia qud bong do.

49. Cho F la mot truomg binh phuong nghich ddo, nghia lam F(r) = cr/|r> vdi hing
50 ¢, trong dé r = xi+ yj+ zk Hay chi ra rdng thong luong cia F qua mat cau S vdi tam

tai goc tog do khong phu thudc vao ban kinh cia S.

16.8 Dinh Ly Stokes

Dinh Iy Stokes dugc xem nhu 14 mot phién ban nhiéu chiéu ciia dinh 1§ Green. Trong
khi dinh 1y Green dé cap tit tich phan boi trén mot mién phang D dén tich phan duong
bao quanh mit phing dé, thi dinh 1 Stokes dé cap tit tich phan mit trén mot mit S dén
tich phan duong trén cac dudng cong bién clia S (duong cong trong khong gian). Hinh
16.8.1 chi ra mot mat c¢6 huéng v mot vecto phap tuyén don vi n. Huéng cia mit S dan
ra chiéu duong ctia dudng cong bién C dugc chi ra trong hinh. Diéu nay cé nghia la
néu ban di bo theo chiéu duong xung quanh C va dau huéng theo chiéu clia vects phap

tuyén n, thi mat dé sé luon & bén trai ctia ban.

g n]l g
s a
S
( Ty
0 _\—\—ﬂ
) / ¥
Hinh 16.8.1

Dinh 1y 16.10. Cho S la mot mdat cé huong tron tung khic bi chdn bdi mot duong cong
bien C déng, don, va tron tung khic theo chiéu duong. Cho F la mot truong vecto ma cdc
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thanh phan ciia né cé dao ham riéng lién tuc trén mot mién md trong R3 chita S. Khi dé

/F-dr—//curlF-dS

C S

/F-dr=/F~TdS va //curlF-dSz//curlF-ndS
C C S S

Dinh 1y Stokes néi rang tich phan dudng trén duong bién ctia S ctia thanh phan tiép tuyén

Béi vi

ctia F bang v6i tich phan mit trén S ctia thanh phan curl ciia F.

Duong bien theo chiéu duong ctia mit c¢6 huéng S thuong duge viét 1a dS, cho nén
dinh 1y Stokes c6 thé biéu dién dudi dang

// curl F - dS = F -dr (16.8.1)
S oS

[Phan trong khung: Dinh 1y Stokes dugc dat tén theo tén clia mot nha todn hoc - vat
Iy hoc Ailen tén la Sir George Stokes (1819-1903). Stokes la mot gido su tai truong dai
hoc Cambrige (thyc ra ong ay c6 cling vi tri v6i cac gido su toan nhu Newton, Lucasian)
va ong dac biet luu tam dén dong chat 16ng va anh sang. Cai ma ching ta goi la dinh
ly Stokes thuc ra duge phéat hién bdi mot nha vat 1y hoc tén la Sir William Thomson
(1824-1907). Stokes nghién ctu dinh 1y nay t& mot 14 thu gii tit Thomson vao nam 1850
va ong yéu cau sinh vién ching minh né nhu mot bai kiém tra tai truong Cambrige

vao nam 1854. Ta khong biét dugc ring c6 sinh vién ndo c6 thé chitng minh duge hay khong.]

C6 mot sy tuong tu gitta cac dinh 1y Stokes, dinh 1y Green va Dinh 1y Co ban cua
Phép tinh Vi tich phan. Nhu truéc day, c6 mot tich phan chita cdc dao ham beén vé trai
ctia phuong trinh (16.8.1) (nho lai rang curl F 1a dang viét gon ctia dao ham cta F) va vé

phéai chia gia tri cia F chi trén bién cta S.

That ra, trong trudng hgp dac biét trong dé S 1a phang va ndm trong mit phing zy
v6i chiéu hudéng lén trén, vecto phap tuyén don vi 1a k, tich phan mét trd thanh tich phan
boi, va dinh 1 Stokes tré thanh

/F-dr—//curlF-dS—//(curlF)-de
C S S
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Day chinh 14 dang vecto ctia dinh 1§ Green dugc cho trong phuong trinh (16.5.9). Do d6
ta thiy ring dinh ly Green thyc ra la trudng hgp dic biét ctia dinh 1y Stokes.

Maic du dinh 1y Stokes déi véi ching ta rat kho dé chitng minh cho trudng hop tong
quét, nhung ta c6 thé chitng minh cho truong hop S 1a mot do thi va F, S va C déu xac
dinh.

Chitng minh dinh lj Stokes cho trudong hop ddc biét. Ta gia st rang phuong trinh
cia S 1a z = g(x,y), (z,y) € D, trong d6 g c6 cac dao ham riéng cap hai lien tuc va D
14 mién phang don lién c6 bien Cj ting v6i C. Néu S c6 chidu huéng lén trén, thi chiéu
duong ctia C' tuong tng véi chieu duong ctia C7. (Xem Hinh 16.8.2). Ta ciing dugc cho
truéec F = Pi+ Qj + Rk, trong d6 cac dao ham riéng cia P,(Q va R lién tuc.

Do S 1a d6 thi cia mot ham, nén ta 4p dung cong thite (16.7.9) v6i F duge thay béi curl F.

Fay

Hinh 16.8.2

Két qua 1a
OR 0Q) 0z 0P OR)\ 0z 0Q 0P
1F.dS = () E (&L (2 16.8.2
J e LI-&E-2)a-(F-2)5(Z-5)] s
trong d6 cac dao ham riéng ctia P,Q va R dudc tinh tai diém (z,y, g(x,y)). Néu
rx=z(t) y=ylt) a<zx<b
14 biéu dién tham s6 ctia Cy, khi d6 biéu dién tham s6 ciia C' 1a

r=z(t) y=ylt) z=g(z?)y@l) a<z<b
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Dua vao quy tic ddi bién, ta dugc

/CF-dr:/a < dm+Q+RiZ>dt
[P on(EE )
:/ab[(PJngZ)% (Q Raz>gﬂdt
=/ <P+R2>dx+<Q+R2y)dy

- [ 15 (0 ng) =55 () s

trong do ta vita ap dung dinh 1§ Green & budc cudi cing. Khi dé, 4p dung quy tic doi bién
va nhd rang P, Q va R 1a cAc ham theo bién z,y va 2z va 2 lai 13 mot ham theo hai bién

x,y, ta dugc
é’Q 0z 0ROz 0ROz 0z 0%z
F.dr = ———+R dA
/ // {( 0z 8x+ ox 8y+ 0z 8x8y+ (9:1:(33/)]
0P oP 6z 0ROz 0ROz 0z 0%z
Rz ORCEE R dA
// {( 0z 0y oy Ox * 0z 0y Ox * 0y6:ﬁ>]
Bén s6 hang trong cong thiic tich phan boi nay bi triét tieu va sdu sé6 hang con lai c6 thé
duge sap xép dé trd thanh vé phai clia phuong trinh (16.8.2). Do d6,

/F~dr=//curlF-dS
C S

Vi du 1. Hay tinh / F - dr, trong d6 F(z,vy, z) = —y*i + zj + 2°k va C la dudng giao
C
tuyén clia mit phing y + z = 2 vd mit tru 22 + 2 = 1. (Huéng ctia C' nguge chiéu kim

dong ho khi tam nhin tit phia bén trén).

O]

Giai Duong giao tuyén C' (ellipse) dugc chi ra trong Hinh 16.8.3. Mac du / F -dr c6
C

thé tinh dugc tryc tiép, nhung noé sé duge tinh dé hon nhiéu bang cach ap dung dinh ly
Stokes. TruéGe tién ta tinh
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Hinh 16.8.3

C6 rat nhiéu mat c6 duong bien 1a C, tuy nhién thuan tién nhat ma mién ellipse S nam
trong mat phing y + z = 2 bi chan bdi C. Néu ta lay chiéu ctia S huéng xubéng dudi, thi
C sé theo chiéu duong. Hinh chiéu D ctia S lén mit phing 2y 13 hinh tron 22 + ¢ < 1 va
do d6 khi ap dung phuong trinh z = g(z,y) = 2 —y ta ¢

/F-dr://curlF~dS=// (1+2y)dA
C S D
2 1
= / / (1 + 2rsin @)rdrdd
0 0
27 1,.2 1

3 27 1 2
=/ 12l sing d0=/ (= + - sin0)dg
o 12773 . o ‘23

1
25(277)4-0:77

Vidu 2. Ap dung dinh 1y Stokes dé tinh tich phan // curl F - dS, trong d6 F(z,y, 2) =
S
zzi+yzj+zyk va S 13 mot phan ciia mit cau 22 +y2 + 2% = 4 ndm trén mas tru 2?2 +y% = 1

va phia trén mat phang zy (Xem Hinh 16.8.4).

Giai Dé tim duong bien C ta giai phuong trinh 22 + y% + 22 = 4 va 22 + ¢ = 1. Trx
hai vé ta c¢6 22 = 3 va do d6 z = V/3 (b6i vi z>0). Do d6 C la dudng tron duge cho bai
phuong trinh z? + y? = 1, z = /3. Phuong trinh vecto cia C' 1a

r(t) = costi +sintj + vV3k 0<t<2r
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Hinh 16.8.4

r'(t) = —sinti + costj

Ta cling c6
F(r(t)) = V3costi + v/3sintj + costsintk

Theo dinh 1y Stokes,

//Scurl F-dS = /CF -dS = /O%F(r(t)) . I"(t)dt

2T
:/ <—\/§costsint+\/§SintCOSt> dt
0
2T
:\/5/ 0dt = 0
0

Cha ¥ rang trong vi du 2 ta tinh tich phan mit mot cadch don gidn khi chi biét cac gia
tri ctia F trén bien C. Diéu nay c6 nghia la néu ta c6 mot mat c6 huéng khac c6 cung

bién C, thi ta c¢6 cling gia tri cia tich phan mit!

Mot cach tong quat, néu S; va Sp 1a cac mit c6 hudéng cé cliing bien C va ca hai déu
thoa cac gia thiét ctia dinh 1 Stokes, khi d6

// curl F-dS = / F.dr = // curl F - dS (16.8.3)
St C Sa

Cong thitc nay rat hitu dung khi ta lay tich phan trén mot mit rat kho trong khi trén

mat con lai thi dé hon.
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Bay gio ta sé ap dung dinh 1y Stokes dé dua ra § nghia ctia vecto curl. Gia st ring C
1a mot duong cong kin déng va v biéu dién mot trusng van tdc dong chiy. Xét tich phan

dudng sau day
/V-dI‘Z/V'TdS
C C

va nhic lai ring v - T 1a thanh phan clia vectd v theo huéng clia vects tiép tuyén T. N6

¢6 nghia 14 néu huéng clia vecto v cang gan v6i hudng ctia T thi gia tri cia v - T sé cang
v - dr 13 do do ctia lugng chat 16ng Iuu thong quanh C' va né duge goi

16n hon. Do vay /
C
la circulation ctia v quanh C. (Xem Hinh 16.8.5).

Bay gio hay dat Py(wo,v0,20) 12 mot diém trong dong chat 16ng va S, 1a qua cau nho co

) 2T

. .I."r
: T C A
..z"z II
. ¥ )
T [ |I
- )

C ~_ v v

(b) (v - dr <0, negative circulation

(a) [-v- dr >0, positive circulation
Hinh 16.8.5
(curl F)(Py) v6i moi diém P trén S, bdi vi

oA

ban kinh a va tam Py. Khi d6 (curl F)(P)
curl F lién tuc. Theo dinh ly Stokes, ta xap xi dugc circulation quanh duong tron C,:

/v-drz// curlv-dS=// curl v-ndS
Ca Sa a

//S curl v(Pp) - n(Py)dS = curl v(Ry) - n(Py)ma®

oA

Cong thitc xap xi nay sé tot hon khi a — 0 va ta c6
(16.8.4)

curl v(Py) -n(PRy) = ili% g /Ca v-dr

Phuong trinh (16.8.4) cho ta mdi lién he gitta curl va circulation. N6 chi ra réang curl v - n
13 do do ctia chat 1éng xody quanh truc n. HIéu dng uén curl 1a 16n nhit & cic truc song



134 GIAI TICH VECTO

song véi curl v.

Cubi ciing, ta dé cap dén dinh 1y Stokes c6 thé duge ap dung dé chiing minh dinh 1y 16.8

Hinh 16.8.6

(phét bidu ring néu curl F = 0 trén toan bo R, thi F bao toan). Tit cac dinh 1y 16.2 va

16.3 , ta biét rang F 1a bdo toan néu / F - dr = 0 v6i moi dudng déng C. Cho truée C, gia
C

st ring ta c6 thé tim mot mit c6 huéng S ma bién clia né 1a C. (Diéu nay c6 thé chitng

minh, nhung doi héi phéi ¢6 mot s6 ky thuat). Khi dé dinh 1y Stokes cho ta

/F-drz//curlF.dS=//0-dS=O
c s s

Mot duong cong khong don c6 thé dude chia thanh nhiéu duong cong don, va cac tich
phan trén cac duong cong nay déu bang 0. Cong cac tich phan nay lai véi nhau, ta c6

/ F - dr = 0 v6i moi duong cong dong C.
C

Bai tap 16.8. .

1. Mot hinh ban cau H va mot phan ciia paraboloid P duge chi ra trong hinh. Gid si

F 1o mot truong vecto trén R® ma cic dao ham riéng cia né lién tuc. Hay gidi thich tai

// curlF-dS—// curl F-dS
H P

sao ta co
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2-6 Hay dp dung dinh Iy Stokes dé tinh // curl F-dS.
S

2. F(x,y,z) = 2ycos zi + e*sin zj + zeYk, S la hinh bin cau z* + y* + 22 = 9,2 > 0,

hudng lén trén.

3. F(x,y,z) = 222%i+y?2%j+ zyzk, S la mot phan ciia paraboloid z = x* +y* ndm bén

trong mat tru x* + y? = 4, hudng len tren.
4. F(z,y,2) = tan Y (2%yz?)i + 22y + 222%k, S 1o mat non z = \/y? + 22,0 < = < 2,

hwong theo chiéu duong cia truc x.

5. F(z,y,z) = zyzi+ zyj+ x2yzk, S chita dinh va bén mat (khong chita day) cla mot
hinh ong cé cdc dinh la (£1,+1,£1), hudng ra ngodi.

6. F(x,y,2) = €Vi+ e®j+ 2’2k, S la nita mat ellipsoid 4x* + y? + 42% = 4 bén phdi
ctia mat phing xz, hudng theo chiéu duong cia truc y.

2-6 Hay dp dung dinh ly Stokes dé tinh // curl F-dr. Trong méi truong hop C' cé hudng
C
ngugc chiéu kim dong ho.
7. Fx,y,2) = (x+y2)i+ (y + 22)j+ (2 + 2°)k, C la mién tam gidc cé cic dinh
(1,0,0),(0,1,0) va (0,0,1).

8. F(x,y,2) = i+ (x+yz)j+ (vy—+/2)k, C la duong bién cia mat phang 3x+2y+z = 1
trong phan tam dau tién.

9. F(z,y,2) = yzi+ 2xzj + ek, C la duong tron z° + y* = 16,z = 5.

10. F(z,y, 2) = zyi+ 22§+ 3yk, C la duong giao tuyén cia mdt phang  + z = 5 va mat
tru z° + y? = 9.
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11. (a) Hay dp dung dinh lj Stokes dé tinh / F.dr, trong dé
C

F(z,y,2) = 2%zi + xy’j + 2%k
va C la duong giao tuyén clia mat phing x + vy + z = 1 va mat tru 2* +y> = 9
c6 huwdng ngude chiéu kim dong ho.

(b) Hay phdc hoa cd mat phc“ing vd mdt tru vdi cdc mién duoc chon sao cho ban cé
thé nhin thay duong C va mat duge mé td trong ciu (a).

(¢c) Hay tim phuong trinh tham s6 cia C va dp dung né dé vé do thi cia C.

12. (a) Hay dp dung dinh lij Stokes dé tinh / F-dr, trong do
C

1
F(x,y,z) = :c2yi + gfc?’j—f- xyk

va C la duong giao tuyén cia mat hyperboloic paraboloid z = y* — 2% va mat tru
22 +y? =1 ¢6 hudng nguoe chiéu kim dong ho nhu tren.

(b) Hay phdc hoa cd mdt phing va mdt tru vdi cic mién dugc chon sao cho ban cé
thé nhin thay duong C va mat duge mo td trong cau (a).

(c) Hay tim phuong trinh tham sé cia C va dp dung né dé vé do thi ciia C.

13-15 Hay ching minh rang dinh lyj Stokes ding vdi truong vecto F va mat S cho
trudec.

2

13. F(z,y,2) = —yi+ xj— 2k, S la mat non 2% = 2 + 9,0 < z < 4, hudng zudng dudi.

14. F(z,y,z) = —2yzi+yj+ xk, S la mot phan cia mdit paraboloid z = 5 — 2% — y* nam
trén mat phdng z = 1, hudng zudng dudi.

15. F(z,y,2) = yi+ zj+ zk, S la hinh ban cau z* +y* + 22 = 1,y = 0, hudng theo chiéu
duong cia truc y.
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16. Cho C la mot duong cong don, khép kin, tron ndm trén mdat phing © +y + z = 1.
Hay chi ra rang tich phan dudng

/ zdx — 2xdy + 3ydz

C

chi phu thuoc vao dién tich ciia mién khép kin trong C va khong phu thuoc vao hinh
dang cia C va vi tri cia né trong mat phing.

17. Mot chat diém di chuyén doc cac doan thcfng tw diém goc toa do dén cdc diém
(1,0,0),(1,2,1),(0,2,1), va trd lai diém goc toa do dudi su dnh hudng cia truing
luc

F(z,y,2) = 2% + 22y + 4y°k

Hay tim cong thuc hién.

18. Hay tinh
/ (y + sinz)dz + (22 + cosy)dy + 23dz
C

trong dé C' la duong cong r(t) = (sint,cost,sin2t),0 < t < 2w. [Goi y: Hay quan sdt

rang C ndm trén mat z = 2zy].

19. Néu S la mot mat cau va F théa man cdc gid thiét cia dinh lj Stokes, hay chi ra rang

// curl F-dS = 0.
S

20. Gid s rang S va C théa man cdc gia thiét cia dinh lyj Stokes va f,g c6 cdic dao
ham riéng cap hai lién tuc. Hay dp dung cic Bai tap 24 va 26 trong Muc 16.5 dé ching

. , -2 ,
minh cac biéu thic sau

@ [ 459 ar= | (vrx9g)-as
(b) /C (Vf) - dr=0

(0) [ (1Va+gv1)-dr =0

Du An: Ba ngudi va hai dinh ly

Mic du hai trong s6 cac dinh Iy quan trong ctia gidi tich vecto duge dit theo tén cia

George Green va George Stokes, mot ngudi thit ba, William Thomson (ciing duge biét v6i
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ten Lord Kelvin), da dong mot vai trdo quan trong trong viec xay dyng, phd bién v ing
dung cé hai két qua nay. C4 ba ngudi déu c6 ciing moi quan tam lam thé ndo dé hai dinh
Iy nay c6 thé gidi thich va du doan céc hién tugng vat 1y trong linh vuc dién, tit va dong
chdy chat 16ng. Cac hién tugng nay duge dua ra trén cac ghi chi & cac trang 1109 va 1147.

Hay viét mot bai bdo cédo vé cau chuyén nguon goc lich sit ctia dinh 1§ Green va dinh
1y Stokes. Giai thich sy tuong dong va moi liéen hé gitta cac dinh 1y nay. Hay thao luan vai
tro ctia Green, Thomson va Stokes trong viéc kham pha ra nhing dinh 1y nay va lam cho
ching dugce biét dén rong rai. Hay chi ra lam thé ndo ca hai dinh 1y nay phat sinh tir céc

nghién citu vé dién, tit va duge tim ra tit cac bai toan vat ly.

Tit dién dude soan thao bdi Gillispie [2] cung cap cac dit ligu ban dau vé tiéu sit va
khoa hoc thong tin. Quyén sach viét béi Hutchinson [5] mo ta vé cudc song clia Stokes va
quyén ctia Thomson [8] viét vé tiéu sit ciia Lord Kelvin. Cac bai bao ctia Grattan-Guinness
[3] va Gray [4] v quyén sach ctia Cannell [1] cung cAp nén tang vé cudc ddi phi thusng va
cac cong trinh ctia Green. Cac thong tin vé lich st vA toan hoc ciing dude tim thay trong

cic quyén séch ctia Katz [6] va Kline [7].

1. D.M. Cannell, George Green, Mathematician and Physicist 1793-1841: The back-
ground to His Lif and Work (Philedelphia: Society for industrial and Applied Math-
ematics, 2001).

2. C.C. Gillispie, ed., Dictionary of Scientific Biography (New York: Scriber’s, 1974).
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See the article on green by P.J. Wallis in Volume XV and the articles on Thomson
by Jed Buchwald and on Stokes by E.M. Parkinson in Volume XIII.

3. L. Grattan-Guinness, “Why dis George Green write his essay of 1828 on electricity
and magnetism?”, Amer. Math. Monthly, Vol 102 (1995), pp. 387-96.

4. J. Gray, “There was a jolly miller”, The New Scientist, Vol. 139 (1993), pp. 24-27.

5. G.E. Hutchinson, The Enchanted Voyage anf Other Studies (Westport, CT: Green-
wood Press, 1978).

6. Victor Katz, A History of Mathematics: An Introduction (New York: HarperCollins,
1993), pp. 678-80.

7. Morris Kline, Mathematical Thought from Ancient to Modern Times (New York:
Oxford University Press, 1972), pp. 683-85.

8. Sylvanus P. Thomson, The Life of Lord Kelvin (New York: Chelsea, 1976).

16.9 Dinh ly Divergence

Trong Muc 16.5 ta viét lai dinh 1y Green duéi dang vecto nhu sau

/ F - nds = // div F(z,y)dA
C D

trong d6 C la duong bién c6 chiéu duong ctia mién phang D. Néu nhu ta dang tim kiém
dé mé rong dinh 1y vao trong trudng vecto R3, thi ta c¢6 thé doan ring

//SF'ndS=///Ediv F(z,y,2)dV (16.9.1)

trong d6 S 1a mat giéi han trong mién E. N6 chi ra rang phuong trinh (16.9.1) 1a ding,
dudi cac gid thiét thich hop, va n6é dugce goi 1a Dinh ly Divergence. Chu § réng sy tuong
dong gitta dinh 1y Green va dinh 1y Stoke & chd chung lien quan dén tich phan ciia dao
ham ctia mot ham (div F trong truong hgp nay) trén mot mién véi tich phan ciia ham

goc F trén bién ctia mién gidi han dé.

Lic nay, ban ¢6 thé mudn xem xét cac dang mién khac nhau ma ta cé thé gip trong qua

trinh tinh tich phan boi ba trong Muc 15.7. Ta phét biéu va chitng minh dinh 1y Divergence
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cho mién F ma dong thai 1a loai 1, loai 2, 3 va ta goi cac mién d6 la cAc mién don khbi
(Chang han, cdc mién bi chin bdi ellipsoid hogc hinh hop chit nhat 14 cac mién don khdi).
Bién ctia F 1a mot mit khép kin, va ta 4p dung quy udc, da dude dé cap trong Muc 16.6,
ma c6 chiéu duong huéng ra ngoai, nghia 13, vecto phap tuyén don vi n huéng tir E.

Dinh 1y 16.11 (Dinh ly Divergence). Cho E la mot mién don khoi va S la mdt bién cia
E, dugc hudng theo chiéu duong (hudng ra ngoai). Cho F la mot truong vecto c¢é cdc ham

thanh phan cé cac dao ham riéng lién tuc trén mot mién md chia E. Khi dé

//SF'dS:///;dideV

Dinh 1y Divergence phat biéu rang, dudi cac diéu kien cho trude, thong luong cta F di

qua mit bién cia E bang tich phan boi ba clia divergence ciia F trén E.

Chitng minh. Cho F = Pi+ Qj + Rk. Khi d6

0P 0Q
oz +ay+az

///dlv FdVv = // dV+// dV+// —dV

Néu n 1a vecto phap tuyén don vi ngoai ciia S, thi tich phan mit bén vé trai cia dinh ly

//F-dSz//F~ndS=//(Pi+Qj+Rk)-ndS
S S C
—//Pi~nd5+//@j~nd5+/ Rk - ndS

S S S

Do dé, dé chitng minh dinh Iy Divergence, ta can phai ching minh day du ba phuong trinh
// Pi-ndS = // —dV (16.9.2)
// Qj-ndS = // —dV (16.9.3)
// Rk -ndS = /// —dV (16.9.4)

Dé chitng minh phuong trinh (16.9.4) ta 4p dung gid thiét rang F 14 mién loai 1:

divF =

Divergence 1a

sau

E={(z,y,2)|(z,y) € D,ur(z,y) < 2 < u2(, )}
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trong d6 D 1a hinh chiéu ctia E lén mat phang xy. Dua vio phuong trinh 15.7.6 ta c6

[ Eav - //[/ L

va do do6, theo Dinh Iy Co ban ctia Phép tinh Vi tich phan

dA

// 7dv //D[R(fﬁ’y’“ﬂ%y))*R(%%M(m,y))]dfl (16.9.5)

Mat gi6i han S bao gdm ba thanh phan: mat day S;, mat dinh S, va mat phang ding Ss,
nam trén dudng bién ciia D (Xem Hinh 16.8.1, ¢6 thé x&y ra truong hgp S3 khong xuét

hién, nhu truong hop ctia mat cau). Cha § riang trén S3 ta ¢c6 k-n = 0, vi k nam doc va

// Rk-ndS:// 0dS =0
Sl S3

Vi vay, cho di1 ¢6 hay khong mot mit phang ding ta c6 thé viét

[ ___ S(z=wmlxy))

n nam ngang, va do dé

Hinh 16.9.1

//Rk-ndS=/ Rk-ndS+/ Rk - ndS (16.9.6)
S S1 Sa

Phuong trinh ctia Sy 14 z = ug(z,y), (z,y) € D, va vecto phap tuyén ngoai n chi lén tren,
nén tit phuong trinh (16.7.9) (v6i F duge thay bdéi Rk) ta co

//SZ Rk - ndS — //IDR(x7y7U2($,y))dA
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Trén S ta c6 z = ui(x,y), nhung & day vecto phap tuyén ngoai n huéng xuéng dudi, nén

//gl Rk ndS = — //DR(f’fayaU1(:U,y))dA

Do d6 phuong trinh (16.9.6) suy ra

ta nhan no cho -1:

//SRk.ndS: //D[R(x,y,@@(x’y))_R(x’yvul(x’y))] A

So sanh vé6i phuong trinh (16.9.5) ta co

//Rk-ndS=// a—RdV
S Eé’z

Phuong trinh (16.9.2) va (16.9.3) dudc chitng minh tuong tut bing cach bidu dién E 14 mién
loai 2 hoac loai 3, theo thu tu do. O]

Vi du 1. Hay tim thong lugng cta truong vecto F(x,y, z) = zi + yj + xk trén mot
qué cau don vi 22 + 9% + 2% = 1.

Giai Trudc hét ta tinh divergence ctia F:

0 0 0
divF= L)+ L)+ L@ =1
iv ax(z) + ay(y) + ) (z)
Miit cau don vi S 1a bien ctia qua cadu B dude cho béi 22 + y? + 22 < 1. Theo dinh ly

Divergence thong lugng dong la

//SF-dSz///EdideV=///BldV=V(B)=§W(1)3=4;

Vi du 2. Hay tinh // F -dS, trong do
S

F(z,y,2) = zyi + (y° + emz2)j + sin(zy)k

2

va S mat clia mién F giéi han bdi mit tru parabolic z = 1 — 2° vA cac mwat phing

z=0,y=0vay+ 2z =2 (Xem hinh 16.9.2).
Giai Sé rat khé khan dé tinh tich phan mat tryc tiép (Ta c6 thé tinh bén tich phan
mit tuong tng v6i bon phan ciia S). Hon thé nita, divergence cia F it phtic tap hon F:

(zy) + i(y2 + 6“2) + ;Z(sin:cy) =y+2y =3y

. 0
div F = 3 3

T
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|0.(].]|J_ o y=2-:

Hinh 16.9.2

Do d6 ta ap dung dinh 1y Divergence dé bién doi tich phan mit cho trude thanh tich phan
boi ba. Cach don gian nhat dé tinh tich phan bai ba la biéu dién E thanh mién loai 3:

E={(z,9,2)] - 1<2<1,0<2<1-2%0<y<2—2}

Khi do ta co

//SF~dS ///div FdV — ///3de
/ /1 22 /2 Zydydzd$:3/ /1 7 (9 _ )2 @-2?
2/_11{ (2_32]0_ d:vz—z/_l[(x 1)~ 8]da

1
184
—/ (2% 4 32 + 32% — T)dx = —
0 35

Mic di1 ta vita chitng minh dinh 1y Divergence chi trong truong hgp cac mién don khoi,
nhung ta ciing c¢6 thé ching minh cho cac mién c6 thé biéu dién thanh hgp ciia cic mién
don khoéi. (K§ thuat chiing minh ciing tuong tu nhu k§ thuat ta da ap dung trong Muc
16.4 dé md rong dinh 1y Green).

Vi dy, hay xét mién F nam giita cac mit khép kin S7 va Sy. Khi d6 mién giéi han ctia E
1a S = S; U Sy va phap tuyén n duge cho bdi n = —nj trén S; v n = ny trén So. (Xem
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Hinh 16.9.3

Hinh 16.9.3). Ap dung dinh ly Divergence cho S ta dugc:

///Ediv Fav = //F’ds - //F’ndS (16.9.7)
//s o dS*//S F - nydS (16.9.8)
_//Sl Fodss //52]? dS (16.9.9)

Vidu 3. Trong vi du 5 Muc 16.1 ta da xét dién trudng

E(x) = WX

trong dé dien tich Q duge dat tai diém gbc toa do va x = (x,v, 2) 1a vects toa do. Hay ap
dung dinh 1y Divergence dé chi ra ring dong dién E di qua mat khép kin S, bao quanh

//S E-dS = 47=Q

Giai Kho khin 6 day la ching ta khong c6 phuong trinh tuéng minh cho Se béi vi n6

diém gbc toa do 1a

1a mot mat khép kin bat ky quanh gbc toa do. Mat don gidn nhat c6 thé chon la mit cau,
nén ta lay S; 1a mot qua cau nhé c6 ban kinh a va tam tai goc toa do. Ban c6 thé kiém
chiing rang div E = 0 (Xem bai tap 23). Do d6 phuong trinh (16.9.7) cho ta

//SQE ds = //SlE dS+// div EdV = //SIE ds = //le nds

Trong cong thiic trén ta tinh tich phan méit trén S béi vi S; 14 mat cau. Vecto phap tuyén
tai x 1a x/|x|. Do do,

E-n=

Qo (25) - x2S

RNV X2 a?
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do phuong trinh ctia S; 1a |x| = a. Do d6 ta c6
// E - dS = intg,E-ndS = @ // ds = @A(SI) = @zm? = 4meQ
S a? JJs, a a
Diéu nay chi ra ring dong dién ciia E 1a 4me@Q qua mot mit So bay ky chita diém gbc toa
do. [Day la truong hop dac biét ciia Dinh Luat Gauss (phuong trinh (16.7.7)). Lién hé gitta
evagg lae =1/(4drep)).

Mot ting dung khac ctia dinh ly Divergence 1 trong khoa hoc chét léng. Cho v(z,y, 2)
la mot truong van toc clia mot chat 16ng c6 mat do hiang p. Khi d6 F = pv 1a toc do cia
dong chdy trén mot don vi dién tich. Néu Py(xo, yo, 20) 12 mot diém trong doé va B, 1a mot
qua cau tam Py v& ban kinh bé a, thi div F(P) ~ div F(P) v6i moi diém trong B, vi +F

lien tuc. Ta xap xi thong lugng trén bién ctia hinh cau S, nhu sau:

//Sa F-dS = ///B div FdV ~ ///B div F(Py)dV = div F(Py)V(B,)

Cong thitc xap xi nay dang hon khi a — 0 va

. . 1
div F(F) = lima — OV(Ba) //a F-ds (16.9.10)

Phuong trinh (16.9.10) néi rang div F(F) 1a toc do cia thong lugng dong bén ngoai trén
mot don vi thé tich tai Py (Day 14 nguyén nhan c6 cai tén divergence). Néu div F(P) > 0
thi dong chay luu luong huéng ra ngoai gan P va P dudc goi 1a mot diém ngudn. Néu
div F(P) < 0 thi dong chay luu lugng hudng vao trong gan P va P dugc goi 1a mot diém

lan.

V6i mot trudng vects nhu trong Hinh 16.9.4, xuat hién cac vectd két thic gan diém P,
cho nén div F(Py) > 0 va P; 13 diém nguon. Gan P», mat khac, cdc miii tén dén dai hon
céc mii ten di. O day, thong lugng dong 1a huéng vao trong, nén div F(P) <0va Py la
diém lan. Ta ap dung cong thic clia F dé xac nhan didu nay. Béi vi, F = 221 + y%j ta ¢6
div F = 2z + 2y, duong khi y > —z. Do vay, cac diém tren dudng thing y = —x 1a cac
diém nguon va cac diém con lai 1 cac diém lan.

Bai tap 16.9. .

1-4 Hay kiém ching lai rang dinh lj Divergence la ding cho cdc truong vecto F trén mién
E

1. F(x,y,z) = 3wi+ xyj+ 2xzk, E la hinh ong gidi han bdi cic mdt phing x = 0,z =
lLy=0,y=1,z2=0wva z=1.
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L)

oP,

Hinh 16.9.4: Trudng vecto F = 221 + 32
2. Fx,y,2) = x*i+xyj+ zk, E la hinh khoi gidi han bdi paraboloid z = 4 — 2* — y* va
mdt phdang Ty.
3. F(x,y,2) ={z,y,x), E la khéi cau z* + y* + 2* < 16.

4. F(z,y,2) = (&% —y,2), E la khéi tru y* + 22 < 9,0 < z < 2.

5-15 Hay dp dung dinh Iy Divergence dé tinh cdc tich phan mdat // F-dS, nghia la,
S

tinh cac thong lugng dong cia F qua S

5. F(z,y,z) = zye”i+xy’z3j—ye®k, S la mat cia hinh hop gidi han bdi cic mat phing
toa do va cdc mat phcfng r=2,y=2wvaz=1.

6. F(z,y,z) = 2’yzi+xy’zj+xyz>k, S la mat cia hinh hop gidi han bdi cdc mat phing

r=0,r=a,y=0,y=b,2=0va z=c, trong dé a,b va c la cic s6 duong.

7. F(z,y,z) = 3zxy*i+ ze*j + 2°k, S la khoi gidi han bdi mat tru y* + 2% = 1 va cdc mat
phing . = —1 va x = 2.

8. F(x,y,2) = (2® + y¥)i+ (v + 2%)j + (22 + 2®)k, S la mat cau cé tam tai goc toa do

va ban kinh 2.

9. F(z,y,z) = 2%sinyi+ xcosyj — xzsinyk, S la mat “cau phing” z® + 9® + 28 = 8.
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10.

11.

12.

15.

1.

15.

16.

17.

18.

F(z,y,z) = zi+ yj+ zxk, S la mat t& dién dugc cho bdi cac mdt phdng toa do va
mat

x z

— + g +—-=1

a b ¢
F(z,y,2) = (cos z+xy?)i+xe *j+ (siny+x22)k, S la mat khéi gidi han bdi paraboloid

z = 2% + y? va mat phing z = 4.

F(z,y,2) = x%i— 2322 + day®zk, S la mat khoi gidi han boi mat tru 2° + y* = 1 va

cic mat phing z = x + 2 va z = 0.

F(z,y,z) = |r|r, trong d6 = zi+ yj+ zk, S chita hinh bin cau z = \/1 — 22 — 3?2
va dia 2* + y* < 1 trong mdat phdang zy.

F = |77, trong d6 v = zi+ yj+ zk, S la mat cau 6 ban kinh R va tam tei goc toa
do.

F(z,y,2) = eYtanzi + y\/3 — 22j + xsinyk, S la khéi nam trén mdt phing ry va
dudi mat z =2 —a —y', -1 <r<1,-1<y<1.

Hay s dung mot hé thong may tinh dé vé ra truong vecto F(x,y,z) = sin  cos® yi +

% zcos® zk trong hinh éng dudc cdt tw phan tam duong tron va cdc

sin® y cos® zj + sin
mat phing x = 7/2,y = 7/2 va z = 7/2. Sau dé hay tinh thong higng dong di qua

mat ong nay.
Hay dp dung dinh lj Devergence dé tinh // F.dS, trong dé F(z,y,z) = 2%xi +
S

1 .
(gy?’ +tan 2)j + (2?2 + y?)k va S la nia trén cia mat cau x* + y* + 22 = 1. [Goi y:
Chii 4 rang S khong la mdat khép kin. Trudc tién hay tinh cdc tich phan trén S va
So, trong dé Sy la dia z® 4+ y* < 1, hudng zudng dudi va Sy = S U S/

Cho F(x,y,z2) = ztan~ ()i + 23In(z? + 1)j + zk. Hay tim thong lugng dong cia F
di qua mot phan paraboloid x> + y? + 2° = 2 ndm trén mat phing z = 1 va hudng lén

trén.

19. Mot truong vecto F dugc chi ra trong hinh. Hay st dung gidi thich cta devergence

trong muc nay dé xdic dinh rem div F la duong hay am tai Py va Ps.
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20. (a) Céc diém Py va Py la cdc diém nguon hay diém hin véi truong vecto dugc cho
trong hinh vé? Hay cho mot loi gidi thich trong hinh.
(b) Cho F(z,y) = {(x,y*), hdy st dung dinh nghia ciia divergence dé kiém chiing lgi

cau trd loi trong cau (a).

21-22 Hiy vé truong vecto va dy dodn rang & dau thi div F > 0 va div F < 0. Sau dé
hay tinh div F dé kiém tra du dodn ctia ban.

21. F(z,y) = {zy,z +y*)

22. F(x,y) = <:U2,y2>

£Q

23. Hay kiém chiimg ring div E = 0 vdi dien truong E(z) = Wm
T

24. Hay dp dung dinh lyj Divergence dé tinh

//S (2x + 2y + 2%)dS

trong dé S la mat cau 2* + % + 22 = 1.
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25-30 Hay ching minh cic ménh dé sau day, gid st rang S va E théa man cdc diéu

kién ciia dinh ly Divergence va cdc ham vo hudng va cdc thanh phancia truong vectocé cac

dao ham riéng cap hai lién tuc.

2

20.

27.

2

Co

2

S

3

S

31.

32.

5. // a-ndS =0, trong dé a la vecto hing.
S

1
V(E) = 3//SF- dS, trong do F(x,y,z) = xi+yj+ zk

//ScurleS:O

//SandS://Ev?fdv

[0 -nas = [ 152+ vr vy
//S(ng—gi)'nd5=///E(fV29—gV2f)dV

Gid s rang S va E théa man cdc dieu kién cia dinh lij Divergence va f la mot ham

06 hudng vdi cdc dao ham riéng lien tuc. Chiing minh ring

//andS=//EVde

Cac tich phan mdt va tich phan boi ba cia cicham vecto la cdc vecto duge xac dinh bdi
tich phan cia tiung thanh phan. [Goi j: Hay dp dung dinh lij Divergence cho F = fe,
trong dé ¢ la vecto hdang bat ky.]

Mot khoi rdn c6 mién zdc dinh E c6 mat S va né duge nhiing vao mot chat léng cé
mat do p. Ta lagp mot hé truc toa do sao cho mdt phdng xy tring vdi bé mat cla chat
Iéng doé , va cac gid tri duong cia z do do sau vat dé nhing zudng chat long. Khi dé
dp sudt tai do sau z la p = pgz, trong dé g la gia toc trong luc (zem Muc 8.3). Tong
$6 lue day lén chat ran phu thudc vao phan phéi dp sudt dude cho bdi tich phan mdat

F:-//Spnds

trong dé m la vecto phdp tuyén don vi ngoai. Hay dp dung két qud cia bai tap 31 dé
chi ra rang F = —Wk, trong dé W la khoi ligng ciia chdt léng bi chat rdan chiém
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b
Dinh 1y Co ban ctia Phép tinh Vi tich phan F'(x)dx = F(b) — F(a) a
rl'ht
Dinh 1y Co ban cta Tich Phan Duong / Vf-dr= f(r(b)) — f(r(a)) ria) c
c
—
.
oQ opP w ° )
Dinh Ly Green // < — > dA = / Pdz + Qdy ~
p\o0x QJy c

é s \)
Dinh Ly Stokes // curl F - dS = / F - dr e
S C

Dinh Ly Divergence /// div FdV = // F-dS
E S

cho. (Chi 4 rang F hudng lén trén bdi vi z hudng zuong dudi). Két qud clia Quy tac
Archimedes: Tong luc day tdc dong len mot vat thé bang vdi trong lugng clia chat

léng bi chiém cho.

16.10 Toé6m tit

Cac két qua chinh ctia chuong nay 1a cac két qua trong nhiéu chiéu ctia Dinh 1y Co ban
ctia Phép tinh Vi tich phan. Dé gitip cho doc gid ghi nhé dugc chiing, ching toi da tong
hop lai trong muc nay (khong c6 cac gia thiét) dé cac doc giad c6 thé hiéu duge su tuong
tu gitta ching mot cach dé dang hon. Luu ¥ rang trong méi trudng hop ching toi cé tich
phan ciia “dao ham” trén mot mién & bén trai, va bén phai ché cac gia tri clia ham ban
dau trén bién clia mién xac dinh.

On tap
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Kiém tra dinh nghia

1. Truong vecto 1a gi? Hay cho ba vi du vat Iy vé truong vecto.

2.

(a)

(a)
(b)

Thé nao 1a truong vects bao toan?

Ham thé nang la gi?

Hay viét dinh nghia ctia tich phan dudng clia mot ham vo huéng f trén mot
duong cong C' tng v6i do dai cung.

Lam thé nao dé tinh tich phan dé?

Hay viét biéu thitc tinh khéi lugng va xéc dinh tam khdi ciamot sgi day moéng
¢6 hinh dang nhu mot dudng cong C néu s¢i day c6 ham mat do p(z,y).

Hay viét cac dinh nghia clia tich phan duong trén C ctia mot ham vo huéng f

theo bién z,y va z.

Lam thé nao dé tinh céc tich phan nay?

Hay dinh nghia tich phan dudng ciia mot truong vects F trén mot dudng cong
tron C' dugce cho bdi ham vecto r(t).

Néu F 1a mot trudng luc, tich phan dudng nay biéu dién cho dai Iugng nao?

Néu F = (P,Q, R), diéu gi lien quan gitta tich phan duong ctia F va cac tich
phan dudng clia cdc ham thanh phan P, Q va R.

. Hay phat biéu Dinh 1y Co ban ciia tich phan dusng.

Cé6 y nghia gi khi néi / F - dr doc lap v6i duong lay tich phan?
C

Néu ban biét rang / F - dr 1a doc lap v6i duong lay tich phan, ban c6 thé néi
C
gi ve F?

Hay phét biéu dinh 1§ Green.

. Hay viét cac biéu thtic tinh dién tich giéi han bdi dudng cong C theo tich phan duong

trén C.

. Gia stt ring F 13 mot trudng vecto trén R3.
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(a) Hay xac dinh curl F.

(b) Hay xac dinh div F.

(c) Néu F 1a mot truong van toc trong dong long, hay dua ra cac giai thich vat ly
cho céac dai lugng curl F va div F.

10. Néu F = Pi + Qj, lam thé nao dé kiém tra xac dinh xem F c6 bao toan hay khong?

Diéu gi x4y ra néu F la mot trudng vecto trén R3.

11. (a) Mat tham s6 la gi? Céc dudng cong ludi ctia ching 1a gi?
(b) Hay viét mot biéu thitc tinh dién tich clia mot mat tham sb.
(c) Dién tich cia mot mét duge cho béi phuong trinh z = g(z,y) 1a gi?

12. (a) Hay viét ra dinh nghia clia tich phan m#t cho mot ham vo huéng f trén mat S.
(b) Lam thé nao dé tinh tich phan néu S 14 mit tham sé duge cho bdi mot ham

vecto r(t).

(¢) Tinh tuong tu véi S duge cho béi z = g(z, y).

(d) Néu mot miéng kim loai méng c¢6 hinh dang ctia mot mat S, va mat do tai
(x,9,2) 1a p(z,y, ), viét cac biéu thitc tinh khéi lugng va tam khoi clia miéng
kim loai dé.

13. (a) Thé nao Ia m#t ¢6 huéng? Hay cho mot vi du clia mot mét khong c¢6 huéng.

(b) Hay dinh nghia tich phan mat (thong lugng dong) ctia mot trudng vects F trén
mit ¢6 hudng S ¢6 vecto phap tuyén n.

(c) Lam thé nao dé tinh tich phan néu S 14 mat tham s6 duge cho bdi phuong trinh
vecto r(u,v).

(d) Tinh tuong tu néu S duge cho bdi phuong trinh z = g(z,y).
14. Hay phat biéu dinh ly Stokes.
15. Hay phat biéu dinh 1y Divergence.

16. Cac dinh ly sau day tuong ty nhu thé ndo: Dinh 1y Co ban ctia Phép tinh Vi tich
phan, dinh ly Green, dinh 1y Stokes, va dinh ly Divergence?

Cau hoéi Ding-Sai

Hay kiém tra xem cac phat biéu duéi day la ding hay sai, hay giai thich tai sao. Néu no

sai, hay giai thich tai sao hodc cho mét vi du phan ching.
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1.

2.

3.

10.

11.

12.

Néu F 1a mot truong vecto, thi div F ciing 14 mot truong vecto.
Néu F 1a mot truong vecto, thi curl F ciing 14 mot trudng vecto.

Néu f c6 cac dao ham riéng lien tuc moi cp trén R?, thi div (curl Vf) = 0.

. Néu f c6 cac dao ham riéng lien tuc moi cip tren R? va C' 1a mot dudng tron bét k¥,

thi/Vf-drzO.
c

. Néu F = Pi+ Qj va P, = Q, trén mot mién mé D, thi F bao toan.

¥ s = - /C f(z, y)ds

Néu F va G la cac trudong vecto va div F = div G thi F = G.

. Cong thyc hién béi mot truong lic bao toan khi mot chat diém di chuyén quanh mot

duong cong kin bang khong.

. Néu F va G 1a céac truong vecto, thi

curl (F+G) =curl F + curl G
Néu F va G la cic trudng vecto, thi
curl (F-G) =curl F-curl G
Néu S 1 mot mat cau va F 13 mot truong vecto hang, thi // F.dS =0.
S

C6 mot trusng vecté F thdéa méan

curl F = zi + yj + zk

Bai tap 16.10. .

1.

Mot truong vecto F, mot duong cong C va mot diém P duge chi ra trong hinh.

(a) Dai lugng / F-dr la duong, am hay bing khong? Hay gidi thich.
C
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(b) Dai lugng div F(P) la duong, am hay bang khong? Hay gidi thich.

PR T L T

2-9 Hay tinh cdac tich phan duong
2. /Sa:ds, C la mot cung ciia parabola y = 2* tir diém (0,0) dén (1,1).
3. /Cyzcosxds, C:x=ty=3cost,z=3sint,0 <t <.
4. /Cydaz + (z + y2)dy, C la ellipse 4% + 9y* = 36 ¢6 chiéu nguoc chiéu kim dong ho.
5. /Cy3dac + 2%dy, C la mét cung ciia parabola x = 1 — y* tu diém (0, —1) dén (0,1).
6. /C\/@dm + e¥dy + zzdz, C duge cho bdi v(t) = t*i + 25+ 3k, 0 < t < 1.
7. /nydx +y2dy + yzdz, C la doan thdng noi ti diém (1,0, —1) dén (3,4,2).

8. / F-dr, trong dé F(z,y) = zyi+ 22§ va C dugc cho bdi r(t) = sinti+ (1 +1)5,0 <
C
t <.

9. /F~dr, trong do F(x,y,z) = €°t + zzj + (x + y)k va C dugc cho bdi
C
r(t) =t + 35— th,0 < t < 1.
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10. Hay tinh cong thuc hién boi trudng luc
F(z,y,z) = zi+ zj+ yk
khi mot chat diem di chuyén tu diém (3,0,0) dén (0,7/2,3) trén
(a) mot duong thing.

(b) mot duong dinh oc x = 3cost,y =t,z = 3sint.

11-12 Hay chi ra rang F la truong vecto bdo toan. Sau dé hday tim mot ham f théa
man F=Vf.

11. F(z,y) = (1 + 2y)e™i+ (¥ + 2%e™)j

12. F(z,y,z) = sinyi+ xcosyj— sinzk

13-14 Hay chi ra ring F la truong vecto bio toan va dp dung gid thiét nay dé tinh

F - dr trén duong cong cho trudc.
C

13. F(z,y) = (423y* — 229°)i + (22%y — 32%y% + 49°)j, C : v(t) = (t +sinnt)i + (2t +
cosmt),0 <t <1

14. F(x,y,2) = e¥i+ (we¥ + €*)j + ye’k, C la doan thdang noi tu diém (0,2,0) dén
(4,0,3).

15. Hay ching té rang dinh lij Green la ding vdi tich phan duong / zy?de — 2%ydy,
C
trong dé C chita parabola y = x* tir diém (—1,1) dén (1,1) va doan thdng ndi tit
diém (1,1) dén (—1,1).

16. Hay dp dung dinh lj Green dé tinh
/ V1 + 23dr + 2zydy
C

trong dé C' la mién tam gidc c6 cac dinh (0,0), (1,0) va (1,3).
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20.
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Hay ap dung dinh lj Green dé tinh / z2ydx — xydy, trong dé C la dudng tron
C

22 +y? =4 ¢6 chiéu nguoc chiéu kim dong ho.
Hay tinh curl F va div F néu

F(x,y,z) =e “sinyi+ e Ysinzj+ e “sinxk

Hay chi ra rang khong cé truong vecto G théa man

curl G = 2xi + 3yzj — z2°k

Haéy chi ra ring, vdi cdc dieu kiéns ciia cdc truong vecto F va G thi
curl (Fx G) = Fdiv G—Gdiv F+ (G-V)F— (F-V)G
Néu C' la mot duong cong don tron bat ky khéo kin va f va g la cde ham kha vi, hay
chi ra rang /Cf(x)daz + g(y)dy = 0.
Néi f va g la hai ham khd vi, hay chi ra rang

V2(fg) = fV2g+gV?f +2Vf Vg

Néu f la mot ham diéu hoa, nghia la, V2f = 0, hay chi ra ring tich phan duong
intfydr — fydy la doc lap véi moi mién don lién D.

(a) Hay phdc hoa duong cong C vdi cdc phuong trinh tham soé
r=cost y=sint z=sint 0<t<2m
(b) Hay tinh /CQJUerdJ: + (222%e?Y + 2y cot 2)dy — y* csc? zdz.
Hay tinh dien tich ciia mot phan cia mat z = x> + 2y trén mién tam gidc c6 cic dinh
1 (0,0), (1,0) va (1,2).

(a) Hay tim phuwong trinh cilia mdt phdng tiép tuyén tai diem (4, —2,1) vdi mdat tham
50 S dugc cho bdi

2

r(u,v) = 2 —wj+ v’k 0<u<3,-3<v<3
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(b) Hay st dung mot mdy tinh dé vé mat S va mat phdang tiép tuyén da tim trong
cau (a).
(c) Thiét lap, nhung khong tinh, tich phan dé tinh dién tich mat S.

(d) Néu
52 22 2

7 _ : ,
(@9,2) 1122 1 T2

hay tinh // F-dS chinh zdc dén bon chit sé thap phan.
S

27-30 Hay tinh cac tich phan mat

27. // 2dS trong dé S la mot phan cia paraboloid z = x> + y* ndm dudi mat phing
S
ogad

28.

29.

30.

31.

32.

33.

// (222 4 322)dS, trong dé S la mot phan cia mat phing z = 4 + = + y ndm bén

S

trong mat tru z? + y2 =4.

// F.dS, trong dé F(z,y,z) = z2i2yj + 3xk va S la mat ciu 2° + y* + 22 = 4 va
S

hudng ra ngoai.

// F.dS, trong dé F(z,y,z) = 2%i+ xyj + zk va S la mét phan cia paraboloid
S

z =z + y? bén dudi mat phing =z = 1 va hudng lén tren.

Hay chimg té ring dinh Iy Stokes la ding vdi truong vecto F(x,y, z) = x?i+y*j+ 22k,
trong dé S la mot phan cia paraboloid z = 1 — x2 — y* ndm trén mat phdng xy va S
hudng lén trén.

Hay dp dung dinh ly Stokes dé tinh // curl F-dS, trong dé F(z,y,z) = x’yzi +

S

yz2j+ 23e™k, S la mot phan cla mat cau x> +y? + 2% = 5 ndm trén mat phing z = 1
va S hudng lén trén.

Hay dp dung dinh lij Stokes dé tinh // F-dr, trong dé F(x,y,z) = xyi+ yzj+ zxk,

C
C la tam gidc c6 cac dinh (1,0,0),(0,1,0) va (0,0,1) hudng ngugc chiéu kim dong

ho nhin tu bén trén.
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3.

36.

37.
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Hay dp dung dinh lij Divergence dé tinh tich phan mat // F-dS, trong d6 F(x,y,z) =
S

i+ y3j—|— 22k va S la mat cia hinh khéi duoc gidi han bdi mat tru 2 + y2 =1 va
cdc mat phang z = 0 va z = 2.

Haéy ching t6 rang dinh lyj Divergence la ding vdi truong vecto F(x,y, z) = xi+yj+zk,
trong dé E la qud cau don vi 2* +y* + 22 < 1.

Hay tinh thong luong dong bén ngodai cilia

xi+yj+ zk
($2 +y2 +Z2>3/2

F($>yaz) =

qua ellipsoid 42* + 9y* + 622 = 36.

Cho

F(z,y,2) = (32%yz — 3y)i+ (232 — 32)j + (2%y + 22)k

Hay tinh / F.dr, trong dé C la duong cong vdi diem dau (0,0,2) va diém cudi
C
(0,3,0) dugc chi ra trong hinh.

(223 + 2292 — 2y)i + (212 + 2xy%y + 22)5
z? + y?

F(Hf,y) =

Hay tinh 55 F-dr, trong dé C' dugc cho nhu trong hinh vé.
C
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39. Hay tinh // F-dS, trong dé F(x,y,z) = xi+yj+ zk va S la mat cé6 hudng ra ngodi
S

dugc chi ra trong hinh (mdt bién cia hinh dng véi mot géc da bi khuyét di).

40. Néu cdc thanh phan cia F ¢6 cic dao ham riéng cap hai lien tuc va S la mdat phdng
bien cia mién don lién, hay chi ra rang

curl F-dS = 0.
S

41. Néu a la mot vecto hdang, r= xi+yj+ zk va S la mdt cé hudng, tron vdi duong bién
C don, dong tron va hudng theo chiéu duong, hay chi ra rang

//S2a-dS:/C(a>< r)-dr

Bai toan md rong

1. Cho S la mot mit tham s6 tron va cho P la mot diém sao cho mbéi dudng bat dau

tit P giao v6i S ciing mot lic. Géc khdi Q(S) déi dien bdi S tai P la tap hgp cac



160 GIAI TICH VECTO

duong thang bat dau tit P va di qua S. Cho S(a) 1a giao tuyén ctia Q(S) v6i bé mat
clia mit cau tam P va ban kinh a. Khi d6 s6 do clia goc khdi (don vi steradian) duge
xac dinh bdi

dién tich S(a)
T2

2(9)]

Hay &p dung dinh Iy Divergence cho phan ctia (S) giita S(a) va S dé chi ra ring

0(S)] //S " Ras

trong d6 r 1a ban kinh vectd tit diém P dén mot diém bat ky trén S, r = |r|, v&

vecto phap tuyén don vi n lay tit diém P.

Diéu nay chi ra rang dinh nghia ctia s6 do ciia géc khoi khong phu thuoce va ban kinh
a clia mit cau. Do d6 s6 do ciia goc khdi bang dién tich 1ay trén mot mat cau don
vi. (Cht ¥ sy tuong ty véi dinh nghia ctia s6 do radian). Tong géc khéi cho béi hinh

cau tai tam clia n6 vi vay bang 4w steradian.

. Hay tim mot duong cong C déng, don, c6 chi¢u duong c6 tich phan dudng
/ (y* — y)da — 22°dy
C

dat gia tri cuc dai.

. Cho C 1a mot dudng cong trong khong gian don, déng, tron titng khiic ndm trén mat
phéng c6 vects phap tuyén don vi n = {a,b, ¢) va c6 chiéu duong ting v6i n. Hay chi
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ra rang dién tich hinh phéng giéi han béi C la

1
5 / (bz — cy)dx + (cx — az)dy + (ay — bx)dz
C

4. Xem xét hinh dang clia mot mat c6 phuong trinh tham s6 = sinw,y = sinv, z =
sin(u + v). Trude hét hay vé do thi mit do theo nhiéu huéng nhin khac nhau. Hay
gidi thich tai sao st xuat hién ctia cac do thi nay bang cach xac dinh vét ciia cic mit

nam ngang z = 0,z = +1 va z = iﬁ‘
5. Hay chiing minh ménh dé sau day

V(F-G)=(F-V) G+ (G-V)F+F xcurl G+ G x curl F

6. Hinh 4nh nay mo t4 mot chudi cic sy kién trong méi xy lanh ctia bo bén xy lanh
trong dong co. Tat ca cac piston di chuyén lén xubéng va duge két néi béi mot canh
tay xoay dé xoay cic truc khuyu. Cho P(t) va V(t) lan lugt 1a ap suat va thé tich
bén trong mot xy lanh tai thoi diém ¢, trong dé a < t < b cho mot chu 1y day da. Do
thi cho thay cach thay déi ctia P va V thong qua mot chu 1y ctia dong co bon thi.

nap khi nén NG thoat hoi

' 5 0 .
l banh da thanh chuyén !

Trong ky nap (tit 1 dén 2) mot hén hgp khong khi va xang & ap suat khi quyén
bi kéo vao mot xi lanh qua van nap nhu di chuyén piston di xudng. sau dé piston
nhanh chéng nén két hgp véi cdc van dong cita trong hanh trinh nén (tit 2 dén 3)
trong d6 tang ap luc va khdi lugng gidm. 3 tai cac dét chiy sparkplug nhién liéu,
tang nhiét do vh Ap suat tai khoi lugng gan nhu lién tuc dén 4. Sau d6, vdi van

déng, mé rong nhanh chéng budce cac piston di xudng trong thdi gian dot quy dién
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(tit 4 dén 5). Van x4 md ra, nhiet do va gidm ap lyc, va nang lugng co hoc luu trit
trong mot banh da quay day piston di lén, budc céc san pham thai ra khoéi nha van
x4 trong ky xa. Van xa déng va van hat md ra. Ching ta bay gid quay trd lai tai 1

va chu ky bat dau mot lan nita.

(a) Hay chi ra rdng cong thuc hién lén piston trong mot chu 1y ctia dong co bon thi
laWw = / PdV, trong d6 C la dudng cong trong miit phing PV dudc chi ra
C
trong hinh. [Goi y: Lay x(¢) 13 khoang cach tit piston dén dinh ctia xy lanh va luu
y rang lyc tac dong len poston 1a F = AP(t)i, trong d6 A la dién tich cta dinh

piston. Sau d6 W = F - dr, trong d6 Cy dugc cho béi r(t) = z(t)i,a <t <b.
C
Mot phuong phap khac 1a tinh téng Riemann tryc tiép).
(b) Hay &p dung cong thiic (16.5.9) dé chi ra rang cong thic hién 1a chénh lech bai
céac dien tich hinh phing giéi han bdi hai vong lap ciia C.



