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Tap bai giang nay vé tich phan Riemann ctia ham nhiéu bién va Gidi tich vectd cho sinh vién
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tuong ting v6i nhitng phan cudi trong cic gido trinh vi tich phan phd bién hién nay nhu cta J.
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xdc va ham lugng ly thuyét. Ddi vdi sinh vién khd gidi bai gidng hudng t6i trinh do & cdc phan
tuong ng trong cic gido trinh giai tich kinh dién nhu [Rud76], [Lan97].
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Dé 1am mat s6 bai tap cin diing mdt phan mém mdy tinh chang han nhu Matlab hay Maxima.

e Huéng dan st dung phan mém Maxima
e Hudng dan st dung phan mém Matlab
Huynh Quang Vi

Dia chi: Khoa Todn-Tin hoc, Pai hoc Khoa hoc Tu nhién, Pai hoc Quéc gia Thanh phé Ho Chi
Minh, 227 Nguyén Vin Ci, Quan 5, Thanh ph H6 Chi Minh, Email: hqvu@hcmus . edu. vn

Tai lidu nay sé dudc tiép tuc stra chita va b sung. Ban mdi nhit c6 trén web & dia chi:
http://www.math.hcmus.edu.vn/~hqvu/gt3.pdf. Ma ngudn LaTeX c6 &
http://www.math.hcmus.edu.vn/~hqvu/gt3.tar.gz.

This work is releashed to Public Domain (CC0) wherever applicable, see
http://creativecommons.org/publicdomain/zero/1.0/, otherwise it is licensed under the Creative
Commons Attribution 4.0 International License, see http://creativecommons.org/licenses/by/4.0/.


http://www.math.hcmus.edu.vn/~hqvu/teaching/gt3-maxima.html
http://www.math.hcmus.edu.vn/~hqvu/teaching/matlab.html
mailto:hqvu@hcmus.edu.vn
http://www.math.hcmus.edu.vn/~hqvu//gt3.pdf
http://www.math.hcmus.edu.vn/~hqvu/gt3.tar.gz
http://creativecommons.org/publicdomain/zero/1.0/
http://creativecommons.org/licenses/by/4.0/

Muc luc

(1 Tich phan boi| 5
(1.1 Tichphantrénhinhhop|. . . . . .. .. ... ... ... 5
1.2 Sukhatichl . ... ... . . . . . 11
1.3 Tichphantréntdptongquat . . . . . . . .. ... .. .. ... ... ..... 18
1.4 CongthucFubmi| . . . . . ... ... ... . 23
1.5 Congthicddibién|. . ... ... .. ... ... ... ... ... ... ... 31
1.6 Ungdungctatichphdnboil. . . . . . . . ... ... 44
1.7 * Thay thé tich phan Riemann bang tich phan Lebesgue | . . . . ... ... ... 50
2__Giai tich vecto | 53
2.1 Tichphanduong| . . . .. ... .. . . .. . . . . 53
2.2 Cong thuc Newton—Leibniz|. . . . . . . ... ... ... ... ... ..., 62
23 CongthucGreen| . . . . . . . . . . . . . 69
24 Tichphianmat| . .. ... .. .. ... .. ... 77
2.5 Congthuc Stokes| . . . . . . . . .. ... 86
[2.6  Cong thuc Gauss—Ostrogradsky| . . . . . . . ... ... ... ... ... ... 91
2.7 VaiungdungcuaGiaitichvectd|. . . . . . .. ... ... ... ... ...... 97
2.8 * Cong thiic Stokes tong quat| . . . . . .. .. ... .. ... ... 100




MUC LUC



Chuong 1 Tich phan boi

Trong chuong nay ching ta s& nghién ctiu tich phan Riemann trong khong gian nhiéu chiéu.

1.1 Tich phéan trén hinh hdp

Tich phan trén khong gian nhiéu chiéu 12 su phét trién tuong tu ctia tich phan mot chiéu. Do d6
céc y chinh da quen thudc va khong khé, ngudi doc c6 thé xem lai phan tich phan mot chiéu dé dé
theo doi hon.

Cho I 1a mdt hinh hop, va f : I — R. Ta mubn tinh tdng gid tri ctia ham f trén hinh hop 1. Ta
chia nhé hinh hop 7 bing nhiing hinh hdp con nhé hon. Ta hy vong ring trén mdi hinh hop nhé
hon d6, gia tri ciia ham £ sé thay ddi it hon, va ta c6 thé xip xi f bang mot ham hang. Ta hy vong
rang néu ta chia cang nho thi xp xi cang tot hon, va khi qua gidi han thi ta sé dudc gia tri ding
clia tong gid tri clia f.

Sau day 1a mot cach gidi thich hinh hoc. Gia st thém ham f 12 khong 4m, ta mudn tim “thé
tich” ctia khdi bén dudi db thi ctia ham f bén trén hinh hop 1. Ta sé x4p xi khoi d6 bing nhiing
hinh hop véi ddy 1a mot hinh hop con ctia 7 va chiéu cao 13 mot gid tri cia f trong hinh hdp con
d6. Ta hy vong ring khi s6 hinh hdp ting 1én thi ta s& gan hon gia tri diing ctia thé tich.

Hinh hop va thé tich ctia hinh hop

Dudi day ta bat dau lam chinh xac héa céc y tudng & trén.

Trong mon hoc nay khi néi dén khong gian R”, n € Z*, thi ta dung céu tric tuyén tinh, chuén,
khoéng cach, va tich trong Euclid, cu thé néu x = (x1, x, ..., x,) € R" thi chuén (tic chiéu dai) cla
xla

2, .2 2\1/2
|x]| = (x] + x5 + -+ x;,) 2,

khoang cach gitta x va y = (y1,¥2,...,yn) € R" la
2 2 2 172
o= yll = (G =302+ (=32l oo G = yn)?)
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va tich trong gitta x v6i y la
(Gy) =x1y1+xy2+- -+ XpVn-

Ta dinh nghia mo6t hinh hop n-chiéu trong R” 1a mdt tdp con cia R" cé dang [ay, b1] X [az, ba] X
<X [an, bp] V6i a; < b; v6i moi 1 <i < n, tiic la tich ctia ndoan thang. Vi du mot hinh hop 1-chiéu
12 mot doan thang trong R.

Dé khdi diu vé thé tich clia hinh hop, chiing ta hdy xét trudng hdp mot chiéu. Chiéu dai clia
doan thang [a, b] bing bao nhiéu?

Ta mubn khdi niém chiéu dai todn hoc md phong khai niém chiéu dai vat ly thudng ding
trong doi séng tit xua. Nhu vy trudc hét chiéu dai ctia mot doan thang [a, b] 13 mot sb thuc
khong am. Vi chiéu dai vat 1y khong phu thudc vao cich dit hé toa do, néu ta tinh tién doan
thang thi chiéu dai khong thay ddi, vy néu ki hiéu chiéu dai ctia doan [a,b] 1a |[a, ]| thi can
6 |[a+c,b+c]| = |[a,b]|. Néu n 1a sb nguyén duong, thi vi doan thang [0,na] gdm n doan thang
[0,a],[a,2a],[2a,3a),...,[(n—1)a,na], nén ta mudn c6 tinh chit “cong tinh” thé hién qua |[0, na]| =
n|[0, a]|. Piéu nay dan t6i |[0,a]| = n|[0, rlla]l, hay |[0, %a]| = %|[0,a]|. Do d6 véi m,n 1a s6 nguyén
duong thi [[0, 2*a]| = 7*{[0,a] |}. Trong tru’bng/h()p riéng, ta/cc’) |[0\, 201 =22 1[0, 1]]. Vi moi s6 thl_Ic\a
la gidi han ciia mot day cac so hitu ti, nén néu nhu ta muon chiéu dai ¢6 “tinh lién tuc” thi ta can
6 [[0,a]| = a|[0,1]], do d6 phii c6 |[a, b]| = |[0,b—a]| = (b—a)|[0,1]|. D& chuin héa ta thudng 14y
[[0,1]] = 1, va nhu thé |[a, b]| = (b—a).

Nhu vy quan trong hon 13 chiéu dai c6 nhiing tinh chit nhu mong mudn nhu & trén, con gia
tri cu thé dugc xdc dinh duy nhit do cach chon chiéu dai don vi, gidng nhu viéc chon don vi do
trong vt ly.

Ly ludn tuong tu cho s6 chidu cao hon, ta ¢é thé dua ra dinh nghia ngin gon sau:

Pinh nghia. Thé tich (volume) n-chiéu ctia hinh hop [ay, b1] X [az, ba] X -+ - X [ap, b, ] dudc dinh
nghia 12 s6 thuc (b —a1)(by —az) -+ (b, —ay,).

Ta thuong dung ki hiéu |/| d€ chi thé tich ctia 1. Khi s6 chiéu n = 1 ta thudng thay tir thé tich
bing tit chiéu dai (length). Khi n = 2 ta thudng dung t dién tich (area).

Ddi v6i khai niém tdng, 1y luan tuong tu nhu dbi v6i khai niém thé tich, ta c6 thé di dén két
luan 12 tdng ctia mot ham hang ¢ trén hinh hop 1 1a ¢|1].

Chia nhd hinh hop

Mot phép chia, hay mot phan hoach (partition) ciia mot khoang [a, b] 1a mot tdp con hitu han ctia
khoéng [a, b] ma chida ci a va b. Ta c6 thé dit tén cac phan tif ctia mot phép chia 1 xo, x1, . . ., X,
Vi a=xy < x| <xp <+ < Xp, =b. Mdi khoadng [x;_1, x;] 12 mot khoang con ctia khoang [a, b]
tuong ung véi phép chia.

Mot phép chia ctia hinh hop I = []}_,[a;, b;] la mot tich Descartes cua cac phép chia ctia cac
khoang [a;, b;]. Cu thé néu mdi P; 1a mot phép chia ctia khoang [a;, b;] thi P = [7, P; 1a mot phép
chia ctia hinh hdp 1. Xem vi du & hinh

Mot hinh hop con dng véi mot phép chia P ciia mot hinh hop 7 1a mét tich cac khoang con
clia cdc canh ctia hinh hop 1. Cu thé mot hinh hop con ctia hinh hop 7 ¢6 dang 7, T; trong d6 T;
12 mot khoang con ctia khoang [a;, b;] ting véi phép chia P;. Dit SR(P) 1a tap hop tit ci cdc hinh
hdp con ting v6i phép chia P. Ngudi doc c6 thé hinh dung céc trudng hop 1, 2, 3 chiéu dé dé theo
doi.

Tich phan trén hinh hop

Cho 7 12 mét hinh hop, va f : I — R. Véi mot phép chia P cia I, thanh lap tong Rieman

IBernard Riemann 1a ngudi di dé xuit mot dinh nghia chit ché cho tich phan vao khoang nim 1854, mic dit tich
phan da dugc dung trude do.
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Hinh 1.1.1: Mot phép chia ctia hinh chit nht [a, b] X [c, d] gdm nhitng di€m ma cic toa do thd nhit
tao thanh mdt phép chia cua [a, b] va céc toa do thit hai tao thanh mét phép chia cua [c,d].

D fer)IR|

ReSR(P)

& day tong dudc 14y trén tit ca cac hinh hdp con R cia P, va xg 1a mot diém bat ki thuoc R. Pay 1a
mot xap xi cla “tdng gia tri” clia f trén I. Néu f > 0 thi ddy 1a mot xap xi clia “thé tich” cta khbi
bén dudi do thi ctia f bén trén 1.

“Gidi han” clia tong Riemann khi phép chia “min hon” sé la tich phan ctia ham f trén I, ki
higula |, f.

Vay /I fdai dién cho“tdng gia tri”ctia ham f trén 1. Néu f > O thi fl f dai dién cho “thé tich”
ctia khoi bén dudi do thi cia f bén trén 1 EI

Dé 1am chinh x4c y tudng trén ta cAn 1Am rd qua trinh qua gidi han. Chiing ta s& dung mdt cich
trinh bay do Jean Gaston Darboux dé xuit nim 1870.

Khi néi vé tich phan Riemann ta chi xét ham bi chin. Nhé lai ring cho tich phan ctia ham
mot bién dé xét tich phan ctia ham khong bi chiin can lay gi6i han cta tich phan d€ thu dudc “tich
phén suy rong”, mdt khai niém ma ta khong khdo sat trong mon hoc nay. Vay gia st f bi chan.

Goi L(f,P) = Xresr(p)(infr f)|R|, trong d6 tong dudc 1y trén tit ca cac hinh hop con tng
v6i phép chia P, 1a tong dwdi hay xap xi duéi ing véi P.

Tuong ti, U(f,P) = Y resr(p)(Supg f)IR] 12 tong trén hay xap xi trén Gng vdi P.

Cho P va P’ 1a hai phép chia ctia hinh hop 1. Néu P c P’ thi ta néi P’ 1a min hon P.

B4 dé (chia min hon thi xap xi tot hon). Néu phép chia P’ la min hon phép chia P thi L(f,P’) >
L(f,P)va U(f,P’) <U(f,P).
Pay mot vu di€ém quan trong ctia xap xi trén va xap xi dudi bdi vi ta c6 thé thiy véi tdng

Riemann thi chia min hon khong nhét thiét din t6i xAp xi tét hon, xem bai tap

Chiing minh. Mbi hinh hdp con R’ ctia P’ nam trong mdt hinh hop con R ctia P. Ta c6 infg: f >
infg f. Vi thé

D, @fARlz Y GfHIR|=intf > R|=(nf IR
R'CR,R'€SR(P’) R'CR,R'€SR(P’) R'CR,R'€SR(P")
Ly tong hai vé clia bt dang thic trén theo tit ca hinh hop con R cia P ta dudc L(f,P’) >
L(f,P). m]

2K{ hiéu f do Gottfried Leibniz dit ra khi xay dung phép tinh vi tich phan vao thé ki 17. N6 dai dién cho chit cai
“s” trong chir Latin “summa” (t6ng).
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Z
A
f(xr,YR)
z=f(xy)
4 N 4
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|
/ H
1 '
1 H
i /
y
/// R (XR, yR)
X 1

Hinh 1.1.2: X4p xi Riemann.

B§ dé (xap xi dudi < xap xi trén). Néu P va P’ la hai phép chia bdt ki ciia ciing mét hinh hop thi
L(f,P) < U(f.P).

Chitng minh. V&i hai phép chia P va P’ bt ki thi luon c6 mot phép chia P”” min hon ca P 14n P’,
ching han néu P =[]/, P; va P’ =[]’ P/ thi c6 thé lay P = [/, P/’ v6i P/ = P; U P/. Khi d6
L(f,P) < L(f,P") < U(f,P") < U(f,P’). O

Mot hé qua 1a chin trén nhd nhét ctia tap hgp tt ca céc xap xi duéi supp L(f, P) va chin duéi
16n nhit cta clia tap hop tét ca cac xap xi trén infp U(f, P) ton tai, va supp L(f, P) < infp U(f, P).
Dinh nghia (tich phan Riemann). Cho hinh hop 7. Ham f : I — R Ia kha tich (integrable) néu
f bi chin va supp L(f, P) = infp U(f, P). Néu f kha tich thi tich phén (integral) ctia f dugc dinh
nghia 1a s6 thuc supp L(f, P) = inf p U(f, P), va dugc ki hiéu la fl f.

Vi du. Néu ¢ 12 hing sb thi fl c=cl|l.

Khi s6 chiéu 7 = 1 ta c6 tich phan ctia ham mdt bién quen thudc tif trung hoc va da dugc khao
sat trong mon Giai tich 1, véi f[a, b] f thuong dudgc viét 1a /a b f(x) dx. Nhu vay ta thira huéng tat
ca cac két qua ve tich phan ham mot bién da c6 trong Giai tich 1, ching han nhu cong thiic
Newton—Leibniz dé tinh tich phan.

Khi n =2 ta c6 tich phén boi hai, thudng duge viét 1a [[, f(x,y) dA hay [[, f(x.y) dxdy. Khi
n =3 ta c6 tich phan bdi ba, thudng dugc viét1a [[f, f(x,y,z) dV hay [[], f(x.y.2) dxdydz.

Ghi chi. Hién gio dx, dxdy, dxdydz, dA, dV chila ki hiéu dé chi loai tich phan, khong cé y nghia
doc lap.
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xap xi trén

supg f | /
fxg) [ /_\L / <. tong Riemann
infg f \ \)\ \

xap xi dudi

XR R

Hinh 1.1.3: Xép xi dué6i < x4p xi Riemann < x4p xi trén.

1.1.4 Ménh dé. Cho f bi chdn trén hinh hop 1. Khi do f la khd tich trén I néu va chi néu véi moi
€ > 0 co phép chia P ciua I sao cho U(f,P)— L(f,P) <e.

Nhu vay ham kha tich khi va chi khi x4p xi trén va xAp xi dudi c6 thé gan nhau tuy y.

Chiing minh. (=) Cho f kha tich. Cho € > 0, c¢6 phép chia P va P’ sao cho

L(f,P)>—e+/If
va
U(f,P')<e+/If.
Liy P”” min hon ca P va P’. Khi d6
U(f,P")=L(f.P") <U(f,P") - L(f,P) < 2¢
(<) Gia st v6i € > 0 cho trudc bat ki c6 phép chia P sao cho U(f,P)— L(f,P) < €. Bt

dang thic nay dan t6i U(f, P) < supp L(f,P) + €, do d6 infp U(f, P) < supp L(f,P)+ €, hay 0 <
infp U(f,P)—supL(f,P) < e v6i moi € > 0. Do d6 infp U(f, P) = supp L(f, P). O

Tinh chéat cda tich phan
Ta c6 nhiing tinh chit tuong tu trudng hop mot bién:
1.1.5 Ménh dé. Néu f va g khd tich trén hinh hop I thi:
(a) f+gkhdtichva [,(f+g)= [ f+]zs.
(b) Vdi moi s6 thuec ¢ thi ¢ f khd tich va fI cf = c/lf.
(c) Néungthi/Ifstg.
Chiing minh. Ta chiing minh phan (a), cic phan con lai dudc dé & phan bai tap.

V6i mot phép chia P cua I, trén mot hinh hdp con R tacod infg f+infr g < f(x)+g(x), Vx € R.
Suy ra infg f +infg g < infr(f +g). Dodoé L(f,P)+ L(g,P) < L(f +g,P).



10 CHUONG 1. TICH PHAN BOI

Cho € > 0, c6 phép chia P sao cho L(f,P) > fIf— € va c6 phép chia P’ sao cho L(g,P’) >
flg — €. Liy phép chia P”” min hon ca P va P’ thi L(f,P”) > L(f,P) > _/If —eva L(g,P") >
L(g,P’) > fIg —€.Suyra

L(f+g,P”)2L(f,P")+L(g,P")>‘/If+/1g—2e.

Tuong tu, cé phép chia Q sao cho
U +5.0) < ULO+U0) < [ £+ [g+2e
Ly phép chia Q’ min hon ci P” va Q thi ta dugc
‘/If+‘/lg—2e< L(f+gQ)<U(f+g0Q)< ‘/If+/1g+26.

Hé thic nay dan t6i U(f +g,0") — L(f +g,0’) < 4€, do d6 f + g kha tich, hon nita

/1f+/1g_26</1(f+g)</1f+/1g+2€’ Ve > 0,

dodo [(f+g)=/[f+] & O

* Poc thém

C6 thé dinh nghia tich phan Riemann nhu sau. Ta néi f 1a kha tich trén 7 néu c6 mot s6 thuc, goi
la tich phan cta f trén I, ki hiéu la /I f, c6 tinh chét 1a v6i moi € > 0 c6 § > 0 sao cho néu tit ca
céc canh clia cic hinh chit nhit con ctia P déu c6 chiéu dai nhd hon & thi véi moi cach chon diém
xg thudc hinh hdp con R cla P ta cod ’ZR f(xr)|R| —fl f’ < €. C6 thé ching minh ring dinh nghia
nay tuong duong véi dinh nghia cia Darboux.

C6 thé héi néu ta dung nhiing cach xép xi khic thi c6 mang tdi cing mot tich phan hay khong?
Néu ta mubn tich phan c6 nhiing tinh chit thuong ding, gdm chang han tinh tuyén tinh, thi thuc ra
chi c6 duy nhat mot loai tich phan thda céc tinh chat d6, xem [Lan97, tr. 575].

Bai tap

1.1.6. Mot hd nuée hinh chit nhat kich thudc 4m x 8m c6 d6 sau khong déu. Ngudi ta do dugc chiéu sau tai
mot s6 diém trén hd nhu trong bang sau. Vi du trong bang nay do sau tai diém cach bd trai 5m va bd trén
1m 1a 4,6m. Hay uéc lugng lugng nudc trong ho.
vitri | 1 3 5 7
1 3,1 | 45|46 | 4.0
3 37141 |45 | 44

1.1.7. Hay cho mdt vi du minh hoa ring xip xi Riemann ting v6i mot phép chia min hon khong nhét thiét
t6t hon.

1.1.8. / Chiing minh céc tinh chit &{1.1.5

1.1.9. Hay cho mdt udc lugng cho gia tri clia tich phan (nghia la cho biét tich phan c6 thé c6 gia tri tir dau

t6i dau)
// <Y’ dxdy.
[0,1]x[1,2]

1.1.10. Diéu sau day l1a ding hay sai, giai thich:

// (x? + Vy)sin(xy?) dA = 10.
[0,1]x[1,4]

1.1.11. Gia st f lién tuc trén hinh hop I va f(x) > 0 trén /. Chiing minh rang néu fl f=0thi f=0trén I.
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1.2 Sy kha tich

Qua y cda tich phan, ta thdy viéc xip xi dua trén mot gia thiét: néu bién thay ddi it thi gia tri clia
ham thay ddi it. Nhu vay su kha tich phu thudc chit ché vao su lién tuc.
Day 1a mot diéu kién di cho su kha tich ma ta sé diing thudng xuyén:

1.2.1 Pinh ly (lién tuc thi kha tich). Mot ham lién tuc trén mot hinh hdp thi khd tich trén do.

Chitng minh. Ching minh chi yéu dua vao tinh lién tuc déu ctia ctia ham. Ta dung céc két qua sau
trong Giai tich 2 (xem Chﬁng han [Lan97, tr. 193]):

(a) Mot tap con ctia R” 1a compic khi va chi khi n6 déng va bi chin.
(b) Mot ham thuc lién tuc trén mot tip con compic ciia R” thi lién tuc déu.
(c) Mot ham thuc lién tuc trén mot tip compac thi bi chin.

Gia st f : I — R 12 mot ham lién tuc trén hinh hop 1. Khi d6 f lién tuc déu trén I, do dé cho trudc
€>0,c60>0saocho|lx—y||<d= f(x)- f(y) <e.

LAy mot phép chia P clia I sao cho khoang céch giita hai diém bét ki trong mét hinh hop con
12 nho hon 6. Diéu nay khong kho: néu chiéu dai mdi canh ctia mot hinh hop nhd hon « thi chiéu
dai ctia mot dudng chéo cuia hinh hop d6 nho hon vna.

V6i hai diém x,y bt ki thudc vé mot hinh hop con R thi f(x)— f(y) < €. Suy ra supg f —
infr f <e. Vi thé

U(f,P)- L(f.P) = Z(St;pf—igff)lRl <e) |Rl=€lll
R R

Theo tiéu chuan ta c6 két qua. O

Tap cé thé tich khong
Vi du sau cho thiy mdt ham khong lién tuc van c6 thé kha tich.

Vidu. Cho f:[0,1] - R,

0, x
f(x):{l, .

H
(STENTE

V6i phép chia P bét ki ctia [0, 1] sao cho chiéu dai ctia cc khoang con nhé hon 5 thi sai khic gitia
U(f,P) va L(f,P) nho hon e. Vi thé ham £ kha tich. Chu y rang f khong lién tuc tai %

)L xeQ
f(x)_{O, x¢Q.

Vi bat ki phép chia P nao ctia khoang [0, 1] ta c6 L(f,P) =0 and U(f,P) = 1. Do d6 f khong kha
tich. Chd y riang f khong lién tuc tai bt ki diém nao.

Vidu. Cho f:[0,1] - R,

1.2.2 Pinh nghia. Mot tap con C cta R" dugc goi la co thé tich (n-chiéu) khong (of content zero)
néu v6i moi s € > 0 ¢6 mot ho hitu han cdc hinh hop n-chiéu {Uy, Us, ..., Uy} sao cho U, U; O C
va Y U <e.

N6i cach khac, mot tip con ctia R 1a c6 thé tich khong néu ta c¢6 thé phi tip d6 bang hitu han
hinh hop c6 tng thé tich nhé hon s6 duong cho trude bat ki.

Khi n = 2 ta thay tif “thé tich khong” bdi tir “dién tich khong”.

Vidu. (a) Tap rong 0 c6 thé tich n-chidu khong véi moi n > 1.
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(b) Tap hop gdm mot diém trong R” ¢6 thé tich n-chiéu khong v6i moin > 1.
(c) Mot doan thang ndm ngang hay thang diing trong R? c6 dién tich khong.
(d) Hoi clia hai tap c6 thé tich khong 1a mot tap c6 thé tich khong.

1.2.3 Ménh dé. Do thi ciia mot ham khd tich trén mot hinh hdp trong R" ¢6 thé tich khéng trong
Rn+1'

Chitng minh. Cho f kha tich trén hinh hop I c R”. Cho trudc € > 0 ¢ phép chia P cia I sao cho
U(f,P)— L(f,P) = X g(supg f —infg f)|R| < €. D6 thi ctia ham f, tap {(x, f(x)) | x € I}, dudc
phti béi ho tit ca cac hinh hop R x [infg f,supg f].

T supg f

supp f—infr f <€

¢ infR f

R
Tong th€ tich cta céc hinh hop nay chinh 1a g (supg f —infg f)|R|, nhd hon €. |

Vi du. D6 thi ctia mdt ham lién tuc trén mot khoang déng c6 dién tich khong trong R?. Vay mot
doan thﬁng, mot doan parabola, mot dudng tron thi c6 dién tich khong.

1.2.4 Pinh ly (lién tuc trir ra trén tip cé thé tich khong thi kha tich). Mot ham thuc bi chin
trén mot hinh hop va lién tuc trén hinh hop do triv ra mot tdp co thé tich khong thi khd tich trén
hinh hép do.

Chitng minh. Gia st f 1a mot ham thuc bi chiin trén hinh hop 1, do d6 c6 sb thuc M sao cho
| £(x)] < M v6i moi x € I. Cho C la tap hop cdc diém thudc I ma tai d6 ham f khong lién tuc. Gia
thiét cho C c¢6 thé tich khong.

Y ctia chiing minh 1a diing hitu han hinh hdp c6 tdng thé tich nhd hon e dé phi C va ding tinh
bi chiin cla f dbi véi phan nay. Trén phan clia hinh hop con lai thi f lién tuc déu, ta st dung 1ap
luan nhu trong phan chiing minh cta[1.2.1] D& dé theo dbi hon ngudi doc c6 thé tién hanh cho mot
vi du cy th€ nhu & hinh

Cho € > 0, c6 mdt ho cac hinh hdp {U;}1<i<m phi C va c6 tdng thé tich nhé hon €. C6 thé
gia st moi hinh hop U; 12 mdt hinh hp con ctia 7, bang cach thay U; bdi U; N I néu can. Ta mudn
tach rdi C khoi cdc hinh hop ngoai ho nay. M6 rong moi hinh hop U; thanh mét hinh hop U chita
trong I c6 thé tich khong qua hai 1an thé tich ctia U; sao cho phin trong ctia U ! chiia U; (6 day ta
xét phan trong tuong dbi véi I, nghia 1a cdc tap dugc xét dudc coi 1a tap con ctia khong gian 1.)
Nhu véy ta ¢6 dugec mot ho méi {U]} <j<m cdc hinh hdp con ctia / v6i tong thé tich nho hon 2e,
hdi cdc phan trong ctia cac hinh hop nay chiia C. Pat T =1\ Uiz, U/ thi T rdi khoi C do d6 f lién
tuctrén T.

Béy gid ta lam tuong tu nhu & Goi P 1a phép chia ctia I nhan dudc bang cach 1iy toa do
dinh cta cdc hinh hop U/ lam cic diém chia trén cac canh ctia 1. Vi T 1a compéc nén f lién tuc
déu trén T, do d6 ta c6 thé 1ay dudc mot phép chia P’ min hon P sao cho véi bat ki hinh hdp con
R cua P’ chua trong T thi supy f —infgr f < €. Khi d6 vé6i P’ ta co

Z (sgpf—i%ff)|R| <e Z IR| < €|l].

RcCT RcT
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Hinh 1.2.5: Mot trudng hop: C 1a mot doan thang.

Néu hinh hop con R ctia P’ khong chia trong 7 thi R chifa trong mot hinh hop U ! nao do, do
dé
Z(supf—1nff)|R| < Z OM|R| =2M Z IR| = ZMZ \UZ| < 2M2e.
R¢T RYT RET i=
Két hop hai danh gi4 trén ta c6 U(f, P’) = L(f,P’) < (|I| +4M)e. Tir d6 ta két luan ham f kha
tich. O

1.2.6 Pinh ly. Gid sit f va g la ham bi chdn trén mét hinh hop I va f(x) = g(x) trén I trit ra
mot tdp con co thé'tich khong. Khi do f khd tich trén I khi va chi khi g khd tich trén I, va khi do

=g

Vay gié tri cia mot ham bi chin trén mét tip c6 thé tich khong khong anh hudng dén
tich phan.

Chiing minh. Dt h = g — f thi h bi chin, va h(x) = 0 trli ra trén mot tp C c6 thé tich khong. Ta
chi can chiing minh /4 kha tich va /1 h =0, sau d6 dung|1.1.5 Ta tién hanh gidéng nhu cich chiing
minh[[.2.4]

Cho trudc € > 0, ta c6 mot ho {U; }1 <; < cdc hinh hdp con ctia I v6i tdng thé tich nhd hon € va
hoi céc phén trong (tuong doi véi khong gian I) clia cac hinh hop nay chita C. Pat T = 1\ U U
thi 7 r6i khéi C dodé h=0trén T.

Goi P 1a phép chia ctia 7 nhan dudc bing cich 14y toa do dinh ciia cac hinh hop U; lam cac
diém chia trén cdc canh ctia /. Trén T thi

2 (sup NIRI= ) (inf )IR| =0

RcCT RcCT

Do 4 bi chin nén c6 s6 M > 0 sao cho |A(x)| < M v6i moi x € I. Néu hinh hop con R khong
chia trong T thi R chita trong mdt hinh hop U; nao dé, do do

Z(suph)|R|<ZM|R| MZ|R| MZ|U|<M€

R¢T R¢T R¢T

Tuong tu:

Z(i%fh)lRlzz ~M|R|=-M )" |R|= —MZ|U|> ~Me.

RET R¢T R¢T i=1
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Viay —Me < L(h,P) < U(h,P) < Me.
Tir ddy ta c6 thé két luan ham h khé tich va [ 7 =0. 0

Diéu kién can va di cho su kha tich

Trong phan nay chiing ta s& tr 15i hoan chinh vin dé kha tich. Néu ngudi doc thiy qui khé hoic
khong c6 di thai gian thi chi cAn nim dugc phat biéu két qua chinh 1a

1.2.7 Pinh nghia (d6 do khong). Mat tip con C ctia R" 1a c6 do do khong (of measure zero) néu
v6i moi $6 € > 0 c6 mot ho céc hinh hop (Uy, Us, . .., Uy, ...) sao cho U2, U; D Cva X, |Uy| <.

N6i cach khic, mot tap con ctia R” 1a ¢6 dd do khong néu ta c6 thé phii tip dé bang mot ho
dém duoc cac hinh hop c6 tdng thé tich nhé hon sb ducng cho trude bit ki.

Vi du. Mot tap c6 thé tich khong thi c6 do do khong.

Mot ménh dé& P(x) duge goi 1a ding hau nhu khiip nei (hdu khip) (almost everywhere) néu
n6 ding véi moi x trif ra trén mot tap c6 do do khong, tiic 1a tip hop tt ca x sao cho P(x) khong
ding c6 do do khong. Dbi véi tich phan thi ¢6 thé hiéu so ludc tap c6 do do khong 1a tap “khong
dang ké”.

Dudi day 1 cau tra 18i hoan chinh cho vAn dé kha tich, thudng dudc goi la diéu kién kha tich
Lebesgue:

1.2.8 Pinh ly (kha tich = bi chan + lién tuc hau khflp). Mot ham thyc bi chdn trén mot hinh hop
la khd tich trén hinh hop do khi va chi khi tdp hop nhitng diém tai dé ham khong lién tuc c¢6 do do
khong.

1.2.9 Vi du. Sau day 12 mot vi du kinh dién vé mdt ham kha tich c6 tap hop cac di€ém khong lién
tuc c6 do do khong nhung khong c6 thé tich khong.
Cho f:[0,1] = R,

1 _P =
Fay=17 x-q,p,qu,q>0,gcd(p,q)—1
0, x¢Q.

R6 rang f khong lién tuc tai cdc s6 hitu ti. Mit khac c6 thé chiing minh 1a £ lién tuc tai cdc sb vo
ti (bai tap . Tap hop céc sb hitu ti trong khoang [0, 1] c6 do do khong nhung khdng c6 thé
tich khong (bai tap [1.2.17).

Hoéa ra ham f kha tich. Thuc vay, cho € > 0, goi Ce 1a tp hop cic sb hitu ti x trong [0, 1] sao
cho néu x = 137 & dang tdi gian thi }1 >e. Vi0O<p<qg<1 nentip Cclahitu han. Ta phi C,
biang mot ho U gdm hitu han cic khoang con rdi nhau ctia khoang [0, 1] c6 tong chiéu dai nho
hon e. Céc diém dau mit cta cic khoang nay sinh ra mot phép chia P ctia khoang [0, 1]. Ta c6
Y rev(Supg fIR] < Y gev|R| < €. Trong khi d6 néu sb x = ;3 & dang t6i gian khong thuoc C, thi
é < €,do d6 Y rey(supg )R] < € Y reu|R| < €. Vay U(f, P) < 2e. Tui day ta két luan f kha tich,

hon ntta f |\ f =0.

* Chitng minh

Cho f 12 mot ham bi chiin trén mién x4c dinh 1a D c R”. Ta dinh nghia dao déng (oscillation) ctia
f tai x € D 1a sb thuc

RO rang o( f, x) dugc xac dinh va khong am.
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1.2.10 B dé. Ham f lién tuc tai x khi va chi khi o(f, x) = 0.

Chiing minh. (=) Gia stt o(f,x) =0. Cho trudc € > 0, ¢6 6 > 0sao cho supp, 5 f —infpx.s) f <€
Suy ra f(y)— f(x) < e va f(x)— f(y) <€, vithé | f(y)— f(x)| < € v6i moi y € B(x,5)ND. Vay f
lién tuc tai x.

(<) Giast f lién tuc tai x. Cho € >0,c6 6 > 0saocho | f(y)— f(x)| <e v6imoi y € B(x,6)ND.
Vi vy v6i moi y, z € B(x,6) N D taco | f(y)— f(2)] < 2€. Suy rasupp, s, f —infp(x,s) f < 2€. Viy
o(f,x)=0. O

Chitng minh phan diéu kién dii clia Phén nay dudgc phat trién tir chiing minh ctia[l.2.4} dung
Ki thuét trong

Gid st | f(x)] < M v6i moi x trong hinh hop 1. Goi C 1a tap cac diém trong I tai d6 f khong
lién tuc, va gia st C c¢6 do do khong.

Cho trude € > 0. Bit Ce = {x € I | o(f,x) > €}. Khi d6 theo Ce 12 mot tap compic,
chda trong C, do d6 theo C. c6 thé tich khong. Nhu trong phan chiing minh clia co
mdt ho hitu han cac hinh hop (Uy, U, ..., U,,), mdi hinh hop nay chia trong 1, sao cho C. dugc
phi bdi ho cac phén trong dbi véi I cta cac U;, nghiala C c U7, Ui va YU < e

batT =1\, l}i. Khi d6 T rdi khéi C.. V6i mdi x € T thi o(f,x) < €. C6 hinh hop R, 1a
lan cén cua x trong I sao cho supg f—infg, f <€ ViT compic, moi phii md c6 mot phii con
hitu han (xem chang han [Lan97, tr. 203]), nén ho {st | x € T} pht T c¢6 mot pha con hitu han
{R;1j=12..k}.

Céc hinh hop U; va Rj, 1 <i <mval < j < k sinh ra mot phép chia P cua /, dudc tao ra tu
cac toa do dinh cia cac hinh hép.

Néu hinh hdp con R clia P ndm trong T thi R C R; ndo do, vi thé supg f —infg f < €. Do d6

D (supf=inf NIR| <e ) IRl <elll.

RcT RcT
Néu hinh hop con R ctia P khong chiia trong 7 thi R € U; nao d6. Do d6
m

D (supf—inf FRI < > 2M|R|=2M )" |RI=2M ) |U;| <2Me

rer R R RET RET i=1
Tir hai danh gid trén ta c6 U(f, P)— L(f,P) < (|I| + 2M)e. Ta két luan ham f kha tich. m]

Trong chiing minh trén ta da diing cdc bS dé sau:

1.2.11 B3 dé. Vdi moi € > 0, tdp {x € D | o(f,x) > €} la tdp dong trong D.

Chiing minh. Ta sé ching minh ring A = {x € D | o(f, x) < €} la tip md trong D. Gia st x € A. C6
6 > 0 sao cho supg, 5\np [ —infpx,s)np f < €. Lay y € B(x,6)ND. Lay 6’ > 0 sao cho B(y,6’) C

B(x,6). Khi d6 supgy, s)np S —infpy.s0np f < SUPpx.s)np S —infpx.6)np [ < € Diéu nay din
téiy € A. O

1.2.12 Bé deé. M6t tdp compdc co d do khong thi co thé'tich khong.

Chiing minh. Gia st C 1a compic va c¢6 do do khong. Cho € > 0, c6 ho cac hinh hdp déng
Ui, Uy, ... sao cho U2, U; © C va 232, |U;| < €/2. M6 rong kich thude tit ca cac canh cla
mdi U; d€ dudc hinh hop U sao cho |U/| < 2|U;|. Khi d6 U/ chia U;, do d6 U2, U/ o C, va
Yo lU/l<e. Vi€ compic nén ho (U));2, ¢6 mdt ho con hitu han (Ul.’k )i théa Ui_, Ul.’k >C.

Suy ra 33, |U; | < €. Vay C ¢6 the tich khong. m
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Chitng minh phan diéu kién cdn ciia Gia st | f(x)| < M v6i moi x trong hinh hop 1 va f kha
tich trén /. Goi C la tap cdc diém trong / tai d6 f lién tuc. V6im € Z* dit Cy/py ={x €I | o(f,x) >
1/m}. Khi d6 C = {U;,_, Cym. Ta s& chiing minh mbi tap Cj,, c6 thé tich khong, va do d6 theo
[1.2.13]tap C c6 do do khong.

Cho € > 0. Vi f kha tich nén c6 phép chia P cta I sao cho U(f,P)— L(f,P) < €. Tap Cy/pn,
gdm cic diém trong (dbi v6i I) ctia mot s6 hinh hop con clia P, ho tt ca cac hinh hop nhu vay ta
g0i 1a S, va cic diém bién ctia mot s6 hinh hop con khac, ho tét ca cac hinh hop nhu vy ta goi la
T.

Néu R € S thi R c6 diém trong x € Ci/m - Do d6 supg f —infg f > o(f,x) > 1/m. Vay

€> Z(supf—i%ffw > %lRl.

Res R ReS

Z|R| < me.

Theo|1.2.14|tap T c6 thé tich khong. C6 mot phi Q clia T biang hitu han cc hinh hop sao cho
tong thé tich ciia céc hinh hop nay nhé hon €. Do d6 Cy,,, duge phii bdi ho SUQ vdi tong thé tich
nho hon (m + 1)e. Ta két ludn ), 6 thé tich khong. i

Vay ta dugc

Trong chiing minh trén ta da diing cdc bs dé sau.
1.2.13 B6 dé. Hoi ciia mét ho dém duoc cdc tdp co thé'tich khong la mot tap co do do khong.
Chitng minh. Gia st C;, i € Z* 1a mot tap c6 thé tich khong. bat C = U2, C;.

Cho € > 0. V6i mdi i ¢6 m6t ho hitu han cdc hinh hop {U;; | 1 < j < n;} phi C; va Z;‘il |U; ;| <
€

? .
Bay gid ta liét ké cac tap U; ; theo thu tu

U1, U2, Uiy, U1, U g, o Uy, Us g, -
Day 12 mdt phi dém dugc clia C ¢6 tdng dién tich nhd hon pa 37 = €. Viy C c6 d6 do khong. O
1.2.14 B dé. Bién ciia mét hinh hop cé thé'tich khéng.

Chitng minh. Do [1.2.13|ta chi can ching minh mdi mit ctia mot hinh hop n-chiéu cé thé tich

khong trong R". M&i mit ctia hinh hop 12 mét tip hop D céc diém c6 dang (xq,x2, ..., X, ..., Xp)
vOi a; < x; < bj khi j #1i, va x; = ¢ v6i ¢ = a; hodc ¢ = b;. Cho trudc € > 0. Ly hinh hop R phi
D c6 chiéu dai canh & chiéu thif i dd nhd, cu thé R gdom céc diém c6 dang (x1, X, ..., X, ..., X,) V6i

aj <xj<bjkhij#ivac—6<x; <c+6.Khid6|R|=26];.(bj—a;)<enéusdinhd. O

Bai tap

1.2.15. Cac ham sau c6 kha tich khong? Néu ham kha tich thi tich phan ctia n bang bao nhiéu?

O<x<l x#1

X =

(@) f(x)= {x’

=

<=

, 0<x<1,0<y<],

®) FeD=10 0<e<t y=0.

=L

0<x<1L0<y<, (xy)#(33),

47

5, (x,y);t(%,%.
2, 0<x<1,0<y<l,y#x,
x, 0<x<1,0<y<1, y=nx.

d flx,y)=

0,
(© flx,y)= {



1.2. SUKHA TICH .

© flxy) = { )

1.2.16.
1.2.17.
1.2.18.

1.2.19.

1.2.20.

3, 0<x<1L,0<y<l y#x%
x%, 0<x<1,0<y<l y=x%

Chiing t6 ham dudc dinh nghia trong vi du lién tuc tai cac sb vé ti.

Chiing t6 tap hop cac sb hitu ti trong khoang [0, 1] c6 d6 do khong nhung khong c6 thé tich khong.
Meénh dé ¢6 con ding khong néu thay thé tich khong bang d6 do khong?

Chung t6 hdi ctia mot tap c6 do do khong véi mot tap cé thé tich khdng thi c6 do do khong.

Ching t6 néu f kha tich thi | £| kh tich va ’/I f| < [Ifl.
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1.3 Tich phan trén tap tdng quat

Chuing ta chi xét cdc tap con ctia R”. P& ngin gon hon ta thudng ding tit mién (region) dé chi mot
tap nhu vy. Chiing ta chi xét nhitng mién bi chin. Nhé lai riing trong Giéi tich 1 dé xét tich phan
trén khoang khong bi chin ta da phai dung téi gidi han cida tich phan va xay dung khai niém tich
phén suy rong.

Cho D 1a mdt mién bi chiin, va cho f : D — R. Vi D bi chiin nén c6 hinh hop I chita D. M&
rong ham f 1&€n hinh hop 7 thanh ham F : I — R xac dinh bdi

0, x€I\D.

Dinh nghia. Ta néi f 1a kha tich trén D néu F kha tich trén 1, va khi d6 tich phan ctia f trén D
dugc dinh nghia 1a tich phéan cia F trén I:

[l

D€ tich phan cta f trén D dudc dinh nghia thi F phai bi chdn trén I, do d6 f phai bi chan
trén D.

BG dé. Tich phan [, f khong phu thugc vao cdch chon hinh hép 1.

Chiing minh. Gia st F 1a mé rong ctia f 1én I; D D bing khong ngoai D, va F> 1a md rong ctia
f 1én I, > D bang khong ngoai D. Ta cin ching minh diéu sau: néu F; kha tich trén I; thi F> kha
tich én b, va [, Fi = [, F».

bat Iy = I; N I; thi I3 1a mdt hinh hdp con cua I;, va F3 1a mé rong cia f 1én I3 O D bang
khong ngoai D. Ta chiing minh diéu sau 14 di: F; kha tich trén I; khi va chi khi F3 kha tich trén
13, va /Il F1 = f13 F3.

Dbidt ham F| xdc dinh trén /; sao cho F| trung v6i Fy trui ra trén bién cua /3, noi ma F| dudc
dinh nghia 1a bang khong. Vi F [ chi khac Fy trén mot tap c6 thé tich khong nén theo F] kha
tich khi va chi khi Fy kha tich, va [, F{ = [ Fi.

Mot phép chia bat ki P clia I3 sinh ra mot phép chia P’ ctia I; bing cach thém vao toa do cic
dinh ctia 7;. Néu mot hinh hop con R tng v6i P’ khong chia trong I3 thi supg F/=infr F{ =0 (6
chd nay c6 dung gié thiét F, bang khong trén bién ctia I3). Diéu nay dan t6i U(F}, P') = U(F] |, P)
va L(F|,P’) = L(F] |},,P). Do dé ta két luan néu F[ |}, kha tich thi F| kha tich va fll F/= f13 F .

Ngugc lai, mot phép chia bat ki P’ cia I sinh ra mot phép chia P”” cia I} min hon P’ bang
cach thém vao toa do cdc dinh cda I3. Han ché P” 1én I3 ta dudc mot phép chia P cla I3. Gidng
nhu doan vita roi, U(F],P”") = U(F] |1,,P) va L(F/,P"") = L(F| |;,, P). Do d6 néu F/ kha tich thi
F{ |1, khd tich va S FlL =1, Fy. /

Cudi cung, ham F| |, han che cua F] xuong /3, chi ¢6 thé khac F; trén bién clia I3, mot tp
¢6 thé tich khong. Do d6 F |, khé tich khi va chi khi F3 kha tich, va /13 Fl |, = /3 F;. o

Ghi chd. Khi D 1a mot hinh hop thi dinh nghia tich phan nay trung véi dinh nghia da co.
Thé tich
Ta dinh nghia thé tich thong qua tich phan:

Pinh nghia. Cho D la mét tip con bi chin ctia R”. Thé tich n-chiéu ctia D dudc dinh nghia 1a
tich phan ctia ham 1 trén D:
|D| = / 1.
D
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Néu D 1a hinh hop thi dinh nghia nay triing véi dinh nghia ctia hinh hop da c6.

Ta thudng thay tif thé tl’clﬁ bing tif chiéu dai khi n = 1 va bang tit dién tich khi n = 2.

C6 thé giai thich dinh nghia thé tich & trén nhu sau. Dit mién bi chin D vao trong mot hinh
hop 1. Xét ham c6 gia tri bing 1 trén D va bang 0 ngoai D. Ham nay thudng dudc goi 12 goi 1a
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Hinh 1.3.1: X4p xi ngoai va xAp xi trong dién tich ctia mot hinh tron.
ham dac trung cia D, ki hiéu 1a yp:

1, xeD
0, xeR"\D.

|D|=/XD.
1

Xét mot phép chia P ctia 1. Ta ¢6 U(xp, P) = Y. g(supg xp)IR| = S rapo |R|, bing téng thé tich
clia c4c hinh chil nhat con ctia / ma c6 phan chung khic réng v6i D, chinh 13 mot x4p xi trén thé
tich ctia D. Trong khi d6 L(xp, P) = Y. (infg xp)IR| = X rcp |R|, bing tong thé tich ctia cac hinh
chit nhét con ctia 7 ma nam trong D, chinh 1a mdt xAp xi dudi thé tich ctia D. Tap D c6 thé tich khi
va chi khi hai x4p xi nay c6 thé gin nhau tily y, va s6 thuc duy nhit nam giita dudc goi 1a thé tich
cua D.

XAp xi dudi va xap xi trén clia thé tich ¢6 thé gan nhau tly y khi cdc hinh hop phd phan bién
c6 tong thé tich nho tly y. Ta co:

xp(x) = {

Dinh nghia néi ring

1.3.2 Dinh ly. Mot tdp con bi chén ciia R" c6 thé’tich n-chiéu khi va chi khi bién ciia né cé thé
tich n-chiéu khong.

Chitng minh[I.3.2] Cho D 1a mdt tap con bi chin ctia R”, lay mot hinh hop 7 chita D. Tap hop céc
di€m khong lién tuc clia yp 1a chinh tap bién D ctia D. VAy xp kha tich khi va chi khi D c6 do
do khong. Bién ciia mdt tip con cia R” ludn la mot tdp dong, ngoai ra vi D bi chan nén dD cling
bi chin, do d6 dD 1a compic. Do ta biét 9D c6 do do khong khi va chi khi né c6 thé tich
khong. O

Vi du (hinh tron cé dién tich). Xét hinh tron cho bdi x>+ y? < R%. Bién ciia hinh tron nay la
dudng tron x% + y? = R%. Pudng tron nay 1a hoi clia nita dudng tron trén va nifa dudng tron dudi.
Nitia dudng tron trén 12 d6 thi cda ham y = VR2—x2, ~-R < x <R. Theo tap nay c6 dién tich
khong. Tuong tu nia dudng tron dudi cd dién tich khong. Vay dudng tron cd dién tich khong, do
d6 theo ta két luan hinh tron c6 dién tich.

3con duge goi 1a thé tich Jordan
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1.3.3 Vi du. Tuong ty, mdt hinh tam gidc thi c6 dién tich vi bién ctia né 1a mot hoi clda hitu han
nhitng doan thang, 14 nhitng tip c6 dién tich khong.

Vi du. Tip hop QN [0,1] cé bién diing bang [0, 1], do d6 tap nay khong c6 chiéu dai (xem thém
1.2.17).

Su kha tich
Tuong tu trudng hgp hinh hop|1.2.8] ta co:

1.3.4 Pinh Iy (kha tich trén tap cé thé tich = bi chin + lién tuc hau khap). Cho D la tdp con
o thé'tich cia R™. Khi do f khd tich trén D khi va chi khi f bi chdn va lién tuc hdu khdp trén D.

Chiing minh. Cho I 12 mot hinh hdp chita D va cho F 1a mé rong ctia f 1én I, bang khong ngoai
D. Tich phan [ f ton tai néu va chi néu tich phan [, F ton tai. Theo ta biét tich phan [ F
ton tai khi va chi khi F lién tuc hiu khip trén 1. Tap E cic diém tai d6 F khong lién tuc gdm tap C
céac diém trén D ma tai d6 f khong lién tuc va c6 thé nhitng di€ém khac trén bién cia D. Nhu vay
C C E c (CUdD). Do gia thiét, D c6 thé tich khong. Néu C c6 do do khong thi CUID c6 do do
khong (xem , din dén E c6 do do khong, do d6 F kha tich. Ngudc lai, néu F kha tich thi E
¢6 do do khong, do dé C c6 do do khong. O

Tuong tu ta co:

1.3.5 Ménh dé. D4 thi ciia mét ham khd tich trén mot tdp con bi chén ciia R™ ¢6 thé'tich khong
trong R,

Chiing minh. Gia st D c R" bichan va f : D — R. Goi I 1a mdt hinh hop chia D va F 1a mé rdng
clia f 1én I, bing khong ngoai D. Vi f kha tich nén F kha tich trén /. Theo|1.2.3] do thi ctia F c6
thé tich khong trong R™*!. D6 thi ctia f 1a mot tip con ctia d6 thi ctia F. O

Vi du (qué cau c6 thé tich). Xét qua ciu cho bdi x2 + y? +z2 < R2. Nita mit cAu trén 1a db thi cia
ham z = /R? — x2 — y2 v6i (x, y) thudc vé hinh tron x? + y> < R%. Vi hinh tron ¢6 dién tich va ham
trén lién tuc, nén theo ham trén kha tich, va theo thi do thi cia n6 c6 thé tich khong
trong R3. Tuong tu nita mit cau dudi ciing c6 thé tich khong, do d6 mit cau c6 thé tich khong, va
do nén qua cau c6 thé tich.
Tinh chéat cda tich phan
Nhiing tinh chét sau 12 hé qua don gian clia nhiing tinh chét tuong ng cho hinh hop
1.3.6 Ménh dé. Néu f va g khd tich trén D thi:

(a) f+g khd tichva fD(f+g) :fo+ng.

(b) Véi moi 6 thuc ¢ thi cf khd tichva [ cf =c [, f.

(c) Néuf<gthi [ <] g

Chiing minh. Ta chiing minh phan (a), cic phan con lai dugc d€ & phan bai tap. LAy mot hinh hop
I chita D va goi F va G 1an lugt 1a md rong ctia f va g 1én I, bang 0 ngoai D. Theo dinh nghia ctia
tich phan, do f va g kha tich trén D nén F va G kha tich trén I. Theo tinh chit ctia tich phan trén
hinh hop (I.1.5), ta ¢6 (F + G) kha tich trén [ va

[(F+G):[F+[G.
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Vi (F +G) 1a mé rong cia (f +g) 1én I bang 0 ngoai D nén (F + G) kha tich trén I din t6i (f +g)
kha tich trén D. Hon nita

/D(f+g):/l(F+G):/IF+/IG:/Df+/Dg.

Tuong tu nhu két qua cho hinh hop(1.2.6| ta cé:

1.3.7 Ménh dé. Cho D la tdp con bi chin cia R™, f va g bi chdn trén D, va f(x) = g(x) trit ra
mot tdp co thé'tich khong. Khi do f khd tich khi va chi khi g khd tich, va khi do fD f= /D g.

Vay gié tri cia mot ham bi chin trén mét tip c6 thé tich khong khong anh hudng dén
tich phan.

Chiing minh. Ly mot hinh hop I chia D. Goi F va G 1a cac md rong clia f va g 1én I, bang
khong ngoai D. Khi d6 F(x) = G(x) trén I trif ra mot tip c6 thé tich khong. Néu f kha tich
trén D thi F kha tich trén /. Tir dy theo [[.2.6] thi G kha tich trén /, nén g kha tich trén D, va

Ipf=/F=[G=]ys O

1.3.8 Hé qua (thém b6t mot tap cé thé tich khong khong anh huéng téi tich phan). Cho D la
tdp con bi chdn ciia R"™, C la tdp con ciia D c6 thé'tich khong, va f bi chén trén D. Khi do f khd
tich trén D khi va chi khi f khd tich trén D\ C, va khi dé [, f = jD\C f.

Chiing minh. Pat ham g xac dinh trén D sao cho g(x) = f(x) trén D\ C va g(x) =0 trén C.
Do g ciling kha tich trén D va fD g= fD f. Mit khac tit dinh nghia cida tich phan ta c6
Jpg= D\Cg:./D\Cf' =

1.3.9 Hé qua. Cho D va D, la hai tdp con bi chén cia R™. Gid sit D; N D, c6 thé tich khong.
Néu f khd tich trén Dy va trén D, thi f khd tich trén DU D, , va

-/DluDgf: D, f+ sz.

Két qua nay cho phép ta tinh tich phan trén mét mién bang cich chia mién dé thanh
nhirng mién don gian hon. Pay 1a dang tdng quat ctia cong thiic quen thudc cho ham mot bién:

Lrefir=[r

Chiing minh. Diat fi xac dinh trén D = Dy U D, sao cho f; = f trén Dy va fi =0 trén D\ D;.
Tuong tu, dat f> xac dinh trén D sao cho f; = f trén D, va f, = 0 trén D \ D,. Vi f kha tich trén
D1 nén tur dinh nghia tich phén ta c6 ngay f; kha tich trén D va fD fi= fD1 f. Tuong tu f> kha tich
trénDVéfog :szf.

Tacé fi+ fo = f trén D\ (DN D5). Vi fi + f> kha tich trén D va Dy N D, c6 thé tich khong
nén do f kha tich trén D va

Lfiémfm=ﬁﬁ+ﬁﬁ=ﬁj+Dj.

Trong ménh dé trén 14y f = 1 ta c6 két qua: Néu D1 va D5 c6 thé tich va Dy N D; ¢6 thé tich
khong thi |Dy UD,| = |Dy| + |D,|. Pay chinh la tinh chit “cong tinh” ctia thé tich. Ung dung, khi
tinh dién tich mot hinh ta van thuong chia hinh d6 thanh nhiing hinh don gian hon bang nhiing
doan thing hay doan cong, 1di cong céc dién tich lai.

O
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Bai tap

1.3.10

1.3.11.
1.3.12.

1.3.13.

(a)

(b)

1.3.14.
1.3.15.
1.3.16.
1.3.17.
1.3.18.

1.3.19.

. Tai sao khoang (a, b) c6 chiéu dai bang (b —a)?
Tai sao mién phang bén dudi do thi y = 1 — x2, bén trén doan —1 < x < 1 ¢6 dién tich?
Tai sao mot khéi 1 dién thi c6 thé tich?

Ham sau c6 kha tich khong, néu c6 thi tich phan bang bao nhiéu?

fy)=40<x<1,0<y<?2.

2, 0<x<1,0=<y<1,

f(x’y):{3, l<x<20<y<l.

Chiing minh|[1.3.6
Gia stt A C R", A c6 thé tich. Cho ¢ € R. Chiing td fAc =c|A|.

Giasit A c B cR", A va B c6 thé tich. Chiing to |A| < |B|.
Gid sit Ac B CR", f khi tich trén A va B, va f > 0. Ching t6 [, f < [, f.
Chiing t6 tich phéan ctia mot ham bi chin trén mot tip c6 thé tich khong thi bang khong.

Tim tap D c R? sao cho tich phan

[/D(l—xz—yz)dA

dat gid tri 16n nhét.

1.3.20

. * Chiing td mot tip con bi chiin ctia R” c6 thé tich khong khi va chi khi n6 ¢6 thé tich va thé tich d6

bing khong. Nhu vy thé tich khong chinh 1a c6 thé tich bang khong!
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1.4 Cobng thuc Fubini

Cong thiic Fubini trong khong gian hai chiéu c6 dang:

//[a,b]x[c,d] f o) dedy = /ab (/Cdf(x’y) dy) dx = /j(/: flxy) dx) dy.

Mot tich phén cta tich phan duge goi 1a mot tich phan lap (iterated integral). Cong thic Fubini
dua bai toan tinh tich phan bdi vé bai todn tinh tich phan clia hAm mot bién.

V& miit s6 lugng cong thiic Fubini néi rang tdng gia tri cia ham trén hinh chit nhat bang tong
clia céc tdng gia tri trén cdc doan cit song song.

Ta co thé giai thl?h bang hinh hoc cong thuc trén nhu sau. Gia su f > 0. Khi do f[a bix|e.d] f
la “thé tich” cua khoi bén du6i mat z = f(x,y) bén trén hinh chi nhét [a,b] X [¢,d]. Khi d6
d e q A s Ly ., ¢ . ” Ao 1 e 2 ~ ~
/C f(x0,y) dy la “dién tich” ctia mat cat (cross-section) cia khoi béi mat phang x = xg. Viy cong

thic Fubini néi ring thé tich ctia khdi bang tong dién tich cac mit cat song song.
z

A

T

[Ty dy

Y-~

b

e

C6 thé giai thich cong thiic nay bang cach xép xi thé tich ctia khbi nhu sau. Chia khoang [a, b]
thanh nhitng khoang con. Ung véi nhiing khoang con nay, khbi dudc cét thanh nhitng manh bai
nhitng mit cat song song. Vi chidu dai mdi khoang con 1a nho, ta c6 thé xap xi thé tich ctia mbi
manh bdi dién tich mot mit cit nhan vé6i chidu dai ctia khoang con.

Chi tiét hon, ta x4p xi theo tdng Riemann: Gid st @ = xy < x| < -+ < X,,, = b 12 mot phép chia
ctia khoang [a,b] va ¢ = yg < y; < -+ < y, = d la mot phép chia ctia khodng [c,d]. Véi x 1a diém
dai dién bat ki thudc khoang con Ax; = [x;_1, x;] va y}’.‘ 1a diém bat ki thudc Ay i =[yj-1,y;] thi

Q

/ab(/cdf(x,y) dy) dx i(/cdf(x;:y) dy)|Ax,~|

1=

(S sl iax]
j=1

—

Q

i=1

DT G yDIAx Ay

Sism,l15j]=

// Fxy) dxdy.
la,b]X[c,d]

Q
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1.4.1 Pinh ly (cong thirc Fubin. Cho A la mot hinh hop trong R™ va B la mgt hinh hop trong
R™. Cho f khd tich trén hinh hop A X B trong R™™". Gid sit véi mdi x € A tich phdn fB f(x,y) dy

ton tai. Khi dé
/AxBf - /4 (‘/Bf(x’Y) d)’) dx.

Chiing minh. Chitng minh nay don gian 12 mot cach viét chinh xac cach giai thich bang xap xi véi
t6ng Riemann & trén. Goi P 1a mot phép chia bat ki ctia hinh hop A x B. Khi d6 P 1a tich ctia mot
phép chia P4 cua A va mdt phép chia Pp cla B.

Déi v6i tong dudi, ta co:

L(/Bf(x,y) dy,PA)=;(XL§ALf(x,y) dy) |RAl

> Z (xiGI‘g L(f(x,-), PB)) |Ral
Ra A

N . .
_Z inf ngBﬂx,y) |RB|)|RA|
Ra Rp

> inf inf R R
_Z Jnf. [RX:QRBf(x,y)]I Bl|IRal
Ra Rp
= inf X, Rp|| IR
% RZ e S y>]| B|)| Al
= Z R;gng(xa)’)lRAHRBl
RAXRB
= Z inf  f(x,y)|RaxXRg| = L(f,P).
RAXRB
RAXRB

Tuong tu, thay inf bdi sup ta dugc U(/B f(x,y) dy,Pa) < U(f,P). Tu diy ta suy ra ngay dinh
ly. O

Vidu. Tinh tich phan [fo o, \
Vi ham (x, y) + x la lién tuc trén hinh ch nhéat [0, 1] X [2,4] nén tich phéan trén ton tai, cOng
thiic Fubini 4p dung dudc, cho:

1 pd 1 1 ~
// xdxdy=/ (/xdy) dx=/ xy|yf;dx=/2xdx=x2;c:(l)=l.
[0,1]x[2,4] 0o \J2 0 = 0 =

Ta ciing c6 thé ap dung cong thiic Fubini theo thi tu khéc:

4 pl 49 p=
‘// xdxdy:/ (/ xdx) dy:/ —x?
[0,1]x[2,4] 2 \Jo 2 2

x dxdy.

y=4
=1.

x=1 4
1 1
dy:/ 5 dy= 3y
XZO 2 2 2

1.4.2 Hé qué (thé tich ctia mién dudéi do thi). Gid sit f la ham xdc dinh, khéng dm trén mién
bi chin D c R™. Goi E la mién dudi do thi ciia f bén trén mién D, tiic E = {(x,y) e R"XR | x €
D, 0 <y < f(x)}. Néu E c6 thé'tich thi thé'tich dé bang tich phdn ciia f trén D:

|E|=/Df-

4Guido Fubini chiing minh mot dang tSng qudt ciia cong thic vao diu thé ki 20, nhung nhitng két qua dang nay da
dugc biét trudc d6 kha lau.

y=2
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DAy 12 mot cong thiic ma ta da huéng t6i ngay tir dau khi xiy dung tich phan nhung phai t6i
gi0 méi xay dung dudc.

Chitng minh. Vi E c6 thé tich nén n6 bi chiin, c6 mot hinh hdp chifa né. Ta c6 thé 1y hinh hop d6
1a I x[0,c] v6i I 1a mot hinh hop n-chiéu trong R” chita D va ¢ di 16n. Ap dung cong thitc Fubini:

E| = /1:/ XE:/(/ )(E(x,y)dy) dx.
E 1x[0,¢] 1\Jo

Néu x € I\ D thi yg(x,y)=0Vy €[0,c], do dé /OC ye(x,y) dy =0.Néu x € D thi yg(x,y) = 1khi

vachi khi 0 < y < f(x), do d6 [ xe(x,y) dy = [T 1 dy = f(x). Do d6

o= ( [ xetns dy) ax= [ e ax

Vi du (tinh dién tich tam giac). Xét D la tam giac véi cac dinh (0,0), (a,0), (0,b), v6i a,b > 0.
Day 1a mién dudi dd thi y = Zx v6i 0 < x < a. Nhu ta da biét §[1.3.3| tam gidc D c6 dién tich. Vay

“b 1
|D|=/ —xdx = —ab.
0o a 2

Cong thitc Fubini cho mién phang

O

Viéc dp dung cong thiic Fubini sé d& dang hon d6i v6i nhitng mién “don gian”. Mot tip con cia
R? dudc goi 1a mot mién don gian theo chiéu dirng (vertically simple region) néu né cé dang
{(x,y) €eR?|a < x <b, g(x) <y < h(x)}. Day la mot mién gitta hai d thi c6 cing mién xac dinh.
Mot dudng thang diing néu cit mién nay thi phan giao 1a mot doan thang.

Tuong tu, mdt tap con cia R? dudc goi 1a mot mién don gian theo chiéu ngang (horizontally
simple region) néu n6 c6 dang {(x,y) eR? | c <y <d, g(y) <x < h(y)}.

y y
y = h(x) d
x=g0) x = h(y)
8t y=g(x) i
a x b x g(y) ﬁ(y) *

Hinh 1.4.3: Mién hai chiéu don gian.

1.4.4 Ménh dé. Cho mién don gidn theo chiéu diing D = {(x,y) €R? |a<x < b, g(x) <y < h(x)}.
Gid su f, g va h lién tuc. Khi do

[ semasas= [ / ::)f(x,y) dy) dx.

Cong thiic c6 thé diing dudi nhiing diéu kién tdng quat hon nhu & nhung chiing ta chi phat
biéu ¢ dang thuong dung trong mon hoc nay. Trudng hop mién don gian theo chidu nim ngang la
tuong tu.
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Chitng minh. Ta chi ra v6i nhitng diéu kién nay thi mién D c6 dién tich. Do g va & bi chin nén D
bi chiin. Ta ching tb bién ctia D c6 dién tich khong. Ta c6 thé kiém tra 13 phin trong ctia D 13 tip
{(x,y) €R? | a < x < b, g(x) <y < h(x)}. That viy, gid st a < xo < b va g(xp) < yo < h(xp). C6
s6 € > 0 sao cho g(xo) < yo— € va h(xo) > yo + €. Do g va h lién tuc nén c6 khoang mé U chia xg
sao cho v6i x € U thi g(x) < yg— € va h(x) > yg + €. Suy ra hinh chit nhat mé U X (yg — €, yo + €)
dudgc chifa trong D, ma d6 1a mot 1an can md ctia diém (xg, yo). Tt day c6 thé suy ra bién ctia D 1a
hoi ctia d6 thi ctia g va & va hai doan thang {(a,y) | g(a) <y < h(a)} va {(b,y) | g(b) <y < h(b)}.
Do [I.3.5]céc tap nay c6 dién tich khong.

L4y mdt hinh chi nhat I = [a,b] X [c,d] chiia D. Goi F 1a mé rong ctia f 1én I bang khong
ngoai D. Vi f lién tuc trén tdp cd dién tich D nén f kha tich trén D, do d6 F kha tich trén /. Ngoai
ra fc w3 (x,y)dy = fg }E)(:;) f(x,y) dy ton tai. Ap dung cong thitc Fubini cho F:

//Df(x,y) dxdy //IF(x’y) dxdy
/ab(/ch(x,y) cly) dx = /ab(/g::)f(x,y) dy) dx.

Ghi chu. Trong trudng hgp mién khong don gién ta ¢6 thé tim cach chia mién thanh nhiing phan
don gian dé tinh, dua trén co s&

O

Vi du (tinh dién tich hinh tron). Xét hinh tron D cho bdi phuong trinh x? + y*> < R%. Ap dung
cong thic & choham f =1, g(x) = —VRZ - x2, h(x) = VRZ - x2, v6i —R < x < R, hay nhanh
hon dung|1.4.13] ta c6

R{ pVRZ—x2 R
|D|:'//ldxdy=‘/ / 1dy dx:/ 2VR? — x2 dx.
D R \J-VRZ=2 R

Dé&i bién x = Rsint, dx = Rcost dt, x=-R = t=-n/2,x =R = t=n/2, tadudc

R 7
/ 2VR?2 —x2 dx = / 2R%cos’t dt = nR>.
_R _

(SR

Vay dién tich ctia hinh tron ban kinh R 1a 7R

Vi du. Tinh tich phan ne ? dA, trong d6 D la tam giac v6i cac dinh (0,0), (4,2), (0,2).
Cic gia thiét & dudc thda. Ta c6 thé miéu ta D theo hai cach

D={(xy)eR*|0<x<4 S <y<2}={(x,y)eR*|0<y<2 0<x<2y}.

| =

Theo c4ch miéu ta thi nhét, tiic 12 xem D 132 mién don gidn theo chiéu ding, thi cong thiic

Fubini cho:
4 2
I://eysz:/ /eyza’y dx.
D 0 x

2

Tuy nhién ngudi ta biét nguyén ham ctia ham e” ? theo bién y khong phéi 12 mot ham so cép, do d6
khoéng c6 cong thic cho nd.
Ta chuyén huéng dung cach miéu ta thif hai, xem D la mién don gian theo chiéu ngang:

20 2, 2,
/ (/ e’ dx) dy :/ xe”
0o \Jo 0

= & —1.

~
I

2
=2 2 2|y=2
i:oy dy :/0 2ye” dy = ¢ i:o
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Cong thic Fubini cho mién ba chiéu

Tuong ty trudng hop hai chiéu ta c6 thé néi vé mién ba chiéu don gian. Mot tap con ctia R? dugc
goi 1a mot mién don gian theo chi¢u truc z néu né c6 dang {(x,y,2) eR? | (x,y) €D, f(x,y)<z<
g(x,y)}. Py 1a mién nam giita hai dd thi c6 cing mién xac dinh. Mot dudng thang ciing phuong
véi truc z néu cat mién nay thi phan giao 1a mot doan thang. Tuong tu ¢6 khai niém mién don gian
theo chiéu truc x va truc y.

Tuong tu trudng hop hai chiéu ta co:

1.4.5 Ménh dé. Cho mién D c R? ¢6 dién tich, va mién E = {(x, y,2) €R3 | (x,y) € D, g(x,y) <
7 < h(x,y)}. Gid st f, g va h bi chdn va lién tuc. Khi do

//E f(x,y,2) dxdydz = //; (/gi};wf(x,y, 2) dz) dxdy.

Chitng minh. Ta chi ra véi nhiing diéu kién nay thi E c6 thé tich. Vi g va & bi chin trén D nén E
bi chin. Ta chiing minh bién ctia E ¢6 thé tich khong trong R?. Giéng nhu trong chiing minh cho
trudng hop hai chiéu & trén (1.4.4), c6 thé kiém bién clia E 1a hoi clia dd thi ctia g va h, mién D,
va mat “bén hong” cua E, tap {(x,y,z) | (x,y) € D, g(x,y) < z < h(x,y)}. Theo dd thi cia
g va h, va mién D déu c6 thé tich khong trong R3.

Dit D trong mot hinh chit nhat 7 trong R%. C6 mot khoang [a, b] sao cho hinh hop I x [a, b]
chita E. Mat bén hong cta E la mot tap con cia tdp D X [a,b]. Vi D c6 dién tich khong trong
R? nén cho trudc € > 0 ta c¢6 thé phii @D bang hitu han hinh chit nhat véi tdng dién tich nhd hon e.
LAy tich cia m&i hinh chif nhat d6 véi khodng [a, b] ta dudc mot phi ctia 9D X [a, b] bbi cdc hinh
hop c6 tdng thé tich nhd hon (b — a). Viy mit bén hong ciia E ¢6 thé tich khong trong R3, do d6
E ¢6 thé tich.

LAy md rong F cla f 1én I X [a, b] sao cho F bang khong ngoai E. Néu (x, y) ¢ D thi F c6 gia
tri 0 trén {(x, )} x[a,b]. Néu (x,y) € D thi [* F(x,y,2) dz = Ik ’;ff’yy)) f(x,y,2) dz. Ap dung cong
thic Fubini cho F: ’

///Ix[a,h] F(x,.2) dV://I(/ab F(x,y,2) dz) dA
:‘/‘/D(‘/ahF(x,y,z) dz) dA
= //D ( /g :z’)y)f(x,y,z) dz) da.

Vidu. Tinh tich phan fffE x dV vé6i E 1akhdi td dién vé6i cac dinh (0,0,0), (1,0,0), (0,2,0), (0,0,3).

Budc chinh 12 miéu ta khdi E. Ta c6 thé xem E 12 mot khdi don gidn theo chiéu truc z, 13 mién
bén dudi mat ph.’?mg P qua ba di€m (1,0,0), (0,2,0), (0,0,3) va bén trén tam gidc D vdi cac dinh
(0,0,0), (1,0,0), (0,2,0) trong mit phang xy.

Trudc hét can viét phuong trinh mit phang P. Ta c6 hai vectd cing phuong véi mét phang
nay l1a (0,0,3) - (1,0,0) = (-1,0,3) va (0,0,3) — (0,2,0) = (0,—2,3). Vecto tich c6 huéng (—1,0,3) x
(0,-2,3) = (6,3,2) vudng goc véi mit phang P, 1a mot vects phap tuyén. Mot diém (x, y, z) nim
trén P khi va chi khi vecto (x,y,z) - (0,0,3) vudng géc véi vectd phap tuyén (6,3,2), dong nghia
véi tich vo hudng ctia hai vectd nay bang 0. VAy phuong trinh ctia P 1a (x, y,z—3)-(6,3,2) = 0, tiic
1a 6x + 3y +2z = 6. Néu ta nh6 dang tong quét ctia phuong trinh mét phang 1a ax + by + ¢z = d thi
bing cach thé gia tri vao ta c6 thé tim dugc phuong trinh cia P nhanh chéng hon.

Ta c6 thé chon coi tam gidc D 1a mién don gian theo chiéu truc y trong mit phang xy. Khi d6
ta c6 moOt miéu ta:

O

E={(xy2)eR}|0<x<1,0<y<2-2x0<z<(6-6x-3y)/2}.
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Mot miéu ta kh6i E nhu mot mién don gian 14p tiic cho cdch viét tich phan trén E nhu 12 tich phan
lip, chd y 1a cdc diéu kién 4p dung cong thiic Fubini & déu dugc thda:

.&ZXdV [ﬁ(ﬁkh(ﬂyk%yxmddﬂtu
[ pobo) o

1 3 y=2-2x
/ (x(3—3x)y——xy2)
0 4

dx
1
/ (3x> —6x% +3x) dx =
0

y=0

Bl—

Tinh tich phan bang may tinh

Nhd cong thic Fubini cac tich phan nhiéu chiéu c6 thé dudc dua vé cic tich phan mot chiéu. Cac
tich phan mot chiéu c6 thé dugc tinh ding hoic tinh x4p xi. Viéc tinh xAp xi vé nguyén ly kha don
gian, dua trén viéc tinh mot tng Riemann. Trong thuc té tinh x4p xi cAn mot luong tinh todn 16n
va thich hgp dé€ dung mdy tinh.

Viéc tinh diing néi chung phifc tap hon. Ching ta da thiy tit nhitng moén hoc trudc rang tinh
didng tich phan ham mot bién néi chung 12 khé va mdi loai tich phan can phuong phap riéng. Ngudi
ta da dua ra nhiing phuong phap chuyén biét d€ tinh tich phan, ciing nhu soan nhitng ban tich phan
rit 16n. RG rang it ngudi c6 thé nam hét nhitng phuong phap nhu vy, ciing nhu viéc sit dung ching
hay tim trong bang sé mét nhiéu thdi gian va cong stc. Trong nhiing trudng hop khéc viéc tinh
todn don gian nhung dai. Do d6 viéc tinh tich phan thich hop dé 1ap trinh cho mdy tinh.

C6 mot thuat toan phiic tap, goi la thuét toan Risch, cho phép xéc dinh mdt ham cho trude c6
nguyén ham so cip hay khong, va néu c6 thi cho cong thic, do d6 gidi quyét hoan toan van dé
tinh diing tich phan. Cdc phan mém tinh todn ki hiéu (con dudc goi 1a cdc hé Dai sé6 may tinh -
Computer Algebra System) thudng c6 cai dat cac thudt toan tinh tich phan ¢ mic d6 khac nhau.
Mot s6 phan mém tinh todn ki hiéu:

Maxima Cai mot phan thuét todn Risch. Phan mém ma ngudn md, kich thudc nhd:
http://maxima.sourceforge.net

Mathematica C6 giao dién web mién phi: http://www.wolframalpha.com
Matlab Pudc st dung phd bién trong tinh toan s6 chuyén nghiép va trong cong nghiép.

SageMath Co thé truy cap goi cai toan bd thuat toan Risch. C6 giao dién web: https://cocalc.com

Bai tap
1.4.6. Cho ham

£:00,1]x[0,1] — R

x+y, x=<y

(xy) = flx,y)= {

XV, x> y.

Ham f c6 kha tich khong? Néu f kha tich thi tich phan clia né bang bao nhiéu?

1.4.7. Cho ham sb
2y, 0<x<1,0<y<ly<ux?

ﬂ&w={i2

¥, 0<x<1,0<y<ly>x2

(a) Giai thich vi sao ham f kha tich.


http://maxima.sourceforge.net
http://www.wolframalpha.com
https://cocalc.com
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(b) Tinh tich phan cia ham f. Giai thich ddy dd co s& cho cic tinh todn nay.

1.4.8. Tinh:

(a) Giai thich vi sao tich phan sau ton tai va tinh no:

//D (Vx—y?) dA

trong d6 D 14 mién bao bdi cac dudng cong y = x2, x = y*.
(b) Goi D la mién dugc bao bdi cac duong cong x = y2, y—x =3,y = -3, y =2. Tinh /fD x dA.

(c) Goi D 1a mién trong géc phan tu thit nhét, nim bén trén dudng hyperbola xy = 1, bén trén dudng
thidng y = x, bén du6i dudng thing y = 2. Tinh [[ |y dA.

(d) Tinh tich phan ctia ham x2y? trén mién dudc bao bdi cic dudng y = 4x2, y = 5—V3x2,
1.4.9. Giai thich vi sao c6 thé déi thi ty tich phan trong céc tich phéan ldp sau va hay tinh ching:
(a) /0] (fxlz xe™’ dy) dx.
Ll 3
(b) /0 (/W Vxo +2 dx) dy.
173 2
©) /0 (/3y cos(x”) dx) dy.
2( r4 2
@ (/yz ycos(x2) dx) dy.
1 1 3
© fi ([ze av) ax.
1.4.10. Tinh:
(a) Tinh tich phan //E y dV trong d6 E 1a khéi ti dién vé6i 4 dinh (0,0,0), (1,0,0), (2,1,0) va (0,0, 1).
(b) Tinh tich phan ffE z dV trong d6 E 13 khoi duge bao bdi cacmitz=0,x=0,y=x,y=1,z=2x+3y.

(c) Tim thé tich ctia khdi dudc bao bdi cic mit y=0,z=0,z=1-x+y, y=1-x%
1.4.11. Cho £ 12 ham lién tuc, hay viét lai tich phan [ /‘)‘C| S f(x,y,2) dz dy dx theo thi t dx dz dy.
2l
1.4.12. Tinh fo /0 /zz x3zcos(y?) dy dx dz.

1.4.13. Gia st f va g lién tuc va f < g trén [a, b]. Goi D 12 mién gifta d6 thi ctia f va g, tic D = {(x,y) €
R?|a < x < b, f(x) <y < g(x)}. Ching minh ring

D] = / ’ (s~ £ a.

1.4.14. Cho g lién tuc trén hinh hop [a, b] X [c,d] X [e, f], chiing t&

b d, pf
/// g(x,y,2) dV:/ (/ (/ g(x,y,2) dz) dy) dx.
a,b]x[c,d]X[e,f] a c e

1.4.15 (thé tich cha khoi bang tong dién tich cac mat cit song song). Gia st tap E C R? ¢6 thé tich. Gia
st a < z < b v6i moi (x,y,7) € E. Gia st v6i mdi z € [a,b] tap E, = {(x,y) €R? | (x,y,z) € E} ¢6 dién tich .

Chting té
b
IE| =/ IE,| dz.
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1.4.16. Tinh thé tich ctia khdi dugc miéu ta trong hinh [1.4.17

Hinh 1.4.17:

1.4.18 (khdi tron xoay). Cho f la ham lién tuc trén khoang [a,b] va f(x) > O trén [a, b]. Chiing to khbi
tron xoay nhan dudc bang cich xoay mién dudi do thi ctia f quanh truc x c6 thé tich va thé tich bang

V=r [Cf(0)P dx.

1.4.19 (nguyén Iy Cavalier{)). Néu hai khéi ba chiéu c6 thé tich, va c6 mot phuong sao cho moi mit phing
véi phuong d6 cét hai khdi theo hai mit cit cé ciing dién tich, thi hai khéi d6 c6 cling thé tich.

1.4.20. Chiing to ring thé tich ctia khdi bao bdi mit x>+ (y —z—3)> =1, 0 < z < 1 bang vdi thé tich ciia
kh6i bao bdi mit x> +y? = 1,0 < z < 1 (hinh[1.4.21).

=

=
L =

E=
08 ==

s=
06 = = 2-3
04 | E -l-

I
02 0
0. ) !

3

Hinh 1.4.21: Mit x> + y? = 1 (trdi) va mit x> + (y — z = 3)> = 1 (phai).

14.22. * Cho f: B> — R. Gid stt 2 va 21 lien te.

(a) Trén hinh chit nhat [a, b] X [c,d] bat ki, dung dinh 1y Fubini, hdy chiing to

2 2
// O ga= // 0T aa.
la,b]x[c,d] 0x0y la,b]x[c,d] 0YOx

N PN P , 92 52
(b) Dung phan (a), ching té Bx_gy = Vafx'

Day 1a mot chiing minh dung tich phan bdi ctia mot dinh Iy quen thudc trong mén Gidi tich 2 néi rang néu
cdc dao ham riéng cip hai déu lién tuc thi thd ty 14y dao ham khong anh huéng t6i két qua.

SBonaventura Francesco Cavalieri 1a mot nha toan hoc Y séng vao déu thé ki 17.
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1.5 Cong thuc ddi bién

Nh6 lai trong tich phan ham mot bién, d€ tinh fol V1 -x? dx ta thudng lam nhu sau. Dt x = sinz
thi dx = cost dt, x =0 tuong ing t =0, x = 1 tuong ung t = /2, va

1 /2 /2
/ 1-x2dx / Vl—sinztcostdt:/ cos?t dt
0 0 0

t:n/Z_E
t=0 T 4°

/2] 1 1
—(1 2t) dt = | =t + —sin2t
/0 2( +cos2t) (2 +4sm )

Muc dich ctia bai nay 1a khio sat tdng quat hda phuong phap & trén 1én nhiéu chiéu: Véi tich phan
[, f(x) dx, néu dGi bién x = @(u) thi tich phan s& bién ddi nhu thé nao?

NhZc lai vé vi phan

Ngudi doc ¢6 thé xem lai ndi dung nay trong mdn Gidi tich 2, hodc [Lan97].

Cho D 13 mdt tap con ctia R”, x 1a mot diém trong ciia D. Nhic lai ki hidu e, = (1,0,0,...,0),
er =(0,1,0,...,0),...,e, = (0,...,0,1) 12 c4c vectd tao thanh co s tuyén tinh chuin tic ctia R”™.
Dao ham riéng ctia f : D — R theo bién thii i tai x dudc dinh nghia 1a s6 thuc

of JS(x+he) = f(x)

22 (%) = li
6x,- (X) hlir(l) h

Day chinh 12 dao ham mot bién ctia ham f khi xem £ chi 1a ham theo bién x;, 1a i 1&, hay toc do
thay ddi ctia gia tri cia hAm so vdi gid tri cia bién thi i tai diém dang xét.

Téng quat hon xét ham f : D — R™. Néu tit ca cic dao ham riéng ctia cac ham thanh phin
clia f ton tai va lién tuc tai x thi ta n6i f kha vi lién tuc (continuously differentiable) hay tron
(smooth) tai x. Ma tran cac dao ham riéng cta f tai x dugc goi la ma tran Jacobi cua f tai x, ki

N of;
hicu a Jy(x) = (Wff(x))lgism 1<j<n

Vidu. Khi m =1 ma tran Jacobi J¢(x) chinh la vecto gradient

_(Of af
Vf(x) = (a_xl(x)’“" T

().

Néu c6 mot ham tuyén tinh f’(x) : R” — R™ sao cho c6 mot qua cau B(x,e) € D va mot ham
r: B(x,€) — R™ théa man:

f(x+h)=f(x)+ f'(x)(h)+r(h), Vh € B(x,¢€)

va limp o % =0, thi 4nh xa f’(x) (con dugc ki hiéu 1a df (x)) duge goi la dao ham (derivative -
dan xuét) ctia f tai x. Vay dao ham cho mot xAp xi tuyén tinh ctia ham:

fx+h) = f(x)+ f'(x)(h).

R rang néu ham c6 dao ham (kha vi) thi n6 lién tuc.

Néu f kha vi lién tuc tai x thi f c6 dao ham tai x, va dnh xa tuyén tinh f’(x) c6 thé biéu dién
trong co s6 tuyén tinh chudn tic ctia R” bdi ma tran Jacobi Jr(x), tic1a f'(x)(h) = Jp(x)- h, trong
d6 phép nhan bén vé phai 12 phép nhan ma tran.

Can nhin manh rang theo quan diém tdng quat thi dao ham tai mot diém 1a mot anh xa tuyén
tinh chi khong phai 12 mot sd thuc hay mot ma tran.

Néu v 1a mdt vecto don vi (tiic vectd c6 chiéu dai bang 1) thi ta suy ra ngay

/ _ i S+ V) — f(X)
) = lim ———"———.
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Vay f’(x)(v) 1a dao ham theo hudng clia f tai x theo huéng v, do ti 1é thay déi clia f theo hudng
v tai x.

Cho U, V, W la tdp md cua R, R!, RP theo thif tu d6, cho f: U — Vand g : V — W ¢6 dao
ham khi do6 ta c6 cong thic dao ham ham hogp

(g0 ) (x)=g'(f(x))o f(x).

Néu viét theo ma tran biéu dién thi cong thiic nay cho
Jgor(x) = Jo(f(x)) - J¢(x).

Phép dbi bién

Cho A va B la hai tip md trong R”. Mot anh xa f : A — B dudc goi 1a mdt phép vi dong phdi
(diffeomorphism) hay mot phép vi phdi, hay mot phép déi bién néu f 1a song dnh, kha vi lién tuc,
va anh xa ngudc f~! ciing kha vi lién tuc.

Vi du. Trong R" phép tinh tién x — x +a 1a mot phép ddi bién.

Gia st f 1a mot phép vi dong phoi trén mot tap md. T dang thitc (f~! o £)(x) = x véi moi

x, 14y dao ham hai vé, theo qui tic dao ham ctia ham hop thi (f~1)(f(x))o f’(x) = id (identity:

anh xa dong nhét), hay (f~')(y)o f/(x) = id v6i y = f(x). Tuong tu do (fo f~')(y) = y nén

/(') o (f71Y(v) =id, hay f'(x)o (f~1Y(y) = id. Hai diéu nay din tSi (f~!)'(y) chinh la dnh
xa ngudc cda f’(x), do do

T (v) = (Jp(x) ™. (1.5.1)

Diéu nguoc lai 12 ndi dung ctia mot dinh Iy rit quan trong:

Dinh ly (dinh Iy ham ngudc). Cho D C R" md va f : D — R™ khd vi lién tuc tai x. Néu f'(x) khd
nghich thi x ¢é mgt ldn cdn ma trén do f la mot vi dong phoi. Néi cdch khdc, néu det(J¢(x)) # 0
thi ¢6 mét ldn cdn md U cua x va mot ldn cdn mé 'V cua f(x) sao cho f: U — V la song dnh va
f~12V = U la khd vi lién tuc .

Hé qua. Gid siU vaV la cdc tdp md ciia R", va f : U — V la mot song dnh khd vi lién tuc. Néu
detJy luon khdc khong thi f la mét vi dong phoi.

Hé qué nay cho thiy ta c6 thé kiém tra tinh vi dong phoi ma khong can phai di tim dao ham
ctia 4nh xa ngugc. Diéu nay thuén tién trong ting dung.
Cong thtre ddi bién cho vi phan va tich phan

Pinh ly (cong thitc doi bién). Cong thiic doi bién

/ f= / (f o )| dety (152)
¢(A) A

duwogc théa dudi nhitng gid thiét: A la mot tdp md trong R”™, ¢ la mot phép doi bién tir A 1én p(A),
Ava ¢(A) co thé'tich, f va (f o @)|dety’| khd tich [[Spi63| tr. 65-67].

C6 mot cach viét hinh thiic d& nhé tuong tu trudng hop mot chiéu nhu sau:
bit
x = ¢(u)

‘dx = |dety’(u)| du. ‘
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Néu
xeX e uel
thi

/f(x) dx=/f(90(u))|dets0’(u)l du.
X U

Dé tinh todn, nhé ring
dety’ = detJ,.

Néu viét x = x(u) va 2 = det (%) thi 6 thé viét mot cach hinh thic d& nhé cong thic cho déi
i )i g
bién cua dang vi phan:
ox
dx = du.
P

u

DAu tri tuyét dbi c6 thé dudc bd di néu ta biét diu ctia det’. Néu det ¢’ ludn duong thi ¢ dudc
goi 1la mdt vi déng phdi bao toan dinh huéng (orientation-preserving diffeomorphism). Néu
det’ ludn am thi ¢ dugc goi 1a mot vi dong phéi dao ngugc dinh hudng (orientation-reversing
diffeomorphism).

Nhu trudng hdp mot chiéu, d6i bién c6 thé dung d€ 1am cho ham dudi d4u tich phén, ttic dang
vi phan, don gidn hon. Trong trudng hop nhiéu chiéu, déi bién hay dugc ding dé 1am cho mién lay
tich phan don gian hon.

Vi du (doi bién mot chiéu). Day 1a phuong phép ddi bién trong tich phan cho ham mot bién quen

thuoc. Thuc vay, cho x = ¢(1) véi t € [a,b], & ddy ¢ lién tuc va ¢ : (a,b) — ¢((a, b)) 1a mot vi dong
phoi. Cho f kha tich trén ¢([a, b]). Theo cong thiic ddi bién:

/ f(x) dx:/ flp®)le’ ()] dt.
¢((a,b)) (a,b)

Do ¢'(t) # 0, Vt € (a,b) nén hoac ¢’(t) > 0, Vt € (a,b) hodc ¢’(¢) < 0, V¢ € (a,b). Vi vay hoac
¢ la ham tang hoac ¢ 1a ham giam trén [q, b].

Néu ¢ 12 ham ting (bdo toan dinh hudng) thi ¢([a,b]) = [¢(a), ¢(b)]. Do d6, ding dé
chuyén doi gitta tich phan trén khodng md va tich phan trén khoang dong, ta dugc

b
/ Flp(t)e' (1) di = / Flo(t)e' () di = / Fle()e' () di
a a,b] (a,b)

- / Fx) dx = / Fx) dx
(¢(a),e(b)) [p(a),e(b)]

@(b)
= f(x) dx.
p(a)
Néu ¢ 12 ham giam (d4o ngudc dinh huéng) thi ¢([a, b]) = [@(b), ¢(a)] va |¢’(t)| = —¢’(t). Do
doé

b
/ FleO) (1) di = / Fle@)le' ()] dr
a (a,b)

= —/ f(x) dx
(p(D),p(a))
p(a) (b)
=- f(x)dx= f(x) dx.
@(b) p(a)

Trong c4 hai trudng hodp ta dugc cong thiic ddi bién cho tich phan ham mot bién:

@(b)

b
/ Feye' @ di= [ f(x) .

¢(a)
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Néu ta gia st ham f lién tuc thi trong Gidi tich 1 cong thiic d6i bién dugc ching minh bing
cach dung cong thiic Newton—Leibniz va qui tic dao ham ham hop, va chi cAn ham ¢ 1a tron.

Vi du (ddi bién hai chiéu). V&i phép déi bién (u,v) — (x,y) ngudi ta thudng dung ki hiéu

d(x,y) (‘9—" 6—x)
=det|% 9v|.
o(u,v) % g%

V6i ki hiéu nay cong thic d6i bién c6 dang nhu sau. Néu phép ddi bién (1, v) — (x, y) mang tip A

thanh tép B thi
//B F(xy) dudy = //A FO )y ()

M0t céch hinh thifc ta ¢ thé viét:

d(x,y)
o(u,v)

’ dudv.

dxdy = Zgz ‘)3 dudv.
Chii ¥ ring, do
o(u,v) 1
0(x.y) ~ Fe”

Toa do cuc

Mot diém P = (x, y) trén mit phang R? c6 thé dudc miéu ta bing hai s thuc (r,6), véi r 1a khoang
cachtir O t6i P, va0 < 6 <2 1a goc tu vectd (1, 0) (tia Ox) tGi vecto oP. Viy x =rcosf, y =rsinf,
r>0,0<6<2n.

Tuy nhién tuong tng (x,y) — (r,0) nay khong la song anh va khong lién tuc trén tia Ox. Vi
vdy ta phai han ché mién xac dinh 12 mit phing bo di tia Ox. Khi d6 anh xa ngudc 1a

(0,00)%(0,271) — R*\{(x,0)] x>0}
(r,0) — (x,y)=(rcos6,rsind).

Ta tinh dugc gg:v;; (r,0) = r > 0, vi vay ddy 12 mot phép ddi bién. Mot cach hinh thic, c6 thé nhé

rang

‘ dxdy =r drd6. ‘

Vi du (tich phan trén hinh tron). Goi B’2(O, R) 1a hinh tron déng tim O ban kinh R. € 4p dung
cong thifc ddi bién ta dung phép vi dong phoi ¢ tit hinh chit nhat mé (0, R) x (0,27) sang mién D
1a B’2(0, R) bé di dudng tron bién va tia Ox. Gia st f kha tich trén B’2(O, R). Tap bi bo di c6 dién
tich khong, do d6 n6 khong &nh hudng dén tich phan, theo nén:

// f(x,y) dxdy = // f(x,y) dxdy = /] f(rcos@,rsin@)r drdé
B2(O,R) D (0, R)x(0,277)

= // f(rcos@,rsin@)r drd8.
[0, R]x[0,27]

Chang han dién tich ctia hinh tron 1a:

R 2
IB(O,R)| :// 1dxa’y=/ / 1-rd dr = 7R
B2(O,R) 0o Jo

Nhu véy chii y ring v6i muc dich 14y tich phan thi &€ don gian ta thuong 14y can trong toa do
cuclar>0va0<60<2n.
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2=x2+y?

2

Vidu. Cho E 1a khéi dugc bao bdi cac mit z = x*+ y* va z = 1. Tinh [[], z dxdydz.

“Bao” & diy chi 12 modt miéu ta truc quan, vi thé ta nén vé hinh roi tif d6 dua ra mot miéu ta
toan hoc, tiic 1a miéu ta dudi dang tap hgp.

Xem E 12 mot khoi don gian theo chiéu truc z, ndm trén mit z = x% + y?, dudi mit z = 1. Nhu
viy E = {(x,y,2) € R} | x>+ y? < z < 1}. Chiéu khdi E xubng mit phang xOy ta dugc hinh tron

x%+y? < 1. Ap dung cong thiic Fubini:
1
”/'// z dxdydz //‘ (/ z dz) dxdy
E x2+y2<1 \J x2+y2
1
- // Lo
x2+y2<1 2
1 2
‘/‘/ —(1—(x2+y2) ) dxdy
x2+y2<1 2
1 2
‘//‘ —(1—(r2) )rdrd9
0<r<1,0<0<27 2
1 1 2
5‘/0 ( ; (r—r) dH) dr = %

Trong vi du nay mot diém (x, y, z) trong R? dugc miéu ta bang cach dung toa do cuc (r,0) dé
miéu ta (x,y). Ngudi ta thuong goi hé toa do (r, 6, z) 1a hé toa do tru.

Y

1
z=x2+y

, dxdy

Toa dd cau

Mot diém P = (x,y,z) trong R? c6 thé dudc miéu t bang bd ba sb thuc (p, ¢,0), v6i p 1a khoang
cach tit O t6i P, ¢ 1a goc gitta vectd (0,0, 1) (tia Oz) va vecto O_I)D, va néu goi M = (x,y,0) la hinh
chiéu ctia diém P xubng mit phang Oxy thi  1a géc tir vectd (1,0,0) (tia Ox) tdi vecto OM.

Trong hinh([I.5.3]ta tinh dudc ngay z = PM = pcos ¢, OM = psingp, x = OM cos = psin¢pcos¥,
y = OMsinf = psin¢sin@. Tuong tu nhu trudng hop toa do cuc, d€ c6 mot phép ddi bién thuc su
ta phai han ché mién xdc dinh bang cach bd di tap {(x,y,z) € R® | y =0, x > 0}, tiic mot nita ciia
mat phfmg x0z,ing v6i p=0,¢=0,¢=m,6=0,0 =2x. Khi dé anh xa

¢:(0,00)% (0,m)x(0,271) — R3*\{(x,y,2)€R*|y=0, x>0}
(p,¢,0) — (x,v,2)=(psingcosb, psin@sinb, pcos @)

12 mot song anh, c6 detJ,(p, ¢,6) = p*sing > 0. Vay ddy 1a mot phép ddi bién. Cling nhu trudng
hop toa do cuc, phan bi bd di thuong khong dnh hudng tdi tich phan nén ta thudng khong nhic t6i
chi tiét ki thuat nay.
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\ P ¢ = const

6 = const

Hinh 1.5.3: p = const ting v6i mdt mit cAu. Trén mdi mit cAu cdc dudng ¢ = const 1a cac dudng vi
tuyén, cic dudng 6 = const 1 cic dudng kinh tuyén, v6i 0 < p, 0 < ¢ <7, 0 < 6 < 27. BO (p, $,6)
dai dién cho (cao do, vi do, kinh do) ctia mot diém trong khong gian.

Mot cach hinh thiic, c6 thé nhé ring

dxdydz = p*sing dpd¢do.

C6 tai lidu dung thi tu trong toa do cau 12 (p, 6, ¢). Thi tu toa do trong toa do cau lién quan téi
dinh huéng trén mit cau, tuy khong anh hudng tdi tich phan bdi nhung sé anh hudng t6i tich phan
mat G chuong sau.

Vi du (thé tich qua cau). Goi B3(O,R) 1a qua cAu md tam O bén kinh R trong R3. Thé tich cta
qua cau nay 1a:

R s 2
4
|B3(0’R)|=H/‘// 1dV=/ / / 1-p?sing do d¢dp:—ﬂR3_
B3(O,R) o Jo Jo 3

Sau day 1a mot s6 vi du cc phép déi bién khic.

Vi du (dién tich hinh bau duc). Mdt hinh bau duc (e-lip, ellipse) D trong mit phang 1a tap hop
céc diém thoa

)2 )2
(x—x0)”  (y—yo) <
a? b?
trong d6 a,b > 0. Viét lai cong thic & dang

(x;x°)2+(y;y°)zs L

1

ta thiy c6 thé lam phép ddi bién
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Phép ddi bién nay dua hinh bau duc vé hinh tron u? +v? < 1. Pay ching qua 1a mot phép co dan
(vi tu) truc toa do bién hinh bau duc thanh hinh tron hop véi phép tinh tién vé gbc toa do. Ta tinh
dude dudv = J-dxdy, tir d6

|D| = // 1 dxdy = // 1-ab dudv = ab“// 1 dudv = abn.
D u?+v2<1 u?+v2<1

Vi du. Tinh ffR = 2y dA trong d6 R 1a hinh binh hanh bao bdi cic dudng thing x —2y = 0,
x—-2y=4,3x- y—l va3x—y=38.

Dit u = x —2y va v = 3x — y. Mién bao béi cic dudng thang u =0, u=4,v=1,vav=81la
hinh chit nhat D = [0,4] x[1, 8] trong mit phang (u, v).

y
%
D
x
R
/ u
Vi

g Ou  du
6(”’V)=det 5 =det(; _?) 5#0
(x,y) dx Oy

nén 4nh xa (x,y) — (u,v) 12 mot phép ddi bién tir phan trong ctia D sang phan trong ctia R. Bién
cia D va R khong anh hudng dén tich phan vi chiing c6 dién tich khong va ta dang lay tich phan
ham lién tuc (xem [1.3.8]).
Chi ¥ ring
oxy) 1 1
Au,v) Owv) 5’

o(x,y)
Cong thiic d6i bién cho:
2
//x ydxdy _ // u|o(x,y) dudy
pVv|du,v)

4 8
u u 8
- — dudv = = —dv| du=-=1n8.
5//Dv ua 5/0(/1v ) S

Gidi thich coéng thic ddi bién

Chiing ta s& khong ching minh cong thiic ddi bién vi mot chiing minh sé khé va dai vuot khoi
pham vi mén hoc nay. Céc quyén sach [Lan97], [Rud76l, [Spi65], [Mun91]] c6 ching minh cong
thic ny dudi nhiing gia thiét khac nhau. Ngay nay cong thifc ddi bién thudng dudc chiing minh &
dang téng quat hon thong qua tich phan Lebesgue.

Duéi day chiing ta dua ra mot giai thich, tuy chua phai 1a mot chiing minh, nhung s€ gidp ta
hiéu 16 hon cong thic (xem thém [Ste12])).

Dé cho don gian, xét trudng hop A 1a mot hinh chit nhat. Anh xa ¢ mang mién A trén mit
phang (u,v) sang mién ¢(A) trén mit phang (x, y).

Xét mot phép chia A thanh nhiing hinh chit nhét con. Ta xem tac ddng cia ¢ 1€n mdt hinh chit
nhat con dai dién [ug, ug + Au] X [vo, vo + Av], c6 dién tich AuAv. Ham tron ¢ mang mdi canh clia
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v y ¢(A)

Av -

(10, po)

Au

Hinh 1.5.4: Minh hoa cong thic ddi bién.

hinh chit nhat nay thanh mot doan cong trén mit phang (x, y), do d6 ta dudc mot “hinh chit nhat
cong” trén mit phang (x, y) v6i mot dinh 1a diém ¢(ug, vo).

Bay gid ta tinh dién tich hinh chit nhat cong nay bang cich xp xi tuyén tinh. Poan cong tir
@(ug, vo) t6i @(uo + Au, vo) sé dude xap xi tuyén tinh bang mot doan thang tiép tuyén tai ¢(ug, vo).
Vi vecto tiép xtic chinh 1a g—‘:(uo, vo) nén doan tiép tuyén nay cho bdi vecto g—‘:(uo, vo)Au.

r(nAr r(t+ At)

Hinh 1.5.5: X4p xi tuyén tinh dudng cong: r(t + At) —r(t) = r'(t)At.

Tuong tu, doan cong ¢(uo, vo + Av) dudc xip xi bdi vecto tiép xiic g—f(uo, vo)Av. Vay hinh chit
nhét cong dugc x4p xi bdi hinh binh hanh sinh béi hai vecto tiép xdc trén.

a

VAn dé bay gio 1a tinh dién tich hinh binh hanh sinh bdi hai vectd. Gia st a = (aj,a2) va
b = (b1, by), dién tich cua hinh binh hanh sinh béi a va b la

la||b|sine = V]al?|b]2(1 - cos? @) = V|a|?|b|> - (a, b)?
- \/(af +a2)(b% + b2)— (arby +ashy)?
1.5.6
=+ (a1by—axby)?* = |a1by — az by | ( )

=|det( o Z; )|= |det(a, b)|.

Ta vita dugc mot két qua dang chi y, giai thich y nghia hinh hoc clia dinh thic: gia tri tuyét dbi
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cua dinh thic cia ma tran chinh 1a dién tich ctia hinh binh hanh sinh béi hai vecto ¢t ctia ma tran.
Ban than diu ctia dinh thiic ciing c6 thé dudc giai thich, nhung ta gic viéc nay lai.

Ngudi doc ky tinh c6 thé thic mic ring cong thifc tinh dién tich thong qua ham sin & trén chua
dugc thiét 1ap trong 1y thuyét ctia chiing ta. Pay 12 mot phan d6i xdc ddng. Ly luan trén chua phai
12 mot chitng minh ma chi cho thay su khong mau thuin véi nhitng két qua da biét. Xem thém &
cdc bai tap[1.5.28] [1.5.29] [.5.30} [T.5.31}

Tré lai cong thiic d6i bién, vy dién tich ctia hinh binh hanh sinh bdi hai vecto g—”:(uo, vo)Au va

0 N
a—f(uo, vo)Av la

det (22 o vo) 22 o) ) |6y
ou ov
|det J, (10, vo) | AuAv.

0 0
|det(a—j<uo, vo)au, = (o, vo)Av)|

Diéu ndy ciing giai thich su xuét hién cta diu tri tuyét doi.

Bai tap
Mot sb bai tap tinh todn c6 thé diing mdy tinh va tinh xAp xi.
1.5.7. Tinh:
(a) Tinh thé tich ctia khdi dudc bao bdi mit z = 4 — x> — y? va mit phing xOy.

(b) Tinh thé tich ctia khéi dudc bao bdi mit z = 9 — x> —y2, y < x, trong géc phan tam thi nhit (tic
x,y,220).

(c) Tinh tich phan ffD v/x2 + y2 trong d6 D 1a mién dugc bao béi hai dudng cong x*+y? =4 and x* +y* =
9.

(d) Tinh tich phan ffD (x% +y%)*/2 dA trong d6 D 1a mién trong géc phin tu thi nhit bao bdi dudng tron
x%+y? =9, dudng thing y = 0 va y = V3x.

(e) Tinh tich phan /fD i—i dA trong d6 D 12 mién trong géc phan tu thi nhét bao bdi dudng tron x% +y? = 1,
x2+y? =4, dudng thing y=0va y = x.

(f) Tinh tich phan ffD x? dA trong d6 D 1 mién dugc bao bdi e-lip 3x% +4y? = 8.

(g) Tinh tich phan [[]cos [(x>+y?+2%)*/?| dV trong d6 E la qué cdu don vi x> + y* + 22 < 1.

(h) Tinh thé tich ctia khdi dugc bao phia trén bdi mat cau x2 + y? + z> = 2 va dudc bao phia dudi bsi mit
paraboloid z = x* + y2.

(i) Tim thé tich ctia khéi bi chin trén bdi mit cau x> + y? + z2 = 4 va bi chin du6i bdi mit nén z2 =
3x2+3y%,z>0.

(j) Tim thé tich ctia khéi bi chin bdi mit cau x2 + y? + z2 = 9 va mit tru x2 + y? = 2y.
(k) Tinh thé tich ctia mién phia dudi mit cdu x2 + y2 + z% = 1 phia trén mit phing z = 1/V2.
(1) Tinh thé tich ctia khdi bén dudi mit z = 4 — x> — y? bén trén mit x> + y + 7> = 6.
(m) Tinh thé tich ctia khbi dugc bao bdi cac mit z =9 — x> —y?, z = 3x% +3y* - 16.
(n) Tinh thé tich ctia khbi dudc bao bdi cic mit z = 3 -2y, z = x>+ y?.
(0) Tinh tich phan [f], x dV trong d6 E 1a khdi dugc bao béi hai mit z = 6 — x* — y* va z = x? +3)2.

1.5.8. Tinh thé tich cda khéi dugc miéu ta bdi diéu kién x? +y? < 22 < 3(x*+y?), 1 < x> +y?+72 < 4,
z20.

1.5.9. Tinh:
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(a) Tinh dién tich clia mién dudc bao bdi dudng cong hinh bong hoa r = 4 +3cos(116) (day 1a dudng
trong mit phang xy dudc cho bsi phuong trinh tham sé x = rcos#, y = rsiné v6i r nhu trén).

6 %
2
E € 4 2 0

2 4 6 8
cos(f)*(3*cos(114)+4)

IS

sin()*(3*cos(114)+4)
o )

IS

&

Hinh 1.5.10: Butng r = 4 + 3 cos(116).

(b) Tinh dién tich mién dugc bao bdi dudng cong hinh trai tim = 1 +cos 6.

Hinh 1.5.11: Budng r = 1 + cos#.

(c) Puong cong trong mit phing xy cho bdi phuong trinh r = V6, 0 < 6 < 27 ciing véi tia Ox bao mot
mién D hinh v 6¢ dugc vé trong hinh (1.5.12| Hay tinh tich phan ffD X’y dxdy.

sqri(t)*sin(t)

-2 -1.5 -1 -0.5 0 0.5 1 1.5 2 25 3
sqrt(t)*cos(t)

Hinh 1.5.12: Pudng r = V6.

1.5.13. Tinh:

(a) Tinh tich phan ffR(xz +2xy) dA trong d6 R 1a hinh binh hanh bao béi cic dudng thang y = 2x + 3,
y=2x+1,y=5-x,y=2-x.
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(b) Tinh tich phan [[, (x +y)* dA trong d6 R 1a hinh binh hanh bao béi cdc dudng thing y = —x, y =
-x+1,y=2x,y=2x-3.

(c) Tinh dién tich cia mién phang dudc bao bdi cac dudng cong y? = x, y> =2x, y = 1/x, y = 2/x.
(d) Tinh dién tich ctia mién phang dudc bao bdi cic duong cong y* = x, 3y? = x, y = x%, y = 2x°.

1.5.14. Xét khoi bau duc E dugc bao bdi mit c6 phuong trinh x? + 2y? + 3z% = 4. Hay tinh thé tich ctia E
bing cich ddi bién d€ dua vé thé tich ctia qua cau. Tim cong thiic thé tich ctia khéi bau duc tong quat.

1.5.15. Tim dién tich cia mién phing dudc bao bdi dudng cong x> —2xy + 2x +3y? -2y = 2.

1.5.16. Goi D 1a mién phang dudc xic dinh bdi x* + x> +3y* + y> =2y < 1. Hay tinh tich phan f/D x dxdy.
Hay tdng quat héa.

1.5.17. Tim thé tich ctia khéi dudc tao biang cich xoay mién bao bdi do thi ctia ham f(x) = x — x> va truc x
quanh truc y.

1.5.18. Dung mdy tinh hay vé mit cAu mip mo cho bdi phuong trinh trong toa dd cau p = 1 +sin?(36) sin*(5¢).
Tinh thé tich ctia khoi bao bdi mit nay.

1.5.19. Hay giai bai|l.4.18|(thé tich khi tron xoay) bing cach ddi bién.
1.5.20. Giai bai|1.4.20|bing cach dung cong thitc d6i bién.

1.5.21. Mt xuyén (torus) c6 thé dudc miéu ta nhu 1a mit tron xoay nhan dudc bing cach xoay quanh truc
z mot duong tron trén mit phang Oyz khong cit truc z. Hay kiém tra ring mit xuyén c6 phuong trinh dang

, 0006 cooo
LooANONRG®m-

Hinh 1.5.22: Mit xuyén.

2
(w/x2+y2—b) +72=d% 0<a<b,

va dang tham sb: ((b+ acos@)cos¢,(b+acosf)sing,asinb), 0 < ¢, 6 < 2n. (Hinh[1.5.23]) Hay tinh thé

Z

Hinh 1.5.23:

tich ctia khdi bao bdi mit xuyén.
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1.5.24 (thé tich ctia khoi nén). Gid sit D 1a mot mién trong miit phing Oxy. Cho A 1a mot diém phia trén
mit phang Oxy trong R3. Tap hop tt ca cac di€ém nam trén cic doan thang ndi A véi cac diém thudc D
dugc goi 1a mot khdi nén hay khdi chép. Ching han mot khéi tit dién 1a mot khdi nén. Mién D duge goi la
déy ctia kh6i non, con khoang céch tit A t6i mit phang Oxy dudc goi 1a chidu cao ctia khdi nén. Hay chiing
t6 néu ddy c6 dién tich thi khdi nén c¢6 thé tich, va thé tich ciia khdi nén ding bang mot phan ba dién
tich ddy nhan chiéu cao.

1.5.25 (thé tich qua cau nhiéu chiéu). Toa do cu trong R, n > 2, dudc cho bdi:

X1 =rcos gy, r>00<¢p<nm
Xp =rsinj cos ¢y, O<pr<nm
X; =rsingj sing; - - - sing;_1 cos ¢;, O<ypi<m
Xp—1 =rsing; sing; - --sing,_» cos ¢,_1, 0<pp_1 <2m

Xp =rsineg;sing; - --sing,_,sing,_.

Hay dung toa d6 cau d€ ki€m cong thic sau cho thé tich cia qua ciu B"(R) = {(x1,x2,...,x,) €R" | x7 +
x§+-~+x,21 <R*}:
2(2m)n=D/2

R", néunlé

|B"(R)| = "

1-3...
(27T)n/2 R" 3 ha

n€u n chan.
2.4...n °

1.5.26. Sau day 12 mot cach khic dé tinh thé tich qua cau (xem chazlng han [Ang97], [Lan97, tr. 598]).

(a) Dung cong thiic ddi bién, chiing té |B™(R)| = |B™(1)|R".

(b) Chiing to
|B"(1)|=// (/ 1) dxidxa.
x12+x§Sl x§+~~~+xz,sl—xf—x§

(c) Suyra |B"(1)| = Z|B""*(1)|. Tt d6 tinh |B"(R)|.
1.5.27. Sau day la mot cach nita d€ tinh thé tich qua cau.

(a) Dung cong thiic ddi bién, chiing té |B"(R)| = |B™(1)|R".

(b) Dung cong thic Fubini, chiing to

|B"(1)| = /l |B"! (\/1 —xg) | dx,.
-1

(c) Pua bai toan vé viéc tinh tich phan /Oﬂ/z(cos t)* dt. Tu d6 tinh |B"(R)|.

1.5.28. Trong mit phang R? mot phép quay quanh gdc toa do mot géc @ c6 thé dude miéu ta bing 2 cach:
Trong toa do cuc, d6 1a anh xa (r,0) — (r,0 + ). Tuong ung trong toa do Euclid d6 la

(x) (cosa —sina)(x)

=2 e . .

y sina  cosa y

Dung cong thifc ddi bién, hiy chiing t6 mot phép quay quanh gbe toa d6 mang mdt hinh c6 dién tich thanh
mot hinh c6 cung dién tich.

1.5.29 (phép doi hinh bao toan thé tich). Mot phép ddi hinh, con goi 1a mot phép déng ciu hinh hoc
(isometry) trong R" dudc dinh nghia 1a mot song anh ¢ tit R” vao chinh nd bao toan khoang cach, tic
d(¢(x),¢(y)) = d(x,y) v6i moi x,y € R".

Mot ma tran n X n 12 truc giao néu cdc vecto cdt ctia n6 tao thinh mot co sd truc chuan ctia R”. N6i
céch khéc ma tran A 1a tryc giao néu A7 A = I trong d6 AT 1a ma tran chuyén vi clia A. C6 thé chiing minh
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rang bat ki mot phép ddi hinh nao ciing c¢6 dang ¢(x) = A- x + b trong d6 A 1a mot ma trin n X n truc giao
va b € R (xem chang han [Mun91], tr. 173]). Vi du, trong mit phang mot phép ddi hinh bat ki 12 mot hop
clia cdc phép tinh tién, phép quay, va phép liy dbi xing qua mot dudng thang.

Diing cong thiic ddi bién, hdy chiing té thé tich ctia mot hinh khong thay d6i qua mot phép doi hinh.

1.5.30 (dinh thifc bang thé tich ctia hinh binh hanh). Ap dung cong thic d8i bién cho hinh hop (0,1)"
va phép ddi bién tuyén tinh T cho bdi T(e;) = v;, 1 <i < n, hdy chiing té rang thé tich ctia hinh binh hanh
sinh bdi n vectd vy, ..., v, trong R” bing |det(vy,...,v,)|.

Mot chiing minh truc tiép cho ¥ nghia nay clia dinh thiic ma khong diing cong thiic ddi bién c6 & [Lan97,
tr. 584] hoac [VuSto].

1.5.31 (goc gitra hai vectd). Cho a va b 1a hai vectd khac 0 trong khdng gian vecto R” véi tich trong Euclid.
Ta dinh nghia géc gitta a va b 1a sb thuc « € [0, 7] sao cho
a-b
lallll2ll”

Néu goc giita hai vecto nay 1a 7/2, titc 1a néu a - b = 0, thi ta néi a va b vudng géc véi nhau. Hinh chiéu clia
a 1én b dugc dinh nghia la vecto
a-b

[T e

Céc dinh nghia nay tuong thich véi cach tiép can trong mon luong gidc & trung hoc. (Luu y him cos c6 thé
dugc dinh nghia trudc khai niém géc nay, xem ching han & [Spi94, tr. 300].)

Chiing t6, biang cach ding cong thiic ddi bién ctia tich phan, rang dién tich ctia tam gic sinh bdi a va b
bing % [|la]l |1b]| sina.

||al| cos @

1.5.32. Hay ching minh cong thiic ddi bién cho trudng hop phép ddi bién 12 mot phép tinh tién.

1.5.33. * Chiing t6 tif cong thic d6i bién (1.5.2)) c¢6 thé suy ra, néu phép ddi bién xac dinh trén ca R” thi
khong can yéu ciu tip A 1a md (tit nhién van phai bi chin).
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1.6 Ung dung clia tich phan boi

Tich phan 1a téng, d6 14 y nghia chinh cta tich phan. Vi vy mdi khi c6 nhu cau tinh tdng ctia v
han gid tri thi tich phan c6 thé xuét hién.

Tich phéan con c6 vai tro nhu phép bién d6i ngudc ctia vi phan, cho phép chuyén mdt bai toan
vi phan vé mdt bai todn tich phan (vi du xem .

V& co ban, néu tai mdi diém x;, 1 <i < n cé tuong dng cic gid tri f(x;) cia mot dai luong thi
tong gid tri cla dai lugng d6 di nhién 1a )7, f(x;). Néu tap hop D céc di€m dang xét 1a vo han
thi ham f : D — R c6 khi dugc goi 1a ham mat do cla dai lugng, va tong gia tri ctia dai lugng 1a

In T

Gia tri trung binh

Néu tai cdc di€ém x;, 1 <i < n c6 tuong Gng cédc gia tri f(x;) thi gid tri trung binh tai cic diém

nay nhu ta da biét 1a 1 3" | f(x;). Trong trudng hop mién xic dinh c¢6 v han ph?ln t, gid sif

f: D — R, thi gid tri trung binh cda f dudc cho bang cong thiic tuong tu, chi thay tong bang tich
N

phan. W-/D f

Vi du. Nhiét do tai di€ém (x, y) trén mit phéng 1a 50~ ° (dd Celcius). Hay tim nhiét d6 trung
binh trén dia tron don vi tam tai gbc toa do.
Goi D la dia tron x? + y? < 1. Nhiét do trung binh trén D dugc cho béi

1 22 1 L pan _2
— 507 7" dxdy — 50e™" r df dr
ID| J/p nJo Jo

50(1—1) ~ 31,6.
e

Tam khoi lugng

Ta gidi thiéu khai niém tam khoi lugng (center of mass). Trong trudng hop hai chit diém c6 khbi
lugng m; tai diém p; va c6 khéi luong m, tai di€ém p; thi tam khébi luong ctia hé hai diém nay, theo
nguyén tic don biy ctia vat ly, nam tai di€ém
m\pi1+m;ps
mi+myp ’

Dbi v6i hé gdbm n chét diém, bing qui nap ta tim dudc vi tri ctia tim khéi lugng 1a

n
Zi:1 m;pi
n
i=1 1M

’

v6i tong khoi lugng la m = Y1 m;.

Xét trudng hop khdi lugng lién tuc, gia st ta c6 mot khbi vat chat chiém phan khong gian E
trong R3. Tai mdi diém p = (x,,2) € R goi p(p) 1a mat do khéi luong ctia khdi tai p, d6 1a gisi
han ctia khéi lugng trung binh quanh p, c6 thé hiéu 1a khéi luong tai diém p. Khéi luong ctia khoi
chinh 12 tich phan ctia mat do khéi luong:

m= / p.
E

Tir cong thiic clia trudng hop rdi rac & trén ta suy ra vi tri cia tim khdi lugng trong trudng hop lién
tuc sé la

Jep ™
O day tich phan ctia ham vectd dudc hiéu 1a vecto tich phan cia tiing thanh phan. Cu thé hon, néu
p = (x,,z) thi tim khdi lugng nam & diém #(fE pX, fE Py, fE p2).
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Vi du. Ta tim tdm khéi lugng ctia nita hinh tron dong chit. Goi D la nda trén ctia hinh tron
tam O ban kinh R va goi hiang sd p 1a mat do khéi lugng ctia né. Khdi luong cia khéi nay 1a
m= ffD p dA = prR? /2. Toa d6 ctia tam khoi lugng 1a

1
x = —[/pxdxdy=0,
mJJp
1 R T 4
y = —//pydxdyzB/ /(rsin@)rd@dr:—R.
mJJp mJo Jo 3r

X&c suét clia su kién ngau nhién

Mot bién ngiu nhién X 12 mot 4nh xa tif mot tp hop céc su kién vao R. Trong trudng hop tip gia
tri D ctia X 13 hitu han thi ta néi X 1a mot bién ngau nhién rdi rac. V6i mdi gid tri x € D c6 mdt sd
thuc 0 < f(x) < 112 x4c suit d€ X c6 gi4 tri x, ki hiéu 12 P(X = x). Him f dudc goi 1a hAm phan
bd xdc suét ctia bién ngau nhién X. X4c suit d€ X c6 gia tri trong tip C c D dudc cho bdi

P(XeC)= ) f(x).

xeC

Mot hé quala ) .p f(x) = P(X € D) = 1. Gia tri trung binh (mean) hay ky vong (expected value)
theo xdc suét ctia X dudc cho bdi:

EX)= Z xf(x).

xeD

Vi du. Xét mot tro choi véi con xiic sic nhu sau: Ngudi choi phai tra 20 ddng cho mdi 1an tung
xtc sic. Néu mit ngtia 1a mat 6 nit thi ngudi chdi duge nhan 60 ddng, néu 1a cac mit con lai thi
chi dugc nhan 10 dong. Hdi trong trd chdi ndy ai dudc 1di, ngudi choi hay ngudi td chiic trd choi?

Goi X la bién xdc suit nhu sau: Mit 6 nit ctia xic sac ting véi sb thuc 60, cac mit con lai
ting v6i s6 thuc 10. Haim phin bd xéc suit trong trudng hop nay 1a £(10) = 5/6 va f(60) = 1/6.
Cau tra 10i cho ciu hoi trén dude quyét dinh bdi gia tri trung binh ctia bién xic suit X. Ta c6
E(X)=10-2+60- = 1% < 20, nhu vy néu choi nhiéu 1an thi ngudi choi s& bi thiét, con ngudi
t6 chiic tro choi sé hudng 1.

Trong trudng hop bién ngiu nhién lién tuc, tip gia tri clia bién ngiu nhién X 1a mot tip con
vo han D ctia R. Tuong tu véi trudng hop rdi rac, c6 mot ham phan bd xdc suit, hay mat do xic
suit (probability density function) f : D — R sao cho f(x) > 0 va xdc suit d€ X c6 gid tri trong
tap C c D dudgc cho béi

P(XeC):/Cf.

Mot hé qua 12 ham mat d6 xac suit phai théa P(X € D) = fD f=1
Trung binh hay ky vong ctia bién ngiu nhién X dudgc cho bdi:

E(X)= /Dxf.

Chii y su tuong tu ctia cong thiic ndy véi cong thifc cia tim khdi luong.

Vi du. Mot nha sén xuit bio hanh mot san phdm 2 ndm. Goi T 1a bién xédc suit dng thdi diém hu
héng ctia san pham véi s6 thuc ¢ > 0 12 thdi gian tif khi sdn pham dudc san xuét theo nim. Gia st
ham mat d6 xdc suit dudc cho bsi f(r) = 0,1e~%!*. X4c suit san phidm bi hu trong thsi gian bao
hanh sé la

2
P(OSTS2):/ 0,17 %1 dt ~ 18%.
0

Trong trudng hop c6 n bién ngiu nhién thi tip gi tri ca bién ngiu nhién 12 mot tip con clia
R”, ham phan b6 x4c suét sé 1a mdt ham n bién, va céc tich phan trén s& 1a tich phan boi.
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Vi du. Xét tinh huébng mot chuyén xe buyt thudng téi tram tré, nhung khong qué 10 phdt, va dgi &
tram 5 phiit. Him mat do x4c suit ctia gio xe t6i tram, goi 1a X, dudc cho béi fi(x) = —0,02x +0,2,
0 < x < 10. Mot ngusi thudng di xe buyt vao gid nay nhung hay bi tré, ¢6 khi t6i 20 phit. Ham mat
dd xdc suat ctia gid ngudi ndy t6i tram, goi 1a Y, dudc cho bdi f(y) = —0,005y+0,1,0 < y < 20.
Hoi xdc suét d€ ngudi ndy dén dugc chuyén xe buyt nay 14 bao nhiéu?

O day c6 hai bién xdc suit doc 14p nén ham phan bd xdc sudt chung 1a f(x,y) = fi(x)(y).
X4c suat can tim dudc cho béi

PY <X+5) = // f(xy) dxdy
{(x,y)eR? | 0<x<10, y<x+5}

10 px+5
/ / f(x,y) dy dx ~ 65%.
o Jo

Tinh [ e dx

Tich phan f_ o:o e dx rét quan trong trong mon Xdc suit (xem |[1.6.11). O day ta sé tinh né thong
qua tich phan bdi.

1

0.9

0.8

0.7

0.6

0.5

Yo&N-x"2

0.4

0.3

0.2

0.1

0

-2 -1.5 -1 -0.5 0 0.5 1 15 2
X

Hinh 1.6.1: Budng cong e thuong dudc goi 1a dudng hinh chudng.

Goi B’(R) 1a hinh tron déng tam 0 ban kinh R, tiic B’(R) = {(x,y) | x> +y*> < R?}. Goi I(R) 1a
hinh vudng tdm 0 v6i chiéu dai canh 2R, tiic I(R) = [-R,R] X [-R, R].
Vi B/(R) c I(R) C B'(RV2) nén

// e A < // e dA < // e~ dA.
B'(R) I(R) B'(RV2)
// oY) gA = “// re™ dA = m(l— e_Rz),
B'(R) [0,R]x[0,27]

nén ti bat dang thic trén, 14y gidi han ta dugc

lim // e gA = 1.

Mat khac theo cong thic Fubini:
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2 2 R 2 R 2 R 2 2
// e-<x+y)dA:(/ e dx)-(/ e dy)=(/ e dx),
I(R) -R -R -R
2 2 R 2 2
lim // e X)) dA = lim (/ e dx) :(
R— I(R) R— _R

Vay ta dudc cong thifc ndi tiéng:

nén

/ e dx = \r.

Bai tap
1.6.2. Tinh:
(a) Tim tam khdi lugng ctia hinh chit nhat ddong chit [—1,1]x [-2,2] c R2.

(b) Tim tam khbi lugng ctia vat c6 hinh dang mot miéng mong chiém mién trén mit phang bao bdi dudng
y = 12,37x% va dudng y = 8,5 v6i ham mat do khdi lugng p(x, y) = 103,6x*y"2.

(c) Tim tdm khéi lugng ctia hinh trai tim & hinh[1.5.11
(d) Tim tam khéi lugng ctia hinh vo ¢ & hinh|1.5.12)

(e) Chiing to tim khdi lugng ctia mdt tam gidc chinh 1a trong tAm (giao di€ém clia ba dudng trung tuyén)
cla tam giac.

(f) Tim tdm khéi lugng ctia mot khdi dong chét c6 dang hinh nén nhon cin chiéu cao 1a & va véi ddy 1a
hinh tron ban kinh R.

(2) Tim tam khéi lugng ctia khoi tii dién dong chit dugce bao bdi cac miat x =0,y =0,z=0, £+ +2 =1
véia,b,c > 0.

1.6.3. Cho D c R? la mét tap dong chét, c6 dién tich, dbi xiing qua gbc toa do O tic 1a néu p € D thi
—p € D. Hay tim tim khéi lugng ctia D. (C6 thé gid st D md néu mubn, tuy thuc ra khong can, xem bai

[1.5.33})

1.6.4. Xét mot mo hinh don gian cho cAu triic hanh tinh Trai dit, gdm phan 16i cing & gan tim c6 mat do
khdi lugng cao va phan ngoai c6 mat do khdi lugng giam dan tif trong ra ngoai. Goi p 1a khoang cach tur
mot diém t6i tAm, thi mat do khédi luong tai diém dé dudc mo hinh héa nhu sau:

(o) = 13-10°, 0 < p < 1000,
PIE B0 1000 < p < 6400,

& day don vi khéi luong 1a kg va don vi chiéu dai 1 km. Hay u6c lugng khéi luong ciia Trai dat.

1.6.5. Gia st mién D c R" c6 tam khéi lugng & p, ching to

/ (x=p)dV =0.
D
Cong thifc trén c6 thé hiéu 1a tich phan ctia ham vectd, tidc 12 v6i moi 1 <i < n thi
/ (x,- _pi) dv =0.
D

1.6.6. Khu trung tim thanh phd dudc miéu td nhu mot hinh chit nhat [0, 1] x [0,2] v6i don vi chiéu dai
1a km. Gia dit trong khu vuc nay trong dugc md hinh héa bang ham p, & vi tri (x,y) € [0,1] x [0,2] thi
plx,y) =200-10(x — $)* - 15(y — 1)* (triéu déng/m?). Hdy tinh gid dit trung binh & khu vyc nay.

1.6.7. Gia sit rang gbc toa do & trung tim thanh phd va mat do dan s tai diém c6 toa do (x, y) c6 md hinh
p(x,y) = 2000(x2 + y*)~%2 ngusi trén km?, hay tim s6 dan trong ban kinh 5 km tif trung tdm thanh phd.
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1.6.8. Mot cai bon c6 dang hinh hop véi chidu rong 3 mét, chiéu dai 4 mét, chiéu cao 5 mét chita diy nuéc.
Ta can tinh cong W — ning lugng can thiét d&€ bom hét nudc ra khdi bon qua mit trén cda bon.

(a) Goi x 1a khoang cach tit mot chit diém trong bdn t6i mit trén ctia bon. Giai thich vi sao cong dé dua
chét di€ém nay ra khoi bon 1a xpg, v6i mat d6 khoi lugng ciia nudce 1a p = 1000 kg/m?3, hing sb trong
luc 12 g = 9,8 m/s%.

(b) Thiét 1ap cong thite W = [ xpg -3 -4 dx. Tinh W.

1.6.9. Kim tu thidp Vua Khufu I kim tu thap 16n nhit & Ai Cap, dudc xay dung trong khoang tit nim 2580
TCN t6i 2560 TCN. bdy ctua né 1la mdt hinh vudng véi chiu dai canh 1a 230,4 mét va chiéu cao 1a 146,5
mét.

(a) Hay udc lugng thé tich cta kim ty thap.

(b) Kim tu thap dugc lam bang da voi. Mat do khi lugng ciia dd voi vao khoang 2400 kg/m>. Hay udc
luong khéi lugng ctia kim tu thap.

(c) Hay udc lugng cong xdy dung kim tu thap nay. (Cong nay it nhit bang thé ning trong trudng clia
khéi kim tu thap.)

(d) M&i ngudi nhan khoang 2000 kcal ning lugng mdi ngay tir thic dn. Gid s mbi ngudi ding dudc
20% ning lugng d6 dé 1am viéc, 340 ngay mot nidm, trong 20 nim, thi can it nhét bao nhiéu nguvi dé
xay dung kim ty thap nay? (Gia st ho khéng c6 mdy méc, chua ké nhitng phan khac clia cong viée
va nhiing yéu t6 khic, nén diy chi 1a mot udc lugng thd.)

1.6.10. Hai cong ty san xuét hai sdn pham canh tranh v6i nhau. Goi X, Y 1a bién xdc suét ting véi thoi diém
hu héng ctia hai san pham tinh theo thoi gian tit khi sin phim dudc san xut (theo ndm), va gia st hai bién
nay 1a doc 1ap véi nhau. Gia sit cac ham mat d xdc suit dudc cho bsi f(x) = 0,2¢7%2* va g(y) = 0.1e7 %1,
Hay tinh x4c suit san phdm ctia cong ty thif nhit bi hu trudc san phdm ctia cong ty thii hai trong thdi gian
béo hanh 3 nam.

1.6.11. / Chiing t6 ham dugc dung trong md hinh phan b6 chuin (normal distribution) ctia mén Xac suét

1 ~(x—p)?
e 202

fx) =

oV2n
théa man tinh chat can ¢6 ctia ham phan bd xdc sudt: [~ f(x) dx=1.

1.6.12. / Hay dua ra mot giai thich cho cong thic sau, thudng dudc dung trong xic suét khi c6 hai bién

ngau nhién:
[/ e ) dxdy =r.
R2

Tt d6 hiy dua ra cong thiic cho md hinh phan b6 chuin ctia hai bién ngiu nhién.

PoeN(-yN2-x"2)

Hinh 1.6.13: Ham e~ "%,
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1.6.14 (ham Gamma). Ham Gamma 13 mdt mé rong ctia ham giai thita 1én tip hop cac sb thuc. Ta dinh
nghia

F(z):/ 2 le™ g, z€R, z>0.
0

(a) Ching té I'(z) duge xac dinh.

(b) Kiém tra rang I'(z + 1) = zI'(z). Suy ra véi s6 nguyén duong n thi T(n+ 1) = n!.

(c) Kiém tra cong thic I'(}) = y/r.

(d) Ching o thé tich clia qua ciu n-chiéu ban kinh R (xem|[1.5.23)) ¢6 thé dugc viét ngin gon 1a

n

T Rn
TE+1)

|B"(R)| =

1.6.15 (cong thitc Pappus). Hay tim lai cong thiic cta Pappu@ Thé tich ctia khéi tron xoay nhéan dudc
bing cach xoay mdt mién phang quanh mdt truc bén ngoai bang dién tich ctia mién nhan véi chiéu dai clia
dudng di cta tam khoi lugng clia mién.

Cu thé hon, goi D 1a mién bao bdi hai dd thi ctia hai ham f va g trén doan [a, b], v6i 0 < g(x) < f(x)
trén [a, b]. Goi (xo, yo) 1a tam khdi lugng ctia D. Khi d6 thé tich ctia khoi tron xoay nhin dudc bing cich
xoay mién D quanh truc x bang 27yo|D|.

Ung dung, hay tim lai cong thiic thé tich ctia khdi xuyén.

6Pappus xit Alexandria, mdt nha hinh hoc séng vao thé ki thi 4 sau Céng nguyén.
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1.7 * Thay thé tich phan Riemann bang tich phan Lebesgue

Tir ddu mon hoc t6i déy ta st dung tich phan Riemann, do Bernard Riemann xay dung chit ché vao
giita thé ki 19. Thuc ra phép tich tich phan da dugc st dung rong ri truéc Riemann. Y tudng vé
cach tinh thé tich bing x4p xi roi qua gidi han di cé tlt thoi Archimedes hon 200 nim truée Cong
nguyén.

Vao dau thé ki 20 Henri Lebesgue di xiy dung nén mdt tich phan méi trén R” téng quat hon
tich phan Riemann, theo nghia 1a ham nao kha tich Riemann thi kha tich Lebesgue, va tich phan
Lebesgue ctia ham do6 trung véi tich phan Riemann ctia ham d6. Tich phan Lebesgue c6 nhitng uu
diém 16n so v&i tich phan Riemann, dic biét 1a v6i qua trinh qua gidi han.

Ngay nay ly thuyét tich phan dugc xiy dung khong chi cho R ma cho tip bit ki dugc trang
bi mot do do. PO do va tich phan Lebesgue trd thanh mot trudng hop riéng ctia 1y thuyét do do va
tich phan tdng quat.

Trong mon hoc nay ching ta van hoc tich phan Riemann vi né don gidn hon, dé hiéu hon so
v6i tich phan tdng quat. Trong cac tinh todn cho mot s6 ddi tugng thudng gip nhu trong mon nay
thi tich phan Riemann 1a du dung.

S& bd ich néu ching ta di€ém so qua tich phan Lebesgue, dic biét 1a vi cdc dinh ly chinh cla
mon hoc ctia chiing ta nhu cong thifc ddi bién va cong thic Fubini ngay nay thuong dudc phat biéu
va chiing minh mot cach tdng quat hon trong 1y thuyét tich phan Lebesgue.

Do do Lebesgue

C6 mdt ho dic biét M cac tip con cua R" dudc goi la ho cac tdp do dudc Lebesgue. Ho nay cé
mot s6 tinh chit sau:

e kin dudi phép hoi, giao dém dudc va phép liy phan bu trong R”,
e chifa tit ca cic tip mé va tip dong clia R”.

C6 mot ham dic biét y: M — [0, 00], dudc goi 1a do do Lebesgue trén R”. Ho nay c6 mot sb tinh
chét sau:

e do do Lebesgue cho phép gia tri co, vi du u(R") = oo,
e d0 do ctia mot hinh hop [T, [a;, b;] bang [T, (b — a;),

c6 tinh cong tinh dém dudc,

tap c6 do do khdng nhu dinh nghia & chinh 1a tap do dugc Lebesgue c6 do do Lebesgue
bﬁng 0,

néu mot tap c6 thé tich Riemann thi né do dudc Lebesgue va thé tich Riemann cta tap d6
bing v6i do do Lebesgue cia no.

Theo mot nghia nhit dinh c¢6 duy nhat mot ddi tugng toan hoc véi nhiing tinh chit nhu vy, vi thé
do do Lebesgue la phat trién phu hgp ctia khdi niém th€ tich Riemann ma ta da xét trong mon hoc
nay.

Ham kha tich Lebesgue

Cho Q € M la mét tap do dudc Lebesgue trén R". Mot ham f : Q — R dudce goi la mdt ham do
dugc néu dnh ngudc ctia mdi tip md 1A mot tip do dudc Lebesgue.

Cho f 1a mot ham do dugc khong am. Néu trong tich phan Riemann ta xAp xi ham bang cac
ham héng trén tiing hinh hop con thi gio ta cling lam nhu vy, chi khac 1a ta thay hinh hop biang
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tap do dugc. Cu thé ta x4p xi dudi bang cich dung nhiing ham thudc tap S nhitng ham khong Am
do dugc c6 hitu han gia tri, tdc ham bac thang, c6 dang

k
s= ) axc
i=1

v6i C; = s7(¢;). Gia tri ctia x4p xi nay la st = Zle ¢; 1(C;). Ta dinh nghia tich phan Lebesgue

cua fla
/fd,u:sup{/slseS,ssf}.
Q Q

Cho f la ham do dudc tuy y. Pat f*(x) = max{f(x),0} va f~(x) = max{—f(x),0} thi f =

f*— f~ vata dinh nghia
[rau=[ 5 au- [ 5~ an
Q Q Q

Néu tich phan 12 mot s6 thuc thi ham dudc goi 1a kha tich Lebesgue.

Tich phan Lebesgue c6 nhiing tich chit nhu tich phan Riemann, nhu tinh tuyén tinh. Dic biét,
mot ham kha tich Riemann thi kha tich Lebesgue va khi d6 tich phan Riemann cé cung gia tri véi
tich phan Lebesgue.

Cong thire Fubini va cong thirc ddi bién
Phét biéu cdng thic Fubini cho tich phan Lebesgue c¢6 don gidn hon mot chuit:

Pinh ly. Cho f khd tich Lebesgue trén R™*". Khi do

Lo 7= L ren ) a

Su don gidn hon nay 13 do cach hi€u nhu sau: tich phan /R" f(x,y) dy c6 thé khong ton tai v6i
moi x, nhung c6 thé chitng minh dudc né tdn tai hau khap.
Cong thiic dbi bién ciing dudc thoa véi gia thiét don gian hon:

Dinh ly. Gid sit A la tdp md trong R", ¢ la mot vi dong phéi tic A lén ¢(A), va f : (A) — R khd
tich Lebesgue, thi f o p|dety’| khd tich Lebesgue trén A, va

/QD(A)f=/A(fOt,0)|det¢'|'

Céc dinh ly hoi tu

Tich phan Lebesgue c6 nhiing tinh chit quan trong lién quan t6i viéc qua giéi han ma tich phan
Riemann khong cé. Diéu nay khién tich phan Lebesgue c6 uu thé trong cac nghién ciu 1y thuyét.
Dudi day 1a mot két qua ndi bat:

Dinh ly (dinh 1y héi tu bi chan). Cho (f,,)m la mét day ham sé do duoc héi tu tieng diém vé mot
ham f. Néu ddy ham (f,,)m bi chén titng diém boi mot ham khd tich, tiic la ¥x,Ym, | fn(x)| < g(x)
vdi g khd tich, thi f khd tich va ddy cdc tich phdn ciia f,, hdi tu vé tich phén clia f.

DE tim hiéu thém c6 thé doc cic gido trinh vé ly thuyét do do, cac sich nhu [Rud76, Rud86,
Ang97].
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Chuong 2 Giai tich vecto

Trong chuong trudc chiing ta da khio sat thé tich ctia mién trong khong gian n-chiéu va tich phan
trén nhitng mién d6. Tuy nhién nhitng cau hdi chang han nhu v& chu vi clia duong tron, dién tich
cia mit cau, hay néi chung 14 do do ctia tp con “k-chiéu” trong khong gian n-chiéu véi k < n va
tich phén trén d6 thi ching ta chua xét. Chuong nay s€ tra 16i nhitng cau hoi nay cho trudng hgp
duong (k = 1) va mat (k = 2).

2.1 Tich phéan dudng

Budng

Khi néi t6i mot “dudng” ta thudng nghi t6i mot “con dudng”, tic 1a mot tap hop di€m, vi du mot
dudng thang hay mot dudng tron. Muc dich ciia chiing ta trong chuong nay la thuc hién cic do
dac trén duong, chang han nhu do chiéu dai clia duong. Cac do dac d6 sé dudc thuc hién qua mot
chuyén di trén con dudng. Tuy nhién ta c6 thé di trén mdt con dudng theo nhiéu céch khic nhau,
va ta chua c6 cin ci d€ cho ring cic do dac bang cic cach di khac nhau trén ciing mot con dudng
sé cho ra cing mot két qua. Do d6 trude mat ching ta sé lam viéc vé6i tiing cch di cu thé ma ta goi
l1a dutng di.

Mot duong di (path) 1a mot anh xa tit mot khodng dong [a, b] vao R (mot tuong ting moi thoi
diém v6i mot vi tri).

Tap hop cic diém ma duong di da di qua dudc goi 1a vét ciia duong di (trace) (day Ia “con
dudng” nhu da ban & trén). V6i dudng di r : [a, b] — R” thi vét cia r tap anh r([a,b]) = {r(t) | t €
[a, D]}

Duong di r : [a, b] — R" dudgc goi la:
e dong (closed) hay kin néu r(a) = r(b), tiic 1a diém diu va diém cubi trung nhau.

e don (simple) néu n6 khong di qua diém nao hai 1an (khdng c6 diém ty cit). Chinh xac hon,
néu r khong phai 1a dudng déng thi né dugc goi 1a don néu r 12 don 4nh trén [a, b]; néu r 12
dudng dong thi né dugc goi 1a don néu r 1a don anh trén [a, b).

e lién tuc néu r 12 ham lién tuc trén [a, b].

Puong di r : [a, b] — R" dudc goi 12 tron (smooth) néu 12 ham tron trén [a, b], nghia 12 néu r mé
rong dudc thanh mot ham tron trén mot khoang (¢, d) chida [a, b]. Piéu nay dong nghia véi viéc r
c6 dao ham phai tai a va dao ham trai tai b.

Néu r 1a mot dudng di tron thi dao ham r’(¢) c6 y nghia vat ly 1 van toc chuyén dong (velocity)
tai thoi diém ¢. DO 16n cta van tbe ||r’(r)|| 1a toe do (speed) tai thoi diém 7.

Chiéu dai clia dudng di
Cho dudng di r : [a,b] — R". Xét mot phép chia a =ty < t; < -+ < t,, = b clia [a,b]. Trén mbi

khoang con [t;_1,4;], 1 <i < m, ta xAp xi tuyén tinh duong di: r(t) —r(t;_1) = r'(t;_1)(t — t;_1). N6i
cach khic, ta x4p xi chuyén dong biang mot chuyén dong déu véi van tbc khong ddi r’(#;_1). Quing
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dudng di dudc trong khoang thoi gian tii ;1 t6i t; dudc xAp xi bdi vecto r/(¢;_1)At;, v6i chiéu dai
1a || (zi-1) A ]|

r'(tic1)At; 6

r(ti-1)
Hinh 2.1.1: Xép xi tuyén tinh: r(t;) —r(t;_1) = r'(t;_1)At;.

Nhu vy “chiéu dai” ctia dudng di duge xap xi béi 2,77, [|r/(1;-1)|| At;. Day chinh 1a téng Rie-
mann cda ham ||7’(¢)|| trén khoang [a, b].
Vay ta dua ra dinh nghia sau:

Pinh nghia. Chiéu dai ctia dudng di r : [a, b] — R" dugc dinh nghia la

b
/ IOl dr.

Dinh nghia nay chifa cong thiic da quen biét: quing dudng di dudc = téc dd X thdi gian.

Vi du. Gid st mot vat di chuyén trén mot dudng véi tbe do hing v, trong khoang thoi gian tir a téi
b. Khi d6 quing dudng vat da di dudc c6 chiéu dai 1a fab v dt = v(b— a), ding nhu ta chd dgi.

Tich phan dudng loai mot

Cho dudng di r : [a,b] — R". Gia st f 12 mot ham thuc xdc dinh trén vét clia dudng, tic f :
r([a,b]) — R. Ta mudn tinh tong gia tri cia ham trén duong.

Ta 1am mot cach tuong tu nhu da 1am khi dinh nghia chiéu dai dudng di. Xét mot phép chia
a=1ty<t| <-- <ty =>b. Trén khoang con [t;_1,1;] ta xip xi tuyén tinh dudng di r(t) - r(t;_;) =
r'(t;i-1)(t —t;_1). Khi d6 phan dudng tif r(t;_;) dén r(t;) dugc xap xi bang r'(t;,_1)At;. Trén phan
dudng nay ta xip xi ham f bdi ham hing véi gid tri f(r(;,_1)). Do d6 tng gia tri cla f trén phan
dudng tlt r(t;_1) dén r(t;) dudc xap xi bang f(r(t;_1))||7'(ti=1)|| At;. Tong gia tri clia f trén dudng
r dugc x4p xi bing

D For@) I )l A,
i=1

Vay ta dinh nghia:

Dinh nghia. Cho f 1a mot ham xac dinh trén vét ciia dudng r : [a, b] — R". Tich phan ctia f trén
r dudc ki hiéu la fr f ds va dudc dinh nghia la:

b
/ ki / FEO) PO dr.

DE€ c6 tich phan thi dudng di phai kha vi. Néu dudng di chi kha vi tirng khiic, tic 1a ¢ céac sb
a=ty<ty <ty <---<ty,=bsao cho trén mbi khoang [#;_1,t;] 4nh xa r 1a kha vi, thi goi r; 1a han
ché ctia dudng r 1én khoang [#;_1,;], ta dinh nghia.

/rfds:lg:‘/rifds.
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Vidu. Néu f=1thi [1ds= ] "\I7 @)l dr 1a chidu dai cta dudng di .
Vi du. Xét truong hop hai chiéu, n = 2. Viét r(¢) = (x(1), y(1)), khi d6

b
/ £ ds = / F@ O 02 + 3 (02 dr.

Mot cach hinh thiic c6 thé nhé ring

ds =[x’ (1) + y'(1)? dt.

Tich phan dudng loai hai

Cho dudng di r : [a,b] — R” va cho F 1a mot trudng vecto xic dinh trén vét cta r. Ta mudn tinh
tong thanh phan cta truong cung chiéu duong di.

Vi du. Trong vat ly, néu mot vat di chuyén theo mot dudng duéi tac dong ctia mot trudng luc thi
tdng tic dong cia luc, tic tdng thanh phan cda luc cing chiéu chuyén dong, dudc goi 1a cong
(work) ctia trudng luc. Trong trugng hop don gian, néu luc 1a hing Fva vat chuyén dong déu trén
mot dudng thang theo mot vectd 5 thi cong ctia luc bang ”Ij"” cos(F,5)||5]| = F - 5.

Xétmot phép chiaa=1y <t <--- <t,, =bcla[a,b]. Trén mdi khodng con [t;_1,#;], 1 <i <m,
ta x4p xi dudng bang xAp xi tuyén tinh: r(z) = r’(t;_1)(t — t;_1). Khi d6 phan duong tif r(z;_;) dén
r(t;) dudc xap xi bang r’(f;_1)At;. Trén phin dudng nay trudng F cé thé dudc xap xi bang trudng
hing, dai dién bsi vectd F(r(t;_1)). Tong clia thanh phan cung chiéu dudng di cla trudng F trén
phan dudng tit (¢;_1) dén r(t;) dudc xap xi bang F(r(t;_))-r’(t;i—1)At;. Tong thanh phan tiép tuyén
ctia F doc theo r duge xap xi bang Y1, F(r(ti-1)) - r'(ti-1)At;.

Vay ta dinh nghia:

Dinh nghia. Cho F 1a mot trudng vecto trén vét ciia mot dudng di r : [a, b] — R™. Tich phan ctia
F trén r dudc ki hiéu la fr F - d5s va dugc dinh nghia la:

/rF-a?: /ab F(r(t))-r'(¢) dt.

DPinh nghia nay dugc mé rong cho dudng kha vi tiing khic theo cach nhu tich phan dudng loai
mot.
Ghi chi. C6 mot s6 cach ki hiéu khéc cho tich phan dudng loai hai, ching han [ F-dF, [ F- dl.
Vi du. Xét trudng hop hai chiéu, n = 2. Viét F(x,y) = (P(x,y),Q(x,y)) va r(t) = (x(¢), y(t)). Khi
do

b
/ Fds= / [P0,y () () + Qe ()Y ()] di.

Ta dua ra hai tich phan méi:

b
/P(x,y) dx = / P(x(1), y(2))x'(t) dt.

b
[ewnar= [ eatyowar

Ngudi ta thudng viét
/F'dE’: /P(x,y) dx+Q(x,y) dy.
Mot cach hinh thiic c6 thé nhé ring

ds=r'(t)dr, dx=x'()d, dy=y'(0)dr.
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Déi bién va su phu thudc vao duong di

Nhu di ban & diu chuong, ta rat quan tam t6i viéc cac két qua do dac c6 thay ddi hay khong néu ta
di theo nhitng dudng di khac nhau trén cing mét con dudng.

Cho ¢ : [c,d] — [a,b] 12 mot phép vi dong phoi, tilc mot phép dbi bién. Néu ¢’(r) > 0 véi
moi ¢ € [c,d] thi ta n6i ¢ bao toan dinh hudng (orientation-preserving). Néu ¢’(7) < 0 v6i moi
t € [¢,d] thi ta ndi ¢ dao nguge dinh hudng (orientation-reversing).

Néu r : [a,b] — R" 1a mot dudng di thi r o ¢ 12 mot dudng di cung vét véi r. Tandi rop var
sai khac mot phép ddi bién. Ta c6 két qua don gian sau diy vé su bit bién clia tich phan dudng qua
mot phép ddi bién.

2.1.2 Pinh Iy (ddi bién trong tich phin duong). (a) Tich phdn duong loai mét khéng thay déi
qua phép doi bién.

(b) Tich phdn duong loai hai khéong thay doi qua phép doi bién bdo toan dinh hudng va doi ddu
qua phép doi bién ddo nguoc dinh hudng.

Chiing minh. Cho f 12 mot ham thuc va F 1a mot trudng vectd xac dinh trén vét clia dudng
r: [a,b] = R". Cho ¢ : [c,d] — [a,b] 12 mdt phép ddi bién. Ta xét trudng hop ¢ dio ngudc
dinh hudng, trudng hop con lai 12 tuong tu. Theo cong thifc d6i bién cia tich phan boi, véi phép
ddi bién u = ¢(¢) thi

b d

/ £ ds = / Fr@)lr ()] du = / Fr O ()l (0)] dr
d

- / Fr@@ODIF (@) ()] di

d
- / F(roo)l(ro @) ()] dr

=‘/ro¢fds.

Trong khi do

b d
/ Fdi= / F(r(u))-r'(u) du = / [F(r(0(0) - F (@)l (0)] dt
d
- - / [F(r() - (o)1 (1) di

d
— [ Feown)-Gopy ) dr

:—/ Fod.
rO(p

Vi du. C4 hai loai tich phan dudng khong thay ddi dusi mot phép tinh tién ctia bién thoi gian
t—=t+cvliceR.

O

Vi du. V6i dudng di r(¢), t € [a,b] thi dudng r(a+b—1), t € [a,b], khdi dau & r(b) va két thic &
r(a), dugc goi la duong nguoc ctia dudng r, ki hiéu 1a —r. Ta n6i dudng —r trdi chiéu véi dudng r.
Dinh ly néi néu dao ngude dinh hudng ctia dudng thi tich phan duong loai mét khong
thay doi trong khi dé tich phan duong loai hai bi doi dau.
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DPuong di r : [a, b] — R" dudc goi 1a chinh qui (regular) néu r tron trén [a, b] va van tdc r'(t)
Iudn khac khong.

Ghi chi. Trong quyén sich cua Stewart [Ste12] thuat ngit dudng tron chinh 1a thuét ngli dudng

chinh qui & day.

2.1.3Bd dé. Gid sita : [a,b] = R" va B: [c,d] — R" la hai duong di don chinh qui véi ciing vét.
(a) Néu a va B khéong dong thi B~ o« : (a,b) — (c,d) la mot vi dong phéi.

(b) Néu a va 8 dong, ddt B(t) = a(a) va a(s)) = B(c), thi B oa : (a,b)\ {51} — (c,d)\ {1}
la mot vi dong phoi.

Chii y rang a = o (87! o), ménh dé néi rang hai duong di don chinh qui v6i ciing vét khac
biét bdi mot phép ddi bién. Ménh dé sé dudc chiing minh & phan sau. Tir ménh dé nay ta dua ra
dinh nghia vé dinh huéng:

DPinh nghia (dinh hudng). Ta néi hai dudng di don chinh qui c6 ciing vét a va 3 1a ¢ cling dinh
huéng néu phép vi ddng phdi 7! o @ c6 dao ham ludn duong. Ngugc lai néu 87! o @ ¢6 dao ham
lu6n am thi ta néi @ va B la trai dinh hudng.

T b6 dé va dinh ly ta c6 két qua chinh ctia phan nay:

2.1.4 Pinh ly (tich phan trén duong cong). (a) Tich phdn duong loai mot doc theo hai duong
di don chinh qui cé ciing vét thi bdang nhau.

(b) Tich phdn duong loai hai doc theo hai duong di don chinh qui cé ciing vét thi bang nhau
néu cung dinh hudng va déi nhau néu trdi dinh hudng.

Nhu vay ta c6 thé néi dén tich phan duong loai mot (chang han chiéu dai) trén mot tip diém,
vi du nhu mot dudng tron, mot do thi, ... néu tap diém iy 1a vét cia mot dudng di don chinh qui
nao dé. Trong trudng hop nay ta néi vét d6 1a mot duong cong (curve).

D€ tinh tich phan trén mot dudng cong ta c¢6 thé chon mot dudng di don chinh qui bat ki dé
thuc hién tinh toan. D6i véi tich phan dudng loai hai thi ta dudc cho thém mot “dinh huéng” trén
dudng cong va ta c6 thé chon mot dudng di don chinh qui c¢6 ciing dinh huéng bt ki dé tinh.

Vi du. Gia st ham thuc f xdc dinh trén khoang [a, b]. Goi y 12 mot dudng chinh qui bat ki di tif a
t6i b. Vi khoang [a, b] ciing 1 vét cia dudng don chinh qui a(7) = v6i t € [a, b] nén

[ f ds = / fds = / ” Fa()a) di = / oy

Pay chinh 1a tich phan ctia ham f trén khoang [a, b]. Vay tich phan ctia ham thuc trén khoang la
mot trudng hgp riéng cda tich phan dudng loai mot.

I'Khong con kha ning khéc, vi néu o déng thi B ciing phai déng. Pidu nay dua vé viéc mot dudng tron thi khong thé
ddng phdi v4i mot doan thing, mot két qua trong mon Topd.
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Vidu (chiéu dai ctia dudng tron). Xét dudng di r(f) = (Rcost, Rsins), 0 < 1 < 27, mot dudng di
v6i tbc do hiang quanh dudng tron tim O ban kinh R. Chiéu dai ca dudng nay la fOZR R dt=2rnR.
Néu ta ldy mot dudng di khac a(t) = (Rcos(2nt), Rsin(27t)), 0 < t < 1, thi chiéu dai ctia dudng
nay la /01 27R dt =2nR.

Bay gi¢ ta c6 thé néi chiéu dai ctia dudng tron bang 27 R, khong phu thudc vao cach chon mot
tham s6 héa don chinh qui d€ tinh. (Chiing ta khong néi 1a da tim ra cong thiic chiéu dai ctia dudng
tron, vi khi dua ra tham s6 héa ching ta di thita nhan nhiing tinh chit nhit dinh vé dudng tron,
trong d6 c6 thira nhan sb 7, géc ¢, ham cos va ham sin.)

Vi du. Cho trudng F(x y) (2y,-3x) va C la duong cong y = x>, 0 < x < 1, dinh huéng tir (0,0)
tGi (1,1). Hay tinh I = /CF ds.

Ta can dua ra mot tham s héa cho dudng cong C. Vi C 1a mot d6 thi, ta c6 ngay tham s6
héa Ci(x) = (x,x?), 0 < x < 1. Ta ciing c6 thé dung cac tham sé héa khac nhu Cs(y) = WV ¥),
0 <y < 1, hodic C3(¢) = (Int,In?7), 1 <t < e. Pay déu 1a cic dudng di don, chinh qui véi vét C,
theo dinh hudng da cho. Véi C;:

1 1
/CIF-dE:‘/O F(Ci(x))-C|(x) dx:‘/o (2x%,-3x)-(1,2x) dx = —=
Véi Cz:
1
/C Fai= /0 F(Ca(y)-Cyy) dy = / (2,-3v3)- (

Vé6i C3Z

S
'?m
QU
)
Il

/ F(Cs(1)- C(r) di = / (2In%1,~31n7)- (1 21;”) dt

¢ In’t 4 4
4——dt=—1In1) = —.
/1 : 3l =3

Lién hé gilra hai loai tich ph&an dudng

Néu a va g 1a hai dudng di don chinh qui cting dinh hudng ting véi dudng cong C thi theo m
ta co a(t) = B(p(t)) trong d6 ¢’(r) > 0 v6i a < t < b (trong trudng hgp dudng dong ta gia st hai
dudng c6 cuing di€ém dau va diém cudi). Vi a’(t) = B'(¢(t))¢’(t) nén hai vecto a’(t) va B'(¢(1))
ludn ciing phuong ciing hudng. Tit d6 ta dua ra dinh nghia hwéng tiép tuyén ctia dudng cong dudgc
dinh huéng C, vét ctia mot dudng di don chinh qui r(¢) theo huéng di cho, a < t < b, tai diém
p=r(t), a <t < b,1ahuéng cliia vecto van tdc r'(t). Huéng tiép tuyén tai mot diém trén dudng
cong dugc dinh hudng khong phu thude vao cach chon dudng di don chinh qui trén d6. Vi vy viec
dinh hudng cho duvng cong dong nghia véi viéc chon huéng tiép tuyén.

Tai dim p = r(¢) vecto tiép tuyén cing chiéu don vi dugc dinh nghia, d6 1a T(p) =
khong phu thudc vao cach chon duong di r theo dinh hudng cua C.

Néu F 12 mot trudng vecto trén C thi

i ’ e e = (1) ] ,
/CF ds /a F@r(t)-r'(z) a’t_/a [F( 1) Ol |r'(2)| dt

b
= / [F(r(0)- T(r(O))] 1 (£)] dt = / F-T ds.
C

a

r'(t)
@1

Viy trong trudng hdp nay tich phan dudng loai hai c¢6 thé dudc bi€u dién qua tich phan dudng
loai mét. Biéu thic trén ciing khang dinh lai y nghia ctia tich phén loai hai, d6 1a tdng thanh phan
tiép tuyén ctia trudng doc theo dudng.
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* Chuing minh bd d&[2.1.3

Chiing minh nay chita nhitng ki thuat hitu ich ma ta sé st dung lai sau nay.

Chitng minh[2.1.3] Ta viét chiing minh cho trudng hgp dudng di khong dong; trudng hop dudng
déng ciing gidng nhu vay. Trén (a, b) thi S~ o @ di la mot song dnh (xem thém [2.1.15). Céi chinh
cin dugc ki€ém tra d6 1a viéc B! o 12 ham tron (viéc a o 7! tron 1a tuong tu). Viét B(z) =
(x1(2),..., xp(1)). Xét di€m B(19) v6i 19 € (c,d). Do B'(to) = (x]{(to),. .., x},(fp)) # 0 nén c6 chi 6 i
sao cho x/(#p) # 0. Ap dung dinh Iy ham ngugc cho ham x;, c6 mot khoang mé V C (c, d) chua #g
trén d6 ham x; 1a mot vi dong phoi. Do d6 x; ¢6 ham ngudc tron ¢ : x;(V) — V, ¢(x;) = t. Suy ra
v6it €V thi
B(t) = (x1(e(xi)), - . ., xi-1(@(xi)), Xis Xi1(@(x7))s - - ., Xn((x7))).

Rn

B(V)

\ lc
d

Nhu vay S(V) 1a dd thi ctia mot ham theo bién x; va trén B(V) thi 4nh xa ngudc 8! trung vé6i
hop ctia 4nh xa chiéu xudng toa do thif i va 4nh xa ¢:

V) x(V) SV
(X1, X0, 0y X)) > X5 >t
Do d6 trén o~ 1(B(V)) thi B~ oa = (popi)oa.

Diém méu chdt con lai 1a kiém tra rang o~ (8(V)) 1a mdt tip mé trong (a,b). Do a va S la
song 4nh nén [a,b]\ @~ (B(V)) = a1 (B([c,d] \ V)). Vi [c,d] \ V 1a tip déng bi chiin ctia R nén n6
compic, do d6 tap B([c,d]\ V) 1a compic, nén déng trong R”, dan t6i o~ (B([c,d]\ V)) 1a déng
trong [a, b]. Vay &~ '(B(V)) phai 1a mot tip md trong [a, b], va vi né khong chita a hay b nén né la
tap mé trong (a, b). m]

Bai tap
2.1.5. Tinh:
(a) Chiéu dai cia dudng () = (2V2r,e™,e*),0 <t < 1.
(b) Tim khéi lugng ctia s¢i day hinh parabol y = x%, 1 < x < 2, v6i mit d6 khdi lugng p(x,y) = y/x.
(©) fc sinz2dx + e*dy +e’dz, v6i C la dudng (2,1,¢"),0<t < 1.
(d) [ F-dF, véi F(x,y.z) = (sinz,z,—xy) va C la dudng (cosf,sin6,0), 0 < 6 < 9 /4.
(e) Tim cOng clia trudng ﬁ(x, y,2) = (y — x%, 22 + x,yz) trén dudng (1,1%,13),0 <t < 1.

2.1.6. Cho trudng F(x,y) = (2xye"2y ,x2eXy ) Tinh tich phan dudng cta trudng nay doc theo mot dudng
di tir diém (0,0) t6i diém (1, 1) bang céc cach sau:



60 CHUONG 2. GIAI TICH VECTO

(a) dung dudng thing,
(b) dung dudng gip khiic,
(c) dung dudng khac.

2.1.7.  (a) Mot vat di chuyén trong trudng trong luc ctia Qua dét tir mot diém c6 cao dd 100 mét dén mot
diém c6 cao do 200 mét. Hoi cong ciia trong luc 1a 4m, bang khong, hay duong?

(b) Cho C 1a mot dudng va n 1a vecto phép tuyén. Héi fc n-ds 1a am, bang khong, hay duong?
2.1.8. Phan tit DNA trong khong gian ba chiéu c6 hinh dang dudng xoan 6c kép, mdi dudng cé thé dudgc
mo hinh héa béi dudng (Rsint, Rcost, ht) (hay vé dudng nay). Ban kinh ciia mbi dudng xoan 6¢ khoang 10
angstrom (1 angstrom = 10~% cm). M&i dudng xoin 6¢ xoin 1én khoang 34 angstrom sau mdi vong xoay.
Hay udc tinh chiéu dai ctia mdi vong xoay ctia phan tii DNA.
2.1.9. Mot sgi ddy v6i hai dau c6 dinh dudi tic dong clia trong trudng sé c6 hinh dang mot dudng xich
(catenary) véi phuong trinh y = a cosh (%), v6i cosh la ham hyperbolic cosine cho bdi cosh x = (e* +e¢7¥)/2.

Pai tuéng niém Gateway Arch & Saint Louis nuéc My c¢6 dang mdt dudng xich ddo ngugc. Vi tri

diém tam hinh hoc (ciing 12 tim khi lugng clia mit cat vudng géc) (centroid) ciia cong dudc thiét ké theo
cong thitc y = 693,8597 — 68,7672 cosh0,0100333x véi y la khoang cach t6i mat dht va —=299,2239 < x <
299,2239, don vi do la feet.

(a) Hay tinh chiéu dai ctia dudng tAm hinh hoc.

(b) M&i mit cit vuong gée véi dudng tdm hinh hoc 12 mot tam gidc déu chi xudng dét. Dién tich clia mit

cat nay l1a 125,1406cosh0,0100333x. Dung bai[2.1.14] hay tinh thé tich ctia Gateway Arch.

2.1.10. Cau Akashi-Kaikyo & Nhat Ban hién 1a mot trong nhiing cdy cau treo dai nhét thé gii. Hai thap
cao 297m tinh tif mit bién. Chiéu dai nhip chinh (khoéng cach giita hai thap) 1a 1991m. Mdi sgi cp chinh
c6 dang mot dudng parabola. Diém thap nhat clia sgi cép chinh cach mit bién khodng 97m. Hay tinh chiéu
dai ctia mot sdi cap chinh, bang tinh chinh x4c hodc tinh x4p xi.

2.1.11. Khi nao thi chiéu dai cia mot dudng di bing 0?

2.1.12. Cho duong di chinh qui r : [a,b] — R". Dat
t

(1) = / I @Il d
a

Ham s dudc goi 12 ham chiéu dai (arc-length function) ctia r. Dt chiéu dai cta r 1a [ = s(b).
(a) Chiing td ham s(¢) ¢c6 ham ngudc tron. Goi ham dé 1a #(s), 0 < s < [
(b) Kiém tra rang duong a(s) = r(t(s)) c6 cing vét véi dudng r. Ching t6 toc do ctia @ ludn 1a 1.
Viéc thay r bdi a duge goi 1a tham s6 hoa lai theo chiéu dai (reparametrization by arc-length). Chi y ring

%(t) = ||7’(¢)||. Piéu nay thudng dudc viét dusi dang ki hiéu 1a ds = ||r'(¢)|| dt.

2.1.13 (d6 cong chia duong cong). Gia st dudng y trong R? dugc tham sb héa theo chiéu dai c6 vét C. Do
cong ctia dudng (curvature) 1a téc do bién thién ctia phuong chuyén dong, dudc cho béi k = |y”’|.

P 2 2 5 A S N < . - N 1 . 3 R
(a) Ching to6 do cong cia mot duong tron ban kinh R dung bang  tai moi di€m.
(b) Pit T =y’ thi T 1a vecto tiép xtic don vi ctia y. Ching t6 7" L T.

(c) Gia st v6imoi s thi T’(s) =y"(s) = k(s) £ 0. Dat N = T’/|T’| thi N 1a mot vecto phap tuyén (normal)
don vi clia C. PBit B =T x N. Chiing to tai mdi diém trén dudng cong thi bd ba {T, N, B} 1a mot co
s& tuyén tinh truc chuin cho R3. Chiing t6 T’ = kN.

2.1.14 (thé tich ctia khdi 6ng). * Xét mot khdi éng 1a mot tap E c R? véi dudng y la dudng tam khdi
lugng, tic 1a mdi mit cit D, cta E vudng géc vi dudng y tai diém p nhan diém p lam tam khdi lugng. Ta
tim cdng thic tich thé tich ctia E.
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(a) Ta sé dung cong thifc d6i bién clia tich phan dé dua vé trudng hgp tim nam trén duong thing. Gia
st y dugc tham sb hoa theo chiéu dai, va c6 gia toc luon khac khong. Pt T =y’, N =T'/|T’| va
B =T x N. Xét phép ddi bién (u,v,s) > y(s)+uN +vB. Tinh dinh thiic cia ma trin Jacobi ctia phép
ddi bién nay.

(b) Chiing minh ring néu dng c6 mit cit di nho thi thé tich ctia khdi 6ng diing bing

/|Dp| ds.
4

(c) Ung dung, hay tim lai cong thiic Pappus &[1.6.15

2.1.15. Lién quan t6i phan ching minh cta Chiing minh rang néu y : [a, b] — [c, d] 1a mdt song 4nh
lién tuc thi ¢ (a) = ¢ va y(b) = d, hoic ¥(a) = d vay(b) = c. Suy ranéu « va 8 12 hai dudng di lién tuc, don,
khong déng, c6 cling vét, thi chiing c6 cling tip diém diu va diém cubi, titc 1a {a(a), a(b)} = {B(c), B(d)}.
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2.2 (Cobng thi’c Newton-Leibniz

Dinh nghia. Mot trudng vectd F dugc goi 12 bao toan (conservative) néu c6 ham thuc f, goi la
mot ham the (potential function) cta F, sao cho Vf = F.

Vecto V f(x) dai dién cho dao ham f’(x), vi thé ta c6 thé hi€u 1a f’ = F: ham thé f chinh la
mot nguyén ham cia ham F.
Mot truong bao toan con dugc goi la mot truong gradient.

Vi du (truong hing). Gia sit ¢ € R” va F la trudng trén R” cho bdi F(x) = ¢. Mot nguyén ham
cua F la f(x) = c-x, vy F la bao toan.

Pinh ly (cong thitc Newton-Leibniz). Gid sit r la mot duong di tron bdt ddu 6 A va két thiic &
B. Cho f la mét ham thuc tron trén mot tdp md chita vét ciia r. Khi do:

/ Vf-di= f(B)- f(A).

Dinh 1y trén c6 mot hé qua 1a tich phan fr Vf - ds khong phu thudc vao su lva chon dudng di r
tf diém A t6i diém B. Ta ndi tich phan nay la doc 1ap véi duong di.
Cong thiic trén ¢6 thé dugc hi€u nhu:

B
[ r=1®)- s,
A
Pay 1a dang téng quat héa cia cong thiic Newton—Leibniz ctia ham mot bién, do d6 con dudc goi
1a Pinh 1y ¢o ban cuaa tich phan duong.
Chiing minh. Giasur : [a,b] - R", r(a) = A va r(b) = B. Khi d6 theo cong thic Newton—Leibniz

ctia ham mot bién:

b b
/Vf~d§=/ Vf(r(t))~r'(t)dt=/ %(for)(t)dt:for(b)—for(a).
m]

Hé qua (tich phan ctia trudng bao toan chi phu thudc vao diém dau va diém cudi cia duong
di). Néu F la mét truong bdo toan lién tuc trén mién D thi tich phdn ciia F trén mét duong di tron
trong D chi phu thuéc vao diém ddu va diém cudi ciia duong di.

Hé qua (tich phan cta truong bao toan trén duong di kin bing khong). Néu F la mot truong
bdo toan lién tuc trén mién D thi tich phdn ciia F trén mét duong di tron kin trong D bdng khong.

Nhiing két qua trong phan trén c6 thé dugc mé rong cho cac dudng tron tiing khic.

Vi du. Tinh tinh phan /C ydx + (x +6y)dy trong d6 C 1a mot dudng di tw (1,0) t6i (2, 1).
Ta tim mot ham thé cho trudng (y, x +6y). Ta gidi hé phuong trinh dao ham riéng d€ tim nguyén

ham:
9
g—§<x,y> =
a—JyC(x,y) = x+0y.

Tir phuong trinh thd nhét ta dude f(x,y) = f y dx = xy + D(y). Thay vao phuong trinh thi hai
ta dugc D’(y) = 6y, suy ra D(y) = f6y dy = 3y? + E. Vay ta tim dugc mot ham thé 1a f(x,y) =
xy +3y?. Suy ra tich phan da cho bang f(2,1) - £(1,0) = 5.
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Vi du. Dy dodn trudng vecto trong hinh sau c6 bao toan quanh diém gitta hay khong?
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L4y mot duong kin quanh diém giita, chang han mot dudng tron hay dudng vuong, ta thiy tich
phan ciia trudng doc theo dudng d6 bang 0. Do dé ta du dodn trudng trong hinh 12 bao toan.

Y nghta vat ly ctia khéi niém trudng bao toan

Vi du. Xét vat c6 khdi lugng m & trong khong gian gan bé mit quéa dat. Ta xdp xi bing cach gia
st trong trudng khong ddi trong phan khong gian nay. Néu ta dit truc z vuong goc v6i mit dat,
chi ra ngoai, va gbc toa dd trén mit dat thi trong lyc tac dong 1én vat 1a F= —mgk = (0,0,-mg)
trong d6 g ~ 9,8 m/s” 1 hing s6 trong trudng gan mit dit. Ta tim dudc ham thé clia trudng nay c6
dang f(z) = —mgz + C. Trong Vit ly ta thuong cho thé ning ctia vat & trén miit dat 12 duong, con
thé ning tai mit dat bang 0, do d6 thé ning ctia vat dugc cho bdi ham U(z) = mgz. Nhu viy ham
thé trong vat 1y 1a d6i ctia ham thé trong todn.

Vi du (trudng trong lure). Chinh xéc hon, gia sit mot vat c6 khoi lugng M nam & gbc toa dd trong
R3, va mot vat c6 khdi lugng m nam & diém 7 = (x, y,z). Theo co hoc Newton, vat c6 khdi lugng
m sé chiu tic dong ctia Iuc hip dan tir vat c6 khdi lugng M bing

mMG

F(f)= ———
() T

Ta tim mot nguyén ham cho F bang cach giai hé phuong trinh

(x v,z)=-mMG
(x v,2)=—-mMG
(x v,z)=-mMG

(x2+y +Z2)3/2
(x2+y? +22)3/2

(x2+y2 +22)3/2

Tir phuong trinh thii nhét, 14y tich phan theo x ta dugc

X mMG
fy2)= [ -mMG———F——> ™2 dx = ——————— 21/2+C(y,z).
(X +y?+27%) (x?+y%?+27%)

Thay vao hai phuong trinh con lai, ta dugc C(y, z) thuc su chi 1a mot hing s6 C. Vay trudng trong

luc 12 mot trudng bao toan véi mot ham thé 1a f(F) = liG

Gia sit mot vat di chuyén dudi tic dung ctia tong hre F. Gia st trudng F 12 bio toan véi f 1a
mot ham thé. Gia st vi tri clia vat & thoi diém ¢ 12 r(¢). Gia st r(fy) = xo va r(t;) = x;. Ta dinh
nghia dong nang (kinetic energy) (ning lugng tlf chuyén dong) cla vat 1a K(t) = %mlr'(t)|2; va
thé nang (potential energy) (ndng lugng tit vi tri) cia vat 1a U(x) = — f(x).

Theo dinh 1y ¢6 ban cuda tich phan dudng:

/ " FedS = f(x1) = fx0) = ~(Ux1) - Ulxo)):
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Vay cong clia trudng bang dbi clia bién thién thé ning. Mit khac theo cd hoc Newton: F = ma =
mr”. Do dé:

/XI F-ds = /ZI F(r(2))-r'(r) dt = /tl mr” (¢)-r'(t) dt.

Bay git chud y hé thic (xemm 2.2.16) (r'-r') =r"-r +r" 1" =2r" 1" hay r'’ -’ = 3(|r'|?), ta
bién d6i
X1 151 1
/ F-ds = / m=(|r'(0)|?) dt
X0 o 2
1

Sl ()P = Smlr o) = K (1) = K (o)

Viy cong clia trudng bang bién thién dong ning. Ta két luan K (r) + U(r(r)) khong ddi, vay tong
dong ning va thé niing, titc ning lueng co hoc, dude bao toan trong qua trinh chuyén dong
trong truong bao toan.

Didu kién can dé trudng vecto phing |a bo toan

Pinh Iy (di¢u kién can dé truong bao toan). Néu truong F = (P,Q) tron va bdo toan trén mot
tdp md chiia tdp D thi trén D ta phdi co

Y
ay ax’

Chitng minh. Gia st f 12 ham thé ctia F. Khi d6 af =Pva == 6f = Q. V6i gia thiét vé tinh tron nhu

trén thi cdc dao ham riéng ctia P va Q ton tai va 11en tuc trén D va 28 = & va 22 — il Vi
g by ~ dyox Ox T dxdy’

Pf . B Fize]
axdy Y4 Byox = Px- o

f ton tai va lién tuc nén ching bang nhau, do d6 a P

2.2.1 Vidu (P, = O, can nhung khong dii). Dui day la mot vi du kinh dién. Xét trudng

F(x,y) = (P(x,),Q(x,y)) = (—y L)

x2+y2 x2+y2?

Ta co v = ax trén trén mién xac dinh 12 mit phang bo di diém (0,0). Mat khac, tinh todn truc
y x

tiép cho thiy néu C la dudng tron ban kinh don vi tdm tai (0,0) ngugc chiéu kim dong ho thi
fc F -d5 = 2m khéc 0. Vay F khong phai 1a mot trudng vecto bao toan trén mién xac dinh cia nd.

Xem thém 62.2.111

Bai tap

2.2.2. Dudi day la hinh vé ciia mdt trudng vecto.
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(a) Udc doan trudng ¢ bao toan khong?
(b) Udc doan tich phan ciia trudng doc theo dudng C 1a am, duong hay biang 0?

2.2.3. UGc dodn trudng sau ddy c6 bao toan khong?
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2.2.4. Tinh:
(a) Tim mot ham f(x, y, z) sao cho f(0,0,0) =6 va Vf(x,y,z) = (2y,2x,€%).
(b) Tinh cong ctia trudng luc F(x,y,z) = (2,3y,4z?) khi vat di tit diém (1, 1, 1) t6i diém (1,0,0).
(c) Gidi bai[2.1.6|bing cich ding ham thé.
(d) Tim ham thé cho trudng (e*siny — yz,e* cosy — yz,z — xy).

(e) Tinh tich phan /C(Zy —32) dx + (2x + z)dy + (y = 3x) dz véi C la dudng gp khiic di tir (0,0,0) t6i
(0,1,2) t6i (3,4,3) rdi t6i (2,3,1).

(f) Tinh [..(x—4y?) dx+(Iny—8xy) dy v6i C la mot dudng trén nita mat phing y > 0 di tir diém (-3,4)
(i diém (2,6).
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(g) Tinh fc(\/}+ 8xy) dx +(y/y +4x2) dy v6i C 1a mot dudng trong géc phan tu thi nhét clia mit phiang
di tir diém (3,2) t6i diém (4,1).

(h) Trudng sau c6 bio toan khong? Néu c6 tim mot ham thé:

. 1 , e ¢&
Xy—San,EX —?,Z—z

—xcosz|.
2.2.5. Cho C la dudng y = x> ti diém (0,0) t6i diém (1, 1).

(a) Tinh /C 3y dx+2x dy.

(b) Dung cdu trén, tinh [ (3y +ye*) dx+(2x+e* +¢”) dy.
2.2.6. Cho C la duong e-lip 4x% +y> = 4.

(a) Tinh fc(ex siny +2y) dx + (e*cosy +2x—2y) dy.

(b) Tinh /C(ex siny+4y) dx+(e*cosy+2x—2y) dy.

2.2.7 (dién truong 1a bao toan). v Dinh luat Coulomlﬂ 1a mot dinh luat cta vat 1y ¢6 dugc ti thuc nghiém
dudgc phat biéu nhu sau: Néu trong R? ¢6 hai dién tich ¢; va ¢, thi dién tich ¢; sé tic dong 1én dién tich ¢,
mot lyc bang

- 192
F(r)= — 7,

*) 4ne|F|?
trong d6 7 1a vecto tit diém mang dién tich ¢, sang diém mang dién tich g», va g 1a mot hing sb6. D don
gian ta gia sit dién tich ¢; nim & gbc toa do, khi d6 7 = (x,y,z) 1a vi tri ciia dién tich ¢,. Ching to dién
truong 1a mot trudng bao toan.
2.2.8. Chiing té cdng clia trong trudng do vat & vi tri O tao ra khi mot vét khac di chuyén tii vi tri P t6i vi
tri Q chi phu thudc vao khoang céach tit O t6i P va khoang cach tit O téi Q.
2.2.9. Tinh cdng cta trudng lyc béo toan tac dong 1én vat di chuyén t diém P t6i diém Q theo dudng C
trong hinh[2.2.10] Trong hinh cédc dudng cong khic C la cic dudng miic ctia mot ham thé vé6i cac miic tuong
ting dugc ghi. Chi y cdc dudng mic nay déu vudng géc véi trudng vectd (xem bai tap[2.2.15).

y

3

Hinh 2.2.10:

2.2.11 (tiép tuc[2.2.1). ' Trén mit phing Oxy, xét trudng

Flay) = (—_y L)

X2 4927 x2 442

2Pinh luat nay dugc phét biéu lan dau tién bdi Charles Coulomb nim 1785.
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Hinh 2.2.12: Trudng (l XZLWZ)

x2+y2°

(a) Kiém tra ring néu x # 0 thi F c6 mot ham thé 1a 6 = arctan 2, v6i 6 chinh 1a bién goc trong toa do
cuc. Ngudi ta thudng viét mot cach hinh thiic

_y X
do = dx + dy.
P A I

(b) C6 thé md rong @ thanh mot ham tron trén toan mién xic dinh ctia F khong?
(c) Tich phan 5 [..d6 dugc goi s6 vong (winding number), tinh theo chidu ngudc chiéu kim d61\1g hd,
ctia dudng di C quanh diém O. Chiing t6 s6 vong clia dudng di (cost,sint), 0 < ¢ < 2nr ding bang n.

2.2.13. Trén mit phang Oxy, xét trudng

X Y
F(X,}’)z(P(X,)’),Q(X,Y))z( 2 27ﬁ)-
XZ+y* x%+y
(a) Kiém tra ring Py, =Q, trén mién xéc dinh cia F.

(b) Trudng F c6 bio toan trén mién xdc dinh khong?

2.2.14. Ching t6 hai ham thé bat ki clia cling mot trudng xac dinh trén mot mién mé lién thong sai khac
nhau mot hiang sb. Piéu nay c6 cling diing khong néu bo gia thiét mién lién thong?

2.2.15 (truong gradient luén vudéng goc véi tap mirc). Cho F 1a mt trudng bio toan trén mit phang, tifc
12 mot trudng gradient, F = V £. Tap mitc (level set) clia f 1a tAp cac diém c6 cling mdt gia tri qua f, tic 1a
tap f(e)={peR?| f(p)=c}, ceR.
Néu véi moi p € f~!(c) thi F(p) =V f(p) # 0 thi gia tri ¢ con dudc goi 1a mot gia tri chinh qui (regular
value) cla f.
(a) * Ching minh ring néu ¢ 1a mot gia tri chinh qui ctia f thi tap miic £~'(c) 1a mot dudng cong, chinh
x4c hon phuong trinh “ dang an” f(x,y) = ¢ xdc dinh vét mot dudng di C(r) = (x(¢), y(¢)) trén mot
1an cin cuia diém p.
(b) T diéu kién f(C(¢)) = ¢ hdy suy ra Vf(C(t))- C’(t) = 0. Hay giai thich vi sao diéu d6 c6 nghia 1a
F(p) L C. Xem minh hoa & hinh[2.2.10
/ Vf-di =0,
c

(c) Chiing minh ring
Viy tich phan ciia trudng gradient trén dudng muic ludn bing 0.
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2.2.16. Cho u,v : (a,b) — R3. Hay kiém tra c4c cong thifc sau vé dao ham:

@ (w-vY=u -v+u-v.

(b) (uxv) =u"xXv+uxv’.
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2.3 Cobng thuc Green
Trong phin nay ta chi lam viéc trén trén mit phang Euclid hai chidu R2.

Cong thic Green cho mién don gian

Gia st D 1a mot mién don gian c6 bién tron tiing khiic trén R?. Cu thé, nhu 13 mot mién don gian
theo chiéu thang diing, D cé dang D = {(x,y) | a < x < b, f(x) < y < g(x)} trong d6 f(x) va g(x)
12 ham tron, trong khi d6 theo chiéu nam ngang thi D = {(x,y) | ¢ <y < d, h(y) < x < k(y)} trong
do6 h(y) va k(y) 1a ham tron.

YA
d y =8(x)

x=h(y) x=kO)

a b x

Bién cua D phai duge dinh hudng tuwong thich véi D. Miéu ta tryc quan 1a: bién duge dinh
huéng sao cho khi di trén bién thi mién nam bén tay trdi; hoidc: dit ban tay phéi theo huéng clia
bién thi mién nam & phia long ban tay. Chinh xac nhu sau: D dudc dinh hudng cung chiéu véi
dinh hudéng cia cac dudng di yi(x) = (x, f(x)), a < x < b va dudng —y, véi yr(x) = (x,g(x)),
a < x < b. C6 thé kiém tra dudc riang day ciing 1a dinh hudng ctia dudng —y3 v6i y3(y) = (h(y), y),
¢ <y <dvaduong y4 Vi y4(y) = (k(y),y),c <y <d.

Dinh Iy (cong thite Green). Cho D la mét mién don gidn vdi bién tron titng khiic duoc dinh hudng
tuong thich. Gid su (P, Q) la mot truong vecto tron trén mot tdp mé chita D. Khi do:

Pdx+Qdy= (')_Q_a_P dxdy.
fur eren= [ |55

Chitng minh. Ta c6:

‘/6Dde:[ﬂde+/y2de—/y3de—‘/y4de
- /a bP(x, £(x)) dx — /a bP(x,g(x)) dx.

Xem D la mién don gian theo chiéu thang diing, do cac dao ham riéng ciia trudng 1a lién tuc trén

D nén ta co
@ gp
[ == ([ 5 ) a
a \Jrx) 0y

b
_ / [P(x, f(x)) = P(x, g(x))] dx
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/ de_//——dA

Tuong tu, xem D 12 mién don gian theo chiéu nam ngang, ta dudc

/aDQd _/ —dA

Cong lai ta dugc két qua. O

Vay

Céng thitc Green cho mién khong don gian

Déi v6i mot mién khong don gian nhung c6 thé duge phan chia thanh mot hoi ctia hitu han nhiing
mién don gidn véi nhitng phin chung chi nim trén bién, ta c6 thé 4p dung cong thic Green cho
tiing mién don gian roi cong lai.

Vi du. Cong thiic Green van diing cho mién D = {(x,y) | 1 < x> +y? <2, y > 0}, mic du mién
nay khong phai 1a mot mién don gian.

D
G ¢ C
D; D,
@ R
3 Go

Chia D thanh hoi ctia hai mién don gian D; va D, dugc miéu ta trong hinh v&. Chd ¥ ring khi
dugc dinh huéng duong dng véi D, thi dudng C; dude dinh huéng ngudc lai, tré thanh —C5. Ap
dung cong thiic Green cho D; va D, ta dugc:

// ‘9_Q_5_P] JA = // 90 or dA+//
ox 0Oy p, L 0x 0y D,
/ F-d§+/ F-ds
oD, oD,
(/ F-d§+/ F-d§+/ F-d§+/ F-d§)+
C Cy Cs Ce
+(/ F-d§+/ F-d§+/ F-d§+/ F-d§)
Cy C3 Cy -C7
/F-d§+/ F-d§+/ F-d§+/ F-ds+
C (&) Cs Cy
+/ F-d§+/ F-ds
Cs Ce
/F-da
oD

Mot khé khin khi muén phat biéu cong thiic Green cho nhitng mién tdng quat hon 1a viéc dinh
nghia mot cach chinh x4c nhiing khai niém xuét hién trong cong thiic, nhu thé nao 1a dinh huéng
duong ctia bién, khi ndo thi bién ctia mot mién 13 mot dudng, khi nio thi mot dudng bao mot mién,

. Mot phét biéu va chiing minh so cip ctia cong thiic Green cho mién tdng quat hon c6 trong

0Q oP
——-—1 dA
0x éy}
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quyén séach ciia Kellogg [Kel29, tr. 119] xuét ban nim 1929, & d6 cong thiic dugc chiing minh cho
mot mién khong don gian bang cach xip xi mién d6 bang nhitng mién 1 hdi cia hitu han mién
don gian, sau d6 qua giéi han. Ngay nay cong thic Green thuong dugc xét nhu 1a mot trudng hgp
riéng clia cong thic Stokes tdng quét cho khong gian nhiéu chiéu, xem

biéu kién di dé trudng vecta phang 1a bao toan

Mot tap D ¢ R” dudc goi la mot mién hinh sao (star-shaped region) néu c6 mot diém pg € D sao
cho véi moi diém p € D thi doan thang ndi py va p dudc chiia trong D.

Vi du. R” 12 mot mién hinh sao. Mot tap con 16i ctia R” 1 mot mién hinh sao. R” trit di mot diém
khong 13 mién hinh sao.

Két qua dudi day néi ring néu mién 12 md hinh sao thi didu kién P, = Q, ciing 1a mot diéu
kién da dé€ trudng 1a bdo toan.

2.3.1 Dlnh l)'f (b dé Poincaré). Gid sit F = (P, Q) la mot truong vecto tron trén mién md hinh sao
D. Néu Q trén D thi F la bdo toan trén D.

Chiing minh. D€ goi y, & day ta dung ki hiéu fp pO F - d5 d& chi tich phan ciia F trén doan thang
po+1(p—po), 0 <t <1,ndidiém py v6i diém p. Pit

f(p)zfp:F-dE.

thi day chinh 12 mot ham thé ctia F. Ta sé kiém tra rang % = P, ching minh g—f; = Q la tuong tu.

Hinh 2.3.2: B dé Poincaré cho mién hinh sao.

Theo dinh nghia cia dao ham, véi i= (1,0), ta co:

p+hl P
(p)—l F-dE—/ Fodi| .
P

h—>0 0

Chii y do D md nén néu h di nhé thi diém p + hi s& nim trong D. Néu ba diém pg, p va p+ hi
khong cling nam trén mot dudng thang thi chiing tao thanh mot tam giac. Tam gidc nay 1a mot
mién don gidn do d6 ta c6 thé 4p dung dinh ly Green cho mién nay, dung gia thiét ‘?9—1; 90 (a
dugc tich phan dudng trén bién ciia tam gidc bing 0, tifc 1a

p+hl7 P p+h;
/ F-dE—/ F-dE:/ F.ds.
Po Po P

Cong thifc nay ciing ding néu ba diém 14 thang hang. Viét p = (x, y), va liy duong di thang tit p tSi
p+hilar(t)=(x+ty)v6i0 <t < h, ta dudc

p+hlT> x+h
/ F-ds= / P(t,y) dt.
p X
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Do d6
af 1 x+h ~
a—x(P)—}llg})z/x P(t,y) dt = P(x,y).

Ding thiic cubi cling 12 mot két qua quen thudce trong Giai tich 1, ¢6 thé dude kiém dé dang sir
dung viéc ham P lién tuc theo x, xem|[2.3.22 O

Vi du. Trudng F(x, y)= (exz, y%) ¢6 bao toan hay khong?

) x2 oy PN . . 5 N N A 5N 9 1.5 22X . .
Ta co a;y =0= %. Mién xac dinh ctia truong 12 R?, mot mién md hinh sao. B§ dé Poincaré

ap dung dudc, cho ta két luan trudng 14 bio toan trén mién xic dinh.

Néu c6 moét truong (P, Q) ma ?’)_5 = %—g nhung lai khong b4o toan thi bd dé Poincaré cho biét
mién x4c dinh cla trudng khdng phai 12 mot mién hinh sao. Nhu vy mot gi thiét gidi tich da dua
dén mot két luan hinh hoc.

Két luan ctia b6 dé Poincaré van diing néu thay mién hinh sao bdi mién tdng quat hon goi 1a
mién don lién (simply connected), dai khai 12 mién chi gdm mot méanh khong c6 15 thing. D&
trinh bay chinh x4c cin vugt ra ngoai pham vi moén hoc nay, xem chang han [Sja06].

Ta thiy chiing minh ctia bd dé Poincaré van diing néu ludn ton tai dudng di tit diém py téi diém
p, khong nhét thiét phéi 12 dudng thiang, va tich phan fp l; F - d5 chi phu thudc vao diém dau pg va
diém cudi p. Tir d6 ta c6 mot tiéu chuin niia:

Ménh dé. Gid sit F = (P, Q) la mét truong vecto tron trén mién md lién thong duong D € R%. Néu
tich phédn duong cia F trén D chi phu thudc vao diém dau va diém cudi ciia duong di thi F la bdo
toan trén D.

Dang théng lugng clia cong thiic Green

Cho D la mién phang va F 1a mot trudng trén D sao cho ta c6 thé dp dung cong thiic Green. Gia
st D dudc tham sb héa theo chiéu duong béi C(r) = (x(1), y(1)), a <t < b.
Vecto van tdc ctia dudng bién 1a C’(r) = (x’(¢), y’(¢)). Vecto phap tuyén ngoai n cia dD tai
diém (x(1), y(1)) 1a
1
n=
IC"(1)]

'(1), =x'(2)).

Ta giai thich diéu nay sau day. Vecto (—y’(¢), x(¢)) vudng géc (x’(¢),y’(t)) (do tich vd huéng bang
0), vay n cung phuong véi (—y’(¢), x’(¢)). Chiéu ctia n dugc xac dinh theo nguyén tic chiéu tit phap
tuyén ngoai sang tiép tuyén phai cting chiéu véi chiéu dudng chuén tic clia mit phang, tic 1a chiéu
tir (1,0) sang (0,1). Do d6 dinh thiic ctia ma trin gdom hai vecto n va C’(¢) phai duong va ta xic
dinh dugc duge chinh xac cong thiic ctia n nhu trén.

n(C(1))

oD
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Tur cong thic Green:

b
/C Fonds= / (P(C(1).Q(C))) |C(>|(y (O =X ON|C()] di

/de+de //(ap a0

aP , 90
8y

dA.

Ngudi ta thuong dat
div(P,Q) =

Toan ti div sé dudc thao luin nhiéu hon 6 muc Vay

/ F-nds= // divF dA. (23.3)
oD D

Tich phan /.. F-n ds la tSng thanh phan phap tuyén ngoai ctia F doc theo bién dD. Néu F 1a

mot trudng vecto van tdc thi tich phan nay thé hién théng luong (flux) qua dD.

Bai tap
2.3.4. Tinh:
(a) Cho C la bién ctia hinh vudng [0,1]> ¢ R? dinh huéng theo chiéu kim ddng hd. Tinh tich phan
Joox dx+(x +sin(2y)) dy.
(b) Cho F(x,y) = 2xy?+ xzf. Goi T 1a tam gidc véi cac dinh (0,0), (0, 1), (1, 1), dinh huéng ngudc chiéu
kim dong ho. Gii thich tai sao [, F - d5 = 0 bing ba cach.
(¢) Tinh [..(x—y)*dx+(x+y)*dy trong d6 C la chu tuyén (dudng bién) theo chiéu duong ctia tam gidc
OAB v6i O = (0,0), A = (2,0), B = (4,2) bing cach tinh truc tiép va bang cong thitc Green.
(d) Cho F(x,y) = (x>+y,x++/y*+y2+1). Trudng nay cé bio toan khong? Goi C(t) = (1 —cos 1, sin21),
0<t<n Tinh [ F-ds.
(e) Cho F(x,y)=(y— 2xye’x2, e+ y). Tinh tich phan ctda trudng nay trén cung tron don vi trong goc
phén tu thit nhit di tit (1,0) t6i (0, 1).

(f) Hay kiém chiing cong thiic Green trong trudng hgp mién dugc bao bdi hai dudng cong y = x va

y = x? va trudng 1a (xy, y?).

(g) Tinh tich phan /C 4ydx —5dy véi C 1a dudng e-lip x =2 +4cosf, y = 3+2sinf, 0 < § < 27 bang 2
cach.

2.3.5. / Goi D 1a mot mién trén d6 cong thiic Green c6 thé dp dung dudc. Chiing té dién tich ctia D c6 thé

dudgc tinh theo cong thic
1
|D|=—/ ydx=/ xdy=—/ xdy—ydx.
4D aD 2 Jop

2.3.6. Cho dudng cong trong mit phang (x,y) viét biang phuong trinh dung toa do cuc r = 4 +3cos(116),
v6i 0 < 6 < 27 (xem hinh[1.5.10). Dung[2.3.5} hay tinh dién tich cia mién dugc bao bdi dudng cong nay.

2
3

2.3.7. Cho duong cong hinh sao (astroid) X3+ y3 =23,
(a) Ve duong nay.
(b) Tinh dién tich ctia mién bao bdi duving cong trén bang cach dung tich phan boi.

(c) Tinh dién tich mién nay bang cach dung tich phan dutng, dung tham sb héa ciia dudng astroid:
x=2cos’6, y=2sin’6.



74 CHUONG 2. GIAI TICH VECTO

2.3.8. Cho F = (P, Q) 1a trudng vecto tron xac dinh trén mit phing trit diém O, ¢6 Z—I; = %—8 tai moi diém.
Gia st fa F-ds=1va /h F-ds=2 (xem hinh . Hay tinh tich phan cta F trén c,d,vae.

e
Hinh 2.3.9: Bai tap

2.3.10. Cho F(x,y) = (x;—jyz xz%yz) . Cho C; 1a dudng e-lip 9x% +4y? = 36 va C, 1a dudng tron x> +y> =1,
déu dugc dinh huéng cung chiéu kim dong hd. Chiing té tich phéan ctia F trén C; va trén C; 1a biang nhau.

2.3.11. Trén mit phang Oxy, xét trudng

y X
x24+y27 x24y2)

F(XJ) = (P(x,)’lQ(xd’)) = (2x—

(a) Trong hinh v€ a 1a mot nida dudng tron di tir (—1,0) téi (1,0)). Tinh tich phan cua F trén a.

(b) Tinh tich phén cua F trén f (mot nia dudng tron di ti (—1,0) téi (1,0)).
(c) Dung cong thic Green, hdy tinh tich phan cia F trén ¢ va d.

(d) Hay tinh tich phan cua Ftrén b (mdt duong di tir (—1,0) t6i (1,0)).

(e) Hay tinh tich phéan cua F trén e.

2.3.12 (tich phan tirng phan). / Cho D 1a mién don gian trén mit phing c6 bién tron tiing khiic dugc dinh
hudéng duong. Cho f va g 1a ham thyc kha vi lién tuc trén mot tdp mé chita D. Hay ching minh cong thic

tich phan tiing phan sau:
[[ rwasar=[ seay-[[ s, axay.
D aD D

2.3.13. Cho D la mién don gian trén mit phang véi bién tron tiing khiic dudc dinh huéng duong. Cho f 1a
mot ham tron trén mot tap md chita D. Hay kiém rang:
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(a)

frdx+f, dy=0.
oD

/HD—fy dx + £ dy=//DAfdxdy.

O day véi f(x,y) 1a ham thuc trén mién D c R? ki hiéu toan ti Laplace tic dong vao f 1a Af =
o’f 0°f

— +—=.

0x?  y?

(b)

2.3.14. Cho D la mién don gian trén mit phang véi bién tron tiing khiic dugc dinh huéng ducng. Cho (P, Q)
1a mot trudng vectd tron trén mot tap md chita D. Hay kiém rang

/ (QPx—PQy) dx+(PQy_QPy) dy=2ﬂ(PQxy_Qny) dxdy.
oD D

2.3.15. / Ki hiéu dao ham ctia f theo hudng cho bdi vectd don vi v 1a D,, f. Nhic lai cong thitc D, f =V f-v.
Ki hiéu n 1a vécto phdp tuyén don vi ngoai ctia dD. Hay ching minh cic cong thiic sau, ciing dudc goi la
céc cong thite Green, véi gia thiét dang thong lugng ctia cong thic Green ¢6 thé ap dung dugc.

@ [, Dnf ds = [[,Af dA.
) [, (fVe)-nds=[[ (fAg+Vf-Vg)dA.
© [,p(fVe—gVf)-nds=[[ (fAg—gAf)dA.

2.3.16 (dién tich clia da giac).  (a) Mot tam gidc trong mit phang c6 3 dinh c6 toa do (x1,y1), (x2,y2),
(x3,y3). Chiing t6 dién tich clia tam gidc nay bang

1
5 |X1y2 = X2y1 + X2¥3 — 32 + X3y1 — X1 3]

(b) Tong quat hon, gia st mot da gidc trong mit phang bao mot mién ma cong thiic Green ap dung dudgc.
Gia st cic dinh clia da gidc nay c6 toa do (x;,y;), 1 <i < n véi thii ty theo dinh hudng “da gidc nim
bén trdi” cla cong thic Green. D& cho tién, dit (x,.1, yns1) = (x1,y1). Khi do ta c6 cong thiic cho
dién tich cua da giac la

1 n
5 Z (XiYis1 = Xis1Yi).
i=1

2.3.17. Gia sit nhiét do tai mot diém (x, y) trén mit phing dugc cho bdi f(x,y). Dung cong thitc Green
2.3.15| hdy giai thich vi sao néu phan bd nhiét d6 1a diéu hoa (harmonic), nghia 1a Af = 0, thi trén mdi
mién kin lugng nhiét di ra ludn ding bang lugng nhiét di vao.

2.3.18 (tiéu chuidn Bendixson cho quy dao kin ciia dong). Goi F 1a trudng vecto van tbc tai mot thoi
diém nhét dinh ctia mot dong (flow) trén mit phang, vi du mot dong chét 16ng hay mot dong khi. Mot quy
dao (trajectory) ctia mot chét diém 1a mot duong y trong mit phang sao cho y’(¢) = F(y(t)) v6i moi ¢ trén
mién x4c dinh ctia y, nghia 1a dudng niy ludn nhin vecto clia trudng tai mdi diém dudng di qua lam vecto
van tdc. Gia st y 12 mot quy dao kin bao mién lién thong D ma cong thiic Green 4p dung dugc. Xem minh

hoa & hinh[2.3.19
(a) Ching t6 [, divF =0.

(b) Chifng té phii c6 mot diém p trong D sao cho div F(p) = 0. Nhu vy mot quy dao kin clia dong phai
bao it nhit mot diém tai d6 div bing 0.

2.3.20. Néu F la mot trudng bao toan trén mot tip md lién thong dudng, chiing t6 ring mot ham thé ctia F
dudc cho bdi cong thiic

P
= [ F-as

Po

trong d6 po 12 mot diém cb dinh va tich phan 12 trén mot dudng tron bat ki tii p,, téi p.
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NN s e e e e e

NN s e e e e e e e e -

NN e e e e e e e e e
N e e e e e e e e

Hinh 2.3.19: Minh hoa quy dao cla dong ung véi truong F(x,y) = (x(1—y),(x —1)y). Truong nay
la mot vi du cua hé con san moi-con moi (predator-prey) trong sinh thai hoc. Bén phai cé cac quy
dao kin, bén trai c6 cac quy dao khong kin.

2.3.21. Dua vao trudng hgp 2-chiéu, hily cho mot diéu kién can d&€ mot trudng n-chiéu 1a bao toan. Hay cho
vi du mot trudng n-chiéu khong bao toan. Hay cho vi du mot trudng n-chiéu thda diéu kién cin da dua ra
ma khong bao toan.

2.3.22. Lién quan t6i phan ching minh ctia [2.3.1} hay kiém tra: Néu f : [a,b] — R lién tuc va x € [a, b]
thi limy—0 5 f o f(#) dt = f(x). Hay chi ra rang dinh 1y cd ban ctia Vi Tich phan ham mot bién néi ring
fa f(t) dt 1a mdt nguyén ham ctia f trén [a, b] 1a mot hé qua ctia két qua trén.

2.3.23. * Tiép tuc bai[2.3.13] Ching td ham f tron cip hai théa phuong trinh Laplace Af = 0 trén mit
phang khi va chi khi vi moi mién don gian trén mit phang vdi bién tron tirng khiic dugc dinh huéng ducng
Dtaco [, —fy dx+f; dy=0.

2.3.24. * Chitng minh vét ctia mot dudng di tron trén mit phang c6 dién tich khong. Pinh ly dudng cong

Jordan trong Topd néi rang mot dudng lién tuc, don, déng trong mit phéng bao mot mién lién thong bi chin.
Do dé mot dudng di tron, don, dong thi bao mot mién c6 dién tich.
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2.4 Tich phan mat

Mt

Gidng nhu dudng, dbi véi chiing ta mot miit (surface) 1a mot anh xa r tit mot tap con D cia R?
vao R3. Tap anh r(D) dudc goi 1a vét ciia mit.

Vi du. Nia trén ctia mit ciu 1a vét ciia mit (x,y,z = y/1 - x2 —y2) v6i x> + y* < 1 (toa d6 Euclid).
D6 ciing 13 vét ctia mit (sin ¢ cos 6, sin ¢sin6,cos ) v6i 0 < @ < 27 va 0 < ¢ < /2 (toa do cau).

Dién tich mat

Cho mat

r:DcR* — R?

(u,v) = r(uv)=(x,y2).

V6i mot phép chia cia D ta ¢6 mot phép chia ctia mat thanh nhiing manh nhé. M4t hinh chit nhat
con véi kich thude Au x Av sé dugc mang thanh mot manh trén mit duge xap xi tuyén tinh bang
hinh binh hanh xéc dinh béi cac vectd r, (1, v)Au va r, (1, v)Av. Dién tich ctia hinh binh hanh nay
dugc cho bdi dd 16n cua tich ¢6 hudng cua hai vectd nay, tic la |r, (u, v) X 1, (1, v)|AuAv.

/
Av

Au

Tur d6 ta dua ra dinh nghia:

Pinh nghia. Dién tich cia mitr: D — R? 1a

”// |ry Xr,| dudv.
D

Vi du (mat do thi). Gid stt f : D — R la m6t ham tron trén mét tdp md chua D. Xét mat
r(xy) = (x,y, f(x,y)) ¢6 vét la do thi cia ham f. Ta tinh dugc ry = (1,0, fx), ry = (0,1, f;),
rx X1y = (= fx,—fy,1). Dién tich ctia mat nay la

//Dw/1+f,3+fy2 dxdy.

Dic biét, néu day 1a mot mat phang, tic f = 0, thi dién tich ctia mat chinh 1a dién tich ctia mién
phang D.
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Tich ph&n mat loai mét

Cho mit r : D — R3 va cho f 1a mot ham thuc xdc dinh trén vét S = (D). Ta mudn tinh tong gia tri
ctia ham trén mat. Lam nhu trong phan dién tich mit, trén m&i manh con trén mit ta xap xi tuyén
tinh dién tich ctia manh con bing dién tich ctia mot hinh binh hanh, bang |r, (u, v) X r,, (1, v)| AuAv,
va xap xi gid tri ctia ham f bang gia tri ctia n6 tai mot diém r(u, v). Tir d6 ta dua ra dinh nghia:

Pinh nghia. Cho mitr : D — R? véi vét S = (D). Cho f : § — R. Tich phan mit loai mot cia f
trén 7 1a

/ de:”//Df(r(u,v))lru(u,v)er(u,v)l dudy.

Vidu. Néu f =1 thi ffr 1 dS chinh la dién tich ctia mat r.

Vi du (mat do thi). Gia stt f : D — R 1a mot ham tron trén mot tdp md chia D. Xét mat r(x, y) =
(x,y, f(x,y)) c6 vét 1a d6 thi S ctia ham f. Gia st g : S — R. Khi d6 tich phan ctia g trén 7 12

//rg = //Dg("’ y’f(%y))m dxdy.

Trong cdc tai liéu khdc tich phan mit loai 1 con dugc ki hiéu bing [, f do, [, f dX.

Ghi chi. * Nhu da thiy trong phan cong thifc ddi bién (1.5.6)), ta c6

laxb| = vlal*|b|*>-{a,b)?
= | get a-a a-b 12
h b b-b

Cong thiic nay c6 thé dudc dung d€ dinh nghia tich phan mit loai 1 cho mit trong R”, véi moi
n > 2, khong phai han ché n = 3 nhu & diy. Khi n = 2 day chinh 1a cong thiic d6i bién cta tich phan
bdi.

Tich ph&n mat loai hai

Cho mit r : D — R? véi vét § = (D). Cho F 1a mot truding vectd trén S, titc F : S — R3. Ta mudn
tinh téng ctia thanh phan phap tuyén cta trudng trén mét.
Nhu trong tich phan mit loai mot, dién tich ctia mdt manh con ctia mit dudc xap xi bdi dién
tich hinh binh hanh |r, (i, v) X 1, (1, v)|AuAv.
Trén manh con truong F dudc x4p xi bang gid tri ctia n6 tai diém r(u, v). Vecto phap tuyén don
vi cia mit tai diém r(u,v) 12
ru(u,v) X ry(u,v)

[ru(u,v) X1 (0, v)|

Thanh phan phap tuyén ctia vectd F(r(u,v)) la s6 thuc

ru(u,v) X ry(u,v)

F(r(u,v))- (11, v) X 1o (1, 0)]

Tong thanh phan phap tuyén ciia F trén manh con d6 dudc xp xi bang

Fr(uv))- 1 (u, v) X ry(u,v)

Gy X o ()] |7 (u, v) X 1y (1, V)| AulAv = [F(r(u,v)) - ry(u,v) X r,(u, v)|AuAv.

Chi y rang s6 thuc trén ciing 1a thé tich c¢6 hudng ctia khoi binh hanh sinh béi ba vects F(r(u,v)),
r(u,v)Au, r,(u, v)Av. Tit day ta dua ra dinh nghia:
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Pinh nghia. Cho mit r: D — R3 v6i vét S = (D). Cho F 12 mot trudng vectd trén S, tic F : S —
R3. Tich phan mit loai hai ctia cia F trén r 1a

//,F dS = //D F(r(u,v)) - (ry(u,v) xr,(u,v)) dudv.

Ghi chu. Ta tinh dugc ngay

0(n2)z, 0(zx) 2 O(xy) >

Fu(u,v) Xry(u,v) = o' awn’ T dww

Tir d6 trong mot sb tai liéu ngudi ta diing thém céc tich phan mit:

//P(x v,2) dydz = [/Pl -dS = /]P(r( (y,z; udv,

// O(x,y,2) dzdx = // 0j-dS = / O(r(u, v 8(”; dudv,
//R(xy,)dxdy //des //R(( (y;dd.

Vi cac ki hiéu nay va F = Pi+ Qj +RK thi

//F-d§ = / (P dydz +Q dzdx + R dxdy).
r r
Tuy nhién trong tai liu nay ta it dung cdc ki hiéu nay.

Mét nhu 14 tap diém. Dinh huéng

Tuong tu nhu da xy ra véi dudng, trong nhiéu ing dung ta mubén xem miit nhu 13 mot tip diém
chit khong phai 1a mot anh xa. Bay gid ta xdy dung quan diém nay.

Cho D va D’ 1 hai tip con md ctia R? va gi st c6 mot vi dong phdi ¢ tit D 1én D’. Mot vi
ddng phdi nhu vay con dugc goi 1a mot phép doi bién. Nhitng phép déi bién nhu vy chiing ta da
nghién ctiu trong phan cong thifc ddi bién ctia tich phan boi. Néu detdy ludn duong trén D thi ¢
dudc goi 1a mét vi déng phoi bao toan dinh hudng (orientation-preserving diffeomorphism). Néu
detdy ludén am thi ¢ dudc goi 1a mot vi déng phoi dao ngudce dinh hudng (orientation-reversing
diffeomorphism).

2.4.1 Pinh Iy (bat bién ctia tich phan miit qua phép doi bién). Gid sit D va D’ la hai tdp con
md bi chén ciia R? va ¢ : D’ — D la mot phép doi bién. Cho mdt tronr : D — R3. Khi do:

(a) Tich phédn mdt loai mot khong doi qua phép doi bién:

//rfdsszfds.

(b) Tich phdn mdt logi hai khong déi qua phép déi bién bdo toan dinh hudng:

//F-d§z// F.ds.
r ro(p

(c) Tich phdn mdt loai hai doi ddu qua phép doi bién ddo nguoc dinh hudng:

//F-d§=—// F-dS.
r rop
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Chitng minh. Theo qui tac dao ham ctia ham hop:
Jrop(s,1) = J-(u,v)J (s, 1).

Cu thé hon:
d(rop) Or Ou Or Ov

ds  ou s v 05
d(rop) Or Ou Or v

= —t——.
ot ou o0t Ov 0t
Nhén hai vecto nay, va don gian hda, ta dugc

orog) droy)

= %XE _______

(8r Br) (au ov Ou Ov

os ot ds dt Jdt 0Js
_ (or « ar\ o(u,v)
o \ouT av] 8
Viét cach khéc:
(rop)s x(rog) = (r,xr,)detJ,(s,1). 2.4.2)
Bay gid dung cong thiic d6i bién ctia tich phan boi ta dudc diéu phai chitng minh. O

Ta néi hai mit 7 va r’ ¢6 cuing dinh hudng néu r'~! o 12 mot phép ddi bién va bao toan dinh
huéng; va trai dinh hudng néu r'~! o r 12 mot phép ddi bién va ddo ngudc dinh huéng. Mbi 16p
céc tham s6 héa c6 cung dinh huéng ctia S dugdc goi 1a mot dinh hudng ctia mat cong S.

Vi du (dinh huéng ctia mit cau). Xét phin mit ciu x>+ y2+z2 = 1, x,y,z > 0. Tap diém nay c6
thé dugc tham s6 héa nhu 1a mot mit do thi (x, y, /1 — x2 — y2). Mt cach khac dé tham s héa tap
ny 12 ding toa do cAu: x = singcos 6, y = singsinf, z =cos¢, v6i 0 < ¢ < 1/2,0 < 0 < /2. Véi
thi tu (¢, 0) ctia toa do cau, phép bién ddi (¢, 0) — (x,y) c6 g((:;?)) =singcos ¢ > 0, do d6 bio toan
dinh huéng. Nhu vay hai tham s6 héa nay c6 ciing dinh hudng.

Mit r : D — R dudc goi la:
e don (simple) néu r 13 don 4nh,

e chinh qui (regular) néu hai vecto r,(u,v) va r,(u,v) xdc dinh va luén khong cing phucng
trén D; no6i cach khac vectd ry, (u,v) X r, (1, v) ludn khéc 0 trén D. Mot cach truc quan, mat 1a
chinh qui néu phédp tuyén c6 thé dudc xéc dinh.

2.4.3 Vi du (mat do thi). Cho ham thyc f tron trén mot tip mé chita D. Xét mit r(x,y) =
(x,, £(x,)) v6i (x,y) € D. Vét cia r 1a mat dd thi z = f(x,y). Tacd ry = (1,0, f) vary = (0,1, f;),
do d6 ry Xry = (= fx,— fy, 1) # 0. Vay r 1a mot mat don, chinh qui. Vi r, X7, = (= fy,— f;, 1) huéng
vé niita khong gian trén (z > 0) nén day thudng dudc goi 1a mit hudng Ién.

Tuong tu nhu cho dudng, ta c6 két qua sau day cho biét khi nao thi hai mit khac nhau
bdi mot phép ddi bién.
2.4.4 Ménh dé. Cho Dva D’ la tdp con dong, bi chén ciia R* va chor: D - R3var’ : D' - R?
la hai mdt don, lién tuc, va chinh qui trén phdn trong ciia mién xdc dinh, c6 ciing vét. Khi do
r(0D) =r"(0D"), var'" ' or: D — D’ la mot vi dong phoi.

Ta goi tap r(0D) = r’(0D’), 4nh clia bién ctia mién x4c dinh clia mit, 12 bién ctia mat cong

S = r(D) = (D", ki hiéu 1a 5.
Dung[2.4.4,[2.4.1] va[1.3.8|ta c6 thé phat biéu mot két qua nhu sau:
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2.4.5 Pinh ly (tich phan trén mat cong). Trén nhiing mdt don xdc dinh trén tdp con dong bi chdn
co dién tich cua R2, chinh qui trén tdp md chita mién xdc dinh, vdi cung vét, thi:

(a) tich phdn mdt loai mot la nhu nhau,

(b) tich phdn mdt loai hai la nhu nhau néu hai mdt cing dinh hudng va doi nhau néu hai mdt
trdi dinh hudng.

Nhu viy ta c6 thé néi téi tich phan mit trén mot tap diém (mot mit cong) néu tip diém do 1a
vét ctia mot mét nhu trong dinh 1y trén va biy gid ta c6 thé dung ki hiéu //S fdSva ffs F-ds.
Dai khi ta c6 thé dung khac mot chit, nhu trong vi du sau.

Vi du (dién tich mit cau). Xét phdn mit ciu nim trong géc phin tim thi nhit, tic tap hop
A={(x,y,2)eR} | x*+y>+7>=R% x>0,y >0,z > 0}.

Tham s& héa phan nay nhu 1a mot mét dd thi r(x,y) = (x,y,z = VRZ —x2—y2), x2 + 2
R?, x > 0,y > 0. Day la mot tham sb héa don, lién tuc. Ta tinh dugc ngay (ry X ry)(x,y)

I IA

X y “ A . N 2 - ~ PN X 9 o« X - .
( N Y 1), tuy nhién dai lugng nay chi c6 nghia trén phan trong cia mi€n xac dinh,

tic 12 tap x% +y? < R?, x > 0,y > 0. Dién tich ctia phan mit ciu B = {(x,y,2) € R® | x? +y> + 7% =
R?, x >0,y >0,z > 0} tinh theo tham sb héa nay bing

// (e X y)(x,y)| dixdy
x2+y2<R2,x>0,y>0

R
‘// ———— dxdy
x24+y2<R2,x>0,y>0 \/m

71'/2 R R
/ /—rdrdé)
o Jo VRZ-j2
nR?/2.

Tham s6 héa tip A bang toa do ciu s(¢, ) = R(sinpcos,singsinb,cosp), 0 < ¢ < /2,0 <
6 < /2. Bay 1a mot tham sb héa don, chinh qui, véi (5% 50)(¢,6) = R? sin ¢(sin ¢ cos 6, sin ¢ sin 6, cos ¢).
Tap B ting v6i s han ché lai trén phan trong ctia mién xac dinh, tic 0 < ¢ < 7/2,0 < 0 < /2. Ap
dung[2.4.4,[2.4.1| va[1.3.8] ta c6 dién tich ctia phdn mit cAu B tinh theo s phai diing bing dién tich

tinh theo tham s6 héa r & trén. That vay:
/2 pr/2
/ / R*sing d¢ do
0 0

TR?/2.

// (5 % 50)(@.0)] dpdf
O<¢p<m/2,0<0<m/2

Tir day ta néi dién tich ctia mit cAu ban kinh R 1a 47R?.
Tit tinh todn trén ta ciing c¢6 thé ghi lai mot cong thifc cho phan tit dién tich clia mit cAu

dS = R*sin pd¢do.
Ghi chi. Ngusi doc ki tinh c6 thé thiy viéc tinh dién tich mit ciu bing cach chia thanh nhiéu
phan nhu trén dan t6i nhitng cau héi, chang han vé su phu thudc vao cach chia. Mic du da cb gang

nhung & diy ching ta khong giai quyét dudc hét cic vin dé. Xem thém &

Vidu. Tinh tich phan cda truong ﬁ(x, y,2)=(x,y,1) trén mat S 1a d6 thi z = x>+ y%, véi x> +y%> < 1,
dinh huéng 1én trén. Miit S c6 thé dudc tham s héa bdi mit don, chinh qui 7(x, y) = (x, y, x> + y?),
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trén mién x> +y? < 1, xem Tham s6 héa nay cho dinh hudng 1én trén nhu yéu cau. Vay:

//ﬁdg // (ﬁor)-(rxxry) dxdy

S x2+y2<1

I - 2x-2nn vy
x2+y2<1

// (=222 =2y + 1) dxdy
x2+y2<1

2 1
/ / (=2r*+ D)r dr d6 =2n.
0 0

Phdp tuyén clla mat. Lién hé gitta hai loai tich phan mat

Dudi cdc gia thiét cla gia st r va r’ 6 ciing dinh hudng. Gia st p = r(u,v) = r'(s,1) véi

(u,v) € D va (s,t) € D'. Theo phuong trinh [2.4.2{tai p hai vectd r, Xr, va r]Xr; c6 cung phuong
cung chiéu. Vay tai p vecto phap tuyén don vi

)X uy) or(s,0)Xr/(s,1)
") e )] TG00

dugc x4c dinh khong phu thudc vio cich chon tham s6 héa cling dinh huéng. Vi viy viée dinh
hudng mat cong dong nghia véi viéc chon chieu phap tuyén.

Ta co
3 ru(u,v) X1y (u,v)
”//SF-n ds = //DF(r(u,v))- a0 X o )] [ru(u,v) X r,(u,v)| dA

~ [ - ) xn vy aa
D

= // F-dS.
s

Viéy

//SF~d§://SF.ndS.

Diéu nay khang dinh lai ring tich phan mit loai hai 1a tong thanh phan phap tuyén ciia trudng trén
mat.

* Chitng minh

Ta can b3 dé sau, ban than né ciing c6 y nghia doc 1ap:

B6 dé. Néu D c R? déng va bi chan, r - D — R3 la mot mét don lién tuc véi vét S = r(D) thi r la
mot dong phéi lén S.

Chiing minh. Ta chiing minh 4nh xa ngugc r~! 1a lién tuc. Gia st U 1a mot tdp mé trén D, ta can
chiing t6 (r~1)~1(U) = r(U) 1a md trong S. Vi D\ U 1a tap con déng bi chin ctia R? nén né compic.
Do d6 anh ctia né (D \ U) la tp compic, do d6 déng trong S. Do d6 S\ (D \ U) = r(U) mé trong
S. O
Chiing minh[2.44). Cho D va D’ 1a tip con dong, bi chin ciaR?*, r: D > Rvar' : D' - R? la
hai mit don chinh qui c6 ciing vét S. Do b& dé trén, ta c6 r'~' or : D — D’ 1a mot ddng phdi. Suy

ra r’~! or han ché lai trén D 1a mot dong phoi 1én dnh ctia né. Theo mot dinh ly trong mon Topd
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goi 1a dinh 1y bat bién mién ([Mun00) tr. 381]), thi mot tip con cia R? ma ddng phdi v6i mot tap

m& ctia R? thi phdi mé trong R%. Do d6 (! o r)(D) 1a mot tip mé ctia R2. Nhu vy r'~! o7 mang
diém trong ctia D thanh diém trong ctia D’. Tuong tu 7~! o7’ mang diém trong ctia D’ thanh diém

trong ctiia D, do d6 r(D) = r’(D’). Tit d6 ta ciing ¢c6 r(0D) =r’(dD’) = 0S.
Tiép theo ta ching minh r~! o7’ 12 ham tron trén D’ bing cch tuong tu trong chiing minh ctia

két qua cho tich phan duong [2.1.3 Viét r(u,v) = (x,,z). Xét diém r(uo, vo) V6i (ug,vo) € D. Vi
ru (g, vo) X 1y (110, vo) # 0 nén mot trong cic sd

o(x,y) 0(y,2) 3z, x)
d(u,v) (s0. o). A(u, v)(uo’ vo) (u,v) (u0,v0)
d(x,y)

(uo,vp) # 0. Theo dinh 1y ham ngudc, ¢c6 mot 1an cdn md V € D cia

phéi khac 0. Gia su

o(u,v)
(0, vp) sao cho trén V 4nh xa (u,v) — (x,y) 12 mot vi dong phdi v6i d4nh xa ngudc tron ¢. Khi d6
nhiing diém trén (V) ¢6 dang (x, v, z(¢(x, y))), néi cach khac (V) 1a do thi cia mdt ham theo hai
bién x va y.

Trén (V) thi 4nh xa r~! 1a hop clia anh xa chiéu (V) KN ¢~ (V) va anh xa ¢:

rv) S vy Sv
Ly (ny) = W)
Vi (r~ ' or’)"!(V) 1a mot tap mé clia R? chifa trong D’ va trén tip nay r~' or’ = (pop)or’ 1a hop

ctia nhitng ham tron nén ta két luan »~! o7’ 12 ham tron trén D’. O

Bai tap

2.4.6. Tinh:
(a) Tinh dién tich phan mit nén z> = x> +y%, 3 <z < 5.
(b) Cho S 1a mit xdc dinh bdi z = x? +y v6i 1 < x < 2,0 <y < 1. Tinh [[ x dS.
(¢) Cho S la mit cdu tam O ban kinh 2. Tinh [J z* S.
(d) Cho S la tam giac trong R3 véi céc dinh (1,0,0), (0,1,0), (0,0,1). Tinh ffs y dS.
(¢) Cho S lamit try x> +y?=9,0 <z <2. Tinh [[ z dS.
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(f) Cho ﬁ(x, ¥,2)=(=x,y,7). Cho S 1la mat ti dién bao bdi cac mit phang x=0,y=0,z=0, x+2y+7=2,
dinh huéng ra ngoai. Tinh tich phan f/s F-ds.

(g) Cho khéi E xdc dinh bdi diéu kién x> +y? < 1, 1 < z < 2. Goi S 1a mit bién ciia E, dinh huéng ra
ngoai. Cho F(x,y,z) = (2x,3y,4z). Tinh thong lugng cla F qua S.

(h) Tinh tich phan cua truong (x,y,z —2y) trén mat (scost, ssint, ), 0 < s <2, 0 < ¢t < 2. Hay vé mat
nay (bang may tinh).

o ye . 2 2
2.4.7. Cho mit elliptic paraboloid z = (3)"+ (%), z < 5.
(a) Bang cach ddi bién 3 =rcosé, % = rsin@ dua ra mot phuong trinh tham s6 ctia mit.
(b) Tinh x4p xi dién tich ctia mit nay.

2.4.8. Cho Slamdtz=xy v6i0<x <2va0<y<3. Tinh tich phan mat

[/xyz as
s

2.4.9. Mt helocoid c6 phuong trinh tham sb ¢(r,0) = (rcosf,rsin6,0), 1 <r <2,0 < 6 < 2x. V& mit nay.
Gia stt mot vat ¢6 hinh dang mdt mit helocoid c6 mat dd khdi lugng ti 1¢ véi khoang cach t6i truc, cu thé
p(x,y,z) = r. Hay tinh khdi lugng ctia vat ny.

ra sb thap phan.

2.4.10. Trén bé mit Qua dét, toa do kinh tuyén va vi tuyén c6 lién hé chit ché véi toa do cau. Pit hé truc
toa dd Oxyz véi O & tim Qua dit, truc Oz di qua Cuc Bic, va phan tu dudng tron tif tia Oz sang tia Ox di
qua Greenwich, nuéc Anh. Gia sit mot diém c6 toa do 1a ¢° vi d6 Bic va A° kinh do6 Pong, khi d6 toa do
cAu ctia diém d6 12 ¢ = (90— ¢)° va # = A° (tuy nhién nhd 1a trong toa do cau géc cin dudc do bang radian).

Thanh phé H6 Chi Minh niam trong vung tit 10°10” t6i 10°38’ vi dd Bac va 106°22 t6i 106°54” kinh
dd6 Pong (1’ = 1/60°). Tinh dién tich clia viing nay. Ban kinh ctia Qua dét 1a 6378 km.

2.4.11. / Chov = (¥ x2,z% +2y) 1a trudng vecto van tdc (don vi centimeter/giy) ciia mot dong chit 1ong
trong R3. Hay tinh tdc do chit 1éng di qua mit ciu don vi tim tai gbc toa do (tiic 1a thé tich chit 16ng di qua
mat trong mdt don vi thoi gian).

2.4.12 (dinh luit Gauss vé dién truong). Goi E 1a dién trudng gay béi dién tich ¢ tai diém O. LAy qué ciu
B(O, R) tam O, dinh hudng ra ngoai. Dung dinh luat Coulomb (2.2.7)), hay tinh tich phan va chiing té

// E-dS =%,
AB(O,R) 0

Vay thong lugng cla dién trudng qua mot mit cAu tAm tai vi tri cia dién tich ti 1& v6i dién tich (xem dang
tong quat hon & muc[2.7).

2.4.13. Gi4 tri trung binh ctia ham £ trén mit S dugc dinh nghia bing

5 £ as.

Nhiét d6 trén mot mai vom hinh nita mit cau ban kinh 20 mét ti 1& v6i cao dd, cu thé nhiét do tai diém
(x,v,2) trén mit cau x> + y? + (z = 50)? = 20% 1a T(x, y,z) = %z. Hay tinh nhiét do trung binh trén mai vom
nay.

2.4.14 (dién tich mat tron xoay). Gia su f(x) duong, tron trén [a, b]. Hay tinh dién tich ciia mat tron xoay
nhan dudc bang cach xoay dd thi y = f(x) quanh truc x.

2.4.15. Tinh dién tich mat ellipsoid ; + 2 Z =1

S

2.4.16. Tinh dién tich mit nén cin vé6i ddy 1a hinh tron ban kinh R va chiéu cao h.
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2.4.17. Khong can tinh, hay cho biét gia tri ctia tich phan

// x dS.
x2+y2+z72=1

2.4.18. Cho S 1a miit cdu tam 0 bén kinh R. Hay tinh [, x* dS ma khong cn tham s6 hoa.
C6 thé lam theo y sau day:

(a) Chitng t6, ma khong cén tinh, ring ([, x> dS = [[.y? dS = [[, 2* dS.
(b) Tinh /fs()c2 +y% +z%) dS ma khong can tham s6 héa.

2.4.19. Hay tinh ffs(x, ¥2): ds trong d6 S 1a mit cau tim O ban kinh R dinh huéng ra ngoai, ma khong
tham s6 hoa, tiic 1 hay tinh nham!
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2.5 Cobng thuc Stokes

Pinh nghia. Cho F = (P,Q, R) la trudng theo ba bién (x, y, z) trén R? thi

ox’ 9y’ 0z
goi la truong xoay cua truong F. Toan td cur]E| con dudc ki hiéu la rot (rotation — xoay).
Dang chinh ctia cong thic Stokes dugc dung trong mon hoc nay 1a

/ F-d§=//cur1F-d§.
as s

Duéi dang ki hi€u hinh thic, v6i V = (i 2 i), thi curl F = V X F. Truong curl F con dugc

oD

Trong cong thiic nay bién S can dude dinh huéng tuong thich véi dinh hudng cta . Mot
cdch miéu ta tryc quan cho dinh huéng trén bién A5 1a khi di doc theo bién theo chiéu da dinh,
than ngudi hudng theo chidu phdp tuyén di chon cda S thi mit S phai nam bén tay trai. Mot cach
miéu t khéc 12: diit long ban tay phai huéng theo chiéu ctia bién thi ngén tay cai chi chiéu
ctia phap tuyén ctia mét.

Cong thic Stokes 1a mot phat trién ctia cong thiic Green 1én khong gian ba chiéu. Thuc vay,
néu S 1a mién phang va F 1a mt trudng phang trén S thi F(x,,z) = (P(x,y), O(x,y),0). Cong thiic

Stokes trd thanh
//(o,o,Qx—Py>-d§=//(o,o,Qx—Py>-k ds
S S

/ Pdx + Qdy
as
// (Qx—Py) dS = // (Qx — Py) dxdy,
s N
chinh la cong thiic Green.

Cong thiic Stokes con c6 thé dudc viét & dang toa do:

/ Pdx+Qdy+Rdz = //(Ry —Q;) dydz+(P;—Ry) dzdx +(Qx — Py) dxdy.
EN s

3trong tiéng Anh curl c6 nghia 1a xodn, cudn, quin, ...
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Tuy chiing ta sé khong dung dang trén trong mon niy nhung né thé hién ro hon sy tuong tu clia
cong thuc Stokes véi cong thic Green.
Dudi day 1a mot phat bi€u chinh xdc ma ta c6 thé chitng minh dugc:

2.5.1 Pinh Iy (cong thitc Stokes). Cho mién phdng D c6 bién dD la vét ciia duong vy ¢6 hudng
tuong thich véi D va gid sit cong thitc Green c6 thé dp dung duoc cho D. Cho mdit r tron cdp hai
trén mot tdp md chita D. Goi Or = r oy la duong bién cua r. Cho truong F tron trén mot tdp md

chita vét ciia r. Khi do:
/ F.di= //curlF-dS‘.
or r

Chiing minh. Chiing minh dudi day tuy chia nhiing bi€u thic dai dong nhung chi gdm nhiing
tinh todn truc tiép va viéc 4p dung cong thiic Green. Viét F = (P,Q,R) va (x,y,z) = r(u,v). Viét
y(t) = (u(t),v(t)), a < t < b, mdt tham s6 héa theo dinh huéng duong ctia dD. Ta dudc (trong vai
biéu thiic duéi day bién dugc Iude bd cho gon hon):

/F-dE
or

b d
/ F(r(u(t),v(t))- Er(u(t),v(t)) dt

b
/ F(r(u@),v(®)) - (ryu’ +r,v") dt

/ 7 LPr 3, 2)(a +100") 4 Q5 3, )+ yo¥') 4
Ry, D)zt + 2] di

/ P32+ 0k .2y + RO 3,202+ (Pt y. ), +
0y vy + ROy 2] dr

/(qu +Qvy,+Rz,) du+(Px, +Qy,+Rz,) dv.
Y

Bay gid 4p dung cong thiic Green cho D ta dudgc tich phan trén bing

I,

Tinh cac dao ham ham hdp, chifmg han

i (Px, +Qy, +Rz,)— i (Px, +Qy, +Rz,)| dudv.
ou ov

(P'xV)M = (Pxx” +Pyyu +PZZM) Xy + Pxyy,

va don gian héa, dung tinh tron cip hai ciia r, ta dudc tich phan trén bang

“//D[(Ry - Qz)())uzv _Zu))v) + (Pz =R )(zuxy = Xu2y)+

+ (Qx - Py)(xuyv - xvyu)] dudv

=‘//D[curl(P,Q,R)-(ru><rv)] dudv = //rcurlF-dg.

Ta c6 thé phat biéu mot hé qua doc 1ap véi tham sd héa, 1a dang thudng gip trong mon hoc
nay, st dung cdc khai niém da dugc dua ra 6[2.4.4;

O

Dinh ly. Gid sit S la vét ciia mét mdit xdc dinh trén tdp dong bi chdn, c6 bién la vét ciia mot duong
chinh qui tung khiic, trén do cong thiic Green dp dung duoc. Gid sut mdt nay la don, chinh qui, hon
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nita tron cdp hai trén tdp md chita mién xdc dinh. Gid sit S va dS c6 dinh hudng tuong thich. Cho
truong F tron trén mét tdp md chiia S. Khi do

/ F-dEz[/curlF-d§.
as s

Chiing minh. Lay r 1a mit don, chinh qui trén mién phing déng bi chan D véi vét S, dai dién cho
dinh huéng cda S. Khi bién D cta mién xic dinh D ctia r 1a vét ctia dudng y chinh qui tiing
khtc thi 0D c6 do do khong, xem [2.3.24) Theo Elthi tich phan /fr curl F-dS khong phu thude
vao cach chon r. Pudng r oy cling chinh qui tiing khic, xem do dé6 theo tich phan
froyF - d5s khong phu thudc vao cach chon y. Mat S = r(D) va bién dS = r(dD) c6 dinh huéng
tuong thich c6 nghia la y c6 hudng tuong thich véi D theo cong thuc Green, dinh hudng ctia §
duoc cho béi r, va dinh hudng cta 4S dude cho bdi dudng r oy. Bay giv cho hai vé bing
nhau. O

Vidu. Cho F(x,y,z) = (x% y? z*). Cho C la dudng tam gidc véi cic dinh (1,2,3), (2,0,-1), (4,3, 1),
dinh huéng theo th ty d6. Ta tinh [ F - d5.

C6 thé tinh truc tiép hoidic dung phuong phap trudng bao toan, nhung bay git ta c6 thém mot
cOng cu la cong thiic Stokes. Pudng tam giac C bao hinh tam giac S véi dinh huéng sinh béi C.

Ap dung cong thiic Stokes:
/ F-d§ = //cuﬂF-dE’.
c S

O day curl F = 0. Vay tich phén trén bing 0.

Vi du. Cho F(x,y,z) = (xy,yz zx). Goi C la giao ctia mit phiang x +y +z = 1 véi mit tru x>+ y? =
1, dinh huéng ngudc chiéu kim dong hd néu nhin tir trén xudng. Ta tinh I = /C F - d5 bing hai
céch: tinh truc tiép, va ding cong thiic Stokes.

(a) Tinh tryc tiép: Ta ldy mot tham sb héa cta dudng C 1a C(t) = (cost,sint, 1 —cost —sint),
0 <t < 2, ngudc chiéu kim dong hd néu nhin tir trén xudng. Tinh truc tiép I:

~
I

/ F(C(t))-C'(¢) dt
C

2
(costsint,sin#(1 —cost —sint) + (1 — cost — sinz) cos?t) -
0
-(—sint,cost,sint — cost) dt

= -n.
(b) Dung cong thic Stokes: Trudc hét tinh dudc curl F(x, y,z) = (—y, —z,—x). Tham s6 héa miit
S bao bdi C bdi r(x,y) = (x,y,1 —x—y), x>+ y*> < 1. Tham sb héa niy c6 vecto phap tuyén

tuong tng 1a ry X ry(x,y) = (1,1,1), hudng 1én, do d6 phu hgp véi dinh hudng can thiét trong
cong thic Stokes. Bay gio:

I = //curlF-d§=// curl F(x,y) - (rx Xry(x,y)) dxdy
S x2+y2<1

// (cy—(1 = x=y).—x)- (L1, 1) dxdy = 7.
x2+y2<1

Piéu kién dé trudng ba chidu 1a bao toan

2.5.2 Ménh dé (curl grad = 0). Néu f la ham thuc c6 cdc dao ham riéng cdp hai lién tuc trén mot
tdp md thi trén do curl(V f) = 0.
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Dung ki hiéu hinh thic thi V x (V f) = 0.
Chiing minh. Tuong ty nhu trudng hop hai chiéu, tinh truc tiép ta dugd’]
curl Vf = (foy = fyzs faz = foxs fyx = fxy) = 0.
O

Hé qua (diéu kién can dé truong ba chiéu 1a bao toan). Néu F la truong tron bdo toan trén mot
tdp mé thi curl F = 0 trén do. Noi cdch khdc diéu kién sau phdi dugc théa:

Ry = Qz
PZ = R,
Ox = Py.

Ta c6 thé dung két qua nay dé ching té mot truong 1a khong bao toan bang cach chi ra ring
curl cta n6 khac 0.

Vi du. Trudng F(x,y,z) = (,%,y) c6 bao toan trén R? hay khong?
Trudng F tron cAp mot trén R3. Néu F 1a bao toan thi phéi c6 curl F = 0. Nhung trong trudng
hgp nay curl F = (1,0,0) # 0, vay F khong bao toan.

Bing cich chiing minh tuong tu & nhung thay cong thiic Green bdi cong thiic Stokes ta
dudgc:

2.5.3 Ménh dé (b6 dé Poincaré ba chiéu). Néu F tron trén mét mién mé hinh sao trong R va
curl ¥ = 0 thi F la bdo toan trén do.
Bai tap
2.5.4. Trudng sau c6 bao toan hay khong?
(@ F(xy,z)=(xy).
(b) F(x,y,2) = (2xex2,zsiny2, 2).

2.5.5. Cho S la mit z = x>+ y? véi z < 1, dinh hudng 1én trén. Tinh luu lugng cla truong F (x,y,2) =
(3y,—xz,yz%) trén S (tiic 1a [[; curlF - dS) bing hai cich:

(a) Tinh truc tiép.
(b) Dung cong thic Stokes.
2.5.6. Cho S 1a mit z = 9—x? — y? v6i z > 0, dinh huéng 1én trén.
(a) Cho trudng F(x,y,z) = (2z—y,x+2,3x—2y). Tinh truc tiép luu lugng ctia F trén S, tiic /fs curl F-dS.

(b) Dung cong thic Stokes tinh ffS curl F - dS.

2.5.7. Cho C la dudng giao cia mat 4x2_)+ 4y? + zaz 40 va mit z = 2 dugc dinh huéng ngudc chiéu kim
ddng hd khi nhin tif trén xubng. Tim fC F -ds v6i F(x,y,2) = (y,2yz + 1, xz* + cos(2z + 1)) bing cach tinh
truc tiép va bang cach ding cong thiic Stokes.

2.5.8. Cho F(x,y,z) = (xy, yz zx). Goi C la giao ctia mit phing x + y + z = 1 v6i mit tru x> + y*> = 1, dinh
huéng nguge chiéu kim dong hd néu nhin tit trén xubng. it I = [ F - d5.

(a) Tim mot tham s6 héa clia dudng C.

4 Chd y qui udc vé ki hiéu:
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(b) Tinh tryc tiép 1.
(c) Tinh curlF.
(d) Dung cong thuc Stokes, tinh 1.
2.5.9. Cho f va g la hai ham thyc tron cAp hai trén R>.
(a) Ching td curl(fVg)=VfxVg.
(b) Tinh tich phan /c fVf-dstrong d6 C(¢) = (cost,sint,sint), 0 < 1 < 2n.

2.5.10. Trong R3 cho S| 1a nita mit cau trén x>+ y? +z2 = 1, z > 0; cho S, 14 mit paraboloid z = 1 —x% — y?,
7 > 0, ca hai dudc dinh hudng 1én trén.
(a) Ve hai mat nay trén cung mot hé toa do.
< N N N 3 ., > o _ o
(b) Cho F la mot trudng tron trén R”. Chuing to /fSl curl F-dS = ffsz curl F - dS.
(c) Hay téng quét hoa.
2.5.11. / Néu S la mit cu thi [, curl F-dS = 0.

2.5.12. Cho v € R? 1a mot vecto cb dinh. Cho S 12 mdt mit ma trén d6 cong thiic Stokes c6 thé 4p dung

dugc. Hay chiing minh:
/ (r)xf)-ﬁ:z//a-ﬁds,
as s

trong d6 7 1a vecto vi tri, tdc F(x, y,z) = (x, 9, 2).
2.5.13. (a) Ching minh dang thifc

ax(bxc)=(a-c)b—(a-b)c.

(b) Tir d6 chitng minh
curl(curl F) = V(div F) — AF.

O day AF dude hiéu la toan tit Laplace A= V-V = 25 + ;—;2 +-Z, tic dong vao tiing thanh phan ciia
F.

2.5.14. Chiing t6 néu y la mot dudng chinh qui trén mét phang va r 12 mot mit chinh qui x4c dinh trén vét
ctia y thi r oy 12 mot dudng chinh qui trong R3.

2.5.15. * Ching minh b dé Poincaré 3-chiéu (2.5.3)).

2.5.16 (cam itng dién tir). Dinh luat Faraday phat biéu ring khi thong lugng tli trudng qua mot mit gidi
han bdi mdt mach kin thay déi thi trong mach xuit hién dong dién cam tng. Chinh xic hon, goi E 1a dién
trudng, B la tu trudng, S 1a mot mat véi bién la dudng 05 dude dinh huéng tuong thich nhu trong cong thiic

Stokes, thi
/ Ed?:—i//idi
8 dr JJs

Gia stt mot ngudn ning lugng cd hoc nhu stic nudc hay stic gié lam quay mdt truc véi van toc w
vong/don vi thoi gian. Mot vong day phang dudc gan vao truc nay, dudc dit trong mot tir trudng cd dinh
B. Goi A la dién tich ctia hinh phéng bao bdi vong day. Pai lugng /as E-ds thuong dudc ki hiéu 1a emf.
Chiing to

emf = —A|}§|27ra) sin2rwt).

Vay trong vong day xuét hién mot dong dién xoay chiéu. Pay 1a mot nguyén ly co s ctia mdy phat dién.
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2.6 Cobng thuiic Gauss—Ostrogradsky

Pinh nghia. Cho F = (P,Q, R) 1a trudng theo ba bién (x, y, z) trén R? thi

oP 6Q OR
divF = (9_ 6y+3z

Dudi dang ki hiéu hinh thic thi divF = V- F. Ham divF con dugc goi la ham phan tan
(divergence) cla truong F.

Cong thuc Gauss—OstrogradskyE] con dudc goi la cong thiic Divergence. Day 1a tdng quat hod
ctia dang thong lugng ctia cong thic Green[2.3.3] cho mot cong thic ¢ dang

// P dydz+Q dzdx+ R dxdy = /// (Px+Qy +R;) dxdydz.
OE E

Dudi day ta sé phat biéu va chitng minh cong thdc nay cho khbi don gi4n theo ca ba chiéu.
Theo mdi chiéu thi khéi 1a mién nam gitta hai d6 thi. Chang han theo chiéu truc z thi khéi 1a
E={(x,y,2) €R?| (x,y) € DCR? f(x,y) <z < g(x,y)}, v6i D déng, bi chin, c6 dién tich. Gia
st thém rang trén dD thi f = g hodc f < g. Gia st cac ham £, g 1a tron thi bién JE, nhu da thao
luan & 12 hoi ctia mit dudi 1a {(x, y, f(x,y)) | (x,y) € D} (chinh qui, huéng xubng), mit trén
12 {(x,y,g(x,y)) | (x,y) € D} (chinh qui, huéng 1én), ngoai ra néu trén D ma f < g thi bién con
gdm mit bén hong 12 {(x,y,z) | (x,y) € D, f(x,y) < z < g(x,y)}. Gia stt thém 9D 1a vét ctia mot
dudng chinh qui timg khic. Ta néi E 1a mot khéi don gian véi bién tron tirng manh.

Vi du. Qué cau dong, khéi ellipsoid, khéi hop chit nhat 1a nhitng khdi don gién véi bién tron ting
manh.

Dinh ly (cong thitc Gauss—Ostrogradsky). Cho truong F tron trén mét tdp md chita mét khoi
don gidn E vdi bién tron tieng mdnh duoc dinh hudng ra ngoai. Khi do:

//aEF'”dSZ//aEF'd§=///Edidev_

Chitng minh. Viét F = Pi+ Qj + Rk. Viét E nhu 1a khéi don theo chidu Oz nhu 12 tp hop nhiing
diém (x, y,7) véi f(x,y) < z < g(x,y) trong d6 f, g 12 ham tron xé4c dinh trén mién phang D. Ta sé

chiing to
// Rk -dS = // 2 Rav.
O

Tuong tu ta ching minh hai biéu thiic tuong ing cho hai chiéu con lai, cong lai va dugc dang thic
phai dudc chiing minh.

Néu f < g trén 0D thi OF co mat hong, nhung tich phén cta Rk bang khong trén d6, cd ban
1a vi phdp tuyén cia mit hong nim ngang, do d6 vudng géc véi trudng Rk. Chi tiét day du phic
tap hon, dugc trinh bay trong doan ngay dudi day.

Bién 4D trii ra hitu han diém 1a chinh qui. Tai mdi diém (xo, yp) trén D ma tai d6 bién la
chinh qui thi c6 mot tap md U clia R? sao cho U N D ddng phoi véi mot khoang mé (a, b) (xem
chiing minh cua2.1.3)) va sao cho ¢6 € > 0 sao cho (UNAJD) X (z9 — €, zo + €) dugc chifa trong mat
hong (do tinh hen tuc clia f va g). Phin nay ctia mit hong nhu Vay co phap tuyén. Mat hong chuia
doan thang (xo, yo,z) V6i z € (zo — €, 2o + €). Pudng nay cé vectd tiép xiic 1a k,dodé k 1a mot vecto
tiép xuc ctia mit hong, vi thé vudng géc véi vecto phap tuyén clia mit hong.

Stén Ostrogradsky con dugc viét 1a Ostrogradski
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Nhu vy tich phan cta Rk trén OF bing tdng tich phan cia Rk trén mit trén va mit dudi, 1
cac mit dd thi, bang:

//D RCx. . (e YD - (—gns =gy 1) dA
+ //D RCx.y. fCr )R- (e fyn—1) dA
- //D [R(x,y. g(x.y)) - R(x. 3. f(x. )] dA.

Mit khéc, theo cong thic Fubini

///ERZ av

g(x,y)
// ( / R. dz) dA
D \J f(x,y)

//D (R(x,yg(x.y) — R(xy. f(x.y))) dA.

Viy ta dudc ding thiic mong mubn. O

Vi du. Dung cong thic Gauss—Ostrogradsky, ta tinh thong lugng cla trudng F(x,y,z) = (2x +
e¥z,xy, yz) qua mit cau don vi x> + y? + z2 = 1 dinh hudéng ra ngoai:

// F-dS = /// divF(x,y,z) dxdydz

x2+y2+z2=1 x2+y2+z2<1

/// 2+ x% +y) dxdydz
x2+y2+z2<1

4 1 T 2
2; +/ / (psinpcos0)’p? sing dodpdp +0
o Jo Jo

8t 1 4  44x
15"

+ . . =
3 53
Vi du. Hay tinh thong lugng clia truong F(x,y, z) = (x,y,2—2z) qua mit S cho bdi z = 1 —x% -2,
z > 0, dinh huéng 1én trén, bé”mg hai céch: (a) tinh truc tiép, va (b) tinh thong luong ctia F qua mot
mat khac va dung dinh Iy Gauss—Ostrogradsky.
(a) Tham s6 héa mit S: r(x,y) = (x,y, 1 — x> —y?) v6i x>+ y? < 1. C6 ry X ry(x,y) =(2x,2y,1)

huéng 1én trén.
// F-d§= // F(r(x,y)- (s x13)(x, ) dxdy
S xZ+y2<1

// (7.2 - 2(1 = X2 = y?))(2x,2y, 1) dxdy
x2+y2<1

2 1
// 4(x* +y?) dxdy = / / 4r rdrd = 2r.
x2+y2<1 0 0

(b) Goi S; 1a mit cho béi x% + y* < 1, z = 0, dinh huéng xubng dudi. Mit S cing S| tao thanh mit
kin S, bao khéi E. Ap dung cong thiic Gauss—Ostrogradsky:

//SF.d§+//SIF.d§=//SZF-d§:///EdideV=///D0dV:o,

//F-d§ //F-MS:// (x,3,2—0)-(0,0,~1) dA
M S1 x2+y2§l
// 2 dA=-2n.

x2+y?<l

~
Il

Mit khac
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Do d6 [[, F-dS =2n.
Tinh truc tiép tir cong thiic tuong tu nhu & ta c6 két qua sau:

Ménh dé (diveurl = 0). Néu F la truong co cdc dao ham riéng cdp hai lién tuc trén mét tdp md
thi trén do div(curl F) = 0.

Viét bang ki hiéu hinh thic: V- (VX F) = 0. Két qua nay cho mot diéu can dé mot truong la
truong curl ciia mot truong khac.
Y nghta vat ly ctia div va curl
Trudc hét ta can bd dé sau day:

2.6.1 B4 dé. Cho f la mot ham thuc khd tich trén mot lan cdn ciia diém p € R™ va lién tuc tai p.
Goi B'(p,r) la qud cdu déng tdam tai p vdi bdn kinh r. Khi do:

1
lim ——— f=rfp).
r—0 |B,(p, I’)| B/(p,r)

VAy gid tri trung binh ctia mdt ham lién tuc quanh mot diém tién vé gi6i han 1a gid tri ctia ham
tai diém do.

Chitng minh. Vi f lién tuc tai p nén cho € > 0, v6i r di nho thi v6i moi g € B’(p,r) tacd | f(g) —
f(p)| < e Tudd

1 1
(#7577 )10 = 7 S 010
1
B Bl(p’r)|f(61)—f(P)|
1

< — €E=E.
|B'(P,”)| B'(p,r)

Ap dung bd dé trén cho div ta dugc

1 1
div F(p) = lim ———— /// divF dA = lim ——— // F-ndS. (262
)= 50 o Ui P TBo] Lo

Tich phan //aB'(p " F -n dS 1a thong luong cla trudng F ra khoi mit cau 0B’ (p,r). Vay div F(p)
chi d6 phat tan cta truong F trén don vi thé tich quanh p.

N/

A e

divF(p) <0 divF(p) >0
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Xét mot diém p. Ly mot mit phing qua p véi phuong dinh bdi phap tuyén n. Xét hinh tron
B’(p,r) trén mit phang nay v6i tim tai p va ban kinh r. Ta c6:

1 1
curl F(p)-n=lim ———— // curl F-n dA = lim ———— F-ds. (2.6.3)
r=0 |B"(p,7)| JJB(p,r) r—0 |B"(p,7)| Jo (p,r)

Vay curl F(p) - n thé hién luu lugng ngudc chiéu kim ddng hod (dd xoay) clia trudng F trén phin
ti dién tich quanh p trong mit phang qua p vudng goc n.

Ta c6 curl F(p)-n dat gid tri 16n nhit khi n cing phuong cuing chiéu véi curl F(p). Vay curl F(p)
cho phuong ctia mit phang ma trén dé do xoay ctia trudng quanh p 1a 16n nhét, chiéu ctia né dugc
xéc dinh bdi chiéu xoay ctia trudng theo qui tic ban tay phai. Hon nita c6 thé chiing t6 1a d6 16n clia
curl F(p) ti 1& véi tc do xoay theo géc ctia trudng quanh p. N6i vin tit, curl F(p) chi sir xoay clia
truong F tai diém p. T didu nay tich phan ffs curl F-dS con dudc goi la luu lugng (circulation)
cua trudng F trén mat S.

?curlF(p)
N I PN
Y. ny

s r

i curl F(p)

Ta c6 mdt miéu ta truc quan cho curl F(p): Tudng tuong rang ta tha mot cai chong chéng vao
trudng, c6 dinh né tai diém p nhung d€ cho né tu do d6i hudng va tu do xoay. Khi d6 huéng &n
dinh cta chong chéng chinh 14 huéng cia curl F(p), chiéu xoay clia n6 chinh 1a chiéu xoay ctia
truong, con van tdc xoay ctia chong chéng chi do xoay ctia trudng quanh p.

Ghi chii. Cong thic cho div (2.6.2)) va cho curl (2.6.3) cho thiy ching 13 nhiing dai lugng vt ly,
khong phu thudc hé toa do.

Bai tap

2.6.4. Tiép tuc bai tap va[2.2.3] xem F nhu la trudng phing trong khong gian ba chidu. Udc doén divF
tai diém gbc toa do 1a am, duong hay biang khong? Hay miéu ta curl F tai diém gdc toa do.

2.6.5. Ton tai hay khong mot trudng F kha vi lién tuc cép hai théa curl F(x, y, z) = (e¥7,sin(xz%),z°)?

2.6.6. Tinh:

(a) Tiép tuc cac bai tap Néu mit S 1a kin hdy tinh tich phan /fS F-dS bing cach ding cong thic
Gauss—Ostrogradsky.

(b) Tinh thong lugng ctia trudng F(x, y, z) = (3x, y% z2) qua mit cAu don vi x* + y2 + z2 = 1, dinh hudng
ra ngoai.

(c) Tinh thong lugng ciia trudng F(x,y,z) = (2x +€¥%,2xy, y*) qua mit ciu don vi x + y> + z2 = 1 dinh
huéng ra ngoai.

(d) Tinh thong lugng ciia trudng F(x,y,z) = (v, 2z, x) qua mit x> + y* + z° = 2, dinh hudng ra ngoai.
2.6.7. Cho truong

x y z

F(x,y,2) =

Chd y day la mdt trudng xuyén tam, ti 1€ v6i trong trudng va dién trudng.



2.6. CONG THUC GAUSS-OSTROGRADSKY 95
(a) Tinh div(F).

(b) Goi S, 1amit ciu x*+y% +(z—3)? = 1 dudc dinh huéng ra ngoai. Duing cong thiic Gauss—Ostrogradsky,
hay tinh [[; F-dS.

Nag

(c) Goi Sy 1a mit cau x> + y* + z2 = 1 dudc dinh hudng ra ngoai. Tinh tich phan mit /fSl F-dS bing cach
dung toa d6 Euclid (x, y, z) hoic dung toa do cau.
(d) Goi S5 la miit x +4y? + 927 = 36 dugc dinh hudng ra ngoai. Hay tinh [f F-dS.

2.6.8. Cho S la miit z = 9—x% —y? vé6i z > 0, dinh huéng 1én trén.

(a

N

Cho G(x,y,7) = (¢” cos z, x%z, y> + 2). Cho S la dia x2+y? <9, z =0, dinh huéng xudng duéi. Tinh
thong lugng clia G qua Sy, tic f/s G- dSs.

(b) Dung dinh ly Gauss—Ostrogradsky tinh f/SUSl G- dS.
(c) Tinh [[, G dS.

2.6.9. Cho T la nhiét d6 trén mot mién D c R3, gi st 1a mot ham tron cAp hai. Vi nhiét dugc chuyén tir noi
¢6 nhiét do cao t6i ndi c6 nhiét do thip, va vectd gradient chi huéng ma ham c6 toc do thay ddi 16n nhét, nén
su thay ddi nhiét trén mién nay dugc md hinh héa mot cach don gian bing trudng dong nhiét F = —kVT,
v6i k 1a mot hang sd duong.

(a) Ching té curlF = 0.

(b) Chung t6 divF = —kAT, trong d6 A 1a toan i Laplace: AT = (H?;T + gzz

(¢) Ching td néu T 1a ham diéu hoa, tic 1a AT = 0, thi tdng dong nhiét qua mot mit ciu bit ki trong
mién D ludn bang khong. (Xem [2.3.17})

2.6.10 (dién tich mit cau). Ap dung cong thic Gauss—Ostrogradsky cho ham F(x, y,z) = (x, y, z), hdy tinh
dién tich ctia mit cAu tdm tai O véi ban kinh R.
2.6.11. / Hay chiing minh cdc cong thic sau, ciing dugc goi la cic cong thite Green, vdi gia thiét cong
thitc Gauss—Ostrogradsky c6 thé ap dung dudc. (Xem[2.3.15])

@ [,z Vf-ndS=[[[,AfdV.

) (V) -ndS=[[[.(fAg+Vf-Vg)aV.

© [[p(fVe—gV)-ndS= [[[(fAg—gAf)dV.

(d) ffaE fn; dS = ff 3 dV O day n; 1a toa d6 thit i ciia vectd phap tuyén n.

© [,z fgni dS= /fEaxng-i-ffEfag dv.

2.6.12. Ding cong thiic Gauss—Ostrogradsky hiy dua ra mot cach khac dé tim ra thé tich ctia mot khdi nén
(xem [1.5.24). Cu thé, dit dinh khdi nén & O va ddy kh6i nén trén mot mit phing nim ngang z = a, va dp
dung cong thitc Gauss—Ostrogradsky cho truong (x, y, z).

2.6.13. Gia st c6 mot dién tich ¢ tai mot diém O. Theo dinh luat Coulomb (2.2.7)), dién truong gay bdi dién
tich ¢ nay tai mot di€ém bat ki trong khdng gian c6 vi tri cho béi vecto 7 di tit diém mang dién tich ¢ t6i diém
dang xét la:
. q9 .
E(F)= ——T.
") 4rey|7)3 ]
Diéng chd y 1a dién trudng c6 do 16n ti 18 nghich véi |7|?, do d6 dinh luat Coulomb thudng dudc goi 1a mot
luat nghich dao binh phuong (inverse-square law). Nhu ta di thiy (2.2)), trong trudng ciing dugc cho bdi mot
luét nghich dao binh phuong.

(a) Tinh toan truc tiép, ching té divE = 0.
(b) * Ching té ring mt truong cé dang E = k# (dudc goi 1a mot trudng xuyén tdm, radial) thi c6

divE = 0 khi va chi khi m = 3. (Céc thi nghiém sau nay kiém chiing hing s& m trong dinh luat
Coulomb bing 3 sai khac khong qua 3x 10719.)
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2.6.14. Mt cyclide nhan dugc tif mot mit xuyén qua phép nghich ddo qua mot mit cau. Mit xuyén dugc
cho béi tham s héa

r(u,v) = ((5+cosu)cosv,(5+cosu)sinv,sinu), 0<u,v <2n.

Pua mit xuyén nay ra ngoai mét ciu don vi tim O ban kinh 1 bing mot phép tinh tién, chéng han theo vecto
(9,0,0), dugc mot mit xuyén méi véi tham s6 héa

rtorus(u, v) = (9 + (5 +cosu)cosv,(5+cosu)sinv,sinu), 0<u,v <2m.

Thuc hién phép 14y nghich d4o qua mit cAu tim O bén kinh 1, tic 1a phép bién d6i mang mdi diém p # 0
thanh diém ﬁ. Khi d6 mit xuyén trd thanh mit cyclide S véi tham s6 hoa

rtorus(u, v)
reyclide(u,v) = ————*—.
yelide(u,v) |Irtorus(u, v)|| 2

(a) Ve mat cyclide S.
(b) Tinh dién tich mit cyclide S ra sb thap phan.
(c) Cho truvng F(x,y,z) = (y,x,3z). Tinh thong lugng ctia F qua miit cyclide S ra sb thap phan.

(d) Tinh thé tich ctia khi bao bdi mit cyclide S ra sb thap phan.
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2.7 Vai ling dung cla Gidi tich vecto

Dinh luat Gauss cho dién trudng

Goi E 1a dién trudng gy bdi dién tich ¢ tai diém O. Gia st S 1a mot mit kin, bién ctia khdi D. Gia
stt cong thiic Gauss—Ostrogradsky c6 thé ap dung dudc cho D. Nhic lai tir[2.6.13|1a div E = 0. Néu

D khong chia diém O thi
//E-d§=/// divE dV =0.
s D

Néu D chda diém O & phan trong, néi céch khac néu S bao diém O, thi iy mot qué cau B(O, R)
di nhd sao cho n6 khong cit S, va cho bién dB(0, R) dinh huéng ra ngoai B(O, R). Khi d6 S cling
dB(0, R) tao thanh bién ctia mot khdi D’ khong chita O. Gid st cong thiic Gauss—Ostrogradsky c6
thé 4p dung dudc cho D’, ta dudgc

//E-dﬁ—// E-d§=/// divE dV = 0.
S AB(O,R) :

Suy ra [[E-dS = [[,5 ;o E - dS. O bai tap 2.4.12 ding dinh luat Coulomb (2.2.7), ta da tinh
duoc [[,p o p E-dS=2.

//E-d§ =4,
S

thong lugng cuia dién trudng qua mot mat kin bao dién tich khong phu thudc vao mat va ti 1€ véi
dién tich. DAy 1a noi dung ctia dinh luat dugc phat bi€u bsi Johann Carl Friedrich Gauss. E]

O trén ta vita trinh bay dinh luat Coulomb va dinh luit Gauss cho mot dién tich. Trong truong
hdp mdi trudng chiia dién tich tai moi di€m (moi trudng lién tuc) thi ta co:

’ binh luat Coulomb ‘ Dinh luat Gauss ‘

divE = £, v6i p la ham mt do dién tich /fSE-d§= elO/podV= 620, v6i D 1a khéi
dudc bao bdi mit S va Q 1a tong dién tich
trén D

Dinh luat Gauss c6 thé dudc kiém chiing bang thi nghiém d& hon dinh luit Coulomb, vi dinh
Iuat Gauss c6 tinh vi mo trong khi dinh luat Coulomb c6 tinh vi md. Ta chiing té dinh luit Gauss
dan téi dinh luat Coulomb bang cach thuan tiy toan hoc nhu sau. Xét mot diém p bat ki va
xét qua cau dong B’(p,r) tam tai diém d6 v6i ban kinh r. Theo dinh luat Gauss va cong thic
Gauss—Ostrogradsky:

1 5
LT e [ ease [ aveav
€0 "(p.r) dB'(p.r) B'(p.r)

%Trong cdc tai liéu vét 1y dinh ludt Gauss thuding duge phat biu ma khong kém theo diéu kién gi vé tinh tron ctia
mat va cia cac ham trong cong thuc.
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Chia hai vé cho thé tich ctia qua cau B’(p,r) va liy gi6i han khi r — 0, ding tinh chét vé gidi han
cua gia tri trung binh cta ham lién tuc ta dudc dinh ludt Coulomb.

p_(p) =divE(p).
€
Ngudc lai dé thdy dinh luit Gauss c6 thé nhan dudgc ti dinh luit Coulomb bing cach ap dung
cong thic Gauss—Ostrogradsky.
Dinh luat Coulomb cho méi trudng mang dién lién tuc c6 thé nhian dugc mot cach thuan tdy
toan hoc tir dinh luat Coulomb cho mdt dién tich bang céch 14y tich phan va dung ham Dirac, mot
ham suy rong.

Céc phuang trinh Maxwell vé dién tir

Khong 14u sau hai dinh luat Coulomb va Gauss, trong thap ki 1820, André Marie Ampere phat
hién ra ring mot dong dién tao ra quanh né mét tir trudng theo dinh luat:

/B~d§:,uol,
c

trong d6 C 1a mdt dudng cong kin bao quanh mdt dong dién cé cudng do khong doi I, B la tu
trudng, va uo 1a mot hing sé.

Nim 1831 Michael Faraday phat hién ring mot tif trudng thay di theo thdi gian t6i lugt n6 lai
tao ra mot dién trudng. Pinh luat Faraday cho cong thuc:

/E-d§=—i//B-d§.
88 dr JJs

Nim 1864, James Clerk Maxwell phat trién dinh ludt Ampere va thong nhit dién trudng véi tir
truong:
’ Céc phuong trinh Maxwell

Dang vi phan Dang tich phan
(1) (Coulomb) divE = Eﬂo (Gauss) //SE .dS = EQ—O, véi S 1a mot mat
kin

(2) curl E = -28 (Faraday) [, E-d5 =~ [ B-dS
(3)divB=0 JJs B-dS =0, véi S 1a mot miit kin

N 1 _J OE 2 1 o_ I d A <
(4) (Ampere) ?ﬂpcurlB =&+ % Vo J o aSB'dS =& + ﬁffsE'dS’ v6i I la
1a mat do dong dién cuong do dong dién qua mat S

Chéng bao lau sau ly thuyét ciia Maxwell da dudc ting dung trong thuc té v6i viéc phat minh
ra song dién tu cua Heinrich Hertz nam 1887. Cac phuong trinh Maxwell cung véGi cac dinh luat
ctia Newton tong két vat 1y ¢& dién. C6 thé doc thém & [Fey64, Chuong 18].

Cd hoc chét 16ng

Goi F 1a trudng van tdc chuyén dong ctia mot dong chit 16ng. Néu div F = 0 (tai moi diém) thi
ngudi ta néi dong chit 16ng 1a khong nén dudc (incompressible) (vi né khong ¢6 chd bom vao 14n
chd thodt ra). Cic todn tit vi phan ctia Giai tich vectd xuét hién phd bién trong mo hinh héa cic
hién tuong co hoc. Chang han, mdt trong nhiing phuong trinh quan trong nhit mé ta dong chay
chét 16ng cho t6i nay van dang dugc tap trung nghién ciu 1a phuong trinh Navier-Stokes:

%—’f+(ﬁ-V)§—vAﬁ —Vw+3,
divF = 0.
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Bai tap

2.7.1. * Chtng té cac dang vi phan va dang tich phan cta cac phuong trinh Maxwell la tuong duong véi
nhau vé& mit toan hoc.
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2.8 * Cong thuc Stokes tdng quat

Muc nay gidi thiéu so lude mot s6 vin dé lién quan tdi tong quat héa ctia cong thiic Stokes va gidi
tich vectd. D€ chi tiét hon c6 thé doc chang han & [VuSto].

Cong thuc Stokes cho mét (n —1)-chiéu trong khdng gian R”.

Sau day 12 mot trudng hop cia cong thic Stokes dugc dung phd bién trong nghién ciu cic
phuong trinh vat ly todn va phuong trinh dao ham riéng ([Eva97, tr. 627], [GTOI1, tr. 13]). Véi
F=(F,F,....F,):R" - R" dat

divF = D;F; =

i=1 i

- — Ox;

2.8.1 Pinh ly. Cho Q la mét tdp con md bi chdn ciia khong gian Euclid R". Gid sit bién 0Q thudc
Iop C. Gid sit v la vecto phdp tuyén don vi ngoai ciia dQ. Gid sit truong vecto F c¢é cdc thanh

phdn thuée ldp C1(Q). Khi do:
/diVFdx:/ F-vds.
Q oQ

Trong cong thic trén, ta néi bién dQ thudc 16p C! c6 nghia 1a mbi di€m trén 0Q c6 mot 1an
can vi dong phodi v6i mot tip md ctia R”~!. Diéu nay ciing ¢6 nghia 1a mbi diém trén 0Q c6 mot
1an can ma trén d6 AQ 1a do thi ciia mdt ham tron theo (n— 1) bién. Nhu ta da thiy & phan ching
minh cia va khai niém nay 12 tdng quat héa ciia khai niém dudng chinh qui va mit
chinh qui.

Mot ham thuc f la thudce 16p C 1(Q) néu né c6 cic dao ham riéng cAp mot lién tuc trén Q va
cic dao ham d6 c6 md rong lién tuc 1én Q.

Tich phan theo phan ti dién tich mit dS c6 thé dugc dinh nghia mot cich tuong ty tich phan
dudng loai mot va tich phan mit loai mot. Tuy nhién c6 mdt khé khin 13 c6 thé can t6i nhiéu hon
mot phép tham sb héa dé phii dudge hoan toan mit. PE vuot qua khé khiin niy ngudi ta dung mot
cong cu goi la "phan hoach don vi".

Su théng nhat gitra cac cong thiic Newton—Leibniz, Green, Stokes va Gauss—Ostrogradsky

Ta c6 thé nhan thidy mot su thdng nhét clia cdc cong thifc nay: tich phan ctia mot dbi tuong ham w
trén bién OM clia mot d6i tuong hinh hoc M thi bing véi tich phan clia mot dbi tugng ham méi
dw lién quan t6i dao ham ctia d6i tuong ham w ban dau trén d6i tugng hinh hoc M ban dau:

/ w:/ dw.
oM M

DAy chinh la dang ctia mot cong thifc tdng quat, dudc goi chung 1a cdng thiic Stokes.

Cong thic Stokes cho mét k-chiéu trong khéng gian R”.

Cong thiic Stokes tdng quat sé ding trong trudng hop sau ddy. Vé mit hinh hoc, M 1a mdt mit
k-chiéu, theo nghia méi diém trén M c6 mot 1an can vi dong phoi véi mot tip md ciia RX hoic
mot tip mé clia mot nita ctia R¥, nhiing diém khong thudc loai dau tao thanh bién dM. Day 1a khéi
niém da tap tron (smooth manifold) k-chiéu.

Ddi tugng ham w thi phiic tap hon. D6 1a mot dang vi phén (differential form) bac (k —1).
Khi d6 dw 1a dao ham cla dang w va 1a mdt dang bac k.
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Thé ndo 1a tich phan ctia mot dang vi phan trén mot mit? Vi mdi diém trén mét c6 mot 1an cin
vi ddng phoi v6i véi mot tip con ctia R¥ nén thong qua phép vi dong phdi ta mang tich phan trén
miit vé tich phan trén R¥ bang mot cong thiic lién quan t6i cong thiic ddi bién clia tich phan.

Tt nhién nhitng miéu ta trén chwa da dé ngudi doc c6 thé hiéu dudc cu thé. O day ngudi viét
khong c6 tham vong d6 ma chi mudn gidi thiéu vai y niém, hy vong ngudi doc sé tim hiéu thém
sau nay.

Vai nét vé dang vi phan

Nhiing ki hiéu dx, dy, dA, dV, dxdy, ds, dS, ds, d§, ... mata théy xudt hién trong mon hoc cho
t6i nay chua dudc gidi thich y nghia rd rang. Ching la phan ti ctia tip hop nao? Quan hé giita
chung ra sao?

Dang vi phan béac 1

Xét khong gian R”. Gia st x = (x1,xp,...,%,) € R". Lam dung ki hiéu ta chi x; 1a ham cho ra toa
do thi i cla x, tic 1a ham (x, xp, . . ., x,) > x;. Khi d6 ta dinh nghia dang vi phan dx; chinh la dao
ham cta ham x;. Tac la dx; = dx;!

Vay dx; 12 mot ham trén R”. Tai mbi diém x € R”, gia tri dx;(x) 12 mot 4nh xa tuyén tinh tii R”
vao R, dudc dai dién bsi vecto (0,0,...,0,1,0,...,0) trong d6 sb 1 nim & toa do thi 7.

Téng quat hon, néu f : R” — R 1a mot ham tron thi dao ham df ctia f 12 mot dang vi phan
trén R”. Tai mdi diém x thi df(x) 12 mot 4nh xa tuyén tinh tif R” vao R, dudc dai dién bdi vecto
(5—){2(@, A (). %(x)). Tt d6 ta c6 déng thc:

0 0 0
ar) = 2Ly )+ 2L (a0 + -+ 2L () (x)
oxy 0xy ox,
hay ngin gon hon:
_af af af
df = %, dx| + 3% dxy+---+ o, dx,.

Trong trudng hop mot chiéu cong thiic trén 1a:
df = f'dx.

Khéc véi su mo ho khi ta thiy cong thic nay 1an dau khi hoc vé vi phan trong cdc gido trinh todn
gidi tich trung hoc hay nim dau dai hoc, bay gid moi thii trong cong thic déu c6 nghia chinh xéc.

Ta dinh nghia mot dang vi phan béac 1 trén R” 1a mot ham cho tuong ting mdi di€ém v6i mot
4nh xa tuyén tinh tif R” vao R, cho bdi cong thiic

f]dxl + fzd)CQ +--+ f,,dxn
trong do fi,. .., f» 1a cdc ham tron.

Vi du. Trén R?, dang bac 1 dudc cho bdi cong thiic Pdx + Qdy trong d6 P, Q 1a ham tron trén R2.

Tich cda dang vi phan

Ngudi ta dinh nghia dugc mot phép nhén trén cac dang vi phan, thudng dugc ki hiéu bdi A (wedge
- tich chén), nhung & day ta b6 qua ki hiéu d6 cho don gian. Phép nhan ctia dang vi phéan cé tinh
phan phbi v6i phép cong. N6 con c6 mdt tinh chit dic biét, 1a tinh phan dbi xting:

dxdy = —dydx.

Mot hé qua 1a dxdx = 0.
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Vi du. Khi n =2: Ta s& c6 dxdy 12 mot dang vi phan bac 2. Tai mdi di€m p € R?, gid tri dxdy(p)
1a mot anh xa ma tac dong vao cip vectd u,v € R? cho ra det(u, v), chinh la dién tich c6 hudng cia
hinh binh hanh sinh bdi u va v. Vi vay c6 1 khong qué ngac nhién khi ta biét ki hiéu dA chinh la

dxdy:

Vi du. Khi n = 3: Ta sé c6 dxdydz 1a mot dang vi phan bac 3. Tai méi diém p € R3, gia tri
dxdydz(p) 1a mot anh xa ma tac dong vao bd 3 vectd u, v, w € R3 cho ra det(u, v, w), chinh 1a dién
tich c6 huéng cta hinh binh hanh sinh béi u, v va w. Ki hiéu dV chinh 1a dxdydz:

dV = dxdydz.

Tong quat hon, tai mdi p € R™ thi dx|dx; - - - dx,(p) = det, va d6 chinh 1a dang th€ tich dV trén
R,

dV =dxidxy - dxy.

V6i 1 < iy,ia,...,ix < nthi dx; dx;, -+ dx;, 1a mot dang bac k. Tong clia hai dang béc k 1a mot
dang bac k. Tich ciia mot ham tron v6i mot dang bac k cling 1a mot dang bac k. Ta dinh nghia mét
dang vi phan béc k bét ki trén R” 1a mét tong hiru han ctia nhitng dang fdx; dx;, - - dx;, .

Vi du. Mot dang béac 2 trén R3 c¢6 cong thic Pdydz + Qdzdx + Rdxdy, trong d6 P, Q, R 1a cic
ham tron trén R3.

O day chiing ta chua ban t6i dang vi phan ndi tai trén cac dudng, mit, hay tdng quat hon nhiing
tap con "k-chiéu" trong R”. Vi viy ta chua c6 cd hoi gidi thich cac dang ds, dS, ...

Tich phan cua dang vi phan

Theo dinh nghia & trén mot dang vi phan bic n trén R” 1a mot tdng cia hitu han nhiing dang
fdxidx; -~ dx,. Rt don gian, ta dinh nghia tich phan ctia dang fdx,dx;---dx, trén tip con D
cua R” chinh 1a tich phan bdi cua ham f trén D.

Dinh nghia trén dudc ding cho nhiing tap con D "n-chiéu" trong R”. Néu tip con D niy c6
s6 chiéu k < n (vi du nhu dudng, mit trong R™) thi can c6 mot dinh nghia khic danh riéng cho s6
chiéu k. Nhu ta di thiy qua tich phan dudng va tich phan mit, mot dinh nghia nhu vay sé dung t6i
viéc "kéo lui" mot dang trén D vé mot dang k-chiéu trén R¥, rdi 1y tich phan. Chi tiét kha phic
tap, nén ta dung lai § day.

Dao ham cua dang vi phén
Ngudi ta dinh nghia dugc mot phép dao ham trén cac dang. Phép tinh ndy c6 tinh tuyén tinh, nén
né dude xac dinh bdi cong thiic:

d(fdx,-, dxiz ce dx,-k) (df)dxi] dx,-z tee dx,-k

0
= —fdx1+a—fdx2+---+ of
0x 0x; Xn

dxn) dx; dxi, - - - dx;, .

Nhu viy dao ham ctia mot dang bac k 1a mot dang bac (k +1).

Vi du. Trén R? xét dang w = Pdx + Qdy. Ta c6

oP oP 00 00 0Q oOP
dw=|—dx+—dy|d —dx+—dy|dy=|———|dxdy.
v (6x x+6y y) x+(6x x+(9y y) Y (6x ay) ray



2.8, * CONG THUC STOKES TONG QUAT 103

Vi du. Trén R? xét dang w = Pdx + Qdy + Rdz. Ta c6

_ (6P 8P 9P 0 80 80
dw = ((9 dx + 3y dy + 7z d)dx+(a dx +(9 dy +6 dz)dy+
OR OR OR
—dx+——dy+—_—dz|d
o(BRaxe Py )
_ (0R 00 0P OR 00 apP
= ((’)y 8z)dydz+(6z I )dzd (ax ay)dxdy.

Chi y céc thanh phan ctia dw chinh 1a c4c thanh phan cda curl(P, Q, R).

Vi du. Trén R? xét dang w = Pdydz + Qdzdx + Rdxdy. Ta c6

_ (oP, 9P 4P Q. 90 40
dw = ((9 dx+a dy+a dz)dyd +(8 d)c+a dy +a dz)dzdx+
OR OR 0
(ad +a—yd +a—d2)d)€dy
oP 80 OR
= (a+a—y+a—2)dxdydz

Thanh phan ctia dang dw chinh 1a div(P, Q, R).

’ Tuong tng gitta ham va dang

ham thyc f dang bac khong f
truong (P,Q, R) dang bac mot Pdx + Qdy + Rdz
truong bao toan dang bac mot ma la dao ham ctia mot dang bac khong

truong curl(P,Q, R) | dang bic hai
(a—R——)dyd +(6—P——)d dx—i-(g——)dxdy

dy az
R . c?Q Jé)
ham div(P, Q, R) dang bac ba( + o5 Ff)dxdydz
Vi du. Tinh d(df) ta dugc:
of 4. 9f . 9f
ddf) = d|=—dx+—=—=—dy+—d
(df) ( L ar+ S ays Y )
0’f  0*f 9’f  0*f 0’f  0°f
—— ——|dyd —————|dzd —— — —— | dxdy.
(o'?y(?z 6z6y) Y Z+(6zax (9x6z) ¢ x+(8x(’)y ay(')x) ray

Vay néu f tron cip hai thi d(df) = 0. Pay khong gi khac hon chinh 1 hé thiic curl(V(f)) = 0.

Vidu. Néu taldy w = Pdx+Qdy+ Rdz thi nhu & trén da tinh dw = (3_1; ) dydz+ (35 ) dzdx+

(g—g - a—P) dxdy, tuong tng véi truong curl(P, Q, R), va

9’R ~ %0 .\ d’pP ~ 0’R N %0 ~ d’P
dxdy 0x0z O0ydz 0ydx 0z0x 0z0y

d(dw) = ( )dxdydz.

Néu trudng (P, Q, R) 1a tron cip hai thi d(dw) = 0. Pay chinh 13 hé thiic div(curl(F)) = 0.

Toéng quat, tich ctia hai 4nh xa dao ham d nbi tiép bang khong:

d*=0.



104 CHUONG 2. GIAI TICH VECTO

Bé dé Poincaré téng quét

Ta da thAy néu w = du thi dw = 0. Piéu ngudc lai 12 ndi dung ctia b6 dé Poincaré tdng quat: Trén
mot mién md hinh sao cia R”, néu w 1a mot dang bic k va dw = 0 thi ton tai mot dang u bac k — 1
sao cho du = w.

Céng thuc Stokes tdng qudt

Cong thiic Stokes tong quat trén R":

/ w=/ dw.
oM M

Cong thic Newton—Leibniz ting véi trudng hgp w la dang bac khong f va M 1a mét tip con
1-chiéu ctia R (doan thing).

Cong thic Green tng véi truong hop w 1a dang bac mot Pdx + Qdy va M 1a mdt tap con
2-chiéu ctia R?.

Cong thiic Stokes ting véi truong hgp w 1a dang bac mdt Pdx + Qdy + Rdz va M 1a mét tap
con 2-chiéu ctia R3 (mit).

Cong thic Gauss—Ostrogradsky tng véi truong hdp w 1a dang bac hai Pdydz + Qdzdx +
Rdxdy va M 1a mot tip con 3-chiéu ctia R3 (khbi).
Bai tap

2.8.2 (cong thitc Green). Day 1a nhiing hé qua clia cong thiic Stokes[2.8.1] Véi ciing cdc gia thiét vé& Q, ta
viét phap tuyén don vi v = (v1,va,. .., v,). Chiing minh cic cong thiic sau (xem[2.3.15|va[2.6.11):

@ oy 2L dx= [, fvi dS. Gid sit ham thye f thudc 16p C'(Q).
) foalgdx= [, fgvidS— [, f4% dx.Gisi f vag thuoc 16p C'(Q).
_ [ of A s 200 4 O0f C )
(©) /QAf dx = /agz 5y dS. Gia su f thudc 16p C=(Q). Ta \leet v Vf-v,dao ham cua f theo hudng v.
Nhic lai todn i Laplace A duge cho bdi Af = 37| z—xJ;.
d) J,Vf-Vedx= [ 1% dS— [ fAg dx. Gia sit f va g thudc 16p C2(Q).
© Jolfdg-gAf)dr= [, (£%-g%) ds.

2.8.3 (dién tich mit cau). * Goi $"(R) la mit cAu n-chiu tdm tai O v6i ban kinh R, bién clia qua ciu
B’"*D(R) tam 0 ban kinh R. Hay diing d€ tinh dién tich (n6i cach khdc, thé tich n-chiéu) ctia S"(R).
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Hudng dan hoc thém

D& trinh bay chit ché noi dung ctia tich phan dudng va mit va téng quat héa cho nhiéu chiéu can
nghién ctiu hai 1anh vuc: da tap vi phan (differential manifolds) (tdng quit hda ctia dudng va mit),
va dang vi phan (differential forms) (tong quét hda cia trudng vectd). Quyén sach nho ctia Spivak
[Spi63] 12 gido trinh kinh dién. Quyén sich ctia Munkres [Mun91]] xuit hién sau, c6 noi dung
tuong tu nhung c6 nhiéu chi tiét hon. Mot tai liéu hay gan day hon 12 tap bai giang [Sja06].

Mot tiép can khéc clia vin dé tich phan trén céc tip con clia khong gian Euclid dudc trinh bay
trong ly thuyét do do hinh hoc (Geometric Measure Theory), c6 thé doc & [Mor00].

Nhu da goi y, Gidi tich vecto dudc ting dung truc tiép vao vat ly va cdc nganh toan hoc lién
quan [Arn89], nhu khao sat cac phuong trinh vat 1y toan, thudng la cac phuong trinh dao ham
riéng [Eva97].
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Ggi y cho mot so bai tap

[1.2.16] Gia st x € [0,1] 1a mot s6 vo ti va {p,/qn}nez+ 12 mot dy cac sb hitu ti hoi tu vé x. Néu day
{gn}nez+ khong tién ra vo cling thi sé c6 mot sb thuc M va mot diy con {qn; Ykez+ sao cho g, <M
v6i moi k € Z*. Day {pp, /qn, }xez+ chi gdm hitu han gid tri.

[[.2.17] Tap hop céc s6 hitu ti 1a dém dugc.

[[.4.14 Dung cong thiic Fubini hai lan, chid y diéu kién dp dung.

Dit khdi vao mot hinh hop va dung cong thiic Fubini, tuong tu chiing minh ctia

[1.4.18] Khéi tron xoay dudc xic dinh bdi bit déng thic y? + z2 < f(x)?, 1a mot khbi don gian theo chiéu
truc y va chiéu truc z.

[1.4.19] Gia st phuong clia mit cat 1a phuong ctia mdt truc toa do. Trudng hop tng quét c6 thé ding mot
phép xoay va dung|1.5.29

1.4.22] (b) Dungy & bail.1.11

[[.5.14] Niia trén ctia mit e-lip 12 d6 thi cia ham z = f(x,y) = V(4 — x2 —2y2)/3 v6i (x, y) thudc vé hinh e-lip
x%+2y? < 4. Vi e-lip ¢6 dién tich va ham f lién tuc, nén ham f kha tich, va dd thi ctia f c6 thé tich
khong trong R3. Tuong tu nita dudi cia mit ciing c6 thé tich khong, do d6 e-lip c6 thé tich khong,

nén khdi e-lip c6 thé tich.

[1.5.16] Chi y ring mién D ddi xiing qua truc Oy. C6 thé c6 két qua ma khong cin tinh truc tiép tich phan.
DE€ gidi thich chinh xic c6 thé dung phép ddi bién x — —x.

[1.5.24] Dung bai(l.4.15| Dung cong thifc di bién dé tinh dién tich mat cit theo dién tich mit ddy.
[1.5.33] biit A vao trong tap mé U. M4 rong f thanh F trén tap ¢(U) va dp dung cong thiic ddi bién cho F.
[1.6.6] D&i don vi gid sang triéu dong/km?.

2.1.9] Dung cong thiic Frénét. Gia st v6i moi s thi D) C B(y(s), ﬁs)), v6i k(s) = |T’(s)| > 0 1a d6 cong
ctia duong vy tai y(s). Dung bai m C6 thé doc thém & bai bdo R. Osserman, Mathematics of the
Gateway Arc, Notices of the AMS, vol. 57, no. 2, 2010, p. 225.

2.2.14 Tinh lién thong dudc thio luan siu hon trong cac tai liéu Topo, chang han [Vutop).
Xem ki thudt & phan ching minh ctia[2.1.3]

Dung cong thiic Green cho mién khong don gian.

2306 Ding bai tap[Z3.3)

Dung tinh lién thong cta D va ki thuét 6 bai tap[T.1.11]

2.3.20] Tham khéo bai tap 2.2.14] Trén tdp con md ciia R” thi tinh lién thong va tinh lién thong dudng la
tring nhau, xem chang han [Vutop].

3.3.23 Ding ki thuat & bai tap[[.1.11

2.4.16] Mit nén can 1a mot mit tron xoay. Dién tich biang 7RVR? + h2.

107
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2.4.17) Dung tinh dbi xting. Tuong tu bai[1.5.16
R.7.1] Tuong tu bai tap[2.3.23]
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Chi muc

Pinh ly ¢ ban cia tich phan dudng, ham diéu hoa,
dd do Lebesgue, [50) ham do dugc Lebesgue, [50]
do do khong, ham Gamma, [49]
do cong, [60] ham mat do,
dong néng, [63] ham thé,
dao ham theo hudng,[75] hé con sin moi-con moi,
dinh ly ham ngudgc, [32] o
dinh luat Faraday, kh(i)i ong,
dudng di, @ kh(i)i don gian véi bién tron tiing manh,

déng, khéi non,

don, 53 khi tich,

cung dinh hudng, kha vi lién tuc, [31]

chinh qui’ kha vi tﬁﬂg khl:lC, @

lién tuc, [53] 5

trdi dinh huong, mit, ,

vét, dinh hudng,
duong chinh qui tiing khuc, OT] df{n’
dudng cong, b“fn’ ‘

huéng tiép tuyén, Chlflh qlfl’
da tap tron, [100] hudng Ién,

vet,
bd dé Poincaré, ma trin Jacobi,
o mién,
cong thic doi bien, midn (gl gidn,
cong thic Divergence,
cong thic Fubini, [24] phép ddi bién,
cong thic Gauss—Ostrogradsky, phép chia, [f]
cong thic Green, [69} 5] [104] khoéng con, [
cong thiic Newton-Leibniz, [62] min hon,
cong thic Pappus, 49 phén hoach,[f]
cong thiic Stokes,
cong thiic tich phan tiing phan, tich phén, [g]
curl, [86] tich phan dudng
doc 1ap voi duong di,
dang vi phén, [I00] ldai hzﬁ 53] _—
div, loai mot, [54]
PR . tich phan lap, 23]

gid tri chinh qui. tich phan Lebesgue,
hau nhu khip noi, tich phan mat
hinh hop, [] loai hai,

con, [6] loai mot,

thé tich, [6] tich phan timg phén, [104]
hinh sao, tap muic,
ham déc trung, [T9] toa do cau,
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toa do tru, 33
tong dudi,
téng Riemann, [6]
tong trén,
thé ning,
thong lugng,
thé tich,
thé tich khong,
todn ti Laplace, [73]
tron, 31]
dudng di,
trudng
bao toan,
gradient, [62]

vectd gradient, [31]
vectd phap tuyén ngoai,
vi ddng phoi,
déao ngugc dinh hudng, [33]

béo toan dinh hudng, @ |3_3[, @

xap xi duéi,
xap xi trén,
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