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PAI SO B2

TS. Nguyén Viét Pong

Chuong 1. Anh xa va Quan hé

Carl Friedrich Gauss

S4 hoe

Number theory is concerned with properties of
the integers:

...,~4,-3,-2,-1,0,1,2,3,4,....
The great mathematician Carl Friedrich Gauss

called this subject arithmetic and of it he said:

“Mathematics is the queen of sciences and
arithmetic the queen of mathematics.”
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So6 hoc

* 1.Uéc s6
« 2. Phan tich thanh thira s6 nguyén t6
« 3.Pong du

1.Ubc sb

Theorem 1.1. Division Algorithm, Chonvad >1 la cac
so nguyén. Khi dé to tai duy nhat c&c so nguyén q va d
saochon=qd+rva 0 <r<d.

« Chonvad =1, céc s6 nguyén q va r trong Theorem 1.1

duoc goi la thuong va du trong phép chia n cho d. For
example,chon=-29,d=7,tac6 —29 =(-5) - 7 + 6,
thuong lag=-5vadular=6.
Chling ta c6 thé tim thwong va du bing méy tinh. For
example, véi n = 3196, d = 271 thi n/d = 11,79, do d6 ta
c6q=11.Suyrar=n-qd =215, vy 3196 = 11 - 271
+215.

1.Uéc sb

Chg d va n la céc s6 nguyén thoa man n = qd
voi s0 nguyén ¢ nao do , khi d6 ching ta s¢ noi
rang:

* n chia hét cho d, d chia hét n.

* nlabdicuad,dlaude cuan.

Chung ta viét djn, hay n : d trong truong hop nay,
Nhu vay, s6 nguyén duong p >1 1a s6 nguyén toé
néu va chi néu p chi c¢ hai uéc nguyén duong la 1
va p. Nhimng tinh chat sau day v¢ | 1a dé dang
chirng minh

1.Udc¢ sb

) n|n doi véi moi n.

(ii)) Néu d|m va m|n, khi @6 d|n,

(iiii) Néu dnvan|d, khidé d = n.

(iv) Néu dn va d|m, khi @6 d|(xm + yn) doi
voi moi s0 NQUYEN X va'y.
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1.Uéc sb

Cho cac s6 nguyén duong m va n, s6 nguyén d
dugc goi la wée chung ctia m va n néu djm va
din.

Néu m va n la céc sé nguyén, khong dong thoi
bang 0, chling ta noi rang d la wée chung 1én
nhat ciia m van, ky hiéu d = UCLN(m, n)
(or d = (m, n) )néu 3 diéu kién sau dy théa:
(d>1. (i) dmvadn.

(iii) Néu kjm va kJn thi k|d.

1.Ubc sb

* Theorem 1.2. Cho m va n |a cac so
nguyén, khdng dong thoi bang khong.
Khi dé d = (m, n) ton tai va

d = xm + yn doi véi Cac sé nguyén x va

y nao do.

1.Uéc sb

+ Example . Tim (37, 8) biéu dién n6 thanh t6 hop tuyén tinh ciia
37vas.

Giai. D& dang thdy ring (37, 8) = 1 vi 37 la s6 nguyén t5; Ta c6

37=4.8+5 1=3-1-2=3-1(5-1-3)
8§=1.5+3 =2.3-5=2(8-1-5-5
5=1.3+2 =2.8-3.5=2-8-3(37-4-8)
3=1.2+1 =14.8-3.37

2221

S6 du cudi cung khac khéng trong day phép chia noéi trén la 1,
bang phép thay thé tir dudi Ién trén ching ta nhan dugc 1 =14 - 8 —
3-37.

1.Udc¢ sd

+ Theorem 1.3. Euclidean Algorithm. Cho cac sb
nguyén mvan > 1, str dung lién tiép phép chia :
m=qg;n+r, 0<r;<n
nN=qyr +r, 0<r,<n
M=l +r3 0<r<n

Me2™ Ot e 0 <rig
M1 = il

Day céc udc so la day giam
rp>r>--20
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1.Uéc sb

Néur, =0, thi (m, n) =n.

Tréi lai, r, = (m, n), trong d6 r, 1a s6 du cudi
cung khéc khéng trong dady phép chia ndi trén.
Bing céch thay thé tir dudi Ién trén ching ta
thu dugc bidu dién tuyén tinh cia uéc chung
16n nhat qua m va n.

1.Ubc sb

Hai s6 nguyén m va n duoc goi la nguyén ¢ ciing nhau néu

(m,n)=1.

Nhu vay 12 va 35 1a nguyén t6 cting nhau, tuy nhién 12 va 15
khdng nguyén t6 cung nhau vi (12, 15) = 3.

Theorem L1.4. Cho m va n Ia céc s6 nguyén khong dong thoi
bang 0 khi do:

(i) mva n Ia nguyén 14 cling nhau néu va chi néu 1 = xm + yn dsi
Véi CAC s0 NQUYén X va y nao do.

(i) Néu d = (m, n), thi m/d and n/d 1& nguyén ¢ ciing nhau.

(i) Cho m va n 1a cac sé nguyén 6 cuing nhau. Khi d6

(a) Néu m|k va n|k, trong 46 k € Z, thi mn|k.

(b) Néu m|kn déi véi k € Z, thi m|k }

2. Phan tich thanh thira s6 nguyén t6

* Theorem 2. 1. Euclid’s Lemma. Cho p 1a s¢
nguyén 7.

(i) Néu p|mn trong d6 m, n € Z, khi dé p|m hodc
pIn. i

(if) Neu plmym, - - -m, trong dé moi m; € Z, khi
d6 p|m; doi véi i ndo dé

2. Phan tich thanh thira s6 nguyén té

« Theorem 2.2. Moi s6 nguyén n >1 1a
tich ciia cac so nguyén ¢o.
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2. Phan tich thanh thira s6 nguyén t6

* Theorem 2.3. Prime Factorization Theorem.
Moi s6 nguyén n >2 déu co thé viét thanh tich
cia CAC thira s6 nguyén td. Hon nita sy phan
tich 1& duy nhdt néu khong ké thir tir ciia cac
nhan .

2. Phan tich thanh thira s6 nguyén t6

Collorary 2.4
IF the prime factorization of n is n = p' py? -+ pl, then the pos-
I | I_ Ir |

itive divisors d of n are given as follows:

d=phplcph where 0<d <y foreachi.

2. Phan tich thanh thira s6 nguyén t6

Theorem 2.5  Suppose that m and n are positive integers, and write

ny

n=p p'_," cepl n 20

my My
m=p'pyteept omi 20,

where the p; are distinct primes. Then:

. o mun(my,ny) min(my ) min(m, ,n,)
ged(m,n) = p, P !

)nm\tm, My)

Py

max(my,ny) maxima,na)
lem(m,n) = p " py R

3. Pong du

« Definition 3.1.. Cho m > 0 ¢ dinh. Khi
d6 céc s nguyén a va b dugc goi la dong
dw theo modulo m, ki hiéu a = b (mod m)
néum|(a—b).
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3. bong du

« Proposition 3.1. Cho m > 0 la sé nguyén cé dinh, khi dé
doi vdi cac so nguyén a, b, ¢, ta co

(i) a =a (mod m);

(i) Néu a =b (mod m), thi b =a (mod m);

(iii)Néu a = b (mod m) va b = ¢ (mod m),thi a =c (mod m).
Proposition 3.2. Cho m > 0 | s6 nguyén ¢4 dinh.

(i) Néua=qm + rthia =r (mod m).

(i) Néu 0 <r’<r<m, thi r and »’khong dong dir theo
modulo m. Taviét r#r’(mod m).

(iii) a = b (mod m) néu va chi néu ava b cb cling s6 dir khi
chia cho m.

3. bong du

« Proposition 3.3. Chom > 0 la sé nguyén ¢6 dinh.
(i) Néua, =a;,"(mod m) véi i = 1; 2; ... ; n, thi
a, +.. +a,=a;’+..+a,’ (modm).
NGi riéng, néu a =a’(mod m) va b =5’ (mod m), thi
a+b=a’+b’(mod m).
(ii) Néu a; =a;,’(mod m) véi i = 1; 2; ... ; n, thi
a .. a,=a, ... a,(modm).
NGi riéng, néu a =a’(mod m) va b =b’(mod m), thi
ab =a’b’(mod m).
(iii) Néu a =b (mod m),thi a" =b" (mod m) véi moi n >0.

3. bong du

Theorem 3.4 (Fermat).

(1) If p is a prime, then

af = amod p

for every a in Z.

(i) If p is a prime, then

k
a? =amod p

Jfor every a in Z and every integer k > 1.

3. Pong du

+ Theorem 3.5. Néu (a;m)= 1 thi véi moi so

nguyén b, phirong trinh ax =b (mod m) déu c6
nghiém X; cu thé, x = sb, véi sa =1 (mod m).
Hon nita hai nghiém bdt ky déu dong dw theo
mod m.
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Anh xa

1.Dinh nghia va ky hiéu

1.1. Dinh nghia

Chq hai tap hop X, Y # <. Mot anhxg ftor Xvao'Y 13‘1 qui
tac dat tuong g moi phan tir x cia X v&i mot phan tur
duy nhat y cia Y ma ta ky hi¢u la f(x) va goi 1a ankh cua
x qua anh xa f. Ta viét:

f:X->Y

X p=f(x)

Anh xa

1.2. Anh xq bang nhau

Hai anh xa fva g tir X vao Y dugc goi 1a bang
nhau néu

vx e X, f(x) = g(x).

1.3. Anh va dnh ngwoc

Choanhxaftt XvaioYvaAc X,BcVY.Ta
dinh nghia:

26

Anh xa

f(A) ={f(x) | x e A}
={yeVY|IxeAy=fx}
vyeY,yef(A)<=IxeAy=1X);
vyeVY,y ¢ f(A) = Vx e Ay = f(x).

f1(B) = {x € X | f(x) € B}
vx e X, x € f1(B) < f(x) € B;
vx e X, x ¢ f1(B) < f(x) ¢ B.

Anh xa

Ta thuong ky hidu £(X) bi Imf va £1( {y}) boi
fi(y). Imf dugc goi 1a dnh cia dnh xa f.

Tinh chit:

f(AL LU A =F(A) L T(A,);

f(AL N Ay) = f(A) N T(AY;

(A VA S A \T(A);

(B, By) =11(By) W F(By);

1B, N By) =F1(B) N FH(By);

(B, \By) = F1(B) \ F1(By).

28
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Anh xa

2. Phén logi anh xa

2.1. Don &nh

Tan6if: X =Y 12 mot don anh néu hai phan tir
khac nhau bat ky cua X déu cé anh khac nhau,
nghia la:

VX, X' e X, x =X = f(x) = f(x")

Anh xa

e f: X > Y la mot don anh

< (VX X e X, f(x) =f(X') = x =X).

< (VY e Y, fL(y) c6 nhidu nhit mét phén tir).

< (Vy €Y, phuong trinh f(x) =y (y dugc xem nhu
tham s0) co nhi€u nhat mot nghiém x € X.

» Suy ra:

f: X > Y khong 1a mét don anh

(3, X e X, x =X va f(x) = f(x)).

<(3y € Y, phuong trinh f(x) =y (y dugc xem nhu
tham s0) c6 it nhat hai nghiém x € X

30

Anh xa

2.2. Toan anh:

Tandi f: X - Y 1a mot toan anh néu Imf =Y.

Nhitng tinh chét sau dugc suy truc tiép tir dinh nghia.

f: X =Y lamo6t toan &nh

< (Vy e Y,Ix e X,y =1f(x)

< (Vy e Y, Fiy) = 9);

< Yy € Y, phuong trinh f(x) =y (y dugc xem nhu tham
$0) c6 nghiém x € X.

Suy ra:

f: X — Y khong 1a mét toan anh

<@y eY,vxe X y=f(x);

< @y e, fiy) =9);

Anh xa

2.3. Song danh va dnh xg ngugc:

Tanéi f: X - Y 1amot song anh néu f vira 1a don 4nh
vura 1a toan anh.

Tinh chét.

f: X — Y 1a mét song anh

< (VyeY,3xe X y=1(x);

< (Vy e Y, F(y) c6 ding mét phén tir);

<Vyey, phuong trinh f(x) =y (y duoc xem nhu
tham s0) ¢6 duy nhat mét nghiém x € X.

32
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Anh xa

o Xétf: X — Y la mot song anh. Khi do, theo
tinh chat trén, vdi moiy € Y, ton tai duy nhat
mot phan tir x € X thoa f(x) =y. Do d6 tuong
ungyh—x 1a mot anh xa tr Y vao X. Ta goi
day 1a dnh xa ngwec cia f va ky hiéu 1. Nhu
vay:
fl:Y X

yHf(y) =x véi f(x) = y.

Anh xa

Cho P(X) =x%—4x + 5 va cé4c anh xa

f: R — R dinh boi f(x) = P(x);

g: [2, +0) = R dinh bdi g(x) = P(x);

h: R — [1, +o0) dinh béi h(x) = P(x);

k:[2, +©) — [1, +o0) dinh boi k(x) = P(x);

Hay xét xem anh xa nao 1a don anh, toan anh,
song anh va tim anh xa ngugc trong trudong
hop l1a song anh.

34

Anh xa

3. Tich (hgp thanh) ciia cac anh xg

3.1. Dinh nghia: Cho hai anh xa

f:X>VYvag:Y'>2Z

trong d6 Y < Y'. Anh xq tich h ciia f va g 1 anh xa tir X
vao Z xac dinh boi:

h:X—>2Z

X > h(x) = g(f(x))

* Taviet:

h=gof:X>Y->Z

X (%) = h(x) = g(f(x))

Anh xa
3.2. Dinh ly:
Xétf: X — Y 1a mot song anh. Khi dé:
fofl=Id,
flof=1ldy

trong do6 ky hi¢u Idy 1a 4nh xa ddng nhit X — X
dinh boi Idy(X) = X, VX € X; ta goi Idy 1& dnh xa
dong nhat trén X, twong ty Idy 14 4nh xa dong

nhét trén Y.
36




Quan hé
RELATIONS

1. Definitions

Definition. A quan /¢ hai ngdi tir tip A dén tap B Ia tap con
cua tich Descartess R < A x B.

Ching ta s& viét a R b thay cho (a, b) € R

Quan hé tir A dén chinh né duoc goi 1a quan hé trén A

R={(ay, by), (a1, by), (a3, b3) }
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Relations

1. Dinh nghia va tinh chat

2.Biéu dién quan hé

3.Quan hé twong duong. Dong du. Phép
toan sd hoc trén Z,

4.Quan h¢ thi ty. Hasse Diagram

1. Definitions

Example. A = students; B = courses.
R ={(a, b) | student a is enrolled in class b}

Students
“is taking” 5042
6003
Vason

10



1. Definitions

Example. Cho A ={1, 2, 3, 4}, va
R={(a, b) | a la wéc cua b}

Khi do
R={(1,1),(1,2),(1,3).(1,4).(2 2, (24,33, 44}

® Quan hé <trén Zphan xa vi a < a v4i moi ae Z

= Quan hé > trén Zkhong phanxa vi 1 # 1

=Quan hé* | ” (“udc s67) trén Z* 1a phan xa vi moi s6
nguyén a la udce cua chinh né .
Chuy. Quan hé R trén tap A la phan xa iff n6 chia

duong chéocua A A:
A={(a a); a € A}
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2. Properties of Relations

Dinh nghia. Quan hé R trén A dugc goi la phan xa

neu;
(a,@) e Rvdimoia e A

Vidu. Tréntap A = {1, 2, 3, 4}, quan hé:

= Ry ={(11), (1,2), (2.1), (2, 2), (3, 4), (4, 1), (4, 4)}
khong phan xa vi(3, 3) ¢ R,

= R, ={(11), (1,2), (1.4), (2, 2), (3, 3), (4, 1), (4, 4)}
phan xa vi (1,1), (2, 2), (3, 3), (4,4) e R,

2. Properties of Relations
Pinh nghia. Quan hé R trén A duoc goi 1a ddi xiing néu:
VaecAVbeA(@Rb)—> (bRa)
Quan hé R dugc goi la phdn xiing néu
VaeAVbeA(@Rb)a(bRa)— (a=h)
Vi du.
= Quan hé R, ={(1,1), (1,2), (2,1)} trén tap
A={1, 2, 3, 4}la d6i ximg
= Quan hé < trén Z khong dbi ximg,
Tuy nhién n6 phan xtng Vi
@<b)(b<a)—>(@=bh)

11



® Quan hé“ | ” (“udc s67) trén Z+ khong ddi xting
Tuy nhién nd c6 tinh phan xing Vi
(@lb)a(bla)—> (a=b)
Chuy. Quan hé R trén A la déi xtmg iff nd dbi ximg nhau
gua duong chéo A cia A A.
Quan hé R 12 phan xtng iff chi ¢6 cac phan tir ndm trén
duong chéo 1a d6i xtng qua Acua A A.

3. Representing Relations

Introduction
Matrices
Representing Relations

2. Properties of Relations

Dinh nghia. Quan hé R trén A c6 tinh bdc cau( truyen)
néu
Vaes AVbe Avce A(@Rb)Aa(bRc)—> (aRc)

Vi du.
Quanhé R={(1,1), (1,2), (2,2), (2, 2), (1, 3), (2, 3)}
trén tap A = {1, 2, 3, 4} c6 tinh bic cau.
Quan hé < va “[’trén Z c6 tinh bic cau
(@<b)a(b<c)—> (a<c)
(alb) A (b]c)—(alc)

Dinh nghia
ChoR 1a quan hé tir 4 = {1,2,3,4} dén B = {u,v,w}:
R = {(1,u),(1,v),2,w),(3,w),(4,u) }.
Khi d6 R c6 thé biéu dién nhu sau

2/2/2014
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Representing Relations

Dinh nghia. Cho R la quan hé tir A = {a, a,, ..., an}
dén B = {b;, b,, ..., b,}. Ma tran bicu dién cua R la ma
trancapm n Mg = [m;] xac dinh boi

0 néu (@, ) ¢ R
1 néu (&, bj) eR

Vi du. Néu R I1a quan hé tir

A={1,2,3}dénB={l,2}sa0
choaRbnéu a>h.

Khi @6 ma tran biéu dién cua R [a

Representing Relations

® Cho R laquan hé trén tap A, khi d6 Mg la ma trdn
vuong.

® R laphdn xa iff tat c4 CAC phan tir trén duwong chéo cuia
Mg, déu bangl: m; = 1 véi moi i
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1 if(a,b) eR
0 if(a,b) R
Vi du. Cho R Ia quan hé tir A= {a,, a,, a5} dén
B = {b,, by, b, b,, b} dwoc biéu dién boi ma tran
b, b, by b, by
01000
M.=(1 0 1 1 0
10101

Khi d6 R gém cac cap:

{(a1, by), (a5, by), (3, bs), (3, by), (a3, by), (2, by), (as, bs)}

Representing Relations
R la d6i ximg iff My is doi xitng

vGi moi i, j

13



Representing Relations

R is phdn xieng iff Mg thoa:

m;= 0orm;=0 ifi=]j

Dinh nghia

= Vidu:

Cho S = {sinh vién cta l6p}, goi
R = {(a,b): a cd cuing ho vdi b}
Hoi

R phan xa? Moi sinh vién
c6 cung ho

R doi xirng? -
thude cing mot

R bic cau? BT
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4.Equivalence Relations

Introduction

Equivalence Relations
Representation of Integers
Equivalence Classes
Linear Congruences.

Quan hé twong duwong

DPinh nghia. Quan hé R trén tap A duoc goi la rwong
dwong néu n6 c6 tinh chat phan xa, doi xtmg va bac
cAu ;

Vi du. Quan hé R trén cac chudi ky tu xac dinh boi aRb

iff avab cé cung do dai. Khi d6 R 1a quan hé tuong

duong.

Vi du. Cho R 1a quan hé trén R sao cho aRb iff a—b
nguyén. Khi d6 R 1a quan h¢ twong duong

14



Recall that if a and b are integers, then a is said to be
divisible by b, or a is a multiple of b, or b is a divisor of
a, or b divides a if there exists an integer k such that
a=kb

Example. Let m be a positive integer and R the relation
on Z such that aRb if and only if a—b is divisible by

m, then R is an equivalence relation
mThe relation is clearly reflexive and symmetric.
mleta, b, c be integers such thata—b andb—c are
both divisible by m, thena—c=a—b +b—c s also
divisible by m. Therefore R is transitive
uThis relation is called the congruence modulo m and
we write

a=b (mod m)
instead of aRb

Lop twong duwong

Vidu. Tim céc 16p twong dwong modulo 8 chira 0 va 1?

Gii. Lép twong duong modulo 8 chira 0 gdm tat ca cac
s6 nguyén a chia hét cho 8. Do d6
[0]g={....,—16,-8,0,8, 16, ... }
Tuong tu
[1]g={a|achia8 du 1}
={..,-15-7,1,9,17, ... }

Lép twong duwong

Dinh nghia. Cho R 1a quan h¢ twong dwong trén A va
phantra € A . Lop twong dwong chira a dugc ky hi¢u
bai [a]g hodc [a] 1a tap

[alg={b € A|bR a}

Chay. Trong vi du cubi, cac 16p tuong duong [0], va
[1]g 1a roi nhau.
Téng quat, chang ta co

Theorem. Cho R la quan h¢ tuong duong trén tap A
vaa, b e A, Khi dé
() aR biff [a]r = [b]r
(ii) [a]z # [0]r iff [a]z N [b]r = &

Chuay. Céc l6p twong duong theo mét quan hé twong
duong trén A tao nén mot phan hoach trén A, nghia
la ching chia tap A thanh cac tap con roi nhau.

2/2/2014
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Note. Cho {Al, A,, ... } la phan hoach A thanh cac tap
con khong rong, roi nhau Khi do c6 duy nhit quan hé

tuong duong trén A sao cho mdi A; 1a mét 16p twong
duong.

That vay véi mdi a, b € A, ta data R b iff c6 tap con A
saocho a, b e A;.

D& dang chimg minh rang R |a quan hé twong duong trén
Ava [a]z=A iffa e A

5 Linear Congruences

Example. Cho m 14 s6 nguyén duong, ta dinh nghia
hai phép téan “+”va“ *trén Z, nhu sau
[a]n+ [b],=[a+b];,
(@] [b]= [ab]y
Theorem. Cac phép téan ndi trén dwoc dinh nghia tot,
i.e. Néua=c(modm)vab=d (mod m), thi
atb=c+d(modm) va ab=cd (modm)

Example. 7 =2 (mod 5) vall =1 (mod 5) .Ta ¢6
7+11=2+1= 3 (mod5)
7 11=2 1=2(mod>5)

Example. Chom la s6 nguyén dwong, khi d6 c6 m 16p
dong du modulo m 14 [0],,, [1], .-, [M—1],, -

Chung lap thanh phan hoach cia Z thanh c&c tap con
roi nhau.
Chi ¥ ring

[0],, = [m]y, = [2m], =

[1], = [m + 1], = [2m +1],=

[m - l]m [2m l]m [3m 1]m
M3bi 16p twong dwong nay dugc goi la sé nguyén modulo m
.Téap hop cAc s6 nguyén modulo m dwoc ky hidu boi Z,,

Zm = {[O]M 1 [1]m £ 00Kt [m 7 1]m}

Note. C&c phép tdan “ +”va“ “trén Z, c6 céc tinh
chat nhu cac phép téan trén Z

[a]n+ [b]n= [0]n+ [l
[a]n+ ([bln+* [c]n) = ([@]m+ [b]w) + [C]n
[a]n+ [0]n=[a]n
[a]m+ [m—a]y=[0]n
- [a]m_ [m - a]m

[a]m[b]n= [bln[a]n
[a ] ([0Im[c Iw) = ([alm [b]) [C]m
[a]n[1]n= [alx

[@ln ([bIn+ [¢ 1) = [@]m [b]n + [A]n[C]n

2/2/2014

16



Example. “Phuong trinh bac nhat” trén Z,

[XIn+ [@]m= [Pl
voi [a],,Va [b],, cho trudc, c6 nghiém duy nhét:

[X]m: [b ]m* [a]m: [b - a]m

Chom =26 ,phuong trinh [X]y+ [3]5 = [b],6 €O
nghiém duy nhat véi moi [b],gtrong Zy .

Do d6 [X]p6 — [X]o6 + [3]56 1a song anh tir Z,g vao chinh
no.

Str dung song anh nay chung ta thu dugc ma hoa Caesar:
M3i chir céi tiéng Anh duoc thay boi mot phin tir

cua Zys: A —[0]5, B = [1]56, ..., Z = [25] 56

Ta s& viét don gian: A »0,B —>1,...,Z —»25

pé giai ma, ta dung anh xa nguoc:
[X]26 = [XJ26 — [3l26= [X— 326
P HH W tuong tng véi 157 722

Lay anh qua 4nh xa ngugc: 124 419

Ta thu duoc chir da duoc ma
1a MEET

M3 héa nhu trén con quéa don gian,dé dang bi bé khoa.
Chiing ta c6 thé tdng quat ma Caesar bang céch sir dung
anh xa f: [x],s — [ax + b],s trong d6 a va b 1 cac hang s6
dugc chon sao cho f la song anh

2/2/2014

MGai chit cai s& dugc mi hoa bang cach cong thém 3 .
Ching han A diroc ma hoa béi chir cai twong ng véi
[0],6 + [3],6 =[3],6, nghia la bai D.

Tuong tu B duwoc ma hoa boi chir céi twong Gng voi
[1156 + [31,6 = [4],6, nghia 12 boi E, ... cubi cing Z duoc
ma hdéa boi chir cai twong Gng véi [25],6 + [3],6 =[2]56
nghia la bdi C.

Birc thu “MEET YOU IN THE PARK” dwoc ma nhu

sau
MEET YOU IN THE PARK

124 419 241420 813 1974 1501710
157 722 11723 1116 22107 1832013

PHHW BRX LQ WKH SDUN

Trude hét ching ta chon a kha nghich trong Z. i.e. ton
tai a’ trong Z,s sao cho

[alxsla’ 1= [aa’ 16 = [1l2

Chiing ta viét [a” ], = [a],6tnéu ton tai .
Nghiém cta phuong trinh

[alo6 [X]26= [C]26

la [XIos= [alas * [Cl6= [a clys
Chung ta ciing n6i nghi¢ém cua phuong trinh
ax=c (mod 26)

la x=a’c (mod 26)
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Anh xa nguoc ciia f xac dinh boi

[X]os = [2°(x —b)]6

Example. Cho a = 7 va b = 3, khi d6 nghich dao cta [7],4

& [15]6 Vil [7]56[15]56= [105]55 = [1]56
Bay gi0 M duoc ma hoa nhu sau

[12]56 — [7 -12 + 316 = [87155 = [9]25
nghia la dugc ma hoa boi I. Ngugce lai [ dugce giai ma
nhu sau

[9]26 = [15 - (9= 3) I = [90]55 = [12] 6
nghia la twong Gng vai M.

Dinh nghia

Example. Cho R 1a quan hé trén tap s6 thuc:
aRb iff a<hb
Hoi:

nls R reflexive? -
uls R transitive? -
mls R symmetric? -
uls R antisymmetric? -

2/2/2014

6. Partial Orderings

Introduction

Lexicographic Order

Hasse Diagrams

Maximal and Minimal Elements
Upper Bounds and Lower Bounds
Topological Sorting

Dinh nghia

Definition. Quan hé R trén tap A 1a quan hé thir tu( thir tw) néu
no c6 tinh chat phan xa, phan xtng va bac cau.

Nguoi ta thuong ky hiéu quan hé thir tw boi <

Cap (A, <) duoc goi la #dp sip thir t hay poset
Reflexive: a < a
Antisymmetric: (@< b)A (b < a)—(a = b)

Transitive: (@ <b)a(b <c)—>(a < ¢)
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Dinh nghia

Definition. A relation R on a set A is a partial order if it
is reflexive, antisymmetric and transitive.

Example.Quan hé wéc s6 « “trén tap so nguyén duong
la quan hé thu tu, i.e. (Z*, |) |a poset

Transitive?

Ex. Is (25, <), where 25 the set of all subsets of S, a poset?
Reflexive? -

Transitive?

Antisymmetric?

2/2/2014

Antisymmetric?

Example. Is (Z, | ) a poset?

Antisymmetric?

Definition. C&c phan tirava b cia poset  (S,< ) goi
laso sanh dwgc néua< b or b= a.

Trai lai thi ta ndi a va b khong so sanh duwoc.

Cho (S, <), néu hai phan tir ty y ctia S du so sanh
duogc véi nhau thi ta goi n6 la tap sap thie fw toan phan.

Ta ciing n6i rang< |a thit e toan phan hay thie tw tuyén
tinh trén |
Example. Quan h¢ “<” trén tap s6 nguyén dwong 13 thir
tur toan phan.

Example. Quan hé uéc sb « “trén tap hop s6 nguyén
duong khong 1a thir ty toan phan, vi cac s6 5 va 7 la
khong so sanh dugc.
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Th tw tw dién

Ex. Trén tap cAc chudi bit c6 d6 dai n ta c6 thé dinh
nghia tht ty nhu sau:
8,8,...a, <bb,...b,
iffa, <b, Vi.

Véi thir tw ndy thi cac chudi 0110 va 1000 1a khong
so sanh duoc voi nhau .Chung ta khong the néi chuoi
nao 16n hon.

Trong tin hoc chung ta thuong sir dung thir tu toan phan
trén cac chuoi bit .
Do 1a thw tu tur dién.

Thir tu tw dién

Cho X la mot tap hitu han (ta goi la bang chir cai).
Tap hop cac chudi trén X, ky hiéu la * xac dinh
boi
= )\ e X% trong d6 A 1a chudi réng.
= Néux e X, vaw e X* thi wx e T*, trong dé
wx lakétnoi w véi x.

Example. Ching han 3 = {a, b, c}. Thé thi
>*={\, a,b,c, aa, ab, ac, ba, bb, bc, ca, cb, cc,
aaa, aab,...}
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Thir tu tu dién

Cho (A, <) va (B, <*) Ia hai tap sap tht tu tdan phan,
Ta dinh nghia tht tw < trén A x B nhu sau :

(az, b)) <(a by) iff

a,<a,or(a,=a,and b, < ’b,)
D@ dang thiy ring day 1a thir tw toan phén trén A x B
Ta goi no 1a thir tw tw dien .
Chit y ring néu A va B dugc sép tot boi < va < ° twong
ung thi A x B cling dugc sap tot bai thr tu <
Chiing ta ciing c6 thé md rong dinh nghia trén cho tich
Descartess cua hiru han tap sap tht tu toan phan.

Thir ty tu dién

Gid str < Ia tht ty toan phan trén 2, khi d6 ta c6 thé dinh
nghia thtr tir toan phan < trén 2* nhw sau.
Chos=a,a,...a,vat=h,h,...b,lahaichuditrén z*
Khidé s< t iff
" Hoic a,=b;dbivéil<i<m ,nicla
. = ... ambm+1 bm+2 bn
Hodc ton tai k <m sao cho
v a=b; véil<i<kva
v &g < Dby, , nghia la
S=EA 8y . A Byg A -
t=a;a, ... b by -
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= Chung ta c6 thé kiém tra < 13 thir tir toan phin trén X*
Ta goi n6 1a thir tw tir dién trén *

Example. Néu Z la bang chir cai tiéng Anh véi thtr ty: a <
b<... <zthi thi tw nGi trén la thix tu théng thuong
gitra cac tu trong Tu dien.

For example

v discreet < discrete

v'discreet < discreetness

Hasse Diagrams

M>bi poset c6 thé bidu dién béi db thi ddc biét ta goi
14 bidu @6 Hasse

Dé dinh nghia biéu dd Hasse chung ta can c4c khai niém
phan tir tri va trdi truc tiep.

Definition. Phén tit b trong poset (S, <) duoc goi 1a
phan tir trgi chaphan tir a trong S if a< b
Chéing ta ciing néi rang a la dwge tréi bi b Phén tir b
dugc goi la trie tiep ciia a néu b 1a trdi cua a, va
khoéng ton tai trdi ¢ sao cho
a<c=<b, a#c#b
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Example. Néu = = {0, 1} vé6i 0 <1, thi< Ia thir tw toan
phan trén tap tat ca cac chuoi bit =* .

Taco
v. 0110 < 10

v° 0110 = 01100

Hasse Diagrams

® Tadinh nghia Hasse diagram cua poset (S, <) la
do thi:

v Mbi phan tir cua S dugc bidu dién boi mot diém trén
mat phang .

v Néubla troi truc tiép cta a thi v&€ mdt cung di tur
a dén b.

a<b=<d, a=<c
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Hasse Diagrams

Ex. Biéu db Hasse cua poset ({1,2,3,4}, <) ¢ thé
v€ nhu sau

Chung ta khong vé
mili tén véi qui wde mdi
cung déu di tir dudi lén
trén

Phan tir toi dai va phan tir toi tieu.
Xét poset ¢ biéu dd Hasse nhu dudi day:

Méi dinh mau d9 14 i dai.

Moi dinh mau xanh 1a #oi tiéu.

Khong c6 cung nao xuat phat tir diém toi dai.
Khong c6 cung nao ket thuc ¢ diém toi tiéu.

NG
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Example. Biéu db Hasse cua P({a,b,c})

va biéu dd Hasse cua cac chudi bit do dai 3 with thir tu tu
dién

{a,b,c}

Ny
(2}
‘v (< 100

They look similar !

Note. Trong mot poset S hitu han, phin tir t8i dai va
phén tr t6i tiéu ludn luén tdn tai.

v' Thét vy, ching ta xut phét tir diém bat ky a, € S.
Néu a, khong téi tiéu, khi do ton tai  a, < ay,
tiép tuc nhu vay cho dén khi tim dugc phan tir t6i tiéu .

v'Phan tir t6i dai tim dwoc bang phuong phap tuong tu.
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Example. Tim phan tir ti dai, t6i tiéu ctia poset
({2, 4,5, 10, 12, 20, 25}, | ) ?

Solution. Tir biéu do Hasse , ching ta thay rang 12, 20,
25 la cac phan tir t6i dai , con 2, 5 la cac phan tir t6i tiéu

Nhu vay phan tir tdi dai, tdi tiéu ctia poset c6 thé khong
duy nhat.

Chlng ta c6 dinh ly

Theorem. Trong mot poset hitu han, néu chi cd duy
nhat mot phan tir toi dai thi do la phan tlr 16n nhit .
Twong tu cho phan tir nho nhét,

Proof. Gia sir g 1a phan tir t6i dai duy
nhat.
L4y a la phin tir bat ky, khi d6 ton tai
phén tir t6i dai m sao cho
a=<m
Vi g 1a duy nhitnén m=g,
do d6 ta co a<g
Nhur vy g 1a phan tir 16n nhét.
Chiing minh twong tu cho phan tir nho nhat |

2/2/2014

Example. Tim phdn tir t6i dai, ti tiéu cua poset cac
chudi bit d6 dai 3?

Solution. Tir biéu dd Hasse , chiing ta thay rang 111 la

phan tir t6i dai duy nhat va 000 | phan tir t6i tiéu duy
nhit .

A % 1
111 1a phan tir I6n nhat

va

000 | phén tir nhé nhit 110

theo nghia:

000 < abc < 111

véi moi chudi abe

Chan trén , chan dwoi

Definition. Cho (5,< ) la poset vz
chin trén cua_Ala phan tk x € S (c6 thé thudc A
hodc khong) sao cho Vae A,a< x

Phén tir chén dwdi cta A 1a phan tir X € S sao cho
YacA x=<a

Ex. Phan tir chan trén cua
{g.j}laa.

Tai sao khong phdai la b?
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Definition. Cho (S,< ) la poset va A  S. Chan trén
nho nhat cua A la phan tir chan trén x ciia A sao
cho moi chan trény ciia A, tadéucod y » x

Chin trén nho nhét (néu c6 ) cia A = {a, b} duoc ky
hiéu boiav b

Chan dwdi I6n nhit cia A 12 phan tir chan dudi x Chz.u}hdum _10'n e
cta A sao cho moi chan dudi y cia Ataco hi¢u boia A b
y< X
Ex. Chan trén nho nhét cua {i,j} 1a d
EX. Chédn dudi chung LN
b cta{gj} lagi? Ex.ivj=d

Ex.bac=f

Topological Sorting Topological Sorting
Consider the problem of getting dressed.

. . Recall that every finite non-empty poset has at least one
Precedence constraints are modeled by a poset in which a < b minimal element a
if and only if you must put on a before b. e

‘ J{ 56

In other words, we will find a new total order so that a v Now the new set after we remove a, is still a poset.
is a lower bound of b if a< b
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Topological Sorting

v Let a, be a minimal of the new poset.

® © @ @

@ shirt

v Now every element of this new poset cannot be a
proper lower bound of a; and a, in the original poset

Bai tap

1. Khio st cdc tinh chdt clia cdc quan hé R sau. Xét
xem quan hé R nao 1a quan hé tuong duong. Tim cic
16p tuong duong cho cdc quan hé tuong dudng tuong
ung.

a) Vx,y € R, xRy < x2 + 2x = y2 + 2y;

b) Vx,y € R, xRy < x% + 2x < y2 + 2y;

) Vx,y € R, xRy &

X3 —x%y - 3x = y3 — xy2 - 3y;

d)Vx,y e R, xRy © x> —x2y —x =y’ —xy?—y.
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This process continues until all elements are removed

We obtain a new order of the elements satisfying the
given constraints:
ay, y, ..., an

Topological sorting

Bai tap

2 . Khao sét tinh chit cua cac quan hé sau
a) VX, Y € Z, XRy < X|y;
b) Vx,y e R, xRy < x=yhayx<y+1.
) Vx,y e R, xRy < x=yhayx<y-1
d) V(x, ¥); (z,t) € Z2, (X, y) < (z,t) & x<zhay (x=zvay<
0):

e)iv(x,y); Z)eZ xyY)<(zt)eox<zhay(x=zvay<
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Bai tap

3. Xétquan hé R trén Z dinh boi:

VX, Y € Z,XRYy < 3In € Z,Xx=y2"

a) Chirng minh R 12 mét quan hé tuong duong.

b)Trong sé cac 16p twong dwong 1, 2, 3, 4.¢6 bao nhiéu
16p phan biét ?

¢) Cau hoi tuong tu nhu cau hoi b) cho cac 16p.

6,7,21,24,25,35,42,48

Bai tap

5. DE THI NAM 2006

m Xét thir tir “c"trén tp P(S)cac tdp con cua tap
S ={1,2,3,4,5} trong d6 AcB néu A la tdp con
clia B.

= Tim mot thir tir toan phan “ < ”trén P(S) sao
cho v6i A, B trong P(S), néu AcB thi A< B.
Tong quat hod cho trudng hop S ¢6 n phan tir.
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Bai tap

4, Xéttap mau tu A = {a, b, c} voi
a<b<cva:
S, = cchac
s, = abccaa
thep thir tw tir dién. Hoi c6 bao nhiéu chudi ky tu s
gom 6 ky tu thoa
S, <5<s,?

Bai tap

6. D& 2007.C6 bao nhiéu ddy bit c6 do dai <15
sao cho 00001 <s <011, trong d6 “<” la thir tu
tur dien.
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