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DPAI SO B2 Chuong 2 Nhém (Groups)
TS. Nguyén Viét Dong TS.NguyénViét Dong
Groups 1.Introduction
+ 1. Introduction(Nhap mdn) + 1.1. Binary Operations(phép téan hai ngoi)
* 2.Normal supgroups, quotient groups(nhém + 1.2.Definition of Groups(dinh nghia nhém)
con chuan tac, nhom thurong). « 1.3.Examples of Groups(vi du vé& nhém)
* 3. Homomorphism(dong cau). « 1.4.Subgroups(nhém con)
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1.Introduction

1.1.Binary Operations
Cho S Ia tap hop khéc rong, phép téan hai ngdi trén S Ia anh xa
f:S xS — S. Nhu vy f dit twong (g mbi cap (X,y) c4c phan
tir cia S vai phan tir f(x,y) ctia S. D€ thuén tién ta s& viét xf y
thay cho f(x,y).

1.Introduction

1.2.Definition of Groups
Nhom (G, ) la tap G cuing véi phép toan hai ngdi  thoa man
Ccéc tién de sau day.
(i) Phéptoan cd tinh chat két hop; nghia I3,
(@ b) c=a (b c)vsimoia b, ceG.
(ii) Tdn tai phdn tir trung hda e € G sao cho
e a=a e=addivéimoiac€G.
(i) M&i mot a € G ¢6 phan tir ngwgc a* € G sao cho
al a=a atl=e.

1.Introduction

Néu phép toan c6 tinh chat giao hdan, nghia I3,
a b=b a véimoia, b €G,

thi nhédm g duoc goi la nhém giao hoan hay nhém Abel, vinh
danh nha toan hoc Niels Abel.

Definition. Néu G 1a nh(:)m hitu han, thi sé phén tir ciia G, ki hiéu
boi |G|, duge goi la cap ciia G.

1.Introduction

1.3.Examples of Groups

+ Example 1.3.1. Goi G ={1,-1, i,—i} vd  1a phép nhan cac s6
phtre nhu thdng thuong. Khi d6 (G, ) la nhom Abel. Tich
cua hai phan tir bat ky ciia G la phén tir ciia G; nhu vy G dong
d6i voi phép toan nhan. Phép nhan trén G c6 tinh giao hdan va
ket hop vi phép nhéan cac s6 phirc bat ky c6 tinh giao héan va
ket hop. Phan tir don vi & s0 1, phan tor ngugc cua a la 1/a. Tu
do

1t=1,(-)*t=-1,it=—i,va(-i)y*=i
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1.Introduction

« Example 1.3.2. Tap hop tit ca cac sb hitu ty, Q, lap thanh
nhém abel (Q,+) voi phép toan cong. Phan tir khéng Ia 0, phin
tir dbi cua a 14 - a. Tuong tu,

(Z4), (R,+), va (C,+) ciing 1a nhom Abel véi phép téan cong.

+ Example 1.3.3. Néu Q*, R+, va C* ki hiéu a tap tt ca c4c sb
hiru ty khac 0, céc s6 thuc khéc 0, cac sb phue khac 0, tuong
ung thi (Q*, ), (R*, ), va(C* ) lacéc nhém Abel véi
phép téan nhan.

1.Introduction

+ Examplel.3.4. Néu S(X) la tap tit ca céc song &nh tir tip hop
X vao chinh ng, thi (S(X), °) la nhém véi phép téan hop thanh
clia cac anh xa. Nhom ndy dugc goi 1a nhom ddi ximg hay
nhém héan vi ciia X. Khi X Ia tap hop hiru han n phin tir ta s&
ky higu S, thay cho S(X), va goi S, 12 nhém déi ximg bac n.

1.Introduction

+ Proposition 1.3.1. Néu a, b, va ¢ 1a cac phan tir ciia nhém G,
khi do

M@ ’'=a

(ii) (ab)~' = b~la".

(iii) ab = ac or ba = ca kéo theo b = c. (ludt gian ucc)

1.Introduction

» 1.4.Subgroups

Cho (G, ) lanhém vaH latap con khac rdng ciia G.

Khido (H, ) dugc goila nhom con cia (G, ) néu
cac diéu kién sau day thoa:

(Ya b e Hddivéi moia, b e H. (déng doi voi phép
nhan)

(i) a* € H dbi v&i moi a € H. (dong doi véi phan tir
nghich dao)
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1.Introduction

+ Céc didu kién (i) va (ii) 1a tuong duong v6i mot diéu kién sau:
(iiija b~ €H ddivéimoia, b €H.

Proposition 1.4.2. Néu H 14 tdp con hitu han ciia nhém G va ab
€H véi moi a, b €H, thi H la nhém con cuia G.

Example 1.4.1 Trong nhém G= ({1,~1,i,-i}, ), tAp con
{1,~1} 1a nhém con ciia G vi n6 déng ddi voi phép nhan.

1.Introduction

* Example 1.4.2. Nhém Z la nhédm con cua Q, Q la
nhom con ctia R, va R 1a nhdm con cua C. (Phép toan
trén cac nhom nay 1a phép cong .)

+ Tuy nhién, tap N = {0, 1, 2, . . .} c4c sb nguyén
khong &m Ia tap con cia Z nhung khéng phai la
nhom con, vi nghich dao cia 1la —1, khéng thudc N.
Vi du nay chung to ring Proposition 1.4.2 1a khéng
dung néu H 12 tap vo han.

1.Introduction

+ Definition. Cho G la nhém va a € G. Néu k la s nguyén
dwong nhé nhét sao cho ak = 1 thi k dugc goi la cdp ciia a;
néu khéng ton tai k nguyén duong sao cho ak = 1thi a dwgc
goi 14 c6 cip vo han.

« Proposition 1.4.3 . Cho G la nhém va a G ¢ cdp hitu han k.
Neuar=1,thi k | n. N vdy, {n €Z: a" = 1} |a tdp tat ca céc
boi cia k.

1.Introduction

« Definition. Néu G lanhémva a e G, dat
<a>={a": ne Z} = {tit ca c4c liy thiraciaa } .
D& dang thdy ring <a > la nhém con cia G .
< a > dugce goi la nhém con cyclic ciia G sinh bai a. Nhém G
duge goi la nhédm cyclic néu cd aeGsao cho G = <a>; trong
truong hop ndy a duge goi la phan tir sinh cua G.
. Propos[tion 1.4.4. Cho G=<a > la nhém gyclic cdp n, khi do
akla phan tir sinh ciia nhém G néu va chi néu (k; n)= 1.
+ Corollary 1.4.5. S cac phan tit sinh ciia nhém cyclic cap n la

an).
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1.Introduction

+ Proposition 1.4.6. Cho G 1a nhém va a € G ¢6 cdp hitu han.
Khi dé cap ciia ala so phan tir cua <a >.

2.Normal subgroups,quotient
groups
2.1.Cosets(Lép ghép)
+ 2.2.Theorem of Lagrange( Pinh ly Lagrange)
2.3.Normal Subgrops( Nhém con chuén tic)
2.4.Quotient Groups( Nhém thuong)

2.Normal subgroups,quotient
groups

+ 2.1.Cosets

* Cho (G, *) la nhém va H la nhém con cua G. Véi a, b € G,
chling ta néi ring a déng dw véi b modulo H, va viét a = b
(mod H) néu va chi néu abt € H.

* Proposition 2.1. 1.Quan A¢ a = b (mod H) la quan /¢ tuwong
duong trén G. Lép tuong duong chira a la tagp Ha = {halh €
H}, va dueoc goi |a 16p ké phai ciia H trong G. Phan tir a duwgc
goi 1a phan tir dai dién ciia I6p ké Ha.

2.Normal subgroups,quotient
groups
+ Example 2.1.1. Tim Iép ké phiii ciia A trong S;.

Solution. Mot 16p k& ciia nhém con la chinh né A; = {(1), (123),
(132)}. Lay phén tir bat ky khéng nim trong nhém nay, ching
han (12). Khi d6 ta dugc 16p ké Ay(12) = {(12), (123) (12),
(132) (12)} = {(12), (13), (23)}.Vi céc 16p k& phai lap nén
phan hoach ciia S; va hai 16p ké trén chira hét tit ca cAc phin
tir ctia S, suy ra chi ¢6 hai 16p ké.

Chi Y ring, Ay = Ay(123) = Ay(132) va Ay(12) = Ay(13) = Ay(23).
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2.Normal subgroups,quotient
groups

+ Example 2.1.2. Tim cac 16p ghép phai cia H = {e, g%, g8
trong C,={e,g9,0%...,9"}
Solution. H 1a mot 16p ké cita H. Mot 16p ké khac 12 Hg = {g,
g5, g°}. Hai 16p ké nay chua chira hét cc phan tir clia Cy,
chidng han g%, khong la phan tir ciia H va ciing khdng 1a phan
tir cia Hg. Lép k& thir ba 1a Hg? = {g?, g8, g*°} 16p k& thir tur 1a
Hg® ={g? ¢", g"}.
Vi C;, = H U Hg U Hg? U Hg?, nén 4 16p ké nay la tit ca cac
16p ké cua H.

2.Normal subgroups,quotient
groups

* 2.2.Theoremof Lagrange

+ CAc vi du trén chitng t6 ring c4c 16p ké ciia mot nhom con co
cling sb phan tir. Chiing ta s& dung két qua nay dé chirng minh
mot dinh ly néi tiéng ciia Joseph Lagrange (1736-1813).

+ Lemma 2.2.1. C6 song &nh giita hai I6p ké phai ty ¥ ciia nhém
con H trong nhém G.

Proof. Gia sir Ha 1a 16p ghép phai cia H trong G. Ching ta lap

song anh gitra Ha va H, tir 46 suy ra c6 song &nh giita hai 16p
ké bét ky cua H.
Xét &nh xa y:H — Ha xéc dinh boi y(h) = ha. Khi d6 hién nhién
v la téan anh. Gia sir w(h;) = y(h,), kho d6 h,a = h,a. Nhan ca
hai vé voi aL vé bén phai, ching ta dat duoc h, = h,. Tir d6 y 1a
song anh.

2.Normal subgroups,quotient
groups
+ Theorem 2.2.2. Lagrange’s Theorem. Néu G la nhém hiiu
han va H la nhém con cua G, thi |H| 1a udc cia |G|.
Proof. Cac 16p ghép phai cua H trong G 1ap nén phan hoach cta
G, do d6 G c6 thé viét thanh hop roi
G = Ha, U Ha, U - -U Ha, véi hitu han c4c phén tir a,, a,,
..., EG.
Theo Lemma 2.2.1, s6 cac phan tir cia mdi 16p ké déu bing
|H]. T do, bang Cégh tinh tat ca cac phan tir cua hgp roi noi
trén, ching ta thay rang|G| = k|H|. Do do, [H| la udc |G|

2.Normal subgroups,quotient
groups
+ Néu H 1a nhém con cta G, sb c4c 16p ghép phai roi nhau cia
H trong G duoc goi la chi 56 ciia H trong G va ki hiéu[G : H]..
«+ Corollary 2.2.3. Néu G 1a nhém hitu han va H 1a nhém con
ctia G, khi dé
[G: H] = [GJ/[HI.
+ Corollary 2.2.4. Néu a |a phan tir ciia nhém hitu han G thi
cdp ciia a & wéc ciia cdp ciia G.
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2.Normal subgroups,quotient
groups

+ 2.3.Normal Subgrops

* Cho H la nhém con cua nhém G. Céc Idp ghép phdi cia H
trong G la céc 16p tuong duong theo quan hé a =b (mod H),
xé&c dinh boi ab™! € H. Ching ta ciing c6 thé dinh nghia quan
hé L trén G xac dinh boi b*a € H. Quan hé L la quan hé tuong
dwong va 16p tuong duwong chira a la I6p ghép trai
aH = {ahlh € H}. Vi du sau day chung to 16p ghép tréi va 1op
ghép phai néi chung la khong tring nhau.

2.Normal subgroups,quotient
groups
Example 2.3.1. Tim c4c 16p ghép tréi va I6p ghép phai ciia H = A; va
K={(1), (12)} trong S,.
+ Solution.
Right Cosets
H ={(1), (123), (132)}; H(12) ={(12), (13), (23)}
Left Cosets
H = {(1), (123), (132); (12)H = {(12), (23), (13)}
Ta thdy ring cc 16p ghép tréi va 16p ghép phai cua H Ia nhu nhau.
+ Tuy nhién cac 16p ghép tréi va 16p ghép phai cua K la khong nhuw nhau.
Right Cosets
K={(1), (12)} ; K(13) = {(13), (132)} ; K(23) = {(23), (123)}
Left Cosets
K={(1), 12)}(23)K = {(23), (132)}; (13)K ={(13), (123)}

2.Normal subgroups,quotient
groups

Definition: Nhém con H cia nhém G duoc goi la nhém con
chudn tdc ciia G néu gthg € H véimoig € Gvah e H.

Proposition 2.3.1. Hg = gH, véi moi g € G, néu va chi néu H 1a
nhém con chudn tic ciia G.

Proof. Gia sir Hg = gH. Khi d6 voi h € H, hg € Hg = gH. Tur do
hg = gh, véi h, € Hvag*hg = g’gh, =h, € H. Do do, H la
nhém con chuén tic cua G.

Nguoc lai, gia st H chuin tic, ldy hg € Hg thi gthg = h, € H.
Khi d6 hg = gh; € gH va Hg € gH. Tuong tu, ghg* =
(g)thgt =h,€ H, vi H la chuén tic, do d6 gh = h,g € Hg.
Suy ra, gH € Hg, vi vy Hg = gH.

2.Normal subgroups,quotient
groups

+ Néu N 1a nhom con chuén tic ctia nhém G thi ching ta khang
can phan biét 16p ghép tri hay 16p ghép phai va goi chung la
16p ghép.

+ Theorem 2.3.2. Néu N 1a nhém con chudn tic cia (G, -)thi
tap cac Iop ghép G/N = {Ng|g € G} ldp thanh nhém(G/N, -),
trong dé phép téan nhan xac dinh boi
(Ngy) - (Ng,) = N(9; - g,). Nhdm nay duwoc goi 1a nhém
thuong ciia G theo N.
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2.Normal subgroups,
quotient groups

» Proof. The operation of multiplying two cosets, Ng, and Ng,,

is defined in terms of particular elements, g, and g,, of the
cosets. For this operation to make sense, we have to verify
that, if we choose different elements, h, and h,, in the same
cosets, the product coset N(h, - h,) is the same as N(g; - g,). In
other words, we have to show that multiplication of cosets is
well defined. Since h, is in the same coset as g,, we have h, =
g, mod N. Similarly, h, = g, mod N. We show that Nh;h,
Ng,0,. We have h;g;* =n, € Nand h,g,* =n, €N, so
Mho(0:92) 1 = hihoQ, 0 = MiginyGa8, t gt = Nyginygy L.
Now N is a normal subgroup, so g;n,g, *€ N and n,g;n,g, *
€ N. Hence h;h, = 9,9, mod N and Nh;h, = Ng,g,. Therefore,
the operation is well defined.

2.Normal subgroups,quotient
groups

The operation is associative because (Ng; - Ng,) - Ng; =
N(9:92) - Ngs = N(9,02)95 and also Ng; - (Ng, - Ngz) = Ng, -
N(9295) = Ng1(9295) = N(9:92)9s-
Since Ng - Ne = Nge = Ng and Ne - Ng = Ng, the identity is
Ne =N.
The inverse of Ng is Ng* because Ng - Ng 1 =N(g- g %) =Ne
=NandalsoNg* Ng=N.
Hence (G/N, -) is a group.

2.Normal subgroups,quotient
groups

Example 2.3.1. (Z,, +) 1a nhdm thwong ciia (Z,+) theo nhdm
connzZ= {nz|z € Z}.

Solution. Vi (Z,+) 12 nhém abel nén moi nhém con ctia né déu
chuén thc. D& théy nZ la nhém con cua Z va quan hé

a =b (mod nZ) la tuong duong véi a — b € nZ hay nja — b.
Nhu vady a=b (mod nZ )trung véi quan hé a = b (mod n). Do
do, Z, 1a nhém thuong Z/nZ, trong d6 phép téan cong xac
dinh boi [a] + [b] = [a + b].

(Z,,+) 1a nhém cyclic sinh bsi 1. Néu khdng so nhim 1n ta s&
viét c&c phan tir cuia Z, 12 0, 1, 2, 3, ..., n — 1 thay cho [0],
[1,[2), [3), ..., [n—-1].

3.Homorphisms(Pong cau)

+ 3.1.Definition of Homomorphisms
+ 3.2.Examples of Homomorphisms
+ 3.3.Theorem on Homomorphisms
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3.Homorphisms

3.1.Definition of Homomorphisms
Cho (G, )va (H, ) la hai nhém, &nh xa f:G — H duoc goi &
dong cau nhdm néu

f(a b)y=f(a)=f(b)voimoia beGC.
.Déng chu Qhém ddng thoi la don anh(tdan &nh) duoc goi la don
cau( tdan cau) nhém,
Anh xa vira Ia don cu vira 1a toan cAu duogc goi la ddng cdu. Néu
cg’) dang cau gitra cac nhé[n (G,y ) va (H, ), chiing ta s& néi
rang (G, )va(H, *) la dang cau va ky hiéu (G, )=(H, ).

3.Homorphisms

» 3.2. Examples of Homomorphisms

- Anhxaf: Z— Z,, xac dinh boi f (x) = [x] 1a ddng cau nhom.

- Cho R la nhém cong cAc sb thue, R* 1a nhém nhén cac s6 thue
dwong. Anh xa f: R — R*, x4c dinh boi f (x) = €%, la dong
cAu Hon nita f 13 song anh , do do f la déng cAu, anh xa ngugc
cua no la g: R* — R xac dinh bai g(x) = Inx. Nhu vy nhém
cong s6 thue R ding cAu voi nhém nhan céc sb thue dwong
R*. Cha y ring anh xa nguoc g ciing la déng ciu.

3.Homorphisms

+ 3.3.Theorem on Homomorphisms

+ Proposition 3.3.1. Cho /' :G — H 1a dong cdu, va e , e, 1a
Cac phan tir don vj cua G va H, twong vmg. Khi do

()f(eg) =en.

(iiyf(a)=f(a)'foralla €G.

3.Homorphisms

e Néuf:G—>HIi df‘)ng cAu nhém, nhan cua f, ky hiéu la Kerf,
xac dinh boi Kerf ={g € GIf (g) = ey }

+ Proposition 3.3.2. Cho f:G — H la déng cdu nhém. Khi do:
(i) Kerf la nhém con chudn tic ciia G.
(ii) f 1a don cdu néu va chi néu Kerf = {eg}.

+ Proposition 3.3.3. Cho f 12 dong cdu nhém f :G — H, dnh ciia
f, Imf ={f (g)lg € G}, 1a nhém con ciia H(khdng nhat thiét 1a
nhém con chuan tac).
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3.Homorphisms

Theorem 3.3.4. Morphism Theorem for Groups. Cho K la
nhan ciia dong cau f:G — H. Khi dé G/K 1a dang cau véi anh
cuaf, boi dang cau

y: GIK — Imf véi w(Kg) = f ().
Dinh ly nay con duoc goi 1a dinh Iy déng cdu thir nhit.

3.Homorphisms

+ Example 3.3.1. Chimg minh ring nhém thwong R / Z is déng
chuvsinhdbmW={e® € C |0 €R }.

Solution. Xét anh xa
f:R — W xé4c dinh boi f (x) = e2rix, Anh xa nay la dong céu tir
R#+)t6i (W, )i
f(x +y) = e2ritey) = ganix.. g2y = f (x) - T (y).
D& dang thiy ring f la toan anh, va nhan coa f 14
{x € Rjg?x=1} = Z.
SuyraR/Z = W.

10



