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Chuong 1. Phuong Trinh Vi Phan

1. Mét vai vi du md dau

Vi du 1: Mat vat c6 khbi lugng m rai tu do véi luc can cha khong khi ti &
véi van toc roi. Tinh van tbc roi cla vat?

Goi v(t) la van tbc roi clia vat. Khi dé ¢6 2 luc tac dong 1én vat:

@ trong luc F1 = mg

o luc can cia khong khi: Fo = —av(t), trong dé « > 0 13 hé sb can
Theo dinh ludt 2 Newton ta cé6: ma= F = F; + F, = mg — av(t)
h:\j\y ta c6 thé viét m% =mg—uav(t): d/éy |a phuong trinh ma ngoai ham
can tim v(t), né con chita cd dao ham v (t). Phuong trinh nay dugc goi
[a phuong trinh vi phan cap 1. Viy dé tinh v, ta can gidi phuong trinh vi
phan cp 1 nay.

Néu ta coi s(t) |13 quang dudng di dugc cla vat, thi ta cé phuong trinh vi

A A 2
phan cap 2 nhu sau: m% =mg— a%
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n

Vi du 2: (M6 hinh ting truéng dan sb) Cho biét téc db téng trudng dan
sb ty 18 véi sb dan. Hay thiét 1ap md hinh ting trudng dan sb?

>

Goi t 12 thai gian (bién déc 1ap)
P 12 sb dan (bién phu thudc)
k 13 h3ng sb ty 18

Theo gia thiét ta c6 phuong trinh sau: dt = kP hay P'(t) = kP(t) : day
chinh 13 mé hinh ting trudng dan sb can tim.
Nghiém clia phuong trinh ndy chinh 13 : P(t) = Ce** (C > 0)

Néu c6 thém han ché ring sb6 dan khdng vuot qua K, khi d6 ta c6 phuong
trinh sau:
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Chuong 1. Phuong Trinh Vi Phan

2. Phuong trinh vi phan cip 1

Phuong trinh vi phan 13 mét phuong trinh chra ham can tim, dao ham
cac cAp clia né va bién doc 1ap. Cip ciia phuong trinh vi phan 13 cAp cao
nhat cta dao ham xuat hién trong phudng trinh. Ta viét

F(x,y(x),y (x), ..y (x)) =0
day dudc goi 13 phuong trinh vi phan thudng cip n.

Ta c6 thé viét gon nhu sau:

F(x,y,y, ...,y(”)) =0
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Phuong trinh vi phan cip 1 13 phuong trinh c¢6 dang
(1) Fx.y.y/) =0,

Hodc (1) ¢ dang dua dugc vé dang
(2) y/ =f(x,y) hay & =f(xy),
trong d6 £ 13 mét ham theo hai bién déc 1ap.

Bai toan Cauchy (hay bai toan diéu kién dau) 13 bai toin tim nghiém
clia phuong trinh vi phan (1) hodc (2) thda diéu kién
(3) y(x0) = yo.
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Nghiém cta phuong trinh vi phan (1) hodc (2) trén khodng Q) 1a mét ham
sb y = @(x) xac dinh trén Q sao cho khi thay vao (1) hosc (2) ta dugc
ddng nhit thic trén Q:

F(x, ¢(x), ¢’ (x)) =0, Vx € Q,
hoac

¢/ (x) = f(x, @(x)), Vx €Q,

Vi du: Xét bai todn Cauchy

TEry/zg, tacé%z% hay < = &

L4y tich phan hai v& ta duoc
In|y| =In|x|+InG, (G > 0).
Suyra y=0Cx, x#0, (C==xGqG).
Vi y(1) =2 = C = 2. Vay suy ra nghiém cla bai todn la y = 2x, x # 0.
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Nghiém t8ng quat, nghiém riéng:

o Nghiém téng quat: Ham s& y = ¢(x, C) duoc goi 1a nghiém téng
quat clia phuong trinh vi phan (1) hodc (2) trong mién Q) C R?, néu
véi moi diém (x0, ¥0) € Q, ton tai duy nhit mdt hing s6 Cy sao cho
y = ¢(x, Go) la nghiém cla phuong trinh vi phan (1) hoic (2) va
théa diéu kién dau y(xo) = yo.

o Nghiém riéng: Ta goi nghiém riéng cla phuong trinh vi phan cip mét

la nghiém y = ¢(x, Cp) ma ta nhén dugc tir nghiém tdng quét
y = ¢(x, C) bang cach cho hang s6 tly y C mdt gia tri cu thé Cp.
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Chuong 1. Phuong Trinh Vi Phan

Céc dang clia phuong trinh vi phan cp 1: dang tach bién

Phuong trinh vi phan cAp 1 tdch bién 13 phuong trinh vi phan c6 dang
(6) f(x)dx +g(y)dy = 0.

Cach giai: L4y tich phan bt dinh hai v& ta dugc tich phan téng quét
[ f(x)dx+ [g(y)dy = C.

Vi du: Gidi phuong trinh vi phén
dx + dy = 0.

1+x2 1+ 1+y?
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Chd thich: Phuong trinh dang sau day c6 thé dua vé dang (6) nhu sau:
(7) f(x)g1(y)dx + f2(x)g2(y)dy =0

ugi(y) =0taiy = b (tic 1a g1(b) = 0) thi y = b la nghiém cia
uf(x) =0tai x =a (tdc 12 fH(a) =0) thi x = a la nghiém cda
o Néu gi(y)f(x) # 0 thi chia hai v& clia (7) cho g1(y)f(x), ta dugc

fi(x) o) 4,
R X+ gy Ay = 0.

Trong trudng hop nay, 13y tich phan hai vé ta dugc tich phan tcA;ng
quat

Alx) ) . _
A X+ gody =C

Vi du: Gidi phuong trinh vi phan
v/ =xy(y +2).
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Chii thich : Phuong trinh dang sau day ciing c6 thé dua vé& phuong trinh
vi phan tich bién bing cich déi qua 4n ham méi z = ax + by + c.

(8) y/ = f(ax+ by +c)

That vay

% —a+b% =a+ bf(z)

o Néu a+ bf(z) = 0 khi z = z, thi ax + by + ¢ = z |3 nghiém caa
(8).

e Cac nghiém khac tim dugc bing cich chia hai v& clia phuong trinh
cho a + bf(z) rbi l4y tich phan, ta dugc

f a+Z?(z) =x+C.

Vi du: Gidi phuong trinh vi phan y/ = (x —y +1)2.
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Chuong 1. Phuong Trinh Vi Phan

Céc dang clia phuong trinh vi phan cAp 1: dang ding cAp cip 1

Phuong trinh vi phan ddng cip cip 1 13 phuong trinh ¢6 dang
(9) y' =f(%)

Céch giai: Ta dua vé& phuong trinh vi phan tach bién bing cich déi qua
an ham méi u = £. Khi dé
Y = ux, y/ = xu’ + u.
Thay vao (9) ta duoc
xu’/ 4+ u = f(u).
hay

x% =f(u) —u.
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Xét 2 trudng hop:

o f(u)—u#0, tacd
dx du

Tich phan hai v& clia phuong trinh ndy, ta dugc

|n|x|:ffL+|n|C|:q>(u)+|n|C|,

trong dé ®(u ff Dodox—Ce()

Vay tich phan t8ng quét cha (9) I3
X = Ceq:'(y/x)
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e f(u)—u=0,thi f(y/x) = y/x va phuong trinh (9) c6 dang

dy _y

dx X
hay

dy _ dx

y X

Tich phan hai vé& cla, ta duoc
Inly| =In|x|+In|G],
hay
y=C, x#0 (C==+G)
I3 nghiém t8ng quét cha (9) trong trudng hop f(y/x) = y/x.

Hodc néu f(u) — u =0, tai u = wup thi bing cich thir tryc tiép ta thiy
rang ham y = ugx, (x # 0) ciing 13 nghiém cla phuong trinh d3 cho.

Vi du: Gidi phuong trinh vi phan ding cip y/ = = = T

<
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Chuong 1. Phuong Trinh Vi Phan

Céc dang clia phuong trinh vi phan cp 1: dang tuyén tinh cip 1

Phuong trinh vi phan tuyén tinh cip 1 13 phuong trinh c6 dang
(10) y/ +p(x)y = q(x),
trong dé p(x), q(x) 13 cdc ham s6 lién tuc cho trudc.
° Néu g(x) = 0, thi (10) duoc goi 1a phuong trinh vi phan tuyén
tinh cip 1 thudn nhat.
° Néu g(x) # 0, thi (10) dudc goi 13 phuong trinh vi phan tuyén
tinh cip 1 khéng thudn nhit.

Nguy&n Thi Thu Van (HCMUNS) Giai Tich B2 Théng 2 - 2012 15 / 102



Phlro’ng phap bién thién hing sb (Lagrange)
Trudc hét ta xét phuong trinh vi phan tuyén tinh cip 1 thudn nhit tuong
ing véi (10)
(11) y/ +p(x)y =0, hay % =—p(x)y.

@ V6iy#0,tac
= —p(x)dx.
L4y tich phan hai v&, ta duoc

Inly| = — [ p(x)dx + In .

<le &

Do dé
(12) y = Ce= [P (C = +0)
D6 13 nghiém t8ng quat clia phuong trinh (11).
e Véi y = 0 ciing 13 nghiém cla phuong trinh (11) va ciing la mét
nghiém riéng cla phuong trinh (11) dng véi C = 0.
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Bay gid ta coi C khdng phai 13 hing s ma 13 mdt ham kh3 vi theo bién x.
Ta sé tim ham s6 C = C(x) dé biéu thiic

y = C(X)e—fp(X)dX
I3 nghiém ctia phuong trinh khéng thun nhit (10).

L3y dao ham (12), ta dudc

y/ = C/(x)e /P _ p(x)C(x)e™ [ Px)dx.
Thay vao phuong trinh (10), ta dugc

C/ (x)e /P = g(x), hay dC = g(x)el PX)dxqx
L4y tich phan hai v&, ta duoc

C = C(x) = [ q(x)el PX¥dx 4 (.
Do dé nghiém t8ng quét clia phuong trinh tuyén tinh khéng thuin nhit
(10) Ia
(13) y =e [pldx [f q(x)ef plx)dx gy 4 Cl} .

sin x

Vi du: Giai phuong trinh vi phan y/ + ycosx = e~
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Phuong phap Bernoulli
Ta sé tim nghiém cha phuong trinh khéng thudn nhit (10) dudi dang
(14) y = u(x)v(x).
Thé vao (10), ta dugc
u/v+uv/ + p(x)uv = q(x),

hay

(15) [u/ + p(x)ulv + uv/ = q(x).
Chon u(x) l1a mét nghiém cta phuong trinh

(16) v/ 4+ p(x)u=0,

ta c6

(17) u= e JPH)dx

Tir (15)=(17), ta dugc v/ e~ [ P()dx — g4(x).
Vay

_ [ q(x)e "%k + .
Cubdi cling ta nhan dUOC nghiém tong quat cho béi (13)
Vi du: Giai phuong trinh vi phan y/ sinx — y cosx =
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Phuang phap thira sb tich phan
Nhan hai vé clia (10) véi thira sb
ef p(x)dx'
ta dugc
y/ el POOdx 1 p(x)ef plx)dxy, — q(x)ef p(x)dx
ma v& trai clia ding thic ndy chinh I3 dao ham cia tich sb yel P()
Vay ta viét lai ddng thirc ndy nhu sau

dx

% [yefp(x)dx] = q(x)efp(x)dx_

L3y tich phan hai v&, ta dugc
yel P(x)dx — 1l q(x)el PXIdxgx 4 C.
Vay nghiém téng quat cia (10) la
y = e [pb)ax [ [ a(x)el PXIxdx +C| .

Vi du: Giai phuong trinh vi phan y/ + 2xy = 4x.
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1. Phuong Trinh Vi Phan

Céc dang clia phuong trinh vi phan cAp 1: phuong trinh Bernoulli

Phuaong trinh vi phan Bernoulli 13 phuong trinh ¢é dang:
(18) y +p(x)y = a(x)y",
trong dé p(x), q(x) 13 cdc ham so lién tuc cla x cho trudc va a 13 mét
hing sb thuc cho trudc.
° Véi & = 0, thi (18) 1a phuong trinh vi phan tuyén tinh chp 1
khéng thuan nhat.
y/ +p(x)y = q(x).
®  Véia=1, thi (18) la phuong trinh vi phan tuyén tinh cip 1
thuan nhat.
y/ +p(x) —a(x)ly = 0.
Do viy & day ta chi can xét & # 0 va a # 1.
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Céch giai: Gid st o A0 vaa # 1.

o N&u a > 0, thi y = 013 mdt nghiém riéng clia (18).

o Nguoc lai néu a < 0, thi y = 0 khéng 13 nghiém cua (18).
Gid sir y # 0, chia hai vé cha (18) cho y*, ta dugc

y 'y + p(x)yt Tt = g(x).
Dit z =y tacé z/ = (1 —a)y “y/ va phuong trinh trén dugc viét lai
(19) Z/+(1—a)p(x)z=(1—a)q(x).
Day 13 phuong trinh vi phan tuyén tinh cAp 1 dbi véi an ham z. Sau khi
gidi tim duoc nghiém téng quat cla phuong trinh (19), ta trd vé 4n y bai
cdng thiic z = y1 7%, ta dudc nghiém téng quat clia phuong trinh (18).

Vi du: Gidi phuong trinh vi phan
y! —2xy = 4x3y2.
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Chuong 2. Phuong Trinh Vi Phan

3. Phuong trinh vi phan cip 2

Phuong trinh vi phdn cip 2 13 phuong trinh ¢6 dang
(20) Fix,y.y’.y'") =0,

Néu gidi dugc phuong trinh (20) déi véi y// thi phuong trinh vi phan cip
2 c6 dang

(21) v/ =fxy.y"),

trong dé f 13 mét ham cho trudc theo ba bién déc lap.

Nghiém clia phuong trinh vi phan (20) trén khoang Q) 13 mét ham s&
y = ¢(x) xéac dinh trén Q sao cho khi thay vao (20) ta dugc dong nhit

thac trén Q) :
F(x, 9(x), ¢/ (x), 9/ (x)) =0, Vx € Q.

22 /102
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Phuong trinh vi phan cip 2 cé nghiém phu thudc vao hai hing sb, nén dé
xac dinh mét nghiém cu thé can cé hai diéu kién nao d6. Ngudi ta thudng
xét bai todn Cauchy (bai todn diéu kién dau).

Bai toan Cauchy |3 bai todn tim nghiém cia phuong trinh vi phan cip 2
thda diéu kién dau

(22) y(x) =0, ¥/ (x0) = 13-
véi xu, Yo, yo/ I3 nhiing so cho trudc.
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Dinh Iy (vé su tan tai va duy nhit nghiém) Néu ham sb f(x, y,y’) lién

tuc trong mién md nao dé chia (xo,yo,yo/), ton tai nghiém cla bai toan
(21), (22).
Hon nita, néu g—;, B?Tf/ lién tuc va bi chan trong mién md nao dé chira

(x0, Y0, ¥4 ), thi nghiém 4y 13 duy nhét.

Nghiém clia phuong trinh vi phan cip hai thudng phu thudc vao hai hing
sb thuc Cy, Gy, va ¢c6 dang

y=o¢x G, Q)

Nguy&n Thi Thu Van (HCMUNS) Giai Tich B2 Théng 2 - 2012 24 /102



Nghiém téng quat, nghiém riéng

e Himsb y = ¢(x, G, Gp) dugc goi |1a nghiém téng quat clia phuong
trinh vi phan cAp hai (21) trong mién Q C R3 néu (Xg,yo,yo/) €0,
ton tai duy nhit mét cip hing s6 (C?, CY) sao cho y = @(x, C?, C9)
I3 nghiém ctia phuong trinh vi phan (21) théa cac diéu kién dau
y(x0) = yo. ¥/ (x0) = ¥4

@ Nghiém nhén dugc tir nghiém téng quat y = ¢(x, C1, G;) bing cach
cho cac hing sb Cy, G, nhiing gia tri cu thé ducc goi |3 nghiém riéng.

Phuong trinh

P(x,y, G, G)=0
cho ta méi quan hé giita bién doc Iap va nghlem tong quét clha phuong
trinh vi phan cAp hai duoc goi 13 tich phén tong qudt cha né trén.
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e Néu cho C; = CY, G, = €Y Ia nhiing gié tri cu thé ta duoc phuong
trinh
D(x,y, C2,C9) =0
ma ta goi né |a tich phdn nghiém riéng cia phuong trinh vi phan néi trén.

Vé phuong dién hinh hoc, tich phan t(“;ng quéat cta phuaong trinh vi phan
cép hai xac dinh mot ho dudng cong trong mit phfmg toa dé phu thudc
vao hai tham sb tly y. Cic dudng cong Ay ducc goi 13 dudng cong tich
phén cta phuong trinh vi phan.
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Chuong 1. Phuong Trinh Vi Phan

Céc dang clia phuong trinh vi phan clp 2 : dang giam cip dugc

Xét phuong trinh vi phan cAp hai c¢6 dang
y// — f(X,y,y/)

ma ta c6 thé dua ching vé cAp mét.
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Phuong trinh vi phan dang y// = f(x)
(23) v/ =f(x)

Céch giai. Vi y// = (y/)/ néntlr (23)tacé y/ = [ f(x)dx + Ci.
L4y tich phan mét Ian nita, ta dugc
y=[([f(x)dx) dx + Cix + C,.

trong d6 Ci, G, 13 cac hing sb tly v.

Vi du. Tim nghiém t8ng quat v nghiém riéng cda phuong trinh vi phan
y// =sinx
thda céc diéu kién dau
y(0)=0, y/(0) =L
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Phuong trinh vi phan dang y// = f(x,y/)

(24) vy =f(x,y/)
Cach giai. Dit y/ = p, khi d6 y// = p/ va (24) c6 dang
p/ =f(xp).

Day 13 phuong trinh vi phan cp 1. Néu gidi dugc, ta c6 nghiém téng quét
la

p=9(x G).
Vi y/ = p, nén ta ¢
vy = ¢(x, C1).

Suy ra nghiém t8ng quét clia phuong trinh (24) 13
y =[x, G)dx+ G.
Vi du. Gidi phuong trinh vi phan
v/ =x— Y

x °
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Phuong trinh vi phan dang y// = f(y,y/)
Céch giai. D5t y/ = p = p(y) va xem nhu |3 ham cla y. L3y dao ham
hai vé& chia ding thdc ndy theo x, ta c6

// —dp _ dpdy _ dp
y dx dy dx pdy'
Khi dé, phuong trinh da cho c6 dang
d
p/ L ="f(y.p).

D6 13 phuong trinh vi phan cAp 1 v6i 4n ham 13 p = p(y). Néu phuong
trinh nay giadi dugc, ta cé
p= g9y C),

hay

& =gy, 1),

dy  _
oy, C1) dx.

Do d6 nghiém téng quat chia phuong trinh da cho 13 y/ = @(x, Cy).

Suy ra tich phan t8ng quét clia phuong trinh d3 cho I3

d _
q)(y,ycl) =x+ G.

Vi du. Gidi phuong trinh vi phan
yy// _y/ 2 _.
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Chuong 1. Phuong Trinh Vi Phan

Céc dang clia phuong trinh vi phan cAp 2 : phuong trinh tuyén tinh cip 2 hé sb hing

Phuong trinh vi phan tuyén tinh cip 2 c6 hé sb hing 13 phuong trinh c6
dang

(25) v/ +py/ +qy = f(x), a<x < b,

trong d6 p, q 13 cac hing sb. Ta ludn gia thiét £(x) 13 ham lién tuc trong
khodng (a, b).

Néu f(x) = 0, phuong trinh

(26) vy +py/ +qy =0,

dugc goi 1a phuong trinh thuin nhit tuong tng véi phuong trinh (25).
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Bai toan Cauchy: Xét bai todn tim nghiém cda phuong trinh (25) théa
diéu kién dau

(27) y(x0) =y, ¥ (x0) =y,
véi xp € (a, b), yo, yo/ cho trudc.

Dinh ly (su ton tai va duy nhit nghiém) : N&u ham sb f(x) lién tuc
trong khoang (a, b), thi véi moi xo € (a, b), va véi moi yo, y{ cho trudc,
bai toan Cauchy (25), (26) c6 duy nhit mot nghiém.
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Phuang trinh vi phan thuan nhét
Xét phuong trinh vi phan thuan nhit
(28) vy +py/ +qy=0.

Dinh ly: Cho y1(x) va ya2(x) 13 hai nghiém déc Iap tuyén tinh trong
(a, b) clia phuong trinh thudn nhit (28). Khi d6 nghiém téng quat clia
phuong trinh (28) cé dang

(29) y = Gy (x) + Gya(x),

véi Ci, G 13 hai hing sb.

Nhu vy mubn tim nghiém t8ng quét clia phuong trinh thudn nhit (28),
ta chi can tim hai nghiém riéng doc 1ap tuyén tinh cda né, rdi lay t6 hgp
tuyén tinh cta ching.
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Ta tim nghiém riéng cda (28) dudi dang
(30) y = ek,

trong dé k 13 mét hing sb nao d6. Ta c6
y! = ke®, y// = k2ekx
Thay cac biéu thic y, y/, y// vao (28) ta duoc
e (k? + pk+q) = 0.

Vi e® £ 0 nén ta dugc
(31) k?+pk+q=0.

Vay néu k théa man phuong trinh (31) thi ham y = e |3 mét nghiém
riéng cta phuong trinh (28). Phuong trinh (31) dugc goi Ia phuong trinh
dic trung cla phuong trinh vi phin (28).
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Cé ba trudng hop sau day

e Phuong trinh (31) c6 hai nghiém thuc phan biét ki, ko.

Khi dé ta c6 hai nghiém riéng cta phuong trinh (28) la
1= ek1X, Yo = ekQX.
Hai nghiém 3y déc |ap tuyén tinh, vi

% = elki=k2)x oL h3ng sb.

Do dé nghiém t8ng quét clia phuong trinh (28) 13
y = Cekx  Gyekox
trong d6 C;, G, 13 céc hing sb tuy y.
Vi du. Gidi phuong trinh vi phan
y/! —6y/ +8y =0.
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@ Phuong trinh (28) cé nghiém kép k1 = ko = —p/2.
Khi d6 ta cé y; = ek1¥ va y» = xek1¥ 13 2 nghiém clia (28).
V4y nghiém téng quét cla phuong trinh (28) Ia

y = Cief* + Goxek* = (G + Gox)elr,
trong d6 Ci, G, 13 cac hing sb tly v.
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e Phuong trinh (31) c6 hai nghiém phc lién hop k1 = a + iB,

k2 =N — Iﬁ
Ta cé hai nghiém riéng cda phuong trinh (28) Ia
vy = Y1‘5Y2 — e cos Bx,
Vo = Y12—i}’2 = X sinﬁx,

Nghiém t8ng quéat clia phuong trinh (31) 13
y = (1e™ cos Bx + (e sin Bx
= e"((Cy cos Bx + Cysin Bx),
trong d6 Ci, G, 13 cac hing sb tly ¥.
Vi du. Gidi phuong trinh vi phan

y// +4y/ +5y=0.
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Phuang trinh vi phan khéng thuan nhjt

Bay gid ta xét phuong trinh vi phan tuyén tinh khéng thudn nhit sau
(32) y'' +py/ +qy = f(x), a<x < b,

trong d6 p, q la cac hing s6 va f(x) 13 ham lién tuc trong khoang (a, b).

Xét phuong trinh vi phan thudn nhit tuong tng véi (32)
(33) vy +py/ +qy=0.

Dinh ly. Nghiém tong qudt cta phuong trinh khéng thudn nhit (32) bing
tdng cha nghiém t8ng quét clia phuong trinh thudn nhit tudng (ng (33)
véi modt nghiém riéng ndo dé clia phuong trinh khéng thuan nhit (32).
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Xét trudng hop f(x) = e P,(x) trong dé a 13 sb thuc, P,(x) 13 da thic
bac n.
o Né&u a khéng 13 nghiém ctia (31), thi ta tim nghiém riéng y, theo dang
yr = e Qu(x), v8i Q,(x) 13 da thitc bac n v6i n+ 1 hé sb chua biét.
DE tim cac hé sb chua biét, ta thay y, vao phuong trinh (32) réi dong
nhAt cic hé sb cha cac lly thira cung bac ciia x 8 hai vé ta s& dugc mot
hé (n+ 1) phuong trinh bac nhit véi (n+ 1) &n 13 cac hé sb cia da thiic
Qn(x).
o Né&u a 13 nghiém don cla phuong trinh dic trung (31), thi ta tim
nghiém riéng y, theo dang
yr = xe"*Qn(x), v6i Qn(x) 1a da thic bac n.
o Né&u « 13 nghiém kép ctia phuong trinh dic trung (31), thi ta tim
nghiém riéng y, theo dang

yr = x2eQn(x), v6i @n(x) 1a da thiic bac n.

Vi du. Tim nghiém t8ng quét clia phuong trinh
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Xét trudng hop f(x) = e*[Pp(x) cos Bx + Qm(x) sin Bx] trong dé a, B 1a
cac sb thuc, Py(x) va Qm(x) 1an lugt I3 da thic bac n va m.

Trudng hgp nay nghiém riéng c6 dang:

yr = x"e"[Rs(x) cos Bx + Ts(x) sin Bx]

trong dé r 13 bdi sb clia nghiém a + i cha phuong trinh ddc trung va
s = max{m,n}.

Luu y: Ta qui uéc r = 0 néu o + iB khdng la nghiém cla phuong trinh
dac trung.
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Dinh ly (Nguyén Iy chdng chit nghiém): Néu y; 13 nghiém riéng cia
phuong trinh

'+ py' + qy = fi(x)

va y» |3 nghiém riéng cta phuong trinh

Y'+py' +aqy = f(x)
thi y = y1 + y» |3 nghiém riéng clGa phuong trinh

y'+py' +qy = fi(x) + f(x)
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Chuong 1. Vi Phan Ham Nhiéu Bién

1. Vi du mé dau

Thi du : Thé tich ca hinh tru dugc xac dinh béi céng thic: V = 7Tr2h.
RG& rang thé tich hinh tru phu thudc ban kinh r va chiéu cao h cla hinh
tru. VAy ta c6 thé viét nhu sau V/(r, h) = 7tr?h

@ Trudng hgp nay, V dugc xem nhu 1 ham phu thudc vao 2 bién sb r
va h

Tuong tu, thé tich cha 1 hinh hép chif nhat 13 V = /wh. VAy ta c6 thé
viét nhu sau: V(I, w, h) = Iwh.

@ Trudng hgp nay, V dugc xem nhu 1 ham phu thudc vao 3 bién sb
I,wva h

Nguy&n Thi Thu Van (HCMUNS) Giai Tich B2 Théng 2- 2012 42 / 102



Chuong 1. Vi Phan Ham Nhiéu Bién

2. Ham nhiéu bién
1. Tap hop R"

R"=RxRx..xR={(x,x2, ... xn) |x1, %2, ..., xn € R}
n
Cho 2 diém M(x1, X2, ..., Xa) vd M (x{, X5, ..., X, ). Khodng céch giita 2
diém nay dugc cho bédi céng thiic:

d(M, M) = /(1= x4)2 + (2 = 33)2 + o (30— X,)°

o n=2:R*={(x,y)lx,y € R};
d((x,y), (x0,%0)) = v/ (x = x0)2 + (¥ — y0)?

e n=3:R3={(x,y,2)|x,y.z€ R};
d((x,y,2), (%0, Y0,20)) = \/ (x = %)2 + (v — y0)2 + (2 — )2
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2. Ham nhiéu bién

Cho Q) C R".Gia st v8i moi x = (x1, x2, ..., Xp) trong () ta dinh nghia
dugc mét phan tl f(x) trong R, ta néi ta xac dinh dugc mét anh xa

f:QCR"—R

va ta néi ring ham sb f xéac dinh trén Q) va nhan gié tri trong R. Khi dé
Q) dudgc goi 13 mién xac dinh va f(Q) = {y = f(x)|x € Q} dugc goi la
tdp anh cla f

Ta viét f : (x1, X2, ..., Xn) — z = f(x1, X2, ..., Xn), hay gon hon 13

z = f(x1,x2, ..., Xn), trong d6 x1, X2, ..., x, dudc goi la cac bién déc lap, z
duoc goi 13 bién phu thudc.

Luu y: néu ham f dudc cho bdi cdng thic nao dé ma khéng chi rd mién
xac dinh thi khi dé mién xac dinh clia ham £ duoc hidu 13 tap tit c3 cic
gia tri cta (x1, x2, ..., Xpn) dé biéu thiic d3 cho c6 nghia.

Nguy&n Thi Thu Van (HCMUNS) Giai Tich B2 Théng 2- 2012 44 / 102



Biéu thi ham z = f(x,y) duéi dang biéu dé miii tén (arrow diagram)

¥
iy ) -
o _ —_— ; T S it | “n,‘
ﬂ : ' ; " ﬁ fix. v z
D e = — - Y
m:b_
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3. D6 thi:

Gr =

- S
5 In'
I". Il'|l

"'I._ 2 T |".
b
N3
0 i x
yv=x"+a+1
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flry)=24{1—- 2 -3y’

The graoh of fix,y)= 4x°+ v is
the eliptic paraboloid £ = 4x% 4 y2
Horizontal traces arz ellipses:
wveriical iraces are parabolas.
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Biéu thi ham z = f(x, y) dudi dang dé thi (graph)

[x, ¥ ]‘I"! 'PII

s

t
|

b

|

I

|

‘Lfn ¥
.1:-/ o, 30, )

Thi du: f(x,y) =6 —3x—2y
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4. Duong ding tri - mat ding tri:

Cho ham sb f(x1,x2, ..., Xn) V&i mién x4c dinh Q). Tap tht c3 nhiing diém
(x1, X2, ..., Xn) sao cho

f(x1, %2, ..., xn) = ¢ (¢ = constant) (%)

duoc goi 13 tap ding tri (hay con goi la tap miic)
o Tap hop céc diém (x, y) thda (*) goi I3 dudng ding tri cha ham
f(x.y)
e Tap hop cic diém (x,y,z) théa (x) goi la m3t déng tri cia ham
f(x,y, 2)
Luu y: Cac dudng ding tri va m3t ding tri dng véi cic gid tri ¢ khac
nhau thi khong giao nhau
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(contour curve)

dudi dang dudng miic

)

X,y

(

=f

thi ham z

2

A

Bi

eu
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Chuong 1. Vi phan Ham nhiéu bién

3. Cac mait bic hai

Cdc mat bac hai c6 phuong trinh:

ax’+by’+c+dxy+exz+fyz+gx+hy+iz+k=0

Mot s6 mit bac hai chinh tic thudng gap:

Mat Ellipsoid:
X2y 22
ERE-Riia
Mat Paraboloid Elliptic:
2 2
Yy _
2TR=?
Mat Paraboloid Hyperbolic:
X2 )2 B
2R
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Chuong 1. Ham nhiéu bién

4. Gidi han, lién tuc

1. Su héi tu cia d3y diém

Cho 1 diy diém My (xf, x&, ..., x¥) € R" va diém My (x?,x3, ..., x0) € R".
D3y { M} dugc goi I3 héi tu dén My néu
d(My, Mg) — 0 khi k — oo

Nhu viy rd rang su hdi tu trong R" 1a su héi tu theo toa d6, nghia la

0 _k 0 k

M — My < xf — xP, xk — X2, xk — x% khi k —
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2. Gidi han ham sb:

S6 thuc L dugc goi |3 gisi han clia ham f khi M — My néu

Ve>0,30>0:YMecQ:0<d(M, M) <é=|f(M)—L|<e

Khi dé ta ky hiéu: L = //mM f(M)
M— My

Chi thich: Cac tinh chit va cac phép tinh sb hoc (t8ng, hiéu, tich,
thuong) cla ham cé gidi han déu tuong tu nhu do6i v6i ham mot bién.
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Cu thé cho truong hgp ham 2 bién nhu sau: cho ham 2 bién f: Q — R va
(%0, ¥0) € R?. Sb thuc L dugc goi |3 gidi han clia ham sb f(x, y) khi
(x,y) tién vé (xo, yo) néu Ve > 0,36 > 0:

Vix,y) €Q:0< /(x—x0)2+(y —»)32<d=|f(x)—L| <€

Ky hiéu L = lim  f(x,y)
(x.y)=(x0.50)

Nghfa |3 gia tri cha f(x, y) tién dan dén s thuc L khi diém (x, y) tién dan
dén diém (xg, yo) doc theo b4t ky dudng cong nao nim trong mién Q).

Hay néi céch khéc, ta c6 thé 1am cho gié tri ciia f(x,y) gan L bao nhiéu
theo nhu ta mubn bing cach l4y diém (x,y) di gan dén diém (xo, yo)
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Hay ta c6 thé néi khodng cach giifa f(x,y) va L c6 thé 1am nhé tiy y
bang cach Iam cho khodng cach giita 2 diém (x,y) va (xo, yo) dii nhd
nhung khong bang khong
Dinh ly: Cho ham 2 bién f : QO — R va (x0, o) € R2. Khi dé,

lim  f(x,y) =L <= Véi moi diy {(xpn, yn)} trong O\{(x0, y0)}

(x.y)—(x0.%0)

hdi tu v& (xo, yo) ta c6 ddy {f(xp, yn)} hi tu vé L.
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Céac cach dé chitng minh gidi han khong ton tai:

Cach 1. Tim dudng cong (C) sao cho (x,y) — (xo, yo) doc theo (Cy).
Chimg minh rang giéi han clia ham f(x, y) khi (x,y) — (x0, o) theo
dudng cong (Cx) phu thudc vao tham sb k.

Cach 2. Tim 2 d3y diém M, # My va M, # My sao cho M,, M, — M
nhung lim f(M,) # lim f(M,)

n—oo n—oo
Cach 3. Dit x —xg = r cos¢ va y — yp = rsin @, trong d6 ¢ € [0, 271].
Khi r — 0 thi x — xo vd y — yo. Néu gi6i han sau khi thay thé& phu thudc

vao tham sb @ thi ta két luan gii han di cho khéng tén tai

Iimof(xo + rcos@, yo + rsin @) = ®(¢)
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3. Su lién tuc ciia ham sbé:

ChoQCR" f:Q— Rvad My e Q. Tanéi f lién tuc tai My néu

li f(M)=f(M

Jim £(M) = £ (o)
Dinh ly: Cho ham 2 bién f: Q0 — R va (x0,y0) € Q. Khi dé,

f lién tuc tai (xo, yo) <= V6i moi day {(xn, yn)} trong QO héi tu vé
(x0, Yo) ta ¢ day tuong tng {f(xn, yn)} ludn ludn hdi tu vé f(x0, ¥0)-

Chii thich: y nghia truc gi4c cla tinh lién tuc 13 khi diém (x,y) thay déi
mdt chiit thi gia tri cia ham f(x, y) ciing thay d&i mét chat. Didu nay c6
nghia Ia bé& mit cha db thi clia mét ham lién tuc khong c6 18 tréng hoadc

khéng bi gay.

Vi du: Xem hinh: plot3d((x~2-y~2)/(x"2+y"2), [x,-5,5], [y,-5,5])
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Chuong 1. Vi Phan Ham Nhiéu Bién

5. Dao ham riéng - dao ham ham hgp
1. Dao ham riéng cip mét:

Dao ham riéng clia ham f(x, y) theo bién x (hay y) tai diém (xo, yo) duoc
dinh nghiia nhu 13 dao ham clia ham f(x, yo) (hay f(xo,y)) tai diém
x = xo (hay y = yo). Cu thé nhu sau:
o Dao ham riéng cAp mét theo bién x tai diém (x0, Yo) 13 gidi han (néu
c
)

f(xo + Ax, y0) — f(x0, y0) = g—i(xo,yo) (£:(x0 0))

lim
Ax—0 Ax

o Dao ham riéng cAp mét theo bién y tai diém (xo, yo) 12 gidi han (néu
cd)

o f(x0.y0+Ay) — f(x0.50) _ g;(xo,yo) (f7(x0. y0))
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Thi du 1: Nhiét db tai diém (x, y) trén bé mit kim loai phing duoc cho

béi cong thic T(x,y) = W,trong dé T dugc do bing d6 °C va x, y
do bing mét. Tai (2,1) hay tim téc d6 thay déi nhiét dé tuong tng véi x

va y?
Thi du 2: Ham chi sb nhiét (wind-chill index) dugc mé t3 bdi céng thitc
sau:

W =13.12+ 06215 T — 11.37 v>10 + 0.3965 7,016

trong d6 T bigu thj nhiét d6 (OC) v v biéu thj van tbc gié (km/h). Khi
nhiét d6 T = —15°C va v = 30km/ h, hay du doén chi sb nhiét sé gidm
bao nhiéu néu nhiét d6 gidm 1°C? va néu van tbc gié ting 1km/ h.
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2. Dao ham riéng cap 2:

Dao ham riéng cAp 2 13 dao ham riéng ctia dao ham riéng cip 1. Cu thé

nhu sau:
9 (of\ _ f 9 (of\ _ &f
ox \dy )  oxay' 9y \ox/ aydx

9 (of\ _ ?f 9 (of\ &
ox \ox /)  ox?’ dy \dy )  9y?

Thi du: Cho f dugc dinh nghia bdi cong thiic:

Khi d6 ta c6: -2£(0,0) = —1 £ -2£(0,0) =
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Dinh Iy (Schwartz): Néu ham f(x, y) va cic dao ham riéng 97, g;

2
aayafx, a‘i—afy xac dinh trong mién mé Q) chda (xo, yo) va lién tuc tai(xo, yo)
thi

92F o2F
aya ( X0, yO) dx a (XO yO)
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3. Dao ham ham hop:

o Trudng hop 1: Cho ham sb f(x,y), trong dé x = x(t) va y = y(t),
ta viét f(x(t),y(t)) = f(t). Khi dé:

df dx  df dy
/ — e — —
P = tay o

Thidyu: f = uv;f = 2 trong d6 u = u(t); v = v(t)

o Trudng hop 2: Cho ham s6 f(x,y), trong dé x = x(t, s) va
y =y(t,s), taviét f(x(t),y(t)) = f(t,s). Khi dé:

of  9fdx _ of dy

at &aﬁ@at
or _ ardx  ordy
ds  0x0ds QJyds
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Chuong 1. Vi Phan Ham Nhiéu Bién

6. Dao ham theo hudng - Vector Gradient

Cho (xo, yo) va mét vector don vi u = (a, b). Cho ham f(x, y) xac dinh
trong 1an can cta (xo, yo). Tbc db thay déi ctia f tai (xp, yo) theo hudng
u dugc goi 1a dao ham theo hudng va dinh nghia nhu sau:

f h h) — f
Dﬁf(XOvyO) — ,!Imo (XO +a Y0 —|—hb ) (XOv}/O)

Néu dit g(z) = f(xo + ah, yo + bh) thi
of of
D f(x0,y0) = &'(0) = 35 0 y0)a+ @(XOJ/O)[’

Déi khi u dugc dinh bdi mét géc 0 : u = (cosh, sin6)

Vector gradient cla f(x,y) 1a Vf(xo, yo) = <g—§(x0,y0) , g—;(xo,yo)>
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Chuong 1. Vi phan Ham nhiéu bién

7. Vi phan

Trong nhiéu bai todn thuc té ta phai tinh

Af(x0,y0) = f(x0 + Ax, yo + Ay) — f(x0, yo)
khi biét (Ax, Ay), nghia I3 khi xo thay d8i 1 lugng nhé Ax va yy thay déi
1 lugng nhd Ay thi gia tri clia ham f tai (xo, yo) s& thay d&i mét luong
bao nhiéu?

D&i véi cic dang ham phiic tap thi viéc nay rit khé. Tuy nhién, ta thudng
gdp trudng hgp f lién tuc, nghia 1a Ax, Ay kha bé va do vy Af ciing kha
bé. Khi dé ta c6 thé tinh x&p xi bing cbng thic sau:

of of
Af(x0,y0) = x(xo,)/o)mﬂ‘ @(XO.YO)AY

Thi du: Tinh gin ding sb

A=+/1.023+1.973
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Vi phan toan phan

of of
df (x0. y0) = (x0, yo)dx + = 3 (x0, yo)dy

ox
d"f = ( x+dy> f
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Chuong 1. Vi phan Ham nhiéu bién

8. Coéng thiic Taylor

Dinh ly: Gid st ham f(x, y) c6 cac dao ham riéng dén cip n+ 1 trong
mdt mién md chda diém (xo, yo). Khi dé:

1
f(x,y) = f(xo0,y0)+df(x0,y0)+ ... + ;d"f(xo,yo) + Rn

R = o(y/lx—aP+ )

Trudng hop cong thic Taylor 13y lai (xo, yo) = (0,0) thi goi 1a cong thiic
Maclaurin

Thi du: Khai trién ham f(x,y) = x3 — 5x2 — xy + y? + 10x + 5y — 4 tai

(1,1)
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Chuong 1. Vi phan Ham nhiéu bién

9. Ham an

Truong hop ham 1 bién:

Cho ham sb F(x, y) x4c dinh trong mién mé Q chita diém (xo, yo). Gia
thiét rang v6i moi x € (xg — €, xp + €), ton tai duy nhit mét gia tri y sao
cho (x,y) € Qva F(x,y) =0

Khi 8y ta néi phuong trinh F(x, y) = 0 xac dinh y nhu 13 mét ham 4n clia
x trong khodng (xo — €, xp + €)
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Dinh ly: Cho ham s& F(x, y) théa cac diéu kién:
@ Xac dinh va lién tuc trong hinh tron mé B(M(xo, o), €)
@ F(x0,%)=0
© Cac dao ham riéng §
0 dy (Xo }’0) #0

Khi dé, ton tai duy nhat ham y(x) kha vi lién tuc trong lan cn clia xg
thda

a’: aF ton tai trong B(M(xo, y0), €)

dy &
F(x,y(x)) =0 va o —gj;
y

Thi du: Viét phuong trinh tiép tuyén ctia x3 + y3 = 6xy tai diém (3,3)?
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Truong hop ham 2 bién:

Dinh ly: Cho ham s6 F(x, y, z) thda cac diéu kién:

@ Xac dinh va lién tuc trong qud cdu mé B(M(xq, yo, 20), €)

Q@ F(x0.¥0,20) =0

@ Céac dao ham rigng € 9E "9F +3n taj trong B(M(xo, o, 20), €)

: ox' dy' dz ? 1 Uy !

QO L (x0.y0,20) #0
Khi dé, ton tai duy nht ham z(x, y) kha vi lién tuc trong 1an can clia
(x0, yo) théa

, 0z 9 9z %i
dz dz

Thi du: Cho x +y +z = e, tim 227
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Chuong 1. Vi phan Ham nhiéu bién

10. Cuc tri ham 2 bién

Cuc tri tu do

Cho m&t ham 2 bién f : Q) — R va My(xo, yo) € Q. Ta néi ring ham f
dat

e cuc tiéu (dia phuong) tai My néu tbn tai € > 0 sao cho B.(Mp) C Q
ta c6

f(x0,y0) < f(x,y) V(x,y) € Be(Mp)

e cuc dai (dia phuong) tai My néu tbn tai € > 0 sao cho

f(x0,y0) = f(x,y) V(x,y) € Be(Mo)
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Diéu kién can (Dinh ly Fermat): Néu ham f dat cuc tri tai Mo(xo, yo)
va néu f c6 cic dao ham riéng tai My thi

of of
&(XO:}/O) = @(Xoy)/o) =0

Khi d6 ta néi My 13 diém dirng (critical point).
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Diing cdng thic x4p xi Taylor cAp 2 cho ham f(x, y) tai (xo, y0), ta cé:

of of 1 9%f
Af o~ a*X(XO,)/o)AX + @(Xov)/o)Ay + Eﬁ(XOvYO)(AX)z
2f 19%f 9
—l—m(xo,yo)AxAy + iai)ﬂ(xoy)’o)(AY)
1092f 0°f 19%f
= 5330050 (8% + Txay (0 Y0)BXBY + 555 (o, o) (Ay)?

Af

12

N =

1
A(Ax)? + BAxAy + §C(Ay)2

B \?> AC-B?
<AX + AAy) + (Ay)zl

N>
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Diéu kién di: Cho ham 2 bién f : ) — R ¢6 cac dao ham riéng dén cip
2 lién tuc tai Mo(xo, yo) € Q va My 1a diém ding. Ta d3t:

22f of o2f
A = ﬁ(xo,)/o)? B = axdy (x0. Y0); C:aT/z(Xo,)/o)
A = AC-B?

Khi dé, néu:
e A < 0thi f khéng cé cuc tri (saddle point)
o A >0 thi My I3 diém cuc tiéu ndu A > 0 hodc C > 0; 13 diém cuc
dai nu A < 0 hodc C <0
o A =0 thi ta chua cé két luan, khi dé ta phai quay vé dung dinh
nghia cuc tri
Thiduy: 1. f(x,y) = x>y + 12x% — 8y
2. f(x,y) = x>+ y? —2xy +2x — 2y
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FIGURE 3

r=yt— x?
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Cuc tri ¢6 diéu kién: tim cuc dai/cuyc tiéu clia f(x,y) théa g(x,y) =0
Thi du: tim diém n3m trén hyperbol xy = 3 vi gin véi gbc toa dé nhit?
Thuat todn nhan tir Lagrange: Xét ham Lagrange
L(x,y,A) =f(x,y)+Ag(x,y)

Budc 1. Tim nghiém (xo, yo, Ao) cla hé sau:

LX<X1y1/\> = Ly(XyY:/\> = L/\<X1y1/\) = 0
Budc 2. Xét vi phan chp 2:

d’L(x0,¥0) = Ledx® + 2Ly dxdy + Ly, dy?
0 = g (x0.y0)dx+g (x0,¥0)dy

N&u d?L(xo, yo) > 0 thi f c6 cuc tiéu, néu d?L(xo, yo) < 0 thi f c6 cuc dai
Luu y: dx? + dy? > 0
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Gi4 tri 16n nhAt, nhd nhit

Dinh ly Weierstrass: Cho tdp D khac tréng, déng va bi chan trong R2vaf
[3 ham lién tuc trén D. Khi dy f ludn cé gia tri 16n nhat va nhd nhat trén
D.

Do vay dé tim gia tri I6n nhat nhd nhit clia ham £(x, y) lién tuc trén
mién déng va bj chdn D, ta thuc hién cic budc sau:
e Tim diém ding cia f bén trong mién D (bai toan khéng c6 diéu kién)
o Tim nhiing diém nghi ng& ham c6 gia tri I6n nhit, nhd nhAt trén bién
cta D (bai toan cuc tri c6 didu kién)
e So sénh gi4 tri cha ham f tai nhiing diém trén d& tim gi4 tri I6n nhét,
nhé nhat

Thi du: Tim gi tri 16n nh4t va nhd nhit cta ham sé

f(x,y) =x2+2y? —x trén mién x>+ y?> <1
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Chuong 3. Tich Phan Bai

1. Tich phan kép

Tich phan xac dinh ca ham mét bién:S = f f(x)dx = lim Z f(xi) Ax;

n—>00
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£= Yo

e St % Xpq =

Nguy&n Thi Thu Van (HCMUNS) Giai Tich B2 Théng 2 - 2012 83 / 102



&n Thj Thu Van (HCMUNS) Giai Tich B2 a 84 / 102



Cach tinh:
© Cit hinh khdi thanh cac lat mdng song song véi mit phing (yz). Véi
x cho truéc, S(x) 1a dién tich cla l4t cit ndy va dugc tinh bdi cong
thic sau:

sco= """ i)y

y—min(x)
@ Khi d6 thé tich clia hinh khbi s& 13:
X—max
V= - S(x)dx

Vay thé tich clia hinh khéi dugc tinh bdi cong thiic sau:

x—max  py—max(x)
vV = / / ) f(x,y)dydx

—min mln(x

y—max px—max(y
= / / (x, y)dxdy
y—min x—min(
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Tinh chét:

o //f(x,y)+g(x,y)dydx://f(x,y)dydx+//g(x,y)dydx
9// Xydydx-//fxydydx+//fxydydx

Ri+R>
Q@ Néu f(x,y) < g(x,y),V(x,y) € R thi

//f(x,y)dydx < //g(x,y)dydx
R R
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Thi du:

O f(xy)=1-x*—y?
R={(xy):0<x<1,0<y<1}

@ flx,y)=1-x>—y>
R={(xy):x*+y*<1x,y >0}

@ [y [V* <Ldydx: cdn luu y dén thir tu 13y tich phani!
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Tich phin kép trong toa dd cuc:

//f(x,y)dA = //f(ar cos @, brsin @) rdrd ¢
R R

B r
= / dqo/2 f(ar cos @, brsin @)abrdr
14 rn

Luu y: ta chi 4p dung phuong phap déi sang toa dé cuc trong trudng hop
mién R 13 hinh tron (a = b = 1) hoic ellipse
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Chuong 3. Tich Phan Bai

Ung dung tich phan kép

© Dién tich hinh phing R

= / dxdy
R

@ Thé tich vat thé gidi han bdi mit cong z = f(x, y) va mit phing

z=0
V= //f(x,y)dxdy

© Dién tich mit cong z = f(x,y) c6 hinh chiéu len mit z=013 R

S= //\/ ) + Ldxdy
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Chuong 3. Tich phan bai

2. Tich phan bdi ba

// f(x,y,z dxdydz—// / (x,y,z)dz| dxdy

R oi(xy)

trong d6 Q) 13 hinh khéi xac dinh bdi mit cong z = p1(x,y) v
z= @,(x,y); R 13 hinh chiéu clia Q 1&n mit phing (xy)
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D&i bién trong toa db tru:

X = rcos@;y=rsing,z=z
R+ a<¢<Bin(p) <r<n(e)alrhy <z<z

B rre) [z )
///f(x,y, z)dxdydz = / / " / f(rcos @, rsing, z)rdpdrdz
o) 14 nle Z1

DOoi bién trong toa do cau:

x = psinfcos@;y = psinBsin@;z = pcosf
Q 91(9 fp)<p<pg(9 9)i01(9) < 0 < 02(¢g);a <

02(0.9) ) 5 .
// f(x,y,z)dxdydz = /dq)/ / f(rcos g, rsing,z)p”sin
01 o
o)

1(0.9)
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Chuong 3. Tich phan bai

Ung dung tich phan béi ba

@ Thé tich vat thé O
V(Q) = // dxdydz
O

@ Khéi luong vat thé Q

m(Q) = ///f(x,y, z)dxdydz
Q

trong d6 f(x, y, z) 13 khéi lugng riéng clia vat thé Q) tai diém (x, y, 2)
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Chuong 4. Tich Phan Dudng

1. Tich phan dudng loai 1

/f(x,y)ds : tich phan nay khéng phu thudc vao dusng di C
C

@ C cho bdi phuong trinh tham sb: x = x(t);y = y(t);a<t < b

b
[y = [Fix(o).y (o) (<) + (v/(0) ek
C a

@ C cho bdi phuong trinh: y = y(x);a<x < b

/f(x,y)ds = /f(x,y(x))\/mdx
C a

© C cho bdi phuong trinh toa dé cuc: r =r(@);a < ¢ < B

P
[fxyids = [flreosg.rsing)y/(r(9))? + (r(9))dg
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Chuong 4. Tich Phan Dudng

Ung dung tich phan dudng loai 1

@ Khbi luong cung:

m = /f(x,y)ds
C

trong d6 f(x, y) 13 khéi lugng riéng clia cung C tai (x, y)

@ Dién tich m3t tru gidi han bdi mét cung cé phuong trinh z = f(x, y)
vGi z > 0, dong thai cé hinh chiéu 1&n mit z = 0 |3 dudng cong C:

S= /f(x,y)ds
C

© Toa d6 trong tam:
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Chuong 4. Tich Phan Dudng

2. Tich phan dudng loai 2

/P(x,y)dx + Q(x,y)dy
C

C cho béi phuang trinh tham s6: x = x(t);y = y(t);a<t < b

b

/P(X,y)dXJr Q(x,y)dy = / [P(x(t), y(£))x"(t) + Q(x(t), y(t))y'(t)] dt
C

a

C cho bdi phuong trinh: y = y(x);a<x < b

b
[ Pixy)dctQxy)dy = [ [P(xy(x)) + QUx,y(x))y'(x)] d
C a
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Céng thitc Green: Cho R |3 mién déng gidi ndi trong mit phing (xy) véi
bién C tron tirng khac. Cac ham sb P(x,y), Q(x,y) va cdc dao ham riéng
clia chdng lién tuc trong mién md chiia R. Khi d6 tich phan dudng c6 thé
dugc tinh qua tich phan kép bang cong thitc Green nhu sau:

z{deJery:/R/ (aaf_?)D dxdy

chiéu C 13 chiéu duong qui uéc
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Chuong 4. Tich Phan Dudng

Ung dung tich phan dudng loai 2

@ Dién tich mién phing R c6 bién C:

S(R) = ;fxdy — ydx
C
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Chuong 5. Tich Phan M3t

1. Tich phan mat loai 1

//f(x,y,z)ds

S

@ Né&u mit S c6 phuong trinh z = z(x, y) va R(x,y) |3 hinh chiéu cta
mit cong z 1én mit phing (xy):

//f(X,y,Z)dS: / / f(x,y,Z(X.y))\/1+(z;)2+ (Z)/,)2dxdy
s R(x.y)

@ Néu mit S c6 phuong trinh x = x(y, z) va R(y, z) 13 hinh chiéu cda
m3t cong x lén mit phing (yz):

//fxyzds-// x(y, z), yz\/l +(X)dydz

R(y.z)
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Chuong 5. Tich Phan M3t

Ung dung tich phan mat loai 1

@ Dién tich mit cong S
S = //ds
S
Q Khéi lugng clia mit cong S

m://f(x,y,z)ds
S

trong d6 f(x, y, z) 1a khdi luong riéng cia mit cong S

Nguy&n Thi Thu Van (HCMUNS) Giai Tich B2 Théng 2 - 2012 99 / 102



Chuong 5. Tich Phan M3t

2. Tich phan mat loai 2

/ P(x,y,z)dydz + Q(x, y, z)dxdz + R(x, y, z) dxdy
S

trong d6 S la m3t cong c6 dinh hudng

Céng thifc Gauss-Ostrogratxki: Cho V 13 mién kin va tron ting khac. Cac

ham P, Q, R va cac dao ham riéng cAp 1 lién tuc trong mét mién mé chira
V. Khi dé ta cé:

/ / Pdydz + Qdxdz + Rdxdy = / / 9P L 9Q L RN dydz
J J dx dy 0z

trong dé mit S I3y theo phia ngoai
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Céng thic Stokes: Cho mat dinh huéng tron tung khic S véi bién 1a chu
tuyén C tron ting khiic va khdng tu cit. Cho cac ham P, Q, R va cac dao
ham riéng cap mot cla chiing lién tuc trong mién mé chira S. Khi dé ta cé

// aj—f dydz+ (28 Z OB g + (29 _ 9P 4y
0z dz  OJx dx  dy

/ Pdx + Qdy + Rdz

trong d6 huéng clia C l4y theo hudng duong tuong dng ctia S
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Céch tinh tich phdn mat loai 2:
//R(x,y, z)dxdy = £R(x,y, z(x, y))dxdy
S

trong dé tich phan I4y diu + néu phép vector clia S tao véi chiéu duong
truc Oz mgt géc nhé hon 7 va ldy dau trir trong trudng hgp géc 16n hon

5. Cac tich phan khac tinh tuong tu.
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