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Tém tat ndi dung

Mot vai ky thut st dung da thiic noi suy, sé phic, gidi han, dao ham d€ tim ra cac hé
s6 dong nhét thiic dugc dé cap trong bai viét nhé nay.

Mot két qua quan trong dudc rit ra tit Pinh 1y co ban ctia Dai sb:

Dinh ly 1. Vdi bdt ky da thitc hé s thuc va khdc hang déu cé thé phdn tich cdc lity thita ciia
don thiic va lity thita cia cdc tam thiic bdc hai vo nghiém.

Theo Pinh ly trén, bit ky da thiic hé sb thuc khac da thic hiang Q déu cé thé phan tich
thanh dang nhu sau

2 kn

g(x) =ap(x—a))’" - (x—ap)m (P +bix+c))¥ - (2 +bux+ ),

trong d6 a;,bj,c; € R,b? —4¢; <0, j1,....k1,... EN,Vi=0,m, j=1,n.
Ta sé dung ky hiéu deg P dé chi bac clia da thiic P.

Dinh ly 2 (The Partial Fractions Decomposition). Cho R va Q la cdc da thiic c6 hé sé thuc
théa degR < deg Q va khdc da thitc hang va Q duoc biéu dién

0 (x) :ao(x—a)am(x—b)ﬁ ~~-(x2—|—rx—i—s)v.
Khi do, phdn thiic hitu ti % 6 thé’biéu dién mot cdch duy nhdt dudi dang:
R(x) . A + A1 4 +Aa,1 +
o) (x—a)® (x—a)* ' T x—a 7
B By Bg_,
+ ; + o +...+
(x—b)P " (x—b) x—b
_|_
Mx—+N N Mix+ N My_1x+Ny_ )
(24rx+s) (244’ Pdts
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Ta sé cong nhan dinh 1y trén. Ta c6 thé chiing xem chiing minh tai http://marasingha.
org/mathspages/partialfrac/html/node2.html.

Nhan xét: S6 lugng hé s trong dong nhét trén bang bac ctia Q. Viéc xdc dinh cic hé s6
trong Dinh 1y [2|1a mdt khau quan trong trong ’thuat toan’ xac dinh tich phan cia ham phan
thic hitu ti. Phuong phép co ban dé xéc dinh cac hé s 1a phuong phap dong nhat. Tuy nhién,
phuong phdp tdng quat nay té ra khong hiéu qua vé miit thdi gian, chi phi, cong stic khd nhiéu.
Chinh vi thé, bai viét nhd nay sé& dua ra mot sé6 *meo’ dé tinh todn cic hé sb trong trudng hop
dic biét, cling nhu y tudng tdng quat khi bac cia R va Q khong qua 16n. Cac ky thuat duge
dung dén lién quan dén: da thic noi suy, sd phiic, gi6i han, dao ham.

A Phu luc: thuit toan xac dinh [ (’% dx

P
O(x

Xét tich phan hitu ti / gg)), trong d6 P(x) va O(x) 1a cdc da thic hé sé thuc khéc da thic

hing.
Tich phan ndy c6 thé xdc dinh thdng qua cac budc sau:

e Budc 1: chi thuc hién néu bac ctia P(x) 16n hon bac clia Q(x) thi ta chia da thic P(x)
cho Q(x).

trong d6 F(x),R(x) € R[x] va degR < deg Q.
Néu deg P < degQ thi F(x) =0 va R(x) = P(x).

e Budc 2: Theo két qué co ban clia dai sb, ta c6 thé phan tich Q(x) thanh cac ldy thira cda
cac nhi thic va cac tam thiic bac hai vd nghiém.

Q(x):ao(x—a)a---(x—b)ﬁ ---(x2+rx+s)v,
e Budc 3:
R(x) A Aj a—1
= + o +..
0(x) (x—a)® (x—a)*! -
B B Bjs_
+ 5+ 1ﬁ71+...+—ﬁ 1
(x—0) (x—>) x—>b
_|_
Mx+ N Mix+ Ny My_1x+Ny_
v T —tt— @
(2 +rx+s)  (x24rx+s) x> 4rx+s

e Budc 4: Tich phan tiing phan s6 thanh phan. Nhu vy tich phan ctia phan thic bt tich
quy vé cac tich phan sau:


http://marasingha.org/mathspages/partialfrac/html/node2.html
http://marasingha.org/mathspages/partialfrac/html/node2.html

(1) / F (x)dx, trong d6 F(x) la da thuc;

(ii)

A Aln|x—a|+C, néu k=1,
/ dx

(x—a)k - W, néu k;él,

trong dé k € N.
(iii)

Ax+B At+ B
——dx = ———dt,
(x> + px+q) (12 +m?)
trongdékeN,p2—4q<O,t=x—|—’—’,m2:#,B’:B—‘%.Hdnnﬁa,
/ tdt B /d(t2+m2)
(12 +m?)* 2 (2 4+ m2)*
tIn(?+m?)+C néuk=1,

= 1 A
2(1-k) (P24m2)*! neuk# 1.

Va
Larctan L +C néuk=1,
dt :
/m — 2m2(k—1)(t2+m2)k_l + ...
" 2k—3 g .
+2m2(k—1)f ([2+mt2)k71 +C neuk#1.
B Tich phan ham hiru ti dac biét
: ; SR
ax<+0bx+c

mx-+n

mdx, trong d6 a,b,c,m,n € R : a # 0,m*> +n?> # 0.

Xét truong hop dac biét /

(a) Néu ax? +bx+c = a(x —x1)(x — x3) thi ta c6 thé biéu dién

mx-+n A B
2 - T
ax*+bx+c x—x1 X—Xxp

va tim A va B bang cach dong nhét.
(b) Néu ax® + bx+ ¢ = a(x — x)* thi ta ¢6 thé biéu dién

mx—+n A B
2 - + 2
ax>+bx+c x—xg (x—xp)

va tim A va B bang cach dong nhét.



(c) Néu A = b?> —4ac < 0 thi ta c6 thé biéu dién

mx+n  5.(2ax+Db) n—1ub
2 - 2 b 2 A
ax*+bx+c ax*+bx+c a(x+z) +A

va tinh tich phan c6 dang

1
[
(x—x0)" + a?

bang cdch ditx—xp = atant, t € (—5 %) hodc dung cong thic lién quan.

C Phuong phap xac dinh hé so trong mot so truong hop
dac biét
Hai trudng hop, ta c6 thé chi ra hé ddong nhat. Trong trudng hdp tdng quat, ta c6 thé *bat

chudc’ y tudng ciia hai phuong phéap thong qua °k§y thuit gidi han’, s6 phiic, gi6i han, dao
ham, thé truc tiép.

~ ? v oA P
D Tich phan ham huu ti dac biét / ()
) (x—a)(ax* +bx+c)
’, A (N ~ 2 () oA P
E Tich phan ham huu ti dac biet / ()
) (x—a)? (ax*+bx+c)
P(x)

F Tich phan ham hitu ti dac biét
ap HH Gat DI /(a’x2+b’x+c’)(ax2—|—bx—i—c)

G Cacthidu

Bai toan 1 (St dung phuong phdp ddng nhit cd dién). Phan tich cdc phan thic x;f;;i = thanh
cac phan thic cd ban’ (theo Pinh 1y [2)).

Loi giai 1.
Phan tich phan thic nhu sau

x*—13 x?—13
B-Tx+6  (x—1(x—2)(x+3)
A B
N x—1+x—2+x—|—3’
— x*—13 = Ax—=2)(x+3)+Bx—1)(x+3)+Cx—1)(x—2),Vx e R\ {-3,1,2}

— x*-13 = (A+B+C)x*+(A+2B—3C)x+(2C—3B—6A4),Yxc R\ {-3,1,2}.

Vxe R\ {-3,1,2}



Lan lugt ddng nhit hé sb tu do, hé sb x va hé s6 x%, ta c6 hé phuong trinh sau

B+C = 1,
A+2B-3C = 0,
—6A—3B+2C = —13.

SuyraA=3,B=—2,C=—1.Do do,

x?—13 3 9 1
S - - V€ R\ {=3,1,2}.
P16~ x-1 30-2) @iy FERUSLZ

Nhan xét 1. Ta c6 thé thay x = —3,1,2 vao x> — 13 = A(x —2)(x +3) + B(x — 1) (x +3) +
C(x—1)(x—2),Vxe R\ {-3,1,2} hay khong?

(a) Mic di khong thé thay x = —3, 1,2 déng thiic trén nhung ta c6 thé tinh gidi han hai vé
khi x — —3, x — 1, x — 2. Tl nhan xét nay, ta c6 th€ gidi bai toan nhu sau.

Lgi giai 2. Phan tich phan thiic nhu sau

x> —13 x> —13
B—Tx+6  (x—1)(x—2)(x+3)
A B
B S R R

= 2 —13 = Ax—2)x+3)+Bx—1)(x+3)+Cx—1)(x—2),Vx e R\ {-3,1,2}.

Vx e R\ {-3,1,2}

Cho hai vé dang thifc trén cho qua gidi han lan lugt véix — 1,x — 2, - x — —3, ta

thu ducc
—4A = —12,
SB = -9,
20C = —4.

SuyraA=3,B=—2%,C=—1 Dods,

x?—13 3 9 1
= — — Vxe R\ {-3,1,2}.
3 —Tx+6 x—1 5(x-2) 5(x+3) *ERV{=3,1.2)

|
(b) Dong nhit thic x> — 13 = A(x—2)(x+3) +B(x— 1)(x +3) + C(x — 1)(x —2), Vx €
R\ {—3,1,2} c6 thé chuyén thanh dong nhét thic

¥ —13=A(x—2)(x+3)+B(x—1)(x+3)+C(x—1)(x—2), Vx € R thong qua tinh
chit clia da thifc (da thiic khic hang khong thé ¢6 vo sb nghiém). Khi do, ta c6 thé thay
x = —3,1,2 vao dong nhit thiic.

Tir do, ta c6 thé gidi bai toan theo hudn sau.



Loi giai 3. Phan tich phan thiic nhu sau

x*—13 xr—13
B —Tx+6  (x—1)(x—2)(x+3)
A B C
= Tt gt ER\(3,1.2)
—= —13 = Ax—2)(x+3)+Bx—1D(x+3)+Cx—1)(x—2),Vx e R\ {-3,1,2}

= X —13 = Ax—2)(x+3)+Bx—1D(x+3)+Cx—1)(x—2),Vx € R.

Thay 1an lugt x = 1,2, —3 vao hai vé dang thiic trén, ta thu dudc

—4A = —12,
5B = -9,
20C = —4

SuyraAd=3,B=—2,C=—1. Do ds,

x*—13 3 9 1
= — — VxeR\{-3,1,2}.
3 —Tx+6 x—1 5x-=2) 5(x+3) *ERV{=3,1.2)

(c) Ta c6 can thiét thuc hién qua trinh *qui dong’ hay khong?
Lai giai 4. Phan tich phan thiic nhu sau

x> —13 x> —13
f(x):: 3 = — —
x3—Tx+6 (x—1)(x—2)(x+3)
A B C
= RA\{-3.1,2}.
x_1+x_2+x+3,‘v’x€ \{-3,1,2}

Cichésb A,BvaC:

A = (= Df)my = lim(— 1)f () =3,

B = (- 2)f(0)ls = lim(x—2)/() = —,
C = (4 3f)les = lim (04 3)f(0) =~

(Ta c6 thé tinh gi4 tri nay bing Casio thong qua tinh gia tri biéu thic x;f;; S (x—1)
tai 1+10710)
Do do,

2
213 3 9 1
- - - vre R\ {-3,1,2}.
P16~ x—1 30=2) 5@ia) FERMSLZ




Nhén xét: Co s6 ctia dang thic A = (x — 1) f(x)|,_; := limy—1 (x— 1) f(x) la dang thic
sau

+

B C
x—2 x+3|

(x—1)f(x)=A+(x—1) {
Sau d6, cho hai vé qua giSi han véi x — 1, ta thu dudc diéu trén.
]

(d) Trong trudng hop Q chi c6 nghiém don, ta c6 thé xac dinh cac hé sb trong phan tich
don gian (nhu Dinh ly [3).
Loi giai 5.
Xét céc da thiic P(x) = x*> — 13 va Q(x) = x> — Tx +6. Vi da thic Q(x) chi c6 cic
nghiém 1, 2, va —3, va ching déu 12 nghiém don nén theo Pinh 1y 3| ta c6 .Phan tich
phéan thiic nhu sau
x> —13 A B

C
S = VxeR\{—31,2 3
X3 —Tx+6 x—1+x—2+x—|—3’ xeR\{-3,1,2}, 3)

trong d6 cac hé s6 xac dinh bdi

_ P _
A U
B PQ(/£23)):_§17
€= o3~
Do do,
2 —13 3 9 1

— - - Vx € R\ {=3,1,2}.
P16~ x-1 30-2) saia) FERUSLZ

(e) Truong hop nghiém boi (xét trong tap sb phiic), xem céc cong thiic xac dinh [Man09]],
xem xét nghiém trong tip sb thuc [MANTI].

Ciéc thi du c6 thé tham khio [Man09]], [MANTI].
Nghiém bdi phtic c6 céc cong thiic xdc dinh hé s6 [Man09] (nén xem xét khi nghiém boi
“dep’).

Ney 2 P . ~ . 2 N . A P 2
Bai toan 2. Phan tich cic phén thitc 2,725 thanh céc phan thiic ’co ban’.

(x2+1)2
Bai toan 3. Phan tich cac phan thic m thanh cac phan thic ’co ban’.
Giai.
Pit P(x) = 1 va Q(x) = x(x> + 1). Phan tich m:
1 A B C

.

x(x2+1) ;+x—i x+i



trong d6 cac hé s6 A, B, C dudc x4c dinh bdi

_ PO _
. (L
D1
B = og="2
CcC = P(=i) _ 1
0'(—i) 2°
Ta c6 dong nhét thiic
1 A Bx+C
Cx o X241

x(x2+1)
Nhén xét:Trong nhiéu tinh hubng, viéc dong nhét nhu trén sé gay khé khin va phiic tap cho
qua trinh tinh toan. Chon diém thong minh- cai tién nham giam tinh todn va khai trién, thu

gon. Ky thuit chon diém thuc, di€m phic’.
Cac truong hgp: nghiém bodi, nghiém phuc, nghi€ém *bdi’ phuc.
Thi du 1. Phan tich % thanh cdc phan thic don gian.

Loi gidi 1.
Ta co
) 2x+1 2x+1
f@) = (2—2x—3)(2+4)  (x-3)(x+1)(2+4)
A B Cx+D
 x=3 x—|—1+x2—|—4’

(x—3)f(x)|u3 = 35
L.

trong do
A
B (x+ l)f(x)|x:—1 =20
Khi do,
Cx+D 2x+1 7 n 1
244 (2—2x—3)(x2+4) [52(x—3) 20(x+1)
B 12x+23
o 65(x2 —2x—3)(x2 +4)
12 23
D=——x—"—
— Cx+ 65x 5
= C= 12D— 23
657 65
Khi d6, ta c6 ddong nhét sau
2x+1 B 7 n 1 12x+23
O 52(x—3)  20(x+1) 65(x2—2x—3)(x2+4)

(x2 —2x—3)(x2+4)

Li gidi 2.



Ta co
. 2x+1 B 2x+1
W= 23w 4 ~ G-3erDTd)
A B Cx+D
B x—3+x—|—1+x2—|—4’
trong do

{A = @=3) Wz =%
B = (x4 1)f(x)|ey = 5

Thay lan lugt x = 0,x = 1 vao dong nhét thic, ta thu dugc D = —% vaC = —%.
Khi d6, ta c6 dong nhét sau

2x+1 2x+1
(2 —2x—3)(x2+4)  (x=3)(x+1)(x2+4)
7 1 12x+23
52(x—3)  20(+1) 652 —2x—3) 2+ 4)

Nhén xét:

(a) Khi tim C, D, viéc chon gia tri x = 0 (khi 0 khong 1a nghiém cua Q) s€ giup ich cho
viéc tim D.

(b) Cac hé s6 C va D c6 thé tim ra nhd vao nhd vao dang thiic Cx—i:D = (x> +4) [f(x? - )%3/ - )%] :
Ta c6 thé nhanh chéng tim C va D nhd viéc thay x = i vao dang thic trén va dong nhat
phan thu va phan 2o.

|
Loi giai 3.
Ta co
I® 2x+1 2x+1
X):= =
(x2 —2x—3)(x2+4) (x=3)(x+1)(x*+4)
A N B n (o4 n D
ox=3 x+1 x—2i x+2i
trong do

= (x=3) ()3 = %

X+ DO ey = 5,
(x = 20) £ ()]0 = — & + 251,
D = (x+20)f(x)|\en=—&—Z5i.

Khi do, ta co df)ng nhét sau

a % >
|

6 23 - 6 23 -
2x+1 _ 7 " 1 _E—i_ml_{__@_ml
(x2 —2x—3)(x2+4) 52(x—3)  20(x+1) x—2i x+2i
B T 1 N 12x+23
0 52(x—3)  20(x+1)  655(x2+4)
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Thi du 2. Phén tich OC_I)%—ZXLIHS) thanh cac phan thdc don gian.

Loi giai 1.
Ta co

3
x4+ 2x+1 A B Cx+D
f@x) = (x—1)2(x2+4x+5) (x—1)2+x—|—1+x2—l—4x+5'

trong do
A = (x=12f()],_, =3

B = (=) [f(0) - 45|

Cx+D = (x¥*+4x+5) [f(x)—

\/“1(x2+4x—l—5)[f(x)— 4 —L]:g—g)ﬂ—f—onén

37
xX2=—4x-5 50 10'

Cx+D= (x*+4x+5) {f(x)_ (lel)2 _xfl]

Khi dé, ta c6 ddong nhét sau

X +2x+1 B 2 . 13 %x—i—%
x—1)2(x2+4x+5)  5(x— xX— x244x+5
1)2(x2+4x+5 5 1)2 50 1 24 4x4+5
Loi gidi 2.
Ta co
o) X H2x+1 A B Cx+D
x) = = .
(x—1)2(x24+4x+5) (x—1)2  x+1 x*+4x+5
trong do
A = (=12 f)|,_, =5
B = (-D[f0-Ay)|_ =%
Lan lugt thay x = 0,x = 1 vao dong nhit thic, ta c6
3
{D _ m’
_ 37
c = i
Khi do, ta co déng nhét sau
4241 B 2 13 Ix+3

(x—1)2(x2+4x+5)  5(x—1)2 + 50(x—1) e At
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NP A s XB42x4+1 N . A . -5
Loi giai 3- Phan tich 1202145 55) thanh cac phéan thuc don gian.

Taco
¥ 42x+1 A B Cx+D
T = 12214 +5) (-1 xt1 Prdxts
trong do
A = (=12 ()], = 2,
B = <x—1>[f<x> 2 }H=%

Cx+D = (¥*+4x+5)|f

(%)
Luu y ring d& xac dinh hé s6 ctia mot don thic g(x) = ox + [3 trong dé a, B € R, o thé xic
dinh thong qua gia tri cta g(i) : B = Re(g(i)), @ = Im(g(i))- phan thuc va phan 2o.

Do d6, ta khong can don gian biéu thic g(x) := (x*> +4x +5) [f( ) — (xf—l)z - L=

(x> +4x+5) [f(x) - 5(x31)2 - 50&3_1)] ma ta chi can *ddnh gid’ (tinh gid tri) ctia g(x) tai
x = i (s6 phtic don vi).

CMPLX D} Math A
Lt L

-

e I T (A L
5 57 -

10 50l

Hinh 1: Tinh g(i)

Khi d6, ta co

) ) 3 37
D+Ci=g(i) = E+%

Tién hanh dong nhit phan thyc va phan 4o, ta thu dudc

_ 3

Khi do, ta co df)ng nhét sau

4241 B 2 1B Ix+3
(x—1)2(2+4x+5)  5x—1)2 50(x—1) x2+4x+5
Thi du 3. Phén tich (xzﬁ‘—j:is)z thanh cac phan thuic don gian.
Loi giai.
Ta co

©+1 B Ax+B Cx+D

T iarsy ~ @raesy @A
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trong do
AX+B = (X2+4X+5)2f(x>‘x2:—4x—5 ’

B 2 Ax+B
Cx+D = (x*+4x+5) [f(X)—(xzﬁf;—Hs)z} =45

Vi (x? +4x+5)2f(x) =2+ 1 nén

Ax+B = [¥ +1] o s = X(—4x=5)+1]| o4, s
= [-4=5x+1]| ., s=—4(—4x—5)—5x+1 (4)
= 1lx+21.
X X—1lx— A
Vi (x? +4x+5) [f(x) - (x2¢4_)‘c—55)2i| = xzi}wéo =x—4nén

CX+D - (X—4)|x2:_4x_5 - x_4.
Khi d6, ta c6 dong nhét sau

B+l 11x+21 x—4

(x244x+5)2 (X2 +4x+5)2 +x2+4x—|—5‘

[
Cic két qua téng quat cho céc y tudng & trén 12 hai dinh 1y bén duéi.

Pinh ly 3. Gid si cdc da thitc P va Q thoa degP < degQ va Q c¢o cdc nghiém phdn biét:

O(x)=ap(x—ay)(x—0p)---(x— o) thi g((fc)) co thé'phan tich

P(x c c C
(): L% L4y
Okx) x—oap x—m X— 0Oy

Hon nita, sit dung da thiic ndi suy ta thu dugc két qud tét hon:

P(x) = Pla) 1
o(x) 2 0'(4) (x—04)

i=1

Nhan xét: Da thiic P c6 thé bi€u dién thdng qua da thiic ndi suy Lagrange:

IT &—x)

Plr) — N 1< j<n, i Plxy),
o ; I Gi—xp) (

1< j<n, j#i
va ag H (xi—x;) = Q' (x;),Vi=1,n.
1< j<n, j#i

Dinh Iy 4. Cho cdc da thiic hé s6 thuc P va Q sao cho 0 < degP < degQ va Q(x) =

N
ap H(x —a)". Khi do, ta co phdn tich

i=1
_P(x)  ( an di2 oo G
f(x) = Q(x) _Z(x—xi+(x—xi>2+ +(x—xi)1’li)7

i=1

trong do cdc hé sé a; jco thé’tinh theo mot hudng bén dudi:
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(a) Hudng tiép cdn ciia Heaviside duwa ra céng thiic xdc dinh cdc hé so:

1 d/ .
Aini—j = 7@ ((x_xi)nlf(x» . V= 0,n—1 ;i —1,Vi= 1

P(x;)
O'(x;)"

Trong truong hop x; la nghiém don, ta co a;; =

(b) Yiu-Kwong Man [Man09|] da dua ra mot ky thudt tinh cdc hé sé (ky thudt cover-up ciia
Heaviside):

aip = (0 =2)"f ()]
1

Qini—j = flx)—

X=X;

trongdo 1 <i<s,1<j<n—1.

Nhu vay, trén tap sb phiic C, bai todn c6 thé giai quyét trong ven thong qua Pinh 1y |4] Tuy
nhién, cic nghiém phiic ¢; c6 thé rit phiic tap, k§ thuat tinh todn trén R véi Q dudc phan tich
thanh Ity thua cac nhi thdc cung cac tam thic bac hai vd nghiém nhu Dinh ly [5|nhu bén dudi.
Dinh ly 5. Cho cdc da thiic hé sé thiuc P va Q sao cho 0 < degP < degQ va Q(x) =
ag(x—ap)" - (x —ag)" (x> + bix+c)™ - (x> +bx+c,)".

P(x) Biyx +Ciy
U QO(x) ZZ +ZZ (X2 +bix+c;)"

zlul i=1 v=1

trong do cdc hé s6 Ay, By, Ci, duoc xdc dinh, theo Yiu-Kwong Man [MANT]I], bdi cdc cong
thiic:

o ’'Phdn tuyén tinh’:
Aipg = ((x=x)"f(0))| =y,
j—1
Ain—k i

k=0 (x—a;)"i~

X=X;

trongdo 1 <i<s,1<j<nm—1.

e 'Phan bdc hai’:

Bimx+Cim; = ((XZ +bix + ci)mif(x)) ‘x2:—bix—0i ’
j—1
B —ix+C; —j
Bi ;i jx + Cim;— Z (x;nj(_bx_l_cl ”:';l (xz—i—bix—f—ci)" J ’
k=0

x2=—bhix—c;
trongdo1 <i<rl<j<m;—1.

Nhiéu thi du minh hoa cho céc két qua & Dinh 1y 4| va|5|dugc minh hoa trong hai bai bao
[Man09] va [MAN11].
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H Bai tap tich phan ham huu ti

Bai toan 4. Tim / %a’x, trong do

P(X) — .XZ*Z.X 3 . P(X) . 1.
@ gty = a2y @ B i

P(x) _  x*—2x43
(b) Q(x) - (xfz)(x3+8)7

Pl _ 1, PO 1 o
(C) Q((x)) = x3}0—1 5 (e) o ~ m trén (0,00).

e Cac bai tap [?, trang 481-482 ];

I Xét cac truong hop dac biét
Ta xét phan thuc %, trong d6 P va Q 1a cdc da thiic hé s6 thuc théa 0 < deg(P) < Q(x) <4
vadegQ > 2.

e Truong hop 1: degQ =3

— Ba nghiém thuyc phan biét,
— Ba nghiém thuyc phan biét,
Nghiém kép hodc nghiém boi ba,

— Mot nghiém thuc va hai nghiém phtic.

e Truong hgp 2: deg(Q) = 4 (khdng xét trudng hgp cd 4 nghiém thuc phan biét va nghiém
bdi ba hoiic boi 4)

— Hai nghiém thuc phan biét va hai nghiém phtic,
— Mot nghiém bdi hai va hai nghiém phuc,

— Bbn nghiém phuc.

J Mot sb bai tap

Bai toan 5. Tim nguyén ham sau

/ 2x+1 J
(x2 —2x—3)(x2+4) -

2x+1
/(x2+1)(x2+4)dx'

~+oo
Bai toan 6. Tinh tich phan suy rong sau (néu hoi tu) / —
VA

Bai toan 7. Tinh céc gidi han tich phén sau:
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t t

li — li —

(@) lim CTtx (c) lim Tt
t t

® ) e @) ThA

Bai toan 8 (Quéng ba tu duy cta nha toan hoc di 1am linh ctu hoa). Truong hop don gian
nhu / Ti3dx, ta 6 the dé dang tim duge

1 1 1 3 2x—1
/1+x3dx:—gln(x2_x+1)—|—§ln(x—|—1)+§arctan( )i/g )—i—C.

< P . 1 ) N ny A ~ 3As
Trong truong hop phuc tap hon, thi du / mdx, trong do a 1a mot so thuc duong, ta s€ doi

mit vi viéc tinh todn phiic tap (?!, ¢6 chic chin thé khong?) Ta sé 1am gi d€ vudt qua khé
khan do?
K Cong cu partial fraction online

Céc trang web sau cho phép parfrac online:
e http://www.wolframalpha.com/widgets/view. jsp?id=ec4a062bb304f88c2baldb631d7ac

e http://www.wolframalpha.com/input.


http://www.wolframalpha.com/widgets/view.jsp?id=ec4a062bb304f88c2ba0b631d7acabbc
http://www.wolframalpha.com/input
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Bai toan 9. Cho biét

1 1 1 3 2x—1
/ dx:—gln(xz—x-i-l)+§ln(x+1)+§arctan( )i/g )+C.

(b) Khao sat sy hoi tu cua tich phan suy rong / 8+—3dx

(¢) Tinh tich phan suy rong sau (néu hoi tu) / g dx.
Néu 1am dudc c) thi khong can 1am a) va b).
Bai toan 10. Tim / —dx

Két qua tif phan mém Matlab:

(i (3-3) (o) o (3-3) (-

Két qua tir trang web wolframe:

r 1 r
dx =
J1axt

~log{x® -V2 x+1)+log(x® + V2 x+1)-2tan"}(1-V2 x)+ 2tan" (V2 x + 1)

4v7

Hinh 2: Két qua tir wolframe


https://www.wolframalpha.com/input/?i=int(1%2F(1%2Bx%5E4))
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A Tim partial fraction bang céng cu tinh toan

Céc phan mém nhu Matlab, Maple sé cho phép chiing ta tim parfraction bang 1énh parfrac.
Ngoai ra, ta c6 thé tim partial fraction thong qua http://www.wolframalpha.com/.

B Tim partial fraction bang Casio

Trong bai viét “Ky Thuat Nhay Tang LaAu”, tc gia (c6 dia chi email: sherlockttmt@gmail.
com, trang web vietnamcasioerteam.blogspot.com) dua ra ky thuit xac dinh nguyén
ham bing Casio.
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