BAI GIANG TOM TAT
MON PAI SO A1
(GV: Tran Ngoc Hoi — 2019)

CHUONG 1

MA TRAN VA
HE PHU'O'NG TRINH TUYEN TiNH

Trong chuong nay, ky hiéu K dung dé chi truong sé thuc R hay truong sb phic C.

1. DINH NGHIA VA KY HIEU

1.1. Pinh nghia. M6t ma trén loai m x n trén K 1a mot bang chir nhat gém m dong, n cét
vai mn hé sé trong K c6 dang:

a7 app A

a a a
A |32 22 2n

aml amz amn

Viét tat: A= (aj)mxn hay A =(aj), trong dé aj € K.
Ta goi:
aij: hé s6 & dong i, cot j cha ma tran A (hé s6 nay con duoc ky hiéu bdi [Alj)
(ai1 @iz ... ain) :dongthicla matranA;
ayj

a,. , n
21 1. cot thir j cha m tran A.

a

mj
Ky hiéu: Mmxn (K) la tdp hop tat cd nhitng ma trén loai mxn trén K.

1 2

1.2. Vi du. A:(é i zjeMm(K);B= 0 1|eMj,,(K).
2 3

1.3. Pinh nghia. Cho hai ma tran cung loai A = (@j)mxn V& B = (bij)mxn. Ta ndi A bdng B, ky
hiéu A =B, néu aj=bj, V1<i<m,1<j<n.

1.4. Pinh nghia. (i) Ma trdn khéng loai mxn, ky hiéu Omxn hay 0, 1a ma tran loai mxn ma
tat ca cac hé sd déu bang 0.



(i) Mot ma trdn vuéng cdp n 1a mot ma tran loai nxn (nghia [a s& dong = s cot = n). Trong mai
ma tran vuéng cap cé mot dudng chéo chinh (goi tat 1a dudng chéo) gdm cac hé sé aii, 1 <i<n.
Tap cdc ma trdn vudng cap n trén K duoc ky hiéu [a My(K).

(iii) M&t ma trd@n chéo cap n la mdt ma tran vudng cdp n ma tat cd cac hé sd nam ngoai dwong
chéo chinh déu bang O:

(iv) Ma trdn don vi cdp n, ky hiéu I, hay I, I3 ma tran chéo cap n ma tat cd cac hé s6 nam trén
dwong chéo chinh déu bang 1:

10 ..0
01..0
| = ,
0 1

1lneui=]j
nghia la I, = (8;)nxn VOi dj la ky hiéu Kronecker: 5ij = 0 neu i j

(v) M6t ma trén tam gidc trén (t.u. ma trén tam gidc duwdi) 1a mdt ma tran vudng ma tat ca
cac hé s6 nam phia dwdi (t.u. phia trén) dwdng chéo chinh déu bang 0. Nhuw vay,

A = (@jj)nxn la ma tran tam giac trén < a;;=0, V1<j<i<n.

B = (bij)nxn la ma tran tam giac dudi < b;j=0, V1<i<j<n.

2. CAC PHEP TOAN MA TRAN

2.1. Pinh nghia (phép 1ay chuyén vi). Cho A = (aj;) la mdt ma tran loai mxn. Ta goi ma trgn
chuyén vj cta A, ky hiéu AT, 1a ma tran loai nxm, cé duwoc tir A bang cach x&p cac dong cta A
thanh céac c6t tuong (rng. Nghia la:

a5 4 - gy a;; Ay . Ay
a a ..oa a a ..oa

A = 21 22 2n — AT — 12 22 m2
aml am2 amn a1n a2n amn

Nhu vy, [AT]; = [Al;i.



1 6 O

1 -1 4 5
, . A7 |71 -8 4
2.2.Vidu. Vi A=|{6 -8 0 1l|taco A' = .
4 0 -3
0O 4 -3 6
5 1 6

2.3. Pinh nghia (phép nhan vé huéng véi ma tran). Cho ma tran A = (aj)mxn va s thuc a
e K. Ta dinh nghta oA 1a ma tran cé tir A bang cach nhan tat ca cac hé s6 cla A cho o, nghia la:

oA = (O(,aij)mxn-
Nhu vay, [aA]; = a[Al;;.

2.4. Vi du. 2[3 4 1H6 5 ZJ.
01 -3 0 2 -6

2.5. Ky hiéu. — A := (~1)A = (- aj)men

T dinh nghfa, ta dé dang kiém tra dwoc cac tinh chat sau:
2.6. Tinh chat. V&i A= (aj) vaa, B € Ktaco

(i) (aB)A=a(BA).

(ii) (aA)T=aAT.

(iii) 0.A=0va 1.A= A,

2.7. Pinh nghia (phép cong ma tran). Cho hai ma tran cung loai mxn: A = (ajj)mxn Va =
(bi))mxn. Ta dinh nghta téng hai ma tran A va B, ky hiéu A + B, 1a ma tran loai mxn ma cac hé s6
c6 dugc bang cach 18y tong clia cac hé s6 twong rng clia A va B, nghia la:

A+B= (aij + bij)mxn.
Nhu vay, [A +B]; = [A]; +[B]; -

2.8. Ky hiéu. A—B := A + (-B) va goi |a hiéu cta A va B.

2.9. Vi du. (2 30 j+(l 0 _4j =(3 3 _4)
1 2 -3 7 8 -3 8 10 -6

T dinh nghfa, ta dé dang kiém duoc cac tinh chat sau:

2.10. Tinh chat. Vi A, B, C € Mm«n(K) va o, B € Kta co

(i) A+B=B+A(tinh giao hodn);

(i) (A+B)+C=A+(B+C)(tinh két hop);

(iii) Omxn+ A=A+ 0mxn=A;

(iv) A+(-A)=(-A) + A= 0mxn;

(v) (A+B)T =AT+BT;

(vi) o(A+B)=0aA+oB

(vii) (o + B)A=0A + BA;



(viii) (—a)A = a(-A) =—(aA).

2.11. Dinh nghia (phép nhan ma tran). Cho hai ma trdn A va B ¢4 tinh chat: S& cdt cdia ma
tran A bang s6 dong clia ma tran B. Cu thé, A = (a;) loai mxn va B = (bj) loai nxp. Ta dinh nghia
tich cia hai ma tréan A va B, ky hiéu AB, |a ma tran C loai mxp dinh bai:

e V& loai: Ccd loai mxp.

e Véhésd:Ccodhésodongi, cot j dugc tinh bdi cong thire:

n
Cij = Z i Dy
k=1

NGi cach khac, hé s& & dong i, cot j clia AB c6 dugc bang cach nhan cac hé s6 & dong i clla ma
tran A véi cac hé s6 twong rng & ¢t j clia ma tran B rdi |y tong cla ching:

2.12. Cha y. Tich cGa hai ma tran chi ton tai khi s6 cot cia ma tran trwdc bang sé dong
cUa ma tran sau. Ta ghi nh& két qud vé loai cha ma tran tich thdng qua ky hiéu hinh thirc:
(mxn)(nxp)= (mxp).

1 3
2.13. Vidu. VGiA = 12 -1 ,B=|2 1],C= 2 1) ace:
3 2 1 0

1 2
-1
1 3
1 2 -1 2 6
AB = 2 1 |=
31 2 11 8
3 -1
1 3 10 5 5
1 2 -1
BA={2 1 =5 5 0
31 2
3 -1 0 5 -5
1 3 5 -1
2 -1
BC={2 1 =5 -2
1 O
3 -1 5 -3

2 -1)(1 2 -1\(-1 3 -4
CA =
HY Y P

nhung AC va CB khong xac dinh.



2.14. Tinh chat. V&i AcMmxn(K), B, B1, B2€ Mnxp(K), C€ Mpxq(K), D1, D2 € Maxn(K) ta c6
(i) ImA = A va Al, = A. Pac biét, vdi A € Mn(K), ta céd
IhA =Al,=A.
(ii) OpxmA = Opxn VA AOnxq = Omxq. DAc biét, v&i A € M (K), ta cé
OnxnA = AOnxn = Onxn.
(iii) (AB)T = B'A",
(iv) Phép nhan ma tran c6 tinh két hgp, nghia la
(AB)C = A(BC).
(v) Phép nhan ma tran cé tinh phan phdi déi vdi phép cdng, nghia la
A(B1 + B2) = AB1 + AB;,
(D1 + D2)A = D1A + DA.

Chirng minh. Ta chirng minh céc tinh chat (i), (iii) va (iv). Viéc chirng minh cac tinh chat
con lai danh cho doc gia.

(i) V&i A € Mmxn (K), cdc ma tran ImA va Al, déu cé cung loai vai A. Hon nita, v&i moi 1 <
<m,1<j<n,tacod

[ImA]ij ZZ[Im]ik[A]kj =Z5ik[A]kj :[A]ij’
k=1 k=1

n n

[Aln]ij :Z[A]ik[ln]kj :Z[A]ikékj =[A]ij-

k=1 k=1
Suy ra lmA = A = Al,.
(iii) V&i A € Mmxn (K); B € Mnxp (K), ta co:
- AB loai mxp nén (AB)" loai pxm.
- BTloai pxn, AT loai nxm nén BTAT loai pxm.

Vay hai ma tran (AB)"va BTAT cé cung loai. V&imoi 1<i<p, 1<j<m, ta co:
n n n

[(AB)T]ij = [AB];; = D [Al[Bly; = Z[AT]kj[BT]ik = Z[BT]ik[AT]kj = [BTAT]ij
k=1 k=1 k=1

Suy ra (AB)"=BTAT.
(iv) V&i A € Mmxn (K); B € Maxp (K); C € Mpxq(K), ta co:
- AB loai mxp nén (AB)C loai mxq.
- BCloai nxq nén A(BC) loai mxq.

Vay hai ma tran (AB)C va A(BC) cé cung loai. V&imoi 1<i<m,1<j<q, taco:



p p n n p
[(AB)C];; = I(Z::l[AB]ik[C]kj = > QIAL[BIWIC = Z[A]iI(I(Z::l[B]Ik[C]kj)

k=1 I=1 1=1
n
= 2 [Aly[BC]; =[A(BO)I;
I=1
Suy ra (AB)C = A(BC).
2.15. Chu y. 1) Phép nhan ma tran khéng cé tinh giao hoan, nghia la thong thudng ta co
AB # BA (xem Vi du 2.13).

2) Nhiéu tinh chat quen thudc cla phép nhan gitta cac sé thyc khdng con dung déi véi
phép nhan ma tran, ching han:

y 01 01 00 o
Véi A = B = C=0= ,taco A°=0; AB = 0; AB = AC, nhung A, B
0 O 0 O 0 0
déu khacOva B =C.
2.16. Dinh nghia (luy thira cia ma trén vudng). Vi AcMmxn(K) va k |3 s& nguyén khéng
am, ta dat
I neu k=0

k
A= IAA neu k>0
k

Vi phép nhan ma trén khdng giao hoan nén ndi chung d6i v&i ma trén ta khéng cé cac
hang dang thirc twong tw nhuw cdc hang dang thirc vé s8. Tuy nhién ta dé dang chirng minh
duoc két qua sau:

2.17. Tinh chat. V&i A, B la cdc ma trdn vudng cung cap thod AB = BA thi v&i k nguyén
duong ta co

k-1
Ak . Bk — (A_ B)Z Ak—r—lBr,
r=0

k
(A+B)“ = CiA“TB".
r=0

3. PHEP BIEN DOI SO CAP — HANG CUA MA TRAN

3.1. Dinh nghia. Cho A = (ajj)mxn. Ta g0i phép bién déi so cép trén dong (t.u. phép bién déi
so’ cdp trén cot), viet tat 1a BDSCTD (t.w BDSCTC) trén A, 1a mdt trong ba loai bién d&i sau:

1) Loqi 1: Dai hai dong (t.u cot) cho nhau.

Ky hiéu : di & dk (t.v. ¢ <> ck) chi phép d6i hai dong (t.u. cdt) i va k cho nhau.
2) Loqi 2: Nhan mét dong cho mét sé khac 0.

Ky hiéu: di := ad; (t.v. ¢i:= aci) chiphép nhan dong (t.u cét) thi i cho sé o # 0.



3) Loagi 3: Cong vao mot dong (t.u. cot) mot boi cia dong (t.u codt) khac.

Ky hiéu: di := di + Bdk (t.v. ci:= ci + Bck) chiphép cong vao dong (t.w cot) th i boi
(B € €) Ian cua dong (t.w cét) k #1i.

V&i @ la mét phép bién doi so cap, ky hiéu @(A) chi ma tran cé tir A qua .

3.2. Pinh nghia. Cho A va B |a hai ma tran cung loai. Ta néi A twong duwong dong véi B, ky
hiéu A~ B, néu B c¢6 duoc tir A qua hitu han phép bién d6i so cap trén dong nao dé. Vay

A~ B < T0n tai cac phép BDSCTD @4,..., pxsao cho:

A—2 A, >..— % A, =B.

3.3. Nhan xét. Quan hé tuvong duong dong la mot quan hé tuvong duong, nghia la cac tinh
chat sau duoc nghiém dung:

(i) A~A.
(i) A~B=B~A.
(i) A~BvaB~C=A~C.
Tinh chat (i) va (iii) 1a hién nhién. Tinh chat (ii) dwoc suy tir nhan xét néu A’ cé tir A qua
mot phép BDSCTD thi tir A’ ta tim lai dwoc A qua phép BDSCTD cung loai. That vay,

A—4ed LA = A 92d A

A_dized A A" s A
A di:zdi'f‘ﬂdk )A! — Ar di:zdi_ﬁdk )A

3.4. Pinh nghia (Ma tran dang bac thang va ma tran dang bac thang rat gon). Cho A =
(@jj) la mot ma tran loai mxn trén K. Ta noi:

(i) Acddang béc thang néu A c6 dang sau:

G .. 0 aLki o B e e B e gy
o .. 0O O .. 0 ag, .. .. 8g .. dg
A=|0 o 0 o 0 0 ag A
0 o 0 o 0 o 0 0
c .o o ..o o .. 0 O .. O

trong d6 ki <ka<..<krva ay ,ap ... &y # 0,nghialaAthda haitinh chat sau:

1) Cac dong khac 0 ludn luén & trén cac dong bang 0 clia A.



2) Trén hai dong khac 0 cta A, hé s6 khac 0 dau tién cla dong dudi bao gid cling & bén
phai cét chira hé s6 khac 0 dau tién clia dong trén.

(ii) A c6 dang bdc thang rut gon (hay c6 dang rut gon theo dong tirng béc) néu tinh chat
sau duoc théa:

1) A cd dangbac thang.
2) Cac hé s khac 0 d4u tién trén cac dong khac 0 clia A déu bang 1.

3) Trén céc cdt cd chira cac s6 1 1a cdc hé s6 khdc khéng dau tién trén cdc dong khac 0, tat
ca cac hé s6 khac déu bang 0, nghta la A c6 dang nhu trong (i) va ay = ay, =...=a,, =1,

hon nita, ngoai trir cac hé s& 1 nay, trén cac cot ky, k.., krtat cd cdc hé s6 con lai déu bang 0.

3.5. Vi du. Xét cac ma tran:

12 5 4 2 23 21

0 0 31 7 0 0 4 2
A= B:

0O 0O 0 0 4 01 0 3

0 O 0 0 0O 0 0O

1 0 10 0 O 130 2 7

01 3 0O 01000
C= D=

0O 0 0 1 2 00100

00 0 0O 0O 0O0O0O
Ta thay:

e A cdéddang bac thang nhung B khéng cé dang bac thang.

e Ccddang bac thang rut gon nhung D khéng c6 dang bac thang rat gon (D chi cé dang
bac thang).

3.6. Thuat toan tim ma tran dang bac thang va ma tran bac thang rat gon cia ma tran A
= (@ij)mxn

Qua cac budc sau, ma tran A s& duoc bién ddi thanh ma tran dang bac thang tuong
duong dong v&i ma tran A:

Buoc 1:i:=1, j:=1.
Budrc 2: Néu i> m hodc j > n thi két thac.
Buwdrc 3: Néu ajj = 0 thi sang Budc 4. Néu ajj = 0 thi thyc hién cac phép BDSCTD sau:
do=d — g Kk >i
ij
Sau ddi:=i+1, j:=j+1 va quay vé Budc 2.

Budc 4: NEu axj = 0 véi moi k> i thi j:=j+ 1 vaquay vé Buwdc 2. NEu ay # 0 véi mét k > i
nao do thi chon mot k nhw vay va thye hién phép BDSCTD: di <> dk va quay vé Budc 3.

Chirng minh. Ta chirng minh bang qui nap theo s6 dong m ctia ma tran A.

V@i m =1, khang dinh trén la dung vi A d3 c6 dang bac thang.



Gia st khang dinh trén ddng v&i moi ma tran loai mxn cé s6 dong m < p. Xét A 1a ma tran
loai mxn c6 sé dongm = p + 1.

Goi j la cot khac 0 dau tién cla A. Khi d6, bang mot phép BPSCTD loai 1 (néu can) & Budrc
4 ta c6 thé gia slr as; # 0. Tiép theo, thdng qua cac phép BDSCTD trong Budc 3, ta dua A vé ma
trén B co6 cot khac 0 dau tién 1a cot j va bij = 0 con b= 0 v&i moi i > 1. Bay gio goi A’ [a ma tran
loai (m —1)x(n —1) c6 tir B bang cach xoa dong 1 cot j. Ma tran A’ ¢4 s6 dong lam —1 = p nén
theo gia thiét qui nap, qua cac budc trén, ma tran A’ bién thanh ma trdn dang bic thang. Két
hop vai cac thao tac d3 thuc hién ta thdy qua cac budc trén, ma tradn A cling bié€n thanh ma
tran dang bac thang.

Chi y. D& dwa ma tran A vé dang bac thang rut gon, & Budc 3 ta can thuc hién cac phép
bi€n d6i sau:

a,:
do=d, ——%d;, 1<k<n Kk =i
a.

ij

3.7. Dinh ly. Cho A 1a mét ma tran loai mxn trén K. Khi d6 tén tai duy nhat mdt ma tran
bac thang rut gon Ra sao cho A ~ R. Ta goi R 1a ma trén dang béc thang rut gon cla A va s6
lwgng dong khac 0 cla R |a hang clia ma tran A, ky hiéu r(A) hay rank(A).

Chirng minh. Sy t6n tai cha ma tran bac thang rut gon Ra tuvong duong dong véi A duogc
khang dinh qua Thuat todn 3.6. Tinh duy nhat cla Ra s& dwoc chi ra trong §4 (Pinh ly 4.15).

3.8. Nhan xét. 1) Néu A = (aj) |a ma tran loai mxn thi r(A) < min{m, n}.

2) Hang clia ma tran A cling bang s6 lvong dong khac 0 clia bat ky ma tran dang bac thang
nao tuong dwong dong vdi A (khdng nhat thiét rat gon).

3.9. Vi du. Tim mot ma tran dang bac thang R tvong duong dong véi ma tran:
1 7 1 3 O

A_17—1—2—2
1214 2 7 o0
6 42 3 13 -3

T d6 xac dinh hang cta A.

Giai.
17 1 3 0)d,:=d,->d,(1 7 1 3 0
A HdSh |00 2 5 2 200 2 5 -2
di=d,=6d, |0 0 0 1 O 00 0 1 0
00 -3 -5 -3 00 0 5/2 0



d, :d4—5d3 17 1 3 O
0 0 -2 -5 -2
7 =R
00 0 1 O
00 0O O O

Ta céd A~RvaRcéddang bac thang véi 3 dong khdc 0 nén A céd hang la r(A) = 3.
3.10. Vi du. Tim ma tran dang bac thang rut gon cua ma tran:

1 7 1 3 O

A |17 122
1214 2 7 0
6 42 3 13 -3
Giai.
17 1 3 0) didsd, (17 0 1/2 -1
A @SCqsh |00 -2 5 2| dicdd, |0 0 15/2 1
dg=d,=6d, "0 0 0O 1 O d, =—%d2 000 1 O
00 -3 5 -3 000 5/2 0
di=d,->d, (1 7 0 0 -1
d;=d,—2d, [0 0 1 0 1
> =R.
d4::d4—gd3 0001 O
0000 O

Ta thay R c6 dang bac thang rdt gon va A~ R. Suy ra R chimh 1a ma trén dang bac thang rat gon
cla A.

4. MA TRAN KHA NGHICH
4.1. Pinh nghia. Cho A la mdt ma tran A vuéng cap n. Ta néi

(i) A khd nghich phdi (t.u kha nghich trdi) néu tdn tai ma trdn B vudéng cap n sao cho AB =
In (tu BA = In)

(ii) A khd nghich néu tdn tai ma tran B vudng cap n sao cho AB = BA = I,.

4.2. Nhan xét. 1) Néu A kha nghich thi ma trdn B vudng cdp n thod AB = BA = I, |a duy
nhat va dugc goi la ma trdn nghich ddo cda A, ky hiéu A™,

That vay, gia s C cling 1a ma trdn vudng cap n thod AC = CA = I,. Khi d6 C=Cl, = C(AB) =
(CA)B = 1,B = B. Diéu nay chirng t6 ma tran B trong Pinh nghia 4.1 (ii) 1a duy nhét.

2) A kha nghich khi va chi khi A vira kha nghich phai vira kha nghich trdi. That vy, chiéu
thuan I3 hién nhién. Do lai, gia s& A khad nghich phai va kha nghich trai, nghia |a ton tai cdc ma

10



tran B, B’ vudng cap n thod AB =1, va B’A=I,. Khi d6 B’ = B'l, = B'(AB) = (B'A)B =1,B =B nén AB
= BA = I, nghta la A kha nghich.

4.3. Nhan xét. 1) Néu ma tran A c6 mot dong hay mot cot bang 0 thi A khdng kha nghich.
That vay, néu A cé dong tht i bang 0 thi ma tran AB ciing cé dong th( i bang 0 nén AB # I,.
Tuwong tw, néu A cé cot thi j bang 0 thi ma tran BA cling cé cot thit j bang 0 nén BA # In.

2) Ma tran don vj | khd nghichva It =1.
3) Néu ma tran A kha nghich thi ma tran nghich ddo A cling kha nghich va (A7) = A.

4.4. Ménh dé. (i) Néu ma tran A kha nghich va a € K, o # 0 thi ma trdn oA ciling kha
nghich va

(@A)t =LA
(04

(i) Néu ma tran A kha nghich thi ma tran AT cling kha nghich va
(AT) = (A",

(iii) Néu A, B la hai ma trén kha nghich cé cung cap thi ma tran tich AB cling kha nghich va:
(AB)1=BAT.

Téng quat hon, néu As,..., A 1a cdc ma tran kha nghich cé cling cap thi ma tran tich As...Axcling
kha nghich va (A1...A)™ = AL AL

Chirng minh. (i) Ta cé
(A= A = (@) (AA Y =11, =1,
(04 (0
(1 A (0A) = (ia)(A—lA) =11, =1,
o o

Suy ra (@A) = iA_l )
(01
(ii) Taco
(AD)AHT =(AA) =(1,)" =1,
(AT (AT =(AAHT =(1)" =1,
Suyra (AT)t= (AT,
(iii) Ta ¢
(AB)(B'A ) =ABBHAT=Al At=AA =1
(B*A 1) (AB)=B(A'AB=B'I,.B=B'B=1,

11



Suy ra (AB)™t = B'A™ . Trong trudng hop tdng quat, ta dé dang chirtng minh duoc bang qui nap
theo k dangthirc (Ar..A)™ = At AL

4.5. Pinh nghia. M6t ma trdn so cdp cip n |a ma tran cé duoc tr ma trdn don vj I, qua
mot phép bién d6i so cap trén dong.

4.6. Vidu. Cidc ma trén S1, Sz, S3 sau day la cadc ma trén so cap:

010

— 4ot 411 0 0|=5
001
50 0

—%=% 510 1 0(=5,
001

|3=

w
|
©O Or OO Fr oo
O r O OFr O O Fr o
P O O P OO OO

1 00
di=d;14d, | g 1 ¢ _s,
4 0 1

4.7. B6 dé. Cho A € Mmxn(K) va @ l1a mot phép bién ddi so cap trén dong. Khi d6 ¢(A) =

Chirng minh. Goi E;j 13 ma tran c6 hé s6 & dong i, cdt j bang 1 con tat cd cac hé s6 khac
déu bang 0. Tl dinh nghia cla phép nhan ma tran ta suy ra dong i clia E;A bang dong j clia A
con tat ca cac dong khac déu bang 0.

1) Trudng hgp ¢ thudcloai 1: di <> di. Khi dé
©(Im) = Im — Eji— Exk + Eik + Eki.

Do d6 ¢(Im)A = (Im — Eii — Exk+ Eik + Exi)A = A — EiA — ExA + EikA + EwA. Tir day ta suy ra ¢(Im)A co
tlr A bang cach hoan déi hai dong i va k cho nhau, nghia 1 ¢(Im)A = @(A).

2) Truwong hop ¢ thudc loai 2: di: = adi. Khi dé
©(lm) = Im + (o0 — 1) Eii.

Do d6 ¢(Im)A = A + (o0 — 1) EzA. T&r day ta suy ra ¢(Im)A cé tir A bang cach nhan dongi cho a,
nghia la ¢@(Im)A = @(A).

3) Truong hop ¢ thudc loai 3: di: = di + Bdk. Khi d6
¢@(Im) = Im + BEik.

Do d6 ¢(Im)A = A + BEiA. Tir day ta suy ra ¢(Im)A cé tir A bang céch thay dong i bang (dong i) +
B(dong k), nghia la ¢(Im)A = @(A).

DPang thirc ¢(A) = @(Im)A d3 dugc chirng minh cho moi phép BDSCTD ¢.

4.8. Nhan xét. 1) V&i A € Mmxn(C), Ap(ln) la ma trdn cé tir A qua cac phép bién déi so cap
trén cot. Cu thé nhu sau:

- Né&u ¢ = “di«> di” thi Ag(ln) 1a ma tran c6 dugc tir A qua phép bién ddi “ci<> c«”.
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- Néu ¢ = “di: = adi” thi A@(ln) la ma tran cé duoc tir A qua phép bién déi “ci: = aci”.
- Néu ¢ =“di: =di+ Bdy” thi Ap(ls) 1a ma tran c6 dugc tir A qua phép bién ddi “ck : = ¢k +
Bci”-

2) T cac két qua trén ta suy ra khi thuc hién mot phép bién d6i so cap trén dong déi voi
mot ma tran tie |a ta nhan bén trai cda ma tran dé cho mot ma trdn so cap. Twong tu, khi thuc
hién mot phép bié€n d6i so cap trén cot déi véi modt ma tran tic 1a ta nhan bén phai cda ma
trdn d6 cho mot ma tran so cap.

4.9. Hé qua. Hai ma tran A, B € Mmxn(K) twong duong dong khi va chi khi ton tai cdc ma
tran so' cap Sy, ..., Sk sao B = S1...SkA.

4.10. Ménh dé. Moi ma tran so cap déu kha nghich va cé ma tran nghich do ciing 13 mot
ma tran so cap.

Chirng minh. Gia s ¢ la mét phép BDSCTD. Dat Jm = ¢(Im). Khi d6 tén tai mét phép
BDSCTD v cung loai v&i @ bién Jm thanh Im = y(Jm). Theo B6 dé 4.7 ta c6
Im = W{m) = Y(Im)Jm = Y(lm)P(Im).

Do d6 ¢(Im) kha nghich trai va y(Im) kha nghich phai. Ap dung k&t qua nay cho phép BDSCTD y
ta suy ra y(Im) kha nghich trdi va ¢(Im) kha nghich phai. Tir d6 ta c6 ¢(Im) kha nghich.

4.11. Dinh ly. Cho A 13 mdt ma tran vudng cap n. Cac khang dinh sau twong duong:
(i) A kha nghich phai.

(i) A kha nghich trai.

(iii) A kha nghich.

(iv) Acé hang r(A) =n.

(v) A~ 1.

(vi) A 1a tich cia mét s6 hiru han cdc ma tran so cap.

(vii) Ton tai cac phép BDSCTD @y, ..., Pk bi€n ma tran A thanh ma tran don vj In.

Hon nita, khi d6 cling qua chinh cac phép BBSCTD ¢, ..., ¢k, ma trédn don vi I, s& bién
thanh ma tran nghich d3o A, nghia la:

Neu A—% A U S AL =1

thi |, —% B, >..—2% 5B, =A™,

Chirng minh. (i) = (iv) Goi Ra la ma tran dang bac thang rdt gon cia A. Theo Hé qua 4.3,
ton tai cac ma tran so cap Sy, ..., Sk sao Ra = S1...SkA. Vi A kha nghich phai con cac ma tran so cap
déu kha nghich theo Ménh dé 4.6 nén Ra kha nghich phai. Suy ra Ra khéng cé dong 0, nghia la
Racd n dong khac 0. Suy ra R(A) = n.

(iv) = (v) Vir(A) =nnén ma tran dang bac thang rut gon Ra cia A khéng cé dong 0. Chu
y rang mot ma tran vudng, dang bac thang rut gon, khong c6 dong 0, phai 1a ma tran don vi. Do
dé Ra=1,, nghiala A~ I,
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(v) = (vi). Tlr gid thiét va tir Nhan xét 4.8 ta suy ra ton tai cdc ma tran so cap Sy, ..., Sk sao In = Ra
=S1...SkA. Tlr day, theo Ménh dé 4.10 A= S¢L... S17* 1a tich cdc ma tran so cap.

(vi) = (vii) Gid st A = S1...5« |a tich cdc ma tran so cap. Khi d6 I, = ScL... S17A. Theo Ménh dé
4.10 S17%,..., Skt cling 1a cdc ma tran so cdp nén ton tai cac phép BDSCTD @y, ..., pksao cho Si~
1= @1(ln),..., Skt = @k(In). Khi d6 qua @1, ..., @k ma tran A bién thanh

(Pk(ln)(Pl(In)A = Sk_l... Sl_lA = In
va qua @1, ..., Ok ma tran I, bién thanh
(Pk(ln)...(pl(ln)ln = Sk_l... Sl_lln = Sk_l... Sl_l = A_l.

(vii) = (iii). Giad st ton tai cdc phép BDSCTD @1, ..., ¢« bi€n ma tran A thanh ma tran don vj In.
Khi d6 tir Nhan xét 4.8 ta suy ra A Ia tich cdc ma tran so cap nén theo Ménh dé 4.10 va Ménh
deé 4.4 A kha nghich.

(iii) = (i) Hién nhién.
Cuéi cung ta chirng minh (i) < (iii):
(i) = (ii). Hién nhién.

(i) = (iii). Gid st A kha nghich trai. Khi d6 tén tai ma trdn B vuéng cap n sao cho BA = I,. Vy B
kha nghich phai nén theo chirng minh trén B kha nghich. Suy ra A = B™* cling kha nghich.

4.12. Chu y. Trong thuc hanh, dé xét tinh kha nghich cia ma trdn A vudng cip n va tim
A1 (néu cd), ta ti€n hanh nhu sau: Xé&p I, bén phai ma tradn A: (A | I) va dung céc phép BDSCTD
dé bién d6i ma tran nay theo hudng dua A vé dang bac thang rut gon R:

(All)—2—(A|B) —..—2 >(Ap\Bp)——>....
Trong qua trinh bién d&i c6 thé xay ra hai trudng hop:

e Trudng hop 1: Tén tai p sao cho trong d3y bién d6i trén, ma tran Ap cd it nhat mét
dong hay mot cot bang 0. Khi d6 A khdng kha nghich.

e Trudng hop 2: Moi ma trdn A trong d3y bién déi trén déu khdng cé dong hay cot
bang 0. Khi dé ma tran cudi cung cla day trén cé dang (I, | B). Ta c6 A kha nghich va A" = B.

4.13. Xét tinh kha nghich cta A va tim A (néu cd)

1 2 3 4 1 2 3 4
5 4 7 2 11 O
a)A= b) A=
3 7 8 12 3 02 1
4 8 14 19 4 -1 0 -3
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Giai. a) (A|4){
1

dl::dl_2d2 O
> | 0
d3::d3—d2 0
d1:=d1+d4 1
dz::dz—d4 O
> | 0
d3::d3_d4 O

A W DN B

o O+ O

o O+ O

o O O

r O O O

0
0
0

d,:=d, -
dy:=djs -

2d,
3d,

O r O O

d4 :=

0

0)dg :_d1
0|d, :=d, +2d3

—4d,
7d3

o B O O

= (| B)

4 —2d5

Vi (A| ) ~ (I4| B) nén A kha nghich va ma tran nghich dao cua A la:

1
2
b) (A[1)= 3
4
1 2
dj=d,2d, |0 -3
d,:=d,-3d, 0 O
0 0

3
-5

3

3

O N PP W

4

-8
5
5

1
-3

1
-2

1

2

10 7 -9
1 -2 -3 4
A7 =B=

1 -3 3

-2 2 2
1 0 0 0)d,:=d,—-2d; (1
01 0 0|d;:=d3-3d; |0
0010 > |0
0 00 1)d,:=d,—-4d; (O
0 0O 1 2
1 00 dd 0 -3
210 A)O 0
-3 01 00

Vay A ~ R1 va R1 c6 mot dong bang 0 nén A ciing khong kha nghich.

12 3 4]1 000

01 -2 -1-2100

01 -1 0-3010

00 2 3|-4001

100 -112 5 -7 0
010 1|-4 -1 2 0
001 1|-1 -1 1 0
000 1|-2 2 -21
1

-1

-1

1

2 3 411 000
-3 -5 -8|-2 100
-6 -7 -11|]-3 0 1 0
-9 -12 -19|-4 0 0 1
3 4/1 0 00

5 8|2 1 0 0|=(R,|By)
3 5/1 210

0 0|1 -1 -11

4.14. Hé qua. Hai ma trdn A, B € Mmxn(K) trong duwong dong khi va chi khi ton tai ma tran
P vudng cdp n, kha nghich sao B = PA.

Chirng minh. Suy tir Dinh ly 4.11 va Hé qua 4.9.

4.15. Pinh ly. Ma tran dang bac thang rat gon cda modt ma tran |a duy nhat.

Chirng minh. Gia st R va S |a hai ma tran dang bac thang rut gon twong duong dong voi
ma tran A. Khi d6 R ~ S nén ton tai ma tran P kha nghich sao cho R = PS. Goi R% va S [an luot 1a
cac cotthirjclaRva s, ta cé RY = P.S0), Ta chirtng minh R = S bang qui nap theo sé cot n.

Véin =1, hién nhién R = S.
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Xét n > 1. ViR, S déu cé dang bac thang rut gon va RY = P.S® nén RM = S, Goi R va S’
lan luot 13 cdc ma tran c6 duwoc tir R va S bang cach bo di cot 1.

Néu R = s =0 thi R va S’ la cdc ma tran dang bac thang rat gon twong duwong dong nén
theo gid thiét quinap R’ =S’, suyraR=S.

Xét R = s« 0. Khi dé

1
rR® —gw _|°
0
nén tr dang thirc RY = P.SM ta suy ra
1
pa _ |0
0

Goi P1, R1 va Si 1an luot 13 cdc ma trdn cé dugc tir P, R va S bang cach boé di dong 1 va cot 1. Ta
¢ P1 kha nghich, R1 va S1 cé dang bac thang rat gon, hon nita R1 = P1S1 nén R1=S; (theo gia
thiét qui nap). Vé&ij > 1 néu cot SU ¢ dang

0
(trong d6 1 13 hé s6 khac 0 dau tién trén mot dong nao dé) thi cot RY ciing cé dang (*) va do dé
R0 = S vi khi bé hé s6 dau tién thi chung tré thanh cac cot twong ng cla Riva Si. Trong

trwong hop tdng quat, tir dinh nghia cla ma tran dang bac thang rut gon S, ta c6 thé biéu dién
S duéi dang

gl) = ﬁls(h) + o +ﬁks(jk)’

trong d6 cac cot SU) déu c6 dang (*), do dé theo chiéng minh trén ta co
RUD — gli)  RUJ S(Jk)_Suy ra

R — pg() = p(ﬂls(h) +.“+ﬁks(jk)) _ P(,BlR(jl) +.“+ﬂkR(jk))
:ﬂlpR(h) +“'+ﬂkPR(jk) :ﬂls(h) +.“+ﬂks(jk) )

Vvay RO =50 y&i moijvadoddR=S.
4.16. Pinh ly. (i) V&i A 13 ma tran bat ky, r(AT) = r(A).
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(||) VC,)’| A e men(K); B e Mnxp(K), r(AB) < min{r(A), r(B)}
(iii) V&i A € Mmxn (K) va cac ma tran kha nghich P € Mm(K), Q € Mn(K), r(PAQ) = r(A).

(iv) Ma tran A c6 hang bang r khi va chi khi ton tai cdc ma tran P, Q kha nghich sao cho ma
tran PAQ c6 dang:

I 0 0
0O 0 0

(*)
0O 0 0

Chirng minh. (iii) Vi AQ va PAQ tuong dwong dong nén cé cung hang. Ta chi can chirng
minh A va AQ c6 cung hang. Goi Ra la ma tran dang bac thang rit gon cla A. Khi d6 ton tai ma
tran P1 kha nghich sao cho P1A = Ra, do d6 ma trdn P1AQ = RaQ c6 s6 lwong dong khac 0 khdng
vuot qud sé luvgng dong khac 0 cha Ra. Suy ra r(AQ) < r(A). M3t khic A = (AQ)Q ™ nén chirng
minh trén cling cho ta r(A) <r(AQ).

(iv) Chiéu ddo dwoc suy ti (iii) vi ma tran dang (*) cé hang bang r. Ta chirtng minh chiéu
thuan. Gia st A cé hang bang r. Goi Ra 1a ma tran dang bac thang rut gon cla A. Khi d6 Ra co r
dong khac 0 va ton tai ma trdn P kha nghich sao cho PA = Ra. Tir day ta dung mot sé phép
BDSCTC dé bién Rathanh ma tran cé dang (*), ndi cach khac tén tai ma tran Q kha nghich sao
cho RaQ cé dang (*), nghia la PAQ c6 dang (*).

(i) Pat r = r(A). Theo (iv) tdn tai cdc ma trdn kha nghich P, Q sao cho PAQ D v&i D nhw
trong (*). Khi d6 ma trdn D = D" = (PAQ)" = (Q" )AT(PT) nén do tinh kha nghich cGa cdc ma trén PT
va Q', lai theo (iv), ma tran A" cé hang bang r.

(ii) Ly luan trong chirng minh (iii) cho ta r(AB) < r(A). Hon nira, theo (i), ta c6 r(AB) =
r((AB)T) = r(B'AT) < r(BT) = r(B).

5. PHUONG TRINH MA TRAN

5.1. Dinh ly. Cho cac ma tran A € My (K) kha nghich va B € Mnxp (K), C € Mmxn (K). Xét cac
phuong trinh ma tran AX =B va YA = C. Khi do6 -

(i) AX=B < X=A"B.

(i) YA=CeoY=CA L

Chirng minh.

(i) AX=B= A (AX)=A' B (AAX=ABo I X=A'Bo X=A"'B.
(i) YA=C = (YAA =CAt o Y(AA ) =CAt oY, =CAt oY =CA™

5.2. Chu y. Trong dinh Iy trén, n€u ma trdn B cé s& dong khéac n thi hién nhién phuong
trinh AX = B v6 nghiém. Tuong tu, néu ma tran C c6 so cdt khac n thi phuong trinh YA = C vo
nghiém.
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5.3. Vi du. Cho hai ma tran:

1 2 3 -2 1 -1 0 O

2 -1 -2 -3 0 1 -1 0O
A= ; B =

3 2 -1 -5 O 0 1 -1

4 -3 1 -3 0 O 1

a) Chirng t6 A kha nghich va tim A™,

b) Tim ma tran X thda AXA = AB.

c) Tim ma tran X thda A2XA? = ABAZ,

Giai. a) Twong ty nhu trong Vi du 4.13 ta tim duoc

47 81 -50 -29
3 5 -8 -2
2 3 -2 -1
29 50 -31 -18

A=

4 76 -47 -27

1 2 -1 -1
-27 -47 29 17

29 59 -31 -18

b) AXA=AB <> XA=B < X=BAl=

47 34 -131 21
3 2 -8 1
2 1 -5 1
29 21 -81 13

c) A’XA? = ABA? < AX=B< X=AB=

5.4. Hé qua. Cho cac ma tran A € M (K) kha nghich va B € Mnxp (K), C € Mmxn (K). Khi dé
(i) Néu AB=0thiB=0.
(i) N6u CA=0thi C=0.

Chirng minh. (i) Néu AB = 0 thi B la nghiém cla phuong trinh ma tran AX = 0. Theo Dinh ly
5.1 phuong trinh trén chi cé nghiém X =0 nén B = 0.

(i) Néu CA = 0 thi C la nghiém cGa phuwong trinh ma trdn YA = 0. Theo Dinh ly 5.1 phuwong
trinh trén chi cé nghiémY =0nén C=0.

6. KHAI NIEM VE HE PHUO'NG TRINH TUYEN TiNH

6.1. Dinh nghia. 1) M6t hé phuwong trinh tuyén tinh trén K gdm m phuong trinh, n an sé 13
mot hé co dang:

18



(8, X +a,X, +...+ 8, X, =by

A, X +8y,X, +...+ 8, X, =D,
<

2n''n

Kamlxl + am2X2 +ot aman - m
trong do

e aj, bi € K:Céc an s6;

® X1, X2,..., Xn : Cdc 4n s6 nhan gia trj trong K.

e Mbibd s (X1, X2,..., Xn) = (01, 02 ,..., On) € K" thda tat ca cac phwong trinh trong (1)
duwoc goi la mot nghiém cda (1). Khi hé cé nghiém ta con ndi hé do twong thich.

2) Ma tran
a;; 8 ... a4,
A = (aij)mxn = A1 822 -+ 8pp
A1 Ap2 Amn

duwoc goi la ma trén hé s6 & vé'trdi cia hé (1).

Ma tran

duwoc goi la ma trén hé s6 & vé phdi cta hé (1).

Ma tran

dy ap - &, |by
Ayp 8yp ... Ay, |Dy
(AlB)=

a'ml amz a'mn bm

duogc goi la ma trdn bé sung (hay ma trdn mé réng) ca hé (1).
Khi d6, hé (1) duoc viét dudi dang ma tran nhu sau:
AX =B (2)

trong dé
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: Ma tran cot cac an s6

6.2. Dinh nghia. V&i cac ky hiéu trong Pinh nghia 6.1, ta ndi

1) Hé (1) va (2) l1a hé phuong trinh tuyén tinh thudn nhdt néuB =0, nghifalabi=by=... =
bn = 0

2) Hé (1) va (2) la hé phuong trinh tuyén tinh khéng thudn nhét néu B # 0, nghia la ton
tai 1 <j<msaochob;=0.

6.3. Nhan xét. Mot hé phuong trinh tuyén tinh thudn nhat bat ky luén luén cé nghiém vi
né nhan (0,0,...,0) lam mét nghiém, goi la nghiém tadm thwdong. Diéu nay khéng dang déi vai
cac hé khéng thuan nhat.

7. PHUONG PHAP GAUSS GIAI HE PHU'O'NG TRINH TUYEN TiNH

Trong phan nay ta s& dé cap dén phuong phdp Gauss dé gidi hé phuong trinh tuyén tinh:

AX=B
b, X1
. b, X,
trong d6 A = (ajj)mxn; B = ; X =
bm Xn

7.1. Nhan xét. Ta d3 biét khi gidi modt hé phuong trinh tuyén tinh, cdc phép bién déi sau
day cho ta cac hé tvong duong:

1) Hoan déi hai phuong trinh cho nhau.
2) Nhan hai vé€ cia mot phuwong trinh cho mét sé khac 0.
3) Cong vao mot phuong trinh mot bdi cia phuong trinh khac.

Twong ng vdi cac phép bién da6i trén |a cdc phép BDSCTD d6i vai ma tran bd sung. Nhan
xét trén twong rng vai két qua sau:

7.2.Dinh Iy. (i) Néu A~ R thi AX = 0 < RX =0.
(ii) N&u (A | B) ~ (R| B') thi AX=B < RX =B".

Chirng minh. (i) Néu A ~ R thi theo Hé qud 4.14 t6n tai ma tran P vuéng cdp m kha nghich
sao cho A =PR. Khi dé

AX=0< PRX=0< RX=0.

(ii) Néu (A‘ B) ~ (R | B’) thi theo H& qua 4.14 t6n tai ma tran P vudng cadp m kha nghich
sao cho (A|B) = P(R|B'), nghtala A=PRva B =PB'. Khidd

AX=B <« PRX=PB'< RX=B'.
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Nhan xét rang néu ma tran A cé dang bac thang thi viéc giai hé phwong trinh tuyén tinh
AX = B rat don gian vi khi d6 ta chi can lan lwgt tinh cdc an dya vao cac phuong trinh tir phia
duwdi 1én. T&r nhan xét nay va tir Dinh ly 7.2 ta tim dwoc phwong phdp Gauss dé gidi cac hé
phuwong trinh tuyén tinh nhu sau:

7.3. Phwong phap Gauss
Buwdc 1: Viét ma tran bd sung (A | B) clia hé (sau khi viét cac 4n theo mét thir tu nao dé).

Buwdc 2: Dung cac phép BDSCTD bién d6i ma tran (A | B) cho dén khi A bién thanh ma tran
dang bac thang R, nghia la

(AlB) > .. > (R]B,
trong dé R c6 dang bac thang.

Buwdrc 3: Viét lai hé phuong trinh tuyén tinh RX = B’ &rng v&i ma tran bé sung (R | B’), sau
dé gidi hé nay bang cach lan lwot tinh cdc 4n dya vao cac phuong trinh tir phia dudi lén.
Nghiém cha hé nay chinh la nghiém cta hé d3 cho.

7.4. Phurong phap Gauss—Jordan. Tuong tw nhu phwong phap Gauss nhung & Budc 2 ta
bién d6i ma tran (A | B) cho dén khi A bién thanh ma tran dang bac thang rut gon (khi d6 viéc
tinh cdc 4n & Budc 3 s& don gian hon rat nhiéu).

7.5. Nhan xét. Ddi v4i hé phuong trinh tuyén tinh thuan nhat AX = 0, theo Pinh Iy 7.2, &
Buwdc 2 ta chi cdn bién d6i ma tran A thay vi (A | 0).

Dinh ly sau day md ta tap nghiém cta mot hé hé phuong trinh tuyén tinh téng quat.

7.6. Pinh ly (Kronecker — Capelli). Xét hé phuong trinh tuyén tinh AX = B gdm m phuong
trinh, n 8n s6. Dt r1 = r(A) va ra = r(A| B). Khi d6

(i) Néu r1 < rp thi hé AX = B v6 nghiém.
(i) Néu r1 = r2 = n thi hé AX = B c6 duy nhat mot nghiém.

(iii) N&u r1 = rp < n thi AX = B ¢6 v6 s6 nghiém véi bac tu do 13 n—r1, nghia la ¢4 n—r1 8n cé
thé nhan bat clr céc gid tri nao cho truwdc trong K, goi 1a n—r1 dn tw do, va r1 an con lai dwoc tinh
qua cdc an ty do trén.

7.7. Nhan xét. 1) Vi ma tran b6 sung (A|B) cé tir A bang cach ghép thém cot B nénri < r»
<1+ ry. Do d6 diéu kién ri1<r; twong dwong vdi ra = 1+ ry.

2) C6 nhiéu cach chon an ty do, nhung théng thuwdng, ta chon céc an ty do 13 cac an
khong dirng dau trong cac phuong trinh cla hé rat gon RX = B' sau cung (vi khi d6 ta cé thé dé
dang tim dwoc cac an con lai bang cach chuyén cac an tu do sang vé phai).

3) Péi vGi hé phuong trinh tuyén tinh thudn nhat AX = 0, trwang hop (i) khéng xay ra vi
khi d6 ma trdn A va ma tran b6 sung (A]0) luén cé cung hang.

Chirng minh. Goi (R ‘ B’) la ma tran dang béac thang cta (A ‘ B). Khi do (A ‘ B) ~ (R | B’) nén
theo Dinh ly 7.2 hé d3 cho tuwong duong vai hé RX = B'. Theo cach dat ta thay R ¢ r1 dong khac
0 con (R|B') c6 ro dong khac 0.

(i) Néu r1 < r; thi trong hé RX = B’ phuong trinh thi r; ¢6 dang
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0X; +...+0x, =b; (b =0)
nén hé vo nghiém.

(i) Gia st r1 = r2 = n. Khi d6 cac dong k cha ma tran (R | B') v&i k > n déu bang 0, hon nita n
dong dau clia ma tran R tao thanh ma trdn R1 vuéng cdp n kha nghich va hé RX = B’ twong
dwong véi hé RiX = By, trong dé B1 cé tir B bang cach xod m — n hé s6 0 sau cung. Vi Ry kha
nghich nén hé trén c6 duy nhat mot nghiém X = R171Bs.

(iii) Gia st r1 = r2 < n. Khi d6 bang cach danh sd lai cac 4n (néu can) ta cé thé gid sir hé RX
=B’ cd dang

' ' / ' N
811X +arXy +o A X, ot 8 X, =by

' i ' N
oo Xo +.. By Xy F. By Xy =Dy o ' 20
(a1, 8%, 8, #0)

4

Ay,

i N
X ...t 8 Xy =bp

Bang cach cho cac 4n Xy 110 Xn nhan cac gia tri tuy y, dwa vao cac phuong trinh tur phia dudi

Ién trong hé trén ta tinh dugc cc &n x, ,...,X,, X; theo céc &n tu do trén.

Sau day la céc vi du sir dung phuong phap Gauss va minh hoa cho Dinh ly Kronecker—
Capelli.

7.8. Vi du. Giai cac hé phuong trinh tuyén tinh sau trong R:

X1 +2X5 +3X3 +4X, =7
Xo +2X1 +2X3+3X, =6
3Xq +2Xy +2X4 + X3 =7
4X, +3Xy +2X3 + X, =18

X1 +2X, —3X3 +5%X, =1

X1 +3X, —13X3 +22%x, = -1
b) 3Xq +5X, + X3 —2X,4 =5
2X1 +3Xy +4X3 —TX, =4

X1 —2X5 +3Xg3 —4X, =2
3X1 +3Xy, —5X3 + X, =-3
) |—2x; + Xy +2X3 —3%X,4 =5
3X, +3x3 —10x, =8
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Giai. a) Ta viét lai hé phuong trinh theo thir tu cla cac an:
X1 +2Xy5 +3X3 +4X, =7
2Xq + Xy +2X3 +3X, =6
3Xq +2Xy + X3 +2Xy4 =7
4x1 +3X, +2X3 + X, =18

Vit ma tran bé sung (A | B) va bién ddi bing cac phép BDSCTD ta c6:

1 2 3 4|7)dy:=d,-2d, (1 2 3 4|7
21 2 dy:=d5y —3d - -4 - -
(AlB) = 3|6 |dz:=ds—-3d, |0 -3 5|/-8
3 21 2|7 0O -4 -8 -10|-14
4 3 2 1|18)d,:=d, —-4d, (0 -5 -10 -15|-10
1 2 3 4 7 1 2 3 4|7
d,:=d,-d; /0 1 4 5|6 |d3:=d;3+4d,|0 1 4 5|6
-0 4 -8 -10|-24 — |0 O 8 10|10
0 -5 -10 -15|-10)d,:=d, +5d, |0 0 10 10(20
q g 1 2 3 4|7 1 2 3 4|7
3% 1014 5|6|d:=d,-8d3(0 1 4 5|6 _RIB)
10 01 1/2 - s |00 1 12
dy=—d, (0 0 8 1010 000 2|6
10
Vay hé da cho tuong duong vdi hé sau:
Xy +2Xy +3Xg3 +4X, =7 X, =2
X5 +4X5+5%X, =6 X, =1
2 3 4 o %2

Suy ra hé d3 cho c6 duy nhat mot nghiém la:
(x1, X2, X3, Xa) = (2, 1, 5, =3).

b) Ta viét ma tran bé sung cla hé d3 cho va bién d6i bang cac phép BDSCTD:

(Alg)=|t 3 —18 22|-1 dy:=dz-3d, [0 1 -10 17 |-2
35 1 -2/5 >0 -1 10 -17| 2
2 3 4 -7| 4]d,:=d;-2d, |0 -1 10 -17| 2
12 -3 5|1
dy:=dz+d, |0 1 -10 17|-2
s l00 0 o0]O
d,:=d,+d,(0 0 0 0|0

Vay hé da cho tuvong duong vdi hé sau:
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Chon x3=a, x4 = 3, ta tinh dwoc:
X, = -2 +10X5 —17x, = -2 + 100 — 178
Vay hé da cho c6 vé sé nghiém véi hai an ty do:
(Xy, X, X5, X4) = (5 — 170 + 298, -2 + 100, — 17, o, P)
véia, B € Rtuyy.
c) Ta viét ma tran bd sung ctia hé d3 cho va bién déi bang cac phép BDSCTD:
1 -2 3 -4| 2)dy:=d,-3d; (1 -2 3 -4 2
—5 l —3 d3=d3+2d1 9 —14 13 —9

2 -3|5 -3 8 -11| 9
3 -10| 8 Jd, :=d, —3d, 6 -6 2 |2

3
1
0
1 2 3 4|2 d,:=d,+3d, 1 2 3 4|2
d, < dj 0O -3 8 -11|9 0 3 8 -11| 9
0 0
0 0

=

o O O

—
_14 13 |-9 0 10 -20|18
6 2 | 2]dyi=ds+2d, 0 10 -20|20

1 -2 3 42
0 3 8 -11|9
0O 0 10 -20|18
O 0 0 0|2

Vay hé da cho tuvong duong vdi hé sau:

X1 —2Xy +3X3 —4X, =2
- 3X, +8Xx53 -11x, =9
10x5 — 20x, =18
0=2

Hé nay vo nghiém. Do d6 hé da cho ban dau cling vd nghiém.

7.9. Vi dy. Giaiva bién luin cac hé phuong trinh tuyén tinh sau theo tham sé meR:
13X, + 22X, +13x53 - 22X, =2m
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Xy + Xy = Xg+2X, =1

AX, + 3X, — X3 + MX, =m? —6m + 4
Giai. a) Viét ma tran bd sung (A | B) va bién d8i bing cac phép BDSCTD ta c6:

3 5 3 4|1 1 2 2 5|1
2 3 1 1|0|d:=dy-d,|]2 3 1 1|0

AB=lg 9 6 as/2| |5 o 6 _15 2

13 22 13 -22|2m 13 22 13 -22|2m
d,:=d,-2d; (1 2 2 -5 1 1 2 2 -5 1
d;:=d;-5d; [0 -1 -3 11| -2 dz:=dz-d, |0 -1 -3 11| -2
s lo-1 -4 10| 3 |— o0 -1 -1 -1

d,:=d, -13d, \0 -4 -13 43|2m-13)d,:=d, -4d, (0 0O -1 -1|2m-5
1 2 2 5| 1

dy:=dy—-d;|0 -1 -3 11| -2

|0 0 -1 -1| -1
0 0 0 0|2m-4

= (R[B’)

Vay hé da cho tuvong duong vdi hé sau:
X1 +2Xy +2X53-5%X, =1
- X, —3X53 +11x, =-2
e o
0 =2m -4
Ta bién luan nhu sau:
1)2m-4#0< m#2:Khi dé hé (1) vd nghiém nén hé da cho cling vé nghiém.
2) m=2:Hé (1) twvong duong vdi hé sau:
X1+ 2%, +2X3 =5X, =1
— X, —3X5 +11x, = -2 (2)
- X3 =X, =-1
Chon x4 = o ta tinh duoc:
Xg=1-X%X,=1-q
Xy =2—3X3 +11Xx, = -1+14a
X; =1-2X, —2X3 +5%X, =1-21a

Vay khi m = 2, hé d3a cho c6 v6 sé nghiém véi mot an tu do:
(X1, X5,X3,X,) = (1 -21a,-1+ 14,1 -0 , o)

vdio € Rtuyy.
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b) Vit ma tran bé sung (A | B) va bién ddi bing cac phép BDSCTD ta c6:

(A|B) =
1 1 -1 2 1 d,:=d,-d; (1 1 -1 2 1
1 2 -3 4 2 dg:=dz;-d; [0 1 -2 2 1
1 -1 4 -1 m - s |0 -2 5 -3 m-1
4 3 -1 mm?-6m+4)d,:=d,-4d, (0 -1 3 m-8/m?-6m
11 -1 2 1 11 -1 2 1
dy:=dg+2d, |0 1 -2 2 1 dg:=d,-d;|0 1 -2 2 1 = (R|B’)
- s |00 1 1 m+1 - 5100 1 1 m+1
dg:=ds+d, (0 0 1 m-6/m?-6m+1 00 0 m-7|m®-7m

Vay hé da cho tuvong duong vdi hé sau:
X;+ Xy —Xg+2X, =1
Xy, —2Xg3+2X, =1
Xa+ X, =m+1 @)
3T Xg =
(m-7)x, =m?-7m
Ta bién ludn nhv sau:
1) m-7#0< m=7:Khi déhé (1) cho ta:
X, =m
Xy, =14+2X3-2X, =3-2m
Suy ra khi m # 7 hé d3 cho cé duy nhat mét nghiém Ia:
(X1, X5, X3, X4)=(-1, 3-2m, 1, m)
2) m=7:Hé (1) twong dwong vdi hé sau:
Chon x4 = o ta tinh duoc:
X3=8-X,=8-a
Xy, =1+ 2X53 —2X, =17 - 4a
X; =1-X, +X3-2%X, =-8+a

Vay khi m = 7, hé d3 cho c6 vd s6 nghiém vai mét an tu do:
(X1,X9,X3,X4) =(-8+ 0,17 - 40,8 -a , a)

védia € Rtuyy.
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7.10. Dinh ly. Hé phuong trinh tuyén tinh AX = B, trong dé A 1a mét ma trdn vudng cap n,
c6 duy nhat mét nghiém khi va chi khi A kha nghich. Khi d6 nghiém twong rng la X = A™!B.

Chirng minh. (=) Gid st hé AX = B cé duy nhit mot nghiém. Khi dé theo Dinh ly
Kronecker—Capelli r(A) = r(A|B) = n. Suy ra A kha nghich theo Dinh ky 4.11.

(<) Suy tir Binh Iy 5.1.

7.11. Hé qua. Cho A |a mét ma tran vudng cap n. Khi dé

(i) Hé phuong trinh tuyén tinh AX = 0 ¢ duy nhat mét nghiém khi va chi khi A kha nghich.
(i) Hé phwong trinh tuyén tinh AX = 0 cé vd s nghiém khi va chi khi A khéng kha nghich.
Chirng minh. (i) Suy tir Dinh ly 7.10.

(i) DBi v&i hé phwong trinh tuyén tinh thuan nhat AX = 0 khéng xay ra truong hop vo
nghiém nén (ii) dugc suy tu (i).

BAI TAP
1. Tinh A" v&i n nguyén duong:
1 01 111 1 10
1 a
a)A:(o 1] b)A=|0 0 1 c) A=|0 1 1 dA=(0 11
1 01 0 01 0 01
2. Tim tat ca cdc ma tran X vudng cap 2 thoa:
a)X2=0. b) X2= 1. ) X2 =X.

3. Ma tran nghich ddo A™* thay déi thé nao, néu
a) Hoan vi hai dong cua A?

b) Nhan mot dong véi mot hang s6 khac 0?

c) Thém vao dong th& i mot bdi cha dong k #i?
d) Twong tu nhu trén nhuwng thyc hién cho cot?

4. Cho A, B 13 hai ma trdn vudng cdp n. Gid st ma trdn C = I, + AB kha nghich. Chirng minh
rang ma tran D = I, + BA ciling kha nghich va ta cé

D'=1,-BCA.
5. Cho A, B 1a hai ma trdn vuéng cdp n thod A + B = AB. Chirng minh AB = BA.

6. Cho A la mét ma trén vudng, hé sé thuc, cd vét tr(A) = 0.

a) Chirng minh rang A dong dang véi mot ma tran B hé s6 thuc, trong d6 moi hé sé trén
duwong chéo chinh clia B déu bang 0 (A dong dang va&i B nghia 1a ton tai ma trdn P kha nghich
sao cho PAP=B).
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b) Ching minh rang ton tai cdc ma tran vudng C, D cé cung cap véi A sao cho A=
CD-DC.
7. Kiém tra tinh kha nghich va tim A™ (néu cd):

2 5 -1 2 -1 -1
a)A=|6 -1 2 b)A={3 4 -2
6 4 2 3 -2 4
1 -3 1
L . , 1 -2 2 -3 1
8. Tim tat ca cac ma tran X thoa: X4 -5 2|= .
2 - 4 -6 2
5 -7 3
9. Tim ma tran nghich dao cla cac ma tran vubng sau:
a® ... a" 10 ..a0..0
n-1 01 .. 0 a .. =0
a) A = 01 a .. a . b) B =
00 0 .. 1 00 0O OO0 01
(a cdch 1 mot khodng bang dung r véir < n-1)
1 3 ... n-1 n 3 n-1 n
012 .. n-2 n-1 n 12 .. n-2 n-1
c)C= . d) D= .
0O 0O 0 .. 0 1 2 3 4 .. n 1

10. Giai cac phuong trinh sau:

2X1 —5Xp +3X3 + X4 =5 2X1 —2X5 + X3 — X4 + X5 =1
3Xy —IXy +3X3 =X, =-1 Xq +2Xy — X3+ X4 —2X5 =1

a) |5X; —9X, +6X3 +2X4 =7 b) |4x; —10x, +5X5 —5x4 + 7x5 =1
4x, —6Xy, +3X3 — X, =8 2Xq —14X5 + TXg3 —7X4 +11X5 = -1

11. Gidi va bién luan cac hé phuong trinh sau theo cdc tham s6 m e R:

Xy =2Xp +Xg =Xg + X5 =M 3X, +4X, +4%; —17x, =11m +7
| 2X3 + Xz = X3 +2X4 —2Xs =3M by 1200+ X+ 2Xg —12%, = Bm +5
a j—

Xy = 2Xy =Xz + X4 —Xg  =m+1 5X; + 6X, + 8x5 — 27X, =18m + 10

2X) —9Xp + X3 —2X4 +2X5g =m -1 3X, +5X, + 2X5 + (M — 20)X,, = 13m + 8

12. Bai 2.17 Sach Iy thuyét.
13. Bai 2.19 Sach Iy thuyét.
14. Bai 2.21 Sach Iy thuyét.
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15.
16.
17.
18.
19.
20.

Bai 2.22 Sach ly thuyét.
Bai 2.23 Sach Iy thuyét.
Bai 2.39 Sach Iy thuyét.
Bai 2.41 Sach Iy thuyét.
Bai 2.44 Sach Iy thuyét.
Bai 2.46 Sach ly thuyét.
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