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CHUONG 2

PINH THUC

Trong phan nay chung ta s& dinh nghia dinh thtrc cta cac ma trin vudng va tng dung de
tim ma tran nghich dao cua cac ma tran kha nghich cting nhu dé giai cac hé phuong trinh tuyén
tinh c6 s6 phuong trinh bang s6 an.

§1. PINH NGHIA VA TINH CHAT CAN BAN

1.1. Pinh nghia. Cho A = (ajj) 12 mot ma trin vudng cap n véi hé so trong K (K= R hay
, 13 s6 c6 duoc bang qui nap theo n

nhu sau:

a) Véin=1thi A c6dang A =(a). Ta dat: det A =a.

b) Véin =2 thi A c6 dang A:C‘ gj.Tadait detA:‘: ;‘:ad—bc.

ai1 8 a3
c)Véin=3thi Acoédang A =|a,; a,, a,|. Tadat

dz; Agzgp dsz

a a a a
det A = all 22 23 - a.21 12 13 + 8.31

dzp agz dzp dss

= ayy (@33 —Aa3y) — &p1 (0833 —A1383;) + 831 (812853 — A1382))

d) Téng quat, gia sir dinh thirc ctia cac ma tran vudng cip n — 1 di dugc dinh nghia. Voi
moi cap (i, j), 1 <1, j <n, goi A(i;j) 1a ma tran vuong cap n — 1 ¢6 dugc tir A bang cach xoa dong
i, cot j. bat:

Cij = (=1)"™ detA(ij).
Ta goi Cij 1a phan bit dai s6 cua phan tir ajj va dinh nghia:

n
det A = a11C11 + @21C21 + ... + @n1Cn1 = Zailcil
i-1



Chu y. Trudng hop n = 3, ta c6 thé tinh dinh thirc theo Qui tic Sarrus nhu sau:

hoac
dy1 dyp dqg
dgq dgg dgg| = +
dgq dgg dgg

+ o+ o+ - - -

Dinh thirc detA bang tong céc tich sb cia timng bo 3 hé s6 dugc ndi boi cac duong (duong
thang hoac tam giac) dugc danh dau + trir di tong cac tich so cua tung bd 3 hé s6 dugc noi boi
cac duong dugc danh dau — . Nhu vay,

detA = a11azass + a12a23a31 + a13a21832 + A13821332 — A13822831— A12821833 — 411823832

2 1 -2
Vidu.|3 5 4 |=-28
4 -1 2

1.2. Pinh ly. Cho A = (@ij)nxn 1a mot ma tran vudng cip n v6i hé sb trong K. Véi mdi i, j,
£01i cij 1a phan bu dai so ctia hé s6 ajj. Khi d6 ta co

n
(i) Cong thire khai trién detA theo dong i: det A = ) a;,C;,
k=1

n
(ii) Cong thire khai trién detA theo cot j: det A = ) a,;¢y
k=1
1.3. Hé qua. (i) Néu ma tran vudng A c6 mot dong hay mot cot bang khdng thi detA = 0.

(ii) Néu A 13 mot ma trin tam giac (trén hay dudi) thi detA bang tich cac phan tir trén
duong chéo cia A, nghia la:

a gy .. Py @1 0 ... O

0 Q .. 9 821 a2 ... 0
] =3a118p.-8nn va | . ] ) | = 8118958y,

0 0 . ann an1 a-n2 v ann




1.4. Pinh ly. Cho A = (ai))nxn 12 mot ma tran vudng cip n voi hé sb trong K.
(i) Gia st 1 <i<nvadongicta A 13 tong cta hai dong (bs ba...bn) Va (C1 Cz...Cr). Khi d6
detA = detB + detC,

trong d6 B, C lan luot 13 cic ma trdn co tir A bing cach thay dong i bang (bi ba...bn) va
(c1 C2...Cn), Nghia la

ay app A a, 9 Qn| |21 G A
bl+cl b2+C2 bn"'c:n = bl b2 bn + G Cy Ch
anl anl . an1 anl anl vl anl anl anl e anl

(i) Gia sir 1 <j<nvacotjcua A l1a tong cia hai cot (b1 bz...bn)T VA (C1 Ca...cn)T. Khi d6
detA = detB + detC,

trong d6 B, C lan luot 13 cic ma tran c6 tr A bang cach thay cot j bang (b1 ba...bn)T va
(1 C2...Cn)T, Nghia 1a

aq; ... btg oA jan .o b A [An L & &,
Ay ... bp+c oA fay b Ay, +a21 . G 8
anl bn +Cn ann an1 bn ann an1 Cn ann

Chirng minh. (i) Chi can khai trién detA theo dong i
(ii) Chi can khai trién detA theo cot j.

1.5. Dinh ly. V61 A 1a ma tran vudng ta co

det(AT) = detA.
Chirng minh. Quy nap theo Cap n cia A.
n = 1: Hién nhién.

Gia sir két qua trén ding v6i moi ma tran vudng cp n — 1. Xét A la mot ma tran vudng cap

n.
A1 9 a,
a a a
N e 2n
anl an2 ann
Taco



Khai trién detA theo cot 1 ta duoc:
n
det A=Y aycy
i=1
trong d6 ci1 = (1) * 1det A(i;1) 12 phan bu dai sé cua phan tir air trong A.
Khai trién det(AT) theo dong 1 ta duoc:
n
det(AT) = ayd;
i=1
trong d6 diz = (-1)'* 1det A(i;1) la phan bu dai sé cua phan tir air trong AT,

Chay rang AT(i;1) 1a ma tran chuyén vi cta A(i;1) va c6 cap n — 1 nén theo GTQN ta c6
det AT(i;1) = det A(i;1). Suy ra ci1 = dir va do d6 det(AT) = detA.

1.6. Pinh ly. Cho A 1a mot ma tran vudng Cip n; ¢ 13 mot phép bién doi so cip trén dong
VaA A—2 5 A’ Khido

(i) Néu ¢ 1a loai 1 (di <> dy, i # k) thi detA’ = — detA.

(i) Néu ¢ 1a loai 2 (di : = ad, o # 0) thi detA’ = adetA.

(iii) Néu ¢ 1a loai 3 (di : = di + Bdy, i # k) thi detA’ = detA.

(iv) Vi S = ¢(In) 12 ma tran so cép, ta cO det(SA) = (detS)(detA).
Chirng minh. (i) Quy nap theo cap n cia A.

n = 2: Hién nhién.

n > 3: Gia sir két qua trén dung véi moi ma tran vudng cip n — 1. Xét A 1a mot ma tran

vubng cap n va A’ 1a ma tran c6 tir A bang cach hoan doi dong i véi dong k (i = k). Vin >3 nén
trong A ta cé thé chon mot dong j # i, k va khai trién detA va detA' theo dong j ta duoc

n
det A= a;c;
t=1

n
det A, = Zajtd jt
t=1

trong d6 cjt = (1) * det A(j;t) 1a phan bu dai s6 cta phan tir aj trong A.
dit = (-1) * det A’(j;t) 1a phan bu dai s6 cta phan tir aje trong A’

Chu y rang A’(j:t) 12 ma tran vudng cap n — 1 c6 tir A(j;t) bang cach hoan doi dong i véi dong k
nén theo GTQN, det A’(j;t) = — det A(j;t), tir d6 cjt = djr. Suy ra detA’ = — detA.

(ii) Chi can khai trién detA’ theo dong i.



(iii) Dung Dinh 1y 1.4 va (ii).
(iv) ) Vi S = ¢(ln), ta cd A’ = SA. Két qua trén cho ta
- Néu ¢ la loai 1 (di <> dk, i =K) thi detS = — det(In) = - 1.
Néu o 1a loai 2 (di : = adi, o # 0) thi detS = adet(ln) = .
- Néu ¢ la loai 3 (di : = di + Bdx, i = k) thi detS = det(In) =1.
Tur day, do (i) — (iii) ta suy ra det(SA) = (detS)(detA).

1.7. Cha y. Do Pinh 1y 1.5 ta c6 cac két qua twong ty nhu Dinh 1y 1.6 khi thay dong bing
cot.

1.8. Hé qua. (i) Thira s chung cta cac hé sb trén cing mot dong (mdt cot) cia mot dinh
thirc c6 thé dua ra ngoai dau dinh thirc.

(i) Néu ma tran A c6 hai dong (hai cot) bang nhau hay ti 1¢ nhau thi detA = 0.
1.9. Pinh ly. Cho A, B 14 hai ma tran vudng c6 cing cap n. Khi d6
det(AB) = (detA)(detB).

Chirng minh. Ta da biét ton tai cac ma tran so céip S1, S2,..., Sk sao cho A = S31S,...SkRa,
trong do Ra 1a dang bac thang rat gon cua A. Khi do:

AB = 5182...Sk(RAB).
Tir day, do Pinh Iy 1.6, bang quy nap ta suy ra:
det(AB) = (detS1)(detSy)... (detSk)det(RaB).
det(A) = (detS1)(detSy)... (detSk )det(Ra).
- Néu A kha nghich thi Ra = In, do d6 det(AB) = (detA)(detB).

‘ - Néu A khong kha nghich thi Ra c6 dong cudi bang 0, do d6 RaB ciing c¢6 dong cubi
bang 0, dua dén det(Ra) = det(RaB) = 0. Suy ra det(AB) = 0 = (detA)(detB).

1.10. Hé qua. Véi A, Ay, Az,..., Ak 1a cac ma tran vudng cung cap, ta c6
(i) det(A1Az2...Ax) = det(Ar)det(Ay)...det(Ax).

(i)  det(A¥) = (detA)kvéi moi k > 1.

(iii)  Néu A kha nghich thi detA = 0 va

- 1
det(A™?) = FIY

Nho Dinh 1y 1.6 ta c6 thé tinh nhiing dinh thirc phtic tap bang cach dua ching vé nhiing
dinh thirc don gidn hon qua nhitng phép bién do61 so cap trén dong hay cot. Trong thuc hanh ta
thuong dung cac phép bién doi sau:

a) Pem cac thira s6 chung ciia cac hé sé trén cung mot dong hay trén cing mot cot ra ngoai
dau dinh thtec.

b) Néu cac hé s trén mot dong hay mot cot 13 cac s6 hiru ti thi ta c6 thé quy déng miu sb
va dem mau s0 chung ra ngoai dau dinh thtrc.



) c) Chon mcf)tq hé s6 thuan ‘lcyi nhat trong dinh thuc (thuong 1a 1 hay -1) réi dung cac phép
bien doi so cap d€ khir cac phan tir khac nhau trén dong hay trén cgt chira phan tir d6. Sau do
khai trién dinh thirc theo dong hay theo cot twong ng.

d) Thay dong i bang chinh n6 cong véi cac boi sé ciia cac dong khéc, nghia la:
di:=di+Bid,, *+..+PBndy
(khi @6 dinh thtrc khong doi) sao cho dong i méi c6 chira nhiéu sb 0 hodc nhirng hé sd cua dong

i co thira sb chung khac 1 (hodc trén dong i méi xuat hién mot sd that thuén tién dé khu cac sb
khac). Tuong tu cho cdt.

Vi du: Tinh c4c dinh thirc sau:

2 3 4 5 1 1/2 1/3
nl 3 2 4 e AlL/2 1/3 1/4:%60
5 4 3 2 1/3 1/4 1/5
4 2 5 3
2 3 B B
11 1
6 21 10 -243
3) V6 Va1 V1o V3 4)| a b c |=0

J10 2y15 5 6
2 26 V10 415

b+c c+a a+b

X a a a
m+1 1 2
a X a a
5) 6))m-2 m-3 1
a a X a
m+2 3 m-1
a a a X
DS: 1) —2858 2) 1/2160 3) 9V10(+/3 - /2) 4) 0
5) (x+3a)(x—a)° 6) m(m-4)(m-2)

§2. PINH THUC VA MA TRAN KHA NGHICH

2.1. B6 dé. Cho A = (ajj) 1a mot ma tran vudng cap n. Ta cd
n
k=1

trong do cw 1 phan bu dai s6 ctia phan tir aw.
Chirng minh. Néu i =j thi (1) 1 cong thirc khai trién detA theo cot j.
Xeét i # j. Khi d6 &j= 0. Mat khac vé trai ciia (1) chinh 14 khai trién dinh thirc theo cot i ctia

A, trong d6 A’ 12 ma tran co tir A bang cach thay cot i bang cot j. Vi A’ ¢6 2 cdt bang nhau nén
detA’ =0 va (1) dugc thoa.

2.2. Dinh nghia. Cho A = (aj) 1a m{t ma trén vudng cap n va C = (cij) 1a ma tran cac phan
bu dai s0. Ta goi ma tran chuyén vi CT cua C 1a ma trdn phu hop cua A, ky hiéu adjA.



2.3. Pinh ly. Cho A 1a mt ma tran vudng. Ta co:
A kha nghich < detA =0
Hon nira, khi d6

ato_ L adjA
det A

Chirng minh. (=) Suy tir H¢ qua 1.10.
(<) Xét ma tran tich (adjA)A, ta co

n
[(adjA)A]; = Z[ade],kakJ Y cay =d;det A (theo 2.1)
k=1

Suy ra (adjA)A = (detA)ln.

Do d6 néu detA = 0 thi (d 1A adejA =1, . Suy ra A kha nghich va
e

I adjA
det A

Vi du: Xét xem cac ma tran sau cé kha nghich khong va tim ma tran nghich ddo tuong

ung:
2 2 5 13 6
a)A=|5 3 -8 b) A=|1 4 10
19 13 -14 15 15

DS: a) A khong kha nghich.

10 -15 6
b) At=|5 9 -4
1 2 1

2.4. H¢ qua. Cho A 1a mot ma tran vudng cap 2:
<
A p—
c d
b
det A :‘a ‘:ad—bc;to.
c d

d b
Khi d6: Alo_ 1 [ j

Ta c6: A kha nghich khi va chi khi

ad — bc\ - a

2.5. Chll y. Pinh 1y 2.3 cho ta mét tiéu chuan dé kiém tra tinh kha nghich ctia mot ma tran
vuong ma khong can phai bién doi né vé ma tran don vi. Tuy nhién viéc tim ma trén nghich dao
theo phuong phap nay thuong chi dugc dung cho ma tran vudng cap nho. Dbi véi cac ma tran
vudng cip cao hon thi viéc tim ma tran pho tuong tng qua phuc tap (phai tinh n? dinh thirc cip



(n — 1) (1)) nén nguoi ta thuong tim ma tran nghich dao cua chung bang phuwong phap rat gon
theo dong.

§3. QUY TAC CRAMER
Xét hé phuong trinh tuyén tinh c6 sé phuong trinh bang s an.
AX =B (1)
trong d6 A = (ij)nxn 12 ma trdn vudng cip n va B = (bj) 1a ma trén loai nx1. Pit
A = detA
Aj=detA; 1<j<n,
trong 46 Aj 12 ma tran co tir A bang cach thay cot j bang cot B. Khi d6 ta c6 quy tic Cramer sau
day:
3.1. Pinh Iy. (i) Néu A # 0 thi hé (1) 6 nghiém duy nhat dinh bdi
Aj .
Xy = N 1<)j<n.
(ii) Néu A = 0 va Aj # 0 v6i mot j nao d6 thi (1) vo nghiém.
(iif) Néu A = 0 va Aj = 0 v6i moi 1 < j < n thi khong 6 két luan tong quat vé h¢ (1) (hé nay
¢6 thé vo nghiém, cd thé c¢6 vo so6 nghiém).
Chirng minh. Theo chirng minh cua DPinh 1y 2.3, ta ¢
(adjA)A = Al
Suy ra AX = (adjA)AX = (adjA)B

va do do

Axj = [(adjA)Bir = ) (adjA)j b, = D bycy = detAj = Ay,
k=1 k=1

(i) Néu A # 0 thi (1) c¢6 nghiém duy nhét (chinh 1a X = A™B). Theo chimg minh trén ta c6

A .
Xj ZXJ,J::I., 2, veny n.

(ii) Néu A = 0 va ton tai 1 < j < nsao cho Aj = 0 thi khong thé co xj thoa Axj = Aj nén (1) v
nghiém.

(iii) Hién nhién.

3.2. Chiy. Béi véi hé phuong trinh tuyén tinh thudn nhat c6 sé phuong trinh bang sé an
AX =0 thi hé ¢6 nghiém duy nhat 1a X = 0 néu A = detA # 0), va c6 v s0 nghiém néu A = 0.
Khi giai va bién ludn mot h¢ phuong trinh tuyén tinh dang (1), néu xay ra truong hop (iii) trong
dinh ly thi ta phai dung phuong phép Gauss dé giai hé nay.

Vi du. Giai va bién luan hé phuong trinh sau theo tham sé m € R:



(Mm-=-7)x+12y —6z2=m
-10x + (m +19)y —10z=2m (1)
-12x +24y +(m-13)z=0

Gidi
m-7 12 —6

A=|-10 m+19 -10 |= (m-1)(m*-1)
-12 24 m-13

m 12 -6

Aj=[2m m+19 -10 |=m(m?-18m +17)
0 24 m-13

m-7 m -6

Ay=| -10 2m -10 |=2m(m?-15m +14)
12 0 m-13

m-7 12 m
A;=|-10 m+19 2m =-36m(m-1)
-12 24 0

a) m=+1: A=0nénhé (1) co duy nhat mot nghiém dinh bai:
m(m -17) . m(m —14) . -36m
=" 2 i— Z=—5
m° -1 m® -1 m° -1

b)m=-1: A=0, A1 =-36 # 0 nén hé (1) v6 nghiém.

C)m=1:A=A;=A2=A3=0. Hé (1) tr& thanh

—-6x +12y —6z2=1
-10x + 20y —10z =2
-12x +24y -12z2=0

va d& thdy hé nay vo nghiém.

3.3. Hé qua. Hé phuong trinh tuyén tinh c6 s6 phuong trinh bang s6 an: AX = B c6 duy
nhat nghi€m khi va chi khi detA = 0.

3.4. H¢ qua. H¢ phuong trinh tuyén tinh thuan nhat c6 sb phuong trinh bang s an:
AX =0 c6 v0 s0 nghiém khi va chi khi detA = 0.
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