KHONG GIAN LP(Q)

Cho X 1a mot tap hop khéac trong. Cho 9 14 mot ho
khac tréng céc tap con trong X co céc tinh chat sau :

(D1) Qe .

(D2) Q\4 € 9 VA € 9 .

D3) U4, e o Vi{d,} e om.
Lic d6 ta n6i 9 1a mot o-dai sb trong X.
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C6 mot o-dai s6 9 va mot do do duong p trén khong
gian R™ ¢6 céc tinh chat sau :

(1) Céac tap mo va tap dong trong R" thugc 9.
(ii) p([ay,b,]%...x [ayb,]) = (b - ap)x ...x (b, - a,)
H((alabl)x"'x (ambn)) = (bg - al)x X (bn - an)'
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Choanhxap : 9 — [0, ] co6 cac tinh chét sau

(i) (COUNTABLE ADDITIVE) Néu {4, } 1a mot
day cac phan tir ro1 nhau trong 9 thi

alJay = u4)

n=1

(ii) c6 B trong 9 dé cho n(B) <ow

Lic do ta noi p la mot do do duong trén X.
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(i) WE+a) =wWE) VEed, aeR".

(iv) WcE) =|c|"WE) VEed, ceR\{0}.

Pinh nghia. Ta goi 9 va p lan luot 1a o-dai s6
Lebesgue va do do Lebesgue trén R™ .

Trong gi4o trinh nay 9K va p ludn ludn 14 o-dai s6
Lebesgue va d¢ do Lebesgue trén R™.
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Pinh ly . Cho E 1a mot tap do dugc trong R™ véi p(E)
hitu han, cho mét s duong €. Luc do6 c6 mot tap
compact K vamdttdp md V'saocho Kc EcV va
u(V1K)<e.

Pinh ly . Cho mdt tdp compact K va mot tdp mé V
trong R" sao cho K < V. Luc d6 c6 mot ham s lién
tuc ¢ tr R™ vao [0,1] sao cho

) 1 Vxek,
X)=
¢ 0 VxeR"\V.
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Bai toan 1. Cho £ 1a mét tap do duoc trong R" véi
u(E) hiru han, cho mét sb duong €. Luc dé c6 mot ham
s0 lién tuc ¢ tir R™ vao [0,1] sao cho

p(x e R": xp(0) #9(x)}) < &

Hudéng dan. Viét 15 bai toan

E do dugc trong R" (1)
H(E) <oo (2)
>0 (3)

Tim ham s6 lién tuc ¢ tir R vao [0,1] sao cho
p({x e R LeihEQM) < e (B

Ta viét rd két luan:

L{x eE:px)# 1} U {x e RMNE:@x)#0} ) <e(5)
Yéu t6 “lién tuc” trong két luan lién quan dén cac tap
hop dong va mo, nén ta Vié‘g “tap £ trong cac gia
thiét ra dang c6 lién quan dén cac tap dong va mo:

C6 mot tap compéc K vamot tdp mé V' sao cho

KcEcCcV (6)
n(Vl K)<e (7)

C6 mot tap compic K va mot tap mo ¥ sao cho

KcEcV (6)
uVl K)y<e (7)

Tim cac lién hé gitra “tap compdc K — tap mo V' va
ham s0 lién tuc:
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Tim céc lién hé gitra “tap compac K c tap m& V' va
ham s6 lién tuc:

C6 mot ham s6 lién tuc 1 sao cho

) 1 VxeKk,
xX)=
i 0 VxeR"\V.

Péy {x cE:mx)#1} U {x e R"\E :n(x) #0} chua
trong (E\ K)u (VVE)c VK. Chon¢=n.
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Pinh nghia. Cho Q 1a mot tap do dugc trong R™, m s6
thue ¢, . . ., ¢,,, va m tap do duoc 4,, . . ., 4,, chira
trong Q. Dat m
s(x) = ZCi;(A (x) VxeQ.

i=1 i

Tandi f 1a mdt ham don trén Q.

Pinh nghia. Cho Q 1a m¢t tp do dugc trong R". Cho
/ 1a mOt anh xa tur Q vao [-00,00]. Ta ndi £ la m(:)t anh
xa do duoc trén Q néu f-'((a,0]) €M vGi moi so thuc
a.

GIAI TICH THUC - CH 1 9

Pinh ly . Cho /' 1a m{t ham do dugc trén mot tap do
dugc Q . Lic do c6 mot day cac ham don {z,,} trén Q
sao cho

lim ,,(x) = / (x) V xeQ.

Pinh ly . Cho /' 1a m6t ham do dugc trén mot tip do
duogc Q trong R™. Gia s f{x) > 0 v&1 moi x trong Q.
Lac d6 c6 mot day cac ham don {s,,} trén 2 sao cho :

0<s;(x¥)<s5x)<...<s5,(x)<f(x) VxeQ.
li_rgsm(x):f(x) vV xeQ.

SIAI TIRH THYR - & 10

Pinh nghia. Cho E € 9t bit
[sdu=3 cu(4.NE)

E 1<k<m
va goi |sdu latich phancias trén E. Tich phan

\ r E A v
nay co thé bang « .
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Pinh nghia. Cho Q 1a mdt tdp do duogc trong R, cho

Ee o, va f 1a mot ham do dugc tr Q vao [0,].

bat & (f) laho cac ham don s trén Q saocho 0 <s <

va dat )

U i .[Efdyz sup J.ES du
seF(f)

Ta goi JE fdu 1a tich phin Lebesgue cia f trén
E v6idodop. Tich phan cia f ¢ thé bang o .
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Pinh nghia. Cho Q 1a moét tap do duoc trong R?,
Ee 9, vaf la mot ham thyc do dugc trén Q.

Luc d6 | £ 1a mot ham s6 tir Q vao [0,00). Gia sir
Jo!fldu<e.
bat /7 (x) = max{f(x), 0}, /~ (x) = max{- f(x), 0} va.
Jprdu=[ fdu=| f du
Ta goi _[ £ fdula tich phan Lebesgue cua f trén
E v6idd dop. Tich phan cia f 1a mot sé thyc.
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Pinh ly (hoi tu don diéu Lebesgue).

Cho X 1a m0t tdp do duoc trong R™ va {f} la
mot ddy anh xa do dugc tor Xvao [0, ], f la mdt
anh xa tr X vao [0, oo] va gia su

1 fix) < fi(x) £ - < f(x) < - Vx e X

(1) f(x) = lmf (x) Vxe X
Luc do
ffin = Jyimida = Im]hiu

GIAI TICH THUC - CH 1
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B6 dé Fatou. Cho Q 1a mot tap do duoc trong R®,
Eeon,va{g,} la diy anh xa do dugc tu € vao
[0,00] . Tacd

IEl1m1nfgmdy < hgnn_}ng.Egmdy

m—>0
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DPinh ly 6 (h§i tu bi chin Lebesgue) .

Cho Q 1a mot tap do dugce trong R* va  {f,} la
mot ddy ham s6 kha tich trén Q, f 1a mét ham sb
trén X va gia st c6 mot ham sb g kha tich trén Q sao
cho

O |f,®] = gx) VxeQ, Vme N

G) f(x) = limf (x) VxeQ
Lac do f kha tich trén Q va
Jofdu = lm|o fdu va
lim [ £, =Sl = 0.
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Bai toan 2. Cho QQ 1a mot tap do dugc trong R, cho
Ee 9, va f la motham do dugce tor Q vao [0,0].
Gia st u(£) = 0. Ching minh

JoSdu=0
f 12 mdt ham do dugc tu Q vao [0,0] (D)
HE)=0 2)
e ®

Xét truong hop don gian f 1a mot ham don
s(x) = ZCI.;(A (x) VxeQ.
it i

[ sdu=73 e EN= D c0=0 )

1<k<m 1<k<m

Lién hé v6i phan da chirmg minh, xét ham f phtc tap
hon mét chut f=g>0:

C6 mot diy ham don {s,} tién lén timg diém vé g trén
Q. 4)
Lién h¢ (4) voi yéu td “tich phan”, ta c6 dinh 1y hoi tu
bi chan Lebeague

—1i — 5
fsauetin] sdu=0
Xét ham f tong quat. Lién hé v6i phan da ching
minh: /= f*-f-.

Jfdu=] rdu-[ fdu=0
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Bai toan 3. Cho Q 1a mdt tap do dugc trong R" va f
la mot ham do duoc tor Q vao [0,0]. Gia st
J' fdu<oo voimoi E€ 9. Chimg minh
E
H({x € Q: f(x)=00}) =0
Lam r0 ky hiéu “f(x) =0 : f(x)>a V a € R. Vay
{er:f(x):oo}:ﬂaeR{er:f(x)Za}

I fdu=0 vOoi moi Ee 9 (1)
p{x e Q: f(x) =)< p({x € Q: f(x) > aj)
voimoi o € R. (2)

Choa e R,dat E = {x € Q: f(x)>a}, tinh W(E,)) (3)

GIAI TICH THYC - CH 1

Ifd#zo v6i moi Ee 9t (1)

E

M(ix e Q: f(¥)=o0)) < p({x e Q: f(x)2a))
voi moi a € R. (2)

Choa € R,ddt E = {x € Q: f(x) >a}, tinh W(£,) (3)
Khi c¢6 cac diéu kién vé tich phan cua 1, dé tinh do do
cua mot tap hgp c6 dinh dang dén f': xét tich phéan ctuia
|/ trén tap do va udce lugng tich phan d6 theo cac quan
hé cua tap do doi voi f

0=], fdu=| adp=ouE,) (4)

Ch()Il oa=1 GIAI TICH THUC - CH 1 20




Bai toan 4. Cho Q 1a mdt tap do dugc trong R", f va
g la hai ham s0 kha tich trén Q. Dt

B={xe Qf(x)#gx) }.
Gid st p(B) = 0. Cho E la mot tap do dugc chtra

trong Q, chiing minh
IE fdﬂ:IE gdu.

bath=f—g.Taco B= {x € Q: h(x) #0 }. Bai toan
tr¢ thanh

Bai toan 5. Cho Q 1a mét tap do duoc trong R, f va
g 12 hai ham s6 kha tich trén Q. Dit
B={xe Q:f(x)#gx)}.
Gia st voi moi mot tap do dugc £ chira trong QQ
J-E fdﬂ_.[E gdu.
Chtirng minh p(B) = 0.

bath=f—-g.Taco B= {x € Q: h(x) #0 }. Bai toan
trd thanh

p({x € Q: h(x) #0 }) =n(B)=0 (1)
Cho E do dugc = Q :? .[Ehd!l:() (2)
Jhau=], duz ] e @)
Cho E do dugc c Q thd/l=0 (1)
? uw(B)=0 (2)

Talam 14 (1): B= {x € Q: |h(x)| #0 } va
w 1
xeQ:h(x) 0= {reQ:|(x) |>;}
bat C,={xeQ: h(x) >m'} va D,={xeQ: - h(x) > m''}
vo1 moi s6 nguyén m. Vay

8=, coulU,. D)

uB) = (U oUW D) <D i(C)+ S (D)

m=1 m=1

? W(C,)=w(D,)=0mcniop=12, ... @)

Cho Edodugec Q[ hdu=0 1)
? nB)=0 (2)
GIAITICH THYC - CH 1 22
Cho E do dugc — Q IEhdﬂ=0 (1)
C,={xeQ: h(x)>m'} va D ={xeQ: - h(x) > m'} (3)
? WC)=wD,)=0 VYm=12,... )

0=, hdu=[ —du=--n(C,)
0= IDm —hd 1 > IDm %dﬂ = %U(Dm)

Vay u(C,) =w(®D,)=0
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Pinh nghia. Bat M(Q) 1 tdp hop cac ham sé thuc do
duogc trén Q. Cho f'va g trong M(L2), ta néi f~ g néu
H({x € Q: gx)—f(x) #0})=0

Bai toan 6a. Ching minh quan hé ~ 1a quan h¢ tuong
duong trén M(Q) .

Cho /', g va h trong M(Q2), chiing minh

f~r

f~g=g~f

f~gvag~h= f~h

Chiing ta s& ching minh tinh chat truyén

f, g vahtrong M(Q) (1)

f~g 2)

g~h 3)
? f~h 4)
Lam rd bai toan

f, gvahtrong M(Q) (1)

H({x € Q: glx)—f(x) #0})=0 2°)
H({x € Q: h(x)—g(x) #0})=0 (3"
Tu({x € Q: h(x)—f(x) #0})=0 4)

f, gvahtrong M(Q) (1)
H({x € Q: glx)—f(x) #0})=0 (2°)
H({x € Q: h(x)—g(x) #0})=0 3°)
? M({X €Q: h(x)—f(x) #0})=0 4)

’\ “#” thanh (6 29

A={xe Q: gx)—f(x) =0}: W(Q\A)=0 (2”)
B={xeQ: hix)—g(x) =0}: W(Q\B)=0 (3”)
C={xeQ: hx)—f(x) =0}:?2W(Q\C)=0 (4"
Tim cac yéu t6 “gidng gidng khac khac”: C, A vaB.
Quan hé cta ching : 4 "B c C. Chuyén qua yéu t6
conlai: (Q\4) U (Q \AB) > Q\ C Chuyén qua yeu t6
conlai: pQ\A) +p@ VL W\ o)

Bai toan 6b. Cho f, g, & va k trong M(Q). Gia su
f~g va h ~ k. Chung minh ( f+h) ~ ( gtk).

p(ixr € Q: glx) - f(x) #0})=0 (D
H({x € Q: k(x)—h (x) #0})=0 )
? M({x € Q: [A(x) +f(x)] - [gkx) + k()] #0})=0(3)
ién “#” thanh “="

AZ{er. gx)—f(x) =0}: w(Q\A4)=0 (17)
B={xeQ: k(x)—h((x) =0}: w(Q\B)=0 (2%)
C={xeQ: [hx)+f (x)] - [g(x)Tk(x)] = 0}:

2 w(Q\ C) =0 (3"
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A={x e Q: g(x)—f(x) =01 w@Q\A)=0 (1)
B={xeQ: kx)-h(x) =0:w(Q\B)=0 (2°)
C={xeQ : [A(x)*+f (x)] - [g(x)+k(x)] = 0}:

2U(Q\NC)=0 (3%)
Tim cac yéu t6 “gidng gidng khac khac”: C, Ava B .
Quan hé ctia chung : 4 N B c C. Chuyén qua yéu t6
conlai: (Q\A4) U (Q\B) > Q\C. Chuyén qua yéu to
conlai: wQ\A) +u(Q\B)> w(Q\C)
Bai toan 6¢. Cho f va g trong M(Q) va a.e R. Gia su
f~g. Ching minh (af) ~ (0g).
Bai toan 6d. Cho f, g iwh va k trong M(Q). Gia st
f~g va h ~ k. Chung munh ( 1.h) ~ ( g.k). ”

Bai toan 6e. Cho f, g, h va k trong M(Q). Gia str
f~g , h~k vapu({x eQ: fix)>h(x) })=0. Chiung
minh p({x €eQ: g(x) > k(x) })=0

u(ix € Q1 glx) —f(x) #0})=0 (1
u(ix € Q: k(x)—h (x) #03) =0 2)
u({x €Q: flx) > h(x) ;) =0 3)
7 u({x €Q:g(x) > kx) ) =0 4

Bién “#” thanh “=”
A={xe Q: gx)—f(x) =0}: w(Q\4)=0 (1)
B={xe Q: k(x)—h((x) =0}: u(Q\B)=0 (2%)
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A={x e Q: gx)—f(x) =0}: W(Q\4)=0 (1%)
B={xe Q: k(x)—h((x) =0}: w(Q\B)=0 (2%)
C={x eQ: fix) <hx)}: y(Q\C)=0 (3)
D={xeQ:gx)<kx)}:?2u(Q\D)=0 4)
Tim cac yéu t6 “gidng gidng khac khac”: D, 4, B va
C . Quan hé ctia chung : 4 N B N C  D. Chuyén qua
yéu o con lai : (Q\4) U (Q\B) U (Q\C) D Q\D.
Chuyén qua y€u t0 con lai :

WQ\A) +pw(Q\B)+ w(Q\ C) > wQ\D)

GIAI TICH THYC - CH 1 31

Pinh nghia . Cho ftrong M(Q). Dat
f={geM(Q):g~f}, N ={h:he M(Q)}.
Pinh nghia . Cho mét s thuc o, fva g trong M(Q).
bath=f+g,k=0of vau=f.g.Taky hi¢u
f+g=h,
af =k,
f.e=i.
Bai toan 7. Chiing minh N(Q) 1a mdt khong gian
vecto v&i cac phép cong va nhan noéi trén.
Huéng din. Dung cac bai toan 6a, 6b va 6c¢.
Pinh nghia. Cho u va v trong N(QY), feuvag ev.Ta

THUC - CH 32

n6i u < vnéu p({x € fﬁ\I:ﬂ_CfZX) >g(x) 1 =0.




Pinh nghia. Cho ue N(Q), E €9t va E c Q. Taky
hi¢u
.[E sd néu s eu va s 1a mot ham don
IEudu: Lgdu néug euvag=>0trén Q
j hd néu h eu va h kha tich trén Q.
E
Trong trudng hop cudi, ta nodi u kha tich trén Q.
Pinh nghia. Gia sir véi moi x trong Q c¢6 mot tinh chat

P(x). Ta n6i P diing hau hét khip noi trén Q néu
n({xeQ : P(x) khong dang}) =0

Cho fva gtrong M(Q), lac d6 f~g co6nghia
f@) =g ™ hhkn trén Q|

33

Bai toan 8. Cho {u,,} 1a m¢t ddy trong N(Q2). Cho f,,
vag, trong u,. Gia st

u({x € Q: {f, (x)} khong hoi tu})=0
Chung minh p({x € Q: {g,(x)} khong hoi tu})=0.

u(ix € Q: g, (0)-£,(0)=0}) =0 (1)
u({x € Q: {f,(x)} khong hoi tuj) =0 )
? u({x € Q2 {g,(x)} khong hoi tuj)=0 3)

Bién “#” thanh “=" va “khong hoi tu” thanh “hdi tu”

A,=x e Q: g, (x0)—f,(x) =0} n(Q\4,)=0 (1)
B={x e Q: {f, (x)} hoi tu}: W(Q\B)=0 (2°)
C={x € (2 {g, ()} hQidu}d HQ\O)=0  (2°)

4,={x e Q: g,(x)—f,x) =0}: u(Q\4,)=0 (1)
B={x € Q: {f,(x)} hoi tu}: p(Q\B)=0 (2°)
C={x € Q: {g,()} hoi tu}: ? W Q\C)=0  (27)
Tim cac yéu t6 “gidng gidng khac khac” : C, A, vaB.
Quan hé cua ching : ("4, ) N B < D. Chuyén qua yéu
t6 con lai: (Q\n4,,) U (Q\B) > Q\C. Chuyén qua
yéutdconlai: =
D QN A,) +u(Q\B) = po(Q\ C)
m=1
Dinh nghia. Cho {u_} 1a mot day trong N(€2) va u
trong N(€2). Ta ndi {u,} hoi tu v& u trén Q néu co f
trong u va f,, trong u,, sao cho {f } hoituvef
A 8181 TicH THYC - CH 1 35
h.h.m.n. trén Q.

Bai toan 9. Cho {u,,} 1a m¢t ddy trong N(Q2). Cho f,,

va g, trong u,. Chung minhlim inf £ ~ liminf g,

u({x € Q: g, (x)-£,(x)=03)=0 (1)
? ,u({er:limigf |, - liInILiilf g,70})=0 (3)
Bién “#” thénhn:=”
A4,={xeQ: g (x)—f,x) =0} u(QQ\4,)=0 (1)
B={xeQ:liminf f, - liminf g =0} :

? W(Q\B)=0 )
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A,~x € Q: g, () —f,() =0} w(@\4,)=0 (1)
B={xeQ:liminf f, — liminf g, =0} :

? WQ\B)=0 2°)

7
A 66

Tim cac yéu t6 “gidng gidng khac khac” : B va A4,.
Quan hé cia ching : "4, c B. Chuyén qua yéu t6 con
lai: (Q\n4,) > Q\B. Chuyén qua yéu té con lai :
> u(Q\4,)2 u(Q\B)
m=1

Dinh nghia. Cho {u,,} 1a m¢t diy trong N(Q), f,,
trong u, va g =Iliminf g . Ta ky hi€u

n—>w

liminfu, = g

QA4 =0 (1)

WO\ B)=0 2)

D,={xe Qf (x)—-g,x)=0}: (QQ\D,)=0 (3)
?7 w(Q\C)=0 4)

Tim cac yéu t6 “gidng giéng khac khac” : C, 4, Bva
D,,. Quan hé cua chung : 4 "B (ND,,) c C.
Chuyén qua yéu t6 con lai :
Q\AHUQ\BU@Q\NnD,)>Q\C hay

(Q\A) U (Q\B)U(UQ\D)>Q\C

Chuyén qua yéu t6 con lai :
QN A)+ 1(Q\ By edué( @1 D,) = 1(Q\C)

m=1

10

Bai toan 10. Cho {u_} 1a mdt day trong N(Q) va u
trong N(QQ). Cho fe u, f,, va g, trong u, v&1 moi m.
bat

A={x € Q: f, (x) > fix) }

B={xeQ:0< gx)< gx)<..<g,x=<...}
C={xeQ:0< filx)<f(x)<.. = f,(0)=<...}
Gia st w(Q\A4)=0 va w(Q\ B)=0.Ching minh

pQ\0O)=0.

w\A4)=0 (1)

wWQ\B)=0 (2)
D ={xecQ:f(x)-g, x)#£0}: w(Q\D,)=0 (3)
2 WQ\C)=0  cmriontuc-onr (4)

Bai toan 11. Cho {u_} 1a mdt day trong N(Q) va u
trong N(QQ). Gia st
(1) {u,} hoituvéutrén Q.
0wy, <u,<...<wu,<.... trén Q.
Chu inh :
Hhe min lim| u dx= L} udx

m—>oo

Theo bai tap 10, c6 f € u, f,, € u,, vé1 moi m, sao cho

A={x e Q: f, (x) > flx) } :m(Q\A4)=0 (1)
B={xe:0< fix)<f,(x)<.. < f,(x)<...}:
wWQ\B)=0 (2)

Bai toan trd thanh
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A={x € Q:f (x) > fix) } :(Q\A4)=0 (1)
B={xeQ:0< fi(x)<f,(x)<.. < f,(x)<...}:

WQA\B)=0 (2)
Jotndp= | fudp Vm ()
J‘Qud,u=J‘Qfd,u Vm 4)
9 jQ ud y = lim jQ u du (5)
Bé w(Q\4)=0 vauw(Q\B)=0:dat
f(x) Vxe AU B,
g(x)={ 0 v
xeQ\(4UB).

£, (x) Vxe AU B,

gm(x):{ 0 G|A|TWF@°@N(AUB)° "

Bai toan 12. Cho {u,,} la mot day trong N(€2). Gid st
u,,> 0 vo1 moi s6 nguyén m. Ching minh

liminf u,dx <liminf _u,dx

Q moowo m—>o0
3/, €u,,A,~{x € Q:f,(x) 20} : j(Q\4,)=0 (1)
[wdu=] f,du  vmeN 2)
[ timinfu,dx <liminf | u,dx 3)
Q moow m—o Q

Bé w(QQ\A4)=0 :dat

) f.(x) VxeA,

X)=

gm 0 V)CEQ\A
dg,c€u,: g,x)=0 vV xeQ (1)

Jotudn =], e A= THHIPE N @)

11

g,,(x) > g(x) vV x eQ (1)
0<g»<gx)=<..<gMx<...VxeQ (20
jQumdﬂ= Iggmdﬂ Vm e N (3)
Igudﬂ=fggdu Vm e N 4%)
2 [dpslim [ v dp (5)
Dung Dinh 1y Hoi tu don di¢u
? | gdu=lim| g,du (6)
Tu (37), (4”) va (6) ta co (5)
GIAI TICH THUC - CH 1 42
dg,€u,: g,)=0 V xeQ (1)
fguma’#= fggmdu Vm e N (2)
[ timinfu,dx <liminf [ u,dx 3)
Q m-ow m—»o0 Q

Dung B6 dé Fatou:

[ liminf g,dx < liminf |_g,dx

Q m-ow m—o©

GIAI TICH THUC - CH 1
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Bai toan 13. Cho {u_} 1a mot day trong N(QQ) va u
trong N(Q2). Gia su c6 v trong N(QQ)

(i) {u,} hoituvéutrén Q .

(1) |u,, | < v trén Q, V m elN]

(1ii) J.Q vdx < o0,

Chtrng minh

lim | u,dx= IQ udx

m—>o0 J Q

va limI |u, —u|dx=0
m—o0 d Q
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Pinh nghia. Cho p € [1, ). Ta ky hiéu L(Q2) 1a tap
cac 16p ham u trong N(Q2) sao cho

LJuﬁh<w.
Ta dat

ol =] _Ju P}

DPinh nghia. Ta ky hi¢u L*(Q) 1a tap cac 16p ham u
trong N(Q) sao cho c6 f trong u va mot sd thuc M dé
cho p({x: ) > M }) =0

Ta dat
lull,=inf{M>0: ({xeQ:| f(x)>M})=0} Vuel (Q),fecu

GIAI TICH THUC - CH 1 2;

Vuel’ (Q)
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Bai toan 14. Cho u € N(Q) va kha tich trén Q. Gia st
JQ| uldx=0.

Chirng minh  u = 0.

3 feu fkhatichtén Q: [ | fldx=] |uldr=0.(1)
BT 5: “gkha tich trén Q IEgdx =0voimoi E € 91,
EcQ’=%“g~0"

[ fax=0 véimoiE e on )

Lién hé céc yéu to

[ —Irlaxs< ~Iflac<[ fac<[|fldx<][|fldx (3)
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Bai toan 15. Cho p trong [1, ], u € LP(Q) vaf e u .
Chirng minh p({x €Q: f(x) =o}) =0.

Bai toan 16. Cho u € L*(Q) va f € u . Chiing minh
u({x € [f (o)l > [lull,.3) = 0.

[[ull, = inf {M >0 p({x €Q: |[f(x)|>M}) =0} (1)

7 p({x €Q [f () > lull,3) =0 ()
Tim cac yéu t6 “gidng khac khac” : M va |Jul|, . Lam
chung giong nhau: c6 mot day {M,} trong tap hop
{M20: p({x €Q:|f(x)| > M}) =0} hoi tu ve |Jul,,
Vay v6i moi s6 nguyén n co k sao cho
ull,, < My < lull,+ nt

n({x eQ: [f ()| > [usffyrienmmie} == 0 (#7)




p({x €Q: [f () > [ull,, +n' })=0 (17
7 p(x €Q [f ) > lull,3) =0 2)
Viét bai toan cung dang
e fPluly =, xeQ: ()] > |ull, ++ O)
Tu (1’)va(3),tacd (2)

Bai tap 17. Ching minh ||.||, 12 mot chuan trén L2(QY).
Chou,v, we L7(QY),a € R

dfeuw IM: p({x: |[fix))>M})=0 (1)

]l =inf{M 02 u( x €Q:| f(x) > M}) =0} )
2 v].z0 ] 3)
? || v ||oo = O = VaAprl'CHTHU’C-CH1 (43)

Viét rd bai toan
inf {K>0: n(xeQ: | af(x)| > K})=0} <

| ol inf {M>0: u(xeQ: |f(x)|>M})=0} (3°)
inf {K > 0: p(xeQ: | of(x)| > K})=0} >

| a| inf {M > 0: w(xeQ: [fix)| > M})=0} (4°)
Viét bai toan cung dang
inf {K > 0: p(xeQ: | af(x)| > K})=0} <

inf {M>0: p(xeQ: | af|fix)|>M})=0} (3°)
inf {K>0: p(xeQ: | of(x)| > K})=0} >

inf {M > 0: p(xeQ: | affix)|>M})=0} (4)
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? fav,=[al v )
2 vEwll < vl + 1wl (6)
Ta chtrng minh (5) va (6)

Ching minh (5)

Chof ev

[Vll, = inf {M 2 0: p(xeQ: [fix)| > M})=0} (1)
|| ov||,,=inf {K>0: w(xeQ: | afix)| > K})=0} (2)

o |l< |al[v] 3)
o |l= [al||v] 4)
GIAI TICH THUC - CH 1 50

Chting minh (6)

Chofevvagew

V]|, =inf {M 2 0: p({xeQ: [fix)| > M})=0j] (D
wll,,=inf {K20: p({seQ: |g(s)| > K}N=0}  (2)
[vtw]l,, =inf{L > 0: p({reQ: [fi)+ g(#)| > L})=0;(3)

VAWl <[l + (Wl 4

Viét ro bai toan

inf{L > 0: p({reQ: [fit)+ g(f)| > L})=0} <

Ve + W] 4)
7 p{reQ it g > [, +wll, =0 (47)
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V]|, =1nf {M 2 0: p({xeQ: [f{x)| > M})=0} (1)
W[l =inf {K'>0: u({seQ: |g(s)| > K})=0] 2)
7 u({reQ: [t g > (vl + [wll, =0 (47)
Viét bai toan cung dang
p({xeQ: [fx) > (vl })=0} (17)
H({s€Q2: [g(s)] > [[w[|oo })=0 (2%)
7 u({reQ: [t g > [l + [wll, =0 (47)

Viét quan hé¢ cta céc yeu to “gidong giong khac khac”

e it g > Ml *[wll. 3 <
xeQ )l > (vl § g > wlloy

GIAI TliH THUC-C

[lv+wldu<| [Iv]+|wldu (5”)
Xét lién quan gitra cac yeu to “giong giong khac
khac”: v+w| <] +w].

DPinh ly (Hoélder) Cho p va g trong (1, «©), f trong
LP(Q) va g trong L9(Q) sao cho p' + ¢! =1. Lac do
1/ 1/
|ijgdx| < {IIQIfI” dx} P{le|g|q dx}"e
Pinh ly (Minkowski) Cho p trong [1, ), f vag
trong LP(E). Luc do6
1/ 1/ 1/
{|jQ|f+g|P dx)"” < {|jQ|g|P dx} P+{|jQ|g|P dx)"”

Bai toan 19. Cho p trong (1, «), ching minh ching
minh (LP(Q),||.||,) 1a ni6tkiiBitgegian dinh chuén.
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Bai tap 18. Ching minh |||, 12 mot chuan trén L'(Q).
Chou, v, we L”(QQ),a € R

Nl = |uldu (1)
2 vI],=0 (2)
?2v], =0 & v=0 3)
2 lavi=lallv 4)
2 [fv+wl <[]l +lwl] (5)
Ta chirng minh (5). Viét rd bai toan

[lvewldus| |[vidu+] |wldu (5")

[ v rwldus[ |+ e (57)

Dinh nghia. Cho {u,,} 1a m¢t ddy trong N(QQ) va f, €
u, v61moi sO nguyén m. Dat s, =f, + -+, v61 moi sO
nguyén n. Neu {s,} hoi tu v€ s trong Q. Ta dat

S, =3
m=1

Bai toan 19. Cho p trong [1, o] va {u,} trong LP(QQ).
Gia su ZZ’_I u, hoi tu vé u trong LP(Q).

Chtrng minh e
e, < Dol 1],
k=1
batv,=u, +. ..+ u, véi moi s6 nguyén n.
Ch08>0 coN(a) eNifu—v,)l, Yrn=2Ne) (1)

lall,= IIEHC“IT“@ZI fu,, 1l (2)




Choe>0,coNe) eN: [lu—v,|[, Vn=Ne) (1)
leell,= 112, 11,< D llw,, 1, (2)
m=1 m=1

Lién két cac yeu to cua bai toan

n
el < Ju=v, [l, +lv,[,<e+ 12 u,l,

m=1

o+ Xlu, <o+ Xlu,l,  VnzNE) G
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Bai tap 21a. Cho mét mot day {u,} trong L*(€2) va f;
€ u, voi moi k. Gia st Y, [l |, <.
Chung minh Y, /i(x) hoitu h.h.m.n. trén Q, va co

v trong L*(Q) sao cho m
gLe) |Zuk|£v vV meN.
k=1

A= tx €Q: @) <yl n@\A) =0V keN (1)
Dol <o )
A={x eQ: {f(x)} hoitu}: ? p(Q\A4)=0 3)
Lién hé cac yéu t6 “gidng gidng khac khac”:

ﬂ il A, © A | Viét cing dang voi cac yéu to khac

e el g Q\4, -
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Bai tap 20. Cho p trong [1, ) va mdt mot day {u,}
vamot u trong LP(Q). Gidsu c6 g € LP(Q), f€ uva
f, € u, vG1 moi k sao cho

lim £, (x) = f(x)  VxeQ,

| fu(x) 1< g(x).
Chung minh  lim IQ| u, —ul” de=0

Viét bai toan cung dang: dath, =f, —f, v, =u, -u
limh (x)=0 VxeQ,
|4, (%) [< 28(x).

hmJ‘ | Vv |p afxries Qe - cH 1 58
[e) m

mM—»00

Bai tap 21b. Cho mét mot day {u;} trong L'(Q) va f;
e u, voi moi k. Gid st Y|l |l <.
Chimg minh D, /i(x) hoi tu h.h.m.n. trén Q, va c6

v trong L*(Q) sao cho m
g L@ |Zuk|£v VmeN.
k=1

ijgm du < oo (D)
A= xeQ: S A0 hditu}:? p@\A)=0 (2)

Viét bai toan cung dang :
B={xeQ: ) |f,I(x) hoitu}:? w(Q\B)=0
k=1

B= {x €Q: (3] £ |(ahdiduki? mQ\B)=0 @)




[ M <os (1)
B={xeQ: (3| /() hoitu}:? p(Q\B)=0 (2)

Pat &= Zm () 1 0<g ()< g, <. .. <g, ()T
Dung dinh ly h01 tu don diéu Lebesgue

jQZm klﬂ=1nigr(}fﬂz_:|./‘k WﬂgZLI.ﬁ uu=ijg|fk du

Vay i 7| khitichvataco(2).
k=1
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1/p 1
INACZEEE )
1n <zm Vi <z{j |fk|du}””<2{1 | filldu = Zuuk 1,(3)
B={x eQ-{Zlfkl(x)} hoi tu}: ? W(Q\B)=0 (2°)

k=1
pate, () =Q | i (DY 0< g (D)< g (<. .. <g,x) T
Dung dinh 1y7hoi tu don diéu Lebesgue

o b =tim [ (0,

<tim{Y (] [ £ [du'y” —{ZI |

n—>0 j=1

Vay (3£ 1 Khadishydaco 27, @
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Bai tip 21c. Cho p €(1,00), mot mot day {u,} trong

Lr(Q) vaf, € u véimoi k Giast " [|lu, |, <.
Chimg minh ), /i(¥) hoi tu h.h.m.n. trén Q va co

v trong LP(Q2) sao cho o

|Zuk|£v VmeN.
S P <o M)
)

A={xeQ: Y f,(x) hoity}:? p(Q\4)=0 (2)

Viét bai toan cung dang :
B={xeQ: ) |f,I(x) hoitu}:? w(Q\B)=0

k=1

B= {x €Q: (3| £ |(ahdiduki? mQ\B)=0 @)

Bai tap 21d. Cho p trong [1, 0] va mdt mdt day
Cauchy {v,}trong L(QQ). Chirng minh {v,} hoi tu
trong LP(QQ).

—m

Co day con {v, } cia {v,} saocho [[v, -V, [,<
v&i moi sb nguyén m. Bat u,, = Vi T Vk v6i moi s6
nguyén m. Theo cac bai tap trudc U, hoituve
u trong 1LP(Q)). Vi Ve =V +Z uknen v
hoiveé v, +u trong LP(Q)
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Bai toan 22. Cho p trong [1, o0) va mot day{v, } hoi tu

vé v trong LP(Q). Ching minh c6 mot diy con W}
cua {v,} vaw trong LP(Q) sao cho [v,, | < w trén Q.

H.D. Chon {v, } nhu trong bai toan 21c. Dat

0
w= |Vk1 |+Zm=l |Vkm+1 Vi

m

GIAI TICH THYC - CH 1 65

Pinh ly. Cho p trong [1, ). Dat
C={uel’(Q):coham lién tuc f cu}.
Chung minh C tru mat trong LP(Q).

H.D. Cho v €S§. Dung bai toan 1 chung minh c6 mét
day {f,} trong C hoi tu vé v trong LP(Q2).

Dinh nghia. Dat C (R") 1a tap hop cac ham sd thuc
lién tuc f* trén R" sao cho c6 mot tap compact K, chira
tap {x € R": fix) # 0}.

GIAI TICH THUC - CH 1 67
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Bai toan 23. Ching minh L?(QQ) 1a mot khéng gian
Hilbert véi tich vo hudng sau:
<u,v>= IQ wvdx  Yu,vel’(Q).
Dinh ly. Cho p trong [1, «). Dat
S={uelP(Q):codham dons cu}.
Ching minh S tru mat trong LP(QQ).

H.D. Cho v €L7(Q)), chirmg minh c6 mét day {s,,}
trong S hoi tu vé v trong LP(Q). Xét truong hop v > 0.
Dung Pinh 1y 4 va bai tap 20.

GIAI TICH THUC - CH 1 66

DPinh ly. Cho p trong [1, «). Dat
C.=Cn C[(RM
Ching minh C, tru mat trong LP(€2).

H.D. Dung bai toan 1, ching minh c6 mot ham s6
thuc lién tuc g, tir R" vao [0,1] sao cho

) 1 Vx, || x [ m,
x)=
En 0 V|| x> m+1.

ChofeC. Pit f, =g,f . Ap dung bai toan 20.
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DPinhly.Chop € [, ®), g € (1, 0] v&ipl+q'=1, va
T 1a mdgt anh xa tuyén tinh lién tuc tr LP(QQ) vao R.
Luc d6 ¢6 duy nhat mot ue L4(Q) sao cho

T(v)= J-Q uvdx Vv el’(Q),

I =l

Pinh 1y . Cho p € (1, ®), g € (1, ©) vdi pl+g ! =1,

va {u,} la mot day bi chan trong LP(€2). Luc d6 co u

trong LP(QQ) va mot day con {»,, } cta {u,} sao cho
limj u,, vdx =IQ uvdx Vv e L'(Q).

k—0 d Q)

GIAI TICH THUC - CH 1

om
©o

Huéng din. Cho E 1a mét tap do duoc trong R” véi
W(E) <oo. Xét truong hop f 1a ham dac trung cua E.
Chung minh g 1a ham dac trung cua (a — E).

Bai tap 26. Cho u eL!(R") va £1a mot sb thuc duong.
Chtng minh c¢6 mot s6 thuc duong & sao cho véi moi
tap do duoc E voi W(E) < o thi
| Juldu< &

Huéng din. Xét cac truong hop f 1a ham dic trung,
ham don va ham khong am.
Bai toan 27. Cho £ 1a mot tap do dugc trong R” véi

W(E) < oo, va rvas trong [1,00) sao cho » < s. Chung
minh L5(E) c L'(E) warichthuc-ch 1 7
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Bai toan 24. Cho u eL'(R”) va a la mot s6 thuc khac
khong. Cho f € u, dat g(x) = flox) v&i moi x trong R”.
Ching minh g kha tich va

[ edu=lal" | fdu.

Huéng dan. Cho E 1a mot tap do duogc trong R” véi
W(E) < oo, Xét truong hop f 1a ham déc trung cia E.
Chung minh g 1a ham déc trung cua o 'E.
Bai toan 25. Cho u e L'(R”) va a la mét vecto trong
R". Cho f € u, dat g(y) =fla - y) véi moi y trong R”.
Chtrng minh g kha tich va

Jpogdu= [, fan.
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Huéng din. Diatp = rlsvag = (1-s'7)'. Chou
LS(E), f € u va g 1a ham dic trung cia E . Ap dung bat
dang thire Holder cho |f]" va g.
Bai toan 28. Cho £ 1a mét tap do dugc trong R”, p €
[1,0), u € LP(E) vafe u Gia st

jEfgdy =0 VgeC@U").
Ching minh =0 h.h.m.n trén E.
Huwéng din. Dung bat dang thirc Holder , chimg minh
dang thirc trén v6i g 1a mot ham dic trung ciia mot tap
do dugc F vol W(F) < oo.
Bai toan 29. Cho E 1a mét tap do duoc trong R”, p €
[1,00], u € LP(E) vafe u. Dit g(x)=fix) néux € E va
g(x) =0 néu x € R"\ B RAg' thinh |g|’ kha tich "




TICH CHAP

Chung ta s& dong nhat R™" v&i R™x R" . Cho A 1a
mot tap con trong R™" va f 1a mGt ham thyc trén A.
V&imbix e R"vay e R"tadat A = {y:(xy) € A},
A = {x:(xy) €A}, f(y)=1f(x,y) néuy e A, va
fYx)=f(x,y) VxeA.

|-

a
AV X
Giai Tich Thyc - Ch2- Tich chap 1

A
’ n s,
y i
L Ll | t s
Ay X m
YOla,)=Dt,=t=s=>5=>">a,,)
m=1 n=1 m=1 n=1 n=1 m=l

DPinh 1y (Fubini) Cho f1a mdt hAm s6 khong Am do
dugc trén R™™", Lic dé

[ fdb, = [T fdi, Tduy,
Giai Tich Thuc-Chz-%ch;rﬁ% [J']Rm f’d Hi ]d H, .
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BN
A B ——

Pinh Iy . Cho f 13 mot ham sb thuwe Lebesgue do

dugc trén R™™, Lac d6 c6 A va B do dugc c6 dd

do bang 0 trén R™ va R"sao cho :

(i) T, 1a m6t ham s do dugc trén R" v&i moi X trong

R™ Ava

(i) fY1a mot ham sb do dugce trén R™ véi moi y

Giai Tich Thyc - Ch2- Tich chap 2

trong R"\ B.

1 t ts itm=t=3=isn:i|am’n|<oo
m=1 n=1

m,n=1

Dinh 1y (Tonelli). Cho g 12 mdt ham sd thyc do dugc
trén R™" sao cho
[0 Jghkdp,ldu, <.
Lic d6 g kha tich trén R™*".,

Chi€u ngugc cua dinh 1y trén chi ¢dn diing nhu sau.

ai Tich Fhye - Ch2- Tich chap




Pinh 1y (Fubini) Cho g 1a mot ham kha tich trén
R™", Lic d6

(i) g, kha tich trén R” vdi hiu hét x trong R™

(ii) g, khd tich trén R™ v6i hau héty trong R

(W) [ 001 = [ 0] gudi ddp, = [ 0] 97du, 1dp,
Bai toan 1. Cho h 13 m6t ham sb do dugc trén R".
bat k(x,y) = h(y) v&i moi (x,y) trong R™". Chirng
minh k do dugc trong R™™.
ChoaeR:{xeR":h(x)>a } dodugc (1)
Choa € R : {(x,y) € R™": k(x,y) > a } do dugc (2

Giai Tich Thyc - Ch2- Tich chap 5

ChoaeR:{xeR":h(x)>a } dodugc (1)
Cho B € R : {(X,y) € R™ : k(x,y) > B } do dugc (2)
Viét bai toan cung dang : dat g(x,y) = x-y

Cho B e R : {(x)y) € R™":h(g(x,y))> P } do dugc
ChoaeR:{xeR":h(Xx)>a } dodugc (1)
ChopBpeR,datB={zeR":h(z)>B }=h'((0,0)):
7 {(xy) e R™":g(xy) € B}=g"' (B)dodugc (2’)
Ta thly k = h.g . Ta tap trung xét g va g'(B) trude.
Ta thAy g 13 m6t ham sb lién tuc trén R™". Tinh ch4t
d&c biét clia g!(B) : g'(B) 1a tAp m& néu B 1a mot tap
mé&. Ma mot tap mQ;thi-do. duqe.lebesgue. .
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ChoaeR:{xeR":h(x)>a } dodugc (1)
Cho B € R : {(X,y) € R™": k(x,y) > B } do dugc (2)
Viét bai toan cung dang

Cho B e R: {(xy) e R™": h(x)>f } do duoc

ChoB eR: {xeR":h(X)>p} xR"do dugc (2°)
Bai toan 2. Cho p € [1,0) va h trong LP(R"). Bat
k(x,y) = h(x-y) v&'i moi (X,y) trong R"™". Chirng minh k
do dugc trong R™™.
ChoaeR:{xeR":h(x)>a } dodugc (1)
Cho B € R : {(X,y) € R™": k(x,y) > B } do dugc (2)

Giai Tich Thyc - Ch2- Tich chap 6

ChoB e R,ddtB={zeR":h@2)>p }=h'((0,)):
7 {(xy) e R™": g(x,y) € B }=g"' (B) do dugc (2°)

Ta thdy k = h.g . Ta tip trung xét g va g'!(B) trude.
Ta thay g 1a mOt ham s lién tuc trén R™". Tinh chét
d&c biét cha g''(B) : g'(B) 1a tap m& néu B 1a mét tap
m&. Ma mot tap m& thi do dugc Lebesgue.

Mat khac B = h"1((0,:0)) . VAay néu h lién tuc thi B
m&, vataco (2°).

Lién hé tinh lién tuc trong két qué vira ch(rng minh
xong va tinh chat cla LP(R"). Theo mét dinh 1y trong
chuong 1: c6 mot day ham sb {h,} lién tuc trén R" sao
cho : {h(2)} hdi tu SENL) VOT1HBI e R . 8




Bai toan 3. Cho f va g 1 hai ham s kha tich trén R".
bat k(x,y) = f(y) g(x-y) v&i moi (X,y) trong R,
Chlrng minh k kha tich trong R™".

f do dugc trén R" (1)

[ f(s)]ds<o0 @)

g do dugc trén R" 3)

[ g dt<oo &)

?k do dugc trén R™" (5)

? [ k(@) dz <00 (6)
Ta chirng minh (6), va tap xét (2) ,(4) va (6)

Bai toan 4. Cho f va g 1 hai ham s kha tich trén R".
Ching minh c6 mét tap A v&i u(A) = 0 sao cho tich
phan sau day xac dinh véi moi X trong R"\ A

[ fnax-ydy
Hudng dan. Dung bai toan 3 va dinh 1y Fubini.

Pinh nghia . Cho f va g 1a hai ham s6 kha tich trén
R". Tich chép cla f va g la ham sO xac dinh nhu sau

2900 =] f(g(x-y)dy vxeR".

Lac @6 f.g kha tich va
[ fgldus< [ 1flduf lgldu

Giai Tich Thuc - Ch2- Tich chap "
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[ 1f(s)]ds<o0 )
[ o dt<oo 4)
? [ k(@) dz <00 6)
Viét bai toan cung dang : dung dinh 1y Fubini
[ k@ ldz=] [T lg(x-y)ld(xy)
= [ L[ Ig0x=y)| dxIdy
[ EWILlg(x—y) dxidy
Viét bai toan cung dang : dats=yvat=x-y
[ EDILlax=y)dxidy = [ 1 T[] g |dtids
=[], f(s)IdsIr] , FoCty Teieeeopen s o

Pinh nghia. Cho uvav trong L'(R"), cho f e uva
g € V. Ta goi 1&p ham twong dwong cla f . g la tich
chap clau vav,vakyhiéulau.v.Luacdo
|| u*v |||_1(Rn)S || u |||_1(Rﬂ)|| v ||L1(Rn) .
Bai toan 5. Cho u va v trong L!(R"). Chlrng minh
U.V=V.,U.
Chofeuvagev,xeR":?
[ fDgx=y)dy = g(s)f(x-s)ds
Lam cung dang: datt=x-y,lucdoy = x-t va
[ fgx=yydy =  f(x-tgtdt

Giai Tich Thuc - Ch2- Tich chap 12




Bai toan 6 . Cho p € (1,), u € L'(R"), va v trong '[Rn| f(s)|ds< o (1)

}Iz?é(l[i%tcrlrll(;ifniiuv‘?;ifg Zf; gll: thnﬁﬁﬁ [];a*n.g e dnh Jul 0@ dt<co 2)
[11(s)]ds<oo 0 ? [l [ FONGOX=y)y dx <
[ g dt<oo ) <[ LI Fg(x=y)dyldx < oo (3)
batk(x,y) =f(y)gx-y) VxyeR": Viét cung dang: ding bat dang thtrc Holder
? Jioa K@ P 2 <0 3) [T a=y iy =] 1 T F a0y iy

Viét rd bai toan | Py
<(J It Idyy ([ | f(llgx=y) [ dy)"?

? [ ] fnoaex—yay [dx < ; | .
, S 1A (LT 190 y) [dy) P dx <0
< [ g0y iyl de <o (3" ftd. L o
[ 1f(s)[ds<e0 (1) [ 1f(9)|ds <o 1)
[ g P dt<oo ) [ la®P dt<o @)
P DI gx-y) [y ] de <0 G7) Y AL T lgx-y) [ dyldx <o €
Lam rd bai toan | i Viét bai toan cung dang : dung dinh 1y Fubini
[ FODFIEO PIx=y) [dy)Pdx = [ f D Tgex=y) P dyldx= [T [ F(y)lg(x—y) P dxidy
= [ 1T E 1y ([ F(y) a0 y)[[dy)ldx = [T 1T, g(x~y)|dx1dy
® Viét bai toan cung dang : ddts=yvat=x-y
=([ | f(y)dy)" f x—y)| dy]dx
(o F0" [ 1] | FO 1100y ey (LTIl ax=y) P axidy = [ £($) L], a(t) P dtlds
2 JolL Tl gx=y) [ dyldx <o @)
=[[ &) [dsILf 19 P dt] <o
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Pinh nghia . Cho p € (1,), u € L!(R"), va v trong
LP(R"), cho feuvagev.cho feuvag e v. Tagoi
1&p ham twong duong cUa f . g la tich chap clau va
v, vaky hiéulau.v. Lic dé

||u>kv|||_P(R")S ||u |||_1(R”)||V||LP(RH) :
Chos=(s,,..., S, tadat|s|=]s,| . .Is, vadao
. x o O°f o f
ham riéng phan la -
OX 0"X,...0™ X,

Pinh nghia . Cho r 1a mét sé nguyén duong va Q 1a
mot tap m& trong R". Bat C'(Q) 1a tAp hop cac ham
s6 thye f trén Q sao cho cac dao ham riéng phén bac
s cUa f c6 va lién tueteerrCraduds < r. 7

Bai toan 7. Cho p € [1,),u € LP(R"), cho f e uva
g € C.(R"). Chtrng minh f.g e C'(R") va
o(f*g) _.,09
OX OX

Vs,|sr.

Chirng minh 5” *9)_ 279 . Chox e R" va
e=(1,0,...,0) [Rn & ‘
A1 29) ) 1041~ T 000
oX, t

-hm1 LLEg0c+te—y) — F(y)g(x- y)dy

={gr01;jRn FIg(x +te - y) - g(x - y)ldy (1)

Giai Tich Thuc - Ch2- Tich chap 19
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Pinh nghia . Cho r 1a mét s6 nguyén duong va Q 1a
mot tap m& trong R". Bat

C.(Q) la tap hop cac f trong C'(Q2) sao cho c6 moOt
tap compact K; trongR"dé cho f(x) = 0 v&i moi X
trong R"\ K;.

C (@) =()_C'().
C (=[], Ci.

Giai Tich Thuc - Ch2- Tich chap 18

og a9
f+—=x)=| f(z)=—=(x-2)d
"5 [ (@) (x-2)az

:J- n f(Z)limg(x+se—z)—g(x—z)dz
R s—0 S

—a(;*g)<x):limljnf(y)[g(x+te—y)—g(x—y)]dy (D
)(1 t—0 t JR
f *g—g(x)szn f(2)lim3X €= -9X=2) o, (2
)(1 s—0 S

Viét cung dang
6(f g)(x) lim [ f(y)g(><+te—y)—91(><—y)dy (1)

f*_(x) [ tim f y)dxHte- y) 9x=Y) g 2)

Giai Tich Thyc - Ch2- Tich chap 20




ocf *g)(x):hmf f(y)9(><+te—y)—g(x—y)dy (1)
8x] t—0 JR" t

f *s_g(x)=j Tim f(y) IV TN 4 (27)
X1 R" t—0 t

s_f(x_y)zllirl(,)lg(x+se_yt)_g(x_y) (3)

? —8 (f *g)(x) =f *a_g(x) (4)
] OX OX

Viét cung dang

N-9x-y) (37
t

0 . X +te—
F0) 22 (x-y) = lim £ (y) o
)(1 t—0

Giai Tich Thuc - Ch2- Tich chap 21

vOeimQi X € R"\ B(0,1) va
JRnpdyzl.

Hu&ng dan. Pat ,
g ' ¢(t)_{e”“ D vteR,|tk],

0 VteR,|tRL
Chtrng minh ¢ € C*(R) va
e 1Y c, -Vt <1,
¢<m>(t){ o

0 vt |t > 1.

Giai Tich Thuc - Ch2- Tich chap 23

Bai toan 8. Chirng minh c6 mét ham p € C”(R") c6
cac tinh chatsau: p(X) 20 voimoi X € R", p(X) =0

24

o(f *g)
oX,

f*g_g(x)zj'nhmf(y)g(x+te_y)_g(x_y)dy (2’)
X1 R" t—0 t

(0=l fy PEEE gy (1)

-9x-y) (3%
t
? —0 (f *g)(X)z f *a_g(x) (4)
OX OX
Lam r0 bai toan : dat

ol . X+te—
f(y)a—g(x—w:hmf(y)g( *
)(1 t—0

h(y) = f(y)g(X+te—yt)—9(X—Y) Wy eR"

. ) 4’
tim [ h(y)dy = [ limh(y)dy )

Giai Tich Thuc - Ch2- Tich chap 22

bat v (X) = ¢ (X|?) v&i moi X trong R" va

c= IRH wd .
bat p (x) =c! (x) v&i moi X trong R" .
Bai toan 9. Dat p nhu trong bai toan 8. Pat p(X) =
m"p (mx) vO'i mQi sO nguyén duong m va vO'i moi X
trong R". Chlrng minh: p,, € C*(R"), o, (X) 2 0 vOi
moi X € R", p,, (X) =0 v&i moi x € R"\ B(0,m-1) va

J - pdu=1.

Hudng dan. Dung bai todn 29 trong chuong Khong
gian LP.

Giai Tich Thuc - Ch2- Tich chap 24




Bai toan 10. Cho f 1a mdt ham s6 thwe lién tuc trén
R". Bat

f00=[ f(Np.(x=y)dy VxeR".
Cho r va ¢1a hai s6 thwe duong, chirng minh c6 mot
sOt nguyén duong N sao cho

1 fx)-f. (X< ¢ vmzN,x e B(,r).

Hudng dan. Chon N sao cho
| f(xX) —f(2)| < ¢

Ching minh
F00 = £,00= [ [F00=F(x=y)lp,(y)dy

- J.B(o,mfl) [ f ((:)lg)flc_h TIug-)éhZT),{n)c]égm ( y)dy 25

VXx,zeB(0,r+1),|x-2 <N,

25

Bai toan 11 . Cho p € [1,%), u € LP(R"), cho f e u.
Chirng minh c¢6 mét day {f,} trong C”(R") sao cho

1iijn|f—fm|de=0

Hudng dan. Dat g (x) = f(x) néu |x| <k, va g,(x) =
f(x) néu |x| = k. Dung dinh 1y hoi tu bi chdn Lebesgue,
chirng minh

lim [ [ -g,, " du=0.

Ap dung bai toan 27 trong chuong Khong gian LP,
bai toan 10 cUa chwong nay va dinh 1y hdi tu bi chan
Lebesgue.
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BIEN DOI FOURIER

Pinh nghia. Cho f va g 1a hai ham sé thwe kha tich

trén R". Ta dat o id = I ] g
[ (f+igydu=] fdu+i| gdu

Baitoan 2. f lién tuc trén R™.

Pinh nghia. Cho u € L'(R") va f € u. Tadat
acy) = jRn f(s)e™ds VyeR".
Ta goi U labién dbi Fourier cla u.

Bai toan 1. Cho o € R, uvav trong L'(R") . Patw =
u+vvaz = o u.Chtng minh
(i) W=U0+V

f(x) = f L f(s)eeds (1)
Choe>0,3 N(e): IX-xI<e Vn>N(e) ()
9 r%l_fg f(x,)=T(x) (3)
Viét cung dang
[ f= [ f(s)e™ds (1)
Choe>0,3N(e): [x,-X| <& Vn>N(e) (2)
1?0 }]i?rrolo j L f(ve™dt = j L f(ve ™t (3"
Lién k&t (2) va (3")

? lim j L f(e ™t = jRn lim f (t)e ™ 'dt (3”)

11 9 —_ n/n
(i) 10001 <[ uldu vxeR".
| Choe>0,3N(e): [x;-X| <& Vn>N(e) (2)
. —iXgy.t _ . —iXp -t )
? rlnlggojm f(t)e dt—J'Rn}gralof(t)e dt (3%)
pat  h,()=f(®e™" vaviét (3’) thanh
? lim | L ha(dt = | L lim £, ()t (37)
Giai tich thye - Tich chap 3

DPinh nghia. Cho f 1a mot ham sb thwe xéac dinh trén
mot tdp m& D claR", X = (X;,...,X,) € Dandi e
{1,....n}. bat

o

I () :ﬁmf(x,,...,x,.f,,xi FX, e X)) = (X s X3 X Xy X))
ox,

t—0 t
1

£ .. . . . 0 \ .
Neéu gi¢i han nay co6 va goi ai(x) dao ham riéng
3 5 . , X PN
phan cua f tai X tuong ng vo'1 thanh phén X; .

Néu 6l(x) xéac dinh v&'i moi i trong {1,...,n},ta
xi . . \ A \
noi f xna vitai X va c6 dao ham

Df) = Vi = (L. Lo, Ly
ox, ox, ox,




Pinh nghia. Cho f 1a mdt ham sb thue trén mot tap
m& D cla R". Tandi:

e f kha vitrén D néu Vf (x) xéc dinh tai moi x
trong D,

o f thudc 16p C!(D)néu f khdvitrén D va Vf la
mot ham s6 lién tuc t¥ D vao R™.

o f thudc 16p C (D) néu f thube 1ép C'(D) va f (x)
=0 voimoixtrong D\ K, & day K; la m{t tap
compéc chira trong D.

Giai tich thye - Tich chap 5

Dinh nghia. Cho f 1a m&t ham thwc kha vi trén mot

R N R o 0
tap mo D cua R" vax € D.Ba‘g,=al ,lﬁcd(')gj
’ X

la m6t ham thye trén D vOi moi | trongj {1,...,n}.

Choi trong {1,...,n}. Tanoi:
. 2
e f c6 dao ham riéng phan bac hai _a f (x) taix

x.
A . \ ‘A x O0g. j
neu g; c6 dao ham riéng phan i(x) tai x.

v A X n xl- z 2
e fco dao ham riéng phan bac ual wa1 X néu aa af (x)
xl. X .
xac dinh v&imoi i, j trong {1, .. .,n). Lic d6 ago’

ham béc hai D*f (x) cla f tai X lame #An nwn

of
[ax,.axj (O] 21,0 |

DPinh nghia. Cho f 1a m{t ham sb thwe trén mot tap
m& D cla R". Tandi:

o f khavi2lantrén D néu D?f(X) xac dinh tai
moi X trong D,

o f thudc 1&p CAD) néu fkhad vi2 lantrén D va
D2f 1a mOt 4nh xa lién tuc t* D vao M™" .

o fthudc 16p C2(D) néu fthude 1ép CA(D) va f(x)
=0 vOimoix trong D\ K, & day K; la m{t tap
compéc chira trong D.

Tuong tw ta dinh ngia dugc C'(D), C.(D) vOi moi
sé nonvén r > 72 Ta dat

C*(D) :ﬁC’(D) va  CHD) :ﬁc;(D),

Giai tich thye - Tich chap 7

Pinh ly. Cho D va E 1a hai tdp m& trong R" vai e
{1,...,n} saocho D E vaaD tron. Luc d6

: og , 9 1
(i JDfa—xid"—fangds Iy o B WEeCE)

i) [ f Edi=[, Lgae  eC'BrgeCib),

& day ds 1a d6 do trén oD .




Bai tos= Qaf Cho f~la‘1 ham sb Fhé vi lién tuc trén R".
Dat 9=a—xl, u=f va v=0 .Gidslr u vav
trong L-u<). Chibng minh

V(X) = ix,u(x) YV X=(X,,",X,)eR".

iyJ'Rn f(s)e™°ds = _[Rn g(s)e™°ds ?

Chox e R", date=(1,0,...,0),:

J'Rnf(s)g—xk(s)ds— j —(s)k(s)ds ? @)

Viét cung dang: dat k(7 = f-!i;iy-z tacod
Hiye = Xs)
OX

1

Xét truong hop f eCl(R") :¢co >0 sao cho f(x) =
g(X) =0 néu [x| > r . Dung dinh ly tich phan tlrng
phan.

g(t)zlmf(t+se)—f(t) V1R
550 S (1)
f(y)= JRH f(s)e™*ds 2)
6(y)= [, g(s)e™ds (3)

Giai tich thye - Tich chap 9

Trudng hop t0ng quat: tim mot dav {f JcClRY
sao cho {f _}va { } hoituvé f va ~ " trong L!(R").

1

G =ivf(y) Y y=(y.y)eR. @)

Giai tich thyc - Tich chap 10

Pinh nghia. Cho D la m6t tap m& trong R" va r la
mot sO nguyén duong va o =(ay, . . . o)) VOi 0; trong
tap {0,1,2,...,r}saocho|o|=|o | +...|a,<T.
Cho f thubc 16p C'(D), ta dat
Y o f o% oo 0% f
D*f = = ( (o( )...))

ox,“"..ox, " ox,"™ ox T ox™

Bai toan 5. Cho f 1a m&t ham s6 thwe kha tich trén
. . :
R" . Chtrng minh f('[) 0.

|t|—>oo

Y . - of ~
Xétf thude 16p C(R") trude. Dat 9 =75 ,u=f
va V, =@, Vkel,..n.Tacou vav, wongL/(R")

Bai toan 4. Cho r 1a mot sb nguyén duong va a
=(ap, ... 0a,) vOi o; trongV=0)1,2,...,r} sao cho
lal=loy|+...|o,|<T. Cho f thubc 1&p C'(R"). Bat
9=D"f 'u=f va v=0 .Gias DFf kha tich trén
R"khi |B] < r. Cht’ng minh

f) =, f(s)e™ds (D)
| =], g(s)e s )
g0 =ix f(x) vV x=(X,-,%,)eR" ()
Cho € > 0, tim T(s)e[R' [f()-0ke VvV [x|>T(e) (1)
\f”(x)\=|‘j.LkX)| o ‘\ga s k‘n e ﬁé TARZEY

HOIE ﬁz s @ v, »

V(X) = (ix,)“...(Ix, )™ G(x) V X=(X,,X,)eR".




Trudng hop tbng quat: tim mot diy { f 1 ClR")
sao cho {f,} héituve f trong L!(R").

Cho £> 0,3 T(m, e)eR:| f,(0-0kks ¥ |x|>T(m,e)(1)

Choe’>0,3IN(): |l fa-fldx<e' vm >N() (2)

Cho €” >0, tim S(¢’)eR: | f(x)-0<e" V¥V |x]|>S(e™3)

Lién hé cac yéu tb

ool < fo0- 001+ 1 f,001 < [ 11(9)~f(9)ds+] £,(0)]

<g+g' Vm>N(g), | x| >T(m,e)

Pinh nghia. Cho L 13 mét s thwe duong.

(i) Cho g 12 m&t ham sd phirc trén R. Tanéi g 1a
mOt ham sO tuan hoan c¢6 chu ky L néu g(x+L) =
g(X) vOi moi X trong L.

(ii) Cho h 12 m&t ham sd phirc trén R. Tanéi h 1a
mot da thirc lugng giac n€u c6 mdt sO nguyén
duon N va cac sO nhtrc €. . k € {-N. N} sao cho

N ikZx
h(x)=(:0+chekL V xeR
k=—N

Pinh Iy. Gid st fva f kha tich trén R" . Lac d6
fo=—/[ fmed vxeR"
T R

Pinh Iy (Weierstrass) . Cho g 1a mot ham sb phirc
tuan hoan c6 chu ky L trén R. Lic d6 c6 mOt day da
thre lugng giac héi tuc déu vé g trén [- L, L].

2
Giai tich thye - Tich chap 13
Bai toan ¢ D5+ H=fw-3uvel?(=1l I\ w=1+iw
\ 1 =
va <W,,W, >ZXL—L SWAX Y wLw, e H,

1 1
W [[=< w,w >2= {l[ wldx}> ¥ weH.
’ 2L YLD
Chtrng minh (H,<.,.>) la mQt khong gian Hilbert.

Bai toan 7. Cho w trong H. Chtrng minh c6 mt day
da thtre luong giac {w,} hdi tu vé w trong H.

Dinh nghia. Cho u € L!((-L,-L)) va f € u. Ta dat

—izmt

L fme tdt vmez
C(m)‘ZL (e me

1L mt
a(m) = IL f(t)cos(T)dt vm=0,1,2,--

b(m) = %ji f(t)sin(”T’m)dt vYm=12,

H.D. batA=Cy((-LL)) va B={céacda thirc
lugng giac}. Chérng minh AcB va Hc A

Bai toan 9. Chirng minh c¢(m)=a(m)-ib(m) VmeZz.
a(m)y=c(m)+c(-m) Vm=0,1,2,--
b(m)=i[c(m)-c(-m)] Vm=12,---

Bai toan 8. bat u.(X) = et voi moi m trong Z va X
trong (-L,L). Ching minh {u.} 1a mét ho trire giao
day du trong H.

Bai toan 10. Néu f 1a mot ham sb chén ( f(-x)=f(x))
thi b(m)=0véimoim=1,2,....

Bai toan 11. Néu f 1a mot ham sd 18 ( f(-x)=- f(x)) thi
amy=0v&éimoim=0,1,2,....

H.D. Néu ueH va <u,u,>=0 V m, chtt'ng minh u =0




Bai toan 12.(Pang thirc Bessel) Gid st f thudc
L2((-L,L)). Chirng minh
18P+ amF + om )= Xfem)F = [ fo et

meZ 2
H.D. Dung bai toan 8.

Bai toan 13.Gia st f thudc L'((-L.L)). Chtyng minh

% |, | +lima(m) = limb(m) = ‘l‘im c(m)=0

H.D. Dung bai toan 12 va sw tri mat cla L2((-L,L))
trong L2((-L,L)).

Pinh ly. Gia st f € L'((-L,L)) vax € (-L,L) sao cho f

lién tuc tai x. Luc do o imnx
lim D> e(me b =f(x)

m=—N




KHONG GIAN SOBOLEV
Pinh ly. Cho Q 1a tdp mé trong R" va i € {1, ..., n}

sao cho 0Q tron. Luc do

__ U 1 1
ijax, = IQ@& YV feC'(©),heCl),
Bai toan S1. Cho Q la tip mé trong R"va i {1, ..
.,N} sao cho 0Q tron. Lﬁc do

-~ Ch

ija dx = jQ Y feC'(Q), heC(Q),

Pinh nghia. Cho Q 1a mdt tdp mo trong R*va f 1a

mdt ham s6 do duoc trén Q. Ta ndi f kha tich timg

ving trén Q néu véi moi tap compic K chira trong Q
jK| fldx <.

Ta ky hiéu cac 16p twong duong ciia cac ham s6 kha
tich dia phuong 1a LY,,(Q).

Pinh nghia. Cho p vare [1,0), Q la mot tdp mé
trongR", i €{l,...,n}, uvav trongL! |OC(Q) Ta noi
v 1 dao ham suy rong theo bién thir i ctia U néu

jQ = jQ v heC(Q),

Theorem. Cho Q 1a mét tdp mé trong R" va f 1a mot
ham s0 do dugc trén Q. Ta no6i f kha tich ting ving
trén Q. Gia st

[ 5, fedx =0
Then f =0 a.e. on Q.

Vge CCI(D).

Bai toan 1. Cho f (X) = |[X| v&i moi X trong Q = (-1, 1).
Chimgminh | _ § _ Q) c6 dao ham suy rong

H.D. Tim ham s6 kha tlch g sao cho
N

VheCl(Q),

Bai toan 2. Cho f () = Xogy (X) VoI moi X trong Q=
(-1,1). Chimg minh u= f € L'(Q) va khong co dao
ham suy rong .

H.D. Chtrng minh khong co ham sé kha tich g sao cho
1
jQ = dx jQ VheC\(Q),

Pinh nghia. Cho Q 1a tap mo trong R" vaie {1,...,
n} sao cho 0Q tronvap € [1, «]. Ta ky hiéu W'P(Q)
1a tap hop cac 16p ham u trong LP (QQ) ¢6 cac dao ham
suy rong a LP(Q) voimoii= 1,2,...,n. Dit
OX; n
i ou
[ull=lull, +z”<’57”“‘ YueW"(Q)
— _

]




Bai toan 3. Chung minh [[.[|, ; 1a mét chuan trén

Wr(Q).

Bai todn 4. Chimg minh (W'(Q), ||.||; , ) 1a mot

khong gian Banach.

H.D. Cho {u,} 1a mot day Cauchy trong W'P(Q).

Chu’ng mlnh co V va vy trong LP(Q2) sao cho {um} héi ty

VeV, va
., N Xi

Dinh nghia. Dit W,"(Q) 1a bao dong ciia C;(Q)

trong (W'(€), [|.[[1,p)

Pinh ly. Cho Q 1a mét tdp mo trong R", p € (1,0),
va T 1a mot anh xa tuyén tir W'»(D) vao R. Lic d6 T
lién tuc trén W'(D) néu va chi néu c6 g, g, . . ., 0,
trong LP®1)(D) sao cho

T(u) = I[ug+aa—gl+ +aa g ldx  YueW"(D).

Pinh ly (Poincaré). Cho Q la mot tap mé bi chan
trong R va p €[1,00). Lic d6 ¢6 mot s6 thue duong C,

sao cho

L;' ulPdx < ijg| VulPdx YV ueW, " (Q).

Bai toan 4. Cho Q 1a mdt tap md bi chén trong R" va
p €[1,2). Dat

lully=1] | VuPdg™ v uew,?(Q).

Chimg minh ||.[[|, 1a mt chuan twong duong véi ||. ll1p
trén W,"*(Q) .

Bai toan 5. Cho Q 1a mét tap mo bi chan trong R"
(W (@llll2) va (W™ () lI1ll, ) 1a cée khong
gian Hilbert.

Pinh ly. Cho Q 1a mot tdp mo bi chan trong R" va T
1a mot anh xa tuyén tinh tir W,*(D) vao R. Luc d6 T
lién tuc trén W,”(D)
W,?(D) sao cho
ou 8g ou 0g
T = [

neéu va chi néu c6 g trong

4o ——]dx

YueW(D).
ox, ox, €W (D)




Pinh ly (Sobolev imbedding). Cho Q la mot tap md
bi chan trong R®, va u eW'»(Q) véi p € (1,00). Lac do
U e LY(Q) v6imoi qell,—]

Pinh ly (Sobolev inequality). Cho Q2 1a mét tap mo bi
chan trong R", va u eW'(Q) v6i p € (1,0). Luc dod
c6 mot sb thuc duong C sao cho

Jully < Clulf; VueWw(Q).

Bai toan 5 . Cho Q 1a mt tip md bi chan trong R3.
bat T(u) = u? véi moi u € W(Q). Chirng minh T 1a
mot anh xa lién tuc tor WHA(Q) vao L2 (QQ) .

Pinh ly(Rellich-Kondrachov). Cho Q 1a mét tap mo

bi chan trong R™, p € [1,0) va qe[l,%) . bat
T(u=u VueWhr(Q).

Luc d6 T 1a mét anh xa tuyén tinh lién tuc tir WHP(QQ)

vao LYQ), va bao dong cua T(A) trong L) 1a mot

tap compact trong L9(€2) v&i moi tap bi chdn A trong

WLr(QY) .

Bai toan 6 . Cho Q la mot tdp md bi chan trong R3.

bat T(u) = u? v6i moi u € WH(Q). Cho B(0,1) 1a qua

céu don vi trong W!2(Q). Chimg minh T (B(0,1)) la
mot mot tdp compact trong L' (Q) .

Bai toan 7 . Cho Q la mét tdp ma bi chan trong R* va
f trong L2 (QY). bat

T(u)= jﬂ ufdx  YueW Q).
Chung minh T 1a mdt anh xa tuyén tinh lién tuc tu

W,?(Q) vaoR.






