GV LE VAN HQP
CHUONG 1V

KHONG GIAN VECTOR R"

I. CAC KHAI NIEM CO BAN:

1.1/ KHONG GIAN VECTOR R":
Cho s nguyén n>1 va R"={ X =(x, X2, ... , Xn) | X1, X2, ... , Xn € R }.
Ta goi X = (X, Xy, ..., Xa) 1a vector X trong R Ta thu:ong *“ hinh hoc hoa > X
bang mot doan thang 6 goc, ngon, phuong, chiéu va d¢ dai. Ta dinh nghia cac phép
toan cong vector (+) va nhdn so thuc voi vector (.) trén R" nhu sau:
VX = (X1, X2, ..., Xn), Y =(V1, ¥2, ..., ¥u) € R", Vc € R,
X+Y=X*y,X+y2,....X, Tyu) € R" va ¢.X=(cx, cxp, ..., ¢X,) € R".
V& mit hinh hoc, phép nhdn sé thire véi vector ¢ thé thay d6i chiéu va d6 dai nhung
khéng thay doi phuong ctia vector. Phép cdng vector co thé tao ra ra cac vector cd
phuong mai.
CAu trac dai sb (R", +,.) goi 12 khéng gian vector R" (trén R).
Ta ciing c6 thé dong nhat R™ v6i M, ,(R) trong d6 phép nhdn s6 thuc véi vector
va phép cdng vector chinh 1a phép nhdn sé thire véi ma trdn va phép céng ma trin .

Vidu:
Véi X=(=5,1,-4,9),Y=(8,0,-2,-7) € R* va c=§e R, ta cb
X+Y=(3,1,-6,2) c R* va cX=§(8, 0, —2,—7)=(%,0, ‘?4‘714 ) € R

1.2/ MINH HOA HINH HOQC:
R R dugc dong nhat véi Khong gian cac vector gbc O trén tryuc x’OX .
={X=(a,b)|a,be R} duoc déng nhit véi “Khong gian cac vector
goc O trén mit phang (Oxy) ™.
={X=(a,b,c)|ab,ce R} duocddng nhit véi “Khdng gian cac
Vector géc O trén trong h¢ truc toa 4o (Oxyz) ™.

1.3/ TINH CHAT:
Khéng gian vector (R",+,.) trén R thoéa 7 tinh chét sau day:
(A)) Phép (+) giao hodn va két hop, nghiala VX, Y,Z € R",
X+Y=Y+X va X+Y)+Z=X+(Y+2)=X+Y+Z
(A,)30=(0,0,..,0) e R, ¥X e R, O+ X=X+0=X.
Tandéi O 1a “vector khong ” va O 13 phan tir trung hoa cia phép (+)
(A3) VX = (X, Xs, ..., Xy) € R", 3X° = (=X, —X», ..., =X,) € R" thoa
X+ X=X+X"=0.Kyhiéu X’=-X=(-1)X 1a vector doi cua X.
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(A1), (Ay) va (A;) 1a céc tinh chét riéng cua phép (+).

(B) VX e R", 1.X=X.

(B,) VX e R", V¢, d e R, ¢.(d.X) = (c.d).X

(B;) va (B,) la cac tinh chat riéng cua phép (.)

(CHVXeR" Ve,deR,(ct+d)X=cX+dX

(CH VX, YeR"  VceR,c..X+Y)=c.X+cY

(C1) va (C,) 1a cac tinh chat lién quan giita phép (+) va phép ()

1.4/ HE QUA: VX € R", V¢ € R, ta co

a)c.X=0 < (c=0 hay X=0)
b)c.X#0 < (c#0 va X#0)

II. KHONG GIAN VECTOR CON TRONG R":

2.1/ PINH NGHIA: Cho W c R".

Cac phép toan (+) va (.) trén R" van dugc str dung trén W.

a) Tandi W 13 mét khéng gian vector con cia R™ (ky hiéu W < R") néu W thoa cac
diéu kién sau day:
*0eW (1)
*Yo,Be W,a+BeW (2)
*Yae W,Vece R,c.ae W (3)

b)Suyra W<R" < Vo,BeW,VceR,ca+BeW (4)
Khi giai thich W <V, ta thuong st dung (4).

¢) R" 1udn ludn c6 hai khéng gian con tam thuong 1a {O} va chinh R".
Néu W<R" va {O} =W ==R" thi tandi W 1a mét khéng gian con khéong
tam thwong cua R".
Néu W <R" va W=R" thi tandi W 1a mét khdng gian con thiee sw clia
R" vaky hiéu W <R".

Vidu:

a) R' chi c6 hai khong gian con 1a {0} va chinh R'.
(chiing déu 1a cac khong gian con tam thudng).

b) R* ludn luén o hai khong gian con tim thuong 13 {O} va chinh RZ.
Ta mo ta dudi dang hinh hoc cac khong gian con khong tim thuong ciia R>.
Xét dudng thang tuy ¥ (D) trong mit phang R? sao cho (D) di qua gbc O.
Piat H = { cac vector goc O trén duong thang (D) }. Tacé Hc R* va H thoa
(4) trong (2. 1) Do d6 H<R? va H dugc goi la mot khong gian con kiéu duong
thang cia R% Suyra R* ¢ vo s6 khong gian con kiéu duong thang vi ¢6 vo s6
duong thang trong mit phang R’ di qua goc O.

¢) R? 1udn ludn c6 hai khong gian con tim thu’ong la {O} va chinh R’.
Tamo ta du’oq dang hinh hoc cac khong gian con khong tam thuong cua R3
~R® covOsH khong gian con kiéu duong thang (mdi dudng thang thudc vé

khong gian R® va di qua géc O).
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— Xét mat phang (P) tuy ¥ trong R® sao cho (P) di qua gbc O.
Pit K = { cac vector gbc O trén mit phang (P) }. Taco K <R’ va K thoa
(4) trong (2. 1) Do d6 K <R’ va K dugc goi la mot khong gian con kiéu mdt

phang cua R’. Suy ra R? co Vo s6 khong gian con kiéu mat phang vi ¢6 v s6
mit phang trong R® di qua goc O.

d) Tong quat, R" (n > 4) ¢6 cac khong gian con nhu sau:
— Khong gian con tdm thudng {0} (ta goi la khong gian con 0 phang).
— v6 s6 khong gian con kiéu duong thang (ta goi 13 khong gian con I phang).
— v6 s6 khong gian con kiéu mit phang (ta goi 1a khong gian con 2 phang).
— v6 s6 khong gian con 3 phdng, ... , vo s6 khong gian con (n — 1) phdng.
Cac khong gian con (n —1) phdng cia R" duoc goi 1a cdc siéu phang trong R”.
— Khong gian con tam thudng R" (goi 1a khong gian con n_ phdang).

2.2/ MENH PE: Khi W <R" thi W ciing duoc goi 1a khong gian vector (W, +, .)
trén R vano cling thoa 7 tinh chat sau day [ twong tu nhu (R™, +,.) ] :
ADVX, Y, ZeW,X+Y=Y+X va (X+Y)+Z=X+(Y+Z)=X+Y+Z
(A) 30 =(0,0,..,0) e W,¥X e W,0+X=X+0=X.

(A3) VX =(X1, X2, ..., Xp) € W, IX’ =X = (=X, X, ... , —X,) € W thoa
X+X=X+X"=0.
(B) VX eW,1.X=X.
(By) VX e W, Vc,d € R, c.(d.X) =(c.d).X
(C)HVXeW,Vc,deR,(c+d)X=c.X+dX
CHVX, Y eW,Vce R c.(X+Y)=c.X+cY
SuyraVX e W,Vce R,c.X=0 < (c=0 hay X=0)
cX#20 < (c#0 va X#0)

2.3/ MENH BE: (nhan dién khong gian con ctia R")
Cho W c R" Khi d6
W<R" o JAeM,,(R):W={XecR" |[AX=0}

Nhu vay m01 khong gian con cua R" déu 1a khéng gian nghiém ciia mét hé phwong
trinh tuyén tinh thudn nhat nao do.

Vi du: Giai thich tap hop sau 1a mot khong gian con cua R*:
W= {X=uv,w¢t) e R*|4u-v+5w-8t=—Tu+2w+t=6u+9v—3w=
=—9u—-4v+7Tw+ 3t}

Ta c6 thé st dung [ (1), (2), (3) ] hodc (4) cua (2.1) dé giai thich W < R*.

Tuy nhién ta sé& str dung (2.3) dé giai thich W < R* mot cach don gian hon.

Ta viét lai (bang cach lan luot phdi hop cac vé sau véi vé dau tién)

W={X=uv,wt) e R*| 1lu—v+3w—-9t=2u+ 10v— 8w + 8t =
=13u+3v-2w—-11t=0 },nghiala
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W={XecR|AX=0}véi A=|1 5 -4 4 |ecMi4R).Dodd W<R*
13 3 -2 -11
2.4/ MENH DE: (pht nhan khong gian con cua R")
Cho W < R". Khi d6

0X3/46))

hay
a) W < R" (W khéng phdi la khong gian con cia R™) < | 3a,BeW,a+ B & W(6)
hay
| daeW,3ce R,ca ¢ W(7)

b)W<R" & Ja,BeW,Ice R coa+p e W.
Khi giai thich W < R", ta thuong sir dung a), nghia la chi ra W thoa (5) hay
thoa (6) hay thoa (7) la du.

Vi du: Giai thich cac tap hop sau day khong phai 1a khong gian con cia R’ :
a)H={X=(u,v,w) e R |luvw=0}.Déy H khong théa (5) va (7).
H théa (6) vi Ja=(1,0,0), p=(0,1,1) e H,a+B=(1,1,1) ¢ H. Vay H < R’
b K={X=(v,w) e R®|2u-5v+8w=>1}.K théa (5) vi O=(0,0,0) ¢ K.
Viay K < R’ Péy K ciing thoa (7) nhung khong thoa (6).
OL={X=(@v,w) e R | +3v-4w'=-3}
L théa (7) vi Ja=(0,-1,0)eL,Ic=-1 € R, ca=(0,1,0) ¢ L. Vay L < R’.
Péy L ciing thoa (5) va (6).

2.5/ KHONG GIAN GIAO VA KHONG GIAN TONG:
Cho V, W, V,, V,, ..., Vi la cac khong gian vector con cia R" (k >2).
a)bit VAW={a|laeV vaaeW} va
V+W ={a=B+y|BeV vayeW}
Taco (VA W) va (V+ W) déu la cac khong gian vector con cia R".
Tandi (VW) va (V+W) lan luot 1a cac khdng gian giao va khéng gian
tongciaV va W.

k
b)ybit VinVon..nVi=(,={alaeV; Vj=1,2,...,k} va

=

k
V1+V2+...+Vk=ZI/j={(x=(x1+oc2+...+(xk|(xjer vi=1,2,...,k}

J=1

k k . ]
Taco [V, va > ¥, déula cac khong gian vector con cia R".

Jj=1 Jj=1

k k . ,
Tanoi (|, va > v, lanluogt 1a cac khong gian giao va khong gian tong clia
j1 =
V], Vz, ...va Vk .
c)bat VuW={a|aeV hay a e W} va

CuuDuongThanCong.com https://fb.com/tailieudientucntt


http://cuuduongthancong.com?src=pdf
https://fb.com/tailieudientucntt

k
VioVou. uVe=Jr,={al|3j=1,2,...,k théa a € V;}.

J=1

k
Taco VUW va |Jv, khdng nhat thiét 1a cac khong gian vector con cua R”.
j=1
Vidu:
a) V va W 1a cac khong gian con kiéu duong thang cia R? sao cho hai du(‘)’ng
thang tuong Ung giao nhau tai O. Taco VAW ={0} va V+ W= R%.
b)H va K lan luot 1a cac khong gian con kiéu du’ong thang va mat phang cia R’
sao cho duong thang va mit phang tu’ong ung giao nhau tai O.
Taco HNK={0} va H+K=R’.
¢) P va Q la cac khong gian con kiéu mit phang cia R sao cho hai mit phang
tuong tng giao nhau theo giao tuyén (D) qua O. Ta co PN Q=27 (Z lakhong
gian con kiéu duong thang twong tng voi (D) cua RY) va P+ Q=R
d)E,F va G lacéac khong gian con kiéu duong thang cia R® sao cho ba duong
thang tuong tng khong dong phang va giao nhau tai O. Tacé ENF N G = {O}
va E+F+G=R

2.6/ PINH NGHIA: Cho V va W 1a cac khong gian vector con ciia R".

a)Néu W c V thi ta cling néi W 1a mét khdng gian vector con (trén R) cia
V vakyhigu W<V,

b) Khong gian {O} chi c6 duy nhat mot khong gian con 1a chinh {O}.
Néu V = {0} thi V ludn ludn c6 hai khéng gian con tam thiong 13 {0} va V.
Néu W<V va {O} #W =V thi tandi W 1a mdt khong gian con khéng tam
thuong cua V.
Néu W<V va W=V thi tandi W 1a mér khong gian con thyc sy cia V va
ky hiéula W<V,

Vi du:
Wva V. lan luot 1a cac khong gian con kiéu duong thang va mit phang cia R’ sao cho
duong thang chtra trong mit phang va ching déu qua O. Tacoé {0} <W <V <R’.

III. KHONG GIAN CON SINH BOI MOT TAP HOP HU'U HAN:

3.1/ PINH NGHIA: Cho k>1 va S={ 0o, 0,,..., 0} cR™
a) Chontuyy ¢, ¢y, ...,Ck € R vadit a=(cioq+ cant ... + o) € R
Tandi a la mot to hap tuyén tinh ciia S (hay cia o, O, ..., Ok ).
Nhu vay tir mot s6 hitu han céc vector cho trudc, ta co thé tao ra dugc nhiéu to hop
tuyén tinh khac nhau cta céac vector do.

b) Cho y € R". Khi d6

v la mot 16 hop tuyén tinh ciua S < 3¢, ¢y, ..., ¢k € Riy=cia;+con+ ... + cpoy
<> Phuong trinh c,o; + c0,+ ... + ¢y = y(ansd ¢y, Cy,..., ¢k € R) co nghiém trén R.
v khong la to hop tuyén tinh cua S < Vc¢i, ¢y, ..., c € Ry y# i+ con + ...+ coy

5
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<> Phuong trinh cjo; + co+ ... + cyae = y(ansd ¢y, cy, ..., ¢k € R) vo nghiém trén R.

Vidu: Cho S={o,=(1,1,1,1), 0, =(2,3,-1,0), 5= (-1,-1,1,1) } R*.

a)a=-20y + 30, — Sa; =-2(1,1,1,1) + 3(2,3,-1,0) — 5(-1,-1,1,1) = (9,12,-10,-7) € R*.
B=4o; - 30, + 203 =4(1,1,1,1) - 3(2,3,-1,0) + 2(-1,-1,1,1) = (-4,-7,9,6) € R*.

b) Cho y= (u,v,w,t) € R*.
v 1a mot t6 hop myén tinh cia S < Jcy, ¢y, ¢c3 € R, y=ci0y+ c0n + c305
< Phuong trinh c;o + c0, + c303 = (én $b C1, C2, C3 € R) c6d nghiém trén R.
Xét cio + crap F ez =7 < ci(1,1,1,1) + ¢(2,3,-1,0) + c3(—1,—-1,1,1) = (u,v,w,t)

Ci C C3 € C C3
¢ +2¢c,—¢c;=u 1 0 1| ¢ I o0 1 t I 0 1 t
¢ +3c,—c;=v I 3 -1 v 0 1 O v-u 01 o0 vV—u
~ —> —> .
C—C tey=w 1 2 -1 u 0 2 2| u-t 0 0 2| u+2w-3t
¢ +c =t I -1 1| w 0 -1 0| w—t 0 0 O] viw—u-—t

v = (u,v,w,t) 12 mot to hop tuyén tinh cia S <
< Hé trén co nghiém trén R < v+w—u—t=0 (*). Luc do ta c6 bicu dién duy nhat
Y =10+ Cc0p T c303 VO 3= 2_1(3t —u—-2w),c,=vV—Uu va ¢ = 2_1(u +2w —t) (o)

vy = (u,v,w,t) khong 13 t6 hop tuyén tinh ctia S <

< H¢ trén vo nghiémtrén R < v+w—u—t=0(**).

Xét cu thé € =(9,10,-2,—1) va 6=(-7,1,4,-8) € R".

Tacod ¢ thoa (*) va 0 thoa (**) nén ¢ 1a mot to hop tuyén tinh cua S véi
e= 30+ a, —403) do (o) va 0 khong la to hop tuyén tinh caa S.

3.2/ PINH NGHIA: Cho k>1 va S={ay,d,,..., o} c R"
a) bat W 1a tdp hop tdt cd cdc t6 hop tuyén tinh ¢6 tir S (ky hidu W=<S§>),
nghiala W=<S> ={a=cjoq+c0+... tcoy|cp,¢c,...,cc€ R} <R
Ta chirg minh dugc W =< S > 1a mdt khéng gian vector con cua R" [sir dung (2.1)].
Tanoi W =<S> la khéng gian vector con (cua R") sinh boi tdp hop S.
b) Néu S = thitaqui udc <S>= {O}(D sinh ra khong gian con {O} ctua R")
¢) <S> 1a khéng gian vector con nhé nhdt chira dwoc S cia R", nghia 13
VVLR",ScV = <S>c V.
d) Cho y € R". Khi d6
ye W=<S> < y la mot to hop tuyén tinh cia S <
< Phuong trinh cjo + c0n+ ... +cyoy = v (én $b C1, C25... , Cx € R) c6d nghiém trén R.
Suyra y¢ W=<S> < y khong 12 to hop tuyén tinh cia S <
< Phuong trinh cjo + c0+ ... F o= v (ém $b C1, C2sy... , Cx € R) vO nghiém trén R.

Vi du:
Cho S={oa;=(-3,2,1,5), 0, =(4,-3,-1,-7), 03 =(1,-3,2,—4), 0y = (-2,5,-3,7) } R*.
Tamédta W=<S> vatim diéu kién dé vector v=(,v,w,t) € W.
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a) W=<S>={a=cjo;+con+c303 +cq04]|C,Cr,C35,¢4 € R}
= {a =c((-3,2,1,5) + cx(4,-3,—1,-7)+ c5(1,-3,2,—4) + c4(-2,5,-3,7) | ¢1, ¢2, 3, ¢4 € R }
={ o= (-3c;+4c, + c3—2¢4,2¢;—3¢c; —3c3+5¢4,¢1 —Cr+2¢3— 3¢y, Sc1—Tcy —4ez+ Tcy)
|c,¢c,¢3,¢4 € R}
b) Cho y= (u,v,w,t) € R*.
ye W=<S> < y la mot to hop tuyén tinh cia S
< Phuong trinh c¢jo; + ¢c,00 + 303 + €404 = Y (ém $b C1, €2, C3, C4 € R) cO nghiém trén R.
Xet cjo+ c0, + 303 T cq0y =
< ¢1(-3,2,1,5) + ¢x(4,-3,—1,-7) +c;5(1,-3,2,—4) + c4(—2,5,-3,7) = (u,v,w,t)
CI C C3 C4 CI C C3 C4
I -1 2 3 w r -1 2 -3 w I 0 9 -14 u+4w
-3 4 1 -2 u 0 1 7—11u+3w_>01*7—11 u+3w
2 3 3 5| v 0o -1 -7 11| v-2w 0o 0 0 O u+v+w
5 -7 4 T| ¢t 0 -2 -14 22| t-5w 0 0 0 O 2u+w+t
Y= (uv,w,t) € W=<S><< H¢ trén co nghiémtréen R< (u+v+w=0=2u+w+t)(*).
Lac d6 ta ¢ vo sd biéu dién Y =c10 + C0, +c303 T+ c404 VO1 c3=a,c4=b (a,b € R),
ci=14b—-9a+u+4w va c,=11b—-7a+u+3w (o).
v = (u,v,w,t) ¢ W < H¢ trén vo nghiém trén R < (u+v+w# 0 hay 2u+w + t # 0) (**).
Xét cuthé €=(5,-6, 1,-11) va 0=(-3,2,7,-4) ¢ R*.
Tacd & thoa (*)va 0 thoa (**)nén 0 ¢ W=<S> va ¢ € W=<S> véi v0 s biéu
dién €= (14b—9a+ 9)a; + (11b — 7a+ 8)a, + ao; + boy (a, b € R) do (o).
3.3/ MINH HQA: Cac vector P, v, 8 trong R" dudi day déu co goc 1a O.
a)Néu S={O}cR" thi <S>={a=c0=0]|ceR}={0}=S.
b)Néu S={B} cR"\ {0} thi <S>={a=cB| c € R} 1amdt khéng gian con
kiéu dwong thang cia R™ va dudng thang nay chira p.
c)Néu S={B,y} cR" (B,y khdc phwong)thi <S>={a=cp+dy|c,de R}
13 mét khéng gian con kiéu mdt phang cua R" va mit phing nay chira B, y.
d)NéuS={p,y} cR"\{O} B,y ciing phwong)thi<S>= {a=cp+dy|c,d e R}
13 mét khéng gian con kiéu dwong thang cia R" va Pudng thing nay chira B va y
e)Néu S={B,v,8} cR’ (B,7,d khong dong phang) thi
<S>={a=cp+dy+ed|c,deec R} va <S>=R".
fyNéu S={B,v,8} cR" (B, 7, 8 khdc phwong déi mdt nhung dong phang) thi
<S>={oa=cB+dy+ed|c, de e R} 1amitkhéng gian con kiéu mdt phang
cia R" va mit phang nay chira B,y va 8.
g)Néu S={B,7,8} cR"\{O} (B, v, & ciing phwong véi nhau) thi
<S>={a=cB+dy+ed|c,de e R} 1amdtkhong gian con kiéu dwong thang
cia R" va duong thang nay chira B,y va 8.

S

3.4/ MENH DE:
Cho cac tap hgp hiru han S, S,, ..., Sxc R" (k>2) va <S;>=W,;<R" (1 <j<Kk).
Bét S:SIUSQU...USk.TaCé <S>:W1+W2+...+Wk.
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Vidu: Cho S;={a},S;={B,7},S:5={9,6,0 } cR" va <S;>=W;<R"(1<j<3).
bat S=S,USUS;={a,B,y,0,¢,0}. Taco <S>=W;+W,+W,.

IV. SUDOC LAP TUYEN TINH VA PHU THUOC TUYEN TINH:

4.1/ PINH NGHIA: Cho k>1 va S={ay,ds,..., a5} = R".

Xét phuong trinh cja + 0, + ... + cpoue = O (*) véi cac an sb thuc ¢y, ¢y, ..., Ck.

(*) ¢6 it nhat mot nghiém thuc 13 ¢; =c,= ... = ¢, = 0 (nghiém tam thuwong).

a) Néu (*) o6 nghiém thuc duy nhdt (nghiém tam thuong) thitandi S déc ldp tuyén
tinh (nghia la khong c6 vector nao cia S duogc tinh theo cac vector khac trong S
dudi dang to hop tuyen tinh).

b) Néu (*) co vé sé nghiém thuc (cO nghi¢m tam thwong va vé sé nghiém khong tam
thwong) thitandi S phu thudc tuyén tinh (nghia 1a c6 it nhat mot vector ciia S
dugc tinh theo cac vector khac trong S dudi dang to hop tuyén tinh).

¢)Néu S= thitaquiude S dic ldp tuyén tinh.

Vi du:
a) Cho S={ao,=(-3,1,2,7), o, = (1,-2,5,-4), a3 = (2, 4,1,6)}CR
Phuong trinh ¢ 0 + cy0, + c303 = O < ¢(-3,1,2,7) + cp(1,-2,5,—4)+ ¢5(2,4,1,6) = O

Ci C C3 Ci C C3

1 -2 4 0 " =2 41 0 ' =2 4] 0 " =2 4] o0

-3 2l 0 0 -5 14| 0 o -1" 21| 0 o -1" 21 0
= —> — .

2 5 1 0 0 9 -7| 0 0 0 182 0 o 0 1] o0

7 -4 6 0 0 10 =22/ 0 0 0 6| 0 0 0 0] 0

Phuong trinh c6 nghiém duy nhét (¢, =c,=c;=0)nén S ddc lap tuyén tinh.

b) Cho T = {B =(3,-4,1,7), B = (-2,6,8,-1), Bs = (~13,24,13,-23)} — R*.
PhlIO’Ilg trinh ClBl+Csz+ C3B3 0 <
& ¢1(3,-4,1,7) + cx(—2,6,8,—1)+ c5(~13,24,13,-23) = O

Ci C C3 Ci C C3
I 8 13] 0 8 13 0 ' 0 -3 0
3 -2 131 0 0 26 -52| 0 01 2|0
e —> —>
-2 3 121 0 0 19 381 0 0 0 0 O
7 -1 =23 0 0 57 114 0 0 0 0 O

Phuong trinh ¢6 vo sd nghiémla[c;=a(a e R),c;=3a,¢c,=-2a] nén T phu thudc
tuyén tinh.

Trich ra mot nghiém khong tam thuong (bang cach chon a= 1), ta c6

(01 :3,C2 —2 C3 = I)VadlIOC he thac 3B1 2B2+ B3:O. Suyra B3:2B2—361 ,
nghia 13 B; duoc tinhtheo B, va B, dudidang to hop tuyén tinh.
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4.2/ NHAN XET:
a)S={a} cR".
Néu a.=0 thi S phu thudc tuyén tinh
(phuong trinh ¢.0 =0 ¢6 vd s6 nghiém ¢ € R).
Néu o= O thi S doc ldp tuyén tinh.
(phuong trinh c.o.= O c6 nghiém thuc duy nhat ¢ = 0).
b)S={a,p} cR"
Néu a cung phuong v6i B (o0 va B co cac thanh phan ti 18 véi nhau) thi
S phu thudc tuyén tinh.
Néu a khac phuong véi B (o va B c6 cac thanh phan khong ti 16 voi nhau)
thi S doc lap tuyén tinh.
¢)S={a,B,y} cR.
Néu a, B,y dong phang thi S phu thudc tuyén tmh
Néu a, B, vy khong ddng phang thi S déc ldp tuyén tinh.
d)Cho ScT<R"
Néu S phu thudc tuyén tinh thi T ciing phu thudc tuyén tinh.
Néu T doc 1ap tuyén tinh thi S ciing doc lap tuyén tinh.
Néu O € S thi S phu thudc tuyén tinh (vi {O} phu thudc tuyén tinh).
Néu S doc lap tuyén tinh thi O ¢ S.
Vidu:
Xét S={o=(-2,4,-8,6), p=(3,-6,12,-9)} vaT={y=(51,-4,7), 5=(-1,8,2,-3)} c R*

Tacé S phu thudc tuyén tinh (B = ‘7300 va T doc lap tuyén tinh (y khong ti 18 véi ).

4.3/ MENH DE: (xac dinh sy doc lap tuyén tinh va phu thudc tuyén tinh)
Cho m>3 va S={oy,,..., 0y} < R"
0(1

biat A= sz € Mmxn(R) va ta c6 thé hoan ddi cac dong cia A.Tim r(A) va r(A) < m.

(24

a)Néu m>n thi S phu thudc tuyén tinh.
b) Xét truong hop m <n.
Néu r(A)<m thi S phu thudc tuyén tinh.
Néu r(A)=m thi S doc lap tuyén tinh.
c) Xét truong hop dac biét m=n va A € My(R).
Néu A khong kha nghich (| A|=0)thi S phu thudc tuyén tinh.
Néu A kha nghich (|A|#0) thi S doc lap tuyén tinh.

Vi du:

a)Cho Z={0o,PB,7.8,e }c R Do m=|Z|=5>n=3 néanhuthuéctuyéntinh.

b) Cho S={a,=(-3,1,2,7), o0, = (1,-2,5,—4), a3 = (2,4,1,6) } cR* va
T={B:=3,-4,1,7), B =(-2,6,8,-1), B3 = (-13,24,13,-23) } c R*.
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a, 1 2 5 —4 B 3 41 7

bat A=|q [=|-3 1 2 7| vaB=|g|=|-=2 6 8 -1|eM;R).
a, 2 4 1 6 B —-13 24 13 -23
' 2 5 —4 ' 2 5 -4

A—> [0 =517 5|5 |0 -5 17 -5|=Sp c6 r(A)=3=m=3<n=4.
0 8 -9 14 0 0 91" 30
" 2 9 6 ' 2 9 6

B—> |0 10 26 11|—> [0 100 26 11|=Sg ¢c6 r(B)=2<m=3<n=4,
0 50 130 55 0 0 0 O

Do d6 S doc lap tuyén tinh va T phuy thudc tuyén tinh.
¢)Cho H= {y,=(a,1,1),1»=(1,a,1),y3=(1,1,a) } c R* (m=n = 3).

7, a 1 1
bit C=|y, [=|1 a 1| € M3(R) va
JA 1 1 a

a 1 1 0 l-a 1-4°
|ICl=11 a 1|=]|0 a-1 1-a|=
1 1 o |I

l-a 1-4°

a-1 1-a

=(a—1)(a+2).

1 1+a
=(a—1)
(a )_1 |

1 a

Nhu vay H ddc lap tuyén tinh < C kha nghich < |C|#0 < 2#a=1
H phu thudc tuyén tinh < C khong kha nghich < |C|=0 < (a=-2 hodc a=1)

V. CO SO VA SO CHIEU CUA KHONG GIAN VECTOR:

5.1/ VAN PE: Cho W < R". C6 nhiéu tip hop hitu han ctia R" sinhra W. Ta mudn tim
mot tap sinh S nao d6 cua W sao cho S co 50 luong vector la it nhat. Khi do6 ta noi
S 1a mot tap sinh toi vu cia W.

5.2/ MENH PE: Cho W<R" vda W=<S> véi S 1a mot tdp hop hitu han cia R".
a) Néu S doc ldp tuyén tinh thi S chinh 13 mét tdp sinh t6i wu chia W.
(nghiala VTS, T#S = <T>#W)
b) Néu S phu thuoc tuyén tinh thi S 1a mot tap sinh chua 16i wu cia W.
(nghiala 3 TS, T#S va <T>=W)

Vidu: W=R>

a)S={oa, B} cR (o khac phuong véi B). Tacé <S>=R* va S doc lap tuyén tinh
nén S chinh 1a mot tap sinh téi wu cuia R%. Xét T={al =S va T=S. Taco
<T>#R’ vi <T> la mot khong gian con kiéu duong thang cia R’.

b)Z={a,B,yv}cR*(a,p,y d6i mot khac phuong nhau). Tacé <Z>=R? va Z phu
thudc tuyén tinh nén Z 1a mot tip sinh chua tbi vu cia R*. Xét T={a,p} c S thi
T#S va <T>=R%

10
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5.3/ PINH NGHIA: Cho W <R". , ,
Mot co socua W 1a mot tap sinh doc lap tuyén tinh (mot tdp sinh toi vu) cia W.

5.4/ MENH DE: Cho W <R".
a) Néu W = {0} thi W ¢6 vé s6 co s6.
b)Néu W= {O} va W cocosd B gdom m vector thi moi co sé khic ciing c6 m
vector. Ta goi m 13 56 chiéu ciia khéng gian vector W va ky hiéu m = dimgW
(viét gon 13 m =dimW ). Nhu vay sé chiéu ciia mot khong gian vector 13 sé luong
vector hién dién trong moi co s¢ cua no.

Vidu:
a)<@>={0} va @ doc lap tuyén tinh (theo qui wdc) nén khong gian {0} c¢6 co so
duy nhdt1a @ va dim{O} =|@|=0.Tanéi {O} la khong gian O chiéu.

b) R' ¢6 v s6 co sé khac nhau. Mdi cosé B ciia R' gom mot vector a.# O tiy y vi
B={a} doclaptuyéntinhva <B>=R".

Suy ra dimR' =|B|=1vatanéi R' 1akhonggian 1 chiéu.

¢) R* ¢6 vo s6 co so khac nhau. Mdi co s B cua R' gdm hai vector o, B khdc phirong
nhautiy yvi B={ o, B} doc lap tuyén tinh va <B>=R".
Suyra dimR®> =|B|=2 vatandéi R* 1a khong gian 2 chiéu.

d) R? ¢6 vo s co s¢ khac nhau. Mdi co sé B ciia R® gdm ba vector a, B,y khdng
dong phang tiy y vi B= { a, B,y } doc lap tuyén tinh va <B>=R".
Suyra dimR® =|B|=3 vatanéi R’ 1a khong gian 3 chiéu.

e) R" (n > 1) ¢6 vo sb co s khac nhau. Trong d6 c6 mot co sé don gian théng dung goi 13
co 56 chinh tic B, = { & = (1,0, ..., 0), &s=(0,1, ..., 0), ..., €. = (0,0, ..., 1) }.
Suy ra dimR" =| B, | n vatanoi R" 1a khong gian n chleu

S={a= 87 cR va V=<S>={8d=aolacR}<R.Do a#O nén S doc

lap tuyén tinh va ciing 1a mot co sd cia V. Tacoé V 1a mot khong gian con kiéu duong
thang cia R? ¢6 dimV =|S|=1<dimR* =2. Nhuviy {0} <V <R? va V 1a mot
khéng gian con khong tim thudng cua R2.

) T={Pp=(5-24),y=(3,1,8) } cR’ va W=<T>={5=bB+cy|b,ce R} <R’
Do B khongtilé véi v nén T doc lap tuyén tinh va cling 1 mot co sé cia W. Ta cd
W 1a mét khong gian con kiéu mat phang cua R c6 dimW = | T|=2< dimR® =3.
Nhu vidy {0} <W <R? va W 1a mot khong gian con khong tAm thuong cia R’.

5.5/ NHAN DIEN CO SO CUA KHONG GIAN R":

Cho S={ 0, t,..., 0} CR" v6i |S|=n.Dit A=|"| e My(R). Khi do

(24

a) S lamot cosé cia R" < A khanghich < |A|=0.
b) S khong la co s cia R" < A khong kha nghich < |A|=0

11
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Vi du:
a)Cho Z={a,B,v} va T={05,¢06,n, A} trong R*.Taco |Z|=3 va |T|=5 nén
Z va T khong phaila co sd cia R* vimdi cosociia R* ¢c6 4 vector.
b)Cho S={a=(1,-2,a),p=2,a-2,1),y=2,a-5,a+1)}cR’ ¢6 |S|=3
a I 2 a
bit A=|p|=(2 a-2 1 | e M;3R). Taco
y 2 a-5 a+l
1 2 a ' =2 a
|A|=2 a-2 1|=|0 3 -al|=
2 a-5 a+l 0 a-1 1-a

3
a—1 l-a

—(a-1)a-3).

—(a—l)‘

S lamdtcosdcua R* < A khanghich & |A|#0 < 1#a#3
S khong 1a cosé cia R? < A khong kha nghich < |A|=0 < (a=1 hodc a=23).

5.6/ Y NGHIA CUA CO SO VA SO CHIEU:

Cho W<R" va W ¢c6cosd B={ay,0,...,a,} cR"(dmW=|B|=m).

a) Voo € W, ¢cb duynhét C1,C2,...,Cn € R théa a=cjo;+ cra+ ... + cpom ().
Mubn tim ¢y, ¢, ..., Cm, ta phai giai phuong trinh vector (*).

Nhu vay khong gian W hoan toan dugc xac dinh boi mot co s bat ky cua nd (vi
mdi vector trong W duoc biéu dién mot cach duy nhat dudi dang to hop tuyén tinh
theo céc vector trong co s&). Do d6 mudn xac dinh mot khong gian vector trong

R", ta chi can gi6i thiéu mot co s& ctia né 1a di. Piéu nay rat thuan loi vi cac khong
gian vector # {O} c¢6 vo han vector trong khi mdi co s& ciia nd chi c6 hiru han
vector.

b) Céc khong gian vector (= {O}) ¢ v6 han vector nén ta khong thé so sanh “ tam
voc (d6 16n) > cua cac khong gian dua trén sd luong vector cua ching duoc. Chung
ta dung dai luong “ s6 chiéu ” dé thay duoc “ tim voc (46 16n) > caa cac khong
gian. Khong gian c6 s6 chiéu cang cao thi “ tdm voc ” cang 16n.

Vi du:
\ A 3 9 2 \ Xl 7 _2
a) Cho B={X;=(7,-2), X, =(-4,1)} la mdt co s& cua R*(vi M =—-1=#0).
A

VX = (u,v) € R?, ta c6 biéu dién td hop tuyén tinh duy nhat
X =(—u—-4v)X; + (-2u - 7v)X, bang cach giai h¢ X =c;X; + ¢, X, vdi cac an so thuc
C; va Cy:

Ci C Ci C

7 2| u " =1 wu+3v " 0 -u-—4v
(X x5 |X')= — — .

-4 1| v 0 -1 2u+7v 0 1| 2u-"7v

b)Cho S={o,=(1,1,1,1), a, =(2,3,-1,0), a3 = (-1, 1,1,1)}CR4.
Xét W=<S>={a=aa; +ba, +tcoz|a,b,ce R} < R*,

12
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a, 11 1 1 r 1 1 1
A=|a,|=|2 3 -1 0|>|0 I' -3 —2|=S,thi r(A)=3 nén S doc lap tuyén
a -1 -1 1 1 0 0 2° 2

tinh va ciing 1a mot cosd cia W véi dimW =|S|=3 <dimR*=4. Suyra W <R*.
Theo Vidu cia (3.1), Vy = (u,v,w,t) € W (y thda v+ w —u—t=0), taco bicu dién
u+2w—t 3t—u-2w

O(,1+(V—U)O(,2 + TO(@ .

duy nhat dudi dang t6 hop tuyén tinh y =
5.7/ TIM_ CO SO CHO KHONG GIAN SINH BOI MOT TAP HOP HUU HAN:
a) Van dé: Cho W=<S>< R* vdi S={oy, ds,..., an} < R"
Tim mot co sé cho W.
b) Giai quyét:

a,

bat A= sz € M «xn(R) va tim ma tran dang bac thang S, cua A.

(24

Sa c6 k dong khong tam thuong tao thanh cac vector vy, V2, ..., Y-
C={v1,72,--» Y} lamdtcosdcuia W=<S>va dimW =|S|=k=r(A).
Ta cling n61 W 13 khong gian dong cia ma tran A.

Vi du: Trong R*, cho tap hop (dugc mo ta theo cac tham sb thuc a, b, c, d)
W={X=(a+4b—-2c+3d,2a+7b—-3c+7d,2a+b+4c+15d,—a—2b —5d)|a,b,c,d € R}
Hay tim mot tap hop hiru han S cua R* thoa W=<S>< R* va tim méot co s& cho W.
Dung céch tach riéng cac tham sb va dat mdi tham sé lam thira s6 chung, ta ¢6

W= {X=(a,2a,2a,—a) + (4b,7b,b,—2b) + (-2¢,-3c,4¢,0) + (3d,7d,15d,-5d) | a, b,c,d € R }
={X=a(1,2,2,-1)+b4,7,1,-2) + c(-2,-3,4,0) + d(3,7,15,-5) | a,b,c,d e R }
Vay W=<S>vé6i S={a; =(1,2,2,-1), o, =(4,7,1,-2), a3 = (-2,-3.,4,0), ou = (3,7,15,-5)}

a, 1 2 2 -1 ' 2 2 -1 r 2 2 -1 2
Pat A= || =|* T L 2|01 2] g |01 0 2 iy

a, 2 3 4 0 01 8 -2 0 0 -1" 0 75

a, 3 7 15 -5 01 9 =2 0O 0 O O (0]
W cocosola C={y,=(1,2,2,-1),v,=(0,1,9,-2), y3=(0,0,-1,0) } va dimW=|C|=3

5.8/ TIM CO SO CHO KHONG GIAN NGHIEM CUA HE PHUONG TRINH
TUYEN TINH THUAN NHAT:
a) Van dé: Cho A € M «n(R) va W={X e R"|AX= 0} < R"
Tim mot co sé cho W.
b) Giai quyét: Giai hé AX =0 dé m6 ta khong gian nghiém W.

13
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-Néu W = {0} thi W ¢6 coso (duy nhat) 1a @ va dimW =| D=

- Néu hé ¢ vo sd nghlem voi k antudo thitamoéta W theo k an tu do do.
Duing céch tach riéng cac an tu do va dat mdi an tu do 1am thira s6 chung, ta co
dugc mot tap sinh D (gdm k vector) cho W. Tap sinh D ddc lap tuyén tinh
(két qua nay da duoc chirng minh trong 1y thuyét) nén D 1a mét co sé cia W.
Tacod dimW =|D |=k = (S an ty do cia hé AX = O).

Vi du:
1 2 3 4
4 i . 2 1 -4 3
a)Cho V={X eR"'|HX= 0} < R" v6i H= 4 2eM4(R).
4 3 -2 1

Ta tim mot co s& cho V. Trude hét ta gidi hé¢ HX =0 vb&1 X =(x,y,zt) € R* Taco

1 2 3 4 I 2 3 4 I 2 3 41 1 2 3 4
-2 1 -4 3 0 5 2 11 0o 5 2 111 [0 5 2 11
IH|= = = = * =840 0
3 4 -1 2 0O -10 -10 -10f |0 O -6 12 |0 O - 12
4 3 21 o 5 -10 7 0 0 -12 -4 |0 0 0 28

Vay H kha nghich va hé¢ HX = O chi ¢6 nghi¢m tam thuong X =0 =(0,0,0,0).
Dod6 V={0} va V cocosdla & voi dimV=|D|=0.

1 -5 -1 -7 3
. -2 1 1 -
b)Cho W={X e R’ |AX= 0}< R’ véi A= 0 3 18 T Mus(R).
3 -15 -5 =29 11
-4 20 7 40 -15
Ta tim mot co sd cho W. Trudc ta giai hé AX =0 véi X = (x,y,ztu) € R’
X y z t u X y z t u

I -5 -1 -7 310 I -5 -1 -7 3] 0 I -5 0 -3 2/ 0
-2 10 3 18 -7 O_)OO I 4 -1 0 0 0 1 4 -1 0
3 15 -5 =29 11| O o 0 -2 -8 210 o 0 0 O 0] O
-4 20 7 40 -15 O o 0 1 4 -1} O o 0 0 O 0] O
Hécévésénghiémv(ﬁ 3 dntudo: y,t,ue R, x=5y+3t—2u, z=u - 4t.
W={X=0By+3t-2u,y,u—4t,t,u)|y,t,ue R}
={ X =y(5,1,0,0,0) + t(3,0,-4,1,0) + u(-2,0,1,0,1) | y,t,u € R }
W=<D> v6i D= {8,=(5,1,0,0,0), 5, = (3,0,-4,1,0), 85 = (-2,0,1,0, 1)}CR
D doc 1ap tuyén tinh nén D 1a mot co sd cia W va dimW = | D | =3 = s6 an tu do cta hé.

5.9/ TIM CO SO CHO KHONG GIAN TONG:
a) Van dé&: Cho V=<S><R"vda W=<T><R" véi S, T 1a cac tap hop con hiru
han cuia R". Tacé (V+ W) <R" Tatimmdt cosdcho V+W.
b) Gidi quyét: Pat Z=S U T thi V+ W =<2Z>. Sirdung (5.6) , ta tim dugc mot co

14
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s6 cho V+ W tutdp sinh Z cta no.

Vidu: Cho S={a=(5-2,-54), p=(2,0,-53),y=(-4,4,-51)} cR*, V=<S><R’
T={8=(4,-641),e=(1,6-8,1) } cR*, W=<T><R*.
Tim mot co sé cho V+ W.
bat Z=SuT={a,B,7,0,e} thi V+W=<Z> Taco

s

£ 1 6 -8 1 ' 6 -8 1 ' 6 -8 1 ' 6 -8 1
Vi 2 0 -5 3 0 —-12 11 1 0o 0 17 -11 02 1 =2

A=|y|=|4 4 5 1|0 4 -15 7|=>|0 0 -17 11 |[=>{0 0 177 -11
) 4 -6 4 1 0 2 -1 2 0 2 -1 2 0 0 0 0
a 5 2 -5 4 0 -32 35 -1 0 0 51 -33 0 0 0 O
V+W cocoso E={A=(1,6-8,1), u=(0,2,1,-2), v=(0,0,17,—-11) }

5.10/ TIM CO SO CHO KHONG GIAN GIAO:

a) Van dé&: Cho V=<S><R"va W=<T><R" véi S= {oy,00,....,0,} cR"
va T={B1,B2,..., B} €R" (p=q). Tim mft co s6 cho VN W.

b) Gii quyét: Xét o € R™ Ta c6
aoeVNW e (aeVviaaeW) <
< Jcy, €, .. €p € Ry =cja + co00 + ... + cpa, va phuong trinh

diBi + daPa + ... T deBg =0 (an sd dy, dy, ..., dg) c6 nghiém thyc. -

Ta s€ thay cy, ¢, ..., ¢, birang budc bé1 mot hé phuong trinh tuyén tinh thuan nhat.
Giai hé nay dé chiracacantudovaméta o € VAW theo céc an tu do nay. Tu
do6 ta tim duoc mdt tap sinh doc 1ap tuyén tinh (mdt co s&) cho VN W.

Vidu: Cho S={a=(-2,43,0),p=4-1,-22),y=(-1,4,1,1)} cR*, V=<S><R*
T={85=(0,51-1),e=(1,5-1,0,0=(3,4,1,0)} cR*, W=<T><R".
Tim mot co sé cho VN W.
Taco aeVNW < (aeV vaaeW) <
< Jab,c € R, o =aa+bp+cy va phuong trinh r§ + se + t0 = o (4n s6 1.5,t) cd nghiém thyc
Phuong trinh r(0,5,1,—1) +s(1,5,—1,0) +t(3,4,1,0) = a(-2,4,3,0) + b(4,-1,-2,2) + c¢(-1,4,1,1)

1 -1 1 3a-2b+c " -1 1] 3a-2b+c r -1 1 3a—-2b+c
0 1 3 4-2a-c 0 1 3 4b-2a-c 0 1" 3 4b-2a-c
< — —
-1 0 2b+c 0o -1 1 3a+2c¢ 0O 0 4 a+4b+c
5 5 4 4a-b+4c 0 5 4 4a+9b+9c 0 0 9 19a+9b+19c
' -1 1| 3a-2b+c
0o 1" 3| 4b-2a-c . i .
— . Phuong trinh ¢c6 nghiém < a+c=0 < c=-a
0 0 4| a+4b+2c
0 0 0| 67a+67c

Vay VN W={a=aa+bf-ay=a(a—y)+bB|a,be R} =<Z> vbi
Z={A=(o—7y)=(-1,02,~1), = (4—1,-2,2)} doc 1ap tuyén tinh vi A khong ti 1é v&i P.
Dodd VAW comotcosdla Z={A, B} va dm(VNW)=|Z|=2.
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5.11/ SO SANH SO VECTOR TRONG MOT TAP HQOP POC LAP TUYEN TiNH
VA TRONG MOT TAP SINH VOI SO CHIEU CUA KHONG GIAN VECTOR
Cho W <R"c6 dimW =m.
a) Néu S doc lap tuyén tinh c W thi | S |<m.
Néu (S doclap tuyéntinhc W va |S|=m) thi S 1a motcosdcia W.
b)Néu <S>=W thi |S|>m.
Néu(<S>=W va |S|=m) thi S lamdtcosdcia W.
c)Néu (ScW va |S|>m) thi S phu thudc tuyén tinh.
d)Néu (ScW va |S|<m) thi <S>=W.
Vidu:
a) Néu S doc 1ap tuyén tinh — R* thi | S | < dimR* = 4.
Néu (S doc lap tuyén tinh c R* va | S|=dimR* =4) thi S 12 mot co sé cua R*.
b) Néu <S>=R* thi |S|>dimR* =4.
Néu (<S>=R* va |S|=dimR*=4) thi S 1a métcosdcua R*.
¢)Néu (ScR® va |S|>dimR® =5) thi S phu thudc tuyén tinh.
d)Néu (Sc R’ va |S|<dimR’ =5) thi <S>=R".

5.12/ NHAN DIEN CO SO CHO KHONG GIAN VECTOR:
Trong (5.5), ta dd néu ra cich nhan dién mot co s& cho khong gian R" (R" dugc goi
1a khéng gian day). Bay gio ta gi6i thiéu cach nhan dién co s¢ cho khong gian W ma
W <R" (W duoc goi 1a khong gian voi).
a) Khi chua biét dimW: Ta dung dinh nghia (5.3) noi vé co so.
B lamdtcosdcia W < (<B>=W va B doc lap tuyén tinh)
b) Khi da biét dimW =m : Ta dung phan a) caa (5.11).
B lamotcosocia W < (Bc W, B doc lap tuyén tinh va | B | = dimW =m )
Vi du: Cho S = {a.=(-2,1,3,0), p=(3.4,-1,5)}, T = {y = (4,9,1,10), § = (9,1,-10,5)} c R*
Pit W=<S>={X=ao+bp|a,beR} <R’ Theo (5.11),dimW<|S|=2
nén W = R* nghiala W <R* Tagiaithich S va T 13 cac cosé caa W.
Giai thich S 1a mot co s¢ cia W (chua biét dimW): Do<S>=W va S doc lap
tuyén tinh (oo khong ti 18 véi B)nén S 1a mot co sd cia W va dimW =| S| =2
Giai thich T 1a mdt co so cia W (dd biét dimW = 2):
*T={y,8 c W=<S={a, B} > vi cac phuong trinh c;a +c,p =y (4nlac, va c,)
vadio +drf =0 (an la d,; Va d>) déu co nghi¢m thyclac,=1,¢c,=2,d,=-3,d, =1
Céc phuong trinh trén c¢6 vé trai nhu nhau nén c6 thé giai chung trong mot bang :

Ci C C1 C

-2 3| 4] 9 o2 5| =1 ol 1 =3

1 4| 9 1 0o 2| 41| 2 o 1’| 2/ 1
(o' By 18)= — —

3 -1 1] -10 0 -7| -14/ -7 0 O 0o O

0 5| 100 5 0 5| 10| 5 0 O 0o O

d] dz dl d2

*T={v,38} doc lap tuyén tinh (y khong ti 1 v6i §)va | T |=2=dimW.
16
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5.13/ PINH LY: Cho V, W <R".
a)Néu W<V thi dimW <dimV.Néu W<V thi dimW <dimV.
b) Néu (W <V va dimW =dimV) thi V=W.
¢) dim(V + W) =dimV + dimW — dim(V N W) nén dim(V + W) <dimV + dimW
d) Suyra dim(V + W) =dimV + dimW < dim(VAW)=0 < VW= {0},

Vidu:
a) Xét lai Vi du cta (2.5) muc a), b), ¢) vé cac khong gian giao va khong gian tong.
Thir lai dim(V + W) =dimV + dimW — dim(V n W), tathdy 2=1+1-0
dim(H + K) = dimH + dimK — dim(H " K), tathdy 3=1+2-0
dim(P + Q) = dimP + dimQ — dim(P N Q),ta thdy 3=2+2—1
b) Xét lai Vi du cta (2.6). Do {0} <W<V< R nén
dim{0} =0 < dimW = 1 <dimV =2 < dimR® =3.
¢) Néu (W <R* va dimW =dim R* =4) thi W=R".

5.14/ HE QUA: Cho S={ o, 0s,..., 0y } doc lap tuyén tinh c R" véi m<n.
bit W=<S> thi S lamotcosdcia W va dimW=|S|=m va W<R"
Ta c6 thé thém (n—m) vector vao S dé duoc mot cosd B cia R" va S < B.
Céach b sung: Ta s& léy (n — m) vector tir co s& chinh tic B, = { €1, €, ...y €} thém
vao S.
a,

biat A= sz € M xn(R) va tim ma tran dang bac thang S, cia A. S, c6 (n—m)

am
cot khong ban chuan hoa dugc 1a cac cOt tht 1y, 15, ooy In 1 (1 11 <1, < ... <1, n <)
Tathém {¢ ,¢,,..., 5 }vao S d&€cOB=SuU {¢ ,¢ ,..., ¢ } lamotcosdcia R"

Vidu: Cho S={a, =(3,1,-2,5), o, = (-2,0,4,~3)} doc 1ap tuyén tinh c R* (m =2 <n=4)

a 31 -2 5 r 1 2 2 A . A , 2 .
A=|""|= —> Sp= . c6 c¢ot 3 va4 khong ban chuan hoa dugce
a,) (=2 0 4 -3 02 8 1

bat B=S u{ & =(0,0,1,0),&,=(0,0,0,1) } ={ o, ,¢€;,&} thi B lamdtcosdcua R*

VI. TOA PO CUA VECTOR THEO CO SO CO THU TU:

Trong muc VI nay, ta qui dinh tat ca cic co so (duoc st dung) déu cé thir tu.

6.1/ PINH NGHIA: Cho W<R" va W ¢c6cosd A={0, 0, ..., Om}.
a) Vau € W, ¢6 duy nhat ¢, ¢c;,...,cn, € R théa a=cjo;+ can+ ... + cpo, (F).
Mubn tim ¢, c,, ..., Cy, ta phai gidi phuong trinh vector (*) [ theo (5.6) ].
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Taky hi¢u [a o= va [ o ]a goilatoa do cua vector o. theo co so A

c

m

b)Va,Be W,Vce R, [cala=cl[a]s va[atPB]a=[alaz[B]a-

Vidu: W=R® cocosd A= {o,;=(1,-2,2), o =(2,-3,6), a3 = (1,1,7) }(co thir twr).

4 4 -20
a)Xét a e R ¢ [a]a=|-1].Taco [-5a]a=-5[a]s=-5|-1|=| 5 | va
3 3 -15

a=40; —a, +30;=4(1,-2,2) — (2,-3,6) + 3(1,1,7) = (5,-2,23).
G

b) Tim [B]a néu Bp=3,11,35) e R . Pt [B]a=]c, | thi p=cio+ cr0n+ cs303,
G

nghiala c;(1,-2,2) +c,(2,-3,6) + c5(1,1,7) = (3,11,35). Ma tran hdéa phuong trinh trén

C; € Cj3 Ci C C3
1 2 1 3 21 3 " 0 -5 -31 " 0 ol -6 -6
-2 3 1] I1|>|0 1 3 17|—>{0 1" 3| 17 |>/0 1" 0] 2 |[=[B]a=]2
2 6 7 35 0 3 8 46 0 0 -1 -5 0 0 1 5 5
4 -6 -2 10
[latPla=[a]ax[B]la=]|-1|£|2|=| 1| hoac |-3].
3 5 8 -2
4 . NE)
[-VBala=—=V3[ala=—3|-1|=| B
3) |33
6.2/ MA TRAN POI CO SO:

Cho W<R" va W cocaccosd A= {a;,0,....,0n} va B={B,B2,..., Pm}-
Lapmatran (A—>B)=([Pi]a [B2]a --- [Bm]a) € Mn(R).

Tandi (A — B) lama trgn doi cosotr A qua B.

[ moOi vector cua co s¢ B (di sau) duoc lay toa dd theo co sé A (di trude) ].

Vi du:
a) Khong gian W coécaccosd A= {a;,a,03} va B={B;,B,,B3} thoa cac h¢ thuc
By =mo —a, + Vas, B, =—-20;—(In5)az va Bs=4a; +ea, —(9/7)a; .
V4 -2 4
Taco (A—>B)=([Bi]a [B2]a [Bs]a)=]-1 0 e |€ Ms(R).
B3 —In5 —9/7
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D) R cocaccosd A={a;=(-2,5),0,=(1,-3)} va B={B, =(-1, 1), B, =(6,-17) }
Tacd By =20, + 30, va B,=—0o; +4a, béng cach giai 2 phuong trinh
cio + con = By (én lac;va ¢) va djoy + dro, =3 (én lad; va d,)co vé trai nhu
nhau trong mdt bang :

Ci C C1 C
T ET T A e BRI O BN O
aalflb)=| s 5 | g o 2| 6| 8 o 1'| 3 4
d1 d2 dl d2
) 2
nen (A= B)=([pi 1y [R10=(] ] M

6.3/ TINH CHAT: Cho W <R" v6i dimW=m va W ¢6 cac co sd A, B, C.Khi do
a) (A — B) 1a ma tran vudng cap m khd nghich va (A - B)"' = (B — A).
b) (Ao A)=1,.
¢) (A > C)=(A > B).(B—> Q).

Vidu:
a) Cho khong gian W c6cosd A= {0, d, 05} va dimW =|A |=3. Hién nhién
o = 1.0(,1 + 0.0(.2 + 0.0(,3 , Ol = 0.0L] + 1.0(.2 + 0.0(3 va O3 = 0.0(,1 + 0.0(2 + 1.0(,3
I 00
nén (A->A)=([oi]a [ou]a [os]a)=|0 1 0|=1 € M3(R).
0 0 1

b) Cho khong gian V c6 caccosd A,B,C va (A —>B)= (Z _?], B—->0C)= (_23 Zj

Ta c6 (B—>A)=(A—>B)‘1=C1 ‘?) {‘i ij va

(A—C)=(A—B).(B-C)= (7 ‘2j (‘3 sz (

=25 23
4 -1){L2 6

-14 14)°

6.4/ CONG THUC POI TOA PQ THEO CO SO:
Cho W<R" cécaccosd A va B.
Khi dé ta c6 cong thirc doi toa do theo co sé
VaoeW,[a]Ja= (A—>B)[als

Vi du: Khong gian W cocaccosd A={a,} va B={y,d} thda
-1
(A—)B)z[_i ij va (B—)A)Z(A—)B)‘lz(_s Zj {‘3 Zj.

-7 3 -7 5

Cho £,0 e W thoa [&]s = (‘S va [e]Az[fgj.Tinh [e]a va [0]5.

19
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=7 3)\5 57
(nghialda e=—-6y+556 = €=400+57B)

Taco [0]g=(B—>A)[0]a= (:; ij (fgj N (:éij

(nghiala 6=30 -8B = 0= —25y—-610)

Taco [€]a= (A — B).[&]s = (‘5 2) (ﬂ - (4())

6.5/ MA TRAN DOI CO SO TRONG KHONG GIAN R™:
a) R" ¢6 co so chinh taic B, = { g, =(1,0, ..., 0), &, =(0,1, ..., 0), ..., £,= (0,0, ..., 1) }.

al
Vae R, a=(aj,ay,..,a,) < a=2ag +ae +..tage < [a], = af =q'.
an
7
Chang han a=(7,-v2,e,-n) € R* ¢6 [a], = 2| _ a'.
e
—7T

b) Giasit R" c6caccosd A={ o, 0,...,0,} va B={B,Bs,..., Bn}-
Ta muodn viét L= (A — B).

Céch 1: (tim gian tiép thong qua co so chinh tic B,)

Vit H= (B, > A)=([a], (@], - [,1,) = (& @, ... @') € My(R).
K=B,—>B)=([8]1, [8]s - [B,15) = (B B ... B,) € My(R).

Taco L=(A - B)=(A - B,)(B, > B)=H 'K. O diytatim L dwavao H"'.

Céch 2: (tim tryc tiép theo dinh nghia)

Taco L=(A—>B)=([Bi]a [B2]a ... [ PBnla). Mudn tim toa do cua cac vector
Bi,B2,..., Pu theo cos& A, ta phai giai n hé phwong trinh tuyén tinh, mi hé c6 n
phuong trinh va n 4n sd. Cac hé nay cing c6 vé tréi 1a (of o ... &) =H va céac vé
phai ctia chung 1an luot 1a cac cot B, B, ..., B . Do d6 ta c6 thé giai dong thoi n hé
B P

duogc viét thanh dang ma tran 1a (H | K) va khi giai xong bang phuong phap Gauss —
Jordan, ta thu duoc (I, | H'K). Taco L=(A > B)=H'K. O daytatim L=H 'K
ma khong can phai tim riéng H ™.

t t t

trén trong cung mot bang la (al a, .. «a

N ﬂ;), nghia la n hé trén

n

Vidu: W=R> cociccosd A= {a;=(-3,4,6),0,=(0,1,1), a3 =(2,-3,-4) },
B={Bi=3.49),B,=(2,1,2), Bs=(-7,1,4) } va co sé chinh tic B, = { &, &, &3 }
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a) Viét L= (A > B).

Cach 1:
-3 0 2 1 -2 2
H=B, > A)=(a & a.)=|4 1 3| c6o H' =|2 0 1| theoso ddsau
6 1 —4 2 -3 3
-3 0 2] 1 0 0 1 -1 1 1 0 r o -1 -1 1 -1
H|I)=|4 1 -3 01 0/—|0 -3 1| 4 -3 0(—>|0 1 0 2 0 1]|>
6 1 —4 0 0 1 0 -5 2| -6 —6 1 0 0 2| 4 -6 6
' 0 o 1 =2 2
—>|l0 1 0 2 0 1|=(L|H™
0 0 I'l 2 33
3 2 7 13 4 -1
K=B,—>B)=(8 g g)=|41 1| vaL=H'K=|15 6 -10].
9 2 4 21 7 -5
Cach 2:
-3 0 2| 3] 2| -7
HIK) =(af o a| B 8] B)=|4 1 -3 4 1| 1 |>(L|H'K) nhusau:
6 1 -4 9 2 4
-3 0 2| 3] 2| -7 1 = 7| 3| -6 " o -1 -8 -3 4
—>| 4 1 3 4 1| 1|>]0 =3 1| =24/ -11] 25 |—=|0 ' 0| 15 6| —-10|—>
6 1 —4 9 2| 4 0 1 0| 15| 6| -10 0 0 1| 21 -5
I o 13| 4/ -1 13 4 -1
—|0 1" o] 15| 6/ -10|.Vay L=H'K=|15 6 -10]|.
0 0 17| 21 71 -5 21 7 -5
2
b) Tim o e R’ néu [a]a=]| 1 |. Taco
-5

o=2a; t o, —Soz=2(-3,4,6)+ (0,1,1) — 5(2,-3,-4) = (-16,24,33).
¢) Tim [ B ]a néu p=(4,-3,-2) € R’.
G
Céch 1: dung dinh nghia ciatoa dd. Pat [ B]a=|¢, | thi B=cjo;+ cy0,+ c303 .
G

t

Ma tran hoa phuong trinh vector trén, ta co (a{ a, a;

p)=(H|B) > (L|H'B):

Ci C C3 Cp C C3
-3 0 2| 4 1 -1 1 1 -1 -5 1 0 0ol 6 6
4 1 3 3|>|0 3 1| -7|=>[0 1" 0] 6|0 1" 0f 6| =[PJa=]6

6 1 -4 -2 0 1 0 6 0 0 1] 11 0 0 1| 11 11
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Céch 2: dung cong thic d6i toa do theo co s6.

4 1 2 2\(4 6
Tacod [B],=B'=|-3| va [Bla=(A>By) [pl,=H B ' ={2 0 1|[-3|=|6]
) 2 -3 3|2 11
6

d)Xét ye R co [ylg=]| 0 |. Tinh [ ]a.
-1
13 4 -1 6 79
Taco [Y]a=(A—>B)[ylg=L[y]g=|15 6 —10|| 0 | =]100].
21 7 =5 )(-1 131
(nghiala y =6B, - B3 = y = 79a,+ 1000, + 1310a3)

6.6/ MA TRAN DOI CO SO TRONG KHONG GIAN W <R":
Cho W<R"(nghiala W<R" va dimW=m<n).Tacd B,={¢,¢,..,6}zW.
Giasat W cocaccosd A={oa,dy,....,0n}t va B={B;,B2,.... Bm }.
Taco L=(A—>B)=([Bila [B2]s .- [Bmla) Muontim [B;]s (1<j<m),ta
phai giai m hé phuong trinh tuyen tmh moi hé c6 n phuong trinh va m an s6. Cac
hé nay cing co vé trai 1a (o ! ... ' ) va cac vé phai cia chung lan luot 13 cac cot

B, B, ..., B.. Do @6 ta co thé giai dong thdi m hé trén trong ciing mot bang 1a
(al’ a, .. a)l B Bl | B )

Khi giai xong hé trén bang phuong phap Gauss - Jordan, ta x6a boé (n — m) dong
tam thuong ¢ phia dudi va thu dugc L = (A — B) & cac vé bén phai.

Vidu: Cho W<R* nhan A= {a,=(-1,1,5,0), o, = (2,-5,—4,1), a3 = (-3,0,—2,4) } va
B={B,=(17,16,-5),B,=(11,-17,3,-4), B3 =(-19,13,15,14) } 1a cac co sd.
Taco dimW=|A|=3<dimR* =4 nén W<R* vaB,={¢, &, 63,84} < W.
Dodo L=(A—>B)=([Pi]a [Bz]A[B3]A)-Déﬁm [Bila, [B2]a va [Bs]a,

ta giai dong thoi 3 hé (al’ a, ail B Bl B ) (mdi hé 3 phuong trinh, 4 an s6):
-1 2 3 -1 11| -19 r -2 3 1y =111 19
1 -5 0| 7| =17 13 0 -3 3| 6| -6 -6 N
5 4 2] 16/ 3 15 0 6 -17| 11} 58| -80
0O I 4| =5 4| 14 0 1 41 =5 4| 14
r o0 5| -3 -7 23 r 0 0 2| 3| 3
0 1 1| -2 2 2 0 1" o -1 4| -2
- - .
0 0 =23} 23] 46| -92 0o 0 1| -1} -2 4
0 0 3| -3 -6 12 0 0 O] O] O] O
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Xb6a dong cudi tam thuong, tir cac cot & vé bén phai ta cod

2 3 3
L=(A—>B)=([Bi]alB2]alBsla)=|-1 4 2.
1 2 4

6.7/ NHAN DIEN MOT CO SO DUA THEO MOT CO SO KHAC:
Cho W<R" ¢c6¢cos6 A={a,d,..., 0y} (dimW =m).
Xet téphop BZ{BI)BZ))Bm}CRn co |B|:m

B o
a) Néu c6 ma tran kha nghich P € M,(R) thoa ﬂf =P sz thi B cling 1a mot co
ﬂlﬂ am
s cia W. Luc d6 (A — B)=P'.
a, b
b) Néu c6 ma tran kha nghich P € M,(R) thoa sz =P ﬂf thi B clng la médt co
am ﬂm

s cia W.Lucds (B— A)=P".

Vidu: Cho W<R’® c6cosd A= {ay, 0,0} (dimW =3).
Gia st co cac tap hop B={ B1, B2,Bs} va C={y1,v2.7;} trong R® thoa
B =20, +30,+303,B=—0o; +4a,— 203 va B3=—0o; — 20, + 4a;
o =2y + 3y, +3y3, 0, ==y H 4y, —2y3 va o3 =—7; — 2y, +4y3

Nhu vay

B 2 3 3\(e a, 2 3 3\(y 2 3 3
Bl=|-1 4 2|la,| va |a,|=|-1 4 =2||y,|VvéiP=|-1 4 -2
B) -1 2 4 )|a a,) (-1 2 4 )|y, -1 2 4

2 3 3| |o 11 -1
Taco |P|=|-1 4 —=2/=|-1 4 -2 =

‘11 —1‘
-1 =2 4 0 -6 6

6 6 =600 nén P kha nghich.

Doddé B va C déulacaccosocaa W voi

(A>B)=(C—>A) =P' =3 4 -2
3 2 4
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VII. KH()NG GIAN VECTOR THUC T(Z)NGWOUAT: ,
Tt cau trac khong gian vector R" trén R, ta c6 thé xay dung mét cau triic khong
gian vector tong quat trén R.

7.1. KHONG GIAN VECTOR THUC TONG QUAT:
Cho tap hop V # & va mdi phan tir cia V goi 1a mot “ vector . Gia st
- Trén V c6 mdt phép toan ky hi¢u hinh thuc 1a + va goi 1a phép cong vector
(Va, B €V, xac dinh duy nhat o+ p V).
- C6 mot phép lien két tir R vao V ky hiéu hinh thtc 13 . va goi 13 phép nhdn
s6 thue véi vector (Vc e R, Va €V, xac dinh duy nhit c.o=ca eV ).
Ta ndi cau trac dai sé (V, +,.) 1a mét khong gian vector trén R (khong gian
vector thuc) néu 7 tinh chét sau day duoc thoa:
(A)) Phép (+) giao hodn va két hop, nghiala Va, B,y € V,
atB=B+a va (a+B)+y=a+P+y)=a+p+y.
(A))30 e V,Vae V,0+ta=a+0=a. Tandi 0 la“vector khong >’ va ky hiéu
0 =0. Tanodi O 1a phan tir trung hoa ciua phép (+).
(A3) Vaoe V,3da’ € V thoa o’ +ta=a+a’=0.
Ky hiéu o’ =—a=(-1)o. Tandi (—a) 1 vector doi cia a.
(A1), (Ay) va (A;) 1a cac tinh chét riéng cua phép (+).
(By)) Va e V, lL.a=a.
(By) Vo € V, Ve, d € R, c.(d.a) = (c.d).a
(B1) va (B,) la cac tinh chat riéng cta phép (.)
(C) Va e V,Ve,d e R, (ct+d).a=c.a+da
(Cy) Va,BeV,VceR,c.(a+pB)=c.a+c.
(C)) va (C,) 1a cac tinh chat lién quan giira phép (+) va phép ().

Vi du:

a) R[x] = {f(x)=a,+ax+ .- +ax" /neN,a,,ay,..,a, cR} 1a tdp hop cac da thirc thuc
Ta c6 phép cong (+) tu nhién hai da thirc thuc va phép nhan () ty nhién sb thuc voi da
thire thue. (R[x], +,.) 12 mot khong gian vector trén R. Phan tir O cua R[x] la da
thire khong. V(x) € R[x], f(x) c6 vector ddi la da thic thuc —f(x).

b) V61 phép cong (+) tu nhién hai ma tran thuc cung kich thudce va phép nhan (.) tu nhién
s6 thuc v6i ma tran thuc, (Mpsa(R), +, . ) 12 mot khong gian vector trén R. Phan tir O
cua M,(R) la ma tran Opun. VA € Mn(R), A ¢6 vector ddi 1a ma tran thuc —A.

¢) F(R)= { f/f: R — R} 1a tap hop cac ham sd thuc tr R vao R. Ta c6 phép cong (+)
tu nhién hai ham s6 thuc va phép nhan (.) tu nhién s6 thuc véi ham sé thuc. (F(R), +, .)
1a mot khong gian vector trén R. Phan tr O caa F(R) 14 ham hang khong.

Vf(x) € F(R), f(x) co vector d6i 1a ham sé thuc —f(x).

d) S(R) = {(an)n e~/ an €R, Vn € N } 1a 5tép hop cac day s thue. Ta c6 phép cong (+) tu
nhién hai day s6 thye va phép nhén (.) tu nhién s thuc véi day s6 thue. (S(R), +,.) 1a
mot khong gian vector trén R. Phan tr O cia S(R) 1a ddy sé hang khong.

V(a)h e~ € S(R), (ay), e N €O vector ddi 1a day s6 thuc (—ap)n e N-
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e) 2(R)= {f“an / a, €R,Vn € N} 1a tap hop cac chudi sb thuc. Ta c6 phép cong (+) tu

n=0
nhién hai chudi s6 thyc va phép nhén (.) tu nhién sd thuc véi chudi s thyc. (X(R), +, .)
la mot khong gian vector trén R. Phan td O cua Z(R) 1a chudi s6 hang khong.
\ Za e 2(R), Za c6 vector dbi 1a chudi sb thuc Z( a).

n=0

7.2/ HE QUA: Cho khong gian vector thuc (V,+,.). Vo € V, Vc € R, taco
a)c.a=0 < (c=0 hay a=0) b)c.az0 < (c#0 va a=0)
¢) Vector O 1a duy nhit. D6i v6i mdi o € V, vector ddi —o 1a duy nhét.

7.3/ KHONG GIAN VECTOR CON:
Cho khong gian vector (V,+,.) trén R va Wc V.
Céac phép toan (+) va () trén V van dugc s dung trén W,
a) Tanoi W 13 mét khéng gian vector con ciia V (ky hiéu W < V) néu W thoa cac
diéu kién sau day:
*OeW (1)
*Vo,eW,a+BeW (2)
*Yae W,Vce R,c.ae W (3)
b)Suyra W<R" < Va,BeW,Vce R, ca+BeW (4)
¢) V ludn luédn co hai khéng gian con tam thwong 1a {O} va chinh V.
Néu W<V va {O} #W =V thi tandéi W 1a mét khéng gian con khong
tam thwong ciua V.
Néu W<V va W=V thi tandéi W 1a mér khong gian con thuc sy clia
V vakyhigu W<V,
Vidu:
a) Trong (R[x], +,.), ta c6 cac khong gian con thuc su
R,[x] = {f € R[x]/f c6d bac <n[kyhi¢u deg(f) <n]} trong d6 n € N.
P= {feR[x]/f(1)=0}, Q= {fe R[x]/f(-1)=1Q)}
Khi m,n e N va m<n thi Ry[x] <Ry[x].
b) Trong (M, «n(R), +,.), ta c6 cac khong gian con
H={A € M,«n(R)/2a;;=0} va K={A € M, «.(R)/a;; =ay,}.
c) Trong (My(R), +,.), ta c6 cac khong gian con
={AeMR)/A'=A} va Z={A € M(R)/ A 1a ma trin tam gi4c trén}
d) Trong (F(R), +,.), ta c6 cac khong gian con thyc su
C(R)={feFR)/f liéntuctrén R} va
C™R)={feFR)/f codaoham déncap n trén R} trong don e N*.
Khi m,n e N* va m<n thi C”(R) <C™(R) < C(R).
e) Trong (S(R), +,.), ta c6 khong gian con thyuc su
S(R) = {(an e n € S(R) / ddy 0 thye (an)s < x hoi tu}
f) Trong ( 2(R), +, . ), ta c6 khdng gian con thuc su

S (R)= {3 a, € T(R)/ chudi sé thuc S a, hoi tu}.
n=0 n=0
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7.4/ MENH DE: (phu nhan khong gian con cua V)

Cho khong gian vector (V,+,.) trén R va Wc V.

Céac phép toan (+) va () trén V van dugc sur dung trén W. Khi do
0 ¢ W (5)

hay

a) W < V(W khong phdi la khong gian con ciia V) <> | 3a,BeW,a+ B¢ W(6)
hay
| daeW,3ce R,ca ¢ W(7)

bD)W<V < Ja,BeW,IceR ca+peW.
Khi gidi thich W < V, ta thudng st dung a), nghia la chira W théa (5) hay
théa (6) hay théa (7) la du.

Vi du:
a)Vn e N, W, = {fe R[x]/deg(f)=n} < R[x] (O ¢W, vi deg(0)=-o0).
D)L ={A € Mpuxn(R)/a;;>0} < My n(R) (A € Mpn«n(R) thi —A & M,,,+(R))
c)G={AeMR)/|A|20} <M,R)(I,,~-1,€G nhung I, + (-1,)=0, ¢ G).
d)T={feFR)/f(x)20 Vx € R} < F(R) (g(x) =x> € T nhung —g(x)=—-x" ¢ T)
e) Sa(R) = {(an)nc n € S(R) / ddy (a,)ncn phinky} < S(R) [ (a,=0)ncn & Su(R) 1.

) TR = {>a, € SR)/chudi Sa, phanky} < R) [ (4, =0) £X(R) ].

7.5. GHI CHU:
Céc khai niém khdng gian giao, khéng gian tong, t6 hop tuyén tinh hitu han, khong
gian con sinh boi mot tdp hop hitu han, tap hop hitu han doc lap tuyén tinh (hoac phu
thudc tuyén tinh), co sé va sé chiéu hitu han trong khong gian vector thuc tong quat
duoc dinh nghia hoan toan twong tu nhu trong khong gian vector R".

Vidu:

a) Cho S = {1, x, €, sinx, In(x*> + 1), arctanx, 1/Vx* +1 } = F(R).
Giai thich S ddc 1ap tuyén tinh trén R nhu sau : Gia st a, b, ¢, d, u, v, w € R sao cho
a + bx + ce* + dsinx + uln(x’ + 1) + varctanx + w//x*+1 =0, Vx € R (*).
Ta chimg minh a=b=c=d=u=v=w=0.
Chia 2 vé ctia (*) cho ¢* rdicho x — 4o, tacd c=0 vaxda ce* trong (*).
Chia 2 vé ctia (*) cho x r6icho x — +oo, tacd b=0 va xéa bx trong (*).
Chia 2 vé ctia (*) cho In(x*+ 1) rdi cho x — 4o, tacéo u=0 vaxda uln(x’+ 1)
trong (*). Thé x =kn (k € Z) vao (*) r6i lan luot cho k — +oo, k — —o0, ta co
atvrn/2=0=a—-vn/2,nghiala a=v=0 vataxda a cung vartanx trong (*).
Cho x=0,tacd w=0 vaxoa w/Jx’+1 trong (*). Cho x=m/2,taco d=0.
Xét W=<S><F(R) thi
W = {f(x) =a+bx + ce" + dsinx + uln(x2 + 1) + varctanx + w/ Ny a,b,c,d,u,v,w € R}
S 1a mot co sé cia W vi S 1a mot tap sinh doc 1ap tuyén tinh ctia W va dimW =S |=7.
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b) Cho T = {sin2x, sin’x, cos ’x} < U = {sin2x, cos2x, sm x, cos’x} < F(R).
Giai thich T doc 1ap tuyén tinh va U phu thudc tuyen tinh trén R nhu sau:
Gia st u, v, w € R sao cho usin2x + vsin’x + wcos’x ==0, Vx € R.
Ta ching minh u=v=w=0.
Cho x=0,taduoc w=0.Cho x=m/2,taduoc v=0.Cho x=m/4, taduoc u=0.
Tacod 0,1,1,—1 € R théa 0.sin2x + 1.cos2x + 1.sin’x + (—l)coszx =0, Vx € R.
Xét H=<U>=<T>= { f(x) = usin2x + vsin’x + wcos’x / u, v, w € R} < F(R).
(<U>=<T> vi cos2x = cos’x — sin’x : mot to hop tuyén tinh ctia cos’x va sin’x )
T 1a mot co so cia Hvi T 1a mot tap sinh doc 1ap tuyén tinh cia H va dimH =| T | = 3.
U khong la mot co sé ciaa H vi U 1a mot tap sinh phu thude tuyén tinh cua H.

7.6. CAC KHONG GIAN VECTOR THU'C HUU HAN CHIEU:

a) Rua[x] c6 mot co sd chinhticla B = {1, x,x% ..., x"} va dimR,[x]=|B|=n+ 1.
R.[x] co thé dong nhat voi R" "' vé cau trac khong gian vector.
f(x) =(a, +a;x + ---+a,x") € Ry[x] dwoc dong nhat véi o = (a,, ay, ..., a,) € R™,

b) M xn(R) c¢6 mdt co sd chinh tic 14 C = {Ejj/1<1<m,1<j<n} (Ejlamatran
chi ¢6 duy nhat mot hé s # 0 tai vi tri dong i va cot j va hé s nayla 1)nén
dim M,;, » ,(R) = m.n.

M n(R) c6 thé dong nhat véi R™ vé cau trac khong gian vector.
A = (a,)cisn € My n(R) duoc dong nhat véi

1<j<n
o= (an, A2, eee y Alns A215 A22y «ov s Aoy vees Amls Am2s oov 5 amn) S Rmn‘
¢) Khi giai quyét cac van dé trong cac khong gian hiru han chidu Ru[x] va M. a(R),
ta chuyén doi cac vector c6 lién quan trong Ru[x] va M a(R) thanh cac vector
tuong ung trong R™' va R™. Dung céc k¥ ning tinh toan quen thudc trong R™"'
va R™ dé xur 1y cac van dé duoc yéu cau. Sau khi thu duoc cac két qua trong R™!
va R™ ta lai chuyén d6i chung vé cac dang tuong tng trong Ru[x] va M« w(R).
Vidu:
a) Xét tinh doc 1ap hodc phu thudc tuyén tinh cua cac tip hop sau trong Rs[x] va M,(R):
H={fix)=-3+x+2x°+7x, H(x) =1 - 2x + 5x* — 4x’, f(x) =2 + 4x + x> + 6x° }

I & (2 6 _(-13 24
va K={A, (1 7J’A2 (8 —J’A3 (13 —23)}'
4

Tacod Ry[x]=R*, My(R) =

H=S={a,=(-3,1,2,7), 0, = (1 —2,5,-4), a3 =(2,4,1,6) } cR* va

K=T={p=0G,~4,17),p.=(-2,6,8,-1), B3 =(-13,24,13, 23)}CR

Trong Vi du (4.3), ta da thay S doc 1ap tuyén tinh va T phu thudc tuyén tinh trén R.

Tasuyra H doc lap tuyén tinh va K phu thudc tuyén tinh.
b)G={gi(x)=1-2x+ax’, g(x)=2+@—-2)x+x%, g(x) =2+ (a—5)x + (a+ 1)x’}

(a 1a tham s thuc) c6 phai 1a mot co sé cia R,[x] khong ?

Tacod Ry[x]=R*,G=S={a=(1,-2,a),p=(2,a-21),y=2,a-5,a+1)} cR’.

Trong Vi du (5.5), tadd thiy S lamodtcosdcia R’ < 1=#a=3. Tasuyra

G lamotcosdcia Ry[x] & 1#a=3.
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oz=tm=() 2Joa= (] L= (T U=} Lrema.

U =<Z><M,y(R). Tim mdt co s& va chi ra sb chiéu cia U.

Taco My(R)=R*,

Z=S={o;=(1,2,2, 1) o =(4,7,1,-2), a3 = (-2,-3.,4,0), oy = (3,7,15,-5)} c R*
va U= W =<S><R" Trong Vi du (5.7), ta di thdy W c6 mdt co s 1a
C={yn=01,22,-1),v,=(0,1,9,-2),v; =(0,0,—1,0)}. Tasuyra U c6 mdt co s¢ la
T={B1=(1 2),132:(0 1],B3=(0 Oj}va dimU=|T|=3.

2 -1 9 2 -1 0

d) Ry[x] cb caccosola
G={g(x)=—-3+4x+6x°, ©(x) =x +x°, g&3(x) =2 — 3x —4x°} va
H= {hi(x) =3 +4x +9x%, go(x) =2 + x + 2x°, g3(x) = —7 + x + 4x°}.
Viét P=(G — H).
Tacod Ry[x]=R>,G=A= {o, =(-3,4,6), 0, = (0,1,1), 03 = (2,-3,—4)} va
=B = (B, = (3.49), B2 = (2.1.2), s = (-T.1.4)}.

13 4 -1
Trong Vidu (6.5),tadicOL=(A—>B)=([Bi]a [B2]a [B3]a)=1]15 6 -10].
21 7 =5
13 4 -1
Tasuyra P=(G—>H)=L=(A—>B)=|15 6 -10|.
21 7 -5

e) V<M,(R),dimV =3 va V co cac co sd

-1 1 2 =5 -3 0 .
z=ini=(3 haa=(2 T)ma=(3 G v

T=1{B 1—(1 7),132:(“ ‘17}133:(‘19 SJ}.ViétQ=(Z—>T).

16 -5 3 4 15
Taco My(R)=R*,
Z=A= {o;=(-1,1,5,0), o, = (2,-5,-4,1), a3 = (-3,0,-2,4)} c R*
T=B={B;=(-1,7,16,-5), P, = (11,-17,3,—4), B; = (-19,13,15,14)} c R*.
V=W<R* trongdd W cécaccosdla A va B.

2 3 3
Trong Vidu (6.6),tadicOL=(A—>B)=([Bi]a [B2]a [B3]a)=1|-1 4 -2].
-1 -2 4
2 3 3
Tasuyra Q=(Z—->T)=L=(A—>B)=|-1 4 -=2|.
-1 2 4
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