GV : LE VAN HQP
CHUONG 1

MA TRAN VA HE PHUONG TRINH TUYEN TINH

N 14 tap hop cac s6 nguyén khong 4m va N* =N\ {0}.
Z 1a tap hop cac sb nguyén va Z* =7\ {0}.

Q latap hop cac sé hituti va Q* =Q\ {0}.

R 1a tap hop cac s6 thuc va R* =R\ {0}.

I. MA TRAN:

1.1/ PINH NGHIA: Cho m, n € N*. Mdt ma trdn thuc A ¢6 kich thudc (m x n) 1a mot
bang so thuc hinh chit nhat c6 m dong va n cot nhu sau:

al] alz aln
Ao | Gm e | A g cR(l<i<m l<i<
=" 5 " | hay A= (g, )en vOi a5 € R(1<i<m, 1<j<n)
. . “ee . 1<j<n
aml amZ oo amn
Khi m=n thi A= (aff)1<- _ la ma trdn vudng thuc cap n.
<i,j<n

Ky hi¢u : My xn(R) 1a tdp hop cac ma trin thuc (m x n).
M,(R) 1a tdp hop cac ma trgn vuéng thuc cap n.

Vi du:
3 V2 4 -5
A= (a,-j)lsfg = i/? 0 -1 cos8|e M;344(R) trong do ajs=-5,a335=6 va ay = %/7
1< /<4
-2 In9 6 -x&
7 -1/2 0
B= (bl.j)l__3: -5/3 4 -9 |e M3(Q) '[I'OHgd() b13:0, b22:4 va b32:—8.
<i,j<
6 -8 2/7
6
4
C:(—9 4 0 7 —1)€M1X5(Z) D= 1 €M4X1(N)
9

1.2/ PINH NGHIA: Ma trdn khéng 13 ma tran c6 tat ca cac hé sb bang 0.
Ky hi¢u ma tran khong 1a O (hi€u ngam kich thude) hay O, hay O,

Vi du:

O3X4= S M3X4(R) va 03 = S M3(R)

oS O O
oS O O
o O O
oS O O
oS O O
o O O
o O O
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1.3/ CAC PHEP BIEN DOI SO CAP TREN DONG CHO MA TRAN:
Cho A e Mp«xn(R). Xét 1 <1#j<m.
C6 3 hinh thitc bién déi so cdp trén dong cho ma tran:
a) Hoan vi dong (i) vd1 dong (j). Ta ghi (1) <> (j).
b) Nhéan dong (i) véi sé ¢ € R*. Ta ghi (i) — c(i).
¢) Thé dong (1) bang [ dong (i) + c.dong (j) ] véisd ¢ € R. Ta ghi (1) = [(1) + c()].
Cdc phép bién doi dao ngurge cta cac phép bién doi so cap trén dong trén 1an luot

a (i) < (), () > ¢ (@) va () - [() — ().

Vi du:
-3 2 4 -2 9 -6 -4

A=[7 0 -1 8| >A;=|7 0 -1 8 |quaphépbiénddi (1)< (3).
-2 9 -6 4 -3 2 4 5
-3 2 4 5 -3 2 4 5

A=|7 0 -1 8|—>A,=|-21/4 0 3/4 —6|quaphép bién d6i (2)—>_73(2).
2 9 -6 —4 2 9 -6 -4
-3 2 4 5 -3 2 4 5

A=7 0 -1 8|—>A;=|7 0 -1 8 |quaphépbiénddi 3)— [(3)+2(2)].
-2 9 -6 4 12 9 -8 12

Cdc phép bién doi ddao nguwoc cua cac phép bién d6i so cap trén dong néi trén lan luot
\ —4 \
la () @3),2)— ?(2) va (3) > [(3) — 2(2)].

1.4/ SU TUONG DPUONG DONG:
Cho A, B € Muyn(R). Tandi A va B 1a tuwong dwong dong véi nhau néu A co thé
bién d6i thanh B (va nguoc lai) bang mot sd hitu han cac phép bién ddi so cap trén
dong. Ky hiéu A ~B dé chi A va B l1a fwong dwrong dong véi nhau.
Quan h¢ twong duong dong la mot quan hé twong duong trén My, x o(R).

Vi du
2 -1 0 9 2 -1 0 9 7 3 8 -4 -7/4 -3/4 -2 1
A=|-5 2 -3 6[|—>|-1 0 -3 24|—>|-1 0 -3 24|—>| -1 0 -3 24
7 3 8 -4 7 3 8 -4 2 -1 0 9 2 -1 0 9

-7/4 -3/4 -2 1
- | -1 0 -3 24|=B.Déy A bién thanh B qua cac phép bién doi so cap trén
16 5 16 1

dong lign tiép (2) = [(2) + 2(D)], (1) <> (3), (1) > ‘71(1) va (3) > [3) - 8(D)].

Nhu vy B lai c6 thé bién thanh A qua cac phép bién ddi so cap trén dong lién tiép
(3) = [3) +8(1)], (1) > —4(1), (1) & (3) va (2) > [(2) -2(1)]. Vay A~B.
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II. HE PHUONG TRINH TUYEN TiNH:

2.1/ PINH NGHIA: C}}o m, n € N*. Mot hé phuwong trinh tuyén tinh thuc voi m
phuwong trinh va n dn so 1a mot hé phuong trinh c6 dang nhu sau:

a, x+a,x, +..+a,x, =b

a, X, +a,x,+..+a, x, =b . . . , . . .
AT vl a;, by la cac so thuce cho trude (1 <i<m, 1 <j<n)va

(*)
a,x +a,x,+..+a, x =b,

X1, X2, ... , Xo (d8u xudt hién dudi dang bdc nhdr) 13 n an s thuc can tim.

Dit A = (,)icisn € Mimxn(R), B=(5)__ € Mnx1(R) va X=(x;) €My, i(R) thi

1<j<n
1<j<n j

hé (*) duoc viét gon thanh cac dang AX =B hodc (A | B) (ma trin X hiéu ngim).

1<i<m

Vi du:
S5x, = 2x,+x,—x,=7
Xéthé { 8x,—7x,—3x, =0 .H& trén dugc viét gon thanh AX =B hoidc (A | B) voi
9x, —6x; +x, +2x, =4

xl
5 2 1 -4 7
A=[3 0 8 —7/,B=|0]| vax=|"|
2 9 -6 1 4 &
x4

2.2/ NGHIEM CUA HE PHUONG TRINH TUYEN TiNH THUC:
Xét hé phuong trinh tuyén tinh thuc AX = B (*) d4 néu trong (2.1).
Ta ndi bd (cy, ¢y, ..., ¢n) € R" 1a mot nghiém cia (¥) néu tat ca céc phuong trinh
ciia (*) déu thoa khithé x;=cy, xa=Cy, ... VA X, = Cp.

Vi du:
2x, +x, —5x;, —3x, =22
Xéthé ¢ —x +4x,-2x,=12 .Taco (-2,0,3,1) 1a mot nghiém cua hé da cho.
3x,—6x,+7x;, =15

2.3/ MENH DE: (s6 lugng nghiém ctia mot hé phuong trinh tuyén tinh thyc)
Xét hé phuong trinh tuyén tinh thuc AX = B,
C6 ding mdt trong 3 truong hop sau xdy ra :
a) HE vo nghiem b) Hé ¢ nghiém duy nhdt c) Hé o vé sé nghiém

Vi du:
a) Phuong trinh 0x =5 vo nghiém. Phuong trinh 2x = —6 ¢4 nghiém duy nhat x = 3.
Phuong trinh 0x =0 c¢6 v0 s6 nghiém (x thuc tuy y).
3
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b) HE (-3x+ 7y =15 & 9x — 21y = 4) v0 nghiém.
Hé (-3x + 7y = 15 & 4x — 5y = —7) ¢6 nghiém duy nhét (x = 2, y = 3).
Hé (-3x + 7y = 15 & 6x — 14y = —30) c6 vo s6 nghiém véi mot an tu do 14 x hodc y
Ghi két qua: [ x thuc tuy y, y=(3x + 15)/7 ] hodc [y thuc tay ¥, x = (7y — 15)/3 1.

2.4/ HE PHUONG TRINH TUYEN TiNH THUAN NHAT
(hay HE PHUONG TRINH TUYEN TINH DANG CAP):
Xeét h¢ phuong trinh tuyén tinh thudn nhat AX = O (c6 ve€ phai tri¢t ticu).

H¢ nay c¢ it nhét mét nghiém tam thuwong 1a (x;=0,%x,=0, ..., X, =0).

Do d6 c6 ding mot trong 2 truong hop sau xdy ra :

a) HE c6 nghiém duy nhdt (chinh 1a nghiém tam thuong) b) HE c6 vo so nghiém
Vi du:

a) He (9x + 7y = 0 & 4x — 5y = 0 & 3x + 8y = 0) c6 nghiém duy nhét (x =0, y = 0).

b) Hé (5x + 8y — 4z = 0) ¢6 vo s6 nghiém voi hai an tu do 13 (x,y) hodc (x,z) hoic (v,2).
Ta ghi két qua theo mot trong 3 dangsau:[x,y € R, z=(5x + 84)/4 ] hoic
[x,ze R,y=(4z—-5x)/8 ] hoac [y,ze R,x=(4z —8y)/5].

III. PHUONG PHAP GIAI HE PHUONG TRINH TUYEN TiNH:

3.1/ MENH DE:
a) Néu hai hé phuong trinh tuyén tinh AX =B va CX= D c¢6 cic ma trin
(A | B) va (C | D) twong dwong dong voi nhau thi hai hé trén 1a twong duong
(nghia la hai h¢ trén c6 cung mot tdp hop nghiém).
b) Suy ra trong qua trinh gidi mot hé¢ phuong trinh tuyén tinh, ta ¢ thé sir dung tity
¥ cdc phép bién doi so cdp trén dong ma khong 1am thay doi tap hop nghiém
cta no.

3.2/ Vi DU HE PHUONG iRiNH TUYEN TjNH CO NGHIEM DUY NHAT:
Xét hé phuong trinh tuyén tinh vé1 4 ans6 X,y,z va t:

X y z t
1 2 3 =2 1|6 r 2 3 2 1|6 0 7 -16 |26
-2 1 2 -8 0 5 8 -1 |4 o 1" =2 7 |-10
— —
3 2 -1 2 |4 0o 4 -10 8 |-14 0 0 -18 36 |-54
2 -3 2 1 |-8 0o -7 -4 5 |-20 0 0 -18 54 |-90
X zZ t

0 0 =2 |5 I 0 0 0

' o 3 |-4 I 0 0 |2 n £
—> 0 . —> 0 . : nghiém duy nhat (x=1,y=2,z=-1,t=-2)
o 01 -2 1|3 0O 01 o0 |-1
0O 0 0 18 [|-36 0o 0 0 1" |2
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Bang 1: (2) > (2) +2(1),3) > 3)-3(1),4) —> 4) - 2(1)

Bang2: (2) > 2)+3), (1) —>(1)-22),3) > 3)+4(2),4) >4 +72)
Bang 3: (4) —> (4) - (3), 3) > -187'(3), (1) > (1) = 7(3), 2) > (2) + 2(3)
Bang 4: (4) > 187'(4), (1) = (1) + 2(4), (2) > (2) - 3(4), (3) > (3) + 2(4)

3.3/ Vi DU HE PHUONG TRINH TUYEN TiNH VO NGHIEM:
Xeét h¢ phuong trinh tuyén tinh vé1 5 ans6 x,y,z,t va u:

X'y z t u
31 =2 1 -1 |1 r 2 -9 4 -6 |-1 r 2 -9 4 -6 |-1
2 -1 7 =3 5 |2 o -7 11 -13 19 |4 o I 7 1 -1 |4
—> —> —>
1 3 -2 5 -7 13 o I 7 1 -1 |4 0o -7 11 -13 19 |4
3 27 -5 8 3 0o -3 9 -6 9 |2 o -3 9 -6 9 |2

" 0 23 2 -4 |9
N —> (0 0 0 0 0 |-4): v0 nghiém.
0 0 60 —6 12 |24
0 0 30 -3 6 |14
Bang1: () > @) - (1), (1) > (1) -(2),(2) > 2)-23),3) > (3)-(1)
Béang 2: (2) <> (3)
Bang 3: (1) —> (1) - 2(2), (3) = (3) + 7(2), (4) > (4) + 3(2)
Bang 4: (3) > (3) — 2(4)

3.4/ Vi DU HE PHUONG iRiNH TUYEN TjNH CO VO SO NGHIEM:
Xeét h¢ phuong trinh tuyén tinh vé1 5 an s Xi, Xp, X3, X4 Va Xs:
X1 X2 X3 X4 X5

1 1 0 -3 -1 |2 r 1 0 -3 -1 |-2 r o0 1 -2 -1/2 |-1/2
1 -1 2 -1 0 |1 0 2 2 2 1 |3 0 1" -1 -1 -1/2 |-3/2
— —
4 -2 6 3 -4 |17 0 -6 6 15 0 |15 o 0 0 9 -3 6
2 4 =2 4 -7 11 0o 2 -2 10 -5 |5 o 0 0 12 4 8
X1 X2 X3 X4 X5
0 1 0 -7/6 |5/6
' -1 0 -5/6 |-5/6| , . . . e
- 0 . :cac cot (3) va (5) khong bién doi dugc.
o 0 0 1 -1/3 |2/3
0o 0 0 O 0 0

Hé ¢o v s6 nghiém voi 2 an tu do:

X3 =a,Xs=b(a,b € R), x; =(7b — 6a + 5)/6, x, = (6a — 5b — 5)/6, x4 = (b + 2)/3
Bang 1: (2) > (2) - (1), @) > (3) —4(1), D) - 4 - 2(1)

Bang2: (3) > (3)-3Q), D> @+ Q) >-2"'2),(H> 1) - Q)

Bang 3: (3) » 9_1(3), 4 —->@-123),(1H—>1)+23),2) > 2)+(3)
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3.5/ CAC COT CHUAN (¢6 m DONG):

I 0 0

I 0

0 I 0 . 0

E, = 0 s Ea=| .|, Es=| . |,..., Emnc1=] .| va En =
I 0

0 I

3.6/ PHUONG PHAP GAUSS — JORDAN:
(GIAI HE PHUONG TRINH TUYEN TiNH):
Xét hé phuong trinh tuyén tinh thuc (A | B) ¢6 m phuong trinh va n an sé.
Ta thuc hién cac budc sau day:

* Dung cac phép bién ddi so cap trén dong thich hop dé xdy ding tuan tir cdc cot
chudn E,, Ey, Es, ... trong A (tir trai qua phai). Viéc chudn héa cdc cot phai
tuan thu cac qui dinh sau :

- Khi xay dung Ey, khéng lam thay doi cac cot Ey, E,, ..., Ex_; di co trude do.
- Néu cot dang xét khong thé chuan hoa thanh Ej thi xét qua cdt ké cdn bén phai.
- Sau khi xay dung xong E,, phai tién hanh ngay viéc xay dung E.; néu duoc.

* Qud trinh chuan hoa cac cot se két thiic khi gdp sw mdu thudn hodc khi da chudn
héa xong ¢t cudi cia A ma khéng gdp sw mau thudn ndo.

* Khi két thuc qua trinh chuan héa céc cot ctia A, c6 ding 1 trong 3 trudng hop
sau day xay ra: N
a) Truong hop 1: Ta gap sy mdu thudn khi dang chuan hoa [ nghia 1a gap mot
dong codang (0 0 .. 0 [a) v6ia=0. Dong nay la h¢ qua clia hai dong nao
46 c6 su ti 16 khéng twong thich giita vé trdi va vé phdi ]. Khi d6 hé vé nghiém.

b) Trudng hop 2: Ta xay dung duoc n cét chuan lién tiép E,, E,, ..., E, trong
A ma khéng gdp sw mdu thuan nao. Khi d6 h¢ co nghiém duy nhat bang cach
dung cdc phwong trinh khong tam thwong theo thu tu tur trén xuong duwdi cua
hé cudi ciing trong qua trinh chuan hoa dé tinh 1an luot cac an e trdi qua phdi

¢) Truong hop 3: Ta xay dung duoc k ¢ét chudn E,, E,, ..., Ex (k <n) trong A
xen ké voi (n —k) cot khac khong chudn héa dwoc ma khong gap su mdu
thudn nao. Khi 6 hé c6 vé sé nghiém véi (n —k) dn ti do nhu sau :

* Cac an Gng véi cdc cot khéng chudn héa dwoc 13 cdc an tw do 14y gia tri
thuc tuy y.

* Céc an con lai (mg v61 cdc cot chudn héa duwroc) dugc tinh theo cac an tu do
dwa theo cdc phwong trinh khéong tam thirong theo thi tu tir trén xuong duwéi
clia hé cudi cung trong qua trinh chuan hoéa.

6
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3.7/ PIEU KIEN CHUAN HOA CUA MOT COT:

u, 0
u, 0
z 2 , A u, N 0 X * o . r 1N
Ta muon chuan hoa cdot U=| *'| thanh E, = 1* (s6 1" & vitridong k).
U
uk+1 0
u, 0
a) Néu yu=u =...=u,=0 thi U khong thé chuin hoa thanh E,.
(khong str dung uy, up, ..., u; détao 1’ cho Ey vicanbao toan Ej, E,, ...,
Ex_1 da co trude d6. Con uy, ug+1, ..., Uy khongthé dé tao 1" cho E; dugc).

b) Néu c¢6 it nhat mot hé $6#0 trong cac $6 Uy, Uiy, ..., Uy thi U co thé chuin
hoa thanh Ey (hé so0 # 0 tu chia cho chinh n6 dé tao 1" cho E,. Dung 1" do6 d¢
tao cac hé s0 0 cho Ey. Néu 1"d6 nam ¢ dong thr j voi j # k thi ta hoan vi cac

dong (j) va (k) v&i nhau).
Vi du:
—4 2
5 0
a) Ta mudn chuan héa cac cot U= z va V= _08 thanh E,.
0 7
0 -3

U khong thé chuan hoa thanh E, duoc (Vi uyy=us=u4=0).

V ¢6 thé chuan héa thanh E4 dugc (vi c6 vs=T7#0) bﬁng cac phép bién d6i

B)—>B)+2(6),(1)> (1) - 2(5), 3)— (33) + 8(5), (6) = (6) + 3(5) va (4) & (5).
b) Truong hop hé phuong trinh tuyén tinh (4 4n x, vy, z, t) vo nghiém:
I 4 0 -5 |3
o -1 7 0 |-2

-2 8 -6 |4

o 3 -12 9 |-5
E

Dong (3) va (4) c6 sy ti 16 khong tuong thich & vé trai va vé phai : (4) — (4) + %(3)

(A|B)—> — (0 0 0 0 |1): sy mAu thudn va h¢ vo nghiém.

¢) Truong hop hé phuong trinh tuyén tinh (3 an X, y, z) c6 nghiém duy nhat:

X y z

0 0 |2

01" 0 |-In3| .. z _ _ _
(A|B)—> 0 0 1 |40 : nghiém duy nhat (x=+2,y=-In3,z=4/9).

0 0 O 0
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d) Truong hgp hé phuong trinh tuyén tinh (9 an x4, Xy, ... , X9) ¢0 v0 sO nghi¢m:
X; X2 X3 X4 X5 X6 X7 Xg Xo

¥ 0 -5 8 0 0 0 0 7 0
01" 2 30 9 0 0 0 |[sin8
0 0 0 0 I' -4 0 0 -1 |—/3

(AIB)y>|o 0 0 o0 0 0 I' 0 0 |
00 0 00 0 01 6 |-4/7
0 0 0 000 0 0 O 0
0 0 0 000 0 0 O 0
E, E, Es E; Es

Céc cot (3), (4), (6), (9) khong chuin hoa duoc va hé ¢ vo sb nghiém véi 4 an tu
do:

X3=a,X4=b,X¢=c¢C,X9=d, (a,b,c,d € R, x; =5a—-8b - 7d,
xo=-2a+3b—9c+sin8, xs=4c+d—3,x =7 va x8:—6d—§.

3.8/ Vi DU GIAI HE PHUONG TRINH TUYEN TiNH THUC CO THAM SO:
Giai va bién luan hé phuong trinh tuyén tinh vd1 3 an s6 x, y, z theo tham s6 thuc m

X y z

1 1 1 |m o1 1

1 1 1 0 1- ~1 0
1 m 1 |1 0 m—-1 0 1—m
m 1 1 |1 0 l-m 1-m |l—-m?

E
Bang 1: (2) > (2) - (3), 3) > 3) - (1), (4) = (4) —m(1)
a) Néeu m=1 thi hé tuong duong v6é1 mot phuong trinh la x+y+z=1.
Hé ¢6 vo s6 nghiém v6i 2 antrdo(y,ze R, x=1-y-2).
b) Néu m # 1, ta tiép tuc bién ddi hé (*) :

X Yy Z
1" 1 1 m o0 2 m ' 0 0 m+2
0 1-m m-1 0 0o I -1 0 0o 1" 0 -1

- - \
0 m-1 0 1-m 0 O m—1 1-m 0 0 1 -1
0 l-m 1-m |l-m’ 0 0 2(-m) [1—m 0 0 0 |[1-m@m+3)
E, E; E; E; E; Es

Khi 1#m=# -3 thi hé¢ v6 nghi¢m.

Khi m=-3 thi hé c6 nghiém duy nhit (x=y=1z=-1).

Bang 1: 3) > 3)+ (2, 49 > @ -2, > (1-m) @2, (1) —> (1) -(Q2)
Bang 2: (4) > (4) +2(3), 3) » (m—1)"'(3), (1) > (1) = 2(3), 2) > (2) + (3)
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3.9/ CAC COT BAN CHUAN (c6 m DONG):
Dang tong quat cua cac cot ban chuan c6 m dong 1a

a b d u, v,
0 ¢ e u, v,
0 0 ’ u . % ,
Fi=| |, Fb=| .|, F3= f ooy Fmo1=| 2 | va Fy=| ] | trongdd
0 0 0 um—l vm—l
0 0 0 0 v
a*, c* f* ..., u ,v lacacsothuctuyy#0 va
b,d,e,...,u, U, ... ,Un_2, V], Vo, ..., Vip—1 12 cdc sO thuc tuy y.

Céc cot chuan (c6 m dong) chinh 13 cac cot ban chuan (c6 m dong) dic biét.

Vi du: Mot sO cot ban chuan c6 5 dong :

y 3 0 “In6 1
0 \/E* T 0 —e
Fi=l o0 |, =] o |, Fs=|-1"|, Fa=| 4 va Fs =|8/\3
0 0 0 —4/7 0
0 0 0 0 sin9 *

3.10/ PHUONG PHAP GAUSS (GIAI HE PHUONG TRINH TUYEN TiNH):
Xét hé phuong trinh tuyén tinh thuc (A | B) ¢6 m phuong trinh va n an sd.
Phuong phap Gauss ¢ nhitng sw twong tw nhdt dinh voi phuong phap Gauss —
Jordan nhung ta xay dung cdc cgt ban chudn (thay vi ¢dt chudn). Diéu kién dé
mot cOt bdn chudn héa dwoc y hét nhu diéu kién chudn héa dwoc (xem 3.7).
Phuong phap Gauss dugc thuc hién cu thé nhu sau :

* Duing cac phép bién ddi so cap trén dong thich hop dé xdy ding tuan tir cdc cot
ban chudn Fy, F,, Fs, ... trong A (tir trai qua phai). Viéc bdn chudn héa cdc cot
phai tuan thu cac qui dinh sau :

- Khi xay dung Fy, khéng lam thay déi cac cot F, Fa, ... F_; da cé trude do.
- Néu cot dang xét khong thé ban chuan hoa thanh Fy thi xét qua cdt ké cdn bén
phdi.

- Sau khi xay dung xong Fy, phai tién hanh ngay viéc xay dung F..; néu duoc.

* Qua trinh chuan hoa cac cQt sé két thiic khi gdp sw mdu thudn hodc khi da bdn
chudn héa xong cét cudi cia A ma khéng gdp sw mdu thudn nao.

* Khi két thuc qua trinh ban chudn hoa céc cot ctia A, c6 ding 1 trong 3 trudng
hop sau day xay ra:
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a) Truong hop 1: Ta gip su mdu thudan[ nghia la gap mot dong c6 dang
(0 0 .. 0 |a) voia=0.Dong nay la hé qua cua hai dong nao do6 co su i I¢
khong twong thich gitta vé trdi va vé phai ]. Khi 6 hé vé nghiém.

b) Truong hop 2: Ta xay dung dugc n cot ban chudn lién tié}) Fi,F,, ... . F,
trong A ma khdng gdp sw mau thudn nao. Khi d6 hé co nghiém duy nhat
dugc xac dinh nhu sau: dung cdc phirong trinh khong tam thwong theo thi tu
tir dudi 1€n trén cua h¢ cudi cung trong qua trinh ban chuan hoa dé tinh lan
luot cac an tir phdi qua trdi (dung cac an da biét dé tinh cac an chura biér).

¢) Truong hop 3: Ta xay dung duoc k ¢ét ban chuan F, Fs, ..., Fi (k<n)
trong A xen ké véi (n —k) cot khdc khéng ban chudn héa dwoc ma khong
gap sy mdu thuan nao.

Khi d6 hé c¢6 vé sé nghiém véi (n —k) dn tw do duge xac dinh nhu sau:

* C4c an ung v&i cac cot khong ban chudn héa dwoc 1a cac an tw do léy gia tri
thuc tuy y.

* Cac an con lai (Ung voi cde ¢ét ban chudn héa duoc) dugc tinh theo cac an
tir do bang cach dung cdc phwong trinh khong tam thwong theo thu ty rir
duoi lén trén cua he cudi cing trong qua trinh ban chuan hoa dé tinh 1an luot
cac an tir phdi qua trdi (ding cac an da biét dé tinh cac an chira biér).

Vi du:
a) Truong hop hé phuong trinh tuyén tinh c6 nghiém duy nhét (cac an 1a x,y, z, t):

X Yy z t
2 -1 0 5 |3 22 -1 0 5 |3 2" -1 0 5 |3
-4 -1 4 -12 |18 0 3 4 -2 |24 0 -3 4 2 |24
—2—57—638_)0—67—141_)0019—5
6 0 -3 20 |-14 0o 3 -3 5 |-23 o 0 1 3 |1
F1 Fl FZ
X y z t
27 -1 0 5 3
— 0 =3 4 2 : hé ¢6 nghiém duy nhit nhu sau:
o 0 1 9 |5
0 0 0 -6 |6
F, F, F3 F4

t=[6/(-6)]=—-1,z=-9t—5=4,y=[(4z — 2t — 24)/3] = -2, x = [(y - 5t + 3)/2 = 3].
Bang 1: (2) = (2) +2(1), (3) = (3) + (1), (4) = (4) - 3(1)

Bang 2: (3) — (3) + 2(4), (4) — (4) + (2)

Bang 3 : (4) - (4) — (3)
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b) Truong hop hé phuong trinh tuyén tinh v6 nghiém (céc an 13 x,y, z, t):
X y z t

5 -19 12 -15 |-16 r -3 2 -1 |=2 r =3 2 -1 |2
-2 8 -5 7 7 0 2 -1 5 3 0o 2° -1 5 |3

— — —
4 -8 9 4 2 0o 8 -1 18 |16 0 0 3 -2 |4
-7 15 =17 -4 |0 0 -6 -3 —-11 |-14 0 0 -6 4 |-5

F, F, F,
— (0 0 0 0 [3):hé vo nghié¢m.

Bang 1: 3) > (3) +2(2), (1) > (1) +2(2), 2) > (2) + 2(1), (4) > (4) + 7(1)
Bang 2: 3) > (3) —-4(2),4) > (4) + 3(2)
Bang 3 :(4) > (4) + 2(3)

¢) Trudng hop hé phuong trinh tuyén tinh c6 vo s6 nghiém (cac an 13 Xy, Xo, X3, X4, Xs):

X] X2 X3 X4 X5

1 -1 3 -2 0 |4 I -1 3 2 0 |4 I -1 3 -2 0 |4
3 -1 8 -6 2 |5 0 2 -1 0 2 |-7 0 2 -1 0 2 |-7
2 4 6 -6 7 |-11 0 10 1 -4 12 |-31 0O 0 6 —4 2 |4
-2 6 -5 2 5 |20 0o 4 1 -2 5 |-12 o 0 3 21 |2
F; Fi F
X1 X2 X3 X4 X5
I -1 3 -2 0 |4
- 0 2 _*1 02 7 : cac cot (4) va (5) khong ban chuan hoa dugc.
O 0 3 21 1|2
o 0 0 0 010
Fi F, F3

Hé ¢o v s6 nghiém vai 2 dntudo:xs=a,xs=b (a,b e R), x3=(2a—-b+2)/3,
X=(X3—2b-7)2=2a—-7b-19)/6,x;, =X, —3x3+2a+4=R2a—-b—-7)/6
Bang 1: 2) > (2)-3(1),3) > 3)+(4), @) > 4 +2(1)

Bang 2: 3) > (3) - 5(2),(4) > (4) - 2(2)

Bang3:(3) > 27'(3), ) - 4)-(3)

IV. HANG CUA MA TRAN:

4.1/ DANG BAC THANG VA DANG BAC THANG RUT GON CUA MA TRAN:
Cho A € M« n(R).
a) Ban chuin hoa tbi da céc cOt cua A, ta dugc matran S, € My xn(R) (bién doi
Gauss). Trong S,, cac dong khong tim thuong (dong # O) nam phia trén cac dong
O vasd hang # 0 dau tién ctia cac dong chinh 13 sé hang c6 danh dau * cua cdc
¢t ban chudn. Tandi S, 13 dang bdc thang cua A hay ma trdn rit gon theo dong
ciia A. Dang bac thang Sa cua A khéng duy nhat.
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b) Chuén hoa tbi da céc cOt cua A, ta dugc ma tran Rx € My, xn(R) (bién doi
Gauss - Jordan). Trong Ry, cac dong khong tim thudng (dong # O) nam phia trén
cac dong O va sb hang = 0 dau tién ctia cac dong chinh 13 s6 1" cta cde cét
chudn. Tandi Ra 13 dang bdc thang rit gon ctia A hay ma trdn riit gon theo
dong tirng bdc cia A. Dang bac thang Rx ctia A 1a duy nhat.

Ra 1a mot dang dac biét cua Sa.

4.2/ HANG CUA MA TRAN:
Cho A € M «xn(R) vaciacdang S, va Ry cua A.
Pit r(A) = (hang cta A) = s6 dong khong tam thudng (dong # O) cua Sx(hay R,)
hay r(A) = (hang cta A) = s cot (ban) chuan hién dién trong R, (hay Sy).
Taco 0<r(A) <min{m,n }.
Khi A =0y, thi 1(A)=0.Khi A # Opx, thi 1(A) > 1.

Vi du: Xét A € My 5(R) nhu sau:

-1 -3 =2 1 -7 -1 3 =2 1 -7 -1 =3 =2 1 -7

2 1 -1 3 -1 0 -5 -5 5 -15 o ' 1 -1 3
A= —> —> —>

-3 2 5 -16 32 0 1 1 -3 8 0O 0 0 -2 5

3 -1 -4 13 =24 0 -10 —-10 16 -45 0O 0 0 6 -15

F, F, F,

1" =3 =2 1 -7 r o -1 2 =2 r 0o -1 0 3

o 1" 1 -1 o1 1 -1 o1 1 0 1/2 ]| _
- . =SA— - ) =Ra

0 0 0 =2 0 0 -2 5 0 0 0 1" -5/2

0O 0 0 0 O 0 0 0 O 0 0 0 0 0

F, F, F; E, E, E, E, E;

Tacd r(A)=3 vi Su (hay Rp) c6 3 dong khong té}m thuong (3 dong = O).
Taco r(A) =3 vi Ra (hay Sp) c6 3 cot (ban) chuan.
0<r(A)=3<min{m=4,n=5}=4.

Bang 1: 2) > (2)+2(1),3) > 3) + (4),@d) —> (4) + 3(1)

Bang 2: (4) > (4) - 2(2), 2) > -57'12), 3) > 3) - (2)

Bang 3 : (4) > (4) +3(3)

Bang 4 : (1) > (1) +3(2), (1) > — (1)

Bang 5: (1) > (D+(3), 3) > -2"'3), Q) > )+ (3)

4.3/ PINH LY KRONECKER — CAPELLI:
Cho hé phuong trinh tuyén tinh AX =B ¢6 m phuong trinh va n an sd.
Pit 4 =(A|B) € Mpnx@-+n(R). Ta goi 4 1a ma trin bd sung cia hé (A | B).
Tacod r(A)=k<n va [1(4)=r1(A) hay r(4)=r(A)+1].
a) Néu r(4)=r(A)+ 1 thihé (A|B) v nghiém.
b) Néu r(4)=1(A)=n thi hé c6 nghiém duy nht.
¢) Néu r(4)=r(A)=k <n thi hé c6 vo s6 nghiém v&i sé an tu do 1a (n — k).

12
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Vi du:
a) H¢ AX =B trong (3.2) c¢6 r(4)=r(A)=n=4 nén hé c6 nghiém duy nhat.
b) H¢ AX =B trong (3.3) ¢c6 r(4)=4==3+1=r1r(A)+ 1 nén hé vd nghiém.
c)Hé AX =B trong (3.4) c6 r(4)=r(A)=k=3<n=35 nén hé co vo s6 nghiém véi
sdantrdola m—-k)=(5-3)=2 .
d) H¢ AX =B trong (3.8):
*Khi m=1thi r(4)=r(A)=k=1<n=23 nén hé co vo sd nghiém vai
sdantrdola (n—-k)=B-1)=2.
* Khi m=-3 thi r(4)=r(A)=n=3 nén hé c6 nghiém duy nhat.
*Khi -3#m=#=1 thi (4)=4=3+1=r(A)+ 1 nén hé vo nghiém.
e) Cac h¢ AX=B trong Viducua (3.10) duogc khao sat mdt cach tuong tu.
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