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CHUONG 1. PHEP TINH VI PHAN HAM MOT BIEN

§1. Khai niém vé ham sé
1.1. Dinh nghia

Chotaphop D < R, anhxaf: D - R dugc goi la mot ham s6 x4c dinh trén tap D. Tap
D duogc goi 13 mién xac dinh ctia ham s6 £ Tap {fx) : x € D} duogc goi 13 mién gia trj cla
ham sé f.

Vay mot ham ' xac dinh trén D 12 mot phép tuong tmg v6i mdi s6 thuc x € D voi mot sd
thuc xac dinh duy nhat ma ta ky hiéu no 1a f{x). Ta viét

fix— flx).

Ta cling goi f{x) la gia tri cua f tai x.
Neéu déat y = f{x),thi ta c6 thé biéu dién ham f nhu sau:

fixm—y=fx)

hay gon hon
y = fx).

Ta goi x 13 bién déc ldp hay doi s, y 1a bién phu thudc (hay 13 ham).
Doi voi mot ham da xac dinh thi cac ky hi¢u dé chi cac bién rd rang la khong quan trong.
Chang han, cac anh xa

t— 12, a— B=a?

wr—>u:w2’yr—>x:y2’

xac dinh ciing mot ham, vi trong tat ca cac truong hop trén phép twong tng 1a nhu nhau: tmg
v&1 moi s6 1a binh phuong ctia n6. Bé chi cac ham khac nhau ta dung céc chir khac nhau

y=x), y=gkx), y=0k),...

Tri cia ham f'tai x = a duoc ky hi¢u l1a f{a) hay f(x)| _, va doc la "ftai a".
Xét ham y = f(x) xac dinh trén D < R. Chon trong méat phang mdt h¢ truc toa do vudng goéc
Oxy va bi€u dién bién doc lap x trén truc hoanh, con bién phu thugc y trén truc tung.Ta goi tap
tat ca cac diém cuia mat phang cé dang

{x.fIx)) :x €D}

13 d6 thi ciia ham s6 f.

Hinh 1



1.2. Céac ham s6 so cip co ban
Céac ham sau ddy duoc goi 1a cac ham sb so cép co ban: Ham Ity thtra x*, ham mi
a”,Ham logarit log ,x, cac ham luong giac cosx, sinx, 7gx, cotgx va cac ham luong giac
nguoc. Tt ca cac ham nay, ngoai trir cac ham lugng glac nguoc, d éu di hoc ¢ phd théng nén
& day chi nhic lai nhitng tinh chat chii yéu cua chung, riéng cac ham luong giac nguoc s& d
uoc trinh bay k¥ hon.
- Ham lliy thtra y = x%, o 1la mot s6 thue. Mién xac dinh cua nd phu thudce vao a.

Vi du:

-Cachamy = x, y = x?, y = x3,...x4c dinh tai moi x.
-1,y =x72, y = x73,...x4c dinh tai moi x # 0.
-Hamy = x'? = /x xdc dinh khi x > 0.

-Hamy = x712 = % chi xac dinh khi x > 0.
-Hamy = x!3 = yx xac dinh tai moi x.
Chu y rang néu a vo ti ti ta qui wdc chi xét ham y = x% tai moi x > 0 néu o > 0 va tai moi
x>0néua < 0.
Do thi cua tat ca cac ham y = x* déu di qua diém (1, 1), chung di qua goc toa do néu o > 0 va

khong di qua gbc toa d6 néu a < 0.

Hinh 2 Hinh 3

«Himmiiy = a*, a >0vaa =+ 1. S6 a dugc goi la co s6 cua ham mil. Him mii xac dinh tai
moi x va ludn ludén duong. N6 tang néua > 1 va giam néu 0 < a < 1. Ngoai ra ta ludn c6

0 _
a’ = 1.

- Ham logarit.
Ham mil y = a* 1a mdt song anh tr R 1én khoang (0,+o0), nén n6 c6 ham ngugc ma ta ky hi¢u
lax = log,y (d oc la logarit co s a cua y). Nhu vay

y=a" < x=log,y



(a>1) O<a<l)
Hinh 4 Hinh §

V6i qui udc, dung chit x dé chi 1a bién doc 1ap, chit y d é chi ham thi ham nguoc cia ham mi
y=a"lay = logx.
Do thi cua ham y = log x 1a doi ximg cua do thi cia ham y = a* qua duong phan giac thu
nhit.
Ham y = log_x chi x4c dinh khi x > 0, n6 tang khia > 1 va giam néu0 < a < 1. Ngodi ra ta
ludn co6 log,1 = 0.
Voia = 10, ta ky hi¢u

lgx = log,,x

va goi no 1a ham logarit thap phan.
Ham logarit con c6 céc tinh chat sau:

log,(AB) = log,|A| + log,|B|, (4B > 0),
log,(4) = log,|4| ~log |B|, (4B > 0),
log,A* = alog,|A]|, (4% > 0),
log,.AP = Llog 4], (4P > 0,0 % 0).

Moi s6 duong N déu co thé viét dudi dang mii
N = alogaN

- Cac ham luong giac y = cosx, y = sinx, y = fgx, y = cotgx. Cac ham niy duoc xac dinh
trén vong tron lugng giac (vong tron don vi) nhu sau

OP = cosx,
0Q = sinx,
AT = tgx,

BC = cotgx,

Hinh 6

trong do, x dugc do béng radian. Hai ham y = sinx va y = cosx xac dinh tai moi x, c6 gia tri
thudc [—1, 1], tuan hoan véi chu ky 27.



y = sinx
Hinh 7

Y = cosx
Hinh 8
- Ham y = #gx xéc dinh tai moi x # (2k + 1) 7, (k nguyén), la ham tang trén timg khoang,
tuan hoan véi chu ky 7. .
- Ham y = cotgx xac dinh tai moi x # kx, (k nguyén), la ham giam trén tirng khoang, tuan
hoan véi chu ky .

Yy =1gx y = cotgx
Hinh 9 Hinh 10

- Cac ham lugng giac nguogc.

-y = arcsinx. Haim y = sinx v6i 5- < x < 7 la mét song anh tir doan [+, 7-] [én doan
[—1,1] nén n6 c6 ham nguoc ma ta ky hi¢u la x = arcsiny (x bang so do ciia cung ma sin cua
nd bang y). Vay

y = sinx, .
< X = arcsiny.
F<x<t

V61 qui ude dung chir x dé chi 1a bién doc 1ap, chit y d € chi ham, thi ham ngugc cia ham
y =sinxvéi 5+ < x < % lay = arcsinx.

D6 thi ctia ham d6 s& ddi xing v6i do thi ctia ham y = sinx, (5 < x < %) qua dudng phén
giac thir nhat.



Ham y = arcsinx xac dinh va tang trén —1 < x < 1.
-y = arccosx. Cang nhu trén, ham y = cosx v6i 0 < x < 7 ¢6 ham ngugc la x = arccosy (x
bang s6 do ctia cung ma cosin cua nd bang y). Vay
Y = CosX,

< X = arccosy.
0<x<r
Db thi ctia ham y = arccosx ddi xtmg vi d6 thi ctia ham y = cosx, (0 < x < 7) qua dudng
phan giac thir nhat.
Ham y = arcsinx xdc dinh va gidm trén —1 < x < 1.
Ta c6 dang thirc sau
T

arcsinx + arccosx = .

y = arcsinx y = arccosx
Hinh 11 Hinh 12
-y = arctgx. Ham y = fgx v61 =F < x < & ¢6 ham nguoc la x = arcigy (x bang sb do cua
cung ma tg cua né 1a y). Vay
y = 1gx,

—_n T
> <x<2

< X = arctgy.

Do thi ctia ham y = arcigx doi xtng voi d6 thi cua ham y = #gx, (5- < x < Z-) qua duong
phan giac thir nhat. . )
-y = arccotgx. Ham y = cotgx v61 0 < x < w ¢6 ham nguogc la x = arccotgy ( x bang s6 do
clia cung ma tg cua n6 la y). Vay

y = cotgx,

< x = arccotgy.
O<x<rm

D6 thi ctia ham y = arccotgx ddi xtmg voi dd thi ciia ham y = cotgx, (0 < x < ) qua dudng
phén giac thir nhat.
Ta c6 dang thirc sau

arctgx + arccotgx = 7.



Yy = arctgx y = arccotgx
Hinh 13 Hinh 14
§2. Gi6i han ciia diy s thue
2.1. Pinh nghia day so, giéi han cua day 50 ’
- Dinh nghia: Cho ham s6 x : N - R. Cac gia tri cia x tai n = 1,2,...1ap thanh mot day so
(goi tat 1a day)
x(1), x(2), x(3),...

Néu dit x, = x(n), ta co thé viét ddy s6 d6 nhu sau

X1,X2,...,Xn,... hay {x,}.

Céc s0 x1,x2,...,Xn,...dugc goi la cac s6 hang cua day, x, dugc goi la cac s6 hang tong quat
cua day, con n dugc goi 1a chi s0 cua no.

Vidu: Chox, = 1, x, = a, x, = (-1)", thi cdc diy tuong tng s& la

1L 1 1

5 g s T
a,a,a,....a,...
-1,1,-1,...,(=1)",...

- Pinh nghia: Cho diy sd {x,}.Ta noi {x,+ hdi tu néu, ton tai mot sé thuc a sao cho, vdi moi

€ > 0 cho trudc, ton tai so tu nhién N sao cho
Vn>N= |x,—a| <Ee.

Ta c6 thé nghi¢m lai rang, néu day {x,} hoi ty thi s thuc a trong dinh nghia & trén 1a duy nhat
( xem tinh chat 1), ta goi a la gioi han cua day {x,} va ky hi¢u no6 la
a = lim x, hayx, - a khi n - .

Dung cac ky hiéu logic ta ¢ thé dién dat dinh nghia trén nhu sau:
limx, =a < ve>03INeN:VneNn=N=|xn-a <e
Chuy réng, sO N tf)n tai,trén day noi 5:hung phu thudc vao €, do do ta co thé viét N = N(e).
Hon cling khong can thiét N phai 1a so tu nhién.
« Pinh nghia: Day khong hoi tu duoc goi 1a phdn ky.

Vidu: Cho {x,}, véix, = +. Tacéd lim x, = 0.

n—00



That vay
v = 0] = |4 =01 = &

|xn—0|<e<:>%<s<:>n>—
R rang, néu chon N(g) = [1/e] + 1, taco
Vn > N(e) = |x, — 0] <e.
2.2. Cac tinh chit va cac phép tinh vé giéi han cua day s0
- Tinh chit 1. Gia sir day {xa} hoi tu. Khi do sO thuc a trong dinh nghia o trén 1a duy nhat.
Chlrng minh: Gia st ¢6 hai s0 thyc a, @ nhu trong dlnh nghia ¢ trén. Ta chimg minh ring

a = a. That vay, gia st nguoc lai: @ + a. Chon g = |a— al > 0, taco:
ANt eN:VneNn>N = |[x,—a|<g (boivi x, - a)
va
AN, eN:VneNn >N, = |x,—a| <eg, (boivi x, > Q).
Chon sé ty nhién n > max{N,N,}, ta co:
3e=la—a|<|la—x,|+]xn—d| <e+e=2e
Diéu ndy mau thuan. Vay tinh chat 1 duoc ching minh.
- Tinh chat 2. Gia st day {x,} hdi tu vé a. Néu a > p (twong Gng voi a < p), thi
INeN:VneNn>N= x, >p (tuong ing véix, < p)

Chirng minh: Chon 0 < ¢ < a —p thia—¢ > p. V&i s € d6 thi
IN:Vn2N=a-e<x,<a+e=x,>p.
« Tinh chat 3. Gia sir day {x,} hdituvéavatacdox, <p (x, > ¢g) vé6imoin, thia <p

(a = g).
ANeN:VneNn>N= x, >p (tuong ing voi x, < p)

Chirng minh: Gia st ngugc lai a > p (a < g). Khi do theo tinh chat 2 thi

IN : Vn >N = x, > p (x, < g).Diéu ndy mau thuin véi gia thiét. Vay tinh chit 3 dugc
ching minh.

- Tinh chit 4. Gia st day {x,} hdi tu. Khi d6 né bi chan, nghia la:

AM>0:|x,| <M VneN.

Ching minh: Chone = ,LAN e N: Va > N = |x, —a| < 1, tr do

bn| < |xn—al+la| < 1+la| < max{l +|a|,|x1],]x2],...,xn|} = M véimoi n.
« Pinh ly 1. Cho hai day hdi tu {x,} va {y,}. Néux, >y, Vne N, thi limx, > lim y,.
n—o0 n—o0
Chirng minh: Pat ¢ =lim x,, b = lim y,. Giasirtacd a < b. Ly mot s6  sao cho
n—>0 n—>0

a < r < b. Khi d6 theo tinh chét 2
AN eN:VneNn>N = x, <r.
Mat khac,

AN eN:VneNn>N =y, >r



Dit N = max{N,N"}. Khi 46 Vn > N = x, < r < y,. Diéu ndy mau thuin véi gia thiét. Do
doa > b.

(i) xp<yn<z, VneN,
(if) limx, = limz, =a.
Nn—00 n—ao0

Khi d6 ddy {y,} ciing hoi tu va lim y, = a.

Chirng minh: Theo dinh nghia giéi han
Ve>0, AN eN:Vn>N = a-e<x,<a+s,

IN' eN:Vn>N' = a-e<z,<a+s.

bat N = max{N',N"}. TacoVn >N = a-e<x, <y, <z, < a+eg, hay |y, —a| < & Viy
lim y, = a.

n—>o0

- Pinh 1y 3. Néu cac day {x,} va {y,} hoi ty thi ddy {x, + y,,} ciing hoi tu

va lim (x,xy,) = limx,+ lim y,.
n—o0 n—>0 n—oo
Ching minh: Gid st lim x, = a, lim y, = b. Theo d inh nghia gi¢i han, Ve > 0,
n—0 n—0

IN' eN:Vn>N = |x, —al < ¢/2,
IN" eN:Vn>N' = |y, —b| < &/2.
bit N = max{N',N’}. Ta co

Vn>N= |x,ty,)—(@axtbh)|<|x,—a|+|yn—b| <e2+¢€22=c¢.
Vaylim (x,ty,) =azxb= limx, £t lim y,.

n—o0 n—00 n—o0

- Pinh Iy 4. Néu cac diy {x,} va {y,} hoi tu thi diy {x,y,} cling hoi tu

va lim (x,y,) = lim x, lim y,.
Chirng minh: Gia st lim x, = @, lim y, = b. Khid 6 Ve > 0,

AN e N:Vn >Ny = |x,—a| <g,
AN, eN: V>N, = [yn—b| <e.
bat N = max{N,N2}, x, —a = oy, yo—b = B,. Tacod
Xnyn —ab| = |(a+an)(b+ Bn) — abl
= |anb + Bna + anfn| < |anllb] + |Ballal + |an]|f]
= |xn —allb| + yn = bllal + [x, — ally, — b|
< glb| + glal + eM = €(|b| + |a| + M).

Vi y, —b - 0 nén no bi chan bdi hing s6 duong M Vay danh gia trén cho ta
lim (x,y,) = ab = limx, lim y,.

n—>o0 n—oo n—0

- Hé qua. Néu day {x,} hoi tu, va k 1a mot s6 tiy ¥, thi day {kx,} cling hoi tu



va lim (kx,) = k lim y,.

n—0 n—>o0

- Pinh Iy 5. Néu cac diy {x,} va {y,} hoitu, va y, = 0 Va, lim y, # 0 thi dy {3} ciing
‘ ‘ limx, e

hoituva lim 5 = 42—,

n—-o ! "g}lyn

Ching minh: Giasulimx, =a,limy, =b # 0. Ddtx, —a=a,, yo.—b = f,, tacd

n—o0 n—0o0
Xn 1| _ | ban=aPn | - |bllanltiallBn|
Yn b b(b+Bn) - [b)|6+Bn|

Lay 0 < & < L|b| thi
AN e N:Vn =2 Ny = |a,| <e¢,
AN, e N: Vn >Ny = |Ba]| < &
bat N = max{N;,N,}. Taco
b+ Bl = b = |Bal = |b| —& = b] - 3 |b| = 7[b].

1 d6 2(1b
Khi 36 Vo > N; = X_n_1| < 2(bHa) o
Yn b b2
¥ limx,
a 1 An 4 _ oo
Vay lim 32 . r—

n—o0 N0

§3. Gi¢i han ciia ham sb

3.1. Cac dinh nghia gi¢i han ) )
binh nghia 1. Xét ham y = f(x) xdc d inh & 1an can gia tri hiru han xo, khong nhat thi€t xac
dinh tai x¢. Trong lan can d6 ta c6 thé lay duoc day {x,}, sao cho x, # xo valim x, = xo.

N r r r \ 1 r r n%w r
Ta noi rang so L 1a gioi han cia ham so y = f{x) khi x tién dan vé€ xo, néu doi voi day {x, bat
ky nhu trén, day twong tng cac gia tri cia ham {f{x,)} ludn luoén héi tu va co6 gidi han la L.
Khi d 6 ta ky hi¢u lim f{x) = L hay f{x) - L khi x - xo.

X—X(0

Vi du. Xét ham y = xsin 4 trong khoang (~1, 1)\{0}. Ta c6 néu {x,}, x, # 0 13 ddy hoi tu

dén 0, thi
0 < [flxn)| =peallsin 5| < peal.
Vi lim x, = 0, nén lim f{x,) = 0. Vay lim f{x) =lim xsin+ = 0.

n—>00 n—>0 X=0 x=0

Vi du. Xét ham y = sin 4 trén khoang (—1,1). Ham d6 khong c6 gi6i han khi x tién dan vé 0.

That vay dit x, = 57 ta duoc day {x,} hoi tu dén 0, day twong tng
{fx,)} = {sinnz} = {0} hoi tu dén 0. ,
Néu datx, = —2— ta duoc day {x,} hoi tu dén 0, day twong ing

(4n+)r
{foen)y = {sin(Z +2nm)y = {1} hoi tu dén 1.
Vay ham y = sin + khong c6 gidi han khi x dan vé 0.

Pinh nghia 2. Ta goi s6 L 1a gidi han ctia ham s y = f(x) khi x tién vé xo, néu
Ve> 0,30 >0:0<x—xo| <6 = |flx) - L| <e.

No6i chung 66 phu thudc vao €. Noi mot cach khac, lim f{x) = L néu cac gia tri cua ham f{(x)

X—X0
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gin L mot cach tiy ¥ khi cac gia tri ciia bién x du gan xo nhung khac véi xo.
Ta cong nhan dinh 1y sau.
Pinh ly. Hai dinh nghia gi6i han ¢ trén 1a twong duong.
Vi du. Chiing minh lim (2x + 1) = 5. That vay, ta ¢6 voi moi € > 0,
x-2
|(2x + 1) = 5| = 2]x — 2| < e khi |[x — 2| < &/2, nghialanéuldy 6 = e/2 thi |2x+ 1) - 5| < ¢
khi [x - 2| < 6. Dpcm.
Vidu. Xét gidi han ctia ham );2%24 khi x - 2. Ham nay khong xac dinh khi x = 2, nhung khi
x# 2taco
x2-4 (=2)(x+2)

- = — =x+2.

Dodokhix #2tacé £t —4 = (x+2)—4 =x—2,nén | £ 4| < ¢ khix #2va

t=2] < & = & Vay lim =g,

Pinh nghia. Ta goi s6 L 1a gidi han cta ham s6 y = f(x) khi x tién ra v6 cuc, néu
Ve>0,AN>0: x| >N = [f{lx) - L| < &

No6i chung sO N phu thudc vao €. Ta ky hi¢u lim f{x) = L.

Xp—>00

Vidu. Chimg minh lim L. That vy,
X-X0

|+ -0] = ﬁ <ekhijx| > L, nénve>0,aN=1 : x| >N= |1 -0| <.
3.2. Cac tinh chit ciia ham s6 ¢6 giéi han
RO rang ta c6 mdt so tinh chat d on gian sau day:

i) Néu f{x) = Cla hang sb thi lim f{x) = C,lim flx) = C.
X—X( X—00
ii) Mot ham f(x) l’lé}l ¢6 gidi han (khi x — xo hay x - o) thi chi c6 duy nhat mét gidi han.
iif) Mot ham f{x) néu c6 gidi han duong (4m) khi x — xo thi ludn ludn duong (4m) tai moi x #
X0, Vérdﬁ gan xo. , ,
iv) Néu ham f{x) > 0 & lan can x( va cd gioi han khi x — x thi gidi han ay phai > 0. Néu ham

Ax) > 06 1an can xo va co gidi han khi x — x thi giéi han 4y van > 0.
3.3. Cac phép toan gi¢i han ctiia ham so

Dua vao dinh nghia gi6i han ctia ham ta dé dang chirng minh duoc:
Pinh ly. Gia st lim f{x) = L, lim g(x) = M. Khi do
X—X0

X—X0

i) Tong flx) + g(x) ciing c6 gidi han, va lim [f(x) + g(x)] = L+ M.
X=X0
i1) Tich fix)g(x) cling c6 gidi han, va lim f{x)g(x) = LM.
XX
S _ L

iii) Néu M # 0 thi thuong % cling ¢6 gi6i han, va lim £3%- = .
X—X(
Chu thich: Dinh 1y trén ciing diing v6i qua trinh x - oo thay vi qua trinh x — x.
Dinh ly. Xét ham hop fou : x — flu(x)].
Giasu lim flx) = L, lim g(x) = M. Ncu
X—X( X—X0

a) lim u(x) = uo,

X-X0
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b) flu) xac dinh trong mot khoang chtra up va lim f{u) = fluo).

u-ug

Khi do, ta co lim fux)] = fuo) :f[lim u(x)].
Chirng minh: xT)ﬁ)eo b) o
Ve > 0,3a>0:0 < |u—uo| <a= |[flu)—fuy) < e
Vi a éy, theo a), ta lai co
30>0:0<|x—x0| <0 = |ulx) —uo| < a.
Do do
Ve > 0,30 >0:0 < |x—xo| <6 = |flu) —fuo)| < e.
Vay lim flu(x)] = fluo).
X=x0

Ta cong nhan két qua sau:
DPinh ly. Neu ham so cap f{x) xac dinh trong mot khoang chtra x¢ thi lim f{x) = f{xo).

X—X0

3.4. Cac gid¢i han co ban

Ta c6 céc gidi han co ban sau:
) lim Sox = |
L0
ii) lim (1 +1)" =e,
n—->00 , . ) . . )
Vi e lamot so vo ti, e ~ 2,71828...Nguoi ta chirng minh dugce raing lim (1 +x)'* = e.
x—0

Ky hiéu In 1a 16garit co s6 e, hay ldgarit ti nhién hay légarit Néper.

iii) hm <l =1,
-0
iv) lim M = 1.
x-0
§4. Vo cung bé (VCB) va v6 cung lé6n (CVL)
4.1. Vo cung bé ’
4.1.1. Pinh nghia. Ham a(x) duoc goi la vo cung bé (VCB) khi x - xo néu lim a(x) = 0.

XX
Chau thich: Ta cling c6 khai niém VCB cho qua trinh x — oo thay vi qua trinh x — xo.
Tré lai dinh nghia v€ gidi han ciia ham, ta c6 thé phat biéu d inh nghia VCB khi x - x nhu
sau
Ham a(x) duoc goi 1a VCB khi x - xo néu

Ve> 0,30 >0:0< |x—xo| <0 = |a(x)| < &.

Tur dinh nghia giéi han ta c6 ngay:
Pinhly. lim f{x) = L & a(x) = fix) - L 1la VCB khix - x¢

X=X0
Chu thich: Dinh 1y ndy van d ung cho qué trinh x — oo thay vi qua trinh x — xo.
Ta cling thay ngay tinh chit sau day ciia VCB:
- Tinh chét 1. Néu a(x) 1a VCB khi x - xo va C 12 m6t hang sé thi ciing 1a Ca(x) ciing 1a
VCB khi x - x.
- Tinh chét 2. Néu a; (x), ..., a,(x) 1a mot s6 hiru han cac VCB khi x - x thi tong
a1(x) +...+a,(x) va tich cua ching o (x)...a,(x) cling 1a caic VCB khi x — xo.
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- Tinh chét 3. Néu a(x) 1a mot VCB khi x - xo va f{x) 1a ham bj chén trong mét 14n can:
0 < |x —xo| < 6, thi thi tich a(x)f(x) cling 1a cac VCB khi x — xo.
Thay vay, theo gia thiét
AM>0:0<x—x0| <0 = [flx)] <M.

Mait khac
Ve > 0,361 >0:0 < |x—x0| <61 = |alx)| < 5.
Pit ¢ = min{5,5,}. Khid6, néu 0 < |x —xo| < &/, tacod
la()f(x)| = |a(x)[[f(x)] < 47.M = &. Dpem.

Chu thich: Cac tinh chit 1-3 van d ung cho qué trinh x — oo thay vi qua trinh x - xo.

4.1.2. So sanh cac vo cung bé

Xét hai VCB a(x), f(x) trong cing modt qua trinh x — xo hay x - oo (ta ciing viét chung 1a
X = xo vOixo € R hodc xo = o).

i) Néulim 22 = k e R, k # 0 : thi tanéi a(x), B(x) 1a hai VCB ngang cdp.

X—X( Bx)

ii) Néu lim ;g; — 1 : thitandia(x), B(x) 13 hai VCB tuwong duong. Ta ky hiéu a(x)~ B(x).
X—=X0

iii) Neu lim 738 = 0 : thitandi a(x) 1a VCB cap cao hon B(x), hay B(x) la VCB cap thap
X—X(

hon a(x). Taky hiéu a(x) = o( B(x)).
iv) Néu khong ton tai lim 20 thi ta néi a(x), B(x) 1a hai VCB khong so sanh dwoc voi nhau.

7 X=Xx0 ﬁ(X)r 4
v) Néu a(x) 1a VCB ngang cap v6i B*(x), (k > 0) : thitanoi a(x) la VCB cap k so véi VCB
Bx).

Vi du:
i) 1 —cosxva x? lahai VCB ngang cap khix — 0, vado dd 1 - cosx ciing 1a VCB cép hai
L 12 Y14 1—cosx : 2sin2% 1
so voix”, vilim =% =lim —* = .
X—X( X X—X( X

ii) sinx~x, In(l +x)~x, e*— 1~x, khix - 0
Z sin2 £
iii) 1 —cosx 1a VCB cap cao hon x khix - 0, vi lim =% =]im G M}

X—X( X X—X0 X
4.1.3. Khir dang vo6 dinh -
- Tinh chét 1. Néu a(x)~@ (x) va B(x)~B(x) khix > xo thi lim 22 |im £

X-x( Bx) xoxg BX) '

That vay
lim 29 _lim 20 7@ PO i, 00 g T@ iy POy gy T g gy 20
X=X ﬁ(x) X—X( E(X) F(X) ;B(x) X=X ﬁ(x) .x”XO F(X) .XHX() ﬁ(x) .XﬁxO F(x) : X=X F(x) :
Vidy: lim 2529 i, 2 = 2,

3x_ 3
x-0 ¢ x-0 3x

- Tinh chit 2. Néu a(x) = o(B(x)) khi x - xo thi a(x) + B(x)~B(x) khi x - xo.

That vay
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ey r e _
lim === =lim [0 +1] = 1.

Nhu vay tc;),ng cua hai VCB tuong d wong véi VCB ¢ cap thap hon.
« Tinh chat 3. Qui tac ngat bo VCB cap cao.

Gia sir a(x) va B(x) 1a hai VCB khi x — xo, trong d6 a(x) va B(x) déu 1a tong ctia mot sd hiru

han céc VCB khi x - xo. Khi d6, lim 22 = lim cua ty s6 hai VCB cép thip nhét & tir s6 va

x 2 x-xg P& xoxg
mau so.

+sm + 1
Vi du: lim it ig7x =lim =+ = 1,
243 +4x5 2x 2

x-0 x-0
4.2. Vo cung lém ’ ’
4.2.1. Dinh nghia. Cho ham f{x) xac d inh ¢ 1an can cua xo, khong nhat thi€t xac dinh tai
x0. Ta ndi ham f(x) 13 v6 ciing lén (VCL) khi x - xo néu lim [flx)| = oo.

X—X(
Tuong tu, ta cling c6 khai niém VCL cho cac qua trinh x - +00,x - —oo thay vi qué trinh
X = Xo.
4.2.2. Lién h¢ giira VCB va VCL.
DPinh ly. Gia st f{x) # 0 trong mot 1an cén cua xo. Khi do

fx) 1a (VCB) & /( ) la (VCL), khi x - xo,
fx)1la (VCL) & I —— la (VCB), khi x — xo.
Vi du: —— 1a(VCL), khix - 0,
1 1a (VCB), khi x — oo.

4.2.3. So sanh cac vo cung lén )
Gia su A(x), B(x) la hai VCL khi x — xo(ta ciing viét chung la x — xo v6i xo € R hodc
X0 = OO).

i) Néu lim gg — ke R, k=+0:thitandi4(x), B(x) 1a hai VCL ngang cap.
X—=X0

ii) Néu lim ;gg =1 : thitandi A(x), B(x) 1a hai VCL twong durong. Ta ky hiéu 4(x)~ B(x).
X=X

iii) Néu lim % = 0 : thitanodi A(x) 1a VCL cdp thap hon B(x), hay B(x) 1a VCL cdp cao
X—X(

hon A(x)

1v) Néu 22 B( ) la hai VCL khi x — xo thi tanoi A(x) la VCL cap cao hon B(x), hay B(x) la

VCL cdp thap hon A(x).

v) Néu khong ton tai lim ;}g; va % ciing khong 1a VCL khi x — x thi ta néi A(x), B(x)

X—X0

18 hai VCL khong so sanh dwgc voi nhau.
Tir i1) ta co6 céc tinh chat sau:
j) Gia str A(x), 4 (x),B(x) va B(x) la cac VCL khi x — xo.Néu A(x)~4 (x) va B(x)~B(x) thi

lim 49 —fjm 49
xoxg B®)  xox, BW®)

ji) Néu A(x) 1a VCL cip cao hon VCL B(x) khi x — xo, thi 4(x) + B(x)~4(x) khi x - xo.
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That vay

lim 2929 _jiy (1 4 29y =

RTTeS B yIeS)
Vi du: Khix - oo, thi x3+ 113 VCL cép cao hon VCL x2, vi

. 3 . .
lim =L =lim x +lim - = oo,
X X

Vidu: Khix - oo, thi 3x* +x~3x*.

4.2.4. Khir dang vo dinh =, 00 — 00,0 x .

* Qui tic ngat bo VCL cap thap.

Gia sir A(x) va B(x) 1a hai VCL khi x — xo, trong d6 A(x) va B(x) déu la tong cia mot s6 hitu

han cac VCL khi x - x¢. Khi do, lim A9 _ Jim cla ty s6 hai VCL cap cao nhit & tir s6 va

R , X-x( B(x) X=X
mau so.
. 2 . 2
Vidu: (Dang 2). lim 32222 —  |j;m 3 = 3
n: (Dang =) 4x2+4x-5 4x2 4

X—>00 X—00

Vi du: (Dang o — ).
Xét lim (Vx* +3x2 — Jx* —1). Khix - oo, thi Jx%+3x2 > 400 va yx*—1 - +oo, nénta

X—00 4 . , yo. <R , v A
gap dang v6 dinh oo — 0. Muon khir n6 ta nhan va chia n6 véi bi€u thirc lién hop
Jxt +3x2 + xt 1.
lim (,/x4 +3x2 — Jx4 —1) =lim (P32 D) (302 1434 1)
e X—>00 St -1

= lim 3x2+1

xooo  Jx3x2 +yxd-1

= lim

3+-L

2
[[+3 4 [1_1
X—00 I+=+ [1-—
Xz X2

( chia tir va mau cho x?)

Vi du: (Dang 0 x ). Xét lim x(Jx%?+1 —x).

X—+00
Ta co
: . V2l —x)(Yx2+1 + .
lim (Vx2+1 —x) = lim W00 g L _
X400 X400 Jx241 +x xotoo  AxZH1 +x

Vay gidi han da cho c¢6 dang v6 dinh oo x 0. Muén khir né, ta bién doi nhu trén thi duoc

lim x(¥x?>+1 —x) = lim —=

X—+00 oo X2+ 4x
= lim ——( chia tr vd mau cho x)
xotoo 1L+l
X
= L
1.

§5. Ham s6 lién tuc



15

5.1. Cac dinh nghia vé ham s lién tuc tai mot diém
*Cho D c R, dlem xo € D dugc goi 13 diém tu ctia D néu ton tai mot day {x,} < D\xo}
sao cho x,, — xo. Dlem xo € D khong phai la diém tu cia D dugc goi la diém cé ldp cua D.
*ChoDcR,f:D - RvaxoeD.

Neéu xo dugc goi la diém co ldp cua D. Tandi f lién tuc tai xo.
Neéu xo dugc goi la diém tu cua D. Tandi f lién tuc tai xo.€ D néu lim f{x) = flxo).
X—-X(

Trong truong hop, xo € D 14 diém tu cia D. Ta ciing c6
fliéntuctai xo <& Ve> 0,30 >0: Vx e D,|x—xo| <0 = |f(x) —flxo)| <e.
Van laxo € D 1a diém tu cia D. Ta cling cd cac dinh nghia khac lién quan dén lién tuc mot

phia nhu sau:
*Tanoi f lién tuc bén phai tai xo.€ D néu lim f{x) = flxo), tc la,

X—-X0+
Ve> 0,30 >0:Vxe D, xo <x<xo+0 = |[flx) —flxo)| <&
*Tanoi f lién tuc bén trai tai xo.€ D néu lim fx) = fxo), tuc la,
X—=X0—
Ve> 0,30 >0:Vxe D, xo—06 <x<x9= [f{x) —flxo)| <&
Hién nhién, diéu kién can va d u dé ham /' lién tuc tai xo 1a f lién tuc bén phai va bén tréi tai
X0.
5.2. Dinh nghia trong khoang, trén doan ) i
*Ham f : (a,b) - R dugc goi 1a lién tuc trong khoang (a,b) néu f lién tyuc tai moi diém
x0.€ (a,b). .
*Ham f : [a,b] - R duoc goi la lién tuc trén doan [a,b] néu f lién tuc trong khoang (a, b)

va lién tuc bén phai tai a, lién tuc bén trai tai b.
5.3. Cac phép toan trén cac ham so lién tuc tai mot diém

Ap dung cac phép toan don gian vé cac ham s ¢ gidi han ta c6 mot s6 két qua sau day:
Pinh ly. Néu ham 714 lién tuc tai diém xo thi ham [f] cling lién tuc tai xo.

Pinh ly. Néu cac ham f va g lién tuc tai diém xo thi cac ham f+ g, fg, Cf (C l1a hang sd) |f]
cling lién tuc tai xo. ‘

Ngoai ra, néu cac ham g(xo) # 0 thi ham é lién tuc tai xo.

Pinh ly. Gia st [,J c Rva f: [ > J,g : J > R. Néu ham / lién tuc tai diém xo va g lién tuc
tai diém yo = flxg) € J, thihamhop go f: I - R ciing lién tuc tai xo.

5.4. Piém gian doan. Phan loai

Pinh nghia. Ham /' duoc goi 1a gidn doan tai xo néu f khong lién tuc tai diém xo. Liic d6 xo

diém gidn dogn cua f. Néu f gian doan tai xo thi do thi ctia ham y = f{x) khéng lién tai diém
Mo (x0,/(x0)), ma bi ngat quang tai M.
Can ctr vao dinh nghia ta thay rang ham £ gian doan tai xo néu gdp mat trong céac truong hgp

sau:
i) Néu cac gidi han bén phai flxe + 0) = hm f(x) gidi han bén trai f{xo — 0) =lim f(x) ton tai

X—X0—

va ba sb thuce fxo),fxo + 0),f(xo — 0) khong ddng thdi bang nhau, thi ta noi xo 13 diém gidn
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doan loai mot.
) Néu flxo + 0) = flxo — 0) # flxo), thi tanéi xo la diém gian doan bé duoc.
ii) Néu flxo + 0) = flxo — 0), thi ta noi x¢ 13 diém nhdy. Hiéu sd fxo + 0) — flxe — 0) dugc
goi la buoc nhay.
1) DPiém gian doan khong thudc loai mot dugce goi la diém gian dogn logi hai.
Vi du: Xét ham

x+1, néu x> 0,
fx) = .
x—1, néu x <0.
Ta co: f{+0) =lim flx) = 1, f{-0) —hm fx) = -
x->+0
Vay x = 0 13 mot diém nhay, v6i bude nhay 1a +0) — A-0) = 2.
Vi du: Xét ham

sinx

Sx) = i

2, néu x=0.

, néu x =0,

Vi lim flx) =lim f{x) = 1 # f{0) = 2, nén gian doan loai mot tai x = 0. Hon nira, x = 0 1a
x—=+0 x->—0
mot diém gian doan bo dugc.
Néu xét ham
sinx.

oy =< *7

I, néu x=0.

néu x # 0,

thi 1 s€ lién tuc tai x = 0, di€u nay giai thich tr ”bho duoc”.
Vidu: Him f{x) = < ¢6 diém gidn doan loai hai taix = 0, vi lim + = 400, lim 1 = —0.
x—->+0 x——0

5.5. Tinh lién tuc cta cac ham so cap
Ta s€ chi ra rang cac ham so cap déu lién tuc trén tap xac d inh ctua chung.

1/ Pathiic P,(x) = aox”" + a1x" 1 A X - an
Viham s6y = C =hang va ham sé y = x lién tyc trén R nén ham s6

x — ax =axx...x
H_/
k thira s6
trong d6 a 1a mot sb tuc khong d b1 va k 1a mot sb tu nhién, lién tuc trén R. Do d6 ham P, (x)1a
tong hiru han cac ham thudc dang trén cling lién tyc trén R.
Ham hitru ti 6, trong d6 P va Q la cac da thuc, lién tuc tai moi diém x € R tai d6 Q(x) # 0.
2/ Himmi y = a@* (a > 0) lién tuc trén R.
Giasturxo € R. Voimoix € R, tacd a* = a*a*™>0,

Khix » xptacox—x9o > Ova a*™ - 1. Do do6 lim a* = a*. Vay ham y = a* lién tuc tai

) X—X0
diém x¢. Ta co:
lim ¢* = +o0o valim a* =0 voi a > 1,

X—>+00 X—>—0

Iim ¢* =0 valim ¢* =40 vé1 0 <a < 1.

X400 X——00
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Tap cac gia tri cua ham sb y = a* la khoang (0,+x).
3/ Ham so Logarit y = log,x (a > 0,a # 1) lién tuc trén (0, +o0). (Xem muyc 5.5)

Giasuxo > 0. V6imoi x € R, taco log,x = log,xo +log, 5.

Khix - xptacd - — 1va log,s- — 0. Do d6 lim log,x = log,xo. Vay ham y = log x lién
X—X(

tuc tai diém xo. Ta co:
lim log,x = —0 va lim log x

x->+0 X+

+00 néu a > 1,

lim log,x = 4+ va lim log x = —o0 néu 0 <a<l.

x->+0 X—>+0
4/ Ham s6 liy thira y = x* (o € R) lién tuc trén (0,+00). Vi x* = e?nx nén theo dinh Iy vé
tinh lién tuc cua ham s6 hop, ham s6 lity thira lién tuc trén (0, +0).
5/ Céac ham s6 lugng giac lién tuc trén tap xéac dinh cia chung.
That vay, Gid st xo € R. Véimoi x € R, tacod
|sinx — sinxo| = 2|cos 5% sin =% | < 2|sin 5% | < x — xo).
Twr d6 suy ra lim sinx = sinxy.

X—X(
Vay ham sé y = sinx lién tuc tai diém xo, tirc 1a lién tuc trén R.

Vi cosx = sin(4 —x) v6imoi x € R, nén theo dinh Iy vé tinh lién tuc cta ham sb hop, suy
ra ham sb y = cosx lién tuc trén R.

Ciing theo tinh chét hélm lién tyc ta c6 ham sd y = tgx =
cosx # 0, tc lax = £ + kr,k € 7 tap cac sb nguyén.

‘;’” lién tuc tai moi diém x € R ma sinx # 0, taclax + kr,k € 7.

sinx
COSX

lién tuc tai moi diém x € R ma
Ham séy = cotgx =
6/ Nguoi ta chimg minh dugc r?mg cac ham lugng giac ngugc lién tuc trén tap xac dinh cia

chung. (xem muc 5.5). Cu thé 1a
—Ham s6 y = arcsinx lién tuc va tang trén tir [—1, 1] 1én [-Z 5l
—Ham s6 y = arccosx lién tyc va giam trén tir [—1, 1] 1én [0, 7].
—Ham sb y = arctgx lién tyc va tang trén tir R 1én CEREs
—Ham sb y = arccotgx lién tuc va giam trén tir R 1én (0, 7).

5.6. Tinh chit ciia ham lién tuc trén mét doan

- Y nghia hinh hoc ciia khai niém lién tuc

Hinh 15 Hinh 16

Gia sir ham y = f{x) lién tuc tai xo. Xét diém Po(xo,v0), vo = flxo) trén @6 thi. Khi
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Ax = x —xo = 0 thi Af'= flx) — flxe) - 0, nén khix — xo, thi trén d6 thi, diém P(x,y) chay
dén diém P, khong bi ngat quang.

Tt d6 suy ra rang n€u ham y = f{x) lién tuc trén doan [a,b] thi d6 thi ctia n6 1a mot duong
lién ndi diém A4(a JSa)) voi diém B(b S(b)).
Dua vao y nghia hinh hoc ctia ham y = f(x) lién tuc trén doan [a,b] ta rat ra mot sd tinh chét
ctia né ma khong chimg minh:
- Pudng cong lién di tir diém 4 dén diém B khong thé chay ra vo tan, nén ta co:
Pinh ly. Néu ham f(x) lién tyc trén doan [a, b] thi no6 bi chan trén doan do, tic la

M >0: |fix)| <M Vx € [a,b].

- Pudng cong lién di tir diém A4 dén diém B bao gid ciing co it nhat mot diém cao nhat va mot
diém thap nhat, nén ta co:

Dinh ly. Néu ham f(x) lién tyc trén doan [a, b] thi it nhét mét 14n n6 dat gia tri lon nhét va mot
1an no dat gia tri nho nhét trén doan [a, b], tic 1a

dcy,ca € [a,b] : fler) < fix) < flca) Vx € [a,b]. (xem hinh 17)

Hinh 17 Hinh 18 Hinh 19

- Néu hai diém 4 va B & hai phia cta truc ox thi dudong cong lién di tir diém 4 dén diém B

phai cat truc ox it nhat mot l1an, nén ta cé:
Pinh ly. Néu ham f{x) lién tuc trén doan [a, b] va n€u cac gia tri f{a) va f(b) trai dau nhau thi

f(x) triét ti€u tai it nhét mot 1an trong khoang (a,b), tic la, tdn tai it nhat mot giatri ¢ € [a,b]
sao cho f{c) = 0.(xem hinh 19)

- Néu v& mot duong thang song song v0i tryc Ox trong khoang gitra diém thap nhat va dlern
cao nhat cia duong cong ndi lién 4 &én B bao gid dudng thang ay ciing cit dudng cong dy it
nhat mot 1an, nén ta co:

Dinh ly. Néu ham f{x) lién tyc trén doan [a,b] va p la mot gia tri trung gian gitra gia tri nho

nhat va gid tri 10n nhét caa fthi la gia tri cua ftai it nhat mot diém trén doan [a, b], tic 1a,

néu max f{x) < p < min f{x) thi ton tai it nhdt mot gid tri ¢ € [a,b] sao cho u = flc). (xem
azx<b a<x<b

hinh 18)

Cudi cing ta co:

Pinh ly. Giastf: [a,b] — R 1a mot ham s6 lién tuc va ting(giam) trén doan [a, b]. Khi d6 f

1a mot song anh tir [a, b] 16n [f(a),fb)] ([Ab),Aa)] ) va ham sd nguoc

1 [fa),fb)] - [a,b] (' : [fAb),a)] - [a,b]) clia ham f 1a lién tuc va ting(gidm).
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Mot ham 1 : [a,b] » R duoc goi 1a ting (gidm) trén doan [a, b], néu
Vx,x' € [a,b], x < x' = flx) < Ax/) (twong tmg Ax) > Ax))).

Mot ham f: [a,b] - R duoc goi la khong giam (khong tang) trén doan [a, b], néu
vx,x' € [a,b], x < x' = flx) < Ax)) (twong tmg fx) > Ax))).

§6. Pao ham

6.1. Cac khai niém dao ham

6.1.1. Cac dinh nghia

Pinh nghia

Xétham sd f: (a,b) va xo € (a,b). Gi6i han hm ﬂx}f{fg‘ 9 néu tdn tai dugc goi 1a dao ham

ctia ham sd f tai xo va ta ky hiéu gi6i han d6 1a (xo) hay £ dﬂx‘)) .

bat Ax = x —x thi dao ham f”(xo) dugc dinh nghia la giéi han (néu c6)
flxo) = lim L950 _jjpy frordo )
o Ax=0

Vi du: Cho f{x) = x2. Tinh f/(2).

Ta co
f2) = lim W - lim “AXt_A(xAX)Z
Ax=0 Ax=0
= lim (4 +Ax) = 4.
Ax—0

Vay f1(2) = (x*)'| _, = 4.
6.1.2. Y nghia cia dao ham
- Tiép tuyén cua dudng cong

Hinh 20

Xeét duong cong (L) c6 phuong trinh y = f{x) va mét diém cd dinh M trén (L) c6 toa do
M(x0,¥0), yo = flxo). Xét cat tuyen MN. Néu khi diém N chay trén duong cong (L) to1 dlem
M ma cat tuyen MN dan dén mot vi tri gio1 han MT thi d uong thang MT dugce goi la tlep tuyen
cua duong (L) tai M. Vén dé dit ra 1a khi nao duong (L) c6 tiép tuyén tai M va néu co thi hé s6
goc cua tiép tuyén ay dugc tinh nhu thé nao? Goi hoanh do ciia N 1a xo + Ax. Hé s6 goc cua cat
tuyén MN la

_ PN _ Yo _ Sflxot+Ax)-flxo)
tgp = MP A T Ax :

Bay gid cho diém N chay tren t6i diém M trén du’O'ng (L), lac 6 Ax — 0 néu ti s6 & vé
phal c6 gidi han thi 7gf ¢ vé trai ciing co gi6i han dy, do d6 goc S tién tdi mot goc xac dinh
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ma ta goi la a, nghla la cat tuyen MN dan dén mot vi tri gidi han MT nghiéng véi truc ox mat
goc a. Vay hé sb goc rga cua tiép tuyén MT néu co chinh 1a

tga =lim ﬂx"#)ﬂxo) = f'(x0).
Ax—0

Suy ra y nghia hinh hoc cua dao ham:
Néuham f ¢6 dao ham tai xo thi do thi ctia ham y = flx) c6 tiép tuyén tai M(xo, ), trong do
yo = flxo) va hé sb goc cua tiép tuyen la

= tga = f'(xo).
Do d6 phuong trinh cia tiép tuyén tai My la

y = flxo) = f(x0)(x —x0)

va phuong trinh ctia phap tuyén tai M, 1a
y=flxo) = - ———(x — x0).

- Van toc chuyén dong thang

Hinh 21

Xét mot vat chuyén dong trén mot duong thang tai thoi diém 7o nd & My v6i hoanh d6 s(to), tai
thoi diém ¢ n6 & M voi hoanh do s(7). Vay trong khoang thoi gian ¢ — ¢y = At nd di dugc quang
s()—s(to)

duong As = s(f) — s(t). Ti sd AV = =0, 1a Vén téc trung binh cua vét chuyén dong trong

khoang thoi gian trén. Khi At —» 0 (hay ¢ - to) néu ti & 2 c6 gidi han thi gidi han d 6 ta goi
1a van toc tirc thoi cua vat chuyén dong tai thoi diém . Vay theo dinh nghia

v(to) =lim 2= —11 _S(t)t:f(ft()) = /(o).
A0

Suy ra y nghia co hoc cua dao ham: Pao ham cua hoanh d6 s(7) d 6 b1 voi thoi gian ¢ chinh 1a
vén tdc tirc thoi cua vat chuyen d ong thang tai thoi diém o : v(¢0) = /(o).
6.1.3. Lién h¢ giira dao ham va tinh lién tuc
Pinh ly. Néu ham f'c6 dao ham tai x¢ thi n6 lién tuc tai xo.
That vay, ta cé .
lim <% = f'(xo).
A0
Do do

= f'(xo) + a, v6ia —» 0 khi Ax - 0.

Suy ra

Af = f(x0)Ax + aAx.
Vay Af - 0 khi Ax — 0, nghia la f1ién tuc tai xo.
Chii thich. Piéu nguoc lai noi chung khong ding, nghia 1a mot ham lién tuc chua chic da co
dao ham tai do.
lién tuc tai x.
Vidu: Cacham y = |x| va y = ¥x) lién tuc tai xo = 0 ma khong c6 dao ham tai d 6.
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6.2. Céc qui tic tinh dao ham
DPinh ly. ( Dao ham cua tong, tich thuong) i
Neéu ham u(x) va v(x) déu c6 dao ham doi voi x thi tong u + v, tich uv, thuong % cua ching
cling c6 dao ham do6i voi x va
wu+v) =u +v,
(uv) = u'v+uv/,
/ L.
(&) = 50 v6i v(x) # 0.
Chitng minh: Vi f(x) =lim W =lim %"1 nén dé tinh d ao ham ta nhan xét khi cho x
, , Ax-0 Ax-0
sO gia Ax thi sO gia twong g ctia ham f 1a

Af = fix + Ax) — f(x)

nén ta co fix+ Ax) = flx) + Af = f+ Af.
i/ Bay gio cho f=u+v, tacod
AN =w+Au)+(v+Av) - (u+v) = Au+ Av.
%=%+% - u' +v/ khi Ax - 0.
Trdosuyra (u+v) =u' +v/.
ii/ Néu f = uv, thi ta c6

Af (u+Au)(v+Av) —uv = uAv + vAu + Aulv.

E —uAV +VA” +AuAV > wv' +vu' khi Ax - 0.

Tu d6 suy ra (uv)’ = wv' + vu'.
111/ Néu f = 4, thitaco

Af: utAu _ w _ vAu—uAv
v+Av v v(r+AY)
Au_, Av
A VAT vu!'—uy/

khi Ax —» 0,néu v(x) = 0.

A~ v(v+Av) V2

VM/ MV/

T do suyra (L)' =

H¢ qua. ) .
1/ Néuu = C— hang thi dao ham «’ = 0, vi »’ =lim <& = 0.

Ax-0
2/ (Cu) = Cu/,
3/ (w—-v) =u -V,
4/ (uy +...+un) = ul +.. . +un,
5/(5) = =4 véi v = 0.
Pinh ly. (DPao ham cua ham hop)
Xét ham hop y = y[u(x)]. Néuham y = y(u) c6 dao ham d6i v6i u va u = u(x) c6 dao ham
d6i v6i x thi ham hop y = y[u(x)] cling ¢6 dao ham ddi véi x va v = yhus.
Chirng minh.
Cho x sb gia Ax thi u c¢6 s6 gia Au, Gng v6i sd gia Ay y ¢ sd gia Ay. Néu Au = 0 thi
Ay = yZAu + aAu, vé1 a - 0khi Au — 0.

T do
2=y g Ayl khi Ax - 0.
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Suy ra Ppcm.
Pinh ly. (Pao ham ctia ham nguoc)

Gia sir ham y = f{x) c6 dao ham tai xo sao cho f'(xo) = 0.Néu ham x = /"' (y) 1a ham nguoc
cua ham y = f{x) lién tuc tai yo thi /!(y) cling c6 @ ao ham tai yo = flxo) va

(00 = 75

Chirng minh. Vi Ax = Af™! = (f ) (o + Ay) — (f 1) (o) nén khi Ay # 0, ta c6 Ax # 0. Nhu
vay khi Ay # 0, ta co

M _ 1

Ay A_y'

Cho Ay » 0, vihamx = (') () hen tuc talyo nén Ax - 0, do do
a =S (x0) # 0.

A A . 1Y/ _1; Ax 1 — 1

Vay. tntal (Y00 lim & = T = 75

6.3. Bang cac dao ham co ban »

1/Neuflx) = C thi f'(x) = 0.

2/ Néu f(x) = X th1 f(x) = 1.

Thatvay M2%—1—>1kh1Ax—>0
3/ Néu flx) = smx thi f/(x) = cos

That vdy Af = sin(x + Ax) — sinx = 2cos(x + 5) sin 5*
Af  sin(x+Ax)-sinx i
A~ T A&

= cos(x + 4* - 0.

Tuong tu ta ¢6 (cos)’(x) = sinx.

4/ Néu flx) = e* thi f(x) = e~.
That vay Af— e — ¥ = e¥(e™ - 1).

r+Ax X —
e —e’””Axl —>e khi Ax - 0.

5/ Néu flx) = lnx (x > 0) thi f/(x) =
That vay Af = In(x + Ax) — Inx = ln “Ax = In(1 + &%),
A InG+Ad)-Inx _ In(1+45) g ln(l+%) 5> 1 khiAr - 0

Ax Ax Ax x Ax
6/ Néu fix) = x* (x > 0) thi f/(x) = ax®".
That vay, ta co
Inf(x) = alnx. Suyra

() ) _
L9 — & hay f(x) = ol —axe,

7/ Néu flx) = tgx thi f/(x) =

Vi tgx = S0X pgp

(tg) (x) = (Sin)/(X)Cozz;;iHX(COS)/(X) _ coszz-sl—zs)icnzx _ colzx =1+ tx.
8/ Néu f(x) = cotgx thi f/(x) = = —(1 + cotg?x).

That vay, ta c6 ot .

(cotg)'(x) = () (x) = = snrcosbsi) &) — sinacos’s = —(1 + cotg
9/ Néu f(x) = arcsinx thi 7 (x) = W .

z

sinZx sin“x sinZx
bat y = arcsinx thi x = siny = x(y),5- <y < 4. Taco

1 _ 2
% = 1+1g°x.

sm




_ 1 1
y( ) - /(y) - cosy m 1_x2 .
10/ Néu f{x) = arccosx thi f(x) = J% .
bat y = arccosx thi x = cosy = x(y) 0<y<m Tacod
R R B _
y( ) X () —siny = “cosly 12 :
11/ Néu fix) = arctgx thi f(x) = 1+ L.

bat y = arctgx thi x = tgy = x(y), 5- <y< 2. Taco

1 = 1 = =
Y ( ) = () (1) () 1+tg y 1+x2 '
Tuong tu ta c6 (arccotg)/(x) = =
X
Béang céc cong thuc dang nhé
Ham so bao ham Ham so bao ham
C 0 1gx cos2x = 1+1g%x
x¢ ax®', a eR cotgx 31; - = —(1 +cotg’x)
e~ e~ arcsinx L
1-x2
a*lna, O
a* arccosx -
a>0,a=+1 1-x
1 1
In|x| +, x#0 arctgx o
xllla » X F O’ —1
log ,|x| arccotgx 3
a>0,a+1 *
sinx COSX ln|x +Jdx*+a | .
X +a
COSX —sinx

6.4. Pao ham cip cao

Ta thdy néu ham f{x) c6 dao ham tai moi diém thudc khoang nao d 6 thi dao ham f (x) 1a mot

ham mai cua x xac dinh trén khoang a ay. Pao ham f'(x) 4y duoc goi la dao ham cap mét. Pao

ham ctia dao ham cap mét £/ (x), néu co, duoc goi 1a dao ham cip hai cta f{x) va dugc ky hiéu

laf/(x) :

. S = (F ().
Bang qui nap, gia sir dao ham cap n — 1 dugc xac dinh va d uoc ky higu 1a /- (x), ta dinh
nghia dao ham cap n duoc ky hiéu 1a /" (x), va duoc xac d inh boi

M) = (D).

Cac dao ham cép hai tr¢ 1én dugc goi 1a dao ham cép cao.
Vi du: y =x" (nnguyén duong)

y/ _ nxn—I,

V' =nn-1)x"2,...,

y® = n!trong don! = 1.2...n.
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Vi du: y = sinx,
y' = cosx = sin(x + £),
vy =cos(x+ L) =sin(x+2%),...,
y™ = sin(x +nZ).
Vi du: y=wz = Q@+a)’,
V= (=D +a)?,
V= D2 (x+a)3,,. ., )
YO = DD () + ) e = S
Dinh ly. (Leibnitz) ) ) ) )
Gia st u va v 1a hai ham s0 ¢6 d ao ham cap » tai xo. Khi d6 ham s6 uv ¢é dao ham cap » tai xo

va
()™ =37 Chu® (x0)v"® (x0),
k=0
%~ A4 k _ n!
oday Cy = e
§7. Vi phan

7.1. Dinh nghia vi phén ) o
Cho ham so f': (a,b) va xo € (a,b). Lay Ax kha bé sao cho xo + Ax € (a,b). Néu so gia
Af = f(xo + Ax) — flxo) cia ham c6 dang Af = A.Ax + o(Ax), trong d6 A d oc 1ap véi Ax ( chi

phu thudc vao x¢), o(Ax) 1a VCB cip cao hon Ax, thi ta noi f khd vi tai xo va biéu thirc 4. Ax
duogc goi 1a vi phdn cua ham f tai xo va dugc ky hi¢u la df = 4. Ax.
Chu thich.
1/ Biéu thirc ctia vi phan 4. Ax 1a tuyén tinh d6i v6i Ax nén néi chung n6 don gian hon Af.
2/ Néu 4 = 0 thi vi phan df 1a VCB tuong duong véi s6 gia Af :
Af~df.
Vidu: Tinh vi phan ctia ham f(x) = x2 tai diém xo.
Ta co
Af = (xo + Ax)? — x5 = 2x0Ax + (Ax)>.

Vi (Ax)2 14 VCB VCB cip cao hon Ax, nén df(xo) = 2xoAx.
7.2. Lién hé giira vi phin va dao ham
Pinh ly.

i/ Néu ham f kha vi tai xo thi n c6 dao ham tai xo va f/(xo) = 4.

11/ Nguoc lai, néu f ¢6 d ao ham tai x, thi né kha vi tai xo va df = f'(xo)Ax.
Chirng minh.
i/ Theo gia thiét ta c6

Af = A.Ax + o(Ax), suy ra
e = A+ Cho Ax > 0vacha § 5 ~ 0, ta duoge f(xo) = 4.

i/ Theo gia thiét ta co <= — f'(xo) khi Ax — 0.

Do do .
X = f(xo) +a, a > 0 khi Ax - 0.
Ta suy ra

Af = f(x0)Ax + aAx = f'(x0)Ax + o(Ax).
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Vi o(Ax) 1a VCB VCB cép cao hon Ax. Vay f kha vi tai xo va df(xo) = f(xo)Ax.
Do d6 cong thirc tinh vi phén clia f'tai x 12 df(x) = f'(x)Ax.
Chi thich. Néu f{x) = 1 thif(x) = 1, dod6df = dx = 1.Ax = Ax vataco

df(x) = f (x)dx.
fx) =

7.3. Tinh bét bién ciia biéu thirc vi phan ,
Bay gio ta xét ham hop y = f(x), x = @(¢), trong d6 ¢ 1a bien doc lap. Vay y = fle(?)]. Ta

co
dy = {fle()]}dt = f x)¢' ().

Nhung vi dx = ¢/(f)dt nén dy = f'(x)dx.

Vay dang vi phan ctia ham / khong thay doi du x 1a bién doc 1ap hay 1a ham kha vi theo mot
bién ddc lap khac.

Ngudi ta ndi d6 1a tinh bdt bién cta biéu thic vi phan (cip mot).

7.4. Céc qui tic tinh vi phan

Twr d6 suy ra

Vi df = f(x)dx, ta cb cac qui tic sau day:
dlu+v) = du+dv,
d(uv) = udv + vdu,
d(Cu) = Cdu, C —1ahing sd,
d(%) — vdu;zudv , VE 0.
Dua vao bang dao ham ta c6 bang vi phan tuong ung
7.5. Vi phan cép cao
Xét ham f kha vi tai moi x thugc mot khoang nao do. Vi phan df = f(x)dx d uoc go1 1a vi phan
cap mot tai x.NO la mot ham cua x, trong d 6 dx khong ddi. Vi phan cta vi phan cap mot duoc
goi 12 vi phan cép hai va duoc ky hiéu 1a @2, Taco

d*f = d(df) = d(f (x)dx) = f'(x)dxdx = f'(x)(dx)* = f'(x)dx>.

Vay
d*f = f(x)dx>.

Vi phan cua vi phéan cip hai duoc goi 1a vi phan cip ba va dugc ky hiéu 1a @3/, Ciing nhu trén
ta co
&f = d(df) = (@) (dv)® = £ ().

Bang qui nap, gia st vi phan cap n — 1 duogc xac dinh va ky hiéu nd 1a d"'f; ta dinh nghia vi
phan cap n dugc ky hi¢u la d"f, va d ugc xac dinh bdi

d"f = d(@"'f) = 7 (x)(dx)" = f© (x)dx".

Céc vi phan cap hai tré 1én dugc goi 1a vi phan cip cao cua £ Ta co
P =

7.6. Cac dinh ly vé gia tri trung binh

Giasthamsb f: D - R xéac dinh trén D < R, xo € D. Ta néi rang ham sd f dat cuc tiéu

(cuc dai) tai diém

xo € D, néu tdn tai mot khoang (a,b) < D sao cho xo € (a,b) va
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fx) > flixo) [flx) < flxo)] véimoi x € (a,b).
xo goi 12 diém cyc tiéu (cuc dai) cia ham fnoi chung goi 13 diém cuc tri ciia ham f.
binh ly (Fermat)
Néu ham sb f:(a,b) > R dat cuc tri tai diém xo € (a,b). Neufkha Vl tai xo thi /' (xo) = 0.
Chirng minh. Gia str ham fd at cuc tiéu tai diém xo € (a,b). Khi d6 ton tai mot khoang

(a, B) < (a,b) sao cho x¢ € (a, ) vacod
fx) > flxo) véimoi x € (a, ).
X0 <x < B, tacod T > 0 Do d6

X—X0

f/(xo) —lim {0 > 0.
+

X—X(

a < x<xo tacd L2 <0 Dodo

X—X0
f'(xo) =lim L5 <o
X—X0—
Suy ra f(xo) = 0.

Dinh ly (Rolle)
Gia st ham sb f: [a,b] -~ R thoa
i) Lién tuc trén [a, b],
i1) Kha vi trong (a, b),
iii) fla) = f(b).
Khi d6 ton tai it nhit mot diém ¢ € (a,b) sao cho f/(c) = 0.
Chirng minh. Vi f lién tuc trén doan [a, b] nén ham /' dat gia tri 16n nhat M va gid tri nho nhat

m trén doan nay.
«Néu m = M thif{x) = m = M véimoix € [a,b]. Dodo6 f/(x) = 0 véi moix € (a,b).Cod

thé 1ay ¢ 1a mot diém bat ky cua (a,b).
-Néu m < M thi fa) # mhodc fla) + M. Giasu fla) = f(b) + m.Theo tinh chat ham lién
tuc trén mot doan, ton tai it nhat mot diém ¢ € (a,b) sao cho flc) = m (chayc = ava
¢ #+ b).Theo dinh ly Fermat, ta c6 f/(c) = 0.
DPinh ly (Lagrange)

Gia st ham sd f : [a,b] » R thoa

i) Lién tuc trén [a, b],

i1) Kha vi trong (a, b),
Khi @6 ton tai it nhat mot diém ¢ € (a,b) sao cho AAb) —fla) = f/(c)(b - a).
Chirng minh. Ta ap dung dinh 1y Rolle. Xét ham s

() = fl0) - fla) - 9L (x - @), x € [a,b]

D@ thy rang ¢ thoa mén cac gia thiét ciia dinh Iy Rolle:

- ¢ lién tuc trén [a, b],

- ¢ khavi trong (a,b), ¢'(x) = f(x) - L2L2
o(a) = p(b) = 0.
Do d6 ton tai it nhat mot diém ¢ € (a,b) sao cho ¢'(c) = f/(c) - ﬂb;% = 0. Suy ra cong
thirc can chimg minh.
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Chu thich. Khi f{a) = f(b) ta nhan @ ugc dinh 1y Rolle tir dinh 1y Lagrange. Pat a = xo,

b = xo+h. Khidé ¢ = x¢ + 0h, trong d6 0 < 0 < 1 va cong thirc Lagrange dugc viét dudi

dang f()Co + h) —]‘(()Co) =,hf/(xo + Qh)
Dinh ly Lagrange con dugc goi l1a dinh Iy vé cac so gia hitu han.
Heé qua.

Gia sir ham s6 f lién tuc trén doan [a, b] va kha vi trong (a,b). Khi d6
i) Néu f/(x) = 0 voi moi x € (a,b) thi £1a mot ham hang trén [a, b].
ii) Néu f/(x) > 0 (f/(x) < 0) v6i moix € (a,b), thi f 1a mot ham tang( giam) trén [a, b].
Chirng minh. i) Gid sit ¢ < x < x’ < b. Theo dinh Iy Lagrange, ton tai it nhat mot diém
¢ € (x,x') sao cho
fx) = fx') = fe)x =x') =0 vi f/(c) = 0.

Do do flx) = fx').
i1) Tuong tu.
DPinh ly (Cauchy)
Gia sitham sd f,g : [a,b] » R thoa

1) f,g lién tyc trén [a,b],

i1) f,g kha vi trong (a,b),

iii) g/(x) # 0 véi moi x € (a,b).

<2 A .. A AL 2:R S)-Ra) S
Khi d6 ton tai it nhat mot diém ¢ € (a,b) sao cho @ — g0
Chi thich. Trong dinh 1y trén, neu ta lay g(x) = x thi ta duge dinh ly Lagrange.
Chirng minh. Trude hét ta dé y rang ham s6 g thoa man céc gla thiét ciia dinh Iy Lagrange
Do d6 ton tai it nhat mot dlem§ € (a,b) sao cho g(b) — g(b) = g/ (£)(b—a). Vig/(&) # 0 nén
tir d6 ta suy ra g(b) — g(b) # 0. Xét ham sb
o) = ) ~fla) = 4G (800 —g(@l, x < [a.b]

D@ thay rang ham sé ¢ thoa man céc gia thiét caa dinh 1y Rolle:
« ¢ lién tuc trén doan [a, b],

- ¢ kha vi trong khoang (a,b), ¢'(x) = f(x) - ﬁg; gg) g' ),
- ¢(a) = ¢(b) = 0.

Do d6 t6n tai it nhat mot diém ¢ € (a,b) sao cho ¢/(c) = f'(c) - ﬁ:; ’;([2) g'(c) = 0. Suyra

Dpem.
§8. Mot so rng dung ciia d a0 han va vi phén
8.1. Qui tic L’Hopital
Céc qui tac L’Hopital ma ta s& xét trong muc nay 1a mot cong cu tién dung giup ta khir cac
dang v6 dinh < va Z.
DPinh ly.
Giasu f,g : (xo,b) » R thda kha vi trong (xo,b) va
1) lim flx) =lim g(x) =0,

XX+ X=X+

i) g(x)+0 Vxe (xo,b),

iii) lim L9 =L (L € RhayL = o),
xoxo+ &)

Khi do lim 22 — [ —lim L%

X-x0+ g() X—x0+ g’ N ,
Chirng minh. Bat f{xo) = g(x0) = 0. V6i moi x € [xo,b), cac ham sO f va g lién tuc trén
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[x0,x] va kha vi trong (xo,x). Ngodi ra tir gia thiét ii/ trong d inh Iy suy ra g /(t) # 0 v6i moi
t € (xo,x) v6i x du gan xo. Theo d inh 1y Cauchy ton tai it nhat mot diém ¢ € (xo,x) sao cho
) DS @
g(x) g(b)—g(x0) g/(c) ’
Khix - xo (x > x9), thic - xo. Vay
lim 22 =lim ﬂ(—c) =L.
xoxg+ &) oyt (0

Chu thich.

i/ Truomg hop x — xo + hay x — xo dinh 1y van ding.
ii/ Pinh ly van dGng trong truong hop x¢ = +oo. That vay gia st f,g : (a,+) - R thda kha vi
trong (xo,b) va lim f{x) =lim g(x) = 0 va thoa ii) v&i xo = +o0.

X400 X400

Datr = L. Khidé xo - +0 & ¢ - +0.

bat
F(t) = fiL) = fx),
G(0) = g(+) = g,
ta co
lim F(¢) =lim G(¢) = 0,
t—>+0
Fo = f(t )( - )
G =g (L) (2L).
Do do

lim 29 _fim 25 _jjim L9 _p
G'(H

t-+0 t>+0 g ) xoroo 800

Theo dinh Iy ta suy ra lim —2 = L. Dodé lim &% = L.

0 o €
Pinh 1y.
Gia su cac ham f,g : (xo,b) - R thda kha vi trong (xo,b) va
1) lim flx) = foo, lim g(x) = to,
X=X+ X—x0+

ii) lim /O _p (LeR hay L = +o),

xX-x0+ g( )

Khi dé
lim 22 = [ =fim £&
X_’XO"' g() x—>x0+ g(x)
Ta cong nhan dinh 1y nay.
Chu thich.

i/ Dinh ly van diing cho cac truong hop x - xo —,x - xo hay x - Foo.
i1/ Co6 the ap dung qui tac L Hopital nhicu lan.

, . 3 . 2 .
Vidu. lim £ — =lim = — = |lim & = 6.
¢ X—sinx 1—cosx sinx
X X x=0
Vidu. lim 25 ¢ > 0. Gidi han nay c6 dang =
. X b . . o0
X—>+00
. . 1/ .
lim & =lim —% = & lim —- = 0.
X400 x—+o0 0¥ X+

Vay khi x — +o0, Inx 1a mot VCL bic thap hon moi x*, (¢ > 0).
Vi du. V61 moi s6 nguyen n>1taco

er er

lim & =lim 4.
nx

n
X400 X400

Ap dung qui tic L’Hopital n ta duoc
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lim & =lim % = 0.
X n:
X—+00 X—>+00

Vay khix — +oo, e* la mot VCL béac cao hon moi lity thira nguyén duong cua x.
Ap dung qui tac L’Hopital d¢ khir cac dang vo dinh khéc.

Vidu. lim x*Inx, (a > 0). Pay la giéi han ndy c6 dang 0 x c0. Ta viétlai4 = lim 1—)
x-04 x-04 T
va bay gio c6 dang = . Dung qui tac L’Hopital ta co
A= lim —2— = lim (%) = 0.
X‘>O+ (x;zl ) X‘>O+
Vidy. Tinh4 = lim (=% - - ). Giéi han ndy c6 dang o — . Ta bién ddi nhu sau
* ol X— nx
A= lim % va by gio c6 dang 3. Dung qui tac L’Hopital, ta dugc
-1
A= lim Bell oy e gy UL
Inx+2] Inx+1-1 1L 2°
x—1 x—1 . x—1 L %2 ] o
Vidu. Tinh 4 = lim x*. Gidi han ndy c6 dang 0°. Ly ldgarit hai vé, ta duoc
X‘>O+
In4 = In( lim x*) = lim Inx*
x-0+ x>0+
= lim xInx = lim *
x—>0+ 1/ X—'O+ *
= lim —= = lim (-x) = 0.
X"O+ _1/x X‘>O+
Vay
lim x* =4 = 1.
x—>0+
Vidu. Tinh 4 = lim (cotgx)"™* Gidi han ndy c6 dang o0®. LAy 1dgarit hai vé, ta dugc
x=04
In4 =1In | lim (cotgx)" ‘“x:| = lim [In(cotgx)!!n~]
x=04 x-04
N . In(cotgx)
= lim [

Do 1a gidi han c6 dang . Dung qui tic L’ Hopital, ta dugc

-1

. cotg. sinZx 3 —
In4 =lim === = lim —— = 1.
X SINXCOSXx
x-04 x—04
Vay
A=e!' =1,
, , . i 2 s re A ’ A A . . A
Vidu. Tinh 4 = lim (222)'%" Gigi han nay c6 dang 1*. Lay l0garit hai vé, ta & uoc
x-0
. : 2
In4 = ln|: lim (o)l :|
x-0 In( s )
_ sinx V142 iy GRS
= lim [ln(T) :| = lim -
x=0 x-0

Do 1a gidi han c6 dang %. Dung qui tac L’Hopital, ta dugc

cosx _ 1

. In(sinx)—Inx . i
Ind = lim 2ER0Te gy e
x2 2x
x—0 . x—-0

—_ 1 lim Xeosx=sinx

2 xZsinx

x-0

_ 1 lim COSX—X SiNX—CcOosx

2 2xsinx+x2 cosx

x-0
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—sinx
2 sinx+xcosx

=T
58

—COSX
2 COSX+COSx—x sinx

-+

_ e _ 1
A e =

Sl ol ol

Vay

8.2. Tinh g’?m dung
Cho ham s0 /" kha vi tai xo. v&1 Ax bé, ta co
fxo + Ax) — f{xo) = f (x0)Ax + o(Ax)

Néu bo phan VCB cip cao o(Ax) ta ¢6 cong thirc gan diing
fxo + Ax) = flxo) +f (x0)Ax v&i Ax bé.

Vi du. Tinh gan dung Y1000 .

Ta c6

1000 = 1024 —24 = 421024

= 10/210(1—2%) =2101—%.

Chon ham f(x) = 2 9x, xo = 1, Ax=—23—7.
Tacof(x) = +—=, f(1) = +.
1,

SIQ/X_Q

Vay W1000 = 2.1 - %23—7 = 1,9955.
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BAI TAP CHUONG I

1. Tim mién xéc dinh ctia cac ham sau day
/'y =4Jx+1
2/y = 3x+1
3y =1

4-x2

4y = Jx* -2
5/y = Jx—x?

1
6/y=/—x + =
7y = Jx—x3
8/y=Ilg3=

9/y =1lg —xz;i’l‘”

10/ y = arccos =

11/y = arcsin(lg%)

2. Tim mién x4c dinh va mién gia tri ctia ham y = sin2x.
3.Chohamf: (—a,a) — R.

Ham £ duoc goi 14 hdm chan néu fl—x) = f(x) véimoi x € (—a,a).
Ham f dugc goi 1a ham Ié néu f(—x) = —f(x) v&imoi x € (-a,a).
Trong cac ham sau ddy, ham nao chin, ham nao 1¢.

1/ fix) = %(ax +a™)

2/ fix) = %(ax—a*x)
3/f(x) = J1+x+x2 —J1 —x+x2
4/ f(x) =lg%
5/ flx) =lgx+ 41 +x?)
4.Chohamy: D - R.
Ne¢u ton tai sO a # 0 sao cho
fix+a) = flx) v6imoi x € D,

thi f'dwoc goi 13 ham tudn hoan. S6 duong T bé nhit thoa dang thirc trén duoc goi 1a chu ky cia
f

Trong cac ham sau ddy, ham nao 1a ham tuan hoan? Hay tim chu ky 7' ctia m&i ham tuan hoan
do.

1/ fix) = 10sin3x

2/ fix) = asinAx + bcos Ax

3/ fx) = Jtgx

4/ flx) = sin’x

5/ flx) = sin J/x.

5. Tim ham nguoc cua cac ham sau day.

I/y=2x+3

2/y=x*-1 véi x<0

3/y=q1-x*
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4y=lg=.

6. bat Ct = k!(;’ik)! voin € N,0 < k < n. Ching minh

1/CY=Cpr=1,VneN,
2/Chk=Cr* vneNO0<k<n
3/CE+ CV = Ck,,, Vne N1 <k<n.
Suyraring Ck e N, Vn € N,0 < k < n.
7. Chiing minh rang véi moi n € N, ta lun c6
(1+a)" > 1+na Va > -1. (Bat dang thirc Bernuoully).
8. Chung minh rang
1/ V6ip > 0tacodlim - =0

P
n—o0

2/ Voip >0tacolim 4p =1
3/ Véip >0 tacodlim yn =1

4/ Véip >0 vaa € R tacodlim —— =0
oo (1HP)

5/ Véilx| < 1 taco lim x" = 0.

n—o0

9. Tim cac gidi han sau day
1/ lim &=2x’+x

2
>0 3x+2x

. 2
2/ lim —X=xt6
/ o2 x2-12x+20
3/ lim 2212

x4 x-2-42

Y-l
4/ {grll N

10. Tim céc gidi han sau day

: x24x—1
1/ lim el
X—00

2/ lim 3221
X—00 x3+4

. ,/ 2_3
3/ lim =
X—+00 x3+1

4/ lim X

oo x+1
. x2+1
5/ lim .
x+1
X—>—00

11. Tim céc gidi han sau day
1/ lim (5 - =

I—x 1-x3
x—1

2/ lim (Jx2+1 —Jx2—1).

12. Ap dung dinh nghia, tim dao ham cua cac ham s sau
1/ fix) = —cotgx — x

2/ flx) = ix?
3/ flix) = e~
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4 fix) = =

13. Tim dao ham cua cac ham sb sau
1/ 'y = x’arctgx

2/ y — arc)sclnx

3/ y =1Inig(5)

4/ y = ln(x+ Jx?+1 )

5/ y =In(y2sinx+1 + J2sinx— 1)

— i 2x2
6/ y = arctgsin e

7/ y = e*arctge* —In |1 + e*

8/ y = $1g*(Jx ) +1Incos /x.

14. Tim dao ham cta cac ham sd sau

1/ y=x", x>0,

2/ y = (sinx)’&".

15. Viét phuong trinh cua tiép tuyén va phap tuyén véi dudong cong y = x* — 3x2 — x + 5 tai
diém (3,2).

16. Viét phuong trinh cua tiép tuyén va phap tuyén véi duong cong y =
hoanh d0 x = 2a.

17. Tim vi phan cta cac ham sd sau

1/ y = (a®>-x?)>

2/ y=qdx*+1

8a3
4a24x2

tai diém co

3/ y=e"

4/ y = xe*

5/ y=Inlx+ Jx*+a |
6/ y = arccoss‘}c—|

7/ y = Sinx

18. Tim dao ham cip » cta cac ham sd sau
1/ y =1Inx

2/ y=2*

3/ y =sin2x

4/ y = cos3x

5/ y = sin’x

6/ y = sin’x

7/ y = sinaxsinbx

8/ y = sin*x + cos*x

9/ y = xcosax

10/ y = In &2x

11/ y = xe*.

19. Tim dao ham cip # cua cac ham sb sau
1/ Cho y = x?sin2x. Tim y10?

2/ Cho y = x?e*. Tim y®%

3/ Choy = -, Tim y®.

20. Chimg minh céc bét dang thirc sau

1/ |sinx —siny| < |x —=y|, Vx,y € R

2/ |arctgx —arctgy| < |x—-y|, Vx,y e R
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3/ b Sln%ﬁ”—gbvéi 0<b<a.

21. Tim %ic’yi han cua cac ham so0 sau
1/ lim X=ltnx
et—e

ol
2/ lim =50
x—?
. xex/Z
3/ 11131 —
X—>1T0o0
4/ lim x%Inx
x—>+0
. l _ 1
5/ 111’{)1 r — )
x—?
. xx_x
6/ lim e~
X—
=
7/ lim x~ 10072
x_>0 X
8/ lim (2 —x)¢(%)
x—1

9/ lim (zgx)"s>
x>
10/ lim (tg=2=-)1%

Xorkoo 261
11/ lim {90
12/ Tim (asiney 1
13/ Tim (i)
14/ Tim (sinx)®
15/ )1;;1?1 (tgx)?cos~
16/ Tim (1 +x).
22, 1{;1;?1 gan diing

1/ 28
2/ Dién tich hinh tron, ban kinh R = 3,02m.
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CHUONG 2. PHEP TINH VI PHAN HAM HAI BIEN

§1. Cac khai niém
1.1. Mién phing

Trong mat phéng R2 = R x R ta chon mot hé truc toa dd Descertes vudng goc Oxy. Truc
ngang ox duoc goi la truc hoanh. Truc thang d tmg OyL1Ox dugc g01 1a tryc tung. M&i diém
M € R? 1a mot cap tht ty hai s thue M = (a,b), a,b € R. Ta goi tp hop phang 1a tap hop
cac diém cing nam trong mot mit phiang. Cho A(a1,a2) va B(by,b,) thudc R2. Khi d6 khoang
cach gilra 4 va B, ky hi¢u la AB cho boi

AB = J(b1 —a1)2 + (bz - a2)2 .

Hinh 22 Hinh 23

Ta goi 6 — ldn cdn cia diém M, trong mit phang 13 tip hop tat ca cac diém M cua mit phang
sao cho khoang cach MM, < §.No6i cach khac, § — 1an can cua diém M, 1a hinh tron ( dia tron)
mo tam M, ban kinh 6. Ta cling ky hi¢u

B(s(Mo) = {M e R? : MM, < 5}
dé chi dia tron mé tam M, béan kinh §.
biém M, € Q duogc got la diém trong cua € néu tdn tai mot hinh tron mé Bs(Mo) tam M, ban
kinh ¢ sao cho Bs(M,) < Q.
Tap hop Q duogc goi 1a mo néu moi diém cta n6 déu 1a diém trong.

D‘iém M, € R? duoc g(_)i 1a diém bién cia Q néu moi 1an can ciia M, déu chira cac diém cia Q
dong thoi chira cac diém khong thudc Q.
nghia la, Bs(Mo) N Q # @ va Bs(Mo) N (RA\Q) # B,V > 0.

Diém bién ctia Q c6 thé thudc Q va cling co thé khong thuoc Q. Tap hop tat ca céc diém bién
cua QQ duoc goi la bién cua Q. Tap hop Q dugc goi la dong néu nd chira moi di€m bién cua
no.
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Hinh 24 Hinh 25
1.2. Pinh nghia ham hai bién

Xéttich R2 =R xR vataphop G ¢ R2.Tagoianhxaf: G — R 13 mot ham hai bién
xac dinh trén G. G dugc goi 1a mién xac d inh cua ham f. Vay mot ham hai bién f xac dinh trén
G 1a mot phép tuong tng sao cho mdi cip thir tu céc 0 thye (x,y) € G ta c6 mot s6 thuc xac
dinh duy nhat ma ta ky hiéu la f(x y). Taviétf: (x,y) — z = j(x »), hay gon hon la
z = flx,y), trong d6 x,y & ugc goi la cac bién doc 1ap, z dugc goi la cac bién phu thude.

Dé chi nhirng ham khac nhau ta dung cac chit khac nhau

z=fx,y), z=2g(x,»), z=0kxy),...

Ta qui udc rang néu ham dugc xéc dinh boi mdt bi€u thirc nao d6 va néu khong ndi gi thém thi
mién xac dinh 1a tp hop tat ca cac diém tuong tmg véi mo biéu thirc da cho c6 nghia.
1.3. Biéu dién hinh hoc

Hinh 26
Gia str cho ham hai bién /: (x,y) — z = flx,y), (x,») € G. Nhung mdi cip (x,y) déu

duoc biéu dién boi mot diém M(x, y) trong mit phang Oxy, nén ta c6 thé xem ham hai bién
flx,») 1a ham cta diém M(x,y) : fiM—z=fM)

c6 thé biéu dién hinh hoc mot ham hai bién nhu sau: V& hé truc toa do Descartes vuong goc
Oxyz. V61 moi diém (x,y) € G ung voi mot diém P trong khong gian véi toa do 1a P(x,y,f

(x,)). Tap hop
. {Px,».fx,y)) : (x,y) € G} )
duoc goi 1a 1a do thi ciia ham z = f'(x,y) xac dinh trén G. P 0 thi ciia ham hai bién ndi chung la
mdt mit cong trong khong gian ba chiéu.
Vi du: Haim z = x2 + y2 ¢6 d 6 thi 1 mot mit paraboloid tron xoay. Mién xéac dinh 14 toan bd

mat phang.
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Vidu: Himz = /1 —x2 — y? ¢6 d6 thi 1a nira mét ciu don vi, tim tai gdc toa do, nam vé phia
z > 0.Mién x4c dinh 13 tip nhimng diém (x,y) sao cho 1 —x2 —y? > O hay x2+)? < 1.Do 1a
hinh tron don vi dong tam O.

Vi du: Ham z = In(x + y) chi xac dinh véi cac gia tri x,y sao chox+y > 0 hay y > —x. Bo la

nira mit phang ndm phia trén dudng phan giac thir hai.

Hinh 27
- Pinh nghia: Day diém (x,,v,) € R2 duoc goi 13 hdi tu d&én (xo,y0), néu

lim [|(xp,y0) = (x0,¥0) || =lim J(xn —x0)*+ (a —y0)? =0

n—o0 n—0
§2. Gidi han va su lién tuc ciia ham hai bién

2.1. Dinh nghia
Cho ham hai biénf: G - [R{2 - R va (xo,y0) € R2.Ta néi rang sb thuc L 13 gidi han cla
ham sd f(x,y) khi (x,y) tién vé (xo,v0), néu

Ve > 0,36 >0: V(x,y) € G:
0 < 1(x,p) = Go.yo) | = J(x—x0)2+ (r—yo)> <&
= |flx,y) —L| < &.

Khidotakyviét lim  flx,y) =L hay lim flx,y) =L

X - Xo ()~ (x0,0)

Yy =JYo

() Cht ¥ rang trong dinh nghia giéi han cia ham nhiéu bién ciing nhur mét bién 1a diém
(x0,¥0) khong nhét thiét thudc mién xac dinh G cia £, Diém (xo, o) duoc gia su 1a diém tu cua
G, nghia 13, t6n tai mot day (x,,y.) € G va (xn,yu) # (x0,¥0) vOi moi n, sao cho (x,,v,) hoi
tu ve (x0,10).

- DPinh nghia:
Chof: G < R2 - R va(x0,y0) € G.
i) Ta noi rang ham f lién tuc tai diém (xo,y0), néu

Ve> 0,36 >0 : V(x,») € G: [[(x,y) — (x0,y0) || <6
= [flx,) = flxo,y0)| < &

i1) Ta no1 rang ham f* lién tuc trén G, n€u f lién tyc tai moi diém thudc G.
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Vi du: Xét ham f{x,y) = [|(x,y) || = /x> +*.(chuan cua (x,y) )

V6i (x0,70) € R2 cho trude. Tir bat ding thirc tam giac ta c6
Wee,y) = foxo.po)| = | o2 +37 = xg+1i |

< ,/(x—xo)z +(—y0)? v6imoi (x,y) € R2,

Do d6 véi mdi e > 0, chon § = ¢, thi véi moi (x,y) € R? :
J=x0)2+(—y0)? <8 = [flx,y) - fxo.y0)| < &,

nghiia 1a /" lién tuc tai diém (xo,y0) va do do, lién tyc trén R2.
Vi du: Xét cac phép chiéu pri(x,y) = x, pra(x,y) = y.

T cc bat dang thuc
—xo| < J(x=x0)2+ (¥ —»0)?,
=yo| < J&x—x0)>+ (—y0)?,

ta c6 g véi € > 0, chon § = ¢, thi véi moi (x,y) € R? :
Ja=x0)2+ @ —r0)? <35 = |pri(x,y) - pri(xo,»0)| < &,

va |pra(x,y) — pra(xo,y0)| < €.
Vay pri va pr; 1a cadc ham lién tuc trén R2.

- Pinh Iy
Chof: G c R2 > R va(xo,y0) € Gladiém tucua G. Khi do,

£ lién tyc tai (xo,y0) < V&i moi day {(x,,y.)} trong G hoi tu v& (x¢,y0), ta co diy tuong mg
{fn,yn)> 1udn ludn hoi tu v& flxo, yo).

Chirng minh.

Chiéu thun: Do f lién tuc tai (xo,y0), nén voi € > 0, ta chon d wgc § > 0 sao cho vdi moi
(x,y) € G,

| (x,») = (x0,y0) [| <& = [flx,y) = flxo,»0)| < &.

Mit khac, V&i moi day {(x,,va)} trong G hoi tu vé (xo,10), ta cd no € N sao cho véi moi
n > no, thi
” (xnayn) - (XanO) ” < 59 Vél dO dé lﬂxnayﬂ) _ﬂx03y0)| <E&.

Tom lai,
Ve > 0,3ng e N: Vn e Nn > no = |fixn,yn) —f(x0,00)| < &,

nghia 1a fx,,yn) - flxo,y0) khin — oo.
Chicu ddo: Dung phan ching, gia st f khong lién tuc tai (xo,)0), nghia la

Jdeo > 0: Vo > 0,3(x5,55) € G ||(x5,5) — (x0,y0) | <O
va  |flxs,ys) — flxo,y0)| = &o.
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Choné = -,n e N, ta co day {(xu,yn);y < Gsaochovéimoin € N,
| (nsyn) = (XO,yo) I'< 5 va [f(xn,yn) = fxo,y0)| = €0.RS rang (xu,yn) - (xo,y0) nhung

Sfxn,yn) » flxo,y0) khin — c0. Vo ly.
V61 mot chimng minh hoan toan tuong tu ta c6
- Pinh ly
Chof: G c R2 > R va(xo,y0) € R?1adiém tuctia G. Khi do,
lim  flx,y) = L < V6i moi day {(x,,y,)} trong G\{(x0,v0)} hdi tu vé (x0,70), ta co day
(x)~(x0.0)
{fxn,yn)} hoi tu vé L.
Ttr cac dinh 1y trén ta nhan dugc sy lién h¢ gitra khai niém lién tuc va gisi han cia ham hai

bién nhu sau:
- Dinh ly
Chof: G c R2 - R va(xe,y0) € R2Iadiém tucua G. Khi do,
f lién tuc tai (xo,y0) < lim  flx,y) = flxo,)0).
(x)~(x0.y0)
- Dinh ly
Chof,g: G c R?2 > R va(xo,y0) € R2Iadiém tucua G. Gia sir
lim  f(x,y) = a, lim  f{x,y) = b.Khi do,

(x.)~(x0,0) (x)=(x0,v0)
1) lim  [flx,y) +g(x,y)] =a+b,
()~ (x0,v0)
i1) lim  [f{x,y)g(x,y)]
()~ (x0.v0)
1i1) lim  kfx,y) = ka, k € R,
(x)=(x0.v0) )
iv) lim L2 — 2 néy p# 0,
(cp)-Croo)  EE)

2.2. Dinh Iy

Chof,g: Gc R?2 > R va(xe,y0) € G. Tacénéuf lién tuc tai (xo,y0) ( trén G), thi,
1) f£ g lién tuc tai (xo,y0) ( trén G),

ii) fg lién tuc tai (xo,y0) (trén G),
ii1) k" ( k 1a hang s0), lién tuc tai (xo,y0) ( trén G),
iv) Néu g(xo,yo) + 0 (glx,y) = 0voi moi (x,y) € G), thi = lién tuc tai (xo,yo) (tren G).
Ta phat biéu ma khong chirmg minh mét s6 tinh chét ciia ham lién tuc trén mot sb mién dic
biét.
Tap G R? duoc goi 1a bj chan néu ton tai mot hinh tron(dia tron) By sao cho G < By Diéu
nay ciling twong véi ton tai mot hang sé duong M sao cho:

G = Jx* +y* <M véimoi(x,y) € G.
DPinh ly
Chof: G < R? » R la mdt ham lién tyc trén tdp d dng va bi chan G. Khi d6
1) f 1a mGt ham bi chan trén G, nghia la:

M >0 : [flx,y)| <M V(x,y) € G.

ii) f dat dugc gia tri 16n nhit va nho nhét trén G, tic 13, ton tai it nhat hai diém
(x1,y1), (x2,y2) € G sao cho
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Sx,y1) < flxy) < flxz,y2) Vix,y) € G.

- Dinh nghia: . )
Hamf: G ¢ R? > R duoc goi la lién tuc d éu trén G, néu

Ve > 0,356 >0 : V(x,»),x,y) € G: [[(x,y)-&,y) <6

= If(an’) _f(x/ay/)| <&
binh ly ‘
Néuf: G < R? > R la mot ham lién tuc trén tp d 6ng va bi chan G, thi flién tuc déu trén
G.
§3. Pao ham riéng va vi phan toan phan

3.1. Pao ham riéng ciAp mdt, cip cao, dao ham ciia ham hop
Pinh nghia )
Chotapmd G < R? vahamf: G » R.Cho (x0,¥0) € G, valay Ax,Ay € R kha bé sao cho

(x0 + Ax,0), (x0,y0 + Ay) € G. Khi d6 gidi han(n€u co)
lim f(onrAxayX))C*ﬂxo,yo)

Ax>0
dao ham riéng theo bién x ( bién thir nhdt) cua ham séf tai (xo,10), ky hiéu
2 (x0,0) hay D1f(xo,0) hay Dyf(x0,v0) hay f(xo,v0) hay gon hon f;(xo, o).
Twong tu giéi han(néu co)
lim
Ay-0

SIx0.v0+Ay)=fx0,10)
Ay

dao ham riéng theo bién y ( bién thir hai) ciia ham sé f tai (xo,0), k¥ hiéu
% (x0,¥0) hay D,f(xo,y0) hay D,f(xo,v0) hay f»(x0,y0) hay gon hon £, (xo,0).
Vi dy: Cho ham f{x,y) = x*y. Tinh 2L, L

oy *

_ . 3,3 i
% = lim —ﬂHAxii D) i —(”Axixy ~~ = lim y[3x? + 3xAx + (Ax)?] = 3x%y.
Ax—0 Ax—0 Ax—0
i fevreison) "y dovtnerty G
Y Ay-0 v y

Ay—0
3.2. Vi phén riéng, vi phan toan phin

Pinh nghia (Vi phén riéng). Ta goi vi phdn riéng ciia ham z = f(x,y) doi vdi x tai diém
(x0,10), ky hi€u 1a d,f(x0,y0) dugc xac d inh boi
df(x0,0) = L (x0,y0)Ax = L (xo,y0)dx.

Twong tu, ta goi vi phdn riéng ciia ham z = fx,y) doi véi y tai diém (xo,y0), k¥ hiéu 1a
d,f(x0,0) dugc xac dinh boi
5 G
dyf(x0,y0) = a—i(xo,yo)Ay = a—i(xo,yo)dy.

Pinh nghia (Vi phan toan phan). Cho tip mé G < R? va hamf: G - R. Cho (x0,y0) € G,
va lay Ax,Ay € R khd bé sao cho (xo + Ax,yo + Ay) € G. Néu sd gia toan phan

Af = flxo + Ax,yo + Ay) — fxo,y0)
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c6 thé biéu dién dugc dudi dang

Af = AAx + BAy + aAx + BAy, trong d 6 A, B 1a nhiing s6 thuc doc lap voi Ax, Ay ( phu thude
vao (x0,y0)), cona - 0, f - 0, khi (Ax, Ay) (0,0), thi ta néi rang ham 1 khd vi tai (xo,y0),
biéu thire AAx + BAy dugc goi 14 vi phdn toan phan ciia ham z = f(x,y) tai diém (xo,v0), ky
hiéu 1 dfixo,y0) = AAx + BAy. Pang thirc trén con dwoc viét dudi dang

fxo + Ax,yo + Ay) — flxo,y0) = AAx + BAy + o(p), v6i p = /(Ax)* + (Ay)?,

trong d6 o(p) 1a mot vo cung bé bac cao hon p.
Néu 4 va B khong ddn thoi bing khong thi khi /(Ax)2 + (Ay)? — 0, thi Af~df.

Néu ham £ kha vi tai moi diém thudc G thi ta noi rfmg no kha vi trén G.
Chu thich. Néu ham f* kha vi tai diém (xo, ), thi f1ién tuc tai (xo,y0).

That vay tu dinh nghia ta c6
Af = AAx + BAy + o(p) —» 0 khip = [(Ax)2 + (Ay)2 - 0.
Pinh ly. Néu ham f kha vi tai diém (xo, o), thi tai diém 4y ham /' c6 cac dao ham riéng

%(xo,yo), o —=(x0,y0) vataco
dftxo,y0) = 2 (x0,10)Ax + < (x0,y0)Ay.
Ching minh.
Tur gid thiét ta co
fxo + Ax,po + Ay) = flxo,y0) = AAx + BAy + o(|/ (Ax)* + (Ay)*).
Cho Ay = 0 ta duoc

Sxo + Ax,y0) — flxo,y0) = AAx + o(Ax).
Do do

. Ax,y0)-xo0.10) : (Ax)
lim ot yA‘)xﬂxOyo =lim A+ 25-) =4
Ax-0 Ax-0
Viy ton tai dao ham rleng Z = (x0,Y0), Va co —(xo,yo)
Tuong tu ta cling cé —(xo,yo) vaco — (xo,yo)
Vi vay
9 5
df(xo,y0) = AAx + BAy = L (xo,y0)Ax + a—ﬁ(xo,yo)Ay.
Dinh ly. Néau hé:m f c6 céac d ao ham riéng %, 2—5 trong mot 1an can cua (xo,y0) va cac dao
ham riéng -, a—;’ lién tuc tai diém (xo, o), thi ham /" kha vi tai diém (x, yo).

Chirng minh.
Ta co

Af = [flxo + Ax,yo + Ay) — flxo,y0 + Ay)]
+[fx0,y0 + Ay) — f(x0,)0)]

Ap dung cong thirc Lagrange ta dugc
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S0xo + Ax,yo + Ay) = flxo,yo + Ay) = - (xo + 01A%, yo + Ay)Ax,
va  flxo,yo +Ay) — f(xo,y0) = s—i(xo,yo +02Ay)Ay,

trong d6 0 < 01,0, < 1.
L o o o qea . .
Vi cac dao ham riéng —-, -, lién tuc tai diém (xo, o), nén

%(xo +01Ax,y0 + Ay) = %(xo,yo) +a,

o 2
(Ti(xo,yo +0:Ay) = a—i(xo,yo) + B,

trong d6 a — 0, f - 0, khi Ax - 0, Ay - 0. Vay
Af = L (x0,y0)Ax + L (x0,y0) Ay + aAx + BAY,

tire 1a £ kha vi tai diém (xo, o).
DPao ham cua ham hgp

Cho z = flu,v), trong d6 u, v 14 hai ham theo hai bién doc 1ap x,y : u = u(x,y),v = v(x,y). Khi

d 6 ta néi rang z 1a mot ham hop cua x, y thong qua hai bién trung gian
u, v z = flulx, ), v(x,»)].
Pinh ly.

Néu ham " kha vi va n€u u,v c6 cac dao han riéng qu ou Qv 0

Ou_ o ;A T LA s 7
o o o oy lién tuc thi ton tai cac dao

ham riéng <=, < vatacod

2 _ Yo T
ox Ou Ox ov ox’
2 - Yo T v
oy ou Oy ov oy’

Chirng minh.

Néu cho x mot sd gia Ax va giit y khong ddi thi u, v,z ¢ sb gia twong (mg 1a cac sb gia riéng
Asu, Ayv, Acz. Khi @0,
Az = EAu+ EAY+adu+ BAW,

trong d6a - 0, f - 0, khi Ayu - 0, A,v - 0. Do do

Az 0z Ay 0z Ao o A +ﬂAxv’

Ax ou Ax ov Ax Ax Ax
lim &% — G [jy A — O o g :
Nhung A ox A~ ax - Tudo qua gidi han khi Ax — 0 ta duoc
Ax—0 Ax—0
2 _ Yo T
Ox Ou 0Ox ov ox °

Tuong tu ta co dér}g thirc thr hai trong dinh ly.
Pao ham riéng cap cao
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Cho ham hai bién z = f(x,y). Cac dao ham riéng = a . % thuong duoc goi 1a cac dao ham riéng
cap mot. Ching lai 1a cac ham theorhal bién x, yvaco the co cac dao ham riéng. Cac dao ham
riéng cia dao ham riéng ,dao ham cap mot dugce goi la cac dao ham cap hai cua z.

Taco 4 dao ham rleng cap hai:

2L )—a—f = fix (),

( ) axoy — fu(x,y), (1An dAu 14y dao ham riéng theo bién x, 1an thu hai 1iy dao
ham rieng theo bién y)
L (< ) = W — fix(x,»), (1an dAu 14y dao ham riéng theo bién y, 1an tht hai 14y dao

ham rieng theo bién x)
L&) = S =fi),

Nguoi ta cung dmh ngh1a d a0 ham riéng cap n > 3 mot cach twong tu.

Mot van dé dat ra 1a: két qua viéc 1dy dao ham riéng c6 phu thudc vao thi ty 1ay dao ham riéng
theo timg bién khong? Ta c6 két qua sau day:
Dinh ly (Schwartz)
Cho ham hai bién f{x,y) c6 cac dao han riéng dén cip hai va ching lién tuc trong tap mo U.
Khi do

f _ o

Oxdy oyox *

Chiing minh. Cho (x,y) € U, va ldy Ax,Ay € R kha bé sao cho (x + Ax,y + Ay) € U. Xét
biéu thirc
H(Ax,Ay) = flix + Ax,y + Ay) = flx + Ax,y) — flx,y + Ay) + flx, p).

bat gx) = flx,y + Ay) = flx,y).
Theo dinh 1y gié tri trung binh ta c6 ¢ = x + 0Ax, 0 < 6 < 1, sao cho

glx + Ax) — g(x) = g'(c)Ax.

Ta c6
glc) = L(ey+a) - ZL(cy).
Mit khéc g/(c) 1a mot ham theo y, vay ton taic; = y +01Ay, 0 < 01 < 1, sao cho

g0 = £(L)e,enhy.
Chu ¥ rang H(Ax, Ay) = g(x + Ax) — g(x), ta co
H(AX,Ap) = g/()Ax = £ (L) (c,en)AvAx =

Cho (Ax,Ay) - (0,0), ta c6 (c,c1) = (x,), do tinh lién tuc cta ?6 ,taco
lim  Haxa o
(Ax,A»)~(0,0) Axdy axay ( Y.

Tuong tu, xét g:(y) = fix + Ax,y) — flx,y), ta co
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2
H(Ax,AY) = g1(v+Ay) - 21(0) = gi(e2)Ay = L (e3,c0)AxAy,

Olcy =y +02Ay, ¢35 =x+03Ax,0 < 02,03 < I.Tasuyra
lim A = S (xy).
(Ax,A)~(0,0) AxAy ayax X,y

H(Ax,Ay)

(x ) lim
ayax Y (ArA)-(00) A

Tom lai

axay L) =

—xy*. Ta co

Vi du: Cho ham f(x,y) = x%y
0 V2 gy

a—§:2xy—y4,é—y=x
2 o
+=% @f>= @y -y" =2,
GL

L= 5 )—ay(2xy ¥ =22 -4y3,

foy B

of a _

dyox - )_ x(x _4xy)_2x 4y’

2725 = 5 ) = ;(x2 —4xy3) = —12x)°.
f _ 021‘

Ta thay rang ey o
3.3. Ung dung vi phan toan phan dé tinh gan ding

Do dinh nghia, néu ham f kha vi tai diém (xo, yo), ttc 1a
0o + Ax,yo + Ap) = flxo,y0) + 2 (x0,70)Ax + L (x0,y0) Ay + o((Ax)? + (A4p)?).
Khi (Ax,Ay) - (0,0), thi o(,/(Ax)? + (Ay)?) 1a v0 cung bé bac cao hon /(Ax)? + (Ay)?,

nghia la
. o(J(Ax)*+(Ay)?)
lim ——— =0,
(Ax,AY)~(0,0) 4 (Ax)2+(Ay)?

do do
fCxo + Ax,po + Ay) = flxo,0) + = (x0,y0)Ax + %(xe,yo)Ay
Vi dy. Tinh gan dung 4 = /(3,012)% +(3,997)2.
Xét ham f{x,y) = [x2 +32. Chon (x0,50) = (3,4), Ax = 0,012, Ay = —0,003.
Khi d6
A = flxo + Ax,yo + Ay) = flxo,y0) + = (x0,y0)Ax + %(xo,yo)Ay

Ta co:
f(x(),y()) = \/32 -|-42 = 5,
(xo,yo) = m = 3
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of
E(X()ay()) = = = %7

x5+
Vay
A=5+23%0,012+ % x (-0,003) = 5,0048.

§4. Cuec tri ciia ham hai bién

4.1. Cyec tri khong diéu kién( cuec tri tw do)

4.1.1. Dinh nghia

Cho ham hai biénf: G © R? - R va cho My(xo,y0) € G. Ta néi rang ham f dat cuc
tiéu(dia phuong) tai Mo néu c6 mot tip mé @ < G sao cho Mo(x0,y0) € @ va

S, y) = flxo,y0)  V(x,y) € o.

Tuong tu, ta néi réng ham f d at cuc dai(dia phuong) tai My néu c6 mot tap mé o < G sao
cho Mo(x0,y0) € @ va

Sfx,y) < flxo,¥0) V(x,y) € o.
Néu ham f* dat cuc tiéu hay cuc dai (dia phuong) tai M thi ta noéi ham f dat cuc tri (d ia

phuong) tai M.

Hinh 28
4.1.2. Qui tic tim cue tri khong diéu kién

Dinh Iy (Diéu kién cin) ,
Neéu ham f* dat cuc tri (dia phuong) tai Mo(x0,y0) € G vancu f c6 cac dao ham riéng tai
M()(X(),y()) thi

2 (ro,v0) = 2-(x0,0) = 0.

Chirng minh. Gia str ham f dat cuc tiéu tai Mo(xo,y0). Xét ham g(x) = f(x, o), thi
g(x) =fx,y0) = glxo) = flxo,y0),

voi x trong mot khoang nao d6 chira xo. Do d6 ta ¢ g/(xo) = 0.

Mat khac ,
g'(x0) = £ (x0.70). Viy 5 (o,y0) = 0.

Tuong tu, %(xo,yo) = 0. Piém (x¢,y0) ma tai 6 %(xo,yo) = %(xo,yo) = 0, duogc goi la
diém dirng. .
Dinh ly (Piéu kién d  cia cuec tri)



46

Gia st ham hai bién f c6 cac d ao ham riéng dén cap hai lién tuc trong 1an cén cua diém dung

MO(-XO’yO)'
Dat:
52 2
4 = L xo,p0), B = 2L (x0,p0), € = S (xo,0).
Khi do

a) Néu B2 —AC < 0vad > 0 (hay C > 0) thif d at cuc tiéu tai Mo,
b) NéuB2 —AC < 0vad < 0 (hay C < 0) thi f d at cuc dai tai Mo,
¢) Néu B2 — AC > 0 thi f khong dat cuc tri tai Mo,

d) Néu B2 — AC = 0 ta chua két luan va can phai xét cu thé.

Ta cong nhédn dinh 1y nly.

Vi du. Tim cyc tri cia ham s6 z = x3 + y3 — 3xy.

/

x=32—3 =0,
Giai hé Z/ T

Zy=3y2_3x_0

ta duoc hai diém dung M, (1,1) va M>(0,0). Tacd

Zh = 6x, zxy = =3, zyy = 6.
Tai M1(1,1)taco: 4 = 6,B=-3,C =6, B2—AC = -27 < 0. Vay ham z dat cuc tiéu tai M,
va Zmin = 2(1,1) = —1.
Tai M>(0,0) tacé: 4 = 0,B =-3,C =0, B2—AC = 9 >. Viy ham z khong dat cuc trj tai
M.
Vi du. Tim cyc tri cia ham s6 z = x* + y* —x2 — 2xy — 2.

/

L = 4x3 —2x -2y =0,
Giai hé Z/ * Y

Zy =4y’ —2x -2y = 0.

ta duoc ba diém ding M, (0,0), Ma(—1,-1) va Ms(1,1).
Ta co
Zhe = 12x2 =2, Ziy = =2, Zhy = 12)2 = 2.
Tai My taco: A = =2, B = =2, C = =2, B2 — AC = 0. Trudng hop nay cin phai khao sat thém
bang phuong phap khic. Tacé z(M;) = 0.Véi x =y = 1, ta duoc
z(1,1) = 2(2 -2)<0 voin>2.

Mit khéc, ta c6 z(<+, =L) = 4 > 0. Vay trong lan can cua M (0,0) ham s6 d6i dau, ham s6
khong dat cuc tri tai M, (0, 0).

Tai hai diém dung con lai: My (—1,—-1) va M3(1,1),tac6 4 = 10, B = -2, C = 10,

B? - AC = -96 < 0.

Vay ham z dat cuc tiéu tai M> va M3; Zmin = —2.

4.2. Cyec tri c6 diéu kién( cwe tri rang bujc)

4.2.1. DPinh nghia
Ta n6i rang ham f{x, y) voi diéu kién @(x,y) = 0 dat cuc tiéu tai diém Mo(xo,yo) néu ton tai
mot 1an can @ cua Mo (x¢,y0) sao cho

Sx,y) = flxo,y0)  V(x,y) € o théa ¢(x,y) = 0.

Thong thuong phuong trinh ¢(x,y) = 0 1a phuong trinh cta duong cong (C). Nhu vay ta chi so
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sanh f{M,) voi AAM) khi M nam trén (C).

Hinh 29
Ta ciing dinh nghia cuc dai co diéu kién mot cach tuong tu. Cuc tiéu co didu kién va cuc dai

c6 diéu kién duoc goi chung 14 cuc tri ¢ diéu kién.
4.2.2. Cac phwong phap tim cyec tri ¢6 diéu kién
- Pua vé bai toan tim cuc tri cia ham mot bién

Vi du. Tim cyc trj cua ham z = flx,y) = /1 —x* —y? voi didukienx+y—1 = 0.

Giai. TUr diéu kién trén ta rit ra y = 1 — x. Thay vao biéu thirc ctia

z= Jl —x2— (1 —x)? = J2 Jx—x%.DPay 1a ham mét bién, xac dinh khi x — x2 > 0, ttc 1a
khi0 <x <1.Taco

dz V2 1-2x

E B 2 x—x2 '
dz A 3 ;4 18
9 = 0 khix = . Ta 13p bang bién thi€n
x 0 < 1
dz
. + 0 —
20 /2o

J2

Vay z dat cuc dai co diéu kién tai diém M( ~> 5 1) va gia tri cyc dai 1 zmax = .

- Phuwong phap nhan tir Lagrange. Piéu kién cin ciia cuec tri co diéu kién

Xét bai toan: Tim cyc tri cua ham z = f(x, y) v6i diéu kién ¢(x,y) = 0. ’
bieém Mo (xo,y0) duoc goi la diem ky di cua dwong cong (C) : ¢(x,y) = 0 néu

o o
a—Z(XO,J/o) = a—ﬁ(xo,yo) = 0.

Dinh ly (Nhan tir Lagrange).
Cho diém Mo (xo, Yo) thoa diéu kién
i) Piém M, khong la diém ky di ctua duong cong (O).
ii) Cac ham s6 flx,y), ¢(x,y) va cc d ao ham riéng cap mot cua ching lién tuc trong lan can
cua M.
iif) Ham f(x, y) dat cyc tri c6 diéu kién tai Mo.
Khi d6 ton tai mot sb thuc A4 sao cho (xo,y0,4) 1a nghiém cia hé phuong trinh

—(xo,yo) + l—(xo,yo) =0,
(xo,yo) + /1 S (X0,y0) =

‘P(xOoyO) = 0.
S6 thuc A dugc goi 1a nhdn tir Lagrange. Ham L(x,y, 1) = f(x,y) + Ap(x,y) duoc goi 1a ham
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Lagrange.
Ching minh. Vi M, khong 1a diém ky di ciia (C), nén ta c6 thé gia sir rang g—f(xo,yo) + 0.

Ngudi ta ching minh duoc rang ton tai mot ham an y = y(x) xac d inh trong mot khoang nao
do6 chira xo. Thay vao ham f{(x,y) ta dugc

‘ z = flx, y(x)).
Ham nay dat cuc tri tai xo, nén dz(xo) = 0, tic 1a
o (0, y(x0))dx + - (xo,y(x0))dy = 0.
Nhung y(xo) = yo, vy
%(xo,yo)dx + %(xo,yo)dy = 0.
Mic khéc 13y vi phan diéu kién tai (xo, o), ta dugc
Z—ﬁ(xo,yo)dx + g—f(xo,yo)dy = 0.
Nhan hai vé€ cuia dang thirc nay cho A 161 cdng véi dang thue trén, ta dugce
[ (x0,0) + A5 (x0,y0)]dx + [ (x0,30) + A5 (x0,0)Jdy = 0.

. L (xoy0) .
Lay A saocho A = ~ 2 Khidéta cling dugc

(;f (x0.y0)

(xo,yo) + )v

Cung v&i phuong trinh ¢(xo,y0) = 0 ta nhan dugce h¢ phuong trinh néu trong dinh 1y.

Dinh 1y chi cho ta diéu kién cin cta cuc tri. Tuy vy, trong nhiéu bai toan cu thé c6 thé
xac d inh dugc Mo(xo,y0) c6 phai la diém cuc trj hay khong.
Vi du.- Pura vé bai toan tim cuec tri ciia hAm mdt bién

Vi du. Tim cyc tri ctia ham z = 3x + 4y vé6i diéu kién x2 + y? = 1.
Giai. Ta c6 ham Lagrange L(x,y,A) =3x + 4y + A(x> +y? - 1).

= 34+2Ax =0,
Giai hé phuong trinh Ly =4+24y =0,

LéL—x2+y2—1—0

T hai phuong trinh dau ta rat ra: x = > l , V= 2 , sau d6 thay vao phuong trinh cubi, ta dugc

(552 +(F)* - =0Dodol—i§.

Véi ),1 = %I X1 =

> V1
Véi Ay = =3 x2 , V2

=5 M (;—3’ 3
i ( 5 )

Viham z = 3x + 4y 1a ham lién tuc trén tap dong va bi chan {(x,y) : x> +y? = 1} ( dudng tron
don vi) nén né 4 at gia tri nhé nhét va gia tri 16n nhét trén d6. Theo dinh 1y no6 chi dat tai M,
hodc tai M>(—1,-1). Suyra

Zmin = zZ(M1) = =5, Zmax = z(M3) = 5.

Vi du. Tim cyc tri ciia ham z = xy véi diéu kién £ + % =1.

Gidi. Ta c6 ham Lagrange L(x,y, 1) =xy + /l(x? + yT - 1).

[N]
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Li=y+4 =0,
Giai hé phwong trinh Ly=x+iy=0,
/ x2 yz
L/l = 5 + 5 1=0.
Tur phuong trinh thir hai ta rit ra: x = /ly, sau d6 thay vao phuong trinh d au, ta duogc
y=-5() =
Do d6 +(A?2-4) =0, tuclayzohaylziz
«Néu y = 0 thi x = 0: Khong thoa phuong trinh thu ba. Ta loai truong hop nay.
‘Néud =2thix = —2y, thay vao phuong trinh cudi, ta duoc:
C° 4 2 _1=0hayy = +l.
Vay ta co hai diém dl‘rnng( -2,1), M>(2,-1). 9
« Néu A = -2 thi x = 2y. Tuong ty ta c6 thém hai diém dung M3(2,1), M4(-2,-1).
Tinh cac gia tri: z(M) = z(M2) = -2, z(M3) = z(M4) = 2.
2

Vi ham z = xy lién tuc trén tap dong va bi chéan {(x,y) : % + yT = 1} (1a duong ellip tam O)

nén n6 dat gia tri nho nhét va gia tri lon nhét trén d6. Theo dinh 1y n6 chi dat cac gia tri trén tai
cac diém dimng nodi trén. Suy ra

Zmin = z(M) = z(M>) = -2,

Zmax — Z(M3) = Z(M4) = 2.
Chu thich. Trong trudng hop tong quat, tap hop {(x,») : ¢(x,y) = 0} co thé 1a tap khong bi

chén, nén ta can phai sir dung diéu kién d 1 cua cyc tri c6 diéu kién
- Piéu kién du cia cue tri c6 diéu kién

Gia str cac ham so j(x ), ¢(x,3), Mo(xo0,y0) thoa man dinh ly nhén tr Lagrange.( Diém
Mo(x0,y0) duge goi la diém dirng ctia bai toan cyc tri co diéu ki¢n). Ta chuyén bai toan cuyc tri
ham f(x, ) c6 diéu kién ¢(x,y) = 0 sang bai toan cuc tri khong diéu kién ciia ham Lagrange

L(x,y) =fx,y) + 2p(x,y).

Gia sir thém rang cac ham s f(x, ), ¢(x,y) va cac dao ham riéng cép hai ctia ching lién
tuc trong lan cén cua Mo va A 1a gia tri twong Gng vdi (xo,y0)-
Xét vi phan cap hai ciia ham L(x,y) tai (xo,)0):
d®L(xo,y0) = Li(xo,y0)(dx)?dy + 2L (x0,y0)dxdy + Ly (xo,y0)(dv)?,
nhung cac vi phan dx, dy khong phai tu do, ma bi rang budc boi dicu kién
@x(x0,0)dx + @3(x0,y0)dy = 0,
(dx)? + (dy)? > 0.
Khi do, 7 ‘
Néu d*L(xo,y0) > 0, thi ham f* d at cyc tiéu c6 dieu ki¢n.
Néu d>L(xo,y0) < 0, thi ham f* d at cuc dai co diéu kién. ‘
Néu d*L(x¢,y0) thay doi dau, thi ham J/ khong dat cyc tri ¢6 dicu kién.
Vi du. Tim cyc tri cua ham z = x + y véi dicu kién xy = 1.

Gidi. Ta c6 ham Lagrange L(x,y,A) =x+y + A(xy — 1).
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Ly=1+1 =0,
Giai hé phuong trinh Ly=1+Ax=0,
L/A =xy—1=0,

taduocx =y = 1, A = —1. Ta c6 mot diém dimg Mo (1, 1) twong tmg voi A = —1.
Mit khac Lk = 0, LYy = =1, L)y = 0, d>L(1,1) = —2dxdy.

Hon nita, tir diéu kién rang budc xy — 1 = 0, ta co
dx+dy = 0 hay dy = —dx.
Vay d?L(1,1) = 2(dx)? > 0 néu (dx)? + (dy)? > 0. Vay ham z dat cuc tiéu c6 diéu kién tai
Mo(1,1) va zpin = z(1,1) = 2.
Chii thich. Ta c6 thé giai bai toan trén bang cach dua vé bai toan tim cyc tri ciia ham mot bién

nhu sau.
Tu phuong trinhxy = 1 (x,y > 0)suyray = + (x > 0). Thay vao ham z ta c6
z(x) =x+ L+, x> 0.
Z(x) =1- ?.Vayz/(x) 0= x=1.
Lap bang bién thién
X 0 1 +00
Z/(x) I - 0 +

2(x) +F N2 S e

Suyrame :Z(l,l)’: 2. i .
4.3. Gia tri nhé nhat va gia tri 16n nhat trén mgt mién dong va bi chian

Xét bai toan: Tim gia tri nhé nhét va gia tri 1on nh?it( con goi la cuc tri tuyét déi) cua mot ham
lién tyc ftrén mot mién dong va bi chan G < R2.

Gida st G = DU Ctrong d6 D 1a mot tap mo va C 1a mot dudng cong tron (kha vi). Gia sur
thém rang ham f'c¢6 cac dao ham riéng cap mot lién tuc trén D. Do d6 dé tim céc gia tri ndy, ta
lam theo céac budc sau:

- Dung dinh ly Weierstrass vé su tOn tai cuc trj ctia ham lién tuc trén D U C.

- Xét bai toan tim cyc tri & trong D bang cach giai hé
fexy) =0,
Siw.y) =0.

- X¢&t bai toan tim cuc tri ¢ trén C béng dinh ly nhan tir Lagrange.
- Sau d6 lay gia tri nho nhat hay 16n nhat tai cac diém tinh ra tir hai budc trén.
Vi du. Tim gia tri nh6 nhat va gia tri 16n nhat ctia ham s6 z = f{x,y) = x?*y(2 — x — y) trong tam

gidc dong G gi6i han boi cac duong thang: x = 0,y = 0,x+y = 6.
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Gidi. Taco G = {(x,y) : x =0,y = 0,x+y < 6} la tdp dong va bi chan. Dy 1a mot tam giac
doéng co6 ba dinh O(0,0), A(6,0), B(0,6), D = {(x,y) : x > 0,y > 0, x +y < 6} 1a phan trong
cua G.

- Truc hét ta tim diém dimg trong D bang cach giai h¢

zv = xp(4 = 3x = 2y) = 0,
Zy =x22-x-2y) = 0.

Hinh 30

Vix >0,y >0néntaduocx = 1,y = 5.

Diém My(1,1) € D, z(Mo) = L.

- X¢ét trén bién

Trén OA va OB thiz = 0.

Trén AB thé y = 6 — x vao ham da cho ta duoc
z=-4x*>(6-x), 0 <x<6.
Z@x) =12x(x-4) =0 = x1 = 0,x2 = 4.

Tuong tng ta co hai diém trén 4B 1a: M,(0,6), M~(4,2).
Tai diém M1(0,6) = B da xét.
Tai diém M>(4,2), z(M>) = z(4,2) = -128.

Viy gid trj nh6 nhdt 13 z(M>) = 2(4,2) = —128, gid trj 16n nhit 1a z(Mo) = z(1,4) = L.
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BAI TAP CHUONG II

1. Tim mién x4c dinh cta cac ham sau day

z=[1-x_2

a? b2

2/ z= R2—x12—y2

_ 1 1
3/ z= e + =
4/ z = Inxy
5/ z= arcsin(%)

=1 4 1
6/ z= =t 5

7/ z = JRz—xz—yz +Jx2+y2—r2,0 <r<R

2. Cac ham sé sau ddy c6 gi6i han tai (0,0) khong?
2_.,2

1/ z=2

x24y?
2/ z = X
x24y?
i
3/ z= 22
x?
_ X
4/ z = oy
5/ z==
X —y )
_ Xy
6/ z = PN

1

x2+y

7/ z = (x* +y?)sin

o
8/ z = Snx
3. Tinh cac gidi han sau day
1/ lim =%

-0, F
2/ lim =%

()=(0,0)
3/ lim  (x?+y?)sin;

@)=
4/ lim 2

()~ (Foo400) ¥ )
5/ lim (x? +y?)e ™

()~ (+00,4+0) ,
6/ lim =
(r)=(0,0) ¥
4. Tim cac dao ham riéng cua cic ham sé sau day
1/ z= x33y - xy?
X +y
2/ z= e

3/ z=2%+ <

4/ z = ln(x+ ,/x2+y2)
5/ z = arctg>

6/ z =x"
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7/ z = (1 +xy)¥

8/ z = Jx*+)?.

5. Tinh dao ham cua cac ham hop sau

1/ z=e"%, x =sint, y = . Tinh £

2/ z = arcsin(x — y), x = 3t, y = 4. Tinh &

3/ z=x*Iny, x = %, y = 3u—2v. Tinh ?;, gz

4/ z = x3sin(xy), x = ucosv, y = usinv. Tinh gz , gz
6. Tinh vi phan cta cac ham sd sau

1/ z =xy?

2/ z=eY

3/ z=In(y+ Jx2+y?)

4/ z = In(cos —)

5/ Tinh df(1,1) néu fx,y) = (x +y)ev.

7. Tinh gan diing cac gia tri sau d 4y nhd vi phan cap 1
1/ /(4,05)% +(3,07)>

2/ (2,01)%% biét In2 ~ 0,69

3/ sin28°cos61° biét rang cos 4 = 0,87 va w7 = 0,017.

8. Tim cac dao ham riéng cap ha1 cua cac ham so sau day

1/ z= Jx*+)?
2/z:ln(x+,/x +y? )

3 2= 22
4/ z =
x2+y?
5/ z = In(x? +y?)

6/ z = arctg>

7/ z = (&’ + e™?)sinx

9. Tim cuc tri cia cac ham sau d ay
1/ z=4(x-y) —x*—y?

2/ z=x*+xp+y?+x—-y+1
3/ z=x+y—xée&

4/ z = 2x* +y* — x? = 2)?

5/ z = (x2+yY)e~’

6/ z=x—2xy++y* -3y
7/ z = xy —x?

8/ z=x>+2y>—-6x+8y—1
9/ z = x?y —2xy +2y? — 15y
10/ z = x3 — 6x% — 3y?
11/ z=x3+y3—6xy

12/ z = x3 — 12xy + 8?3
l3/z=%+%+xy

14/ z = x2 — &

15/ z=(y—2)Inxy
16/ z = e¥

17/ z = ysinx.
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10. Tim cuec tri cua ham f(x, y) véi didu kién rang budc da cho
1/ fx,y) = 4(x —y) — x? —y néu x2 +y =1;(a, b > 0)

2/ flx,y) = x? +12xy+2y néu 4x? + 52 —25

3/ flx,y) = x> +y%,néux? —2x+y* -4y =0

4/ fix,y) = xy,neu—+——1,(a,b>0)
5/ flx,y) = xy,neux+y—1
6/ fix,y) = +, néu 12+—=a—12;(a>0)

7/ fx,y) —x+y,neu +1+ =1

8/ flx,y) = x+y,néuxy = 1 (x>0,y>0)

9/ flx,y) = (x—3)? +y2,né’uy—x2 =0.

11. Tim céc gié tri nhé nhat va 16n nhét cua cac ham sb sau
1/ z=x*—y? trong mién x2 + 2 < 4

2/ z=x2+2xy—4x+8y trongmién 0 < x < 1,0 <y <2
3/z = sinx + siny + sm(x +y) trong mién 0 < x < L ,0 <
4/ z=x>+y trongmlen|x| <1LpP<1

5/ z = Ziyz trong mién (x — 2)2 +y? <1

I

Y=

[\S]

6/z—x x+y trongm1en0<x<20<y<1

7/ z = x? +y 12x + 16y trongmlenx +y? <25

8/ z=x? +y —Xy+x+y trongm1enx<0y<0 x+y>-3
9/ z = x3 +y - 3xy trongmlenx>0y>0 x+y<3

10/ z—xy trongmlenx +y? <1

11/ z=x*+2y?—x trongm1enx +y2 <1

12/ f(x,y) = x2 —xy +y? trong mién |x| + |y| < 1.
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CHUONG 3. PHEP TINH TiCH PHAN HAM MOT BIEN

§1. Tich phan bét dinh
1.1. Nguyén ham
1.1.1. Dinh nghia
Trong thuc té, ta xét bai toan nguoc véi bai toan tim dao ham ctia mot ham cho trude. Cho ham
f(x) xac d inh trong mot khoang nao d6. Hay tim tit ca nhitng ham F(x) sao cho F/(x) = f(x).
Pinh nghia. Him F(x) duoc goi 1a mét nguyén ham cua f{x) trong khoang (a, b) néu
F/(x) = fix) véimoi x € (a,b).
Vi du. sinx 1a mot nguyén ham cua cosx trén R vi (sinx)’ = cosx Vx € R.
1.1.2. Dinh ly.
Néu ham f(x) c6 mot nguyén ham F (x) trong khoang (a,b) thi
1) F(x) + C, trong d6 C la mot hang $0 tuy ¥, cling 1a m§t nguyén ham cua f(x).
(ii) Moi nguyén ham cua f{x) déu c6 dang F(x) + C véi C 1a mot hang so.
Chirng minh.
i) Vi (F(x)+C) = F(x)+0 = F/'(x) = flx) nén F(x) + C 1a mot nguyén ham cua fx).
i) Gia sir ®(x) ciing 1a mdt nguyén ham cua f{x). Khi d6
[@(x) - F()]' = ®/(x) = F/(x) = fx) —fx) = 0.
Do d6 ®(x) — F(x) = C, voi C 1a mot hang sb.
Vay O(x) = F(x) + C.
Tir dinh 1y ta thdy rang néu mot ham c6 mot nguyén ham thi né co vo sé nguyén ham va cac

nguyén ham do sai khac nhau mét hang 6 cong.
1.2. Pinh nghia va tinh chat cia tich phan bat dinh
1.2.1. Dinh nghia

Néu ham F(x) 1a mot nguyén ham f{x) thi biéu thirc F(x) + C, trong d6 C 1a mot hang sd tuy v,
duoc goi 1a tich phan bat dinh cia ham f{x) va dugc ky hiéu 1a I fx)dx. Vay .

[fx)dx = F(x) + C néu F/(x) = flx).
Déu [ duoc goi la ddu tich phan, f(x) dugc goi 1a ham duwdi ddu tich phdn, fx)dx & ugc goi la

biéu thirc duéi dcfu,tl'ch phdn vax goi 1a bién tich phan.
1.2.2. Cac tinh chat cua tich phan bat dinh

Tinh cht 1. ([fn)dx) = fx), d [fir)dx = fx)dx.

That vay, ta c6
([f0dx)" = (FG) +C) = F'(x) = f).

Suy ra d j](x)dx = (j](x)dedx = flx)dx.

Tinh chét 2. Gia sit F(x) c6 d ao ham la f{x) thi [dF(x) = F(x) + C.
That vay, ta c6 dF(x) = flx)dx suy ra J dF(x) = _[ fx)dx = F(x) + C.
Tinh chat 3. Néu C la mdt hang s6 thi
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I Cflx)dx = Cfﬂx)dx.

That vay, ta c6

(C[fwyax)" = c([fx)dx)" = Cfx). Dpem.
Tinh chit 4. Néu cac ham f{x), g(x) déu c6 nguyén ham thi
I[f(x) + g(x)]dx = jf(x)dx + jg(x)dx.

That vay, ta cé

([fdx + [g@dx) = (Jfwdx) + (Jg)dx) = fx) + g(x). Dpem.
Tinh chat 5. Néu [flx)dx = F(x) + C vau = ¢(x) khd vi lién tyc, thi

[fwydu = Fu) + C.
1.3. Bang cac tinh phén co ban
Twr bang cac cong thirc ddng nhd cuia dao ham ta suy ra bang cac tinh phan co ban sau:
1/ _f ldx =x+C

2/ _fx”dx = % +C, (a +-1)

3/ [ = Ink|+C

4 [adx= £ +C, (a>0,a#-1)
5/ _fexdx =e"+C

6/ jcosxdx = sinx + C

7/ jsinxdx = —cosx+C

8/ [ =tgx+C

COS™x

9/ [ L = —cotgx+C

sin“x

dx _ : —
10/ f—m = arcsinx + C = —arccosx + C

11/ f & — gretgx + C = —arccotgx + C

1+x2

12/ [ = tnfx+ (37 +a |+ C

1.4. Hai phwong phap tinh tich phén bit dinh
1.4.1. Phwong phap doi bien so

Phuong phap doi bién sé dua vao dinh Iy sau
Pinh Iy

Néu [flx)dx = F(x) + C thi

[Ro@)e'(dt = Flp() +C,
voi ¢(t) 1a mot ham kha vi lién tuc.
Chirng minh.

[Flp(®) +C]' = Fl(p)e'(t) = flp(0)p' ().
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Vi du. (Gh1 vao bang tich phan)

13/J = I de) = arcsin % + C.
G

Vi du. (Ghi vao bang tich phan)
a(7) x

14/ I 2+a L J. )1 = %arctg; +C.

1.4.2. Phwong phap tich phén tirng phan
DPinh ly
Gia st u(x) va v(x) co cac dao ham lién tuc. Khi d6 ta c6 cong thuc
udv = uy — Ivdu
hay
ju(x)v/(x)dx = u(x)v(x) — _fv(x)u/(x)dx.
Chirng minh.
Ta cod d(uv) = udv + vdu.
Suyra  udv = d(uv) — vdu.
Lay tich phén hai vé cua dang thtrc ndy ta dugc cong thirc néu trén, cong thirc ndy duogc goi la
tich phan ting phan.
Vi du. (Ghi vao bang tich phan)

15/ 1 = j.\/az —x2 dx.
2_42,

Ap dung cong thirc tich phan tu:ng phan, ( u=4as—x =Xx),tacod
I=[Ja>—x>dx = xJa* - f (_x )dx = xJa? —x? f z‘xzdx +a*| %

—xJa —x?2 —IJa —x2 dx +a? arcsma +2C = xa? — x? I+azarcsin%+2C.
%—/
=1

[Ja>=x*ax = 1= 1xJa®> —x* + La’arcsin & + C.
Vi du. (Ghi vao bang tich phan)
16/ J = [ Jx* + badx.
Ap dung cong thirc tich phan ting phan, (u = yx2+b, v=x),taco

J=I\/x2+bdx=x\/x2+b—1%=x1/x2+b—jde bj dx
=x1/x2+b—J+bln|x+1/x2+b|+2C.

Vay
_[\/xz +bdx =J= TxJyx*+b + %bln|x+ Jx?+b | +C.
r e _ dx
Vidu. Tinh 7, f—(x )
Dung phuong phap tlch phan timg phan, dat

—2nxdx
U= ———,du=
(x +a2)" ’ (x24q?)nt 2

dv = dx, V=X

Vay

Ta co
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I, = 4+2n]¢dx

(x2+a2)n (x2+a2)n+l

_ x (x%+a?)-a?
- (x2+a2)" +2n.[ (2+a?)m! dx

_ X dx _ 2 dx
- (2+a?)" +2I’l|:J- (2+a?)" a J. (2+a2)! :|

(2 +a?)"
Suy ra
1n+1 - 2na2(xxz+a2)" + iZ;; e
Vi
I = xixﬁ = Larctgx + C

nén theo cong thirc qui nap trén ta c¢6 thé 1an luogt tinh 7,,.

§2. Tich phan xéc dinh

2.1. Dinh nghia .

Cho ham f{x) xac d inh trén doan [a, b]. Chia tuy y doan [a, b] thanh n doan nho boi cac diem
a=x0<X] <...<Xj <..< Xp1 <X, =b.

Phép nhu vay goi 1a mot phan hoach cua doan [a, b].

bat Ax; = x; —x;-1 va trén mdi doan [x._1,x,] ta ldy mot diém & tuy ¥, (i = 1,2,...,n).
Lap tong

o= éf(f:i)Axi

i=1

o dugc goi la téng tich phan cua ham f* trén doan [a, b]. Cho s6 diém chia x; tang vo han
(n > w)saocho A = max Ax; - 0, Néu o c6 mot gidi han xac dinh (hitu han) / khong phu

1<i<n , )
thudc vao cach chia doan [a,b] va cach lay diém &,, thi ta goi / 1a tich phan xac dinh ctia ham
f(x) trén doan [a, b] va ky hi¢u n6 la

b
[ fex)dx.

Khi d6 ta ciling ndi ham f(x) kha tich trén doan [a, b].
Nhu vay

Ve > 0,30 > 0: V&i moi phan hoach cta doan [a, b]

vanfudl = max Ax; <6 = |o-1I|<¢g,

1<i<n

vO1 moi cach chon diém Ei € [xi1,xil.

Ta viét
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b n
I= [f)dx = lim Y fi&)Ax;.

=0
b
Chu thich 1. Tich phan I fx)dx (n€u cd) chi phu thudc vao ham f'dudi dau tich phan, cac
can a va b, khong phu thudc vao bién tich phén, tic 13
b b
[ fo)dx = [ ft.
Chii thich 2. Khi dinh nghia tich phan xac dinh ta gia thiét « < b. Néu b < a ta dinh nghia

b a
If(x)dx =— If(x)dx.
b

a

vakhi a = b thi ta dinh nghia | fx)dx = 0.

Pinh ly

i) Néu ham f(x) lién tuc trén doan [a, b] thi n6 kha tich trén doan [a, b].

i) f: [a,b] -» R la mot ham bi chan, lién tuc ngoai trir mot sb diém gian doan loai mot thi no
kha tich trén doan [a, b].

Ta cong nhan fﬁnh 1y nay.

Vidy. Tinh [ x2dx.
0

Vi ham f(x) = x? lién tuc trén doan [0, 1] nén n6 kha tich trén doan [0, 1]. Do d6 ta c6

b n

[xax = lim Y &Ax,.

P max Ax;—0 -1
Ta chia doan [0, 1] thanh n doan nho bang nhau va ldy cac diém &; 1 cac ddu mut bén phai cia
moi doan nho, khi d6, ta cé

1 P
Axi= 5, Ei=xi=4,i=12,...,n,
va max Ax; - 0 twong duong véin — .

1<i<n

Do d6
b n
[x?dx = lim Y (L£)2L = lim L Y 42
n—o0 n
a =1 £

= lim n(n+1)(2n+1) _ 1
6n3 3°

n—00

b
Vi du. Tinh J sinxdx.

a

Vi ham f{x) = sinx lién tuc trén doan [a,b] nén nd kha tich trén doan [a,b]. Do d6 ta cod thé
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chia doan [a, b] thanh n phan bang nhau va lay cac diém &; 1a cac dau mut bén trai cua moi
doan nho, khi do, ta co
Ax; =Xxi—Xi-1 = bea _ h,

n

max Ax; = h,é,’ = Xi-1 = Cl+(i—1)h, = 1,2,...,1’1

1<i<n

Ta co

b n

[ sinxdx = lim Y (sin&;)Ax;

a h=0 i=1

= lim A[sina + sin(a + &) +...+sin(a + (n — 1)h)].
h—0

bat

o, = sina +sin(a + h) +...+sin(a + (n — 1)h).
Nhan hai vé cua dang thirc nay cho 2sin 2, ta dugc
20,sin4 = 2sinasin £ + 2sin(a + h)sin &
+...+2sin[a + (n — 1)h]sin &
= cos(a—4) —cos(a+ L) +cos(a+ L) —cos(a+34)

+...+cos[a+ (n— 3)h] — cos[a + (n — T)h].

cos(afg )7cos[a+(n7%)h]

On = -
Zsm%

Nhung a + nh = b, do do ta cod
b
f sinxdx = lim A—_[cos(a— L) —cos(b—4)] = cosa—cosh.
10 Sln?

a

2.2. Cac tinh chit ciia tich phan x4c dinh

Gia str cac ham du6i dau tich phan déu kha tich trén doan 1y tich phan
b b

Tinh chit 1. Néu Clamot hang sé thi [ Cflx)dx = C [ flx)dx.

a a

Tinh chit 2. _f [fx) + g(x)]dx _[ fx)dx + f g(x)dx.
) b c b
Tinh chit 3. Véiba sd thuc a,b,ctilyytacd [ flx)de = [ fix)dx+ [ flx)dx.

a

b
Tinh chit 4. Néuf{x) = C laham hang thi | Cdx = C(b - a).

a
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b b
Tinh chat 5. Néu flx) < g(x) trén [a,b] vaa < b thi I Sfx)dx < _[ g(x)dx.

a a

Tinh chit 6. Néum va M 1a cic gia tri nho nhat va 16n nhat cta ftrén [a,b] via < b thi

b
m(b—a) < [ flx)dx < M(b - a).
Tinh chét 7. Néu ham / kha tich trén doan [a, b] thi [f] cling kha tich trén [a,b], gid st a < b,

khi do

b b
[ fx)dx| < | |fix)|dx.

Pinh ly (V& gia tri trung binh). Néu ham f lién tuc trén doan [, b] thi trén doan d6 c6 it nhat
mot diém ¢ sao cho

b
[ fo)dx = fle)(b - a).

Chirng minh. Vi f{x) lién tuc trén doan [a, b] nén ta co
m<flx) <M Vx € [ab],

voim va M lan luot 1a cac gia tri nhd nhét va 16n nhat cua ftrén [a, b].
Theo tinh chat 6 ta co (a < b).

b
mb-a) < [ flx)dx < M(b - a)

hay

b
m < bia If(x)dx <M.

Vi ham /' lién tuc trén doan [a, b] thi trong doan do6 co it nhét mot diém ¢ sao cho

b
fle) = 5= [ oy,

do do
b
[ fo)dx = fle)(b - a).

b
Giatri flc) = bla _[ fx)dx duoc goi 1a gia tri trung binh cua ham f trén doan [a, b].

a

2.3. Cong thirc Newton-Leibnitz

Ta dat
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D(x) :T fydx, a <x<b.

DPinh ly. Néu ham f lién tuc trén doan [a, b] thi ham ®(x) c6 dao ham trén doan d6 va

b
i) () =L [Andt=fx), a<x<b.

i) @(x+0) = fla),
i) @/(x - 0) = Ab).

Chirng minh. Ta liy x € (a,b). Lay Ax du nho sao cho x + Ax € (a,b). Khi d6 ta c6
x+Ax X

AD = O(x + Ax) — D) = [ findt— [ flndt

X X+Ax X

= [fodt+ [ fydi- [ fnat
e ' ’

= [ fwar

Theo dinh Iy gia tri trung binh, ton tai mot diém ¢ nam trong khoang gitra x va x + Ax sao cho
X+Ax

[ fdt = fle)Ax,

X

Do d6 A® = f{c)Ax hay % = f(c). Cho Ax — 0, khi d6 ¢ — x va vi ham /" lién tuc tai x nén
flc) - flx). Do do taco
lim 4% =lim flc) = fx).
Ax>0 Ax>0
Vay ton tai ®/(x) = fx).
Mat khac, tai cac diém nat x = a, x = b cling ching minh tuong ty nhu trén ta dugc
O/ (x +0) = fla), ®'(x - 0) = Ab).
Tur dinh 1y trén, ta suy ra ngay

Hé qua. Moi ham lién tuc trén doan [a, b] déu c6 nguyén ham trén doan do.

Chu thich. Néu céc cn tich phan 1a cac ham theo x thi theo qui tdc dao ham cta ham hop ta
c6 the chung minh dugc cong thuc sau
B(x)
< [ fodt = IB®)]B'(x) - A)]4'(x),

A(x)

trong d6 f* 1a ham lién tuc trén doan [a, b] va cac ham A4, B ¢6 dao ham trén doan [a, b] sao cho
a < A(x), B(x) < bvéimoix € [a,b].
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Pinh ly. Néu 1 lién tuc trén doan [a,b] va F(x) 1a mot nguyén ham cia n6 trén doan do thi

b
[ fx)dx = F(b) - F(a).

Cong thirc ndy duogc goi 1a cong thirc Newton-Leibnitz.
Chirng minh. Theo gia thiét F(x) 1a mdt nguyén ham cua f(x) trén doan [a, b] va theo dinh ly

trén thi ®(x) = f f)dt, cling 1a mot nguyén ham cua f{x) trén doan [a,b]. Do d6 F(x) va
®(x) chi khac nhau mot hé“mg sb cong, tc la
®d(x) = F(x)+ C v6imoi x € [a,b].

Chox = a,tacéd ®(a) = F(a)+ C,nhung d(a) = [ fl)dt = 0, do d6 C = —F(a). Vay

o) = [Avdt = F(x)-F(a), a<x<b.
Chox = b,tacé ®(a) = F(a)+ C,nhung ®(a) = [ flx)dx = 0, do d6 C = —F(a). Vay

a
b

[ Avdt = F(b) - F(a)

a

hay

b
[ fx)dx = F(b) — F(a).

Nguoi ta thuong ky hiéu F(b) — F(a) = F(x) |z, nhu vay cong thirc Newton-Leibnitz dugc viét
lai thanh

b

[ fx)dx = Fx)|2 = F(b) - F(a).

a

Vidy. Tinh [ 1254y Taco
1
[ 2 dx =[ In’xd(Inx) = LIn’x|! = L(Ine-n’1) = L.

1 1

2
Vi dy. Tinh [ |1 - x|dx. Ta ¢6
0
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2 1 2
_[|1—x|dx= j(l—x)dx+ j(x—l)dx
0 0 1
=02 |1 @12

2 1y T3 1

——(0-L)+(E-0)=1.

2

Vi du. Tinh gid tri trung binh ctia ham f{x) = sin’x trén doan [0, 27].

Ta c6
2 2
TS I sin?xdx = - _[ (1 — cos2x)dx
V3 ar
0 0
_ 1 . sin2x |27 _ 1
= X 2 |0 =7

2.4. Hai phuong phap tinh tich phan xac dinh
2.4.1. Phuong phap ddi bién so

Pinh ly
b

Xét tich phan I Sx)dx véi f(x) 1a ham lién tuc trén doan [a, b]. Gia st ham x = ¢(¢) thod man
cc didukien

a) ¢ : [a,p] ~ [a,b],

b) ¢(t) c6 dao ham lién tuc trén [a, §],

¢) p(a) = a, p(B) = b.
Khi d6

b B

[ f)dx = [ flp()]e’ (1)t

Chirng minh.
Gia st F(x) 1a mot nguyén ham cua ftrén doan [a, b]. Khi d6 F¢(#)] 1a mdt nguyén ham cua

()@’ (¢) trén doan [a, B]. Tir cong thirc Newton-Leibnitz, ta c6

b
[ foo)dx = F(b) — Fla),

B
[ o]0/ (Ddr = Flop®)]|°

= Flo(B)] - Flo(a)] = F(b) - F(a).
Suy ra Ppcm. . o .
Chu thich. Sau khi tinh tich phan xac dinh bang phuong phap doi bién, ta khong can tré lai

bién cii nhu khi tinh tich phan bt dinh.
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2
Vidy. Tinh 7= [ J4-x?dx.
0

bat x = 2sint. Ta cd dx = 2costdr, 4 —x* = 2|cost| va2sina = 0, 2sinf3 = 2. Suy ra

a=0,=7, |cost|]=cost, 0 <¢<Z.Dodd

5 -

2
cos’tdt = 2 f (1 + cos2t)dt =2t + %2’ |2 =

=4 0

S

0
Vi du. Chimg minh rang néu f{x) lién tuc trén [—a,a] thi

0, néu f 1a ham 1¢,

J e =<, [ fG)dx, néuf 12 ham chin.
0

That vay, ta c6

a 0 a
_[ fx)dx = j fx)dx + f fx)dx.
—-a —-a 0

Trong tich phan thir nhat & v61 phai, ta datx = —¢ va c6

0 0 a a
[ fo)ydx == [ flepydt = [ fi=dt = [ A—x)dx.
—a a 0 0
Do d6 [ foydx = [ [fi=x) +fix)]dx.
. 5

Vay, néu f 1a ham ¢, ttrc 1a f{—x) = —f(x) hay f{—x) + fx) = 0, do d6
j fx)dx = 0.

Néu f 1a ham chan, tirc 1a A—x) = flx) hay fl—x) + f{x) = 2A(x), do d6
[ flxydx =2 [ fix)dx.
0

—a

2.4.2. Phwong phap tich phan tirng phin

Pinh ly. Gia str u(x) va v(x) la cac ham c6 cac dao ham lién tuc trong doan [a, b]. Khi d6
b b
I udv = (uv)|z - J. vdu

hay
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b b
I u()V/ ()dx = u(x)v(x)|’ - I v(x)u/ (x)dx.

N q
Cong thire nay dugc goi la tich phdn tung phan.

Chirng minh.
Ta co d(uv) = udv+vdu.
Lay tich phan hai vé cua dang thirc nay trén doan [a, b] ta dugc

b b b
I d(uv) = I udv + _[ vdu.

a

b
Nhung I d(uv) = (uv)]g, do d6 ta co

a

b b
I udv = (uv)|Z — _[ vdu

Vi du. Tinh I Inxdx.

1
Ta co
e

flnxdx = xInx|] — Idx
1 1
=e¢lne—-1Inl1-(e—1) = 1.

Vidu. Tinh [, = sin"xdx, (n=0,1,2,...)

S = fn

Ta co
I I
2 2
I, = I sin"xdx = I sin""!xd(—cosx).
0 0
bat
u=sin"""x, du=(n-1)sin"2xcosxdx,
dv = d(—cosx), Vv = —COSX.

Ap dung cong thirc tich phan tirng phan, ta c¢6
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2 2
I, = I sin"xdx = —sin”’lxcosx\o% +_[ (n — 1) sin"2x cos?xdx
0 0
B
=m-1) I sin"2x(1 — sin®x)dx
0
5 5
=m-1) I sin"2xdx — (n — 1) I sin"xdx
0 0

=m-Dln-m-1)I,
hay
I, =m-Dl,2—-m-1)I,
Tur d6 ta c6 cong thirc qui nap sau

-1
]n - nn Infz.

Ta tinh céc tich phan sau:

I
2
]() = j dx = %,
0
I
2 z
I = j sinxdx = —cosx|g = 1.
0
Vay
~1)(n-3)..3.1 X 2
D@33 - néy n chin,
- n(n-2)...4.2 2
sin"xdx =

(n—1)(n-3)..4.2
n(n-2)...3.1

S —nfn

, néu n 18.

Néu ky hiéu tich cta & s 1é dau tién 1a
1.3.5...2k—1) = k- DN

va tich ctia k sd chan dau tién 1a
2.4.6...(2k) = k!

thi

(n—-1)!
n!!

(=11
a2

) <> néu n chan,
sin"xdx = )
néu n 1é.

Vidu. Tinh J, = cos"xdx, (n=0,1,2,...)

O ey © =N

batx = 5 -1, taco

Jp = — cos” % —tdt = sin"tdt = I,,.

Ry — o
o '—""l"'



68

z z (=D 7 A 3

2 2 —— %> Dhéu n chan,

[ sin"xdx = [ cos"xdx = (1)1 ,

" 5 ——>  néu n le.
Chéang han

% )

-4 _ J‘ 4 3 rx _ 13 _ 3

f sinxdx = cos*xdx = 22 24 2 16

0 0

% )

f sin"xdx = j cos’xdx = 2 135 15

0 0

2.5. Ung dung cia tich phan x4c dinh

- Dién tich hinh thang cong.
Ta goi hinh thang cong 1a hinh phang gi6i han béi truc Ox, hai dudng thang x = a,x = b va
mot duong cong cé phuong trinh y = f{(x) don tri trén [a, b]. Gid st f{x) > 0 va lién tuc. Ta
chia tiy ¥ doan [a, ] thanh n doan nho boi cac diém chia

a=x0<X] <...<Xj <..< Xp1 <X, =b.
Tir cac diém d6, ta dung nhitng d wong thang song song véi truc Oy. Khi d6 hinh thang cong
aABb dugc chia thanh » hinh thang cong nho.( nhu hinh v¢).

Hinh 31

Trong mdi doan nho [x,1,x;] (i = 1,2,...,n), ta ldy mot diém &; tuy ¥, khi d 6 tung d6 y; ing
v&i hoanh d 6 Z_.fi 12‘1)/1 Zﬂél’).

Néu ung voi mdi doan nho [xi-1,x;] ta xdy dung mot hinh chit nhat c6 kich thudc 1a (x; — x,-1)
va f(&;), thi dién tich cuano 1a f(&;)(x; —x;-1). Do do téng dién tich cua » hinh chir nhat do6 la

o= 2 fi&NAx
=1
trong d6 Ax; = x; — xi-1. )
Néu tong o ( tong tich phan ctia ham f trén doan [a,b]) c6 mot gidi han xac dinh S khi s6

diém chia x; tdng v6 han (n — o) sao cho max Ax; — 0, thi S dugc goi 1a di¢n tich hinh thang
1<i<n

cong aABb. Vay dién tich hinh thang cong a4Bb 1a
S = lim Z f(é i)Axl-
i=1

maxAx;—~0

1<i<n
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hay
b
S= [ fixydx.
Néu flx) <0 v6imoix € [a,b] thi
b
S=- I fx)dx.
Trong moi trudong hop ta co
b
S = j [fTx) |dx.

Néu mién phang c6 dang:

D =A{(x,y) : fi(x) <y < fo(x), a <x < b}, (hinh 32)
( f1, f2 lién tuc), thi dién tich cua no l1a

b
S= [l -fin)]dx.

Hinh 32 Hinh 33
Néu mién phang c6 dang:
D =A(xy) : p1(0) <x < 92(y), ¢ <y < d}, (hinh33)

(@1, @2 lién tuc), thi dién tich cua né la
d

S= [ [p20») — ¢1(»)]dy.

c

Néu dudng cong cho béi phuong trinh tham sb
x = x(1),
y =y,
voi x(2), y(£), x'(£) lién tuc trong doan [¢1,1,], véia = x(¢1), b = y(t2), thi dién tich cta né 1a

S = tf () ' (1)dt.

3]

Vi du. Tinh di¢n tich cua hinh ellip
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{@y): S +L5 <1, (@>0,b>0)

Vi hinh ellip nhan céc truc toa d 6 1am truc d6i xtimg nén dién tich cta no 1a
S=4 _[y(x)dx =4 j b Ja* —x?* dx.
0 0

Déi bién x = asint, ta c6 dx = acostdt.
Khix = 0,thiz = 0,khix = a, thiz= %,

Ja* —x? = alcost| = acost v6i 0 <t < L,
Vay

_ 4b
S=-r

S

%
a’ cos’tdt = 2ab j (1 + cos2t)dt
0

= 2abt+%|07 = mab.

- Dién tich hinh quat cong.
Nguoi ta goi hinh quat cong 1a mot hinh phang gidi han boi hai tia di qua cyc va mot duong
cong ma moi tia qua cyc cat duong cong ay ¢ khong qua mot diém.

Gia st hinh quat cong gidi han boi hai tia g = a, ¢ = B vdia < fva cung AB di cua d uong
cong r = (), trong do r(¢) la ham lién tuc don tri trén doan [a, f].

— I
Ta chia goc AOB thanh n gbc nho ma ta ky hi¢ula Ap; (i = 1,2,...,n), nhu thé hinh quat
cong d6 duogc chia thanh » hinh quat cong nhé c6 dién tich 1a AS; (i = 1,2,...,n )( nhu hinh
veé 34).

Hinh 34
Hinh quat cong nho thtt i c6 dién tich xap xi bang dién tich hinh quat tron c6 cting goc & tim
Ag;vacobankinhla r(9,) véi ¢; <@, < ¢, +Ap;
~ 1 D .
AS; =~ 7r2((pi)A(p,.
Do d6 dién tich hinh quat d& cho x4p xi bang

Z %l”z(ai)A(Pi-
i=1
Vay

= i 1.2(% .
§= mal(lgx}ao Z 21” (Q)Z)A(pl

1<i<n i=1

hay
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B
S=1 [r(p)de.

a

Vi du. Tinh dién tich hinh phang giéi han boi dudng Cardioide » = a(1 + cos@), a > 0.
Vi hinh trén nhan truc cyuc lam truc d6i xtng nén dién tich ctia né bang hai 1an dién tich
hinh quat OA4B, g véi khoang bién thién ctia ¢ tir 0 dén 7. Ta c6

S=2.+ _[ r2(@)de = a® j (1 +cos)3de
0 0
= a’® I (1 +2cos¢ + cos?p)de
0
=a* | (1 +2cos + 1+°352(p )dgo
0
Hinh 35 = a3 +2sing + %sin2(p|g

- 3 2
—272'61.

- Thé tich vat tron xoay.
Gia st phai tim thé tich vét tron xoay tao boi hinh thang cong a4Bb gidi han boi dudng cong
y = fix) (lién tuc, duong, don tri ), truc Ox va cac duong théng X = a,x = b khi quay quanh
truc Ox.
Chia doan [a, b] thanh n doan nho bai cac diém
a=x0<Xx] <..<X; <...<Xp1 <X, =b.
Qua mdi diém do ta dung mot mat phéng vuong goc vai truc Ox, cac mat phéng d6 chia vat thé
thanh 7 phan nho.

Hinh 36 Hinh 37

Trén mdi doan [x,1,x;] (i = 1,2,...,n), ta lay mot diém &; tuy y. Ta xdy duyng mot hinh tru
ding gidi han bdi cac mat phéng X = X1, X = X; va mat tru c6 dudng sinh song song voi Ox
va di qua vong tron bién cia thiét dién cua vat thé tron xoay v6i mat phang x = &;.

Thé tich ctia hinh tru d6 1a

Vi=S(E)Ax; = nf* (&) Ax;,
trong do Ax; = Xi = Xi-1.
The tich cua tat ca cac hinh tru do tng vé1 i = 1,2,...,n1a
V=2 nf(&)Ax.
i=1
Do d6, ta c6 cong thirc tinh thé tich vat thé tron xoay quanh truc Ox 1a
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Ve = ma}}AffoO > 1 (E)Ax;

1<i<n i=1

hay

b
Ve=m I S (x)dx.

Tuong ty, néu hinh thang cong cCDd gioi han boi dudng cong x = ¢(y) (lién tuc, duong,
don tri ), truc Oy va cac dudng thang y = ¢, y = d, thi thé tich vat thé tron xoay tao boi hinh
thang cong do khi cho n6é quay quanh truc Oy 1a (' hinh 38)

d
V,=n j 02(n)dy.

Hinh 38
Vi du. Tinh thé tich vat thé tron xoay sinh boi hinh phang giéi han bai dudng astroide

x?3 +y?3 = 4?3, (a > 0) khi cho n6 quay quanh truc Ox.
Ta co: 3?2 = (a??—x¥) —a<x<a
Do tinh doi xtmg cua hinh phang d a cho, ta dugc

V.= 2n J. (a?3 = x¥3) dx

0
a

= 2 j (aZ _ 3a4/3x2/3 + 3a2/3x4/3 _x2)dx

9, 43,53, 9 23,73 _ 1 .2]¢
x—zax" + Za” x 3x|O

Hinh 39 _ s

- P dai duwong cong phing.

« Truong hop duong cong d ugc cho trong toa do Descartes.
Gia st duong cong y = f(x), trong do f(x) 1a ham don tri, c6 dao ham lién tuc trén doan [a, b].

Léy trén cung AB nhiing diém M, = 4, M\, ..., M;, ..., M, = B c6 hoanh d ¢ theo thir tw 1a

X0 = d, X1, ..., Xi, ..., Xy = b. Ta goi d0 dai L ctia cung 4B la gi6i han cua do dai duong gip
khic AM 1M2 M ..B khi s6 canh ciia & wong gp khuc ting v6 han sao cho d  dai canh
16n nhét cta né tién vé khong.

Chiéu cac doan M;_|M; (i = 1,2,...,n) xudng truc Ox ta duoc cach chia doan [a, b] thanh n
doan nhd Ax; (i = 1,2,...,n)
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Hinh 40
Gia sir Ay; 13 sb gia ciia ham y = f(x) ing voi Ax;. Ta co
M M; = \/(Axi)z +(Ayi)?
Theo dinh ly Lagrange, ta co
Ayi = f1(E)Ax, &i € (xim1,x0).

Do do
MiaM; = |1 +f1(&1)? Ax;.

va do dai duong gip khuc MoM M, ... M, bang
2 (LG Ax.
i=1

Do do

maxAx;—0
1<i<n

L= lim i 1+f/(§i)2 Ax;.
i=1

Gi6i han d6 ton tai vi ham /f(x) lién tuc trén doan [a, b] va theo dinh nghia cta tich phan xac d

inh, ta co
b
L= J.1/1+f/(x)2dx.

- Trudng hop cung dudng cong AB duoc cho boi phuong trinh tham s6:
x = x(1),
y=y@®, to <t <T,
voi x(2), y(¢) 1a cac ham c¢6 cac dao ham x/(¢), y/ (¢) lién tuc trén doan [#o, 71, thi ly luén tuong

tu nhu trén ta c6 thé tinh dugce d6 dai L cua cung AB la
T

L= [ JX(@®)?+)(0)?adr

Vi du. Tinh d6 dai ciia dudng cong y? = x? tir gbc toa d6 dén diém (4, 8).

3/2 ! —

Tacd y =x*2, y = 3x12
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4
J T+ Txae = £20+ 20|
0

= 2—87(10,/10 - 1).
Vi du. Tinh d¢ dai cua d uong astroide
X = acos’t,
y = asin’t, a > 0.
Vi tinh d6i xtng cta d wdng astroide nén chi can tinh d 6 dai ciia mot nhanh roi nhan két
qua v6i 4. Nhanh & goc phan tu thi nhét Gmg voi khoang bién thién cua ¢ tir 0 dén 7/2. Ta ¢
/2
L=4 J J(3a cos?tsint)? + (3asin’tcost)? dt
0

/2 /2
=4 j 3asintcostdt = 6a f sin 2¢dt
0 0
Hinh 41 — —3acos 2[5 = 6a.

- Truong hop duong cong d uoc cho trong hé toa d6 cuc.

Gia st phuong trinh ctuia cung d wong cong AB ¢6 dang r = r(¢), trong do6 r(¢) 1a ham lién tuc
va ¢6 dao ham lién tuc trén doan [a, B] va r(¢) don tri.
Trudc hét ta 1ap cong thirc vi phan cung. Ta co
X =rcosQ, y =rsing.
C6 thé coi d6 nhur 1a nhiing phuong trinh tham s6 cta cung dudng cong AB . Do d6
x' =7 cosp —rsing,
Yy = r/sing + rcos .
Suy ra

X242 =242

Vay
L= 2+ 2dp. (Vi dL? =dx?+dy?)

va dg dai cia cung duong cong AB duoc tinh bdi cong thire
B
'[ V2 +7' % do.

Vi du. Tinh d¢ dai cua d uong Card101de r=a(l+cosp), a>0.
Vi tinh d6i xtng cta duong Cardioide nén chi can tinh d6 dai cia mot nira duong, roi nhan két
qua vé6i 2. Nira duong Cardioide tmg voi khoang bién thién cua ¢ tir 0 dén 7. Do d6 ta c6
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L=2 f Jaz(l +cos)? + a’sin’p do
0

= 2a I J2(1 +coso) dp
0

=4a | cosLdp = 8asinL |" = 8a.
Hinh 42 £ 74 o
§3. Tich phan suy rong
O muyc tiéu trén ta da xét khai niém tich phan xac dinh voi gia thiét khoang 14y tich phan 14 hitu
han va ham duéi dau tich phan bi chan. Bay gio ta s& mé rong dinh nghia tich phan xac dinh
trong hai truong hop.
i) Khoang 13y tich phan 13 v6 han.
ii) Ham dudi dau tich phan khong bi chan.
3.1. Tich phén suy rong loai 1(Khoang l4y tich phan 13 v6 han)
3.1.1. Dinh nghia.
- Khoang 14y tich phan 1a [a, +o0)
Gia str ham f{x) xac dinh trén [a,+) va kha tich trén moi doan hiru han [a,b], a < b < +o0.
Tich phan suy rong loai 1 cua ha‘lglo f(x) trén [a,+0) dugc ky hiéu

_f fx)dx

1a gidi han hitu han (néu ¢d )
+00

b
_[ fx)dx = lim _[ fx)dx.

a b->+o0 a
Khi d6 ta néi rang tich phan hoi tu. Néu nguoc lai, ta néi rang tich phdan phan ky ( tac 1a khi

giéi han bang oo hodc khong ton tai)
+00

Vé phuong dién hinh hoc, tich phan suy rong I f(x)dx biéu thi dién tich hinh thang cong v

a

han nhu hinh 43.

Hinh 43

+00

Vi du. Xét tich phan 4 (a>0).

Néu a + 1, thi
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b
d _ 1 dl-ab _ _1 l-a _ ,l1-a
j x4 1—ax |a_ 1-a (b a )
a
Néua > 1, thi lim b'* = 0. Suy ra
b+
+00 b
ﬂ 1 dx al—a
[ & =lim [£ -5

+0 b
Néua < I, thi lim 5'"* = +o0. Suyra [ 4 phanky vi lim [ 4 = 4o,

b+ a b+

b +00
Néua =1, thi [ =Inb-Ina > +o khi b > +o. Vaytichphan [ 4 phanky.

a a

e hoitunéu a > 1,
Tém lai: tichphan [ 4, (a > 0) LR
* phan ky néu a < 1.

a

3.1.2. Phuong phap tinh. Cong thirc Newton-Leibnitz mé rong
Gia st F(x) la mot nguyén ham cua f{(x) trén [a,+0). Vay

b
lim | fde= lim [F(b) - F(a)].

bt b+

Cho nén tich phan suy rong hoi tu khi va chi khi 3 lim F(b) = F(+w). Vay ta c6 thé viét

b+

+00
[ fx)dx = F(+0) — F(a) = F(x)|:”.
Cong thuc pﬁy duogc goi 1a cong thircNewton-Leibnitz mo rong
- Khoang lay tich phan la (—o, 5]
Tuong tu nhu trén, ta dinh nghia tich phan suy rong (loai 1)
b b

_f fx)dx = lim j fx)dx.

a—»—0

Gia st F(x) 1a mot nguyén ham clia fx) trén (—o0,b] va dat F(—o) =lim  F(a), thi

b b o
I fx)dx = li{n _[ fx)dx
_ = lim [F(b) - F(a)]

= F(b) - F(—) = F(x)|",,.
Cong thuc pﬁy cling duoc goi la cong thircNewton-Leibnitz mo rong
- Khoang lay tich phan 1a (oo, +0).
Ta viét
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T fx)dx = } Sfx)dx + T flx)dx.

+00
Tich phan suy rong 'f Ax)dx héi tu khi va chi khi ca hai tich phan suy rong & vé phai 1a hoi tu.
Ta cling c6 cong thirc Newton-Leibnitz mé rong

[ f)dx = F(+o0) — F(-0) = F(x)[*7,
véi F(x) 1a mot nguyén ham cua f{x) trén (—oo,+00) va
F(+0) =lim F(b), F(—©) =lim F(a).

b+ a—>—0
+00
Vidy. Tinh tich phan [ —%—.
* xX“+x—2
2
Ta co
+00 +00
I dx — j dx
x24x-2 (x+2)(x-1)
2 2
+00
_ 1 1 L. =l | *®
= | G- 5)de = $in 55|
2

— 4] tim =} - 4 |

X400

= %(0+ln4) = %ln2.

3.1.3. Tich phén cac ham khong am. Cac d inh ly so sanh.
Néu f{x) > 0 trén [a,+o) va kha tich trén [a,b], Vb > a, thi
b

D(b) = [ flx)dx
la mot ham tang trén [a,+0), cho nén gidi han lim ®(b) tdn tai khi va chi khi @ () bi chan

. . , b—>+o0
trén, nghia la ton tai hang s6 M sao cho

OB <M Vb>a

Tu do ta co .

Dinh ly. Cho f{x) > 0 trén [a,+00) va kha tich trén [a,b], Vb > a. Khi d6 tich phan [ f(x)dx

héi tu khi va chi khi tdn tai hing s M sao cho ’
j:f(x)dx <M Vb > a.

DPinh ly. Cho f{(x), g(x) > 0 trén [;,+oo) va kha tich trén [a, b], Vb > a.

Gia stir rang
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flx) <glx) Vx>a.

Kh1 d6, néu
1) j g(x)dx hoi tu thi I flx)dx hoi tu,
ﬂoo a +00

ii) [ flx)dx phanky thi [ g(x)dx phan ky.
DPinh ly. Cho f(x), g(x) > 0 trén [a,+) va kha tich trén [a, b], Vb > a.
Gia sir rang

lim &2 =K, 0<K < +o.

oo 80
Khi do,

+00 ~+00

i) 0 <K < +o0: Haitichphan | flx)dx va [ g(x)dx cing tinh chat, tirc 1a, ddng thoi hoi tu

a a

hay dong thoi phan ky
ii) K=0: Néu j g(x)dx hoi ty thi j f(x)dx hoi tu.

a +00 a +00

iii) K =+00: Néu [ g(x)dxphanky thi | flx)dx phan ky.
Chirng minh.
1) 0 < K <400 :V610 < € < Kvavoix duldéntaco

0<K-g< ’1(();)) <K+¢g

hay

(K —g)glx) < flx) < (K+e)g(x).
Tiép theo ta sir dung dinh 1y trén.
1) K=0:Vdoie > 0vataco voixdulon

0< % < g dodd 0 < fix) < gg(x).

Str dung dinh 1y trén ta c6 Ppem.

iil) K =400 : Suyra lim % = 1/K = 0. St dung phan ii) ta c6 Ppcm.
X—>+00
Vi du. Khéo sat sy hdi ty cta tich phan 'f dx.
0
Vi
cos’s < L y&imoix > 0.

I+x2  — 142
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+00
Vi du. Khao sat su hoi tu cua tich phan de
. . v v p J. xm

+00 1

Taco | 4 lahdity, va
X
1

. 1 A U
xlil;l;lo |:x [FEE :| =L
nén tich phan da cho héi tu (K = 1).

+00

Vi du. Khéo sat sy hdi ty cta tich phan 'f

+00
Tacé | -2 phanky, va

X172
1

: X3, 1 _
hm I:H—x2 toxl2 h 1’

X—>+00
nén tich phén da cho phan ky (K = 1).
3.1.4. H§i tu tuyét doi ‘
Nguoi ta ching minh dugc rang
+%0

+00
Dinh ly. Néu [ |f(x)|dx hoi tu thi [ flx)dx hoi tu.

a a +00

Trong trudng hop niy, ngudi ta noi 'f Ax)dx héi tu tuyét doi.

a ~+00

+00 +oo
Néu [ flx)dx hoitu, ma | [f(x)|dx phan ky, thi tanéi | flx)dx ban hoi tu (hoi tu ma khong

a r
héi tu tuyét d 61).

b +00
Chii thich. Bdi v6i cac tich phan suy rong j flx)dx hoac j flx)dx ta ciing c¢6 cac tiéu chuan

o0 o0
so sanh tuong tu.
+00 +o0
Vi du. Tich phan cost 7y hoi tu tuyét ddi, vi tich phan [ LL22Lgx hoi tu
. 1+X2 v v v 1+X2 \ 3
0 0
That vay ta c6
+00
Ll < Lo véimoix >0 va | —4- hoitu.
1+x 1+x : 1+x : :

) 0
3.2. Tich phan suy rong loai 2( Ham dudi dau tich phan khong bi chan)

3.2.1. Pinh nghia.
Cho ham f{x) x4c dinh trén [a, b) va kha tich trén moi doan hitu han [a,b'], a < b’ < b.
Neéu ton tai gidi han hitu han
b/
lim | flx)dx

b'-b0
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thi gidi han d6 dugc goi 1a tich phan suy rong loai 2 cia ham f(x) trén [a, b) va dugc ky hi¢u 1a

[ fex)dx.
Nhu vay,
b be
_[ fx)dx = lim I fx)dx = lim j fx)dx.
u blsb-0 o g0+
1-¢
Vidy. | —%— = arcsin(l —¢). Vay
o J1-=x2
1 1-¢
I & _ — lim _[ —& _ — lim arcsin(l —¢)
1-x2 1—x2
0 -0+ 0 e~>0+

= arcsin1 = /2.

Vi du. Khéo sat su hdi tu cta tich phan j (a < b).

a

(b )“

V61 A < 0 thi ta dugce tich phan xac dinh thong thuong.

Véi A+ 1,taco
b—¢

_ 1P - _
| g5 = -0 ) = k-0 o)

Néu A < 1, thi lim €% = 0, vay

g0+
b b—e
A _ 1 =)
| o = ilr(i I or ~ b
’ - b
Néu A > 1, thi lim &'* = +o0, do d6 lim _[ —&— = +oo, vay tich phan I phén ky.
&0+ £-0+ (b_ )l ))L
b-c “p
Néuad=1,thi [ & =In(b-a)-Ing— +o khi € > 0+ Vaytichphan | -£ phan

ky.

Toém lai ta ¢o:  tich phan ]
J =0 ) phankynéu 1 > 1.

a

b {héitunéu A<,
X

«Néuf: (a,b] » R sao cho f{x) va kha tich trén moi doan hitu han [/,b], a < a’ < b.

Ta dinh nghia
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b b b
[fx)dx = lim [ fx)de= lim [ flx)dr.

a'»a+0 o -0+ ate

- Néuf: [a,c) U(c,b] » R, a < ¢ < b, ta dinh nghia

b c b
[ fo)dx = [ fyde+ [ fx)dx.

b
Trong dang thirc trén, tich phan suy rong f fx)dx hoi tu khi va chi khi ca hai tich phan suy
rong & vé phai 1a hoi tu.

3.2.2. Cong thirc Newton-Leibnitz mé rng

Gia su F(x) 1a mot nguyén ham cua f{(x) trén [a,b). Ta cod

b b/
[fx)dx = lim [ fixydx= lim [F(0)) - F(a)]

blsb-0 b/~b-0
=F(b-) — F(a).

Ta c6 thé viét
b

[ foydx = F(b-) - F(a) = F(x)|,

a

voi F(b-) =lim F(x).
x->b—0
Tuong ty cho cac truong hop khac.

3.2.3. Tich phan cac ham khéng am. Cac d inh ly so sanh.

Cho f(x), g(x) > 0 trén [a,b) va kha tich trén [a,b'], VD' € [a,b).
Ta c6 céac dinh ly so sdnh nhu sau.

Pinh ly. Néu

fx) < glx) Vx € [a,b).

Khi d6, néu
b b
i) [ g(x)dx hoi ty thi [ flx)dx hoi tu,

b b
ii) [ flx)dx phan ky thi [ g(x)dx phan ky.
Pinh ly. Gia st rang

lim &2 =K, 0<K < +o.
glx)

x—>b—
Khi do,
b b
i) 0 <K < +oo : Hai tich phan [ fix)dx va [ g(x)dx ciing tinh chat, ttc 1a, ddng thdi héi ty

a a
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hay dong thoi phan ky.
i) K=0: Neuj g(x)dx hoi tu thi f fx)dx hoi tu.
“ b “

iii) K = +o0 : Néu [ g(x)dx phan ky thi | f{x)dx phan ky.

Chtrng minh.céc dinh 1y trén cling twong tu nhu chimg minh céc dinh 1y 3.1.3.

Chu thich: Cac dinh 1y so sanh trén day ciling dung cho cac ham khong am trén (a, b] va kha
tich trén [a/,b)], Va' € (a,b], trong d6 diéu kién flx) < g(x) Vx € [a,b) s& dugc thay boi
fix) < g(x) Vx e (a,b] valim &2 s& duoc thay béi lim L2

X
op EW roar &X)

3.2.4. Hoi tu tuyét ddi
Nguoi ta ching minh duac rang

Pinh ly. Néu tich phan _[ [fx)|dx hoi tu thi I S{x)dx hoi tu.

a b a

b
Trong truong hop ndy, ngudi ta noi f Ax)dx héi tu tuyét doi. Néu I fx)dx héi ty, ma

b a a

b
[ 1f)|dx phan ky, thi ta n6i [ fx)dx bn héi tu (hdi tu ma khdng hoi tu tuyét d 6i),

a a

Vi du. Khdo sat sy hoi tu cua tich phan suy rong I dx.

1
Y12

Ta co I ——dxhoitu (A = 1/3 < 1). Hon nita

)1/3

: . 1 _ 1

x—1-

nén tich phan da cho hoi tu (K = %).
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BAI TAP CHUONG 111
1. Tinh cac tich phan bat dinh sau day
1/ “‘[") dx

2/ [(a* +b)%dx
3/ [ gy

x(14x2)
4/ _[xz Ix3 +2dx
ﬂjﬁ%gx
1+tg%x
6/Im@
7/ | £ —dx
wj——-@>m
2+l
9/ fx3(l —2x*)3dx
dx
1mjwm
1/ [
12/ -[ :021242);?4

13/ [ L2 gy

X

14/ _f tg3xdx

15/ .fx Ja—x*dx

1&jQ;w

1wjﬁjx

1&]5?
19/ [ SLax

20/ |2

21/ J.xzarctgxdx
22/ _[(xz + 2x + 3) cos xdx
23/ J.x3 In xdx
24/ [(x? + 1)e>dx
25/ [ aein gy
26/ _[ e 2 cos 3xdx
27/ [ sin yx dx
29 [
29/ 'f sin(Inx)dx
xIn xﬂ/ﬁ
3wj—%§im
2. Tinh tich phan cac ham hiru ti sau day
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1/ J‘ 2x24x43 dx

X3+3x24+3x+2

1+x
2/ J‘(x2+1)(x2+9) dx

3 5x3-17x2+18x=5
(=1)3(x-2)?
4/ J‘ 2xdx

(14x) (14x2)2

5/ [ Lrdx
6/ I ER
7/ J.de
8/J' dx
9/J‘ xdx
10/ J‘ xdx

x*+6x2+13 °
3. Tinh tich phan cac ham lugng gidc sau
1/ i

3+5sinx+3 cosx
2 / cosZxdx

sin?x+4 sinxcosx
3 sin 2xdx

cosgx—smzx—l

4/ [ <ox gy

sSimx

5/ I cotg?3xdx
6/ I sinxsin % sin %dx
7/ I cos*x dx

sm3x

8/ Jrax
9/ sin3;izossx
10/ [—&

51n4x COSZX ’

4. Tinh tich phén cadc ham hitu ti sau day
gL

2 ljff dx

3 | =

4/ [ A= ‘fgf

5/ I (1 x2)3/2
dx
6/ x34x2-1

7 | —x
I (x—1) ¥ —x2+2x+3

8/ (x—1)dx
J. (Ge+1) VX241

x32+x

10/ [41-2x—x2dx.

5. Dung dinh nghia tinh céc tich phan sau
2

1/ f e*dx
1

dx
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/2
2/ J cosxdx

0
b

3/[ &5 (0<a<b)

aq

4/ [ a*dx; (@a>0, a=+1).
0

6. Tim gia tri trung binh ctuia cac ham sau

1/ fix) = J/x trén [1,9]

2/ flx) = S2x. tren [0,7/6]. 7

7. Dung cong thirc Newton-Leibnitz dé tinh cac tich phan sau
16

0
dx
2 '! x4 1+In2x
3/ [ [Inx|dx
1/e
/2
4) | <y
/4 Ysin
2 2 .
. X khi0<x<1
5/ x)dx néu flx) = ’ -
{ﬂ f {Zx, khil <x <2.
1
dx
6/ '(')- Nx242x42
dx
7 j x(1+ln%x)
1 N 2 r
8. Tinh céc tich phan sau day bang phuong phap doi bién
/2
dx
1/ J 2+cosx
?
x2dx
2/ J- (14x)*
?
xdx
¥
0
J7
X3
4 | e
0
S/ [ g

In3
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7/

8/
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3
I x2J9 —x2 dx
3
3
.[ V 6:( dx
0

3
J

/1 2
x+2x dx.

1 ) b
9. Tinh céc tich phan sau day bang phuong phép tich phan tirng phan
1

1/

2/

3/

4/

5/

10.

1/

2/

3/

4/

5/

6/

7/

8/

11.

1/

J. xe™dx

Oe

j xInxdx

1
1

I xarctgxdx
-

/2

J e* cosxdx
0

I In2xdx.

1
Khao sat sy hoi ty va tim gié tri ( trong truong hop hdi tu ) ctia céc tich phan suy rong sau
0

_f xe*dx

¥

_[ cosxdx

0

+00

J' dx
(x2+1)2

—0

Khao sat sy hoi tu cia cac tich phan sau
+00
J- i+

X

1
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2/ J'(l—cos%)dx
I

+00

3 [ =hax

1
1

e

?
5/J'L

tgx—x

9
6/ [ L4

esinx_1

?
7/ -“ dx

e*—cosx °

0

12. Tinh dién tich hinh phang giéi han bi cac dudng

1/y?=x3x=0,y=4

. . , { x = a(t—sint),

2/ Mot nhip cua duong Cycloide va truc Ox.
y = a(l —cost),

3/ y=x*>+4vax—-y+4=0

4/ y=x3, y=x, y=2x

5/ x?+y? =4va y* = 2x

6/ Puong Cardioide = a(l — cos¢@) vaduong tronr = a, (a > 0)

7/ ax = y* vaay = x%, (a > 0)

8 r=3+2cosq

9/ x> +y?> =4va x> +y?+2x =0

x =2t—1%, A L .
10/ (phan ty cat cia duong cong)
y =22 -1,

13. Tinh thé tich vat thé tron xoay sinh bdi mién phang gidi han boi cac duong cong sau day

khi cho né quay quanh truc tuong ung

1/ y>+x-4 =10, x = 0 quay quanh truc Oy.

2/ xy =4,y =0, x =1 vax = 4 quay quanh truc Ox.

) ) x = a(t—sint),

3/ M4t nhip cua duong Cycloide (a > 0) quay quanh truc Ox.
y = a(l —cost),

4/ y = xsinx, y = 0,0 < x < 7 quay quanh truc Ox.

5/ y=e* -1, y=e*+1, x =0 quay quanh truc Ox.

14. Tim d¢ dai cuia duong cong

1/ 9y = 4(3 —x)3 gbm giira cac giao diém cta n6 véi truc Oy.

2/ 2y = x% -2 gbm giita cac giao diém ciia né véi truc Ox.

3/ r=a(l+cosp), (a > 0)

4/ y = %(3—)()‘/;, 0<x<3

5/y=4x*—1Inx, 1 <x<e

6/ x = acos*t, y =asin*t, 0 <t < /2, (a > 0)
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7/ x = a(t—sint), y = a(l —cost),0 <t < 2x

8/ r=asin’%, (a>0).
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CHUONG 4. PHUGNG TRINH VI PHAN

§1. Bo tiic vé so phirc
1.1. Cac dinh nghia
Dinh nghia. Don vi do, ky hleu 1a 7, 1a mot s6 thoa:
= —1.

Dinh nghia. Biéu thire ¢6 dang a + bi, trong d6 a va b 1a cac s6 thuce, duoc goi la mot s6 phuec,
thuong viét 1a z = a+bi,

a duoc goi la phﬁn thuc cua z, ky hiéu 1a Rez,

b duoc goi 12 phan 4o cia z, ky hiéu 1a Imz,

a =Rez, b =1Imz.

Chu thich.

-Néu b = 0, thi z = a la mét sb thuc, vay sb thuc 1a mot truong hop riéng cua ) phtrc.
-Néua = 0, thi z = bi la mot sb thuan do.

Pinh nghia. (hai séphd’c bcfng nhau). ay + bii = a; + byi khivachikhia; = a; va by = b,.
Pinh nghia. Cho s6 phirc z = a + bi. S6 phitc T = a — bi dugc goi 13 s6 phirc lién hop cia z.
Nhu vay hai s6 phirc lién hop v6i nhau néu ching c6 phan thuc bang nhau va phan 4o ddi
nhau.

1.2. Biéu dién hinh hoc va dang dai s, lwong gidc, mii ciia s6 phirc

Hinh 44

- Biéu dién s6 phurc trén mat phang
Nguoi ta biéu dién sb phuc z = a+ bi trén mat phang Oxy biang mot dlem A c6 toa do (a,b).
Piém A(a, ,b) d ugc goi la anh cua sO phitc z = a + bi. Nhu vay mdi s6 phirc ¢6 mot anh xac
dinh va mdi diém cta mit phang Oxy 13 anh cia mot s6 phuc xac dinh. Mit phang Oxy duoc
goi la mat phang phtrc. Nguoi ta khong phén biét sO phtic z = a + bi v6i anh A(a, b) ctia nd.
Tép hop tat ca cac sd phic duoc ky hiéu 1a C. Anh cua hai s6 phtic lién hop v6i nhau 1a hai
dlem d6i xtng v6i nhau qua tryc Ox.
Néu b = 0 thi 4 ndm trén Ox, lac d6 z = a 1a mot sb thuc, cho nén truc Ox con duoc got la truc
thuc.
Néu a = 0 thi 4 ndm trén Oy, Iuc d6 z = bi la mot sb thuén 40, cho nén truc Oy con dugc goi 1a
truc do.

r 7 9 7 > 9 > 9 ~

Neéu ta noi diem A4 vdi goc O, ta duge vécto OA4 thi ta cd thé xem vécto OA 1a bieu dién hinh
hoc ctia s6 phtic z = a + bi.
- Pinh nghia. Dang z = a + bi d woc goi 1 dang dai s6 cua sb phirc z.
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Hinh 45
- Dang luogng gi4c cta sb phirc. i )
Goi (r,9), r = 0 1a toa doc cuc cua di€ém A(a, b) d6i voi tryc cyc Ox va cyc O.
Nguoi ta goi 7 la mddun cua sO phitc z = a + bi, ky hiéu 1a |z| va ¢ (duoc xac dinh sai khac
2kr) 14 arcgument ciia sb phiic z, ky hiéu 1a Argz:

r=lz|, ¢ = Argz.
RO rang ta co
a=rcosp, b=rsing.
Do do
a+ bi = r(cos@ +ising).
Dang z = r(cos ¢ + ising) dugc goi 1a dang lwong gidc cua sb phic z.

Ta co
r=yJa>+b*, tgp =L,

Gia tri ¢ € [0,27) duoc g01 1a gia tri chinh cua Argz. Goc ¢ tong quat dugc xac d inh sai khac
2k, ( k nguyén). De c6 gia tri chinh ¢ € [0,27) ta cha ¥ b = rsin@ nén sin ¢ trung déu véi y.
Vi du. Viét cic sé phic sau d ay dudi dang luong gidc

a)l+1i; b) 1; c) i, d) -1; e) —i.

a)Taco r= 412+ 12 = /2 vadiém (1, 1) nam trong goc phan tu thir nhat. T 7ge = 1, ta

chon ¢ = /4. Vay
1+i= 42 (cosn/4 +isinn/4).
Tuong tu ta co
b) 1 = 1(cos0 + isin0)
c) i = 1(cosm/2 +isinn/2)
d -1= l(cosn +isin)
e) —i = l(cos— +isin &),
- Dang mii ctia s phic.
Cho s6 phtic z = r(cos @ + ising) dudi dang luong gidc. Ta cong nhan cong thirc Euler sau
day
e’ = cosp +ising = e
Khi d6 ta c6 dang mil ciia s6 phirc
z =re?,
1.3. Cac phép tinh vé s6 phirc
« Phép cong va trir s6 phirc
Cho hai sb phucz; = a; + bii, zo = ax + bai. Téng (z1 +z2) va hi€u (z; — z2) cua chung dugc
dinh nghia nhu sau
z1+z2 = (a1 + b1i) + (az + bai) = ay +ax + (b1 + by)i,
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Z1—2Zy = (a1 + b]i) — (az + bzi) =a)1—az+ (b1 — bz)i.
D¢ thay rang vécto biéu dieén tong (hi€u) cua hai s6 phuc 1a tong (hi¢u) cta hai vécto bi€u dién
cac sO phurc noi trén.

Hinh 46 Hinh 47
Chu thich. Ta c6
z+7Z = (a+ bi) + (a - bi) = 2a.
Viy tong ctia hai s6 phirc lién hop voi nhau 1a mét s6 thyc.
« Phép nhan so phurc
Cho hai sb phic z, = a1 + bii, zo = as + byi. Tich cua hai sb phtrc z,z, ma ta c6 duogc béng
cach nhan chiing nhu nhan hai nhi thirc trong dai s0, v6i chu y 1a i? = —1.
z =z1z3 = (a1 + bii)(az + bai)
=aap + a1b2i + b1azi + b1b2i2
= (a1a2 — blbz) + (a1b2 + azbl)i.
Chi thich. zZ = (a + bi)(a — bi) = a®> — (bi)? = a® +b? = | z|2 = | 7|2.
Vay tich cua hai sb phtrc lién hop véi nhau b?lng binh phuong cua mdédun ctua mdi sb phtrc do.

1a mot sd thue.
Bay gio gia str hai s6 phtrc dugc viét dudi dang lugng giéc.

z1 = ri(cos@; +ising),

zy = ra(cos @z +isings).

Khi dé6 ta co
z1z2 = rir2(cos @ + ising)(cos @, + ising,)
= r1ra[(cos @ cos@, —sin@; sing;) + i(sin@| cos @, + cos @ sin,)]
= rirz[cos(@1 + @2) + isin(@; + @2)].
Vay

2

| 2122] = | 21| 22
Arg(zi1z2) = Arg(z1) + Arg(z2), (mod 27)
Ky hidu a; = a» (mod2r) c6 nghia la a1 = a, 1 boi s6 cua 27.

« Phép chia so phuc
S0 phtrc z; chia cho s6 phirc z; # 012 mot s6 phire ky hi¢u 1a 2= =z sao cho zz; = z;. Néu
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z1 = ri(cos@; +ising),
zy = ra(cos @z +isinga),
= p(cosf +isinf),
thi ta suy ra
pra2 =ri,

0+ @2 = @1, (mod 27)

{
{p%

hay
0 =@ — @, (mod2n)
Do do
= ety Jleos(pr - ¢2) +isin(gr — @2)], (2 # 0)

Dic biét néu z = r(cos + ising) # 0 thi
+ = [cos(-p) +isin(-9)].

Néu céc sb phuc z1, z» dugce cho dudi dang dai s6z1 = a1 + bii, z» = a» + by, thi phép chia d

uoc thuc hién nhu sau

21t _ =21z (aa+bii)(aa—bai)
z2 2275 | z |2
_ aiaxtbiby arbi—aib; -
N a3+b3 a3+b}

Chi thich. Tap hop C véi cac phép tinh cong, trir, nhan, chia nhu trén tao thanh mot truong
ma ta goi 1a trudng s6 phirc. Nhu véy truong sb phirc C 1a mé rong cua trudng sé thuc R.
« Phép liiy thira

T qui tic ctia phép nhan céac sé phuc dudi dang luong gidc, ta suy ra rang, néu
z = r(cos @ + isin@)
thi
z" = r"(cosn + isinng)
hay
[r(cos@ + ising)]" = r"(cosne + isinng).
Tur do6 ta suy ra cong thirc Moivre:
(cosp +ising)” = cosne + isinng, (n = 1,2,...).

» Phép khai can )

Gia st n la sO tu nhiér} vaz = r(c0§¢ +ising) # 0. Ta goi sO phtc { = iz 1a mot can bac n

cia znéu " = z. Muodn tim ¢ ta viét no dudi dang lugng giac § = p(cosf + isinf). Khi d6
[p(cosf + isin0)]" = r(cos@ + ising),

hay
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p"(cosnb + isinnd) = r(cose + ising).

Suy ra
{ pr=r,
n0 = ¢ + 2kn, k € 7 (tap cac sd nguyén)
hay
p=4r,
=22 ke
Vay

¢ = fF[cos(£35) +isin(£55) ], ke Z

Do tinh tudn hoan ciia cac ham lugng giac cos va sin, ta suy ra co n gia tri ¢ = yz khac nhau
ung véik =0,1,...,n—1.
Vidu. Tinh /1.
Tacd 1 = 1(cos0 + isin0)
vay
Cr=3z =31 = ﬁ(cos% +isin°+3ﬂ).
Cho k = 0,1,2 ta duoc 3 can bac ba khac nhau cua 1 1a

o =cos0+isin0 = 1,

— cos 2E 4+ isin2E — =L 4 ;3
{1 =cosS- +isinS- = 5- +i-5-,
= Ar oy oA oL A3
{2 = cos - Hisin=E = S5 — i
Hinh 48
Vi du. Giai phuong trinh ax?> +bx+c¢ =0, a,b,c € R, a # 0.
Tacod A = b% —4ac.
—b+JA -b—JA

i) Néu A > 0 : phuong trinh c6 2 nghiém phan biét: x; = S X2 =

ii) Néu A = 0 : phuong trinh c6 nghiém kép: x; =x; = 2.

iii) Néu A < 0 : thi yA c¢6 hai gia tri phtic lién hop VA = J(-A)i2 = +i/=A, voi J=A la can
—b+iJ—A

2a >

s6 hoc cua s6 duong —A. Do d6 phuong trinh ¢6 hai nghiém phirc lién hop: x; =

—b—iJ=A
X2 = 2a

Dinh 1y Viet van dung trong trudng hop nay, vi

=b
X1+X2 = —,

— N2
rir = ()7 -2 ()

b2 A __ b2—(b2-4ac)

T 42 442 442

- <
a

Chang han phuong trinh x2 —x+ 1 = 0 ¢6 A = 1 —4 = =3, nén né co hai nghiém phirc lién

. 143 —1-i 3
hQ’p. X1 = 5 , X2 = ) .
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§2. Phwong trinh vi phén cip 1

2.1. Cac khai niém chung

2.1.1. Pinh nghia. Phuwong trinh vi phin cdpl 1a phuong trinh ¢6 dang

(1) F(x,y,y) = 0, , ,

trong d6 F 1a mot ham theo ba bién d 6c 1ap. Néu giai dugc phuong trinh d6 doi vaéi y/ thi

phuong trinh vi phan cépl c6 dang

2 Y =fley) hay G- = flxy),

trong d6 / 1a mot ham theo hai bién d oc lap

Pinh nghia. Bdi todn Cauchy hay bai todn diéu kién dau 13 bai toan tim nghiém cta phuong

trinh vi phéan (1) hodc (2) thoa diéu kién

(3) y(xo) = yo ,

Pinh nghia. Nghiém ctia phuong trinh vi phan (1) hoac (2) trén khoang 7 1a mot ham so

y = @(x) xéac dinh trén I sao cho khi thay vao (1) hodc (2) ta duoc d dng nhét thirc trén 7 :
Fx,p(x),¢'(x)) =0, Vx e,

hoac

¢'(x) = flx,p(x)), Vx €1,
Vi du. Xét bai toan Cauchy

/ _
y =
dy

Tuy' = %, tacod—z% hay

Lay tich phan hai vé ta dugc
Injy| = Injx| + InCy, (C1 > 0).

+, y(1) =2
& _ax
dy X

Suy ra
y=0Cx, x 0, (C==x()).
Voix =1,y =2 thi 2 = C.1. Vay C = 2. Suy ra nghiém cuta bai toan la y = 2x, x # 0.
2.1.2. Pinh 1y vé su ton tai va duy nhit nghiém
Pinh ly. Xét bai toan Cauchy (2), (3). Néu ham s f{(x, ) lién tuc trong mién mo D < R2, thi
v6i moi diem
(x0,y0) € D, bai toan Cauchy (2), (3) c6 nghiém xac dinh trong mot 1an can cua xo.
Ngoai ra néu, dao ham riéng 2—5 lién tuc va bi chan trong D thi nghiém d6 1a duy nhét.
Dinh ly trén thudng dugc goi 1a dinh ly Peano-Cauchy-Picard. Ta cong nhan dinh 1y nay.
2.1.3. Nghiém tong quat, nghiém riéng, nghlem ky di, tich phan tong quat.
Thong thuong nghiém cta phuong trinh vi phan cdp mot thuong phu thudc vao mot hang s6
thuc C, va c6 dang

y=0C)

Dinh nghia. Ham s6y = o(x, C) d ugc g01 13 nghiém tong quat cua phuong trinh vi phan (1)
hodc (2) trong mién D < R2, néu véi moi diém (xo,y0) € D, ton tai duy nhat mot hang s0 Co
sao choy = ¢(x,Co) 1a nghlc—j:m ctia phuong trinh vi phén (1) hodc (2) thoa diéu kién dau
y(xo) = yo,

nghia 13: ton tai duy nhat mét hang s6 Cy sao cho

i/y = ¢(x,Co) la nghiém ctia phuong trinh vi phan (1) hoac (2) trong khoang nao d 6 chura x,
11/ y(xo,Co) = )o-. ]

Dinh nghia. Ta goi nghiém riéng cua phuong trinh vi phan cap mét 1a nghiém y = ¢(x, Cp) ma
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ta nhan duoc tir nghiém tong quat y = ¢(x, C) bang cach cho hing sb tiy ¥ C mot gia tri cu thé
Co. )
Tré lai vi du trén, ta thay

i y=0C,x=+0 ,
la nghiém tong quat cua phuong trinh ( C la mdt hang so tuy y),
/I _ Y
y =%

Ngoaira,y = 2x, (x # 0)
1 nghiém riéng cua phuong trinh trén, thoa d1eu kién dau y(1) = 2, (C = 2)
T4t nhién moi nghiém cua bai toan Cauchy déu 1a nghiém riéng. o
Pinh nghia. Nghiém khong thé nhan duogc tir nghiém tong quat cho du C 13y bat ky gia tri nao
s€ duoc goi la nghiém ky di.
Vi du. Xet phuong trinh vi phany’ = J1 —x2.
Ta co 17x_2 = dx. ‘ ,
Lay tich phén hai vé ta dugc arcsiny = x + ¢. Suy ra y = sin(x + C), C 12 hang s6 tuy y. Do 1a
nghiém tong quat.
Ngodi ra ta thdy y = %1 ciing 1 nghiém, nhung chiing khong nhan dugc tir nghiém tong quat.
Do la cac nghiém ky di. Khi giai phuong trinh (1) hodc (2) c6 khi ta cling khong nhan duoc
nghiém tong quat dudi dang twong minh y = @(x, C), ma nhan dugc mét hé thire c6 dang
4) d(x,y,C) = 0.
Khi d6 nghiém téng quat duge xac dinh dudi dang ham an. Phwong trinh (4) duoc goi 1a tich
phdn tong quat cua (1) hodc (2). Cho C = Cy ta dugc phuong trinh
(5) O(x,y,Co) = 0.
ma ta goi la tich phdn riéng cua phuong trinh vi phéan noi trén.
2.2. Phuong trinh vi phén cap 1 tach bién )
2.2.1. Pinh nghia. Phuong trinh vi phan cap 1 tdch bién la phuong trinh c6 dang
(6) Ax)dx + gy)dy = 0.
2.2.2. Cach giai: Lay tich phan bt dinh hai vé ta dugc tich phan tong quat

jf(x)dx + jg(y)dy = C.
Vi du: Giai phuong trinh vi phan

X
1+4x2

Ly tich phan, ta duoc

J. - dx +

I+x

<+ In(1 +x%) + +In(1+)?) = C,
In[(1 +x2)(1 +12)] = 2C}.

Ta dugc tich phan tong quat

(I+x)(1+y?) =C, (C=e*' >0).
Chu thich. Phuong trinh dang
(7) S10g10)dx + f2(x)g2(»)dy = 0

c6 thé dua vé dang (6) nhu sau:
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- Né}u g1(y) =0taiy = b (thcla g(b) = 0) thi y = b 1a nghiém cua (7).
-Néufa(x) = O taix = a(tucla f>(a) = 0) thix = a la nghiém cua (7).
- Néu g1(»)f2(x) # O thi chia hai vé cua (7) cho g1 (y)f2(x), ta dugc

£ ©0) 4
A Pt g =0

Léy tich phén hai vé ta duoc tich phan tong quat
j 1O g+ j £20) dy = C.

S2(x) 21
Vi du: Giai phuong trinh vi phan
v = xy(y +2).
Ta co

dy = xy(y + 2)dx.
-Néuy(y+2) =0thiy =0, y = -2 la nghiém cta phuong trinh. .
- Céac nghi¢m khéc tim dugc bang cach thi chia hai vé cua phuong trinh cho y(y + 2) r6i lay
tich phan, ta dugc

f dy —_[xdx=C1

y(+2)
L - b -
In|-Z | -x2=1InC = 2C;.
y+2

Vay tich phén tong quat 1a

2| = ce”, (C>0)

Chu thich. Phuong trinh dang

(7) y' = flax + by + c)

c6 thé dua vé phuong trinh vi phan tach bién bang cach d6i qua an ham méiz = ax + by + c.
That vay

dz _ dy _
E=a+tb_- =a+bflz)

Néua+ bfiz) = Okhiz = 2o, thi ax + by + ¢ = zo la nghiém cta phuong trinh vi phan noi trén.
Cac nghiém khac tim dugc bang céach thi chia hai vé ciia phuong trinh cho a + bf(z) r0i lay tich
phan, ta duoc

dz _
.[ b X C.

Vi du: Giai phuong trinh vi phan
Vi =kx-y+1)>%
bat z =x—y+1thi z/ = 1-)/. Thay vao phuong trinh, tac6 1 -z =z hay
dz = (1 —z%)dx.
«Néul-2z2=0thi z= 1,z = —11a cic nghiém. Chuyén vé an ham cii bang cach thay vao
z=1*l,tacd y=x, y=x+2 lacacnghiém riéng.
«Néu 1 —z? # 0. Chia hai vé cho 1 —z? ta ¢6

= = dx.
1—z

Lay tich phan hai vé, ta duoc
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+In|Z| =x+1InC, C>0.
Suy ra
|ﬂ = Ce*, C> 0.

z—1

Sau cling, ta duoc tich phan tong quat
2| = Ce>, C> 0.

=y

2.3. Phuwong trinh vi phén d dng cap cip 1

2.3.1. Pinh nghia. Phuong trinh vi phan ddng cdp cdp 1 1a phuong trinh ¢6 dang
(8) ¥ =A%),

trong d6 £1a ham sé cho trude. o 9 7
2.3.2. Cach giai: Ta dua v€ phuong trinh vi phan tach bién bang cach d 61 qua an ham mai
= 2. Khi d6
y=ux, y =xu+u.

Thay vao (8) ta duogc

xu' +u = fu).
hay

X ZZ = flu) —u.

«Néu flu) —u # 0, taco
dx _ __du
. NORS

Day la phuong trinh vi phan tach bién Tich phan hai vé ciia phuong trinh d6, ta dugc

Injx| = T ) + In|C| = ®(u) + In|C],
trong 46 ®(u) = | o ) —. Do d6 x = Ce®™. Vay tich phan tong quat cua (8) 1a
x = Ce®0m)
- Néu flu) — u = 0, thi Ay/x) = y/x va phuong trinh (8) c6 dang
dy _ ¥
= =%
hay
dy _ dx
¥ X

Tich phan hai vé cua, ta duoc
Injy| = Injx| + In|C} ]|,
hay
y=0Cx, x =0

1a nghiém tong quat ctia (8) trong truong hop f(y/x) = y/x.

« Néu flu) —u = 0, tai u = uo thi bang cach thir truc tiép ta thdy rang ham y = uex, (x = 0)
cling 1a nghiém cua phuong trinh da cho.
Vi du: Giai phwong trinh vi phan dang cap
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Y

/ oxty L+
y = x=y l—i,; .
Ta viét lai phuong trinh vi phan & trén nhu sau
/o 4%
=

X

Dit + = uhayy = ux, tacody’ = u/x + u, va thay vao phuong trinh, ta c6

1+u
1-u

ux+u=
hay
dx _ _1-u
1+u? du
Lay tich phan hai vé, ta dugc

Injx| = [ -
_ du udu 1
T J. 1+u? 2 ln|C|

= arctgu — + In(1 + u?) + 5 In|C],

1— 1
+uu2 du + 5 ln|C|

hay
In[x?*(1 + u?)] = 2arctgu + In|C|,
do do
x2(1 + MZ) _ CleZarctgu
hay

X2 +y2 — CleZarctg(y/x)’ Cl > 0.
Chu thich. Phuong trinh dang
/ a1 x+biy+cy
(9) Y _]( arx+byytes )’
trong dg’) ai, by, c1,a, by, ¢y 1a cac héng s6 cho truée, c¢6 thé d va vé phuong trinh vi phan
dang cap. That vay, ta xét hai truong hop:

b
Da=| " 7" | = aby—asby # 0 : Khi dé hé

a) bz
aix+biy+ci =0,
axx+byy+cy =0,
c6 mot nghiém duy nhat (xo,y0). Khid 6 dat X = x —xo, ¥ = ¥ —yo,taco

Y = Y(X) = y(x) - yo. Cling chu }'/,rallng Y'(X) = y/(x), sau khi thay vao phuong trinh, ta nhan
dugc phuong trinh vi phan dang cap:

) _f( a1 (X+x0)+b1 (Y4yo)+cy ) _f( 01X+blY> _ arthi ¢ ) _ 7(1)
- ar(Xaxo)+br(YHvo)+er ) arX+b,Y ) arthy L - X/

=a1by —ab; =0 :Khiddtaco A € Rsaochoa; = Aayz, b1 = Abs.

.. a b
1) A =
a) bz
Dit Z = axx + byy thi Z' = ay + byy' va ta dugc phuong trinh vi phan tach bién
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AZ+c _
Z' = a> + bof (L) = 0(2).
Vi du: Giai phuong trinh vi phin
(x+y+2)dx+ (2x+2y—1)dy = 0.

x+y+2=0,
2x+2y—-1=0,
vo nghiém. Pat Z = x + y, tac6 dZ = dx + dy.

Vay ta viét lai phuong trinh vi phan & trén nhu sau
(Z+2)dx+ (2Z-1)(dZ—-dx) =0,

He

hay
B-2)dx+(2Z-1)dZ = 0.

+Néu Z—-3 =0, thi Z = 3 1a nghiém hay x +y = 3 la nghi¢m.
«Néu Z—-3 # 0, thitacod

27-1 —_
ﬁdZ = dx.

Lay tich phén hai vé, ta dugc
[2&Laz = [ax+C
hay
2Z+5n|Z-3]-x=C.
Suy ra tich phan tong quat ctia phuong trinh vi phén 1a
X+2y+S5nx+y-3| =

2.4. Phuong trinh vi phan tuyén tinh cip 1 )
2.4.1. DPinh nghia. Phuong trinh vi phan tuyén tinh cap 1 1a phuong trinh c6 dang
(10) Y 4Gy = (0,
trong do6 p(x), g(x) la cac ham s6 lién tuc cho trude.
Neu q(x) = 0, thi (10) duoc goi 1a phwong trinh vi phan tuyen tinh cap 1 thuan nhat.

) Néu g(x) = 0, thi (10) duoc goi 14 phuwong trinh vi phdn tuyén tinh cap 1 khéng thuan
nhat.
2.4.2. Phwong phap bién thién hing s6 (Lagrange)
Trude hét ta xét phuong trinh vi phan tuyén tinh cap 1 thuan nhét tuong Gmg vai (10)

(11) ¥ +px)y =0,
hay L= —p(x)y.
Voiy # 0,tacod

= —p(x)dx.
Léy tich phan hai vé, ta duoc



100

Injy| = —jp(x)dx+ InC;.
Do do
(12) y = ce I

D6 1a nghiém tong quét cua phuong trinh (11). Ta thdy y = 0 cﬁng la nghi¢m cta phuong trinh
(11) va ciing la mét nghiém riéng cua phuong trinh (11) tmg v6i C = 0.

Béy gid ta coi C khong phai 1a hang s6 ma 1a mot ham kha vi theo bién x. Ta s& tim ham s6

C = C(x) dé biéu thuc

y = Cwe

1a nghiém ctia phwong trinh khong thuan nhat (10). Liy dao ham (12), ta d wgc

y = C/(x)e_-[p(x)dx —p(x)C(x)e_Jp(x)dx.
Thay vao phuong trinh (10), ta duoc

(x)dx

C/(x)e‘I PR = g,

hay
dC = q(x)ej.p(x)dx.
Lay tich phan hai vé, ta dugc

C=Ckx) = Iq(x)ejp(x)dxdx + Cj.
Do d6 nghiém tong quat cia phuong trinh tuyén tinh khong thuan nhat (10) 1a

(13) y=e J.p(x)dx|:_|‘q(x)e-[p(x)dxdx + C :|

Vi du: Giai phuong trinh vi phan

¥y +ycosx = ein¥,
Xét phuong trinh thuan nhit twong tng

¥y +ycosx = 0.

Véiy # 0,tacod
dy

- = —cosxdx.
Lay tich phén, ta dugc

Injy| = —sinx + InC;.
Do do

y = Ce™sinx,

bay l1a nghiém tépg quat cua phuong trinh thuan nhat. Mt khac y = 0 ciing 14 nghiém cua
phuong trinh thuan nhat. tng vé1 C = 0. . )
Bay gio ta s€ tim nghi¢m cua phuong trinh khong thuan nhat dudi dang
y = C(x)e—sinx,
v6i C = C(x) can phai tim. Thay vao phuong trinh da cho, ta dugc
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C!(x)e s~ — cosxe ¥ C(x) + C(x)esn* cosx = esin*,
hay
C'(x) = 1.
Léy tich phan, ta dugc
C(X) =x+ Cj.
Véy nghi¢ém tong quét ctia phuong trinh da cho 1a
y=(x+Cpe™m.

2.4.3. Phuwong phap Bernuoulli . )
Ta s€ tim nghiém cua phuong trinh khong thuan nhat (10) duéi dang

(14) y = u(x)v(x).
Thé vao (10), ta duoc
u'v+u' +p@uy = g(x),

hay

(15) [u/ + p@)ulv +uv' = g(x).
Chon u(x) 1a mt nghiém cua phuong trinh

(16) u' +p)u =0,

ta co

(17) = efj.p(x)dx

T (15)—(17), ta duoc
v/ e_j P q(x).
Vay
v(x) = J.q(x)e-‘.p(x)dxdx + C.

Cudi cing ta nhan duoc nghiém téng quét cho boi (13).
Vi du: Giai phuong trinh vi phan

y/sinx —ycosx = —Sif%.
bat y = u(x)v(x), ta co
u'vsinx + uv' sinx — uvcosx = —Si;%,
hay
v[u' sinx — ucosx] + uv'sinx = —ST#,

Chon u(x) 1a mot nghiém cia phuong trinh

u' sinx —ucosx = 0,
ta co thé 1y u = sinx. Vay ta c6 phuong trinh
/ sinZx

sin?y = —SiLx

v 2
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hay V= ——.
Tich phan, ta duoc
v(x) = + +C.
Vay
y=uv = (L + O)sinx.

2.4.4. Phuwong phap thira 50 tich phén
Nhén hai vé cua (10) véi thura s6

J. px)dx
e b
ta duoc

y/e‘[p(x)dx +p(x)ejp(x)dxy _ q(x)e.[p(x)dx’

A gs o 4l A . \ X y A d A K a2 ,
ma vé trai cua dang thirc nay chinh la dao ham cua tich so yeJ. Peo § Vay ta viét lai dang thirc

nay nhu sau
) |:ye.|.p(X)dx:| _ q(x)ej”(")d".

Léy tich phan hai vé, ta duoc

ye-[ PO _ jq(x)ej i el

Vay nghiém téng quat cia (10) 1a
y=e Jp(x)dx|:j q(x)ejp(x)dxdx + C:|.

Vi du: Giai phuong trinh vi phan

¥y +2xy = 4x.
Nhan hai vé ctia phuong trinh véi thira sd
. [axax _ o,
ta duoc
yer + 2xery = 4xe”,
hay

d%(yexz) = 4xe*.
Lay tich phan hai vé, ta dugc
yer' = 4jxex2dx +C=2e" +C.
Vay nghiém tong quét cua (10) 1a
y=2+ Ce™.
2.5. Phwong trinh vi phian Bernuoulli

2.5.1. Pinh nghia. Phuong trinh vi phan Bernuoulli 1a phuong trinh c6 dang
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(18) Y +p()y = gy,
trong d6 p(x), ¢(x) 1a cac ham sé lién tuc cta x cho trude va a la mot hing §6 thue cho truge.
Vi a = 0, thi (18) 1a phuong trinh vi phan tuyén tinh cap 1 khong thuan nhat.
Y +p@)y = q(x).
Véia = 1, thi (18) 12 phwong trinh vi phan tuyén tinh cdp 1 thuan nhét.
V' +[p(x) =gy = 0.
O day tachicanxéta # Ovaa = 1.
2.5.2. Cach giai
Giaswra #Ovaa + 1. )
Néu a > 0, thi y = 0 1a mot nghiém riéng ctia (18). Nguoc lai néu a < 0, thi y = 0 khong la
nghiém cua (18). )
Gia su y # 0, chia hai vé cua (18) cho y¢, ta dugc
v+ ply' ™ = q(x).
itz = y' tacodz’ = (1 — a)y ™y va phuong trinh trén dugc viét lai
(19) Z+(1- a)p(x)z =(1- a)q(x)
baéy la phuong trinh vi phan tuyén tinh cap 1 d6i v6i an ham z. Sau khi giai tim duoc nghiém
tong quat cuia phuong trinh (19), ta trd vé 4n y béi cong thire z = %, ta d wgc nghiém tong
quéat cua phuong trinh (18).
Vi du: Giai phuong trinh vi phan
(20) y = 2xy = 4x3y2.
Day la phuong trinh vi phan Bernuoulli img véi o = 2 > 0, do d6 thi y = 0 1a mot nghiém
riéng cua phuong trinh.
Gia st y # 0, chia hai vé cua phuong trinh cho 2, ta dugc
Y2y = 2xy7! = 4x3,
biatz = y7!, khi d6 ta ¢6 z/ = —y~2y’ va phuong trinh trén tré thanh
(21) z/ + 2xz = —4x3.
bay la phuong trinh vi phan tuyén tinh cap 1 giéi v6i an ham z.
Nhan hai vé ctia phuong trinh (21) v6i thura s6

2xdx 2
eI = ev,

ta duoc
e + 2xe¥’z = —4x3e*,
hay
4 (ze*') = —4x3e”.
Léy tich phan hai vé, ta duoc
ze® = —4_[x3€x2dx +C.

Doi bién 1 = x2, dt = 2xdx, ta co
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ze® = —2Ite’dt + C = 2[te' — _[e’dt] +C
=2(t-1)e'+C
= 2(x2 - 1)’ + C.
Vay nghiém téng quat cia (21) 1a
z=-2x>+2+Ce™,
Trd vé an cil ta thu duoc nghiém tong quat cia (20) 1a

_ 1 _ 1
y==z=

X204 Ce

§3. Phuong trinh vi phan cap 2

3.1. Céc khai niém chung

3.1.1. Pinh nghia. Phuwong trinh vi phén cdp?2 1a phuong trinh ¢6 dang

(22) F(x,y,y/,y//) =0,

trong d6 F 13 mot ham cho trude theo bon bién doc 1ap. Néu giai & uge phuong trinh (22) d6i
v6i y thi phuong trinh vi phan cip 2 ¢6 dang

(23) yh= ey,

trong d6 f 1a mt ham cho trudce theo ba bién doc 1ap.

Nghiém ctia phuong trinh vi phan (22) trén khoang 7 1a mot ham sé y = ¢(x) xéac dinh trén 1
sao cho khi thay vao (22) ta d woc dong nhat thirc trén 7 :

Flx,0(x),9'(x),9"(x)) =0, Vx el
Vi du. Giai phuong trinh vi phan
Y/ = 6x+2.
bity = Z tacoZ =y’ = 6x +2,

suyra Z = [Zdx+Cy =3x>+2x+ (),
thclay’ = 3x2 +2x + Cj.
Vayy = [ (3x? +2x+ C1)dx + C2 = x* +x? + Cix + Ca.
Ta thay phuong trinh vi phan cap2 c¢6 nghiém phu thudc vao hai hang s6, nén dé xac dinh mot
nghiém cu thé can c6 hai diéu kién nao d6. Nguoi ta thuong xét bai toan Cauchy(bai toan diéu
kién dau). Bai toan Cauchy 14 bai toan tim nghiém ctia phurong trinh vi phan cap 2 thoa diéu
kién dau
4y V(o) = yo, ¥/(x0) = ¥
vOi X0, Yo, Vo 1a nhitng s6 cho trudec.
3.1.2. Pinh Iy vé su ton tai va duy nhat nghiém

Néu ham sb f(x,y,»") lién tuc trong mién mé& nao do chira (xo, 0, Vy), ton tai nghiém cua
bai toan (23), (24).
Hon nita, néu %’:, ;—y’[/ lién tuc va bi chén trong mién m& nao dé chua (xo, Y0, yf)), thi nghi¢m
ay 1a duy nhat.
Ta cong nhan dinh 1y nay.
3.1.3. Nghiém ciia phwong trinh vi phin cép 2
Nhu da thay, nghiém ctia phuong trinh vi phan cap hai thuong phy thudc vao hai hiang sé thuc
C1,C,, vaco dang
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y=0xC,C2)
Dinh nghia. Ham s6 y= o, Cy, C 2) duoc g01 la nghzem tong quat cua phuorng trlnh vi phan
cép hai (23) trong mién D < R3 néu (xo,0,vp) € D, ton tai duy nhat mot cdp hang sb (Cl,Cz)
saochoy = go(x Y Cz) 1a nghiém cta phuong trinh vi phan (23) thoa cac diéu kién dau
¥(x0) = yo. ¥'(x0) = . 7
Vi du. Phuong trinh vi phan y” +y = 0 c6 nghiém tong quat y = Ci cosx + C sinx trong R?.
That vay, trudc tién ta thay ham s6 do 1a nghiém cua phuong trinh y” + y = 0 véi moi hang so6
C1,C; (kieém tra tryc tiép). Lay (xo,yo, yf)) € R3, dicu kién dau (24) ¢6 dang

Cicosxo + Crsinxg = yo,
(25) 1 ' 0 2 0 yo/
—Cysinxg + C2cosxg = V.
Coi C1,C, nhu la an, hé phuong trinh tuyén tinh (25) c6 nghiém duy nhat (CY, CY), vi dinh
thirc ctia hé nay bang 1 # 0. Vay ton tai duy nhat mot cap (C9,C9) dé ham ‘ ‘
y = CYcosx + CYsinx 1a nghiém ctia phuong trinh vi phan y” + y = 0 thda cac diéu kién dau
(25).
binh nghia. Nghiém nhén duoc tir nghiém tong quét y= @(x,C1,C,) bang cach cho cac hing
s6 C1,C, nhitng gia tri cu thé & woc goi 1a nghiém riéng.
Dinh nghia. Phuong trinh

q)(xaya Cla C2) = 0

cho ta méi quan hé gitra bién doc 1ap va nghiém téng quét ctia phuong trinh vi phan cip hai
duoc goi la tich phan tong quat cua no trén. i
Néu cho C; = CY, C; = CY la nhiing gia tri cy thé ta dugc phuong trinh

D(x,y,C9,CY =0
ma ta goi no 1a tich phdn nghiém riéng cia phuong trinh vi phén noi trén.
Vé phuong dién hinh hoc, tich phan tong quat ctia phwong trinh vi phén cap hai x4c dinh mot
ho duong cong trong mit phang toa dé phu thudc vao hai tham sé tuy y. Cac d wong cong 4y
dugc goi 1a dwong cong tich phan cia phuong trinh vi phan.
3.2. Phuong trinh vi phan cap hai gidm cap dwgc
Béy gid ta xét phuong trinh vi phan cip hai c6 dang

v =,y

ma ta c6 thé dua ching vé cip mot.
3.2.1. Phuong trinh vi phan dang )’ = f(x)

(26) Y= flx)
Ciach giai. Vi y”/ = (y/)/ nén tir (26) ta c6
y = _[f(x)dx+ C.

Léy tich phan mét lan nita, ta d woc
y = j(jf(x)dx)dx + Cix + Cs.
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trong d6 C1, C; 1a céc hang s tuy §.
Vi du. Tim nghiém tong quat va nghiém riéng ctia phuong trinh vi phan
y/ = sinx
thoa cac diéu kién dau
¥(0) =0, Y(0) = 1.
Ta co:
(27) y' = [sinxdx + Ci = —cosx + C\.
Do d6 nghiém tong quat ctia phuong trinh di cho 1a

/= |(~cosx + Cy)dx + C

(28) Yy j( 1) 2
= —sinx + Cix + C».

Mt khac khix = 0 thi y = 0 nén tir (29) tacd C2 = 0. Khix = 0 thi / = 0 nén tir (27) ta c6

1 = -1+ Cyhay C; = 2. Do dé nghiém rié€ng cua bai todn Cauchy da cho la y = —sinx + 2x.
3.2.2. Phuong trinh vi phan dang y” = f(x,)’)

(29) v = fx,y")
Cach giai. bat y' = p, khi d6 )" = p/ va (29) c6 dang
P ) ,
Day la phuong trinh vi phan cap 1. Néu giai duoc, ta c6 nghiém tong quat 1a
p = o, C).

Viy' = p,néntacod
V= ox,Ch).
Suy ra nghiém tong quat ciia phuong trinh (29) 1a
y = jgo(x,Cl)dx + Cs.
Vi du. Giai phuong trinh vi phan

/

YW=x-.

bit y/ = p, tacody’ = p’. Do d6 phuong trinh da cho c6 dang
p=x-%

hay
pl+s=x

D6 1a phuong trinh vi phan tuyén tinh cdp 1. Nhan hai vé véi x, ta dugc
xp/ +p = x2,

hay
L) = 2

Lay tich phén hai vé, ta dugc
xXp = % +Cy,

hay
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Do d6 nghiém tong quét cuia phuong trinh da cho 1a
y= I();—z + S)dx + C,

= £+ Cy Infx|)dx + Co.

3.2.3. Phuong trinh vi phan dang y” = f{(y,)')

Cich giai. Dat y' = p = p(y) va xem nhu 1a ham cta y. Liy dao ham hai vé cua dang thirc ndy
theo x, ta co

f_ b _dd
y_dx_dydx_pdy'

Khi d6, phuong trinh da cho c6 dang
p'% = f0.p).

D6 1a phuong trinh vi phan cap 1 véi an ham 1 p = p(y). Néu phuong trinh ndy giai duoc, ta
co

p = QD()/,CI),
hay
d
d_i = (p(ya Cl)a
dy
sy
Do d6 nghiém tong quat ctia phuong trinh da cho 1a
V=9, Ch).
Suy ra tich phan tong quat ctia phuong trinh d3 cho 1a
y _ _
j 000 x+ Cs.
Vi du. Giai phuong trinh vi phan
yy// _y/2 =0.
bit y = p = p(y). Tacdy” = Z—i = Z—i% = pj—’; va phuong trinh d 4 cho c6 dang
L _p? =
dy ?
hay
d
pO4 —p) = 0.

Do dé ta dugc hodc p = 0, hoac léyj—’y’ -p=0.
Néup =0,tac6y’ =p=0,suyray = C.

A d, A . A e <\ A
Néu y% — p = 0, ta nhan hai vé voi thira s6 -, ta thu dugc
Yy
L 1,
Y dy yzp - Y
hay
d (1) _
(P =0,

Lay tich phén hai vé, ta dugc
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Lp =Ci, hay p = Ciy, hayy' = Ciy.
Lay tich phan mot 1an nira, ta d woc y = CreCr.
Néu lay C; = 0, ta duoc y = C, 1a nghiém da thay & trén. Vay nghiém téng quét ctia phuong

trinh d a cho la . )
y = C2e¢*, C1,C, 1acac hing so tuy y.

3.3. Phuwong trinh vi phan tuyén tinh cip 2 cé hé s hang

3.3.1. Pinh nghia. Phuong trinh vi phan tuyén tinh cip 2 c¢é hé s6 hang 1a phuong trinh c6
dang
(30) V' +py+qy=1fx), a<x<b,
trong do p, g la cac hang sd. Ta ludn gia thiét f{x) ham lién tuc trong khoang (a, b).
Néu f(x) = 0, phuong trinh
(D) y'+py' +qy =0,
duoc goi 1a phuong trinh thuan nhét twong tmg voi phuong trinh (30). Ky hiéu vé trai ca (30)
la L(y), tic la
L) =y"+py' +qy = 0.
Khi d6 L 1a mot anh xa tuyén tinh. Tinh chit tuyén tinh dugc thé hién nhu sau:
i) Ly1+y2) = Ly1) +L(2),
ii) L(Cy) = CL(y), C lahang sb
Céc tinh chét nay duoc kiém tra d& dang. Vay cac phwong trinh (30) va (31) c6 thé viét duéi
dang
(32) L(y) = 0,

(33) L(y) =0,

Tir cac tinh chét tuyén tinh ta thay rang, néu y, (x) va y,(x) 1a nghiém cua phuong trinh thuan
nhit (31) thi Ciy1 + Cay, cling 1a nghi¢ém cua phuong trinh thuan nhat (31), trong do Ci,C> 1a
cac hang s tuy y.

- Bai toan Cauchy

Xét bai toan tim nghiém cua phuong trinh (30) thoa diéu kién dau

(34) ¥(x0) = yo, ¥'(x0) = o,
vOi xo € (a,b), 0,y , cho trudce.Ta cong nhén két qua sau:
Dinh ly (sw ton tai va duy nhit nghi¢m)

Néu ham s6 f(x) lién tyc trong khoang (a,b), thi v6i moi xo € (a,b), va v6i moi yo, yg cho
trudc, bai toan Cauchy (30),(31) co duy nhat mot nghiém.
Dinh nghia. Hai ham s6 y: (x) va y2(x) duoc goi 1a phu thugc tuyén tinh trong khoang (a, b),
néu ton tai cac sé a1, a, khong d dng thoi bang khong, sao cho

(35) a1y1(x) + axy2(x) =0, Vx € (a,b).
Trudng hop nguoc lai, tirc 1a chi dang trong truong hop duy nhat o, = as = 0 thi cdc ham s6
yi1(x) va ya(x) duoc goi la d oc lap tuyen tinh.

Nhu véy, cac ham sd y1(x) va y(x) 1a doc 1ap tuyén tinh khi va chi khi y'(x)

khong 13 hang s6.
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3.3.2. Phuong trinh vi phén thu?l,n nhét

Xét phuong trinh vi phan thuan nhat (31)

(31) y'+py +qy=0.

Trudce hét ta 1ap mot vai kéthué bd tro.

Pinh nghia. Cho hai ham so0 y(x) va y2(x) c6 dao ham trong khoang (a, ). Khi d 6 dinh thirc

W) = Wiyipa] = det y/l(X) y/z(X)
yi(x) ya(x)

= 102 () =31 (Dy2(x) = 0
duoc goi l1a dinh thire Wronski cua cac ham y; (x) va y»(x).
Pinh ly. Néu hai ham s6 y; (x) va y,(x) c¢6 dao ham y/l (x), y/z (x) phu thudc tuyén tinh trong
khoang (a,b), thi dinh thirc Wronski W(x) = 0, Vx € (a,b).
Chirng minh. Gia st ton tai xo € (a,b) sao cho W(xo) + 0 va
ay1(x) + ay2(x) =0, Vx € (a,b).
Léy dao ham, ta duoc

aly/l(x) +a2y/2(x) =0, Vx € (a,b).

Cho x = xo ta duoc hé phuong trinh dai sé tuyén tinh véi cac an a1, a; :
a1y1(xo) + a2y2(x0) = 0,

a1y (x0) + a2y (xo) = 0.
Hé d6 co6 dinh thirc W(xo) # 0, vaynoco nghiém tam thuong duy nhat a; = a» = 0, tac 13,
y1(x) va y2(x) doc lap tuyén tinh. Ppem.
Dinh ly. Xét phuong trinh vi phan thuan nhat (31). Hai nghi€ém y1(x) va y>(x) cua n6 doc lap
tuyén tinh khi Vé’chi khi dinh thiee Wronski Wy1,y2] # 0, Vx € (a,b).
Chirng minh. Néu Wiyi,y2] # 0, trong (a,b), thi theo dinh ly trén, cac ham y,, y» ctia n6 doc
1ap tuyén tinh. ) .
Nguoc lai, Gia st hai nghiém y;(x) va y2(x) cta n6é doc lap tuyén tinh trong (a,b). Ta can
chung minh W(x) = 0, Vx € (a,b).
Gia su nguoc lai, Ixo € (a,b) sao cho W(xp) = 0. Khi d6 hé
a1y1(xo) + azy2(x0) = 0,

(36) ) )
a1y1(xo) + a2y5(x0) = 0,
c6 dinh thitc W(xo) = 0, nén c6 nghiém khong tam thuong( khong dong thoi bang khong).
Xét ham so

y = a1y1(x) + azy2(x).
Ham nﬁy cting la nghiém cua phuong trinh thuan nhat (31). Hon nira, theo (36) thi nghiém do
théa man diéu kién dau

y(xo) =0, y'(x0) = 0.
Nhung theo tinh duy nhat nghiém ctia bai toan Cauchy, d6 chinh 1a nghiém y = 0 trong (a, b),
vay

aiy1(x) + ay2(x) =0, trong (a,b),
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tuc 1a y; va y» phu thudc tuyén tinh. Dinh ly duoc ching minh.

Dinh ly. Cho y1(x) va y(x) 12 hai nghiém dgc 1ap tuyén tinh trong (a, b) cta phuong trinh
thuan nhat (31). Khi d6 nghiém tong quat ctia phuong trinh (31) ¢6 dang

(37) y = Ciyi1(x) + Coya(x),

v6i C1, C; 1a hai hing sb. , ‘
thi’ﬂg minh. Hién nhién ham s6 c6 dang (37) 1a nghi¢m cta phuong trinh (31) v&i moi hang
sO C] , Cz

Nguoc lai, Gia siru = u(x) 1a nghlem cua bai toan (31), (34) Ta can ching minh rang, khi d6
ton tai duy nhat mot cip so C9,CY sao chp u= Cyi(x) + Ca(x).

Véi xo, uo, uo ta xét hé phuong trinh véi an la Cy, Cs.

(38) C1y1(x0) + Caya(x0) = uo,

C1y1(xo) + Caya(xo) = ug.

Dinh thirc ctia hé phuong trinh nay 1a

yi(xo) y2(x0) :| 0.

Y1) ¥3(x0)
vi hai nghiém y, y» ddc lap tuyén tinh. Vay hé (38) c6 mot nghiém C9, CY duy nhét. Diéu nay
co nghTa la
u=C(x) + Chn(x) la nghiém cua phuong trinh (31), thoa didu kién (34).

Nhu vdy mudn tim nghiém tong quat cua phuong trinh thuan nhét (31), ta chi can tim hai
nghiém riéng d Oc lap tuyén tinh cua no, roi 1ay to hop tuyén tinh cua chung.

Ta tim nghiém riéng cua (31) dudi dang

(39) y =e",

trong d6 k 14 mot hang s nao d6. Ta co

V= keke, )/ = k2ekr,
Thay céc biéu thirc y, )/, y” vao (31) ta dugc

e (k> + pk+¢q) = 0.

Wi(xo) = det

VieX # 0 nén ta duogc
(40) k> +pk+q=0.

Vay néu k thoa man phuong trinh (40) thi ham y = e 1a mot nghiém riéng ctia phwong trinh
(31). Phuong trinh (40) dugc goi 1a phuong trinh déac trung ciia phuong trinh vi phan (31). Co
ba truong hop sau day

1) Phuong trinh (40) c6 hai nghiém thyc phan biét &, 4».

Khi d6 ta c¢6 hai nghi€ém ri€ng ctia phuong trinh (31) 1a
yl _ eklx’ V2 = ekzx.

Hai nghiém 4y doc 1ap tuyén tinh, vi
o = el o) + hang sb.

Do d6 nghiém tong quat ctia phuong trinh (31) 14
y = Cieh* + Cref>

trong d6 C;,C, 1a cac hang sb tuy .

Vi du. Giai phuong trinh vi phan
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y/' -6y +8y=0.
Phuong trinh dac trung cua no 1a
k* —6k+8 = 0.
Phuong trinh dac trung c6 hai nghiém thyc phén biét ky = 2, k» = 4.
Do d6 nghiém tong quat ctia phuong trinh da cho 1a . )
y = Cie® + Cre*, trong d 6 C1,C, 1a cac hang so tuy y.
i1) Phuong trinh (40) c6 nghiém kép k1 =k, = —p/2.
Luc d6 ta c6 mot nghiém riéng cta phuong trinh (31) 14 y; = €61, Ta s€ ching minh
y2 = xef1* cling 1a mot nghiém riéng cua phuong trinh (31). That vay, ta ¢
yh = e + kpxek™ = (1 + kix)eh,
klek‘x + kl(l + k1x)€k1x
= (2ky + k2x)e.
Thay céc biéu thic y2, v5, ¥4 vao (31) ta duge

/
Y2

Y2 +pys+qyr = e [(2ki + kix) + p(1 + kix) + gx]
= e [(k? + pky + q)x + (2k1 + p)].
Vi k1 = —p/2 1a nghiém kép cua phuong trinh (40) nén
k¥ +pki+q =0, 2k; +p = 0.
Vay
v +pyy+qy: = 0.

Hai nghiém y; va y, doc 1ap tuyén tinh, vi

22 = x +héng sb.
Vay nghiém tong quét cuia phwong trinh (31) 1a

y = Cieh* + Coxeh™ = (Cy + Cax)er,
trong d6 C1,C> 1a cac hang sb tuy .

ii1) Phuong trinh (40) c6 hai nghiém phuc lién hop k1 = a +if, k» = a —if.
Ta c6 hai nghiém riéng ctuia phuong trinh (31) 1a
T, = ekix = el = puveifs,
7, = el = elaiPx = guvg-ifx,
Dung cong thirc Euler
e'Px = cos Bx + isin Bx, e = cos Bx — isin fBx,

ta duoc

= e*(cos fx + isin fx),

< <

, = e*(cos Bx — isin fx).

Khi @6 cac ham
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y1 = —5—+ = e*cosfr,
V2 = yI;iyZ = e™sin fx,

cling 1a cac nghiém cua phuong trinh (31). Hai nghiém nay doc 1ap tuyén tinh, vi
Y1

» 5y = cotgpPx * hang sd.
Do d6 nghiém tong quat ctia phuong trinh (31) 1a
y = Cre™cos Bx + Cre™ sin fx
= e®(Cj cos fx + C sin fix),
trong d6 C,C, 14 cac hang sd tuy .
Vi du. Giai phuong trinh vi phan

y'+4y +4y =0.
Phuong trinh dac trung cua no 1a
k* +4k+4 = 0.
Phuong trinh dac trung c¢6 mot nghiém kép k1 =k, = 2.
Vay nghiém tong quat cua phuong trinh da cho la . )
y = (C1 + Cx)e >, trong @ 6 Cy, C; 1a cac hang so tuy y.
Vi du. Giai phuong trinh vi phan
Y/ +2y +4y = 0.
Phuong trinh dac trung cua no 1a
k*+2k+4 = 0.
Phuong trinh dic trung ¢6 hai nghiém phtrc lién hop k1 = =1+ i3, ky = =1 —i/3.
Do d6 nghiém tong quat cua phuong trinh da cho la . )
y = e™(Cicos3x+ Cysin4/3x), trong 46 C1,C; 1a céc hang so tily §.
3.3.3. Phuong trinh vi phan khong thuan nhat . )
Bay gio ta xét phuong trinh vi phan tuyén tinh khong thuan nhat (30) sau
(30) Y +py +qy=£fx), a<x<b,
trong do p, g 1a cac hing s6 va ham f{x) ham lién tuc trong khoang (a, b). Xét phuong trinh vi
phan thuan nhit trong tng v4i phuong trinh(30)

G Y+ py' +qy = fix).

Dinh ly. Nghiém téng quat cta phuong trinh khong thuan nhat (30) bang tong ctia nghiém
tong quét ciia phuong trinh thuan nhat twong tng (31) voi mot nghiém riéng nao d6 cua
phuong trinh khong thuan nhét (30).

Chung minh. Goi y,, 1a nghiém téng quat cua (31) va y, 1a nghiém riéng cia (30).

Daty =y, + ..

Tacoy =y, +yr, V' y,q i
Khi d6, thay y, y/, y" vao vé tréi cta (30), ta c6 y = yy, + y, la nghiém cta phuong trinh khong
thuan nhat (30), boi vi
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L) =y"+py +qy
= L(yy) +L(»)
=0+ f(x) = flx).

Nguogc lai, cho y 1a mdt nghiém cua (30). Do y, cling la nghiém cua (30), nén hi¢u s6 hai
nghiém u(x) = y(x) — y,(x) l1a nghiém ctia phuong trinh thuan nhat (31), béi vi,

L) =Ly -yr) =LO) - L)

= flx) - flx) = 0.
Theo dinh 1y vé ton tai va duy nhat nghiém thi nghiém cta (31) c6 dang (37):
u = C1y1 + Cz)fz, . )
trong do y1, y» la hai nghiém ddc 1ap tuyén tinh cta (31), Ci, C; 1a cac hang so thich hgp. Vay

Yy =uty,=Ciyi+Coyr+yr . )
Dinh ly.( Nguyén ly chong chat nghiém). Cho phuong trinh khong thuan nhat

(41) Y+ py' +qy = filx) + f2().
Néu y, 1a nghiém riéng ctia phuong trinh

Y+ py' +qy = fi(x),
va y; la nghiém riéng cua phuong trinh

y'+py +qy = fa(x).
thi y = y1 +y2 1a nghiém riéng cua phuong trinh (41).
Chiing minh. Thay y = y| + y, vao vé trai cua (41), taco y = y + y» la nghiém ctia phuong
trinh (41), boi vi
L(y) = L1 +y2) = L) +L(2)
= f1(x) + /2(x).

Chu thich. Dinh Iy van dung néu vé phai ctia phuong trinh 14 tong ctia mot s hiru han cac
ham. Sau day ching ta dua ra mot phuong phap dé tim nghiém riéng cua phuong trinh khong
thuan nhat (30) khi vé phai f{x) c6 mot s6 dang d ic biét. D6 1a phuwong phap hé s6 bat dinh. Ta
x€t hai truong hop.
Truomg hop 1. flx) = e®P,(x), trong d6 a 1a s thuc, P, (x) 1a da thirc bic n.
a) Néu a khong 13 nghiém ctia phuong trinh dic trung (40), thi ta tim nghiém riéng y, theo
dang

Vr = €% 0n(x), vo1 Qy(x) la da thae bac n voin + 1 hé so chua biét.
Pé tim céac hé sé chua biét, ta thay y, vao phuong trinh (30) rdi d ong nhét cac hé s6 cua cac
Ity thtra cung béc cua x ¢ hai ve ta s€ duge mot hé (n + 1) phuong trinh bac nhat v6i (n + 1) an
la cac hé so cua da thic O, (x).
b) Néu a 14 nghiém don ciia phuong trinh dic trung (40), thi ta tim nghiém riéng y, theo dang

vr = xe™Qn(x), voi O,(x) 1a da thic bac n.
¢) Néu a 12 nghiém kép ctia phuong trinh dic trung (40), thi ta tim nghiém riéng y, theo dang

yr = x2e*0,(x), v6i Q,(x) 1a da thirc bac n.

Vi du. Tim nghiém tong quét ctia phuong trinh

Y/ =y =2y = 4x%.
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Xét phuong trinh thudn nhat twong tng
y/' =y =2y =0.

Phuong trinh dac trung cua no 1a
kK*—k-2=0.
Phuong trinh déc trung c6 hai nghiém thuc phéan biétla k1 = -1, k> = 2.
Vay nghiém tong quat ciia phuong trinh thuan nhét 1a
) Vig = Cie™ + Cre?, trong d6 C,C; 1a hai hang sb tuy y. D6i chiéu véi
dang cua vé phai f{x) = 4x? = e*P,(x),tacon = 2, a = 0. Vi a = 0 khong 1a nghiém cua
phuong trinh dac trung nén ta tim nghiém riéng y, cuia phuong trinh da cho theo dang

vr = e%0y(x) = Ax* + Bx + C.
Lay dao ham yi, yﬁ/ 10i thé vao phuong trinh di cho
24 — (24x + B) — 2(Ax?> + Bx + C) = 4x?,
hay
—2A4x% + (=24 - 2B)x + 24 — B - 2C = 4x>.
Can béng cac hé sb cung bac ¢ hai vé, ta dugc mot hé phuong trinh tuyén tinh

—24 = 4,
—24-2B =0,
24-B-2C = 0.

Giai hé nay, ta dugc 4 = -2, B = 2, C = —3. Vay
yr=-2x>+2x-3.
Vay nghiém tong quat ctia phuong trinh di cho 1a
Y =Yg +yr = Cie™ + Cre™ — 2x* + 2x - 3.
Vidu. Giai phuong trinh
V' +y = xe* +2e™
Xét phuong trinh thudn nhat twong tng
¥ +y=0.
Phuong trinh dac trung
K +1=0.
¢6 hai nghlem phuc ki, = +i.
Vay nghiém tong quat ciia phuong trinh thuan nhét 1a . )
Yig = Crcosx + Casinx, voi Cy,C; 1a hai hang s6 tuy y.
Str dung nguyén ly chong chat nghiém ta tim nghiém riéng y, cia phuong trinh da cho theo
dang tong
Yr=y1+)ya,
trong d6 y1, v 1an luot 1a cic nghiém riéng ciia cac phwong trinh vi phan sau
y'+y = xe,
va Y/ +y=2e"
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Do o = 1 khong 1a nghiém cua phuong trinh dac trung, nén y, y» c¢6 dang
y1 = (Ax+B)e*, y, = Ce™
Véy y, co dang
v = (Ax + B)e* + Ce™.
Lay dao ham yf~, yf/ r0i thé vao phwong trinh da cho, ta thu d woc
!+, = (QAx + 24 + 2B)e* + 2Ce™ = xe* + 2e™
Tir d6 ta nhan dugc mot hé phuong trinh tuyén tinh
24 =1,
24+2B =0,
2C = 2.
%, = *TI,CZ 1. Vay
= T(x—De*+e™,

Giai hé néy, ta dugc 4 =
Yr
va nghiém tong quat ctia phuong trinh da cho 1a
y = Cicosx+ Casinx + +(x— 1)e* + e

Vidu. Giai phuong trinh

¥/ =3y +2y = e*(3 — 4x).
Phuong trinh dic trung cta phuong trinh thudn nhat twong tng

k*-3k+2=0
c6 hai nghiém thyc phan biétla k1 = 1, k> = 2.

Do d6 nghiém tong quat cia phuong trlnh thudn nhat tuong Umg v61 phuong trinh da cho la

Vg = Cre* + Cre®, trong & 6 Cy,C, 1a hai hang s6 tiy y.

Déi chiéu véi dang cta vé phai fix) = e*(3 —4x) = e®P,(x),tacén=1,a = 1. Via = 1
trung v61 mot nghiém ctua phuong trinh déc trung tim nghiém riéng y, dlIQC tim cua phuong

trinh da co theo dang
yr = xe*(Ax + B) = e*(4x* + Bx).
Thay vao phuong trinh da cho va rat gon, ta thu duoc
—3yh + 2y, = €' (—24x + 24 — B) = *(~4x + 3),
hay
—2A4Ax+24—-B = —4x+3.,

Tir d6 ta nhan dugc mot hé phuong trinh tuyén tinh
—24 = -4,
24—-B = 3.
Dodé 4 =2,B =1.Vay
yr = e (2x? +x),
va nghiém tong quat cua phuong trinh di cho 1a
y = Cie* + Cre* + e*(2x? + x).
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Truong hep 2. f(x) = e*[P,(x)cos fx + P (x) sin Bx], trong d6 a, B 1a hang sb thuc, P, (x),
P, (x) la céac da thirc bac n, m tuong Gng.

Khi do:

a) Néu o + i khong 1a nghiém ciia phuong trinh dic trung (40), thi mot nghiém riéng ctia
phuong trinh da cho c6 dang

yr = e [0,(¥) cos Bx + 0, (x) sin B,
voi Qs (x), O,(x) la cac da thuc bac s = max{n, m}.
b) Néu a £ if 1a nghiém ctia phuong trinh dac trung (40), thi m¢t nghiém riéng cua phuong
trinh da cho c6 dang

vy = xe™[Qs(x) cos fx + és (x) sin fx],

v6i 0,(x), O,(x) 1a cac da thirc bac s = max{n, m}.

Vi du. Hay tim mdt nghiém ri€ng cta cac phuong trinh
Y+ 2yl =3y = flx)

v6i flx) 13 cac ham sd sau:

a) 2cos3x

b) 3xe*

¢) (x+1)cosx

d) 3xe*sinx + e* cosx.
Giai. ‘ )
Phuong trinh dac trung cia phuong trinh thuan nhat tuong ung
kK*+2k-3=0
c6 hai nghi¢m thuc phan biétla k) = 1, bk = 3.
a)a=0,f=3,n=m=0.Vayatif = 13i khong la nghi¢m ctia phuong trinh dac trung,
nén ta tim mot nghiém riéng theo dang

yr = Acos3x + Bsin3x.
Thay vao phuong trinh da cho, ta dugc sau khi rat gon

yi/ + 2y/r -3y, = (=124 + 6B) cos3x + (—64 — 12B) sin3x = 2cos 3x.
Can bang cac hé sb hai vé cta phuong trinh ta dugc hé

- 124+ 6B =2,
—-64-12B = 0.
Suyrad = ==, B = <=. Viy mét nghiém riéng cta phuong trinh da cho la
Yr = T+ cos3x + <= sin3x.

b)a = 1,n = 1.(truong hop 1). Vi o = 1 1a nghiém don cua phuong trinh dac trung, nén ta
tim moQt nghiém riéng cia phuong trinh da cho c6 dang

vr = x(Ax + B)e* = (4x? + Bx)e".
Thay vao phuong trinh da cho, sau khi rut gon, ta dugc

v 42y = 3y, = " (84x + 24 + 4B) = 3xe”.
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Suy ra
8Ax + 24 + 4B = 3x.

84 = 3,
24 +4B = 0.

Giai ra ta dwoc 4 = &, B = 2. Vay mot nghiém riéng ciia phuong trinh da cho 1a

yr = (2x* = 2x)e.

)a=0,=1,n=1,m=0.Vay a*if = +i khong la nghiém ctia phuong trinh dac trung,

Ta thu duoc hé

nén ta tim mot nghiém riéng dudi dang
v, = (Ax + B)cosx + (Cx + D) sinx.
Thay vao phuong trinh da cho, sau khi rat gon, ta co6
[(-44 +2C)x +24 — 4B + 2C + 2D] cosx
+[(—24 -4C)x —24 - 2B + 2C - 3D]sinx
= (x+ 1)cosx.
Can bang cac hé sb hai vé ciia phuong trinh ta duoc hé

—44+2C =1,
2A-4B+2C+2D =1,
—24-4C =0,
—-24-2B+2C-3D = 0.
Gidi hé ndy ta dugc 4 = ==, B = 5>, C = -, D = 2. Vay mdt nghiém riéng cua phuong
trinh da cho Ia
yr=—($+x+ 35)cosx + (Fx + =) sinx.

da=1,B=1,n=0,m=1.Vayaxif = 1+£i khong la nghi¢m ctia phuong trinh dac
trung, nén ta tim mot nghiém riéng cua phuong trinh da cho dudi dang

v, = e*[(4Ax + B) cosx + (Cx + D) sinx].
Giai tuong tu nhu trén. Phan con lai danh cho ban doc.
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BAI TAP CHUONG IV

1. Thuc hi¢n céc phép tinh
1/ 3+4i)—(1-20)
2/ L

6/ (1—i)%,
2. Tim modun cua cac so phuc sau

1/ (1+)(J/3 +1)

1+i
2/ J3+i
3 (140)(3+i) (-2—1)
i(3+41)(5+1)
4/ —i+ A
(3+4i)°
5 TG 74
3+40)(1+i
o [
x+iy
7/ (x_l.y> , neN.

3. Viét cac sb phirc sau dudi dang luong giac, dang mil
I/ —1-i

2/ 1+iy3

3/ (1+iy3)3

1=
4/ (J3 +D)*(1 -i).

4. Tinh can céc sb phiic sau
1/ {1

2/ -1

3/ Y-2+2i.

5. Gidi cac phuong trinh

1/ 22=-1+i

2/ 422 +4z+i=0

3/ 24 =2J3z2+4 =0

4/ *+23+z22+z+1=0.
6. Giai cac phuong trinh vi phan tach bién
1/ tgydx — xInxdy = 0

2/ (cosx)y' =y

3/ 44?2 32y

T3 it
4/ y' =acosy+b (b >a>0)
5/y —y*-3y+4=0
6/ y' = cos(ay + bx)
7y = =L

2x+y

8/ y(x+y)=1
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9/ y = [2x+y-3

10/ y' = i_i_;

11/ y/ =sin(y —x—1)

12/ x*(3* + 5)dx + (x> + 5)y*dy = 0, thoa y(0) = 1
13/ (1 +e*)y*dy = e*dx, thoa y(0) = 0

14/ xydx + (1 +y*) 1 +x>dy = 0, théa y(//8) = 1

3x+3y-1 N
15/ y/ = - 2(*;” , thoa y(0) = 2

16/ y'tgx = y, théa y(%) = 1.

7. Giai cac phuong trinh vi phan d ang cap cap 1
1/ xy/ = xsin+ +y

2/ xy =xtg% -y

3/ x3 4y +xy+x? =

4/ (x+2y)dx —xdy =0

5/ (x? —xy)dy +y*dx = 0

6/ xydy —y*dx = (x +y)?e™~dx

7 (2 +xy)y = xJx* =y +xp+y?

8/ xy/ =yln%, thoa y(1) =1

9/ (Jxy —x)dy +ydx = 0, thoa y(1) =1

10/ (y + x> +y? )dx — xdy = 0, thoa y(1) = 0.

8. Giai cac phuong trinh vi phan tuyén tinh cip 1 sau

1/ y +ay =€, (a+b+0)

2/ y' =2xy=1-2x?

3/ y' = L2y +xe* - 2¢¥)

4/ x(1+x%)y +y = arctgx.

9. Tim nghiém riéng ctia cac phuong trinh vi phan tuyén tinh cp 1 sau
1/ y' +ycosx = sinxcosx, thoa y(0) =0

2/ y'J1-x%* +y = arcsinx, thoa y(0) = 0

3y + Ly = -, thoa y(1) =0

4/ y' =2y+e*—x, thoa y(0) = +

5/ y/ = m, thoa y(l) = 1.

10. Giai cac phuong trinh vi phan Bernoulli sau

1/ y + % =x [y

2/ xy) —yQ2ylnx—1) =0

3/ y + = = x}*

4/ y' = 2ytgx +y*sin’x = 0

5/ y' = y(y3 cosx + tgx)

6/ xy¥y +x3 = 1.

11. Tim nghiém riéng cuia cac phuong trinh vi phan Bernoulli sau
1/ y + % = y2(x3 + 1) sinx, thoa y(0) = 1
2/ 3dy + (1 +3y*)ysinxdx = 0, thoa y(%) = 1
3/ (> +2y+x%)y' +2x =0, théa y(1) =0

4/ ydx + (x— +x3y)dy = 0, thoa y(5) =1

12. Giai cac phuong trinh vi phan dang y” = f(x) sau
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1/ y/ =x*+xe* + 1

2/ y' = 2sinxcos’x — sin*x
3/ y' = xe™, thoa y(0) =1, y'(0) = 1.

13. Giai cac phu/o‘ng trinh vi phan dang y’ = f(x,)’)

1/ xy” =y/1n(y7
2/ = 2 = x(x—1), thoa ¥(2) = 1, y/(2) = 1.

x-]
3y =L 4y
4 " =y
14. Giai cac phuong trinh vi phan dang y”’ = f(y,)’)
1/ " = ()" =0, théa y(0) = 1, y'(0) = 2
2/ 1+ () =p!
3 " = (V) = y*Iny
4/ y'cosy+ (y')’siny -y’ = 0, thoa y(-1) = £, y/(-1) = 2.
5/ w' =y'(y/ +1).
15. Phuong trinh vi phan tuyén tinh cép 2 co hé sb héng. Giai cac phuong trinh vi phan thuan
nhat sau
1/y"-5)+6y=0
2/ y' -4 +4y =0

3/ y/'+4y =0
4/ y' =2y -y =0
5/y"+y=0

6/ 4y’ — 20y +25y = 0.

15. Giai cac phuong trinh vi phan tuyén tinh khong thuan nhét sau
1/ y/ -4y = -12x* —6x -4

2/ y/' — 4y +3y = e¥, théa y(0) =3, ¥'(0) =9

3/ y' =9y +20y = x%e¥

4/ y" —y = 2sinx — 4cosx

5/y" — 4y = e*[(—4x + 4) cosx — (2x + 6) sinx]

6/y" +y = cosx + cos2x

7/ Yy —=3y = e¥> - 18x

8/y" —y = xcos?x

9/y" +4y = sin2x + 1, thoa y(0) = -, »/(0) =0
10/ y" + 6y’ + 9y = xe™, (a1 hing s0)

11/ y" — (m+ 1)y + my = e* —x — 1, (m 12 hang sd)
12/ y" =2y’ +2y = e*sinx

13/ y" =3y’ + 2y = 3x + 5sin2x.
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CHUONG 5. LY THUYET CHUOI

§1. Khai niém vé chudi sf'), ) ,
1.1. Pinh nghia. Cho day so thuc {u,},n € N, tir d6 ta thiet 1ap mot day s6 méi {S,},n € N
nhu sau

Sp=>_uk=ur+ur+..4u,, n=12,..

=1
Néu ta khao sat sy hoi tu ctia day sé {S,} thi ta goi {un} 1a mot chudi s6. Tuy nhién, ciing mot

ky hi€u {u,} ma chi hai khai niém day va chuo1 d& gay nham 1an, cho nén nguoi ta s& dung
mot trong cac ky hiéu sau day dé chi chudi sé:

Z Un, hay uy +uz +...4u, +...,hay uy +uz +...,

n=1
hay don gian hon ta ky hiéu D _ u,.
Neéu day s0 {S,} hoi tu ta noi chuoi so Y_u, hoi tu. Khi d6 S =lim S, dugc goi 1a tong cua

n»oo

chudi so Z up. Ta ding mot trong ba ky hiéu dau tién cia chudi s6 dé chi tong cta chudi sd,
tuc la

o0
> u, =S, hay uy +us +...+u, +...= S, hay uy +us +...= S.

n=1

Chudi s6 khong hoi tu duoc goi 1a phdn ky.
Ve tén goi thi u, dugc goi l1a so hang thir n hay so hang tong qudt va tong hiru han
n ) - [ee]
Su =D uk = uy +uz +...+u, dugc goi 1a tong riéng thir n cha chudi Y u,.
k=1 n=1

1.2. Diéu kién can deé chuoi so hoi tu

Pinh ly. Néu chudi Y u, hoituthi lim u, = 0.

Ching minh. Do ) u, hoity,nén S, - S,dod6 S,.1 - S. Vayu, =S, —Sy-1 > S-S=0.
Cha thich. Tir diéu kién can nay ta suy ra mot hé qua rat thong dung dé chimg minh mot chudi

sO phan ky sau

Hé qua. Néu u, » 0 thi chudi > u, phan ky.
Vi du. Chudi cap s6 nhan > g", ¢ € R.

Ta co

q(1-q")

o néu g # 1,

n
dYgh=q+¢*+...4q¢" = ,
k=1 n, néu g = 1.

-Néu|g| < 1,thig” - 0.Dod6 S, = q(l qn) - quq va nhu vay chudi Y ¢” hoi tu va c6 tong

la
S=lim S, =

n—o0
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-Néu |g| > 1, thi ¢” » 0 va theo h¢ qua trén ta c6 chudi Y_ ¢” phan ky.
Tom lai:

~ hoitu, néu <1,
Chudi Ygrd o1t neu gl
phan ky, néu |g| > 1.

0
Hon nita néu |¢| < 1, tong cua chudi cho boi Y ¢" =

4
1-q *
n=1
o0
’ P X . X. 1
Vi dy. Tinh tong cta chudi 3 =
n=1
Ta co
n
_ 1 _ 1, 1 1
S Z k(k+1) 2 t oy Tt n(n+1)
k=1
- (L _ L 1 _ 1 1 1
_(1 2)+(2 3)+"+(n n+l
=1- -1

Vay chudi Y, - (n1+ o hoi tu va c6 tong Y

1

n(n+1) =1
n=1

n=1

Vi du. Xét su hoi tu ctia chudi D In(1 + ).
Ta co

n=1

S, = i In(1+ ) =i [In(1 + k) — Ink]
k=1

k=1

=(n2-In1)+(In3 -In2) +...+[In(n + 1) — Inn]
=In(n+1) > +oo, khin - .
Vay chudi Y In(1 + L) phan ky.

n=1

8

1

T
n=1
Ta co

Vi du. Xét su hoi tu ctia chudi Y

n

Sn= 22 —

1 1 1
T + 7 +"'+ﬁ
k=1
Vay chudi Y # phan ky.

Bl

1
>I’lﬁ—ﬁ—>+00

n:loO

n=1

Vidu. Chudi Y. n phanky, viu, = n - o % 0.

Vidu. Chudi Y =

AL o o
—— phanky, vi u, = 25 > 1 #0.

n=1
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Vi du. Chudi > (-1)" phanky, viu, = (-1)" » 0, (chi y1alim (-1)" khong ton tai).
n=1 e

1.3. Cic tinh chét ciia chudi s6 hdi tu

Pinh Iy. a) Cho cic chudi Y u,, v, hditu va cé tong lan luot 1a u, v. Cho C 1a mét hang
s6. Khi d6 cac chudi Y (u, +v,), Y. Cu, ciing hdi tu va cé tong lan lugt 1a u + v, Cv.
b) Néu chudi Y u, hditu va Y v, phan ky, thi chudi D _(u, + v,) phéan ky.

n n
Chirng minh. a) Dt S, =Y uy, 1, =) v, theo gia thiét ta c6 S, - u, t, - v. Do do,

k=1 k=1
n

S (uk+vi) =Su+t, > u+v.
k=1
Vay chudi D _(u, + v,) hdi tu va c6 tong u + v. Tuong ty, ta cling két ludn phan con lai nhd vao

n
Y Cux = CS, - Cu.
k=1
b) Gia sir chudi Y u, hdi tuva v, phan ky, ta cling két luan chudi Y (u, + v,) phan ky.
That vay, néu chudi Y (u, + v,) hoi tu, ta c6 tong clia chudi ndy véi mot chudi hoi tu D (~u,,)
1a chudi sau day
S(un +vi) + (—un)] =Y. v, cling 1a mot chudi hoi tu. Piéu ndy mau thuin véi gia thiét

rang chudi Y v, phan ky. Vay chudi Y (u, + v,) phan ky. Ly luan twong ty, ta ciing ¢ chudi

> (un — va) phin ky.
Pinh nghia. Chudi s6

0
Rn = Z Up = Upt1 T Up2 +.. 0,
m=n+1_
duoc goi 14 chuoi s6 duwr ctia chudi Y u,.

n=1

Pinh ly. Chudi > u, hoi tu khi va chi khi chudi s6 du ctia né hi tu.

-1
" k

Chirng minh. Gia sir chudi 3 u, hoitu vacoténg 1a S. Pat S, = 3. u; 1a tong riéng thir k

o n=1 m=n+1

ctia chudi du D u,. (v6i n co dinh).Vay
m=n+1
) k
Sk = Z Uk = Up+1 T Ups2 . . Upvk = Sn+k_Sn g S_Sn, klllk — 00,

m=n+1
o0

Vay chudisé du > wu, hoituvavacotonglas = S-S,

m=n+1 ©

Nguoc lai, néu chudi du > u,, hoi tu va va co tong 1a S'. Véim > n, tacod

m=n+1

Swn = S — Sn, suyra Sy, =S, + Shi-n.
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Do d6
lim S, = S, +lim Sy-n =S, + 5

o0 m—o0 m—o0
Vay chudi Y u, hoituvavacotongla S, + 5.

R X. X . A S n . nr A1~
H¢ qua. Tinh chat hoi tu cia chuoi so khong thay doi néu ta bo di hodc thém vao mdt so hiru
han céac s6 hang dau tién.
§2. Chuoi so duong

2.1. Pinh nghia. Chudisd Y u,, duoc goila chudi so khéng am néu u, >0 Vn € N.
rggl
Chudi sb > u,, duoc goi la chudi sé6 diwong néu u, > 0 Vn € N.

- n=1
Xét chudi sd khong am Z Up, Uy > 0. VIS, =S, +u, > 8, nén day cac téng riéng {S,}

n=1
khong giam nén no6 c6 gidi han khi va chi khi nd bi chan trén, nghia 1a tdn tai s6 thue M sao
choS, <M VneN,
2.2. CAc tiéu chuin hdi tu

2.2.1. Tiéu chuin s0~sénh 1 .
Dinh ly. Cho hai chudi > u,, > v, thoa dicu kién

AnoeN:0<u, <v, Vn > ny.

Khi do
a) Néu chudi Y _ v, hdi tu thi chuoi D u, hoi tu.

b) Néu chudi Y u, phan ky thi chudi >_ v, phan ky.
Chtrng minh. Khong 1am giam tinh tong quat, c6 thé gia sir
0<u,<v, VneN.

. v of 1A LR - . . ,
Goi S, va Sy 1an lugt 13 cac tong riéng cia cac chudi Y u,, D v, Tacd

Su=2ur < X vi = Sn.
k=1 k=1
Néu {S»} héi ty thi {S)} bi chan trén, nén {S,} cling bi chan trén. Vay {S,} hoi tu va do do
phan a) dugc ching minh. Phan b) dugc suy ra truc tiép tir phan a).
2.2.2. Tiéu chuin so sanh 2
Pinh ly. Cho hai chudi dwong Y u,, > v,. Gia st
K =lim 5=, (0 < K < +0).

Vn
n—00

Khi d6 c6 ba truong hop:
a) 0 < K < 400 : Hai chudi ) u, vd D_ v, c6 cing tinh chat, nghia 1a, d ong thoi hoi tu hodc

ddng thoi phan ky. b) K = 0 : Néu > v, hoi tu thi > u, hdi tu.
¢) K = +o0 : Néu Y v, phan ky thi > u, phan ky.
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Chirng minh. Khong 1am giam tinh tong quat, c6 thé gia sir
a) 0 < K <400 :Chon0 < ¢ < KvaviK =lim 4%, nén ton tai np € Nsao cho
n—0
Vn>no= |- -K| <e.
Do do

(K—¢&)vy <up < (K+¢€)v, Vn > ny.

Tir day ta c6 két luan a) nhd vao tiéu chuédn so sanh 1.
b)K=0:Vi lim 5~ = 0 nén nén ton tai no € N sao cho

n—00

Vn>no= |3~ -0| < 1.

v

Do d6
0<u,<v, Vn=>no.

Ap dung tiéu chuan so sanh 1 tacéd Y u, hoi tu néu nhu chudi Y v, hoi tu.

¢) K =+ : Ta c6 gioi han nghich dao lim % = —- = 0.
n—oo Hoso vn

Ap dung lai trudng hop b) ta co c¢) diing.

o0
Vi du. Xét sy hoi tu ctia chudi dicu hoa > <.
n=1

T In(1+L+
Ta co: lim ¥

n—oo0 n

= 1, ma chudi Y In(1 + 1) phan ky ( vi du muc 1.1) nén chudi >_ +
, n=1 n=1

phén ky theo ti€éu chuan so sénh 2.

Vi du. Xét sy hoi tu cua cac chuoi

a) 2 2'singy b) Yomsin-- ¢) 3 (yn -1).
n=1 n=1 n=1
Giai:
I

a)Tacou, =2"sin4- > 0vi0 < o < 4+, n = 1,2,... Hon nita, u, =2"sin-~v, =

l .
- S khi
n - oo, Nhung ma chudi ), -~ hoi tu (vi dumuc 1.1, véig = L, c6|g| < 1) nén chudi Y u,

, n=1
hoi tu theo tiéu chuan so sanh 2.
b) Ta c6 u, =nsinn¢2 >0vi0 < n% <1,n = 1,2,... Hon nita, u, =nsinn%~% khin - oo.
Vay chudi Y u, phan ky theo tiéu chuan so sanh 1
up=yn—1>0 Vn>2 Honnita,u, = yn —1 =ev™ — I~Lnp > L vn >3 vay
chudi ) u, phan ky theo tiéu chuan so sanh 1 va 2.
2.2.3. Tiéu chuan ti so D’Alembert

Dinh ly. Cho chudi dwong > u,. Gia st
lim %L — D, (0 < D < +w),

Un
n—o0
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Khi do6 co ba truong hop:
a)Néu D < 1, thi chuoi Y u, hoi tu

b)Néu D > 1, thi chudi > u, phanky.

¢)Néu D = 1, chua co két luan.

Chirng minh.

a) ChoD < 1,chon0 < ¢ < 1 =D vavilim % = D, nén ton tai ny € N sao cho

n—o0

Vn >no = |- -D| <e.
Do do

0<D-ege< . <« D+g Vn> ny.

Un

batD+¢e=¢,0 < g < 1, tadugc
0< - <qg<1l Vn=ny.

Tir cac bat dang thirc ndy ta suy ra

Un _ Un Up—1 oo M”071
Ung T Uyl Up2 ”no
< q.q...q =gl
%_/
(n—no—1) thira sb
A uno n
Vay 0<u, < (qno+1 )q Vn > no.

Ma chudi D" ¢” cling nhu chudi Z(

sénh 1.
déy ta c6 két luén a) nho vao tiéu chuén so sanh 1.
b) Cho D = lim ==~ > 1, khi d0, ton tai no € N sao cho

n—o0

)q hoi tu nén chudi Z u, hoi tu theo tiéu chuén so

n+1

L > 1, Vn > ny,
hay

Un1 > U >0, V> np.
Tir cac bat dang thirc niy ta suy ra

Upil > Uy > oo o> Upgel > Uy, > 0 Vi > ny.
Do d6 u, » 0 khi n — 0. Vay chudi D u, phan ky ( theo diéu kién can dé chudi sb hoi tu).
¢)Néu D = 1, chua co6 két luan trong trudng hop tong quat. Ta xét hai vi du di néu ¢ trén:

-chudi > L+ phan ky nhung 2L = 2 — 1,

n+l1
ns 1

Untl _ _n — 1

Un n+2

Vi du. Xet su hoi tu cua cac chudi
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0 . 2 0 .
o X4 b Xigr o L9
n=1

n=1 n=1
Giai:
a)Taco 4t = 20 2 = S (1+5) — 5 < 1. Vay 3 2= hoi tu theo tiéu chuan
n=1

D’ Alembert.

r ot SN2 @n!_ 5(1+4) 5 - 57(n1)? ~ \ .
b) Tac - = = =5 x Toh = e 1 1. Vay > o~ Phan ky theo tiéu

. n=1

chuan D’Alembert.

Loty @™ (D) an e
C) Ta Cco Un - (n+1)l1+| etnl (1+%)n °
Nhung ta ¢6 (1 + +)" - e, nén “2~ — 1. Tuy nhién ta c6 ddy (1 + +)" la ddy ting va

(1+ )" < e, vay i
2l > 1vadodd wupe > uy. Suyrau, » 0 khi n > 0. Do d6 chudi Y u, phénky.

2.2.4. Tiéu chuflr) ciin s6 Cauchy
Pinh 1y. Cho chudi khong &m > u,. Gid st

lim ity = C, (0 < C < +),

Khi d6 c6 ba truong hop:

a)Néu C < 1, thi chudi Y u, hoitu

b)Néu C > 1, thi chudi Y u, phanky.

¢) Néu C = 1, chua co6 két ludn.

Chirng minh.

a) ChoC < 1,chon0 <e<1-C,vilim yu, = C, nén ton tai ny € N sao cho

n—o0

Vn>ng = |yu, —C| <e.
Do do
Jun <D+e=¢g<1 Vn2=ny,

hay
0<u,<q" Vn = no.

Nhung chudi cip s6 nhan > ¢"hoi tu, vi |g| < 1, do d6 chudi D" u, hdi tu theo tiéu chuan so
sanh 1. )
b) Cho C =lim 4u, > 1,khid 6, ton tai no € Nsao cho

Ju, > 1, Vn = no,
hay

u, > 1, Vn > ny.

Vay u, - 0 nénchudi > u, phanky.

¢) Néu C = 1, chua c6 két luan chung. That vay hai chudi > + va Y n(n1+1) c6 cung gidi
n=1

n=1
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han C = lim yu, = 1, nhung chudi > 1 phan ky con chudi
Nn—o el el

Vi du. X¢ét sy hoi tu cua céc chuoi

a) Z (2n+1 )

0 y -r»> Néu n chan,
b) D up, V6 u, = 1 . e
=1 BT ncu n Ic.
Giai:
a)Tacod ifu, = 72 - 3 > 1. Vay Z (52 )" phan ky theo tiéu chuan Cauchy.
n=1
Wn A <
. %, néu n chan,
b) Tacd yu, = .
-, néu n 1&.
vay L<yim <L VneN

Dod6 lim yu, = C= -1 < 1,nén chudi Y u, hoi tu theo tiéu chuan Cauchy.

2
Chu ¥ rang chudi ndy khong st dung duoc tiéu chuan D’ Alembert, boi vi

L néu n chan,
Uptl 2n

Un n+l
2 b

khong ton tai.

néu n 1é,
va do d6 gidi han lim —=-
n—o0

2.2.5. Tiéu chuan tich phian Maclaurin-Cauchy o
Pinh ly. Cho ham f: [1,+0) - R lién tyc, khong am va giam trén [1,+o0). Khi d6 chuoi so

o) +00
> fn) va tich phan suy rong j f(x)dx dong thoi hoi tu hay dong thoi phan ky.
n=1

Chirng minh. Do f{x) giam, ta co
flk+1) < fix) < flh), Vx € [k k+1].
Tich phan céac vé trén doan [k, k + 1], ta co

Vay
fk+1) SIT fx)dx < flk).
Suy ra k
Eﬂk}< j Sx)dx = sz kfﬂx)dx< kZﬂk)
o -

Tir cac bat ddng thic ndy ta co Dpcm.



129

Vi du. Xét sy hoi tu ciia chudi diéu hoa mo rong > -, trong d6 a 1a mot hang s6 thyc(doc
. n=1

lap véin).

Néua <0, thi u, = - » 0 nén chudi Z

n=1

Néu a > 0, thi ham s6 f(x) = x%, + 0 lién tuc, khong am va giam trén [1,+o0). Mat khac, tich
+00

phan I f—ij hoi tu khi va chi khi a@ > 1. Vay chudi diéu hoa mo rong
1
i | hoity, néu a>1,
n(l

n=1
Chu y rang néu dung tiéu chuan D’ Alembert hodc tiéu chuan Cauchy thi ta déucé D = C = 1
nén hai tiéu chudn ndy khéng st dung duoc cho chudi nay.
Chi thich. Déi khi ta gip mot chudi D f(n) co s6 hang f{n) twong tng v6i ham f(x) lién tuc,
khong am va giam trén [No, +00), lic d6 ta sir dung tiéu chuan tich phan dudi dang:

phan ky, néu o < 1.

0 +00
Y Aln) hoi tu (twong (mg phan ky) < _[ f(x)dx hdi tu (twong (g phan ky)
n=Ny No
§3. Chudi s6 c6 dau thay dbi
3.1. Chuoi dan dau. Dinh ly Leibnitz
Pinh nghia. Chudi s
Z (_1)n_1un =Uy—Uy+uz—us+...,

hodac chuoi

Z( D)"u, = —u1 +uz — u3 + ug — us +,

voiu, >0 Vn e N, dugc goi 1a chudi dan dau. Chudi thir nhat con duoc goi la chudi dan diu
c6 sb hang dau tién up > 0, con chudi thir hai & voc goi 1a chudi dan dau b sb  hang dau tién
—u; < 0. Hai chudi nay c6 _cung tinh chat hoi ty va trong truong hop. nay cac tong clia ching
d01 nhau. Cho nén ta chi cin khao sat mot trong hai chudi. Tir day vé sau ta s& xét chudi thir
nhit.

Pinh Iy Leibnitz. Néu day u, dwong, giam va hoi tu vé 0, thi chudi dan dau Y. (~1)"'u, hoi
5 , 5 n=1

tu va co tong S thoa man bat dang thiuc 0 < § < u;.

Ching minh. Ta co6:

n ZZH (—l)kfluk = (u1 - uz) + (u3 - u4) +...+( Udp—1 — uz,,),

ma u; — up > 0nén {S,,} la mot day tang. Mat khac
Son = uy — [(uz —us3) + (ua —us) +...+uz,
ma biéu thuc trong ddu méc vudng 13 duong, nén
0 <82 <u;
Vay {S2.; 1a mdt day tang, va bi chan trén nén hoi ty, gid st S2, - S, do d6 0 < § < u,. Talai
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co
Sone1 = S +uzp = S+0 =8
Tu do ta duoc S, - S va0 < S < uy.
Chu thich. That ra ta ¢6 danh gid 0 < S < u; thay vi 0 < § < u;. That vay, tir cac dang thuc
trén ta rut ra
0<wuy—uy < S <up—(uxy—us)
Qua gidi han (n - o), ta dugc

O<uy—ur <S<u;—(ur—us3) <uj.

Vi du. Chudi Z " hoi ty theo tiéu chuén Leibnitz, vi u, = - dwong, giam va

n=1

U, = + - 0.

Chii thich.Chudi dan du hoi tu ¢6 chudi du (tht m) 1a
F(Um1 = Umia + Ums3 — Umia +... )
cling 1a mot chuoi dan dau hoi tu. Vi vay tong R, cua n6 thoa mot danh gia
|Rm| < tms1.
Bat dang thic nay dung dé d anh gié sai s0 trong qua trinh tinh gan dung gia tri cia mot chuoi.
3.2. Chudi hoi tu tuyet d6i, ban hoi tu
Pinh ly. Néu chudi > |ux| hoi tu thi chudi Z u, ciing hoi tu va cac tong cua chung théa min

n=1 n= 1

bat dang thirc Z Un <Z |t

n=1

Chirng minh. Ta co
0 <u,+us <2u,|, VneN.

Vay chudi Y (u, + |u,|) hoi tu theo tiéu chuan so sanh 1. Mit khac chudi > (~|u,|) cling hoi
n=1 - - n=1
ty, nén cong 2 chudi vdi nhau ta thu d woc chuoi sau day

o0

2 [Gn + un]) + (Hua] = 220 un.
n=1

n=1

Ta lai co

> u

k=1
Qua gidi han (n - o), ta dugc bat dang thirc can chimg minh.

<2 luk|, Vn e N.

Pinh nghia. Néu chudi s6 Y |u,| hoi tu thi ta néi rang chudi Y, u, hdi tu tuyét doi.
0 n=1 0 n=1 w
Néu chudi Y u, hoi tusao cho chudi Y, |u,| khong hdi tu thi ta noi rang chudi > u, bdn héi

n=1 n=1 n=1
tu.

n=1
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Chii thich. Chu y rang néu dung tiéu chuan D’ Alembert hoic Cauchy cho chudi Y [u,| ma

0 0 n=1
biét duoc chudi > |un| hoi tu hodc phan ky thi chudi > |u,| cling hoi tu ( tuyét d6i) hodc phan

n=1 n=1
ky.
That vy, Néu chudi Y |u,| hoi tu thi theo dinh 1y trén thi chudi Y u, hdi tu tuyét doi.

n=1 © n=1
Néu dung tiéu chuan D’Alembert hodc Cauchy cho chudi D |un| ma thiy n6 phanky (D > 1
n=1
hodc C > 1), thi c6 nghia 14 |u,| » 0. Suy ra u, » 0nén chudi Y u, phan ky.
. n=1

Nguoi ta chung minh dugc rang:
Pinh Iy. Néu chudi s6 > u, hoi tu tuyét dbi va c6 tong 1a S thi chudi sb duge suy ra tir chudi

n=1
nay bang cach thay doi vi tri mot cach tiy y cac sd hang ciia né ciing hoi tu tuyét ddi va cé
tong S.

0
Con néu chudi s6 D u, ban hoi ty thi ta c6 thé thay doi vi tri cac s6 hang ctia né dé cho chudi
r n:l 2 r
sO thu dugc hdi ty va c6 tong 1a mot so6 thuc cho trude hodc trd nén phan ky.
o0 o0
Pinh nghia. Cho hai chu6i s0 Y u, va D v,. Ta goi tich Cauchy cta hai chudi trén 13 chuoi

n=1 n=1

I ) n=1 J=1
Dé de nho ta co thé xét bang nhan sau

14
A

SO

Ml u2 u3 o o un
Vi uivi Uuzvi Usvy = 0 UxVi
Vo uUivp Uuzvo Uzvy = 0 UpV2
V3 U1V3 usvs Uzvz -+ 0 UyV3
Vn U1Vp UrVy Uzvy =+ =t UpVa

n
Céc s0 hang thtr n bang D u;v,;41 12 tong clia cc s0 hang nam trén dudng chéo thit n nhu
j=1
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trén so do.

Pinh Iy. (Cauchy) Cho hai chudi s6 Y u, va Y v, hoi tu tuyét d i va c6 tong lan luot 13 u

n=1 n=1

va v. Khi d6 chudi s6 v6i s6 hang tong quat u Y (z > 1,7 > 1) theo mot thir tir bat ky ( truong
hop riéng la chudi tich Cauchy) s& hoi tu tuyét di va co tong uv.

§4. Chudi lily thira

4.1. Dinh nghia. Dinh ly Abel

Dinh nghia. Chudi lily thira 1a chudi c6 dang: Y a,(x — xo)”, cac hing s6 ao, a1, aa, ...dugc

/4 ~ /4 n=0 ~, 2 . ~.
goi la cac hé so cua chudi, x 1a s6 thuc xo cho trudc. Chuoi ndy con duoc goi 1a chudi iy thura
[Se}

0

tAm xo. Bang mot phép bién doi tinh tién X = x — xo, chudi trén tré thanh > a,X”. Tir & ay tré
n=0

di ta s& xét chudi lily thira tAm x¢ = 0.
Z anx

Ta chu ¥ rang chudi ndy luén ludn h01 tutaix = 0.

Dinh ly (Abel). Néu chudi Iy thira Z a,x" hoi ty tai xo # 0, thi n6 hoi tu tuyét ddi tai moi
. n=0

diem x € (—|x0|,|x0Q.

Chirng minh.Vi ) a,x} hoi tu tai nén a,x§ - 0 (n - ), nén day {a,x{} bi chan. Do d6

b N rn:O
ton tai mot hang s6 duong sao cho

lanxg) <M, Vn e N.
Cho x € (—|xo|, |x0]), ta cod

anx”| = lang] ()"
" 10T\ o
o0

o0
Vi chudi 37 Mg" hoi tu, vig = - < 1,v6ix € (~fxol, [xo]), do d6 chudi 3 a,x"| hoi tu
n=0 n=0

0

<M(LL)" = Mg", VneN.

Prol

(tiéu chuan so sanh) tirc 1a chudi Y a,x" hoi tu tuyét dbi.
- n=0
H¢ qua. Néu chudi D" a,x" phan ky tai x;, thi nd phan ky tai moi diém x sao cho |x| > |x1|.
"
That vay, néu chudi Y a,x" hoi tu tai mot diém x’ sao cho |x/| > |x;| thi theo dinh Iy Abel n6
phai hoi tu tai x, mandfeu nay tral v6i gia thiét.
Nhu vdy ddi voi chudi lity thira Z a,x" ta c6 ba truong hop sau:
. n=0
a) Chudi Y a,x" chi hji ty tai x = 0.
n=0
Vidu: Chudi Y n”x" chi hdi tu tai x = 0. That vdy, Véi moi x # 0, thi
n=0
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lim y|n"x"| = lim nlx| = 40 > 1.

n—00 ~. An—»ao‘
Suy ra chuoi phan ky.
b) Chubi D" a,x" hoi tu tai x € R.
n=0 o
Vidu. Chudi Y <= hoi tu tai x € R. That vay, ta c6
n:

n=0 | 1|

. X"t .l IRT o L. .

}EE |: or - T :| —}Zirg -+ =0<1 véimoix € R.

Chudi > | fl—, | hdi tu theo tiéu chuan A’Alembert, va do d6 hoi tu.
n=0 ©
C) Tbn tai s6 thuc R > 0 sao cho chudi D" a,x™ hoi tu tuyét dbi tai moi x € (—R,R) va phan ky
n=0
tai moix, |[x| > R.
4.2. Ban kinh h§i tu va mién hi tu
Pinh nghia. S4 thue R > 0 sao cho chudi D" a,x" hoi tu tuyét dbi tai moi x € (-R,R) va
n=0 o
phan ky tai moi x, |x| > R, dugc goi 1a bdn kinh hoi tu cua chuoi lity thira _, a,x". Khoang
o n=0
(-R,R) duoc goi 1a khodng héi tu. Néu chudi D" n"x" phan ky tai moi x # 0, thi ta goi bdn
n=0
kinh hoi tu R = 0.

Néu chudi >~ n”x” hoi tu tai moi x € R, thi ta goi bdn kinh héi tu R = +oo

n=0 ©
Vi du. Néu chudi cip sé nhan > x” co bankinh hditu R = 1.
=0
Chu thich. Tai x = R chudi Y a,x” c6 thé hoi tu hoic phan ky.
n=0

Pinh ly. Gia st ton tai gidi han
lim L2l — p (0 < p < +o0).

n—o0 jan

Khi d6, ban kinh hoi tu ctia chudi lily thira Y anx" cho bi cong thic
n=0

+, néu 0 < p < +oo,
R = 0, ncu p = +oo,
+00, néu p=0.

o0
Chimg minh. Xét chudi Y |a,x"|, ta co
n=0
o Jawad™ gy
111_132 |anx"| - }11—{:0} an| |x| - p|x|
r ~ © r r
Néu 0 < p < +o0. Khi d6 chudi D |a,x"| hoi tu néu pjx| < 1 hay |x| < 1/p, va phan ky néu
n=0
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plx| > 1 hay |x| > 1/p. Vay R = 1/p.

Néu p = +oo, thi plx| = +00 > 1, véi moi x # 0. Khi d6 chudi Y |a,x"| phan ky tai moi
o0 n=0
x # 0, va chudi Y a,x" cling vdy. Do d6 R = 0.
n=0 0
Néu p =0,thi plx| =0 < 1, véi moix € R. Khi d6 chudi D |a.x"| hoi ty tai moi x € R,
0 n=0
va chudi Y a,x" cling vay. Vay R = 0.
n=0 \
Dinh ly (Cauchy- Hadamard). Gia st ton tai gidi han
lim yla.| = p, (0 < p < +o).
n—o0
Khi d6, ban kinh hoi tu ctia chudi lity thira Y aux" cho boi cong thire
n=0

L néu 0 < p <+,

p b
R = 0, néu p = +00,
+00, néu p=0.

Chirng minh. Dung tiéu chuin Cauchy cho chudi D Janx".

n=0
Ch thich. Néu ton tai giéi han lim % thi gidi1 han d6 chinh 1a ban kinh hdi tu ctia chudi
o n—-0 nt
liy thira D a,x".
n=0
Vi du. Tim mién hoi tu cta cac chuoi lily thira
0 , 0 2y
a) XA b) Y
n=0 n=0
a) Bankinhhoitu R =1lim [+ : -L-] = 1. Khodnghditula -1 < x < 1.
nozg n+l1
Tai x = —1, ta c6 chudi > % hdi tu theo tiéu chuin Leibnitz.
(ﬁzO
Taix = 1, taco chudi Y < phanky.
n=0 o
Vay mién hoi tu ctia chudi Y. <~ la[-1,1).
n:O o0 0
= oo X: - X"
a) DatX = x+2,tacoxétchudi méi 3 == = 3 a.X"
i n=0 n=0
y ’ A 1 an _ 1 1 . 1 _1; 132 _ 5 A
Ban kinh hoitu R = ’lqug ol }Lror'} |: v TeETE :| }gg 3(1 + 5)° = 3. Khodng héi tu
la-3 <X<3.

Tai X = -3, tacé chudi Y (;;z)n hoi tu tuyét d 6i.
n=0
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Tai X = 3, taco chudi Y- -5 hoi tu.
n=0

0

Vay mién hoi tu cia chudi 5 =% 1a [-3,3]. Suy ra mién hoi tu cia chudi

n=0 n=0
-3<x+2<3 hay -5<x<1.

(x+2)" 14
n23n
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BAI TAP CHUONG V

1. Tim s6 hang tong quat ctia cac chudi so
1V ++2+2+1+.

2/ %+%+%+%+...

3/ %+§—2+14—133+...

4/ ;7°+;%+;f#+12‘}%+..
5/ T+L—2+m+w+

2. Tim tong riéng va tong (n€u cd) cua cac chuodi so
o0

1
I/ Z 4n2-1
")
3n43n+1
2/ n3(n+1)3
QO:I

3y S

3”

n;O

2+(-1)"
T =
n=0 -
3. Chung minh cac chudi sau phan ky

/Y L
)

2/ ) sinn

lgozl
: T
3/ 3 nsin(E)
nozol
n
4/, > e
n=2 . R . ~. 7
4. Dung cac ti€u chuan so sanh, xét su hoi tu cia cac chuodi s6
n
1/ Z n2+2
b
2/ L
Z] [n(n+1)
n=
d 2
14n
3/ Z ( 1+n2 )
n=1

y ¥y
=)

Iy
53 ("
igozl
6/ > (\/n2+1 —n)a, (@ € R)
n=1
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72 s

)
8/ Z lnln
130*2
o 2 5
n=l,
Inn
10/ 3 Lo
"2
1/ ¥ In(1+-L)
n=1

o)

12/ 2 ——In 2]

13/ Z _Inn+l

Jndn

14/ Z(l—cos—
- L gin L
15/ ; ksin -

16/ Z 1+cosmr
=

201431

17/ Y B
n=1

5. Dung céac tiéu chuan D’ Alembert hay Cauchy, xét sy hoi tu ctia cac chudi )

e

n=oé
@Bn+1)!
2/ Z 8}1}12
lgo=1
3/ 2 1.3.5...2n-1)

221 (p—1)!
n;l

37(n!)?
4/ 2 2n)!
ns 1

5/ 2 (n+1 n(n-1)

n=.

77 (n!)?
6/ Z nZn

7 ()"

n;l

8 2 (3E0)"

n;l

9 ¥ L+

n=1
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20242041 \"
10/ Z ( 5n242n+1 )
6. Dung cac tiéu chuén tich phan d é xét su hoi tu cua cac chudi sb

In(1/n)

oy
n=2

2/ Z nlnn(ll‘lll‘ln)2

3/ 2 n(1n]n)ﬁ'

n=2
7. Xét su hoi tu cua cac chudi so dan dau sau

1/ Z S
n n—1
2/ Z( e

3/ Z( 1)n1 n+l

n24+n+1
ns 1

4 3 L

Inn

S/ Z( 1)’1135 (2n-1)

iy

6/

MS

n=1

7/

(-1t

M ¢

)
_1VtoLl qin 1
8/ Z_:( 1) g sin —=

ANV
=L,

1y —r
n:0(1> I’H’COS(#)

1/ > (—1)”2%,

—

’3021
12 3 1y ()"
n=1

8. Xét su hoi ty, hoi tu tuyét doi cua cac chuoi so sau
o0

n+l
VX o
noé
2/ Z< D" (5"

n_n+l
3/ 2( 1yl

n=1
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0

cosna
4/ 3. e
L)
2
cosn
53
n=1 . -
9. Tim mién hoi tu cua cac chuoi ity thira sau
o0
(71)nxn
1/ 6n—8
n=oé
in
2/ A
1010=1

3/ 3 2" (x+ 1)

n=1

o0 nz
4 3 —("*n D

n=oé
(x+1)"
S/ 2n-1)!
1010=1
5}1 n
6/ ==
n=oé

D

1010—1
8/ Y 2mxn
n;l

9 3 —(j;’"

n=1 ©

10/ > LD

n2"

lgo=1

1/ Y (ﬂ)”(x—z)%
n=}

12/ > L (x+5)2",

n24n

n=1
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MUC LUC

Loi néi dau

CHUONG 1. PHEP TINH VI PHAN HAM MOT BIEN
Khai niém vé ham sé

Dinh nghia

Céc ham sb so cip co ban

Gi6i han ciia diy s6 thue

Pinh nghia diy s, giéi han cia diy sé

Cic tinh chét va cac phép tinh vé gi6i han cia diy s6
Gi6i han ciia ham so

Cac dinh nghia gi¢i han

Cic tinh chét ciia ham s6 c6 giéi han

Cic phép toan giéi han ciia ham s

Cac gidi han co ban

Vo cung bé (VCB) va vo cung lon (CVL)

Vo cung bé

Dinh nghia

So sanh cac vo cung bé

Khir dang vo6 dinh

Vo cung lém

Dinh nghia

Lién hé¢ gitra VCB va VCL

So sanh cac vo cung lom

Khir dang vo dinh 2,00 — 00,0 X oo,

Ham s6 lién tuc
Cic dinh nghia vé ham s6 lién tuc tai mot diém
Pinh nghia trong khodng, trén doan

Cic phép toan trén cac ham so lién tuc tai mot diém
Pi¢m gian doan. Phan loai

Tinh lién tuc ctia cac ham so cap

Trang
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Tinh chat ciia ham lién tuc trén mgt doan

Pao ham
Cac khai niém dao ham
Cac dinh nghia
Y nghia ciia dao ham
Lién hé giira dao ham va tinh lién tuc
Cac qui tic tinh dao ham
Bang cac dao ham co ban
Pao ham cip cao
Vi phan
Pinh nghia vi phan
Lién hé giira vi phin va dao ham
Tinh bt bién ciia biéu thirc vi phan
Cic qui tic tinh vi phan
Vi phén cép cao
Cic dinh 1y vé gia tri trung binh
Mot s6 &ng dung ciia dao han va vi phian
Qui tic L Hopital
Tinh gan ding
BAI TAP CHUONG I
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Cac khai niém
Mién phing
Pinh nghia ham hai bién
Biéu dién hinh hoc
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Pao ham riéng cap mot, cap cao, dao ham ciia ham hop

Vi phén riéng, vi phan toan phin

Ung dung vi phén toan phin dé tinh gin ding

Cuec tri ciia ham hai bién
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Dinh nghia
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Cuec tri ¢6 diéu kién( cwe tri rang budc)
Dinh nghia

Cac phwong phap tim cuec tri co diéu ki€én

Gi4 tri nhé nhat va gia tri 16n nhat trén mot mién déng va bi chin

BAI TAP CHUONG II

CHUONG 3. PHEP TiNH TiCH PHAN HAM MOT BIEN

Tich phan bt dinh
Nguyén ham

Dinh nghia

DPinh ly

Pinh nghia va tinh chit cia tich phin bat dinh

Dinh nghia
Cic tinh chit ciia tich phan bat dinh
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Phwong phap ddi bién sb
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Phwong trinh vi phin ding cap cip 1

Pinh nghia

Cach giai
Phwong trinh vi phin tuyén tinh cap 1

Dinh nghia

Phuwong phap bién thién hing s6 (Lagrange)
Phwong phap Bernuoulli

Phwong phap thira so tich phan
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Cach giai
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Cac khai niém chung
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