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ABSTRACT. This is a set of lecture notes for a series of introductory courses in
topology for undergraduate students at the University of Science, Ho Chi Minh
City. It is written to be delivered by myself, tailored to my students. I did not write
it with other lecturers or self-study readers in mind.

In writing these notes I intend that more explanations and discussions will
be carried out in class. I hope by presenting only the essentials these notes will be
more suitable for classroom use. Some details are left for students to fill in or to be
discussed in class.

A sign +/ in front of a problem notifies the reader that this is an important
one although it might not appear to be so initially. A sign * indicates a relatively
more difficult problem.

The latest version of this set of notes is available at
http://www.math.hcmus.edu.vn/~hqvu/teaching/n.pdf, and the source file is
at
http:/ /www.math.hcmus.edu.vn/~hqvu/teaching/n.tar.gz. This work is releashed
to Public Domain (CCO) wherever applicable, see
http:/ / creativecommons.org/publicdomain/zero/1.0/, otherwise it is licensed un-
der the Creative Commons Attribution 4.0 International License, see
http:/ /creativecommons.org/licenses /by /4.0/.

September 16, 2016.
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INTRODUCTION 1

Introduction

Topology is a mathematical subject that studies shapes. A set becomes a topo-
logical space when each element of the set is given a collection of neighborhoods.
Operations on topological spaces must be continuous, bringing certain neighbor-
hoods into neighborhoods.

Unlike geometry, there is no notion of distance. So topology is “more general”
than geometry. But usually people do not classify geometry as a subfield of topol-
ogy. On the other hand, if one forgets the distance from geometrical objects, one
gets topological space. This is a more prevalent point of view: topology is the part
of geometry that does not concern distance.

FIGURE 0.1. How to make a closed trip such that every bridge
(a blue arc) is crossed exactly once? This is the problem Seven
Bridges of Konigsberg, studied by Leonard Euler in the 18th cen-
tury. It does not depend on the size of the bridges.

Characteristics of fopology. Operations on topological objects are more re-
laxed: beside moving around (allowed in geometry), stretching or bending are
allowed in topology (not allowed in geometry). For example, in topology circles -
big or small, anywhere - are same. Ellipses and circles are same.

On the other hand in topology tearing or breaking are not allowed: circles are
still different from lines.

While topological operations are more flexible they still retain some essential
properties of spaces.

Contributions of topology. Topology provides basic notions to areas of math-
ematics where continuity appears.

Topology focuses on some essential properties of spaces. It can be used in
qualitative study. It can be useful where metrics or coordinates are not available,
not natural, or not necessary.

Topology often does not stand alone: there are fields such as algebraic topol-
ogy, differential topology, geometric topology, combinatorial topology, quantum
topology, ...

Topology often does not solve a problem by itself, but contributes important
understanding, settings, and tools. Topology features prominently in differential
geometry, global analysis, algebraic geometry, theoretical physics ...
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General Topology

1. Infinite sets

General Topology is the part of Topology that studies basic settings, also called
Point-set Topology.

In General Topology we often work in very general settings, in particular we
often deal with infinite sets.

We will not define what a set is. In other words, we will work on the level of
“naive set theory”, pioneered by Georg Cantor in the late 19th century. We will use
familiar notions such as maps, Cartesian product of two sets, ... without recalling
definitions. We will not go back to definitions of the natural numbers or the real
numbers.

Still, we should be aware of certain problems in naive set theory.

EXAMPLE (Russell’s paradox). Consider the set S = {x | x ¢ x} (the set of
all sets which are not members of themselves). Then whether S € S or not is
undecidable, since answering yes or no to this question leads to contradiction. E|

Axiomatic systems for the theory of sets have been developed since then. In
the Von Neumann-Bernays-Godel system a more general notion than set, called
class (16p), is used. In this course, we do not distinguish set, class, or collection
(ho), but in occasions where we deal with “set of sets” we often prefer the term
collection. For more one can read [End77, p. 6], [Dug66| p. 32].

Indexed collection. Suppose that A is a collection, I isasetand f: [ — A
is a map. The map f is called an indexed collection, or indexed family (ho dugc danh
chi s6). We often write f; = f(i), and denote the indexed collection f by (f;)ic;
{fi}ier- Notice that it can happen that f; = f; for some i # j.

EXAMPLE. A sequence of elements in a set A is a collection of elements of A

indexed by the set Z™ of positive integer numbers, written as (a,) ez

Relation. A relation (quan hé) R on a set S is a non-empty subset of the set
S xS.

When (a,b) € R we often say that a is related to b and often write a ~g b.

A relation said to be:
IDiscovered in 1901 by Bertrand Russell. A famous version of this paradox is the barber paradox: In
a village there is a barber; his job is to do hair cut for a villager if and only if the villager does not cut

his hair himself. Consider the set of all villagers who had their hairs cut by the barber. Is the barber
himself a member of that set?
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4 GENERAL TOPOLOGY

(a) reflexive (phan xa) if Va € S, (a,a) € R.
(b) symmetric (d6i xing) if Va,b € S, (a,b) € R = (b,a) € R.
(c) antisymmetric (phan dbi xung) if Va,b € S, ((a,b) € RA (b,a) €R) =
a=b.
(d) transitive (bac cau) if Va,b,c € S, ((a,b) € RA (b,c) € R) = (a,c) € R.
An equivalence relation on S is a relation that is reflexive, symmetric and transitive.
If R is an equivalence relation on S then an equivalence class (16p tuong duong)
represented by a € S is the subset [a] = {b € S| (a,b) € R}. Two equivalence
classes are either coincident or disjoint. The set S is partitioned (phan hoach) into
the disjoint union of its equivalence classes.

Countable sets. Two sets are said to be set-equivalent if there is a bijection
from one set to the other set. A set is said to be finite if it is equivalent to a subset
{1,2,3,...,n} of all positive integers Z* for some n € Z*. If a set is not finite we
say that it is infinite.

DEFINITION. A set is called countably infinite (v han dém dugc) if it is equiv-
alent to the set of all positive integers. A set is called countable if it is either finite
or countably infinite.

Intuitively, a countably infinite set can be “counted” by the positive integers.
The elements of such a set can be indexed by the set of all positive integers as a

sequence ai,42,43, . .. .
EXAMPLE. The set Z of all integer numbers is countable.
PROPOSITION. A subset of a countable set is countable.

PROOF. The statement is equivalent to the statement that a subset of Z™ is
countable. Suppose that A is an infinite subset of Z*. Let a; be the smallest
number in A. Let a, be the smallest number in A\ {a1,42,...,4,_1}. Thena, 1 <
a,, and the set B = {a,| n € Z" } is a countably infinite subset of A.

We show that any element m of A is an a, for some #, and therefore B = A.

Let C = {a, | a, > m}. Then C # @ since B is infinite. Let a,, = minC.
Then ay, > m. Further, since a,,_1 < ay, we have a,,_1 < m. This implies
m € A\{ay,ay,...,4_1}. Since ay, = min (A\ {ay,a2,...,a,,-1}) we must
have a,;, < m. Thus a,, = m. O

COROLLARY. If there is an injective map from a set S to Z then S is countable.
PROPOSITION 1.1. If there is a surjective map from Z™ to a set S then S is countable.

PROOF. Suppose that there is a surjective map ¢ : Z* — S. For each s € S the
set 1 (s) is non-empty. Let n; = min ¢! (s). The map s — 75 is an injective map
from S to a subset of ZT, therefore S is countable. O

PROPOSITION. Z7T x Z* is countable.
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1. INFINITE SETS 5

PROOF. We can enumerate Z x ZT by the method shown in the following

diagram:

To prove in the detail we can derive the explicit formula by counting along the

diagonals:

(m+n—-2)(m+n—1)

(mn)— (14+2+---+(m+n—-1)—1))+m= 5 +m
We will check that this map is injective. Let k = m + n. Suppose that (kfz)zil) +
m = W +m’. If k = k' then the equation certainly leads to m = m’ and
n=n'.Ifk < k' then

k—2)(k—1 k—2)(k—1 k—1)k
L P (511
< (k-Dk +1< K =2E 1) +m’,
2 2
a contradiction. O
THEOREM 1.2. The union of a countable collection of countable sets is a countable
set.

PROOF. The collection can be indexed as Aq, Ay, ..., A;, ... (if the collection
is finite we can let A; be the same set for all i starting from a certain index). The
elements of each set A; can be indexed as a;1,4;2,...,4ij, ... (if A; is finite we can
let a;; be the same element for all j starting from a certain index). This means
there is a surjective map from the index set Z™ x Z* to the union J;c; A; by
(i,j) = ai. O

THEOREM. The set Q of all rational numbers is countable.

PROOF. One way to prove this result is to write Q = U224 {g | p € Z}, then
use[T2

Another way is to observe that if we write each rational number in the form
5 with g > 0 and ged(p,g) = 1 then the map g — (p,q) from Q to Z X Z is
injective. 0

THEOREM 1.3. The set R of all real numbers is uncountable.
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6 GENERAL TOPOLOGY

PROOF. The proof uses the Cantor diagonal argument.
Suppose that set of all real numbers in decimal form in the interval [0, 1] is

countable, and is enumerated as a sequence {4; | i € ZT }. Let us write

a = 0.a1,1ﬂ1,2a1,3 -

a; = 0.612/1612[2&2,3 .

az = 0.&13/1&3[2&3]3 e

There are real numbers whose decimal presentations are not unique, such as
% = 0.5000... = 0.4999.... Choose a number b = 0.b1bybs3... such that b, #
0,9 and b, # au,. Choosing b, differing from 0 and 9 will guarantee that b #
a, for all n (see more at[1.14). Thus the number b is not in the above table, a

contradiction. O

EXAMPLE. Two intervals [a, b] and [c, d] on the real number line are equivalent.
The bijection can be given by a linear map x +— %(X —a) + ¢. Similarly, two
intervals (a,b) and (c,d) are equivalent.

The interval (—1,1) is equivalent to R via a map related to the tan function:

X —

X
NS

REMARK. Whether there is a set which is “more” than Z but “less” than R
cannot be answered. That there is no such set can be accepted as an axiom, called

the Continuum hypothesis.
Given a set S the set of all subsets of S is denoted by P(S) or 2°.

THEOREM 1.4. Any non-empty set is not equivalent to the set of all of its subsets.
Given a set S there is no surjective map from S to 2°.

PROOF. Let S # @. Let ¢ be any map from Sto25. Let X = {a € S |a ¢ ¢(a)}.
Suppose that there is x € S such that ¢(x) = X. Then the truth of the statement
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1. INFINITE SETS 7

x € X (whether it is true or false) is undecidable, a contradiction. Therefore there
isno x € S such that ¢(x) = X, so ¢ is not surjective. O

This result implies that any set is “smaller” than the set of all of its subsets.
So there can not be a set that is “larger” than any other set. There is no “universal

7o

set”, “set which contains everything”, or “set of all sets”.

REMARK. There is a notion of “sizes” of sets, called cardinality, but we will

not present it here.

Order. An order (tht tu) on a set S is a relation R on S that is reflexive, anti-
symmetric and transitive.

Note that two arbitrary elements 2 and b do not need to be comparable; that is,
the pair (a,b) may not belong to R. For this reason an order is often called a partial
order.

When (a,b) € R we often write 4 < b. When a < b and a # b we write a < b.

If any two elements of S are related then the order is called a total order (thit tu
toan phan) and (S, <) is called a fotally ordered set.

EXAMPLE. The set R of all real numbers with the usual order < is totally
ordered.

EXAMPLE. Let S be a set. Denote by 2° the collection of all subsets of S. Then
(25,C) is a partially ordered set, but is not totally ordered if S has more than one
element.

EXAMPLE (dictionary order). Let (S1,<7) and (S, <,) be two ordered sets.
The following is an order on S1 x Sy: (a1,b1) < (ap,by) if (a7 < ap) or ((a1 =

a3) A (by < by)). This is called the dictionary order (thi tu tir dién).

In an ordered set, the smallest element (phan t& nhod nhéat) is the element that is
smaller than all other elements. More concisely, if S is an ordered set, the smallest
element of S is an element a € S such that Vb € S,a < b. The smallest element, if
exists, is unique.

A minimal element (ph?m tr cuc tiéu) is an element which no element is smaller
than. More concisely, a minimal element of S is an element a € S such that Vb €
S,b < a = b = a. There can be more than one minimal element.

A lower bound (chan dudi) of a subset of an ordered set is an element of the set
that is smaller than or equal to any element of the subset. More concisely, if A C S
then a lower bound of A in S is an element a € S such thatVb € A,a < b.

The definitions of largest element, maximal element, and upper bound are
similar.

The Axiom of choice.

THEOREM. The following statements are equivalent:
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8 GENERAL TOPOLOGY

(a) Axiom of choice: Given a collection of non-empty sets, there is a function defined
on this collection, called a choice function, associating each set in the collection
with an element of that set.

(b) Zorn lemma: If any totally ordered subset of an ordered set X has an upper bound
then X has a maximal element.

Zorn lemma is often a convenient form of the Axiom of choice.

Intuitively, a choice function “chooses” an element from each set in a given
collection of non-empty sets. The Axiom of choice allows us to make infinitely
many arbitrary choices. E| This is also often used in constructions of functions,
sequences, or nets, see one example at One common application is the use of
the product of an infinite family of sets — the Cartesian product, discussed below.

The Axiom of choice is needed for many important results in mathematics,
such as the Tikhonov theorem in Topology, the Hahn-Banach theorem and Banach-
Alaoglu theorem in Functional analysis, the existence of a Lebesgue unmeasurable
set in Real analysis, .. ..

There are cases where this axiom could be avoided. For example in the proof
of we used the well-ordered property of Z" instead. See for instance [End77,
p- 151] for further material on this subject.

Cartesian product. Let (A;);c; be a collection of sets indexed by a set I. The
Cartesian product (tich Decartes) [ T;c; A; of this indexed collection is defined to be
the collection of all maps a : I — [J;c; A; such that a(i) € A; for every i € I. The
existence of such a map is a consequence of the Axiom of choice. An element a
of [Ties A; is often denoted by (a;);c;, with a; = a(i) € A; being the coordinate of
index i, in analog to the finite product case.

Problems.

1.5. Let f be a function. Show that:

@ f(U;Ai) = Ui f(A).

() f(N; A;) C N f(A;). If f is injective (one-one) then equality happens.
© fHUi A = Ui f 1 (A)-

@ FHNA) =N f (A
1.6. Let f be a function. Show that:

(@) f(f~1(A)) C A.If f is surjective (onto) then equality happens.
(b) fY(f(A)) D A.If f is injective then equality happens.

1.7. If A is countable and B is infinite then A U B is equivalent to B.
1.8. Give another proof of [.2] by checking that the map Z* x Z* — Z7, (m,n) —
23" is injective.

2Bertrand Russell said that choosing one shoe from each pair of shoes from an infinite collection of pairs
of shoes does not need the Axiom of choice (because in a pair of shoes the left shoe is different from
the right one so we can define our choice), but usually in a pair of socks the two socks are identical, so
choosing one sock from each pair of socks from an infinite collection of pairs of socks needs the Axiom
of choice.
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1. INFINITE SETS 9

1.9. Show that the set of points in R” with rational coordinates is countable.
1.10. Show that if A has n elements then [24] = 2"
1.11. Show that the set of all functions f : A — {0,1} is equivalent to 24.

1.12. A real number « is called an algebraic number if it is a root of a polynomial with
integer coefficients. Show that the set of all algebraic numbers is countable.

A real number which is not algebraic is called transcendental. For example it is known
that 7r and e are transcendental. Show that the set of all transcendental numbers is uncount-
able.

1.13. A continuum set is a set which is equivalent to IR. Show that a countable union

of continuum sets is a continuum set.

1.14. Show that any real number could be written in base d withany d € Z, d > 2.
However two forms in base d could represent the same real number, as seen in This
happens only if starting from certain digits, all digits of one form are 0 and all digits of the
other form are d — 1. (This result is used in[T.3])

1.15 (2% = ¢). * We prove that 2N is equivalent to IR.

(a) Show that 2N is equivalent to the set of all sequences of binary digits.

(b) Using deduce that |[0,1]| < [2N].

(c) Consider amap f : N [0,2], for each binary sequence a = ajapas - - - define
f(a) as follows. If starting from a certain digit, all digits are 1, then let f(a) =
l.ayapa3 - - - . Otherwise let f(a) = 0.a1a5a3 - - - . Show that f is injective.

Deduce that [2N| < |[0,2]].

1.16 (IR? is equivalent to IR). * Here we prove that R? is equivalent to R, in other words,

a plane is equivalent to a line. As a corollary, R" is equivalent to IR.

(a) First method: Construct a map from [0,1) x [0,1) to [0,1) as follows. In view of
we only allow decimal presentations in which not all digits are 9 starting
from a certain digit. The pair of two real numbers 0.a14; ... and 0.b1b, ... corre-
sponds to the real number 0.a1b1a5b; . . .. Check that this map is injective.

(b) Second method: Construct a map from 2N 5 2N o 2N 55 follows. The pair of
two binary sequences a4y ... and bib, ... corresponds to the binary sequence
aibiazby . . .. Check that this map is injective. Then use

1.17 (Cantor set). Deleting the open interval (%, %) from the interval of real numbers

[0,1], one gets a space consisting of two intervals [0, 1] U [3,1]. Continuing, delete the in-
tervals (%, %) and (%, %). In general on each of the remaining intervals, delete the middle
open interval of % the length of that interval. The Cantor set is the set of remaining points.
It can be described as the set of real numbers Y, , %, a, = 0,2. In other words, it is the set
of real numbers in [0, 1] which in base 3 could be written without the digit 1.

Show that the total length of the deleted intervals is 1. Is the Cantor set countable?

1.18 (transfinite induction principle). An ordered set S is well-ordered (dugc sap tot) if
every non-empty subset A of S has a smallest element, i.e. 32 € A, Vb € A, a < b. For
example with the usual order, N is well-ordered while R is not. Notice that a well-ordered
set must be totally ordered. Ernst Zermelo proved in 1904, based on the Axiom of choice,

that any set can be well-ordered.
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10 GENERAL TOPOLOGY

Prove the following generalization of the principle of induction. Let A be a well-
ordered set. Let P(a) be a statement whose truth depends on 4 € A. Suppose that if
P(a) is true for all @ < b then P(b) is true. Then P(a) is true for all a € A.
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2. TOPOLOGICAL SPACE 11

2. Topological space

The reason we study topological space is that this is a good setting for discus-
sions on continuity of maps. Briefly, a topology is a system of open sets.

DEFINITION. A fopology on a set X is a collection T of subsets of X satisfying:

(a) The sets @ and X are elements of T.
(b) A union of elements of T is an element of T.

(c) A finite intersection of elements of T is an element of 7.

Elements of T are called open sets of X in the topology .

In short, a topology on a set X is a collection of subsets of X which includes @
and X and is “closed” under unions and finite intersections.

EXAMPLE. On any set X there is the trivial topology (topd hién nhién) {@, X }.
There is also the discrete topology (top6 roi rac) whereas any subset of X is open.
Thus on a set there can be many topologies.

A set X together with a topology 7 is called a topological space, denoted by (X, )
or X alone if we do not need to specify the topology. An element of X is often called
a point.

A neighborhood (lan cén) of a point x € X is a subset of X which contains an
open set containing x. Note that a neighborhood does not need to be openﬁ

REMARK. The statement “intersection of finitely many open sets is open” is
equivalent to the statement “intersection of two open sets is open”.

Metric space. Recall that, briefly, a metric space is a set equipped with a
distance between every two points. Namely, a metric space is a set X with a map
d: X x X+— Rsuchthatforallx,y,z € X:

(a) d(x,y) > 0 (distance is non-negative),

(b) d(x,y) = 0 <= «x = y (distance is zero if and only if the two points
coincide),

(c) d(x,y) = d(y, x) (distance is symmetric),

(d) d(x,y)+d(y,z) > d(x,z) (triangular inequality).

Aball is a set of the form B(x,r) = {y € X | d(y,x) < r} wherer € R, r > 0.

In the theory of metric spaces, a subset U of X is said to be open if for all x in
U there is € > 0 such that B(x, €) is contained in U. This is equivalent to saying
that a non-empty open set is a union of balls.

To check that this is indeed a topology, we only need to check that the in-
tersection of two balls is a union of balls. Let z € B(x,ry) N B(y, ry), let r, =
min{ry —d(z,x), r, —d(z,y)}. Then the ball B(z, ) will be inside both B(x,y)
and B(y, ry).

3Be careful that not everyone uses this convention. For instance Kelley [Kel55] uses this convention but
Munkres [Mun00] requires a neighborhood to be open.
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12 GENERAL TOPOLOGY

Thus a metric space is canonically a topological space with the topology gen-
erated by the metric. When we speak about topology on a metric space we mean this
topology.

EXAMPLE (normed spaces). Recall that a normed space (khong gian dinh
chuan) is briefly a vector spaces equipped with lengths of vectors. Namely, a
normed space is a set X with a structure of vector space over the real numbers
and a real function X — R, x — ||x||, called a norm (chuan), satisfying:

(@) ||x|| > 0and ||x|| = 0 <= x = 0 (length is non-negative),

(b) |[|ex|| = |c|||x]| for ¢ € R (length is proportionate to vector),

(© Ix+yll < |Ixl] + [y (riangle inequality).
A normed space is canonically a metric space with metric d(x,y) = ||x —y||.
Therefore a normed space is canonically a topological space with the topology
generated by the norm.

EXAMPLE (Euclidean topology). In R"” = {(x1,x2,...,x,) | x; € R}, the Eu-
clidean norm of a point x = (x1,xp,...,%,) is ||x|| = [, x?] 1/2. The topology
generated by this norm is called the Euclidean topology (t6p6 Euclid) of R”.

A complement of an open set is called a closed set.

PROPOSITION (dual description of topology). In a topological space X:

(a) @ and X are closed.
(b) A finite union of closed sets is closed.
(c) An intersection of closed sets is closed.

Interior — Closure - Boundary. Let X be a topological space and let A be a
subset of X. A point x in X is said to be:

e an interior point (diém trong) of A in X if there is an open set of X contain-
ing x that is contained in A.

e a contact point (diém dinh) (or point of closure) of A in X if any open set
of X containing x contains a point of A.

e a limit point (diém tu) (or cluster point, or accumulation point) of A in X
if any open set of X containing x contains a point of A other than x. Of
course a limit point is a contact point. We can see that a contact point of
A which is not a point of A is a limit point of A.

e a boundary point (diém bién) of A in X if every open set of X containing x
contains a point of A and a point of the complement of A. In other words,
a boundary point of A is a contact point of both A and the complement
of A.

With these notions we define:

e The set of all interior points of A is called the interior (phan trong) of A in
X, denoted by A or int(A).
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2. TOPOLOGICAL SPACE 13

o The set of all contact points of A in X is called the closure (bao dong) of A
in X, denoted by A or cl(A).

o The set of all boundary points of A in X is called the boundary (bién) of A
in X, denoted by dA.

EXAMPLE. On the Euclidean line R, consider the subset A = [0,1) U {2}.
Its interior is intA = (0,1), the closure is clA = [0,1] U {2}, the boundary is
0A = {0,1,2}, the set of all limit points is [0, 1].

Bases of a topology.

DEFINITION. Given a topology, a collection of open sets is a basis (co s6) for
that topology if every non-empty open set is a union of members of that collection.

More concisely, let T be a topology of X, then a collection B C 7 is called a
basis for 7 if for any @ # V € 7 there is C C B such that V = Jpcc O.

So a basis of a topology is a subset of the topology that generates the entire

topology via unions. Specifying a basis is a more “efficient” way to give a topology.
EXAMPLE. In ametric space the collection of all balls is a basis for the topology.

EXAMPLE. The Euclidean plane has a basis consisting of all open disks. It also

has a basis consisting of all open rectangles.

DEFINITION. A collection S C T is called a subbasis (tién cd sd) for the topology
T if the collection of all finite intersections of members of S is a basis for T.

Clearly a basis for a topology is also a subbasis for that topology. Briefly, given
a topology, a subbasis is a subset of the topology that can generate the entire topol-

ogy by unions and finite intersections.

EXAMPLE. Let X = {1,2,3}. The topology T = {®,{1,2},{2,3},{2},{1,2,3}}
has a basis {{1,2},{2,3},{2}} and a subbasis {{1,2},{2,3} }.

EXAMPLE 2.1. The collection of all open rays, that are, sets of the forms (a, %)
and (—o0,a), is a subbasis for the Euclidean topology of R.

Comparing topologies.

DEFINITION. Let 7 and 7, be two topologies on X. If 77 C T we say that 1, is
finer (min hon) (or stronger, bigger) than 71 and 7; is coarser (tho hon) (or weaker,

smaller) than 1.

EXAMPLE. On a set the trivial topology is the coarsest topology and the dis-
crete topology is the finest one.

Generating topologies. Suppose that we have a set and we want a topology
such that certain subsets of that set are open sets, how do find a topology for that

purpose?
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14 GENERAL TOPOLOGY

THEOREM. Let S be a collection of subsets of X. The collection T consisting of @,
X, and all unions of finite intersections of members of S is the coarsest topology on X that
contains S, called the topology generated by S. The collection S U {X} is a subbasis for
this topology.

REMARK. In several textbooks to avoid adding the element X to S itis required
that the union of all members of S is X.

PROOE. Let B be the collection of all finite intersections of members of S, that
is, B={Noec1O|I CS,|I| < co}. Let T be the collection of all unions of members
of B, thatis, T = {Uyer U | F C B}. We check that 7 is a topology.

First we check that 7 is closed under unions. Let o C T, consider (4, A. We
write Upep A = Uaer (Uuer, U), where F4 C B. Since

Jiuulj= U u

Aec \U€EF, Ue(Uaer Fa)

and since |Ja¢, Fa C B, we conclude that Jac, A € T.
We only need to check that 7 is closed under intersections of two elements. Let
Uuer U and Uy g V be two elements of T, where F, G C B. We can write

(JunUv)y= U wnv).
Uer VeG UEeF,VeG
Let]={UNV |U€F,V e G}. Then ] C B, and we can write
(Juncdvi=Uw,
UeF VeG weJ

showing that (UyerU) N (Uyeg V) € T O
By this theorem, given a set, any collection of subsets generates a topology.

EXAMPLE. Let X = {1,2,3,4}. Theset {{1},{2,3},{3,4} } generates the topol-

ogy {@,{1},{3},{1,3},{2,3}, {3,4},{1,2,3}, {1,3,4},{2,3,4}, {1,2,3,4} }. A ba-
sis for this topology is {{1}, {3}, {2,3}, {3,4} }.

EXAMPLE (ordering topology). Let (X, <) be a totally ordered set. The collec-
tion of subsets of the forms {f € X | B < a} and {B € X | B > a} generates a
topology on X, called the ordering topology.

EXAMPLE. The Euclidean topology on R is the ordering topology with respect
to the usual order of real numbers. (This is just a different way to state[2.})
Problems.

2.2 (finite complement topology). The finite complement topology on X consists of the
empty set and all subsets of X whose complements are finite. Check that this is indeed a

topology. Is it true if “finite” is replaced by “countable”?

2.3. Let X be a set and p € X. Show that the collection consisting of @ and all subsets
of X containing p is a topology on X. This topology is called the Particular Point Topology
on X, denoted by PPX,,. Describe the closed sets in this space.

CuuDuongThanCong.com https://fb.com/tailieudientucntt


http://cuuduongthancong.com?src=pdf
https://fb.com/tailieudientucntt

2. TOPOLOGICAL SPACE 15

2.4. (a) The interior of A in X is the largest open subset of X that is contained in
A. A subset is open if all of its points are interior points.
(b) The closure of A in X is the smallest closed subset of X containing A. A subset is

closed if and only if it contains all of its contact points.

2.5. Show that A is the disjoint union of A and 9A. Show that X is the disjoint union
of A, A, and X \ A.

2.6. Theset {x € Q| —+2 < x < v/2} is both closed and open in Q under the
Euclidean topology of R.

2.7. In a metric space X, a point x € X is a limit point of the subset A of X if and only

if there is a sequence in A \ {x} converging to x. (This is not true in general topological
spaces, see[5.4] )

2.8. (a) In a normed space, show that the boundary of the ball B(x,r) is the
sphere {y | ||x —y|| = r}, and so the ball B'(x,7) = {y | ||x —y| < r} is the
closure of B(x,r).

(b) In a metric space, show that the boundary of the ball B(x,r) is a subset of the
sphere {y | d(x,y) = r}. Is the ball B'(x,7) = {y | d(x,y) < r} the closure of
B(x,r)?

29. Let O, = {k € Z* | k > n}. Check that {@} U{O,, | n € Z"} is a topology on
Z*. Find the closure of the set {5}. Find the closure of the set of all even positive integers.

2.10. Show that an open set in IR is a countable union of open intervals.

2.11. In the real number line with the Euclidean topology, is the Cantor set (see[1.17)
closed or open, or neither? Find the boundary and the interior of the Cantor set (see[2.11).

2.12. Show that the intersection of a collection of topologies on a set X is a topology
on X. If S is a subset of X, then the intersection of all topologies of X containing S is the

smallest topology that contains S. Show that this is exactly the topology generated by S.

2.13. A collection B of open sets is a basis if for each point x and each open set O

containing x there is a U in B such that U contains x and U is contained in O.

2.14. Show that two bases generate the same topology if and only if each member of

one basis is a union of members of the other basis.

2.15. Let B be a collection of subsets of X. Then BU {X} is a basis for a topology on
X if and only if the intersection of two members of B is either empty or is a union of some
members of B. (In several textbooks to avoid adding the element X to B it is required that

the union of all members of B is X.)

2.16. In a metric space the set of all balls with rational radii is a basis for the topology.
The set of all balls with radii %, m > 11is another basis.

2.17 (R" has a countable basis). +/ The set of all balls each with rational radius whose

center has rational coordinates forms a basis for the Euclidean topology of R".

2.18. Let d; and d; be two metrics on X. If there are &, > 0 such that for all x,y € X,
ady (x,y) < dy(x,y) < Bdyi(x,y) then the two metrics are said to be equivalent. Show that

two equivalent metrics generate same topologies.
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16 GENERAL TOPOLOGY

2.19 (all norms in R" generate the Euclidean topology). In R" denote by ||-||, the Eu-
clidean norm, and let ||-|| be any norm.
(a) Check that the map x — ||x|| from (R", ||-||,) to (R, |-]|5) is continuous.
(b) Let S" be the unit sphere under the Euclidean norm. Show that the restriction
of the map above to S” has a maximum value § and a minimum value «. Hence
a < Hﬁ” < Bforall x # 0.
(c) Deduce that any two norms in R” generate equivalent metrics, hence all norms in

R" generate the Euclidean topology.

2.20. Let (X, d) be a metric space.

(@) Letd;(x,y) = min{d(x,y),1}. Show that d; is a metric on X generating the same
topology as that generated by d. Is d; equivalent to d?

(b) Letdy(x,y) = 1i<dx(¥L 7 Show that d; is a metric on X generating the same topol-

ogy as the topology generated by d. Is d, equivalent to d?

2.21. Ts the Euclidean topology on R? the same as the ordering topology on R? with

respect to the dictionary order? If it is not the same, can the two be compared?

2.22 (the Sorgentfrey’s line). The collection of all intervals of the form [a,b) generates a

topology on R. Is it the Euclidean topology?
2.23. * On the set of all integer numbers Z, consider arithmetic progressions
Sa,b =a-+bZ,

wherea € Zandb € Z™.

(a) Show that these sets form a basis for a topology on Z.

(b) Show that with this topology each set S, , is closed.

(c) Show that if there are only finitely many prime numbers then the set {£1} is
open.

(d) Conclude that there are infinitely many prime numbers. (This proof was given by
Hillel Furstenberg in 1955.)
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3. CONTINUITY 17

3. Continuity

Continuous maps. Previously in metric spaces a function f is considered
continuous at x if f(y) can be arbitrarily close to f(x) provided that y is sufficiently
close to x. This notion is generalized to the following;:

DEFINITION. Let X and Y be topological spaces. We say amap f : X — Yis
continuous at a point x in X if for any open set U of Y containing f(x) there is an
open set V of X containing x such that f(V) is contained in U.

We say that f is continuous (on X) if it is continuous at every point in X.

THEOREM. A map is continuous if and only if the inverse image of an open set is an
open set.

PROOF. (=) Suppose that f : X — Y is continuous. Let U be an open setin Y.
Let x € f~1(U). Since f is continuous at x and U is an open neighborhood of f(x),
there is an open set Vy containing x such that V, is contained in f~!(U). Therefore
fiu) = Usref-1(u) Va is open.

(<=) Suppose that the inverse image of any open set is an open set. Let x €
X. Let U be an open neighborhood of f(x). Then V = f~1(U) is an open set

containing x, and f(V) is contained in U. Therefore f is continuous at x. 0

EXAMPLE. Let X and Y be topological spaces.

(a) The identity function, idyx : X — X, x — x, is continuous.

(b) The constant function, with a givena € Y, x — g, is continuous.

(c) If Y has the trivial topology then any map f : X — Y is continuous.
(d) If X has the discrete topology then any map f : X — Y is continuous.

EXAMPLE (metric space). Let (X, d;) and (Y, d;) be metric spaces. Recall that
in the theory of metric spaces, a map f : (X,d1) — (Y,dy) is continuous at x € X
if and only if

Ve > 0,36 > 0,d1(y,x) <6 =da(f(y), f(x)) <e.

In other words, given any ball B(f(x),€) centered at f(x), there is a ball B(x, J)
centered at x such that f brings B(x,d) into B(f(x),e). It is apparent that this
definition is equivalent to the definition of continuity in topological spaces where
the topologies are generated by the metrics. In other words, if we look at a met-
ric space as a topological space with the topology generated by the metric then
continuity in the metric space is the same as continuity in the topological space.

Therefore we inherit all results concerning continuity in metric spaces.

Homeomorphism. A map from one topological space to another is said to be
a homeomorphism (phép dong phoi) if it is a bijection, is continuous and its inverse
map is also continuous. Two spaces are said to be homeomorphic (d6ng phoi) if
there is a homeomorphism from one to the other. This is a basic relation among

topological spaces.
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18 GENERAL TOPOLOGY

PROPOSITION. A homeomorphism between two spaces induces a bijection between
the two topologies.

PROOF. A homeomorphism f : X — Y induces a bijection

f T — Ty
O — f(O).
O

Roughly speaking, in the field of Topology, when two spaces are homeomor-
phic they are considered the same. For example a “topological sphere” means a
topological space which is homeomorphic to a sphere.

Topology generated by maps. Let (X, tx) be a topological space, Y be a set,
and f : X — Y be a map, we want to find a topology on Y such that f is continu-
ous. The requirement for such a topology Ty is that if U € 7y then f~1(U) € 1x.
The trivial topology on Y satisfies that requirement. It is the coarsest topology sat-
isfying that requirement. On the other hand the collection {U C Y | f~1(U) € tx}
is actually a topology on Y. This is the finest topology satisfying that requirement.

In another situation, let X be a set, (Y, 7y) be a topological space, and f : X —
Y be a map, we want to find a topology on X such that f is continuous. The re-
quirement for such a topology Ty is that if U € 1y then f~1(U) € 7x. The discrete
topology on X is the finest topology satisfying that requirement. The collection
x = {f1(U) | U € 1y} is the coarsest topology satisfying that requirement. We
can observe further that if the collection Sy generates 7y then Tx is generated by
the collection { f~1(U) | U € Sy}.

Subspace. Let (X, T) be a topological space and let Y be a subset of X. We
want to define a topology on Y that can be naturally considered as being “inher-
ited” from X. Thus any open set of X that is contained in Y should be considered
openin Y. If an open set of X is not contained in Y then its restriction to Y should
be considered open in Y. We can easily check that the collection of restrictions of
the open sets in X to Y is a topology on Y.

DEFINITION. Let Y be a subset of the topological space X. The subspace topology
on Y, also called the relative topology (top6 tuwong ddi) with respect to X is defined
to be the collection of restrictions of the open sets of X to Y, that is, the set {O N
Y | O € t}. With this topology we say that Y is a subspace (khéng gian con) of X.

In brief, a subset of a subspace Y of X is openin Y if and only if it is a restriction
of aopensetof XtoY.

REMARK. An open or a closed subset of a subspace Y of a space X is not
necessarily open or closed in X. For example, under the Euclidean topology of R,
the set [0, 1) is open in the subspace [0, 1], but is not open in R. When we say that a
set is open, we must know which topology we are using.
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PROPOSITION. Let X be a topological space and let Y C X. The subspace topology
on Y is the coarsest topology on Y such that the inclusion map i : Y — X, x — x is
continuous. In other words, the subspace topology on Y is the topology generated by the
inclusion map from Y to X.

PROOF. If O is a subset of X then i~!(O) = ONY. Thus the topology gener-
ated by iis {ONY | O € 1x}, exactly the subspace topology of Y. O

EXAMPLE (Subspaces of a metric space). It’s not hard to see that the notion
of topological subspaces is compatible with the earlier notion of metric subspaces.
Let (X, d) be a metric space and Y C X. Then Y is a metric space with the metric
inherited from X. A ball in Y is a set of the form, fora € Y, r > 0:

By(a,r) ={y €Y |d(ya) <r}={xe X|d(x,a) <r}NY = Bx(ar)NY.
Any open set A in Y is the union of a collection of balls in Y, i.e.

A= |J By(a,r) =] Bx(a,r)nY)= (U BX(%W)) ny,

icl, ;€Y icl icl
thus A is the intersection of an open set of X with Y. Conversely, if B is open in X,
then for each x € B there is ry > 0 such that Bx(x, rx) C B, so

BNy = (U BX(x,rx)>ﬂY: ( U BX(x,rx)>ﬂY
XEB xeBNY
= U (Bx(x,rx)NY) = U By (x,7y).
xeBNY xeEBNY

This implies that BN Y is an open setin Y.

EXAMPLE. Forn € Z" define the sphere S™ to be the subspace of the Euclidean
space R" ! given by {(x1, %2, ..., %y31) € R™™ [ xf + 2+ 442, =1}

Embedding. An embedding (or imbedding) (phép nhing) from a topological
space X to a topological space Y is a homeomorphism from X to a subspace of Y,
ie. itisamap f : X — Y such that the restriction f : X — f(X) is a homeomor-
phism. If there is an imbedding from X to Y then we say that X can be embedded in
Y.

EXAMPLE. With the subspace topology the inclusion map is an embedding.

EXAMPLE. The Euclidean line R can be embedded in the Euclidean plane R?
as a line in the plane.

EXAMPLE. Suppose that f : R — R is continuous under the Euclidean topol-
ogy. Then R can be embedded into the plane as the graph of f.

EXAMPLE (stereographic projection). The space S\ {(0,0,...,0,1)} is home-
omorphic to the Euclidean space R" via the stereographic projection (phép chiéu

n6i). Each point x on the sphere minus the North Pole corresponds to the inter-
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20 GENERAL TOPOLOGY

FIGURE 3.1. The stereographic projection.

section between the straight line from the North Pole to x with the plane through
the equator. By solving an equation intersection we can find the formula for this
projection to be:

S\ {(0,0,...,01)} — R x {0}
(Xl,Xz,.. -/xn+l) = (yllyZI" '/y’VZIO)

1 2y;
where y; = mxi. The inverse map is given by x; = ﬁ, 1<i<mn,
_ Sl . _
and x,41 = ———=,—5-. Both maps are continuous, thus the Euclidean space

1+ Y0y
R" can be embedded onto the n-sphere minus one point.

Problems.
32. If f: X = Yand g:Y — Z are continuous then g o f is continuous.
3.3. A map is continuous if and only if the inverse image of a closed set is a closed set.

3.4. |/ Suppose that f : X — Y and S is a subbasis for the topology of Y. Show that f

is continuous if and only if the inverse image of any element of S is an open set in X.

3.5. Define an open map to be a map such that the image of an open set is an open
set. A closed map is a map such that the image of a closed set is a closed set. Show that a

homeomorphism is an open map and is also a closed map.

3.6. Show that a continuous bijection is a homeomorphism if and only if it is an open

map.
3.7. Show that (X, PPX,) and (X, PPX,) (see are homeomorphic.

3.8. / Let X be a set and (Y, T) be a topological space. Let f; : X — Y,i € I be
a collection of maps. Find the coarsest topology on X such that all maps f;, i € I are
continuous.

In Functional Analysis this construction is used to construct the weak topology on a
normed space. It is the coarsest topology such that all linear functionals which are continu-

ous under the norm are still continuous under the topology. See for instance [Con90].

3.9. Suppose that X is a normed space. Prove that the topology generated by the norm
is exactly the coarsest topology on X such that the norm and the translations (maps of the

form x — x + a) are continuous.
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3.10 (isometry). An isometry (phép dang cau metric, phép dang cau hinh hoc, hay
phép dang cy) from a metric space X to a metric space Y is a surjective map f : X — Y that
preserves distance, that is d(f(x), f(y)) = d(x,y) for all x,y € X. If there exists such an

isometry then X is said to be isometricto Y.

(a) Show that an isometry is a homeomorphism.

(b) Show that being isometric is an equivalence relation among metric spaces.

(c) Show that (R?, || - [|l) and (IR?, | - ||1) are isometric, but they are not isometric to
(R?, || - ||2), although the three spaces are homeomorphic (see . (For higher
dimensions one may use the Mazur-Ulam theorem.)

3.11. ./ Verify the formulas for the stereographic projection and its inverse. Check that
the stereographic projection is indeed a homeomorphism.

3.12. / Show that a subset of a subspace Y of X is closed in Y if and only if it is a
restriction of a closed setin X to Y.

3.13. / Suppose that X is a topological space and Z C Y C X. Then the relative
topology of Z with respect to Y is the same as the relative topology of Z with respect to X.

3.14. \/ Let X and Y be topological spaces and let f : X — Y.
(a) If Z is a subspace of X, denote by f| the restriction of f to Z. Show that if f is

continuous then f|z is continuous.
(b) Let Z be a space containing Y as a subspace. Consider f as a function from X to
Z, thatis, let f : X — Z, f(x) = f(x). Show that f is continuous if and only if f is

continuous.

3.15 (gluing continuous functions). / Let X = A U B where A and B are both open or
are both closed in X. Suppose f : X — Y, and f|4 and f|p are both continuous. Then f is
continuous.

Another way to phrase this is the following. Let ¢ : A — Y and h : B — Y be continu-
ous and g(x) = h(x) on AN B. Define

o) = {g(x), xeA
h(x), x € B.

Then f is continuous.
Is it still true if the restriction that A and B are both open or are both closed in X is

removed?

3.16. \/ Any two balls in a normed space are homeomorphic. Any ball in a normed
space is homeomorphic to the whole space.
Is it true that any two balls in a metric space are homeomorphic?

3.17. Any two finite-dimensional normed spaces of same dimensions are homeomor-
phic.
2
3.18. In the Euclidean plane an ellipse Z—: + Z—Z = 1 is homeomorphic to a circle.

3.19. In the Euclidean plane the upper half-plane {(x,y) € R? | y > 0} is homeomor-
phic to the plane.
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22 GENERAL TOPOLOGY

3.20. Deduce that in IR” balls with respect to different norms are homemorphic (see
2.19). In particular a Euclidean n-dimensional ball is homemorphic to an n-dimensional

rectangle.

321. /If f: X — Yisahomeomorphism and Z C X then X\ Z and Y \ f(Z) are
homeomorphic.
3.22. On the Euclidean plane R?, show that:

(a) R?\ {(0,0)} and R?\ {(1,1)} are homeomorphic.
(b) R?\ {(0,0),(1,1)} and R?\ {(1,0), (0,1)} are homeomorphic.

Can you generalize these results?

3.23. Show that IN and Z are homeomorphic under the Euclidean topology. Further,

prove that any two set-equivalent discrete spaces are homeomorphic.

3.24. Among the following spaces, which one is homeomorphic to another? Z, Q, R,
each with the Euclidean topology, and R with the finite complement topology.

3.25. Show that any homeomorphism from S"~! onto §"~! can be extended to a home-
omorphism from the unit disk D" = B/(0,1) onto D".

3.26. Under the Euclidean topology the map ¢ : [0,277) — S! givenby t +— (cost,sin t)
is a bijection but is not a homeomorphism.

3.27. Find the closures, interiors and the boundaries of the interval [0,1) under the
Euclidean, discrete and trivial topologies of IR.
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4. CONNECTEDNESS 23

4. Connectedness

A topological space is said to be connected (lién thong) if it is not a union of two
non-empty disjoint open subsets.

Equivalently, a topological space is connected if and only if its only subsets
which are both closed and open are the empty set and the space itself.

REMARK. When we say that a subset of a topological space is connected we
mean that the subset under the subspace topology is a connected space.

EXAMPLE. A space containing only one point is connected.
EXAMPLE. The Euclidean real number line minus a point is not connected.

PROPOSITION (continuous image of connected space is connected). If f : X —
Y is continuous and X is connected then f(X) is connected.

PROOF. Suppose that U and V are non-empty disjoint open subset of f(X).
Since f : X — f(X) is continuous (see[3.14), f~1(U) and f~1(V) are open in X,
and are non-empty and disjoint. This contradicts the connectedness of X. 0

Connected component.

PROPOSITION 4.1. If a collection of connected subspaces of a space has non-empty
intersection then its union is connected.

PROOF. Consider a topological space and let F be a collection of connected
subspaces whose intersection is non-empty. Let A be the union of the collection,
A = Uper D. Suppose that C is subset of A that is both open and closed in A.
If C # @ then there is D € F such that CND # @. Then CN D is a subset of
D, both open and closed in D (we are using[3.13|here). Since D is connected and
CND # @, we must have CN D = D. This implies C contains the intersection of
F. Therefore CN D # @ for all D € F. The argument above shows that C contains
all D in F, that is, C = A. We conclude that A is connected. O

Let X be a topological space. Define a relation on X whereas two points are
related if both belong to a connected subspace of X (we say that the two points are
connected). Then this relation is an equivalence relation, by [£.1]

PROPOSITION. Under the above equivalence relation the equivalence class containing
a point x is equal to the union of all connected subspaces containing x, thus it is the largest
connected subspace containing x.

PROOEF. Consider the equivalence class [a] represented by a point 4. By the
definition, b € [a] if and only if there is a connected set O, containing both 4 and
b. Thus [a] = Upe[q Op- By [a] is connected. O

DEFINITION. Under the above equivalence relation, the equivalence classes
are called the connected components of the space.
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24 GENERAL TOPOLOGY
Thus a space is a disjoint union of its connected components.

THEOREM. If two spaces are homeomorphic then there is a bijection between the col-
lections of connected components of the two spaces.

PROOF. Let f : X — Y be a homeomorphism. Since f ([x]) is connected, we
have f([x]) C [f(x)]. For the same reason, f~1([f(x)]) C [f~*(f(x))] = [x]. Ap-
ply f to both sides we get [f(x)] C f([x]). Therefore f([x]) = [f(x)]. Similarly
F Y [f(x)]) = [x]. Thus f brings connected components to connected compo-
nents, inducing a bijection on the collections of connected components. O

For the above reason we say that connectedness is a topological property. We also
say that the number of connected components is a topological invariant. If two spaces
have different numbers of connected components then they must be different (not
homeomorphic).

EXAMPLE (line not homeomorphic to plane). Suppose that R and R? under
the Euclidean topologies are homeomorphic via a homeomorphism f. Delete any
point x from RR. Bythe subspaces R\ {x} and R? \ {f(x)} are homeomorphic.
ButR \ {x} is not connected while R? \ {f(x)} is connected (see[4.24).

PROPOSITION 4.2. A connected subspace with a limit point added is still connected.
Consequently the closure of a connected subspace is connected, and any connected compo-
nent is closed.

PROOF. Let A be a connected subspace of a space X and let a ¢ A be a limit
point of A, we show that A U {a} is connected. Suppose that AU {a} = UUV
where U and V are non-empty disjoint open subsets of AU {a}. Suppose that
a € U Thena ¢ V,soV C A. Since a is a limit point of A, U N A is non-
empty. Then U N A and V are open subsets of A, by which are non-empty

and disjoint. This contradicts the assumption that A is connected. U
Connected sets in the Euclidean real number line.

THEOREM. A subspace of the Euclidean real number line is connected if and only if
it is an interval.

PROOF. Suppose that a subset A of R is connected. Suppose that x,y € A and
x <y.If x <z <ywemusthavez € A, otherwisetheset{a € A|a<z}={ac
A | a < z} will be both closed and open in A. Thus A contains the interval [x, y].

Let a = inf A if A is bounded from below and 2 = —co otherwise. Similarly
let b = sup A if A is bounded from above and b = oo otherwise. Suppose that A
contains more than one element. There are sequences {a, },,c7z+ and {b, },cz+ of
elements in A such thata < a, < b, < b, and a, — a while b, — b. By the above
argument, [a,, b,] C Aforall n. So (a,b) = U5_1[an, bn] C A C [a,b]. It follows
that A is either (a,b) or [a,b) or (a,b] or [a, b].
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4. CONNECTEDNESS 25

We prove that any interval is connected. By homeomorphisms we just need to
consider the intervals (0,1), (0, 1], and [0, 1]. Since [0, 1] is the closure of (0,1), and
(0,1] = (0,3/4) U [1/2,1], it is sufficient to prove that (0, 1) is connected. Instead
we prove that R is connected.

Suppose that R contains a non-empty, proper, open and closed subset C. Let
x ¢ Candlet D =CnN(—0co,x) = CN(—o0,x|. Then D is both open and closed in
IR, and is bounded from above.

If D # @, consider s = sup D. Since D is closed and s is a contact point of D,
s € D. Since D is open s must belong to an open interval contained in D. But then
there are points in D which are bigger than s, a contradiction.

If D=@welet E=CnN(x,0),consider t = inf E and proceed similarly. [

EXAMPLE. Since the Euclidean R” is the union of all lines passing through the
origin, it is connected.

Below is a simple application, a form of Intermediate value theorem (&.8):

THEOREM (Borsuk-Ulam theorem). For any continuous real function on the sphere
S" there must be antipodal (i.e. opposite) points where the values of the function are same.

i

PROOF. Let f : S" — R be continuous. Let ¢(x) = f(x) — f(—x). Then g is
continuous and g(—x) = —g(x). If there is an x such that g(x) # 0 then g(x) and
g(—x) have opposite signs. Since S" is connected (see [4.7), the range g(S") is a
connected subset of the Euclidean IR, and so is an interval, containing the interval
between g(x) and g(—x). Therefore 0 is in the range of g. O

Path-connected space. Path-connectedness is a more intuitive notion than
connectedness. Shortly, a space is path-connected if for any two points there is a
path connecting them.

DEFINITION. A path (dudng di) in a topological space X from a point x to a
point y is a continuous map « : [2,b] — X such that a(a) = x and a(b) = y, where
the interval of real numbers [a, ] has the Euclidean topology. The space X is said
to be path-connected (lién thong duong) if for any two different points x and y in X
there is a path in X from x to y.

EXAMPLE. A normed space is path-connected, and so is any convex subspace
of that space: any two points x and y are connected by a straight line segment
x+ty—x),tel01].

EXAMPLE. Inanormed space, the sphere S = {x | ||x|| = 1} is path-connected.
One way to show this is as follow. If two points x and y are not opposite then they
%, t € [0,1]. If x and y are opposite, we can
take a third point z, then compose a path from x to z with a path from z to y.

can be connected by the arc

40n the surface of the Earth at any moment there two opposite places where temperatures are same!
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LEMMA. The relation on a topological space X whereas a point x is related to a point
y if there is a path in X from x to y is an equivalence relation.

PROOF. If « is a path defined on [a, D] then there is a path B defined on [0, 1]
with the same images (also called the traces of the paths): we can just use the linear
homeomorphism (1 — t)a + tb from [0,1] to [a,b] and let B(t) = a((1 — t)a + tb).
For convenience we can assume that the domains of paths is the interval [0, 1].

If there is a path & : [0,1] — X from x to y then there is a path from y to x, for
example B : [0,1] — X, B(t) = a(1 —1).

If o : [0,1] — X is a path from x toy and 8 : [0,1] — X is a path from y to z
then there is a path from x to z, for example

a(2t),

0<t
B(2t—1), 1<t<

IA
—_ NI

y(t) = '

This path follows « at twice the speed, then follow B at twice the speed and at half
of a unit time later. It is continuous by (]

An equivalence class under the above equivalence relation is called a path-
connected component.

THEOREM (path-connected =- connected). Any path-connected space is connected.

PROOF. This is a consequence of the fact that an interval on the Euclidean real
number line is connected. Let X be path-connected. Let x,y € X. There is a path
from x to y. The image of this path is a connected subspace of X. That means every
point y belongs to the connected component containing x. Therefore X has only
one connected component. g

A topological space is said to be locally path-connected if every neighborhood of
a point contains an open path-connected neighborhood of that point.

EXAMPLE. Open sets in a normed space are locally path-connected.
PROPOSITION 4.3. A connected, locally path-connected space is path-connected.

PROOF. Suppose that X is connected and is locally path-connected. Let C be
a path-connected component of X. If x € X is a contact point of C then there is a
path-connected neighborhood U in X of x such that UNC # @. By[£20, UUC is
path-connected , thus U C C. This implies that C is both open and closed in X.
Hence C = X. g

Topologist’s sine curve. The closure in the Euclidean plane of the graph of
1

the function y = sin 1, x > 0 is often called the Topologist’s sine curve. This is a
classic example of a space which is connected but is not path-connected.
Denote A = {(x,sin 1) | x > 0} and B = {0} x [—1,1]. Then the Topologist’s

sine curveis X = AU B.
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0.8
0.6
0.4

0.2

6.7 d.S E;,Q 1
FIGURE 4.4. Topologist’s sine curve.

PROPOSITION (connected # path-connected). The Topologist’s sine curve is con-

nected but is not path-connected.

PROOF. By [£.9]the set A is connected. Each point of B is a limit point of A, so
by [£.2] X is connected.

Suppose that there is a path y(t) = (x(t),y(¢)), t € [0,1] from the origin (0, 0)
on B to a point on A, we show that there is a contradiction.

Let tog = sup{t € [0,1] | x(t) = 0}. Then x(ty) = 0, top < 1, and x(t) > O for
all t > to. Thus ty is the moment when the path 7y departs from B. We can see
that the path jumps immediately when it departs from B. Thus we will show that
7v(t) cannot be continuous at ¢y by showing that for any 6 > 0 there are t1,t, €
(to, to + 0) such that y(t;) = 1 and y(t,) = —1.

To find #;, note that the set x([to, fo + %]) is an interval [0, xo] where xo > 0.
There exists an x1 € (0, xp) such that sin xlT = 1: we just need to take x; = ﬁ

with sufficiently large k. There is t; € (to, to + %} such that x(#;) = x;. Then

y(t1) = sin ﬁ = 1. We can find t; similarly. O

Problems.

4.5. A space is connected if whenever it is a union of two non-empty disjoint subsets,
then at least one set must contain a contact point of the other set.

4.6. Here is a different proof that any interval of real numbers is connected. Suppose
that A and B are non-empty, disjoint subsets of (0,1) whose union is (0,1). Leta € A and
b € B. Letay = a, by = b, and for each nn > 1 consider the middle point of the segment from
an to by. If % € Athenleta, 1 = “"gb" and by, 1 = by; otherwise let 4,1 = a4, and
b1 = ””TH’“. Then:

(a) The sequence {a, | n > 1} is a Cauchy sequence, hence is convergent to a number
a.
(b) The sequence {b, | n > 1} is also convergent to 4. This implies that (0,1) is

connected.

4.7. Show that the sphere S" is connected.
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4.8 (intermediate value theorem). If X is a connected space and f : X — R is continu-
ous, where R has the Euclidean topology, then the image f(X) is an interval.

A consequence is the following familiar theorem in Calculus: Let f : [4,b] — R be
continuous under the Euclidean topology. If f(4) and f(b) have opposite signs then the

equation f(x) = 0 has a solution.

49. /If f : R = R is continuous under the Euclidean topology then its graph is

connected in the Euclidean plane. Moreover the graph is homeomorphic to R.

4.10. Let X be a topological space and let A;, i € I be connected subspaces. If A; N A; #
@ foralli,j € I then ;e A; is connected.

4.11. Let X be a topological space and let A;, i € Z" be connected subsets. If A; N
Aiy1 #ODforalli > 1then 72, A, is connected.

4.12. Let A be a subspace of X with the particular point topology (X, PPX;) (see .
Find the connected components of A.

4.13. Let X be connected and let f : X — Y be continuous. If f is locally constant on
X (meaning that every point has a neighborhood on which f is a constant map) then f is

constant on X.

4.14. Let X be a topological space. A map f : X — Y is called a discrete map if Y has the
discrete topology and f is continuous. Show that X is connected if and only if all discrete

maps on X are constant.
4.15. What are the connected components of IN and Q under the Euclidean topology?
4.16. What are the connected components of Q?asa subspace of the Euclidean plane?
4.17. Find the connected components of the Cantor set (see[2.17).

4.18. Show that if a space has finitely many components then each component is both
open and closed. Is it still true if there are infinitely many components?

4.19. Suppose that a space X has finitely many connected components. Show that a
map defined on X is continuous if and only if it is continuous on each components. Is it still

true if X has infinitely many components?

4.20. If a collection of path-connected subspaces of a space has non-empty intersection

then its union is path-connected.
4.21. If f : X — Y is continuous and X is path-connected then f(X) is path-connected.

4.22. The path-connected component containing a point x is the union of all path-
connected subspaces containing x, thus it is the largest path-connected subspace containing
X.

4.23. If two space are homeomorphic then there is a bijection between the collections of
path-connected components of the two spaces. In particular, if one space is path-connected
then the other space is also path-connected.

4.24. The plane with countably many points removed is path-connected under the Eu-

clidean topology.
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4.25. Show that R with the finite complement topology and IR? with the finite comple-
ment topology are homeomorphic.

4.26. Find as many ways as you can to prove that 5" is path-connected.

4.27. A topological space is locally path-connected if and only if the collection of all
open path-connected subsets is a basis for the topology.

428. Let X = {(x,xsin1) | x > 0} U{(0,0)}, that s, the graph of the function xsin 1,
x > 0 with the origin added. Under the Euclidean topology of the plane, is the space X
connected or path-connected?

1

0.8

0.6

0.4

sin(1/x)*x

0.2

mﬁ/\ /\

A

0.4

o

4.29. The Topologist’s sine curve is not locally path-connected.

4.30. * Classify the alphabetical characters up to homeomorphisms, that is, which of
the following characters are homeomorphic to each other as subspaces of the Euclidean
plane? Try to provide rigorous arguments.

ABCDEFGHIJKLMNOPQRSTUVWXYZ
Note that the result depends on the font you use!

Do the same for the Vietnamese alphabetical characters:

AAABCDPEEGHIKLMNOOOPQRSTUUVXY
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5. Convergence

Separation. In this section we begin to put restrictions on topologies in terms
of separation properties.

For example, we know that any metric on a set induces a topology on that set.
If a topology can be induced from a metric, we say that the topological space is
metrizable. Is there anything special about a metrizable space?

EXAMPLE. On any set X, the discrete topology is generated by the following

metric:

1, x#y
0, x=y.

d(x,y) =

Indeed for any x € X, the set containing one point {x} = B(x, 1) is open, therefore
any subset of X is open. On the other hand no metric can generate the trivial
topology on X if X has more than one element. Indeed, if X has two different

elements x and y then the ball B(x, @) is a non-empty open proper subset of X.

DEFINITION. We define:
Ty: A topological space is called a T1-space if for any two points x # y there
is an open set containing x but not y and an open set containing y but not
x.
Tp: A topological space is called a T,-space or Hausdorff if for any two points
x # y there are disjoint open sets U and V such thatx € Uandy € V.
Ts: A Ty-space is called a T3-space or regular (chinh tac) if for any point x
and a closed set F not containing x there are disjoint open sets U and V
such thatx € Uand F C V.|E|

Ty A Ty-space is called a Ty-space or normal (chudn tac) if for any two dis-
joint closed sets F and G there are disjoint open sets U and V such that
FclUandGCV.

These definitions are often called separation axioms because they involve “sep-

arating” certain sets by open sets.

PROPOSITION. A space is a Ty space if and only if any subset containing exactly one
point is a closed set.

If a space is Ty, given x € X, for any y # x there is an open set U, that does
not contain x. Then X\ {x} = Uy, Uy

COROLLARY (Ty = T3 = T = Ty). Ifaspaceis T; then it is T;_q, for 2 <i < 4.
EXAMPLE. Any space with the discrete topology is normal.

Any metric space is clearly a Hausdorff space. In other words, if a space is not
a Hausdorff space then it cannot be metrizable. We have a stronger result:

5We include T; requirement for regular and normal spaces, as in Munkres [Mun00]. Some authors
such as Kelley [Kel55] do not include the T} requirement.
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PROPOSITION. Any metric space is normal.

PROOF. Let (X,d) be a metric space. For x € X and A C X we define the
distance from x to A to be d(x, A) = inf{d(x,y) | y € A}. This is a continuous
function with respect to x, see

Suppose that A and B are disjoint closed subsets of X. Let U = {x | d(x, A) <
d(x,B)} and V = {x | d(x,A) > d(x,B)}. Then A C U, B C V (using the fact that
A and B are closed, see , UNV =@, and both U and V are open. O

EXAMPLE 5.1. The set of all real number under the finite complement topology
is T7 but is not Tp.

There are examples of a Tp-space which is not T3, and a T3-space which is not
Ty, but they are rather difficult, see [Mun00), p. 197] and [SJ70].

PROPOSITION 5.2. A Ty-space X is normal if and only if given a closed set C and an
open set U containing C there is an open set V such that C C V. C V C U.

PROOF. Suppose that X is normal. Since X \ U is closed and disjoint from C
there is an open set V containing C and an open set W containing X \ U such that
V and W are disjoint. Then V C (X\ W), soV C (X\ W) C U.

In the reverse direction, given a closed set F and a closed set G disjoint from
F,letU = X \ G. There is an open set V containing F such that V C V C U. Then
V and X \ V separate F and G. O

Sequence. Recall that a sequence in a set X is a map Z" — X, a countably
indexed family of elements of X. Given a sequence x : Z* — X the element x(n)
is often denoted as x,, and sequence is often denoted by (xy,),cz+ or {x,},cz+.

When X is a metric space, the sequence is said to be convergent to x if x;, can

be as closed to x as we want provided # is sufficiently large, i.e.
Ve >0,AIN€Z",n>N = d(x,,x) <e.

It is easy to see that this statement is equivalent to:
VUopen>x,IN € Z",n >N = x, € U.

This definition can be used in topological spaces.

However, in general topological spaces we need to use a notion more general
than sequence. Roughly speaking, sequences (having countable indexes) might
not be sufficient for describing the neighborhood systems at a point, we need
something of arbitrary index (see[5.21).

Net. A directed set (tap dugc dinh hudng) is a (partially) ordered set such that
for any two indices there is an index greater than or equal to both. In symbols:
Vi,jel, ke Lk>iNk>].

A net (luéi) (also called a generalized sequence) in a space is a map from a

directed set to that space. In symbols, a net on a space X with index set a directed
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32 GENERAL TOPOLOGY

set [ isamap x : I — X. Itis an element of the Cartesian product set [];c; X.
Writing x; = x(i) we often denote the net as (x;);c; or {x;}ic;.

EXAMPLE. Nets with index set I = IN with the usual order are exactly se-

quences.

EXAMPLE. Let X be a topological space and x € X. Let I be the collection of
all open neighborhoods of x. Define an orderon Iby U <V <= U D V. Then I
becomes a directed set.

DEFINITION. A net (x;);c; is said to be convergent (hoi tu) to x € X if for each
neighborhood U of x there is an index i € I such that if j > i then x; belongs to U.
The point x is called a limit of the net (x;);c; and we often write x; — x.

EXAMPLE. Convergence of nets with index set I = IN with the usual order is

exactly convergence of sequences.

EXAMPLE. Let X = {x1,xp, x3} with topology {@, X, {x1,x3}, {x2, x3}, {x3}}.
The net (x3) converges to x1, xp, x3. The net (x1, x2) converges to x;.

EXAMPLE. If X has the trivial topology then any net in X is convergent to any
point in X.

PROPOSITION 5.3. A space is a Hausdorff space if and only if any net has at most
one limit.

PROOF. Suppose the space is a Hausdorff space. Suppose that a net (x;) is
convergent to two different limits x and y. Since the space is Hausdorff, there are
disjoint open neighborhoods U and V of x and y. There is i € I such that for v > i
we have x,, € U, and there is j € I such that for y > j we have x,, € U. Since there
isa<y € I'such thaty > iand > j, the point x, will be in U N V, a contradiction.

Suppose that the space is not a Hausdorff space, then there are two points x
and y that could not be separated by open sets. Consider the index set I whose ele-
ments are pairs (U, V) of open neighborhoods of x and y, with the order (U3, V1) <
(U, V) if U; D Uy and V; D V. With this order the index set is directed. Since
Unv # @, take z(y,yy € UNV. Then the net (Z(u,v)) is convergent to

(uv)yel
both x and y, contradicting the uniqueness of limit. O

PROPOSITION 5.4. A point x € X is a contact point of a subset A C X if and only if
there is a net in A convergent to x. Consequently a subset is closed if and only if any limit
of any net in that set belongs to that set. A subset is open if and only if no limit of a net
outside of that set belong to that set.

This proposition allows us to describe topologies in terms of convergences.
With it many statements about convergence in metric spaces could be carried to

topological spaces by simply replacing sequences by nets.
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PROOF. (<) Suppose that there is a net (x;);c; in A convergent to x. Let U be
an open neighborhood of x. There is an i € I such that for j > i we have x; € U, in
particular x; € U N A. Thus x is a contact point of A.

(=) Suppose that x is a contact point of A. Consider the directed set I consist-
ing of all the open neighborhoods of x with the partial order U < V if U D V. For
any open neighborhood U of x there is an element x;; € UN A. Forany V > U,
xy € V. C U. Thus {xy }yes is a netin A convergent to x. (This construction of the
net {x; } e involves the Axiom of choice.) O

REMARK. When can nets be replaced by sequences? By examining the above
proof we can see that the term net can be replaced by the term sequence if there
is a countable collection F of neighborhoods of x such that any neighborhood of
x contains a member of F. In this case the point x is said to have a countable
neighborhood basis. A space having this property at every point is said to be a first
countable space. A metric space is such a space, where for example each point has a
neighborhood basis consisting of balls of rational radii. See also

PROPOSITION 5.5. Let 11 and T, be two topologies on X. If convergence in Ty implies
convergence in T then Ty is finer than tp. In symbols: if for all nets x; and all points
X, X S x = x 2 thent, C 1. Asa consequence, if convergences are same then
topologies are same.

PROOF. If convergence in 7 implies convergence in T, then contact points in
T1 are contact points in T,. Therefore closed sets in 1, are closed sets in 77, and so
are open sets. U

Similarly to the case of metric spaces, we have:

THEOREM. A function f is continuous at x if and only if for all nets (x;), x; — x =
flxi) = fx).

PROOF. The proof is simply a repeat of the proof for the case of metric spaces.

(=) Suppose that f is continuous at x. Let U is a neighborhood of f(x). Then
f~1(U) is a neighborhood of x in X. Since (x;) is convergent to x, there is ani € I
such that for all j > i we have x; € f~!(U), which implies f(x;) € U.

(=) We will show that if U is an open neighborhood in Y of f(x) then f~1(U)
is a neighborhood in X of x. Suppose the contrary, then x is not an interior point of
f~1(U), soitis a limit point of X \ f~1(U). Bythere isanet (x;)in X\ f~1(U)
convergent to x. Since f is continuous, f(x;) € Y \ U is convergent to f(x) € U.
This contradicts the assumption that U is open. g

Problems.
5.6. If a finite set is a Tq-space then the topology is the discrete topology.
5.7. Is the space (X, PPX,) (see a Hausdorff space?

5.8. A Tj-space X is regular if and only if given a point x and an open set U containing
x there is an open set V such thatx € V.C V C U.
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5.9. Show that a subspace of a Hausdorff space is a Hausdorff space.
5.10. Show that a closed subspace of a normal space is normal.

5.11 (T, but not T3). Show that the set R with the topology generated by all the subsets
of the form (a,b) and (a,b) N Q is a Hausdorff space but is not a regular space.

5.12. Let (X, d) be a metric space. For x € X and A C X we define the distance from
xto Atobed(x,A) = inf{d(x,y) | y € A}. More generally, for two subsets A and B of X,
define d(A,B) = inf{d(a,b) |a € A,b € B}.

(a) Check thatd(x, A) is a continuous function with respect to x.

(b) Check thatd(x, A) =0 <= x € A.

(c) Check thatd(A,B) =inf{d(a,B) |a € A} =inf{d(A,b) | b € B}.
(d) Whenisd(A, B) = 0? Is d a metric?

5.13 (Hausdorff distance). The Hausdorff distance between two bounded subsets A
and B of a metric space X is defined to be d; (A, B) = max{sup,.. 4 d(x, B), SUp,ep d(y,A)}.
Show that d is a metric on the set of all closed bounded subsets of X. (For more, see [BBI01,
Chapter 7].)

5.14. Let X be a normal space. Suppose that U; and U, are open sets in X satisfying
U; U U, = X. Show that there is an open sets V; such that V| C Uy and V; U U, = X.

5.15. * Let X be normal, let f : X — Y be a surjective, continuous, and closed map.
Prove that Y is a normal space.

5.16. LetI = (0,00) C R. Fori,j € I, definei <y jif i >R j (i is less than or is equal
to j as indexes if i is greater than or is equal to j as real numbers). On R with the Euclidean
topology, consider the net (x; = i);¢;. Is this net convergent?

5.17. On R with the finite complement topology and the usual order, consider the net
(x; = i)jer- Where does this net converge to?

5.18. Reconsider Problems using[5.5

5.19. Let Y be a T1-space, and let f : X — Y be continuous. Suppose that A C X and
f(x) = con A, where c is a constant. Show that f(x) = c on A, by:
(a) using nets.

(b) not using nets.

5.20. Let Y be a Hausdorff space and let f, g : X — Y be continuous. Show that the set
{x € X | f(x) = g(x)} is closed in X, by:
(a) using nets.
(b) not using nets.
Show that, as a consequence, if f and g agree on a dense (trtt mat) subspace of X (meaning

the closure of that subspace is X) then they agree on X.

5.21 (sequence is not adequate for convergence). * Let (A, <) be a well-ordered un-
countable set (see . The smallest element of A is be denoted by 0. If A does not have
a biggest element then add an element to A and define that element to be the biggest one,
denoted by co. For a,b € Adenote [a,b] ={x € A|la <x<b}and [a,b) ={x € A|a <
x < b}. Thus we can write A = [0, ].
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5. CONVERGENCE 35

Let Q) be the smallest element of the set {a € A | [0,4] is uncountable} (this set is non-
empty since it contains o).
(a) Show that [0, Q)) is uncountable, and foralla € A, a < Q) the set [0, a] is countable.
(b) Consider [0, Q2] with the order topology. Show that () is a limit point of [0, (].
(c) Show that every countable subset of [0,2) is bounded in [0,Q}), therefore a se-

quence in [0, Q2) cannot converge to Q.

5.22 (filter). A filter (loc) on a set X is a collection F of non-empty subsets of X such
that:
(a) if A,Be Fthen ANB € F,
(b) if ACBand A € FthenB € F.
For example, given a point, the collection of all neighborhoods of that point is a filter.
A filter is said to be convergent to a point if every neighborhood of that point is an
element of the filter.
A filter-base (co s& loc) is a collection G of non-empty subsets of X such thatif A,B € G
then there is C € G such that G C (AN B).
If G is a filter-base in X then the filter generated by G is defined to be the collection of
all subsets of X each containing an element of G: {A C X |3B€ G, B C A}.
For example, in a metric space, the collection of all open balls centered at a point is the
filter-base for the filter consisting of all neighborhoods of that point.
A filter-base is said to be convergent to a point if the filter generated by it converges to

that point.

(a) Show that a filter-base is convergent to x if and only if every neighborhood of x
contains an element of the filter-base.

(b) Show that a point x € X is a limit point of a subset A of X if and only if there is a
filter-base in A \ {x} convergent to x.

(c) Show thatamap f : X — Y is continuous at x if and only if for any filter-base F
that is convergent to x, the filter-base f(F) is convergent to f(x).

Filter gives an alternative way to net for describing convergence. For more see [Dug66, p.
209], [Eng89] p. 49], [Kel55, p. 83].
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6. Compact space

A cover (phu) of a set X is a collection of subsets of X whose union is X. A
subset of a cover which is itself a cover is called a subcover (phtt con). A cover is

said to be an open cover if each member of the cover is an open subset of X.

DEFINITION. A space is compact if every open cover has a finite subcover. In
symbols: a space (X, 7) is compact if

(Ict,|JO=X) = (I CL|]| <o, |JO=X).
O€l O€eJ
EXAMPLE. Any finite space is compact. Any space whose topology is finite

(that is, the space has finitely many open sets) is compact.

EXAMPLE. On the Euclidean line R the collection {(—n,n) | n € Z'} is an
open cover without a finite subcover. Therefore the Euclidean line R is not com-
pact.

REMARK. Let A be a subspace of a topological space X. Let I be an open cover
of A. Each O € I is an open set of A, so it is the restriction of an open set Up of X.
Thus we have a collection {Up | O € I} of open sets of X whose union contains A.
On the other hand if we have a collection I of open sets of X whose union contains
A then the collection {UN A | U € I} is an open cover of A. For this reason we
often use the term open cover of a subspace A of X in both senses: either as an
open cover of A or as a collection of open subsets of the space X whose union
contains A.

THEOREM (continuous image of compact space is compact). If X is compact and
f: X — Y is continuous then f(X) is compact.

PROOF. Let I be a cover of f(X) by open sets of Y (see the above remark).
Then {f~1(O) | O € I} is an open cover of X. Since X is compact there is a finite
subcover, so there is a finite set ] C I such that {f~1(O) | O € J} covers X. This
implies f_l(UOe] O) = X,50Upej O DY, hence ] is a subcover of I. O

In particular, compactness is preserved under homeomorphism. We say that
compactness is a topological property.

PROPOSITION. Any closed subspace of a compact space is compact.

PROOF. Suppose that X is compact and A C X is closed. Let I be an open
cover of A by open set of X. By adding the open set X \ A to I we get an open
cover of X. This open cover has a finite subcover. This subcover of X must contain

X'\ A, thus omitting this set we get a finite subcover of A from I. O

PROPOSITION 6.1. Any compact subspace of a Hausdorff space is closed.
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6. COMPACT SPACE 37

PROOF. Let A be a compact set in a Hausdorff space X. We show that X \ A is
open.

Let x € X\ A. For each s € A there are disjoint open sets U, containing x
and V, containing a. The collection {V; | a € A} covers A, so there is a finite
subcover {V, |1 <i <n}.LetU =N, Uy and V = UL Vi,. Then U is an open
neighborhood of x disjoint from V, a neighborhood of A. O

EXAMPLE. Any subspace of R with the finite complement topology is com-
pact. Note that this space is not Hausdorff (5.1).

Characterization of compact spaces in terms of closed subsets. In the
definition of compact spaces by writing open sets as complements of closed sets,
we get a dual statement: A space is compact if for every collection of closed subsets
whose intersection is empty there is a a finite subcollection whose intersection is
empty. We will say that a collection of subsets of a set is having the finite intersection
property (tinh giao hiru han) if the intersection of every finite subcollection is non-
empty. We get:

PROPOSITION 6.2. A space is compact if and only if every collection of closed subsets

with the finite intersection property has non-empty intersection.

Compact metric spaces. A space is called sequentially compact (compac day)
if every sequence has a convergent subsequence.

LEMMA 6.3 (Lebesgue’s number). In a sequentially compact metric space, for any
open cover there exists a number € > 0 such that any ball of radius € is contained in an

element of the cover.

PROOF. Let O be a cover of a sequentially compact metric space X. Suppose
the opposite of the conclusion, that is for any number € > 0 there is a ball B(x, €)
not contained in any of the element of O. Take a sequence of such balls B(x,,1/n).
The sequence {x,},cz+ has a subsequence {xy, }xcz+ converging to x. There is
€ > 0such that B(x, 2¢) is contained in an element U of O. Take k sufficiently large
such that n; > 1/€ and x, is in B(x,€). Then B(xy,,1/n;) C B(xy,€) C U, a
contradiction. O

THEOREM. A metric space is compact if and only if it is sequentially compact.

PROOF. (=) Let {x,},cz+ be a sequence in a compact metric space X. Sup-
pose that this sequence has no convergent subsequence. This implies that for any
point x € X there is an open neighborhood U, of x and Ny € Z* such that if
n > Ny then x,, ¢ U,. Because the collection {U, | x € X} covers X, it has a finite
subcover {Uy, |1 < k < m}. Let N = max{Ny, |1 < k < m}. If n > N then
xu & Uy, for all k, a contradiction.

(<) First we show that for any € > 0 the space X can be covered by finitely
many balls of radii € (a property called fotal boundedness or pre-compact (tién com-

pac)). Suppose the contrary. Let x; € X, and inductively letx,, 1 & Uy<i<, B(x;,€).
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Since d(xm, x,) > € if m # n, the sequence (x,),>1 cannot have any convergent
subsequence, a contradiction.

Now let O be any open cover of X. By[6.3|there is a corresponding Lebesgue’s
number € such that a ball of radius € is contained in an element of O. The space X
is covered by finitely many balls of radii €. The collection of finitely many corre-
sponding elements of O covers X. Thus O has a finite subcover. U

The above theorem shows that compactness in metric space as defined in pre-
vious courses agrees with compactness in topological spaces. We inherit all results
obtained previously on compactness in metric spaces.

In particular we have the following results, which were proved using sequen-

tial compactness (it should be helpful to review the previous proofs).
PROPOSITION. Ifa subspace of a metric space is compact then it is closed and bounded.

PROOF. We give a proof using compactness. Suppose that X is a metric space
and suppose that Y is a compact subspace of X. Let x € Y. Consider the open
cover of Y by balls centered at x, that is, {B(x,r} | r > 0}. Since there is a finite
subcover, there is an r > 0 such that Y C B(x,r), thus Y is bounded. That Y is
closed in X follows from[6.1] O

The following result is well-known from previous courses, we include it here
for convenience, with a proof using open covering compactness.

THEOREM (Heine-Borel). A subspace of the Euclidean space R" is compact if and
only if it is closed and bounded.

PROOF. It is sufficient to prove that the unit rectangle I = [0,1]" is compact.
Suppose that O is an open cover of I. Suppose that no finite subset of O can cover I.
Divide each dimension of I by half, we get 2" subrectangles. Let I; be one of these
rectangles that cannot be covered by a finite subset of O. Inductively, divide I; to
2" equal subrectangles and let I 1 be a subrectangle that is not covered by a finite
subset of O. We have a family of descending rectangles (Ii)icz+. The dimension
of I is 1/2F, going to 0 as k goes to infinity.

We claim that the intersection of this family is non-empty. Let Iy = [T/, [a}, b}].
For each i, the sequence {ﬂf}kez+ is increasing and is bounded from above. Let
x' = limy_,oa, = sup{a; | k € Z*}. Thenal < x' < bl forall k > 1. Thus the
point x = (x%)1<;<, is in the intersection of (Ij)rcz+ -

There is U € O that contains x. There is a number € > 0 such that B(x,e) C U.
Then for k sufficiently large Iy C B(x,e€) C U. This is a contradiction. O

In general topological spaces compactness and sequentially compactness are
different notions, none implies the other. An example of a compact space which is

not sequentially compact can be constructed based on the spaces in problem 5.21]
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6. COMPACT SPACE 39

Compactification. A compactification (compac héa) of a space X is a compact
space Y such that X is homeomorphic to a dense subspace of Y.

EXAMPLE. A compactification of the Euclidean interval (0, 1) is the Euclidean
interval [0,1]. Another is the circle S!. Yet another is the Topologist’s sine curve

{(x,sind)[0<x <1}U{(0,y) | —1<y <1} (seeftd).

EXAMPLE. A compactification of the Euclidean plane R? is the sphere S2.
When RR? is identified with the complex plane C then S? is often called the Rie-

mann Spl’lt’i’@.

In some cases it is possible to compactify a non-compact space by adding just
one point, obtaining a one-point compactification. For example the Euclidean inter-
val [0, 1] is a one-point compactification of the Euclidean interval [0, 1).

Let X be a non-empty space. Since the set P(X) of all subsets of X cannot
be contained in X there is an element of P(X) that is not in X. Let us denote that
element by oo, and let X* = X U {oo}. Let us see what a topology on X* should be
in order for X* to contain X as a subspace and to be compact. If an open subset U
of X* does not contain co then U is contained in X, therefore U is an open subset
of X in the subspace topology of X, which is the same as the original topology of
X. If U contains oo then its complement X* \ U must be a closed subset of X,
hence is compact, furthermore X* \ U is contained in X and is therefore a closed
subset of X.

THEOREM (Alexandroff compactification). The collection consisting of all open
subsets of X and all complements in X of closed compact subsets of X is the finest topol-
ogy on X* such that X*° is compact and contains X as a subspace. If X is not compact
then X is dense in X*°, and X is called the Alexandroff compactification of XH

PROOF. We go through several steps.

(a) We check that we really have a topology.
Let I be a collection of closed compact sets in X. Then Jcc (X* \
C) = X®\ Ncer C, where Nc¢; C is closed compact.
If O is open in X and C is closed compact in X then OU (X®\ C) =
X%\ (C\ O), where C \ O is a closed and compact subset of X.
AlsoON(X®\C)=0nN(X\C)isopenin X.
If C; and C; are closed compact in X then (X®\ C;) N (X®\ Cp) =
X%\ (C1 UCy), where C; U C;y is closed compact.
So we do have a topology. With this topology X is a subspace of X*.
(b) We show that X* is compact. Let F be an open cover of X*. Then an
element O € F will cover co. The complement of O in X* is a closed
compact set C in X. Then F \ {O} is an open cover of C. From this cover

®Proved in the early 1920s by Pavel Sergeyevich Alexandrov. Alexandroff is another way to spell his
name.
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there is a finite cover. This finite cover together with O is a finite cover of
X*.

(c) Since X is not compact and X* is compact, X cannot be closed in X%,
therefore the closure of X in X* is X*°.

O

A space X is called locally compact if every point has a compact neighborhood.
EXAMPLE. The Euclidean space R” is locally compact.

PROPOSITION. The Alexandroff compactification of a locally compact Hausdorff space
is Hausdorff.

PROOF. Suppose that X is locally compact and is Hausdorff. We check that
oo and x € X can be separated by open sets. Since X is locally compact there is a
compact set C containing an open neighborhood O of x. Since X is Hausdorff, C
is closed in X. Then X* \ C is open in the Alexandroff compactification X*. So O
and X* \ C separate x and oo. O

The need for the locally compact assumption is discussed in [6.26]

PROPOSITION. If X is homeomorphic to Y then a Hausdorff one-point compactifica-
tion of X is homeomorphic to a Hausdorff one-point compactification of Y.

In particular, Hausdorff one-point compactification is unique up to homeo-
morphisms. For this reason we can talk about t/e one-point compactification of a
locally compact Hausdorff space.

PROOF. Suppose that /1 : X — Y is a homeomorphism. Let X U {a} and Y U
{b} be Hausdorff one-point compactifications of X and Y. Let i : XU {a} —
Y U {b} be defined by h(x) = h(x) if x # a and hi(a) = b. We show that  is
a homeomorphism. We will prove that /1 is continuous, that the inverse map is
continuous is similar, or we can use instead.

Let U be an open subset of Y U {b}. If U does not contain b then U is open
in Y, so h~1(U) is open in X, and so is open in X U {a}. If U contains b then
(YU {b}) \ Uis closed in Y U {b}, which is compact, so (YU {b})\U =Y \ U is
compact. Then =1 ((Y U {b}) \ U) = k(Y \ U) is a compact subspace of X and
therefore of X U {a}. Since X U {a} is a Hausdorff space, i~1((Y U {b}) \ U) is
closed in X U {a}. Thus 7~ (U) must be open in X U {a}. O

EXAMPLE. The Euclidean line R is homeomorphic to the circle S' minus a
point. The circle is of course a Hausdorff one-point compactification of the circle
minus a point. Thus a Hausdorff one-point compactification (in particular, the

Alexandroff compactification) of the Euclidean line is homeomorphic to the circle.
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Problems.

6.4. Any discrete compact topological space is finite.

6.5. In a topological space a finite unions of compact subsets is compact.
6.6. In a Hausdorff space an intersection of compact subsets is compact.

6.7 (extension of Cantor lemma in Calculus). Let X be compactand X D A; D Ay D
-+ D Ay D ... be a descending sequence of closed, non-empty sets. Then N_; Ay # @.
(This is a special case of[6.2])

6.8 (extreme value theorem). If X is a compact space and f : X — (IR, Euclidean) is

continuous then f has a maximum value and a minimum value.

6.9 (uniformly continuous). A function f from a metric space to a metric space is uni-
formly continuous if for any € > 0, thereis é > 0such thatifd(x,y) < d thend(f(x), f(y)) <
€. Show that a continuous function from a compact metric space to a metric space is uni-

formly continuous.

6.10. /If X is compact, Y is Hausdorff, f : X — Y is bijective and continuous, then f

is a homeomorphism.
6.11. In a compact space any infinite set has a limit point.

6.12. In a Hausdorff space a point and a disjoint compact set can be separated by open

sets.

6.13. In a regular space a closed set and a disjoint compact set can be separated by open
sets.

6.14. In a Hausdorff space two disjoint compact sets can be separated by open sets.
6.15. / Any compact Hausdorff space is normal.

6.16. Provel6.2

6.17. Prove the existence of Lebesgue’s number [6.3]by using open coverings.

6.18. Find the one-point compactification of (0,1) U (2,3) with the Euclidean topology,

that is, describe this space more concretely.

6.19. Find the one-point compactification of {1 | n € Z*} under the Euclidean topol-
ogy?

6.20. Find the one-point compactification of Z* under the Euclidean topology? How
about Z?

6.21. Show that Q is not locally compact (under the Euclidean topology of R). Is its

Alexandroff compactification Hausdorff?

6.22. What is the one-point compactification of the Euclidean open ball B(0,1)? Find
the one-point compactification of the Euclidean space R".

6.23. What is the one-point compactification of the Euclidean annulus {(x,y) € R? |1 <
x2+y? <22
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6.24. Define a topology on R U {£o0} such that it is a compactification of the Euclidean
R.

6.25. Consider R with the Euclidean topology. Find a necessary and sufficient condi-
tion for a continuous function from R to R to have an extension to a continuous function

from the one-point compactification R U {co} to R.

6.26. If there is a topology on the set X* = X U {oo} such that it is compact, Hausdorff,
and containing X as a subspace, then X must be Hausdorff, locally compact, and there is
only one such topology — the topology of the Alexandroff compactification.

6.27. We could have noticed that the notion of local compactness as we have defined
is not apparently a local property. For a property to be local, every neighborhood of any
point must contain a neighborhood of that point with the given property (as in the cases of
local connectedness and local path-connectedness). Show that for Hausdorff spaces local
compactness is indeed a local property, i.e., every neighborhood of any point contains a

compact neighborhood of that point.
6.28. Any locally compact Hausdorff space is a regular space.

6.29. In alocally compact Hausdorff space, if K is compact, U is open, and K C U, then
there is an open set V such that V is compact and K C V C V C U. (Compare with )

6.30. A space is locally compact Hausdorff if and only if it is homeomorphic to an open

subspace of a compact Hausdorff space.

6.31. * Let X be a compact Hausdorff space. Let X; D X, D - - - be a nested sequence
of closed connected subsets of X. Show that Y = (72, X; is connected.

Is the statement correct if connected is replaced by path-connected?

6.32. The set of n x n-matrix with real coefficients, denoted by M(n,R), could be nat-
urally considered as a subset of the Euclidean space R"* by considering entries of a matrix

as coordinates, via the map
(ﬂz‘,j) i (ﬂl,l, a1, -, 01,812,422, -+, 402,813, - -, Ap—1,ns Apn)-

Let GL(n,R) be the set of all invertible n x n-matrices with real coefficients.

(a) Show that taking product of two matrices is a continuous map on GL(n,R).

(b) Show that taking inverse of a matrix is a continuous map GL(#, R).

(c) A set with both a group structure and a topology such that the group operations
are continuous is called a topological group. Show that GL(n,R) is a topological
group. It is called the General Linear Group.

6.33. * The Orthogonal Group O(n) is defined to be the group of matrices representing

orthogonal linear maps of IR", that is, linear maps that preserve inner product. Thus
O(n)={AecMnR)| A-AT = 1,}.

The Special Orthogonal Group SO(n) is the subgroup of O(n) consisting of all orthogonal

matrices with determinant 1.

(a) Show that any element of SO(2) is of the form

cos —sin
R(g) = ( =9 “") :
sing  cos¢@
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This is a rotation in the plane around the origin with an angle ¢. Thus SO(2) is
the group of rotations on the plane around the origin.

(b) Show that SO(2) is path-connected.

(c) How many connected components does O(2) have?

(d) Is SO(n) compact?

(e) Itis known [F. Gantmacher, Theory of matrices, vol. 1, Chelsea, 1959, p. 285], that
for any matrix A € O(n) there is a matrix P € O(n) such that A = PBP~! where

B is a matrix of the form

R(¢1)

Using this fact, prove that SO(n) is path-connected.
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7. Product of spaces

Finite products of spaces. Let X and Y be two topological spaces, and con-
sider the Cartesian product X x Y. The product topology on X x Y is the topology
generated by the collection F of sets of the form U x V where U is an open set of
X and V is an open set of Y. Since the intersection of two members of F is also a
member of F, the collection F is a basis for the product topology. Thus every open
set in the product topology is a union of products of open sets of X with open sets
of Y.

REMARK. Notice a common error: to assume that an aribitrary open set in the
product topology is a product U x V.

The product topology on [T (X, 7;) is defined similarly to be the topology
generated by the collection {TT" ; U; | U; € 7;}.

PROPOSITION. If each b; is a basis for X; then {[Ti_; U; | U; € b;} is a basis for the
product topology on TT!'  X;.

PROOF. Consider an element in the above basis of the product topology, which
is of the form [T/_; V; where V; € 7;. Each V; can be written V; = Ui]-e I Ui],, where
LIZ-], € b;. Then

[v- U I

n
i=1 i€l <i<ni=1

This proves our assertion. g

EXAMPLE (Euclidean topology). Recall that R” = R xR x--- x R. Let R
N e’
n copies of R

have Euclidean topology, generated by open intervals. An open set in the product
topology of IR” is a union of products of open intervals. Since a product of open
intervals is an open rectangle, and an open rectangle is a union of open balls and
vice versa, the product topology on R" is exactly the Euclidean topology.

Arbitrary products of spaces.

DEFINITION. Let {(Xj, 7;) }ic; be a family of topological spaces. The product
topology on the set [ ;c; X; is the topology generated by the collection F consisting
of all sets of the form [;c; U;, where U; € 7; and U; = X; for all except finitely
many i € I. In symbols:

F= {nui | Ui € 5, 3]i € 5, [Jil <oo,Viel\J; Ui = Xi}.
1€

Notice that the collection F above is a basis of the product topology. The sub-
collection of all sets of the form [];c; U;, where U; € 7; and U; = X; for all except
one i € I is a subbasis for the product topology.

Recall that an element of the set [];c; X; is written (x;);c. For j € I the projec-
tion to the j-coordinate is defined by p; : Ticr Xi — Xj, pj((x:)) = xj.

The definition of the product topology is explained in the following:
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7. PRODUCT OF SPACES 45

THEOREM 7.1 (product topology is the topology such that projections are con-
tinuous). The product topology is the coarsest topology on [1;c; X; such that all the projec-
tion maps p; are continuous. In other words, the product topology is the topology generated
by the projection maps.

PROOF. Notice that if O; € X; then p].*l(Oj) = TLe Uy with U; = X; for all i
except j, and U; = O;. The topology generated by all the maps p; is the topology
generated by all sets of the form pi_l (O;) with O; € T, see O

THEOREM 7.2 (map to a product space is continuous if and only if each com-
ponent map is continuous). A map f : Y — [1;c; X; is continuous if and only if each
component f; = p; o f is continuous.

PROOF. If f : Y — [T X; is continuous then p; o f is continuous because p;
is continuous.
On the other hand, let us assume that every f; is continuous. Let U = [];¢; U;
— an element of the basis of [];c; X; — where U; € 7; and 3] C I such that I\ Jis
finite and U; = X;,Vi € |. Then
=Ny = N W),
icl iel\]

which is an open set. So f is continuous. O

THEOREM 7.3 (convergence in product topology is coordinate-wise conver-
gence). Anetn: | — [lic; X; is convergent if and only if all of its projections p; o n are
convergent.

PROOF. (<) Suppose that each p; o n is convergent to a;, we show that 7 is
convergent to a = (a;)c].

A neighborhood of a contains an open set of the form U = [];c; O; with O; are
open sets of X; and O; = X; except for i € K, where K is a finite subset of I.

For each i € K, p; o n is convergent to a;, therefore there exists an index j; € |
such that for j > j; we have p;(n(j)) € O;. Take an index jy such that jo > j; for all
i € K. Then for j > jo we have n(j) € U. O

Tikhonov theorem.

THEOREM (Tikhonov theorem). The product of any family of compact spaces is
compact. More concisely, if X; is compact for all i € I then [T;e; X; is compactﬂ

EXAMPLE. Let [0,1] have the Euclidean topology. The space [;cz+[0,1] is
called the Hilbert cube. By Tikhonov theorem the Hilbert cube is compact.

Applications of Tikhonov theorem include the Banach-Alaoglu theorem in

Functional Analysis and the Stone-Cech compactification.

7Proved by Andrei Nicolaievich Tikhonov around 1926. The product topology was defined by him.
His name is also spelled as Tychonoff.
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Tikhonov theorem is equivalent to the Axiom of choice. The proofs we have
are rather difficult. However in the case of finite product it can be proved more
easily (7.18). Different techniques can be used in special cases of this theorem (7.21]

and [7.8).

PROOF OF TIKHONOV THEOREM. Let X; be compact for all i € I. We will
show that X = [];c; X; is compact by showing that if a collection of closed subsets
of X has the finite intersection property then it has non-empty intersection (see
628

Let F be a collection of closed subsets of X that has the finite intersection prop-
erty. We will show that N cr A # @.

Have alook at the following argument, which suggests that proving the Tikhonov
theorem might not be easy. If we take the closures of the projections of the collec-
tion F to the i-coordinate then we get a collection {p;(A), A € F} of closed subsets
of X; having the finite intersection property. Since X; is compact, this collection
has non-empty intersection. From this it is tempting to conclude that F must have
non-empty intersection itself. But that is not true, see the figure.

In what follows we will overcome this difficulty by first enlarging the collec-
tion F.

(a) We show that there is a maximal collection F of subsets of X such that F
contains F and still has the finite intersection property. We will use Zorn
lemma for this purposeﬂ

Let K be the collection of collections G of subsets of X such that G
contains F and has the finite intersection property. On K we define an
order by the usual set inclusion.

Now suppose that L is a totally ordered subcollection of K. Let H =
Uger G. We will show that H € K, therefore H is an upper bound of L.

First H contains F. We need to show that H has the finite intersection
property. Suppose that H; € H,1 <i < n. Then H; € G; for some G; € L.
Since L is totally ordered, there is an iy, 1 < iy < 1 such that G;; contains
all G;, 1 < i < n. Then H; € Gj, forall 1 < i < n, and since G;, has the
finite intersection property, we have "' ; H; # @.

8A proof based on open covers is also possible, see [Kel55, p. 143].
9This is a routine step; it might be easier for the reader to carry it out instead of reading.
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(b) Since F is maximal, it is closed under finite intersection. Moreover if a
subset of X has non-empty intersection with every element of F then it
belongs to F.

(c) Since F has the finite intersection property, for each i € I the collection
{pi(A) | A € F} also has the finite intersection property, and so does the

collection {p;(A) | A € F}. Since X; is compact, () 4. pi(A) is non-empty.

(d) Let x; € Nacppi(A) and let x = (x;)ier € Tlicr[Nacr pi(A)]. We will
show thatx € Aforall A € F,in particular x € A forall A € F.

We need to show that any neighborhood of x has non-empty intersec-

tion with every A € F. It is sufficient to prove this for neighborhoods of x
belonging to the basis of X, namely finite intersections of sets of the form
p; 1 (O;) where O; is an open neighborhood of x; = p;(x). Forany A € F,
since x; € p;(A) we have O; N p;(A) # @. Therefore p;l(Oi) NA # Q. By
the maximality of F we have plfl (O;) € F, and the desired result follows.

O

Stone-Cech compactification. Let X be a topological space. Denote by
C(X) the set of all bounded continuous functions from X to R where R has the
Euclidean topology. By Tikhonov theorem the space [T¢cc(x)[inf f, sup f] is com-
pact. Define

©:X — ] linff,supf]
fec(x)
x = (f(x)fecx)-

Thus for each x € X and each f € C(X), the f-coordinate of the point ®(x) is
®(x)s = f(x). This means the f-component of @ is f, i.e. pfo @ = f, where py is
the projection to the f-coordinate.

Notice that the closure ®(X) is compact.

THEOREM 7.4. If X is completely reqular then ® : X — ®(X) is a homeomorphism,
i.e. ® is an embedding. In this case ®(X) is called the Stone-Cech compactification of X.
It is a Hausdorff space.

Here, a space is said to be completely regular (also called a T, 1 -space) if it is a
Ty-space and for each point x and each closed set A with x ¢ A there is a map
f € C(X) such that f(x) = a and f(A) = {b} where a # b. Thus in a com-
pletely regular space a point and a closed set disjoint from it can be separated by
a continuous real function.

PROOF. We go through several steps.

(a) @isinjective: If x # y then since X is completely regular thereis f € C(X)
such that f(x) # f(y), therefore ®(x) # ®(y).
(b) @ is continuous: Since the f-component of ® is f, which is continuous,

the result follows from [7.2]
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(c) @' is continuous: We prove that ® brings an open set onto an open
set. Let U be an open subset of X and let x € U. There is a function
f € C(X) that separates x and X \ U. In particular there is an inter-
val (a,b) containing f(x) such that f~1((a,b)) N (X \ U) = @. We have
fH(@, ) = (pro®) 7 ((a,b)) = @ (p;'((a,b))) C U. Apply @ to
both sides, we get pfl((a, b)) N®(X) C &(U). Since pj?l((a, b)) NO(X)
is an open set in ®(X) containing ®(x), we see that ®(x) is an interior
point of ®(U). We conclude that ®(U) is open.

That ®(X) is a Hausdorff space follows from that Y is a Hausdorff space, by
and 5.9 O

THEOREM. A bounded continuous real function on a completely regular space has a
unique extension to the Stone-Cech compactification of the space.
More concisely, if X is a completely reqular space and f € C(X) then there is a unique

function f € C(P(X)) such that f = fo ®.

X —2 B(X)
fl /
f
R
PROOF. A continuous extension of f, if exists, is unique, by
Since py o ® = f the obvious choice for f is the projection p Iz g
Problems.

7.5. Note that, as sets:
(@ (AxB)N(CxD)=(ANC)x (BND).
(b) (AxB)U(CxD) & (AUC)x(BUD)=(AxB)U(AxD)U(CxB)U(CxD).

7.6. Check that in topological sense (i.e. up to homeomorphisms):
(@ RPR=RZxR=R xR xR.
(b) More generally, is the product associative? Namely, is (X x Y) x Z = X x (Y x
ZNIs (X XY)xZ=XxYxZ?

7.7. Show that the sphere S? with the North Pole and the South Pole removed is home-
omorphic to the infinite cylinder S! x RR.

7.8. Let (X;,d;),1 <i < nbemetricspaces. Let X =[] ; X;. Forx = (x1,xp,...,%,) €
Xandy = (y1,Y2,---,Yn) € X, define

01(x,y) = max{d;(x;,y;) |1 <i<n},

" 1/2
o(x,y) = <;di(xiryi)2) :

Show that J; and ¢, are metrics on X generating the product topology.

7.9. Show that a space X is Hausdorff if and only if the diagonal A = {(x,x) € X x X}
is closed in X x X, by:
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(a) using nets,

(b) not using nets.

7.10. Show that if Y is Hausdorff and f : X — Y is continuous then the graph of f (the
set {(x, f(x)) | x € X})isclosed in X x Y.

7.11. If for each i € I the space X; is homeomorphic to the space Y; then [];c; X; is
homeomorphic to [ J;c; Y;.

7.12. Show that each projection map p; is a an open map, mapping an open set onto an

open set. Is it a closed map?

7.13 (disjoint union). ./ Let A and B be topological spaces. On the set (A x {0}) U
(B x {1}) consider the topology generated by subsets of the form U x {0} and V x {1}
where U is open in A and V is open in B. Show that A x {0} is homeomorphic to A,
while B x {1} is homeomorphic to B. Notice that (A x {0}) N (B x {1}) = @. The space
(A x {0}) U (B x {1}) is called the disjoint union (hoi roi) of A and B, denoted by A LI B.
We use this construction when for example we want to consider a space consisting of two
disjoint circles.

7.14. \/ Fixa point O = (O;) € [];c; X;. Define the inclusion map f : X; — [1;c; X; by
O ifj#i
X ifj=i

x — f(x) with f(x); = {

Show that f is a homeomorphism onto its image X; (an embedding of X;). Thus X; is a
copy of X; in [T;c; X;. The spaces X; have O as the common point. This is an analog of the

coordinate system Oxy on R2.

7.15. Show that

(a) If each X;, i € I is a Hausdorff space then [];c; X; is a Hausdorff space.
(b) If [T;e; X; is a Hausdorff space then each X; is a Hausdorff space.

7.16. Show that

(a) IfTT;e; X; is path-connected then each X; is path-connected.
(b) If each X;, i € I is path-connected then [];c; X; is path-connected.

7.17. Show that
(@) If[T;cs X; is connected then each X; is connected.
(b) If X and Y are connected then X x Y is connected.
(c) *Ifeach X;, i € I is connected then [];c; X; is connected.

7.18. Show that
(@) IfTT;e; X; is compact then each X; is compact.
(b) * If X and Y are compact then X x Y is compact (of course without using the

Tikhonov theorem).

7.19. Let X be a normed space over a field IF which is R or C. Check that the addition
(x,y) — x +y is a continuous map from the product space X x X to X, while the scalar
multiplication (¢, x) — ¢ - x is a continuous map from F x X to X. This is an example of a

topological vector space, and is a special case of topological groups (see|6.32).
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7.20 (Zariski topology). *LetlF=RorF =C.
A polynomial in n variables on F is a function from IF” to [F that is a finite sum of terms

of the form ax}"

x32 - xy", wherea, x; € Fand m; € N. Let P be the set of all polynomials
in n variables on IF.
If S C P then define Z(S) to be the set of all common zeros of all polynomials in S, thus
Z(S) ={x € F"|Vp €S, p(x) = 0}. Such a set is called an algebraic set.
(a) Show that if we define that a subset of [F” is closed if it is algebraic, then this gives
a topology on IF”, called the Zariski topology.
(b) Show that the Zariski topology on [F is exactly the finite complement topology.
(c) Show that if both IF and " have the Zariski topology then all polynomials on IF”
are continuous.

(d) Is the Zariski topology on IF” the product topology?
The Zariski topology is used in Algebraic Geometry.

7.21. Using the characterization of compact subsets of Euclidean spaces, prove the
Tikhonov theorem for finite products of compact subsets of Euclidean spaces.
Using the characterization of compact metric spaces in terms of sequences, prove the

Tikhonov theorem for finite products of compact metric spaces.
7.22. Any completely regular space is a regular space.
7.23. Prove[/4 using nets.

7.24. A space is completely regular if and only if it is homeomorphic to a subspace of a
compact Hausdorff space. As a corollary, a locally compact Hausdorff space is completely
regular.

By[7.24)if a space has a Hausdorff Alexandroff compactification then it also has a Haus-
dorff Stone-Cech compactification. In a certain sense, for a noncompact space the Alexan-
droff compactification is the “smallest” Hausdorff compactification of the space and the
Stone-Cech compactification is the “largest” one. For more discussions on this topic see for
instance [Mun00} p. 237].
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8. Real functions and Spaces of functions
In this section the set R is assumed to have the Euclidean topology.
Urysohn lemma.

THEOREM 8.1 (Urysohn lemma). If X is normal, F is closed, U is open, and F C U,
then there exists a continuous map f : X — [0,1] such that f(x) =0on Fand f(x) =1
on X\ U.

Equivalently, if X is normal, A and B are two disjoint closed subsets of X, then there
is a continuous function f from X to [0,1] such that f(x) = 0on Aand f(x) = 1on B.

Thus in a normal space two disjoint closed subsets can be separated by a con-
tinuous real function.

EXAMPLE. For metric space we can take

B d(x, A)
flx) = d(x,A)+d(x,B)’

PROOF OF URYSOHN LEMMA. The proof goes through the following steps:

(a) Construct a family of open sets in the following manner (recalling5.2):
Let U; = U.
n=0: FCUycC U C Uj.
n=1: ﬁocu% CLT%CUL
n=2= U()CU%CUECU%IU%CU%CU%CU%CU%:UL

Inductively,

FCU@C?@CULCU
2”

cu

:"—‘
"2
]

3
]

E
N

E

2

CUm_ 1 CUpm_; C Ul = Uj.
2n

21 21

(b) Let I = {5 | m,n € N;0 < m < 2"}, We have a family of open sets
{U, | r € I} having the property r < s = U, C Us;. We can check that I
is dense in [0, 1] (this is really the same thing as that any real number in
[0,1] can be written in binary form, compare [1.14).

(c) Define f: X — [0,1],

inf{rel|xel} ifxel,

f(X): 1 ifx & U.

In this way if x € U, then f(x) < r, while if x ¢ U, then f(x) > r. So f(x)
gives the “level” of x on the scale from 0 to 1, while U, is like a sublevel
set of f.
We prove that f is continuous, so f is the function we are looking for.

It is enough to prove that sets of the form {x | f(x) < a} and {x | f(x) >
a} are open.

(d) If a < 1then f(x) < aif and only if there is r € I such that r < a and
x € Uy. Thus{x | f(x) <a}={xe U, |r<a}=U,, U isopen.
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(e) If 2 < 1 then f(x) > a if and only if there is r € I such thatr > a and
x & Uy Thus{x | f(x) >a}={x e X\U; |r >a} =U,>, X\ U
Now we show that J,~, X \ Ur = U,~, X \ Uy, which implies that
Ur>a X \ Uy is open. Indeed, if r € I and r > a then there is s € I such
that 7 > s > a. Then U; C Uj, therefore X \ U, C X \ Us.

O

Partition of unity. An important application of the Urysohn lemma is the ex-
istence of partion of unity (phan hoach don vi).

If f: X — R then the support of f, denoted by supp(f) is defined to be the
closure of the subset {x € X | f(x) # 0}.

THEOREM 8.2 (partition of unity). Let X be a a normal space. Suppose that X has
a finite open cover O. Then there is a collection of continuous maps (fi; : X — [0,1])ueo
such that supp(fy) C U and for every x € X we have Y ;co fu(x) = 1.

PROOF. From problem there is an open cover (U[})uco of X such that
for each U € O there is an open U[; satisfying U}, C U}, € U € U, C U. By
Urysohn lemma there is a continuous map ¢y : X — [0,1] such that gy =1
and §0U|X\u’u = 0. This implies supp(¢y) C U/, C U. For each x € X there is
U € O such that U} contains x, therefore ¢;(x) = 1. Let

_ __ %u
fu= Yueo 9u
(]

Partition of unity allows us to extend some local properties to global ones, by
“patching” neighborhoods. It is needed for such important results as the existence
of a Riemannian metric on a manifold or the definition of integration on manifolds.

The compact-open topology. Let X and Y be two topological spaces. We
say that a net (f;);e; of functions from X to Y converges point-wise to a function
f: X — Yif for each x € X the net (f;(x));ec; converges to f(x).
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Now let Y be a metric space. Recall that a function f : X — Y is said to be
bounded if the set of values f(X) is a bounded subset of Y. We consider the set
B(X,Y) of all bounded functions from X to Y. If f,¢ € B(X,Y) then we define
a metric on B(X,Y) by d(f,g) = sup{d(f(x),g(x)) | x € X}. The topology gen-
erated by this metric is called the topology of uniform convergence. If a net (f;)ier
converges to f in the metric space B(X,Y) then we say that (f;);c; converges to f
uniformly.

PROPOSITION. Suppose that (f;)ic1 converges to f uniformly. Then:

(@) (fi)ies converges to f point-wise.
(b) If each f; is continuous then f is continuous.

PROOF. The proof of the second statement is the same as the proof for metric
spaces. Suppose that each f; is continuous. Let x € X, we prove that f is continu-
ous at x. The key step is the following inequality:

d(f(x), f(y)) < d(f(x), fi(x)) +d(fi(x), fi(y)) +d(fi(y), f (¥))-

Given e > 0, fixan i € I such that d(fj, f) < e. For this i, there is a neighborhood
U of x such that if y € U then d(f;(x), fi(y)) < €. The above inequality implies
that for y € U we have d(f(x), f(y)) < 3e. O

DEFINITION. Let X and Y be two topological spaces. Let C(X,Y) be the set
of all continuous functions from X to Y. The topology generated by all sets of the
form

S(AU) ={f e C(X,Y) | f(A) C U}
where A C X is compact and U C Y is open is called the compact-open topology on
C(X,Y).

PROPOSITION. If X is compact and Y is a metric space then on C(X,Y) the compact-
open topology is the same as the uniform convergence topology.

This says that the compact-open topology is a generalization of the uniform

convergence topology to topological spaces.

PROOF. Given f € C(X,Y) and € > 0, we show that the ball B(f,e) C C(X,Y)
in the uniform metric contains an open neighborhood of f in the compact-open
topology. For each x € X there is an open set U, containing x such that f(Uy) C
B(f(x),e/3). Since X is compact, there are finitely many x;, 1 < i < n, such that
UiLi Uy, D X and f(Uy;) C B(f(x;),€/3). Then

f € () S(Usx, B(f(xi),€/2)) C B(f,€).

i=1
In the opposite direction, we need to show that every open neighborhood of
f in the compact-open topology contains a ball B(f,€) in the uniform metric. It
is suffcient to show that for open neighborhood of f of the form S(A,U). For
each x € A there is a ball B(f(x),ex) C U. Since f(A) is compact, there are
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U,

FIGURE 8.3. Notice that f € S(A, U) means graph(f|a) C A x U.

finitely many x; € Aande; > 0,1 < i < n, such that B(f(x;),€;) C U and
" B(f(xi),€i/2) D f(A). Lete = min{e;/2 |1 < i < n}. Suppose that g €
B(f,€). For each x € A, there is an i such that f(x) € B(f(x;),€;/2). Then
.
d(g(x), f(x:)) < d(g(x), f(x:)) +d(f(xi), f(x)) < e+ 5 <&

so g(x) € U. Thus g € S(A, U). O

Tiestze extension theorem. Below is another application of Urysohn lemma.

THEOREM (Tiestze extension theorem). Let X be a normal space. Let F be closed
in X. Let f : F — IR be continuous. Then there is a continuous map g : X — R such that

gle = f.

Thus in a normal space a continuous real function on a closed subspace can be ex-
tended continuously to the whole space.

PROOF. First consider the case where f is bounded.

(a) The general case can be reduced to the case when infr f = 0 and sup, f =
1. We will restrict our attention to this case.

(b) By Urysohn lemma, there is a continuous function g1 : X — [0, 4] such

that h
o 0 ifxe f ([0, 3]
) {é ifx e f1([3,1]).
2

Let fi = f — ¢1. Then supy g1 = %, supp f1 = 5, and infp f; = 0.
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(c) Inductively, once we have a function f; : F — R, for a certainn > 1 we

0 )
n (x): n n n
e B (A )

(

1
)" supp fue = (3)"

QIN

4

Q=

Let fu41 = fu — §n+1- Then supy g1 =
and inff f,, 11 = 0.

(d) The series ), ; g» converges uniformly to a continuous function g.

(e) Since f, = f —Y.I'gi, the series Y ' _; gu|r converges uniformly to f.
Therefore g|p = f.

(f) Note that with this construction infx ¢ = 0 and supy g = 1.

Now consider the case when f is not bounded.

(a) Suppose that f is neither bounded from below nor bounded from above.
Let  be a homeomorphism from (—o0, 00) to (0,1). Then the range of f; =
ho f is a subset of (0,1), therefore it can be extended as in the previous
case to a continuous function g such thatinf,cx g1(x) = infyer f1(x) =0
and sup, . §1(x) = sup,cp fi(x) = 1.

If the range of ¢; includes neither 0 nor 1 then ¢ = h~! o ¢ will be
the desired function.

It may happens that the range of g1 includes either 0 or 1. In this case
let C = g;'({0,1}). Note that CN F = @. By Urysohn lemma, there is
a continuous function k : X — [0,1] such that k|c = 0 and k| = 1. Let
¢ = kg1 + (1 —k)3. Then g|r = g1|r and the range of g is a subset
of (0,1) (g2(x) is a certain convex combination of g(x) and ). Then
¢ = h™! o go will be the desired function.

(b) If f is bounded from below then similarly to the previous case we can use
a homeomorphism  : [a,00) — [0,1), and we let C = g; ! ({1}).

The case when f is bounded from above is similar.

Problems.

8.4. Show that a normal space is completely regular. So: normal = completely regular
= regular. In other words: Ty = T, 1= T3.

8.5. Show that a space is completely regular if and only if it is homeomorphic to a
subspace of a compact Hausdorff space. As a corollary, a locally compact Hausdorff space
is completely regular.

8.6. Prove the following version of Urysohn lemma, as stated in [Rud86]. Suppose that
X is a locally compact Hausdorff space, V is open in X, K C V, and K is compact. Then
there is a continuous function f : X — [0,1] such that f(x) = 1 for x € Kand supp(f) C V.

8.7. Show that the Tiestze extension theorem implies the Urysohn lemma.
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8.8. The Tiestze extension theorem is not true without the condition that the set F is
closed.

8.9. Show that the Tiestze extension theorem can be extended to maps to the space
ITic; R where R has the Euclidean topology.

8.10. Let X be a normal space and F be a closed subset of X. Then any continuous map

f: F — S" can be extended to an open set containing F.

8.11 (point-wise convergence topology). Now we view a function from X to Y as an
element of the set YX = [T,cx Y. In this view a function f : X — Y is an element f € Y¥,
and for each x € X the value f(x) is the x-coordinate of the element f.

(@) Let (f;);es be a net of functions from X to Y, i.e. a net of points in YX. Show that
(fi)ie1 converges to a function f : X — Y point-wise if and only if the net of points
(f:)ier converges to the point f in the product topology of YX.

(b) Define the point-wise convergence topology on the set YX of functions from X to Y

as the topology generated by sets of the form
S(x,U) = {f € Y¥| f(x) € U}

with x € X and U C Y is open. Show that the point-wise convergence topology is
exactly the product topology on YX.

8.12. Let X and Y be two topological spaces. Let C(X,Y) be the set of all continu-
ous functions from X to Y. Show that if a net (f;);c; converges to f in the compact-open

topology of C(X,Y) then it converges to f point-wise.

8.13 (continuity of functions of two variables). * Let Y, Z be topological spaces and let
X be a locally compact Hausdorff space. Recall that it is not true that a map on a product

space is continuous if it is continuous on each variable. Prove that a map
f:Xx2Z —= Y
(xt) = flxt)
is continuous if and only if the map
fi: X =Y
x o filx) = f(xt)
is continuous for each t € Z and the map
Z - C(X,Y)
t = fi
is continuous with the compact-open topology on C(X, Y).
8.14 (Niemytzki space). * Let H = {(x,y) € R? | y > 0} be the upper half-plane.
Equip H with the topology generated by the Euclidean open disks (i.e. open balls) in K =
{(x,y) € R?| y > 0}, together with sets of the form {p} U D where p is a point on the line

L = {(x,y) € R?*| y = 0} and D is an open disk in K tangent to L at p. This is called the
Niemytzki space.

(a) Check that this is a topological space.
(b) What is the subspace topology on L?
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(c) What are the closed sets in H?
(d) Show that H is Hausdorff.

(e) Show that H is regular.

(f) Show that H is not normal.
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9. Quotient space

We consider the operation of gluing parts of a space to form a new space. For
example when we glue the two endpoints of a line segment together we get a circle.

Mathematically speaking, gluing elements mean to let them be equivalent, to
identify them as one. For a set X and an equivalence relation ~ on X, the quotient
set X/ ~ is exactly what we need.

We also want the gluing to be continuous. That means when X is a topological
space we equip the quotient set X/ ~ with a topology such that the gluing map
p: X — X/ ~, x — [x]is continuous. Namely, a subset U of X/ ~ is open if
and only if the preimage p~!(U) is open in X (see . The set X/ ~ with this
topology is called the quotient space of X by the equivalence relation.

In a special case, if A is a subspace of X then there is this equivalence relation
on X: x ~ xifx € X, and x ~ y if x,y € A. The quotient space X/ ~ is often
written as X/ A, and we can think of it as being obtained from X by collapsing the
whole subset A to one point.

PROPOSITION 9.1. Let Y be a topological space. Amap f : X/ ~— Y is continuous
if and only if f o p is continuous.

PROOF. The map f o p is continuous if and only if for each open subset U
of Y, the set (fop)~'(U) = p~1(f~1(U)) is open in X. The latter statement is
equivalent to that f~1(U) is open for every U, that is, f is continuous. g

The following result will provide us a tool for identifying quotient spaces:

THEOREM. Suppose that X is compact and ~ is an equivalence relation on X. Sup-
pose that Y is Hausdorff, and f : X — Y is continuous and onto. Suppose that f(x1) =
f(xp) if and only if xq ~ xp. Then f induces a homeomorphism from X/ ~ onto'Y.

PROOF. Define h : X/ ~— Y by h([x]) = f(x). Then & is onto and is injective,
thus it is a bijection.

Notice that f = h o p (in such a case people often say that the above diagram is
commutative, and that the map f can be factored). By [9.1] % is continuous. By
h is a homeomorphism. 0
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EXAMPLE (gluing the two end-points of a line segment gives a circle). More
precisely [0,1]/0 ~ 1 (see[9.24) is homeomorphic to S':

0,1 —>[0,1]/0~1

\lh

sl
Here f is the map t — (cos(27t),sin(27tt)). The map f is continuous, onto, and
it fails to be injective only at t = 0 and ¢t = 1. Since in the quotient set 0 and 1 are
identified, the induced map & on the quotient set becomes a bijection. The above
theorem allows us to check that /1 is a homeomorphism.

EXAMPLE (gluing a pair of opposite edges of a square gives a cylinder). Let
X =10,1] x [0,1]/ ~ where (0,t) ~ (1,t) forall 0 < t < 1. Then X is homeo-
morphic to the cylinder [0,1] x S!. The homeomorphism is induced by the map
(s,t) — (s,cos(27tt),sin(27t)).

EXAMPLE (gluing opposite edges of a square gives a torus). Let X = [0,1] X
[0,1]/ ~ where (5,0) ~ (s,1) and (0,) ~ (1,f) forall 0 < s, < 1, then X is
homeomorphic to the toruﬂ (mat xuyén) T2.

FIGURE 9.2. The torus.

The torus T? is homeomorphic to a subspace of IR?, in other words, the torus
can be embedded in R3. A of subspace IR?> homeomorphic to T? can be obtained
as the surface of revolution obtained by revolving a circle around a line not inter-
secting it.

Suppose that the circle is on the Oyz-plane, the center is on the y-axis and the
axis for the rotation is the z-axis. Let a be the radius of the circle, b be the distance
from the center of the circle to O, (a < b). Let S be the surface of revolution, then
the embedding can be given by

[0,271] x [0,271] —— T?

RN,

S
where f(¢,0) = ((b+acos®)cos¢, (b+ acosb)sing,asinb).

107he plural form of the word torus is tori.
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FIGURE 9.3. The torus embedded in R3.

EXAMPLE (gluing the boundary circle of a disk together gives a sphere). More
precisely D?/9D? is homeomorphic to S?. We only need to construct a continuous
map from D? onto S? such that after quotient out by the boundary dD? it becomes
injective.

EXAMPLE 9.4 (the Mobius band). Gluing a pair of opposite edges of a square
in opposite directions gives the Mobius band (dai, 14, mat MobiusEI). More precisely
the Mobius band is X = [0,1] x [0,1]/ ~ where (0,f) ~ (1,1 —¢) forall0 < t < 1.

The Mobius band could be embedded in R3. It is homeomorphic to a subspace
of IR? obtained by rotating a straight segment around the z-axis while also turning
that segment “up side down”. The embedding can be induced by the map (see

HMebius or Moebius are other spellings for this name.
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FIGURE 9.5. The Mobius band embedded in R3.

Figure[9.6)
(s,t) — ((a+tcos(s/2)) coss, (a+ tcos(s/2))sins, tsin(s/2)),

with0) <s<2mand -1 <t <1.

AN

FIGURE 9.6. The embedding of the Mobius band in R3.

The Mobius band is famous as an example of unorientable surfaces. It is also

one-sided. A proof is in[25.2

EXAMPLE (the projective plane). Identifying opposite points on the bound-
ary of a disk (they are called antipodal points) we get a topological space called
the projective plane (mat phang xa &nh) RP?. The real projective plane cannot be
embedded in R3. Tt can be embedded in R*.

More generally, identifying antipodal boundary points of D" gives us the pro-
jective space (khong gian xa anh) RP". With this definition RP! is homeomorphic
to S1. See also[9.19]

EXAMPLE (gluing a disk to the Mobius band gives the projective plane). In
other words, deleting a disk from the projective plane gives the Mobius band. See

Figure[9.7]
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FIGURE 9.7. Gluing a disk to the Mobius band gives the projective plane.

EXAMPLE (the Klein bottle). Identifying one pair of opposite edges of a square
and the other pair in opposite directions gives a topological space called the Klein
bottle. More precisely itis [0,1] x [0,1]/ ~ with (0,¢) ~ (1,f) and (s,0) ~ (1—5s,1).

FIGURE 9.8. The Klein bottle.

This space cannot be embedded in IR?, but it can be immersed in R3. An im-
mersion (phép nhing chim) is a local embedding. More concisely, f : X — Yis an
immersion if each point in X has a neighborhood U such that f|;; : U — f(U) isa
homeomorphism. Intuitively, an inmersion allows self-intersection (tu cat).
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FIGURE 9.9. The Klein bottle immersed in R5.

EXAMPLE 9.10 (the three-dimensional torus). Consider a cube [0,1]3. Identi-
fying opposite faces by (x,y,0) ~ (x,y,1), (x,0,z) ~ (x,1,2), (0,y,2) ~ (1,y,2)
we get a space called the three-dimensional torus.

Problems.

9.11. Describe the space [0,1]/0 ~ 1 ~ 1.

9.12. Describe the space that is the quotient of the sphere S? by its equator S®.
9.13. Show that the torus T? is homeomorphic to S' x S'.

9.14. Show that the following spaces are homeomorphic (one of them is the Klein bot-
tle).

9.15. What do we obtain after we cut a Mobius band along its middle circle? Try it
with an experiment.

To cut a subset S from a space X means to delete S from X, the resulting space is the
subspace X \ S. In figurethe curve CC' is deleted.

9.17. If X is connected then X/ ~ is connected.

9.18. The one-point compactification of the open Mobius band (the Mobius band with-
out the boundary circle) is the projective space RP2.

9.19. * Show that identifying antipodal boundary points of D" is equivalent to identi-
fying antipodal points of S”. In other words, the projective space RP" is homeomorphic to
St/x ~ —x.

9.20. Show that the projective space RP" is a Hausdorff space.

9.21. In order for the quotient space X/ ~ to be a Hausdorff space, a necessary con-
dition is that each equivalence class [x] must be a closed subset of X. Is this condition

sufficient?
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C/
B/

FIGURE 9.16. Cutting a Mobius band along the middle circle.

9.22. On the Euclidean R define x ~ y if x —y € Z. Show that IR/ ~ is homeomorphic
to S'. The space R/ ~ is also described as “IR quotiented by the action of the group Z”.

9.23. On the Euclidean R?, define (x1,y1) ~ (x2,y2) if (x; — x2,y1 — ¥2) € Z x Z.
Show that R2/ ~ is homeomorphic to T2.

9.24 (minimal equivalence relation). Given a set X and a set Y C X x X, show that
there is an equivalence relation on X that contains Y and is contained in every equivalence
relation that contains Y, called the minimal equivalence relation containing Y.

For example, when we write [0,1]/0 ~ 1 we mean the quotient of the set [0, 1] by the
minimal equivalence relation on [0, 1] such that 0 ~ 1. In this case that minimal equivalence
relation is clearly {(0,1),(1,0), (x,x) | x € [0,1]}.

9.25. * A question can be raised: In quotient spaces, if identifications are carried out
in steps rather than simultaneously, will the results be different? More precisely, let R; and
Rj; be two equivalence relations on a space X and let R be the minimal equivalence relation
containing Ry U R; is also an equivalence relation on space X. On the space X/R; we define
an equivalence relation R, induced from R; by: [x]g, ~ R, WIR, if (x ~R,UR, ¥). Prove that
the map

X/(RiURy) — (X/Ry)/Ry
[X]R,uR, [MRJRZ

is a homeomorphism. Thus in this sense the results are same.
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Other topics

Below are several more advanced topics. Though we do not present them in
detail, we think it is useful for the reader to have some familiarity with them. At
the end is a guide for further reading.

Invariance of dimension. That the Euclidean spaces R? and R® are not home-
omorphic is not easy. It is a consequence of the following difficult theorem of L.
Brouwer in 1912:

THEOREM 9.26 (invariance of dimension). If two subsets of the Euclidean R" are
homeomorphic and one set is open then the other is also open.

This theorem is often proved using Algebraic Topology, see for instance [Mun00,
p- 381], [Vic94, p. 34], [Hat01 p. 126].

COROLLARY. The Euclidean spaces R™ and R" are not homeomorphic if m # n.

PROOF. Suppose that m < n. It is easy to check that the inclusion map R" —
R", (x1,%2,...,Xm) — (x1,%2,...,%m,0,...,0) isa homeomorphism onto its image
A C R". If A is homeomorphic to R” then by Invariance of dimension, A is open
in R". But A is clearly not open in R". O

This result allows us to talk about topological dimension.

Jordan curve theorem. The following is an important and deep result of
plane topology.

THEOREM (Jordan curve theorem). A simple, continuous, closed curve separates
the plane into two disconnected regions. More concisely, if C is a subset of the Euclidean
plane homeomorphic to the circle then R? \ C has two connected components.

Nowadays this theorem is usually proved in a course in Algebraic Topology.

Space filling curves. A rather curious and surprising result is:

THEOREM. There is a continuous curve filling a rectangle on the plane. More con-
cisely, there is a continuous map from the interval [0,1] onto the square [0,1] under the
Euclidean topology.

Note that this map cannot be injective, in other words the curve cannot be
simple.
Such a curve is called a Peano curve. It could be constructed as a limit of an

iteration of piecewise linear curves.

Strategy for a proof of Tikhonov theorem based on net. The proof that
we will outline here is based on further developments of the theory of nets and a

characterization of compactness in terms of nets.
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DEFINITION (subnet). Let I and I’ be directed sets, and let /1 : I’ — I be a map
such that
Vke LIk e I',(i"' > k' = h(i") > k).

If n: I — Xisanetthen nohis called a subnet of n.

The notion of subnet is an extension of the notion of subsequence. If we take
n; € Z" such that n; < n;4q then (xy,) is a subsequence of (x,). In this case
the map h : ZT — Z* given by h(i) = n; is a strictly increasing function. Thus
a subsequence of a sequence is a subnet of that sequence. On the other hand a
subnet of a sequence does not need to be a subsequence, since for a subnet the
map h is only required to satisfy lim;_,q, h(i) = oo.

A net (x;);e; is called eventually in A C X if thereis j € I such thati > j =
x; € A.

Universal net A net n in X is universal if for any subset A of X either n is
eventually in A or 1 is eventually in X \ A.

PROPOSITION. If f : X — Y is continuous and n is a universal net in X then f(n)
is a universal net.

PROPOSITION. The following statements are equivalent:

(a) X is compact.
(b) Every universal net in X is convergent.
(c) Every net in X has a convergent subnet.

The proof of the two propositions above could be found in [Bre93].
Then we finish the proof of Tikhonov theorem as follows.

PROOF OF TIKHONOV THEOREM. Let X = [];c; X; where each X; is compact.
Suppose that (x;);c; is a universal net in X. Bythe net (x;) is convergent if and
only if the projection (p;(x;)) is convergent for all i. But that is true since (p;(x;))
is a universal net in the compact set X;. O

Metrizability.

THEOREM 9.27 (Urysohn metrizability theorem). A regular space with a count-
able basis is metrizable.

The proof uses the Urysohn lemma [Mun00].

Guide for further reading. The book by Kelley [Kel55] has been a classics
and a standard reference although it was published in 1955. Its presentation is
rather abstract. The book contains no figure!

Munkres’ book [Mun00] is presently a standard textbook. The treatment there
is somewhat more modern than that in Kelley’s book, with many examples, figures
and exercises. It also has a section on Algebraic Topology.
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Hocking and Young’s book [HY61] contains many deep and difficult results.
This book together with Kelley’s and Munkres’ books contain many topics not
discussed in our lectures.

For General Topology as a service to Analysis, [KE75] is an excellent textbook.
[Cai94] and [VINKO8] are other good books on General Topology.

A more recent textbook by Roseman [Ros99] works mostly in R” and is more
down-to-earth. The newer textbook JAF08|] contains many interesting recent ap-

plications of topology.
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10. Structures on topological spaces

Topological manifold . If we only stay around our small familiar neighbor-
hood then we might not be able to recognize that the surface of the Earth is curved,
and to us it is indistinguishable from a plane. When we begin to travel farther and
higher, we can realize that the surface of the Earth is a sphere, not a plane. In
mathematical language, a sphere and a plane are locally same but globally differ-
ent.

Briefly, a manifold is a space that is locally Euclidean. In a manifold each element
can be described by a list of independent parameters. The description can vary
from one part to another part of the manifold. H

DEFINITION. A topological manifold (da tap t6p0) of dimension 7 is a topologi-
cal space each point of which has a neighborhood homeomorphic to the Euclidean
space R".

We can think of a manifold as a space that could be covered by a collection of
open subsets each of which homeomorphic to R".

REMARK. In this chapter we assume IR" has the Euclidean topology unless we

mention otherwise.

The statement below is often convenient in practice:

12Bernard Riemann proposed the idea of manifold in his Habilitation dissertation [Spi99].

69
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PROPOSITION. A manifold of dimension n is a space such that each point has an open
neighborhood homeomorphic to an open subset of R".

PROOF. Let M be a space, x € M, and suppose that x has an open neighbor-
hood U in M with a homeomorphism h : U — V where V is an open subset of
R". We will show that x has a neighborhood homeomorphic to R". There is a
ball B(f(x),e) C V. Since h is a homeomorphism, h~!(B(f(x),e€)) is open in U,
so is open in M. So x has an open neighborhood #~!(V) homeomorphic to a ball
B(f(x),€), which in turns homeomorphic to R" (3.16). O

REMARK. By Invariance of dimension (9.26), R" and IR are not homeomor-
phic unless m = n, therefore a manifold has a unique dimension.

EXAMPLE. Any open subspace of R" is a manifold of dimension #.

EXAMPLE. Let f : D — R be a continuous function where D C R" is an open
set, then the graph of f, the set {(x, f(x)) | x € D}, as a subspace of R"*1, is
homeomorphic to D, therefore is an n-dimensional manifold.

Thus manifolds generalizes curves and surfaces.

EXAMPLE. The sphere 5" is an n-dimensional manifold. One way to show this
is by covering §" with two neighborhoods 5" \ {(0,...,0,1)}and $"\ {(0,...,0,—1)}.
Each of these neighborhoods is homeomorphic to R” via stereographic projec-
tions. Another way is by covering 5" by hemispheres {(x1,x2,...,X,41) € " | x; >
0} and {(x1,x2,...,%,41) € S" | x; < 0},1 <i < n+ 1. Each of these hemispheres
is a graph, homeomorphic to an open n-dimensional unit ball.

EXAMPLE. The torus is a two-dimensional manifold. Let us consider the torus
as the quotient space of the square [0, 1]? by identifying opposite edges. Each point
has a neighborhood homeomorphic to an open disk, as can be seen easily in the
following figure, though explicit description would be time consuming. We can

|
FIGURE 10.1. The sets with same colors are glued to form a neigh-

borhood of a point on the torus. Each such neighborhood is home-
omorphic to an open ball.

also view the torus as a surface in R3, given by the equation (1/x2 +y2 —a)? +
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10. STRUCTURES ON TOPOLOGICAL SPACES 71

z2 = b?. As such it can be covered by the open subsets of R3 corresponding to
z>0,z<0,x*>+y? <a?, x> +y? > a?

REMARK. The interval [0, 1] is not a manifold, it is a “manifold with bound-
ary”. We will not give a precise definition of manifold with boundary here.
A two-dimensional manifold is often called a surface.

Simplicial complex. For an integer n > 0, an n-dimensional simplex (don
hinh) is a subspace of a Euclidean space R™, m > n which is the convex linear
combination of (1 4 1) points in R™ that do not belong to any n-dimensional hy-
perplane. As asetitis given by {tgvg + t101 + - - - + £y | to, b1, ..., tn € [0,1], to+
H+---+1t, =1} where vy, v1,...,0, € R" and vy — vg, vy — vy, ..., Uy — Vg are
n linearly independent vectors (it can be checked that this condition does not de-
pend on the order of the points). The points v, vy, ..., v, are called the vertices of
the simplex.

EXAMPLE. A 0O-dimensional simplex is just a point. A 1-dimensional simplex
is a straight segment in R, m > 1. A 2-dimensional simplex is a triangle in R™,

m > 2. A 3-dimensional simplex is a tetrahedron in R", m > 3.

In particular, the standard n-dimensional simplex (don hinh chudn) A, is the
convex linear combination of the (n 4 1) vectors (1,0,0,...), (0,1,0,0,...), ... ,
(0,0,...,0,1) in the standard linear basis of R"*!. Thus

n=A{(to,t1,--- tn) | to, t1, ..., tn € [0,1], to+t1 + -+, = 1}.

The convex linear combination of any subset of the set of vertices of a simplex

is called a face of the simplex.

EXAMPLE. For a 2-dimensional simplex (a triangle) its faces are the vertices,
the edges, and the triangle itself.

DEFINITION. An n-dimensional simplicial complex (phtitc don hinh) in R™ is
a finite collection S of simplexes in IR™ of dimensions at most n and at least one

simplex is of dimension 7 and such that:

(a) any face of an element of S is an element of S,

(b) the intersection of any two elements of S is a common face.
The union of all elements of S is called its underlying space, denoted by |S|, a sub-
space of R"™. A space which is the underlying space of a simplicial complex is also
called a polyhedron (da dién).

EXAMPLE. A 1-dimensional simplicial complex is a graph.

Triangulation. A triangulation (phép phén chia tam giac) of a topological space
X is a homeomorphism from the underlying space of a simplicial complex to X,
the space X is then said to be triangulated.
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For example, a triangulation of a surface is an expression of the surface as the
union of finitely many triangles, with a requirement that two triangles are either
disjoint, or have one common edge, or have one common vertex.

FIGURE 10.2. A triangulation of the 2-dimensional sphere.

S AVAN 5
) - d;‘ N

e

robbboooookr
o AN N O

FIGURE 10.3. A triangulation of the torus.

+

FIGURE 10.4. Description of a triangulation of the torus.

It is known that any two or three dimensional manifold can be triangulated,
and that there exists a 4-dimensional manifold with no triangulation. The situa-
tions in higher dimensions are still being studied.
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10. STRUCTURES ON TOPOLOGICAL SPACES 73

A simplicial complex is specified by a finite set of points, if a space can be
triangulated then we can study that space combinatorially, using constructions
and computations in finitely many steps.

Cell complex. For n > 1 a cell (6) is an open ball in the Euclidean space R".
A 0O-dimensional cell is a point (this is consistent with the general case with the
convention that R® = {0}).

Recall a familiar term that an n-dimensional disk is a closed ball in R", in par-
ticular when n = 0 it is a point. The unit disk centered at the origin B’(0,1) is
denoted by D". Thus for n > 1 the boundary 9D" is the sphere S"~! and the
interior int(D") is an n-cell.

By attaching a cell to a topological space X we mean taking a continuous func-
tion f : 0D" — X then forming the quotient space (X LU D")/(x ~ f(x), x € 9D")
(for disjoint union see[7.13). Intuitively, we attach a cell to the space by gluing each
point on the boundary of the disk to a point on the space in a certain way.

We can attach finitely many cells to X in the same manner. Precisely, attaching
k n-cells to X means taking the quotient space (X U (l_]i-‘:1 Df)) /(x ~ fi(x), x €
oD}, 1 <i< k) where f; : oD} — X is continuous, 1 <i < k.

DEFINITION. A (finite) n-dimensional cell complex (phtic 6) or CW-complex X

is a topological space built as follows:

(a) XY is a finite collection of O-cells, with the discrete topology,
(b) for 1 <i < n € Z*, X' is obtained by attaching finitely many i-cells to
Xi~1, and X" = X.
Briefly, a cell complex is a topological space with an instruction for building it by
attaching cells. The subspaces X' are called the i-dimensional skeleton (khung) of

x[M

EXAMPLE. A topological circle has a cell complex structure as a triangle with
three 0-cells and three 1-cells. There is another cell complex structure with only
one (O-cell and one 1-cell.

EXAMPLE. The 2-dimensional sphere has a cell complex structure as a tetra-
hedron with four 0-cells, six 1-cells, and four 2-cells. There is another cell complex
structure with only one 0-cell and one 2-cell.

EXAMPLE. The torus, as we can see directly from its definition (figure [9), has
a cell complex structure with one 0-cells, two 1-cells, and one 2-cells.

A simplicial complex gives rise to a cell complex:
PROPOSITION. Any triangulated space is a cell complex.

13The term CW-complex is more general than the term cell-complex, can be used when there are infin-
itely many cells.
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PROOF. Let X be a simplicial complex. Let X be the union of all simplexes
of X of dimensions at most i. Then X'*1 is the union of X! with finitely many
(i + 1)-dimensional simplexes. Let A’ be such an (i + 1)-dimensional simplex.
The i-dimensional faces of AiT! are simplexes of X, so the union of those faces,
which is the boundary of A'*1, belongs to X'. There is a homeomorphism from an
(i +1)-disk to A1 (see , bringing the boundary of the disk to the boundary
of A™1. Thus including A"+ in X implies attaching an (i + 1)-cell to X'. O

The example of the torus indicates that cell complexes may require less cells
than simplicial complexes. On the other hand we loose the combinatorial setting,
because we need to specify the attaching maps.

It is known that any compact manifold of dimension different from 4 has a cell
complex structure. Whether that is true or not in dimension 4 is not known yet
[Hato1, p. 529].

Euler characteristic.

DEFINITION. The Euler characteristic (dac trung Euler) of a cell complex is de-
fined to be the alternating sum of the number of cells in each dimension of that
cell complex. Namely, let X be an n-dimensional cell complex and letc;, 0 <i < n,
be the number of i-dimensional cells of X, then the Euler characteristic of X is

EXAMPLE. For a triangulated surface, its Euler characteristic is the number v
of vertices minus the number e of edges plus the number f of triangles (faces):

x(S)=v—e+f.
THEOREM 10.5. The Euler characteristic of homeomorphic cell complexes are equal.

We will discuss a proof of this result in[17]
In particular two cell complex structures on a topological space have same
Euler characteristic. The Euler characteristic is a topological invariant (bat bién topo).

We have x(S?) = 2. A consequence is the famous formula of Leonhard Euler:

THEOREM (Euler’s formula). For any polyhedron homeomorphic to a 2-dimensional
sphere,v —e+ f = 2.

EXAMPLE. The Euler characteristic of a surface is defined and does not depend
on the choice of triangulation. If two surfaces have different Euler characteristic
they are not homeomorphic.

From any triangulation of the torus, we get x(T?) = 0. For the projective
plane, x(RP?) = 1. As a consequence, the sphere, the torus, and the projective

plane are not homeomorphic to each other: they are different surfaces.
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FIGURE 10.6. The Euler characteristic of the dodecahedron is 2.

Problems.

10.7. Show that if two spaces are homeomorphic and one space is an n-dimensional

manifold then the other is also an n-dimensional manifold.
10.8. Show that an open subspace of a manifold is a manifold.
10.9. Show that if X and Y are manifolds then X x Y is also a manifold.

10.10. Show that a connected manifold must be path-connected. Thus for manifold

connectedness and path-connectedness are same.
10.11. Show that RP" is an n-dimensional topological manifold.
10.12. Show that a manifold is a locally compact space.
10.13. Show that the Mobius band, without its boundary circle, is a manifold.

10.14. Give examples of topological spaces which are not manifolds. Discuss necessary
conditions for a topological space to be a manifold.

10.15. ./ Show that any n-dimensional simplex is homeomorphic to an n-dimensional
disk.

10.16. Give examples of different spaces (not homeomorphic) but with same Euler

characteristic.

10.17. Give a triangulation for the Mobius band, find a simpler cell complex structure

for it, and compute its Euler characteristic.

10.18. Give a triangulation for the Klein bottle, find a simpler cell complex structure

for it, and compute its Euler characteristic.
10.19. Draw a cell complex structure on the torus with two holes.

10.20. Find a cell complex structure on RP".
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11. Classification of compact surfaces

In this section by a surface (mat) we mean a two-dimensional topological man-
ifold (without boundary).

Connected sum. Let S and T be two surfaces. From each surface deletes an
open disk, then glue the two boundary circles. The resulting surface is called the
connected sum (tong lién thong) of the two surfaces, denoted by S#T.

S\ D? T\ D? SHT

It is known that the connected sum does not depend on the choices of the
disks.

EXAMPLE. If S is any surface then S#5? = S.
Classification.

THEOREM (classification of compact surfaces). A connected compact surface is
homeomorphic to either the sphere, or a connected sum of tori, or a connected sum of pro-
jective planes.

We denote by T, the connected sum of g tori, and by M, the connected sum of
¢ projective planes. The number g is called the genus (giéng) of the surface.

The sphere and the surfaces T, are orientable (dinh huéng duoc) surface , while
the surfaces My are non-orientable (khong dinh hudng duoc) surfaces. We will not
give a precise definition of orientability here (compare25).

C O

FIGURE 11.1. Orientable surfaces: S2, Ty, T, ...
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Recall that a torus Tj is the quotient space of a square by the identification on
the boundary described by the word aba~'b~!. In general, given a polygon on the
plane (the underlying space that is homeomorphic to a disk of a simplicial com-
plex), and suppose that the edges of the polygon are labeled and oriented. Choose
one edge as the initial one then follow the edge of the polygon in a predetermined
direction (the boundary of the polygon is homemorphic to a circle). If an edge a is
met in the opposite direction then write it down as a~!. In this way we associate
each polygon with a word. We also write aa as a2.

In the reverse direction, a word gives a polygon with labeled and oriented
edges. If a label appears more than once, then the edges with this label can be
identified in the orientations assigned to the edges. Let us consider two words
equivalent if they give rise to homeomorphic spaces. For examples, changing labels
and cyclic permutations are equivalence operations on words.

The classification theorem is a direct consequence of the following result:

THEOREM 11.2. A connected compact surface is homeomorphic to the space obtained
by identifying the edges of a polygon in one of the following ways:

(@) aa~l,

(b) arbyay by tagbyay byt - - - agheag b
2

2.

-1
I
(c) ¢3c3---c

Proof of [11.2] We will use the following fact: any compact surface can be
triangulated (a proof is available in [Moi77]).

Take a triangulation X of the compact connected surface S. Let T be the set of
triangles in X. Label the edges of the triangles and mark an orientation for each
edge. Each edge will appear twice, on two different triangles.

We now build a new space P out of these triangles. Let P; be any element of T,
which is homeomorphic to a disk. Inductively suppose that we have built a space
P; from a subset T; of T, where P; is homeomorphic to a disk and its boundary
consists of labeled and directed edges. If T; # T then there exists an element
A € T\ T; such that A has at least one edge with the same label « as an edge
on the boundary of P;, otherwise |X| could not be connected. Glue A to P; via
this edge to get P, 1, in other words P;; 1 = (P;UA)/a ~ a. Since two disks
glued along a common arc on the boundaries is still a disk, P;;1 is homeomorphic
to a disk. Also, let T;;; = T; U {A}. When this process stops we get a space
P homemorphic to a disk, whose boundary consists of labeled, directed edges. If
these edges are identified following the instruction by the labels and the directions,
we get a space homemorphic to the original surface S. The polygon P is called a
fundamental polygon of the surface S. See an example in figure[11.3]

Theorem is a direct consequence of the following:

PROPOSITION 11.4. An associated word to a connected compact surface is equivalent
to a word of the forms:

(@) aa 1,
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FIGURE 11.3. A triangulation of the sphere and an associated fun-
damental polygon.

(b) arbray 'by tagbyay byt - - agheag by,

22 2
(c) cfey- -+ Cq-

We will prove through a series of lemmas.
Let w a the word associated to a fundamental polygon of a compact connected

surface. If wy and w; are two equivalent words then we write wq ~ wy.
LEMMA 11.5. aa~la ~ &, ifa # Q.

PROOF. See figure O

-

AN}
IS
- ————
Y
Y
Y
Y
Y
Y
Y
Y
2
v
< v
. ¢
~e

-
-
-

FIGURE 11.6. Lemmal(l1.5

LEMMA 11.7. The word w is equivalent to a word whose all of the vertices of the

associated polygon is identified to a single point on the associated surface (w is said to be

“reduced”).

PROOF. When we do the operation in figure [11.8] the number of P vertices is
decreased. When there is only one P vertex left, we arrive at the situation in lemma

1.5 O
LEMMA 11.9. aaaB ~ aaap~".
PROOF. See figure(11.10 [l

LEMMA 11.11. Suppose that w is reduced. If w = aaa™' B where a # @ then 3b €
such thatb € Borb=! € B.

CuuDuongThanCong.com https://fb.com/tailieudientucntt


http://cuuduongthancong.com?src=pdf
https://fb.com/tailieudientucntt
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FIGURE 11.10. Lemmall1.9i

PROOF. If all labels in a appear in pairs then the vertices in the part of the
polygon associated to a are identified only with themselves, and are not identi-
fied with a vertex outside of that part. This contradicts the assumption that w is
reduced. g

LEMMA 11.12. aabBa'yb=16 ~ aba~'b~aépry.
PROOF. See figure(11.13 O
LEMMA 11.14. aba—'b~'ac?B ~ a?b*ac?B.

PROOF. Do the operation in figure[11.15} after that we are in a situation where
we can apply lemma three times. 0
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FIGURE 11.15. Lemma[IT.14

PROOF OF[I1.4l The proof follows the following steps.

1. Bring w to reduced form by using[I1.7]finitely many times.
2. If w has the form aa~!— then go to 2.1, if not go to 3.
2.1. If w has the form aa~! then stop, if not go to 2.2.
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2.2. w has the form aa~'a where & # @. Repeatedly apply finitely

many times, deleting pairs of the form aa~!

in w until no such pair is
left or w has the form aa~!. If no such pair is left go to 3.

3. w does not have the form —aa~!—. If we applythen a pair of of the
form —axa— with & # @ could become a pair of the form —a —a~!—,
but a pair of the form —aa— will not be changed. Therefore could
be used finitely many times until there is no pair —ana— witha = @

left. Notice from the proof of that this step will not undo the steps

before it.
4. If there is no pair of the form —aaa~! where a # @, then stop: w has
the form a2a3 - - - aé.
5. w has the form —aaa~! where a # @. By w must has the form
—a—b—a!'—b1—, since after Step 3 there could beno —b —a~1 —
b—.
6. Applyfinitely many times until w no longer has the form —aabpa—1yb=1—

where at least one of «, , or 7y is non-empty. If w is not of the form
. ~1p-1 ~1p-1
—aa— then stop: w has the form aybja; by~ - - agbgag bg .

7. w has the form —aba~'b~! — cc—. Use [11.14 finitely many times to

transform w to the form a%a% e aé.

O
EXAMPLE. What is the topological space in figure[11.16f

FIGURE 11.16.

Applying lemma[11.12|we get abcda—'b~'c='d~! ~ aba='b~lcdc='d~1. Thus
this space is homemorphic to the genus 2 torus.
For more on this topic one can read [Mas91, ch. 1].

Problems.

11.17. Show that gluing two Mobius bands along their boundaries gives the Klein bot-
tle. In other words, RP2#RP? = KE (See figure @)

4There is a humorous poem:
A mathematician named Klein
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11.18. Show that T2#RP? = K#RP?, where K is the Klein bottle.

11.19. What is the topological space in figure|[11.20f

FIGURE 11.20.

11.21. (a) Show that Te#T), = Ty
(b) Show that M #M;, = Mg p.
() M#Ty, =2

11.22. Show that for any two compact surfaces S; and S, we have x(S51#S;) = x(S1) +
x(52) —2.

11.23. Compute the Euler characteristics of all connected compact surfaces. Deduce
that the orientable surfaces $% and Tg, for different g, are distinct, meaning not homeomor-

phic to each other. Similarly the non-orientable surfaces Mg are all distinct.

11.24. From describe a cell complex structure on any compact surface. From that
compute the Euler characteristics.

11.25. Let S be a triangulated compact connected surface with v vertices, e edges, and
f triangles. Prove that:

(a) 2e = 3f.

(b) v < f.

(© e< 3v(v—1).

d) v > H (7—1— \/‘W‘LX(S))J = H(S). (The integer H(S), called the Heawood
number, gives the minimal number of colors needed to color a map on the surface
S, except in the case of the Klein bottle. When S is the sphere this is the four colors
problem p- 230].)

(e) Show that a triangulation of the torus needs at least 14 triangles. Indeed 14 is the
minimal number: there are triangulations of the torus with exactly 14 triangles,

see e.g. [MTO01) p. 142].

11.26 (surfaces are homogeneous). A space is homogeneous (déng nhat) if given two
points there exists a homeomorphism from the space to itself bringing one point to the
other point.

(a) Show that the sphere S? is homogeneous.
Thought the Mobius band was divine
Said he, “If you glue

The edges of two,
You'll get a weird bottle like mine.”
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(b) Show that the torus T2 is homogeneous.
For more see[26.1]
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12. Homotopy

Homotopy of maps.

DEFINITION. Let X and Y be topological spaces and f,g : X — Y be con-
tinuous. We say that f and g are homotopic (déng luan) if there is a continuous

map
Xx1[01 — Y
(x,t) +— F(x,t)

such that F(x,0) = f(x) and F(x,1) = g(x) for all x € X. The map F is called a
homotopy (phép déng luan) from f to g

We can think of t as a time parameter and F as a continuous process in time
that starts with f and ends with g. To suggest this view F(x, t) is often written as
Fi(x).SoFy = fand F; = g.

Here we are looking at [0,1] C R with the Euclidean topology and X x [0, 1]
with the product topology.

PROPOSITION 12.1. Homotopic relation on the set of continuous maps between two
given topological spaces is an equivalence relation.

PROOF. If f : X — Y is continuous then f is homotopic to itself via the map
F, = f,Vt € [0,1]. If f is homotopic to g via F then g is homotopic to f via
G(x,t) = F(x,1—t). We can think of G is an inverse process to H. If f is homotopic
to g via F and g is homotopic to /1 via G then f is homotopic to & via
Fy, 0<t<}
H, = 2t >3
Gy-1, »<t<1l
Thus we obtain H by following F at twice the speed, then continuing with a copy
of G also at twice the speed. To check the continuity of H it is better to write it as

H(xf) = F(x,2t), (x,t) € X x[0,1],
' G(x,2t—1), (x,t)€Xx[L,1],

then use Another, more advanced way to check continuity of H is by using
the property about the compact-open topology. g

In this section, and whenever it is clear from the context, we indicate this rela-

tion by the usual notation for equivalence relation ~.

LEMMA 122. If f,g: X — Yand f ~ gthen foh ~ gohforanyh: X' — X,
and ko f ~kogforanyk:Y — Y

PROOF. Let F be a homotopy from f to g then G; = F; o h is a homotopy from
fohtogoh. Rewriting G(x/,t) = F(h(x'),t) we see that G is continuous. O
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Homotopic spaces.

DEFINITION. Two topological spaces X and Y are homotopic if there are contin-
uous maps f : X — Y and g: Y — X such that g o f is homotopic to Idx and fo g
is homotopic to Idy. Each of the maps f and g is called a homotopy equivalence.

Immediately we have:

PROPOSITION (homeomorphic = homotopic). Homeomorphic spaces are homo-
topic.

PROOF. If f is a homeomorphism then we can take ¢ = . 0

PROPOSITION. Homotopic relation on the set of all topological spaces is an equiva-
lence relation.

PROOF. Any space is homotopic to itself. From the definition it is clear that
this relation is symmetric. Now we check that it is transitive. Suppose that X is
homotopicto Y via f : X — Y, g : Y — X and suppose that Y is homotopic to Z
viah:Y = Z,k:Z— Y.By[122

(sok)o(hof) = (go(koh))of~ (goldy)of =gof ~Idy.
Similarly

(hof)o(gok)=(ho(fog))ok~ (holdy)ok=hok ~1dy.
Thus X is homotopic to Z. U

Deformation refraction. Let X be a space, and let A be a subspace of X. We
say that A is a retract (rut) of X if there is a continuous map r : X — A such that
r|a = idy, called a retraction (phép rit) from X to A. In other words A is a retract
of X if the identity map id4 can be extended to X.

A deformation retraction (phép co rut) from X to A is a homotopy F that starts
withidy, ends with a retraction from X to A, and fixes A throughout, i.e., Fy = idx,
Fi(X) = A, and F|4 = idy, Vt € [0,1]. If there is such a deformation retraction
we say that A is a deformation retract (co rut) of X.

In such a deformation retraction each point x € X \ A “moves” along the path
F;(x) to a point in A, while every point of A is fixed.

EXAMPLE. A subset A of a normed space is called a star-shaped region if there
is a point x9 € A such that for any x € A the straight segment from x to xp is
contained in A. For example, any convex subset of the normed space is a star-
shaped region. The map F; = (1 — t)x + txg is a deformation retraction from A to
xp, so a star-shaped region has a deformation retraction to a point.

EXAMPLE. A normed space minus a point has a deformation retraction to a
sphere. For example, a normed space minus the origin has a deformation retrac-

tion Fr(x) = (1 —t)x+ tﬁ to the unit sphere at the origin.
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EXAMPLE. An annulus S! x [0,1] has a deformation retraction to one of its
circle boundary S' x {0}.

PROPOSITION. If a space X has a deformation retraction to a subspace A then X is
homotopic to A.

PROOF. Suppose that F; is a deformation retraction from X to A. Consider
F; : X = A and the inclusion map g : A — X, g(x) = x. Then idx is homotopic to
goFj via F;, while Fj o g =id 4. |

EXAMPLE. The circle, the annulus, and the Mobius band are homotopic to

each other, although they are not homeomorphic to each other.

A space which is homotopic to a space containing only one point is said to be
contractible (that dugc).

COROLLARY. A space which has a deformation retraction to a point is contractible.
The converse is not true, see [Hat01) p. 18].

Homotopy of paths. Recall that a path (duong di) in a space X is a continuous
map « from the Euclidean interval [0, 1] to X. The point «(0) is called the initial
end point, and «(1) is called the final end point. In this section for simplicity of
presentation we assume the domain of a path is the Euclidean interval [0, 1] instead
of any Euclidean closed interval as before.

A loop (vong) or a closed path (duong di kin) based at a point a € X is a path
whose initial point and end point are a. In other words it is a continuous map
a :[0,1] — X such that a(0) = a(1) = a. The constant loop at a is the loop a(t) = a
forall t € [0,1].

DEFINITION. Let a and B be two paths from a to b in X. A path-homotopy
(phép dong luan dudng) from & to B is a continuous map F : [0,1] x [0,1] — X,
F(s,t) = F(s), such that Fy = &, F; = B, and for each ¢ the path F; goes from a to
b,ie. F(0) =a, F(1) =10.

If there is a path-homotopy from « to B we say that a is path-homotopic (dong
luan duong) to B.

REMARK. A homotopy of path is a homotopy of maps defined on [0, 1], with
the further requirement that the homotopy fixes the initial point and the terminal point.
To emphasize this we have used the word path-homotopy, but some sources (e.g.
[Hat01, p. 25]) simply use the term homotopy, taking this further requirement
implicitly.

EXAMPLE. In a convex subset of a normed space any two paths « and 8 with
the same initial points and end points are homotopic, via the homotopy (1 — t)a +

B.
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F():IX

=8

FIGURE 12.3. We can think of a path-homotopy from « to  as a
way to continuously brings « to 8, keeping the endpoints fixed,
similar to a motion picture.

PROPOSITION. Path-homotopic relation on the set of all paths from a to b is an equiv-
alence relation.

The proof is the same as the proof of

Problems.

12.4. Show in detail that the Mobius band has a deformation retraction to a circle.
12.5. Show that contractible spaces are path-connected.

12.6. Let X be a topological space and let Y be a retract of X. Show that any continuous

map from Y to a topological space Z can be extended to X.

12.7. Let X be a topological space and let Y be a retract of X. Show that if every contin-
uous map from X to itself has a fixed point then every continuous map from Y to itself has
a fixed point.

12.8. Show that if B is contractible then A x B is homotopic to A.

12.9. Show that if a space X is contractible then all continuous maps from a space Y to

X are homotopic. Is the converse correct?

12.10. Show that if f : S" — S" is not homotopic to the identity map then there is
x € S" such that f(x) = —x.

12.11. Classify the alphabetical characters according to homotopy types, that is, which
of the characters are homotopic to each other as subspaces of the Euclidean plane? Do the
same for the Vietnamese alphabetical characters. Note that the result depends on the font

you use.
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13. The fundamental group

Ifa(t),0 < t < 1is a path from a to b then we write as a~! the path given by
a~1(t) = a(1 —t), called the inverse path of a, going from b to a.

If « is a path from a to b, and B is a path from b to ¢, then we define the
composition (hgp) of @ with B, written « - §, to be the path

a(2t), 0
aBlt) = 1
AB(Zt - 1)/ 2 <t<
Notice that « - § is continuous by

LEMMA 13.1. If « is path-homotopic to ay and  is path-homotopic to By then o - B is
path-homotopic to a1 - 1.

PROOF. Let F be a path-homotopy from ato f and G be a homotopy from § to
v. Let Hy = F; - G4, that is:

F(2s,1), 0<s<lo<t<i
H(s,t) = (2,1) Y o\l
G2s—1,t), 1<s<1,0<t<1
Then H is continuous by|3.15(and is a homotopy from « - B to a7 - B1. O

LEMMA 13.2. Ifa is a path from a to b then a - a = is path-homotopic to the constant
loop at a.

PROOF. A homotopy F from a - a~! to the constant loop at a can be described
as follows. At a fixed ¢t, the loop F; starts at time O at 4, goes along a but at twice the
speed of a, until time 4 — £, stays there until time 3 + £, then catches the inverse
path a~1 at twice its speed to come back to a. More prec1se1y,

a(2s), Ogsg%—é
F(s,t) = { a(1-1), Lof<s<itd
al(2s—1)=wa(2-2s), J+Li<s<L
Again by [3.15] F is continuous. U

LEMMA 13.3 (reparametrization does not change homotopy class). With a con-
tinuous map ¢ : [0,1] — [0,1], ¢(0) = 0, ¢(1) = 1, for any path « the path « o ¢ is
path-homotopic to .

PROOF. Let F; = (1 — t)¢ + tId|g 1}, @ homotopy from ¢ to Id| ;) on [0, 1]. We
can check that Gy = a o Fy,i.e,, G = a o F is a path-homotopy fromaoc g toa. [

COROLLARY 13.4. («a - B) -y is path-homotopic to o - (B - y).

PROOF. We can check directly that (« - ) - -y is a reparametrization of « - ( -
7). (It is likely easier for the reader to find out a formula for a reparametrization
himself/herself than to read about one). O
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The fundamental group. For elementary algebra [Gal10] is a very good text-
book. Recall that a group is a set G with a map

GxG — G
(a,b) — a-b,

callled a multiplication, such that:

(a) multiplication is associative: (ab)c = a(bc), Va,b,c € G,

(b) there exists an element of G called the unit element or the identity element
esatisfying ae = ea = a,Va € G,

(c) for each element a of G there exists an element of G called the inverse

1_ ,-1

element of a, denoted by a~!, satisfying a - a~ a=e.

Consider the set of loops of X based at a point xg under the path-homotopy rela-

tion. On this set we define a multiplication operation [«] - [f] = [« - B]. By this
operation is well-defined.

THEOREM 13.5. The set of all path-homotopy classes of loops of X based at a point x
is a group under the above operation.

This group is called the fundamental group (nhém co ban) of X at xg, denoted
by 71(X, x¢). The point x is called the base point.

PROOF. Denote by 1 the constant loop at xp. By lemma 1-a is path-
homotopic to &, thus [1] - [a] = [a]. So [1] is the identity in 711 (X, x0).

We define [a] ! = [a~!]. It is easy to check that this is well-defined. By

}71

[¢] " is indeed the inverse element of [«].

By we have associativity:

([a] - [B) - [v) = [a- B] - [v] = [(a- B) - v) = [a- (B- )] = [o] - ([B] - [7])-
O

EXAMPLE. The fundamental group of a space containing only one point is
trivial. Namely, if X = {x¢} then 711 (X, x9) = 1, the group with only one element.

Recall that a map h : G; — G, between two groups is called a group homomor-
phism if it preserves group operations, i.e. h(a-b) = h(a) - h(b), Va,b € Gy. Itis a
group isomorphism if is a bijective homomorphism (in this case the inverse map is

also a homomorphism).

PROPOSITION 13.6 (dependence on base point). If there is a path from xg to x;
then 111 (X, x¢) is isomorphic to 771 (X, x1).

PROOF. Let « be a path from x( to x1. Consider the map

he: m(X,x1) — m(X, x0)
[v] = fa-y-a”l).
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Using and we can check that this is a well-defined map, and is a group
homomorphism with an inverse homomorphism:

s m(Xox) — m(X,x)
[ = [aty-al.
O

Thus for a path-connected space the fundamental group is the same up to
group isomorphisms for any choice of base point. Therefore if X is a path-connected
space we often drop the base point in the notation and just write 711 (X).

Induced homomorphism. Let X and Y be topological spaces, and f : X —
Y. Then f induces the following map

frrm(X,x) — m(Y, f(x))
] = [ferl
This is a well-defined map (problem [13.8). Notice that f; depends on the base

point xy. Furthermore f. is a group homomorphism, indeed:

fe(lnl-Ir2]) = fillri-m2l) = [f o (r1-72)] = (forn) - (Fora) = fullm]) - fe([n2))-

PROPOSITION ((g§0 f)s =g«o fu). If f: X = Yand g:Y — Z then (go f)« =
8« © fx as maps 711 (X, x0) — m1(Z,8(f (x0)))-

PROOF.

gof)([vD) =lgeflovl=[go(for)]=g([fon)]) = g(fu([7])-
0

LEMMA. If f : X — X is homotopic to the identity map then f. : m1(X,xo) —
1 (X, f(x0)) is an isomorphism.

PROOF. From the assumption there is a homotopy F from f to idx. Then
a(t) = F(xp), 0 < t < 1, is a continuous path from f(xp) to xo. We will show
that f. = h, where h, is the map used in the proof of[13.6, which was shown there
to be an isomorphism.

For each fixed 0 < t < 1, let B¢ be the path that goes along « from «(0) = f(xg)
to a(t), given by Bt(s) = a(st), 0 < s < 1. For any loop 7y at x¢, let Gt = B¢ - F¢(7y) -
B;!. That G is continuous can be checked by writing down the formula for G
explicitly. Then G gives a path-homotopy from f(7) to & -y -a~!, thus f.([v]) =

[fon]=la-v a1 =ha(y). O

THEOREM. If f : X — Y is a homotopy equivalence then f. : m1(X,x9) —
m1(Y, f(xo)) is an isomorphism.

PROOF. Since f is a homotopy equivalence there is ¢ : Y — X such that g o
f is homotopic to idx and f o g is homotopic to idy. By the above lemma, the

CuuDuongThanCong.com https://fb.com/tailieudientucntt


http://cuuduongthancong.com?src=pdf
https://fb.com/tailieudientucntt

13. THE FUNDAMENTAL GROUP 91

X0

Fe(7)

Bt

f(xo0)

composition

(X, x0) B m (Y, f(x0)) & m1(X,8(F(x0))

is an isomorphism, which implies that g. is surjective. Similarly the composition

m (Y, f(x0)) & m(X,8(f(x0))) 1 m (Y, f(8(f(x0))))

is an isomorphism, where f, denotes the induced homomorphism by f with base
point ¢(f(xp)). This implies that g is injective. Since g, is bijective, from the first
composition we see that f is bijective. O

COROLLARY (homotopy invariance). If two path-connected spaces are homotopic
then their fundamental groups are isomorphic.

We say that for path-connected spaces, the fundamental group is a homotopy in-
variant.

EXAMPLE. The fundamental group of a contractible space is trivial.
Problems.

13.7. Show that if X is a path-connected component of X and xy € Xy then 711 (X, x¢)
is isomorphic to 711 (Xo, Xp)-

13.8. Let X and Y be topological spaces, f : X — Y, f(xo) = yo. Show that the induced
map

feorm(X,x0) — m(Y,y0)
[ = [feq]

is a well-defined.

13.9. Suppose that f : X — Y is a homeomorphism. Show that the induces homomor-

phism fi : 1(X, x9) — 71(Y, f(x0)) is an isomorphism, directly without using the general

result about homotopy equivalence.

13.10. Suppose that Y is a retract of X through a retractionr : X — Y. Leti: Y — X
be the inclusion map. With yy € Y, show that r, : (X, y9) — 71(Y,y0) is surjective and
iv : (Y, y0) = m1(X, yo) is injective.
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13.11. Show that
T (X XY, (x0,y0)) = 71(X, x0) x 711(Y, Yo)-

13.12. Show that in a space X the following statements are equivalent:

(a) All continuous maps S' — X are homotopic.
(b) Any continuous map S' — X has a continuous extension to a map D? — X.
(c) nl(X,xo) =1,Vxy € X.

13.13. A space is said to be simply connected (don lién) if it is path-connected and any
loop is path-homotopic to a constant loop. Show that a space is simply-connected if and

only if it is path-connected and its fundamental group is trivial.
13.14. Show that any contractible space is simply connected.

13.15. Show that a space is simply connected if and only if all paths with same initial
points and same terminal points are path-homotopic, in other words, there is exactly one

path-homotopy class from one point to another point.
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14. The fundamental group of the circle

THEOREM (711 (S') = Z). The fundamental group of the circle is infinite cyclic.

Let 7, be the loop (cos(n27t),sin(n2rt)), 0 < t < 1, the loop on the circle S!
based at the point (1,0) that goes n times around the circle at uniform speed in
the counter-clockwise direction if n > 0 and in the clockwise direction if n < 0.
Consider the map

®:Z — m(Sh(1,0)
no—= [y

This map associates each integer n with the path-homotopy class of ;. We will
show that ® is a group isomorphism, where Z has the usual additive structure.
This implies that the fundamental group of the circle is generated by a loop that
goes once around the circle in the counter-clockwise direction, and the homotopy
class of a loop in the circle corresponds to an integer representing the “number of
times” that the loop goes around the circle, with the counter-clockwise direction
being the positive direction.

@ is a group homomorphism. This means 7+, is path-homotopic to v, -
Yn. If m = —n then we can verify from the formulas that v, (t) = v_n(t) =
Ym(1 —t) = 4,1 (). We have checked earliermmat Ym - Y is path-homotopic
to the constant loop 7.

If m # —n then 7y, - v, is a reparametrization of 7,4, so they are path-
homotopic by Indeed, with

Ym+n(t) = (cos((m +n)2mt),sin((m +n)2mt)), 0 <t <1,

and

IA
IN

(cos(m2m2t), sin(m2m2t)),

Y - n(t) = (cos(n2m(2t — 1)), sin(n27(2t — 1)),

N O
IN
-
IN
—_ NI

we can find ¢ such that yy14 © ¢ = Y - yn, namely,

ot 0<t<gj,
(P(t) - {;ﬂ(;:ll)+m 1 i
Tomin 7 2 :
Covering spaces. Let p : R — S!, p(t) = (cos(27t),sin(27tt)), a map that
wraps the line around the circle countably infinitely many times in the counter-
clockwise direction, called the projection map. This is related to the usual parametriza-
tion of the circle by angle. The map p is called the covering map associated with of
the covering space R of S!.  For a path v : [0,1] — S!, a path 4 : [0,1] — R such
that p o 4 = <y is called a Iift of «y. For example 7, (t) = p(nt), 0 < t <1, s0 vy, has
a lift 7, with 7, () = nt.
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e
[0,1] ?51

An idea is that paths in S! are projections of paths in R, while R is simpler than
St

As a demonstration, we use this idea to show again that 7y, is path-homotopic
to Ym - vn- Consider the case m +n > 0. Let

o~

Ymsn :[0,1] — [0,m+n]
t = (m+n),

then this is a lift of y,,45. Let

yﬁn:[o,l] — [0,m+n]
m2t, 0
n2t—1)+m, 3<t<

then this is a lift of ,; - 7,. The two paths 9,7, and 7y, - 7, are paths in R (a
normed vector space) with same endpoints, so they are path-homotopic via a path-
homotopy such as Fs = (1 —8)Ymin +57m -, 0 < s < 1. Then vy, is path-
homotopic to 7y, - y» via the path-homotopy p o F.

® is surjective. This means every loop <y on the circle based at (1,0) is path-
homotopic to a loop ;. Our is based on the fact that there is a path 4 on R starting
at 0 such that v = p o 4. This is an important result in its own right and will be
proved separately below at Then 4(1) is an integer n. On R the path 7 is
path-homotopic to the path 7, via a path-homotopy F, then 7 is path-homotopic
to 7y via the path-homotopy p o F.

LEMMA 14.1 (existence of lift). Every path in S' has a lift to R. Furthermore if the
initial point of the lift is specified then the lift is unique.

PROOF. Let us write S' = UUV with U = S'\ {(0,—-1)} and V = S\
{(0,1)}. Then p~Y(U) = U,ecz(n — },n+ 3), consisting of infinitely many dis-
joint open subsets of IR, each of which is homeomorphic to U via p, ie. p :
(n — %,n + %) — U is a homeomorphism, in particular the inverse map exists
and is continuous. The same thing happens with respect to V.

Let v : [0,1] — S', 4(0) = (1,0). We can divide [0, 1] into sub-intervals with
endpoints 0 = ) < t; < --- < t, = 1 such that on each sub-interval [t; 1,t;],
1 < i < n, the path v is either contained in U or in V. This is guaranteed by
the existence of a Lebesgue number with respect to the open cover 1 (U) U
7~ H(V) of [0,1].
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y n; nit1 p—l(u)
T X T ¥ T Y;
R
p
,7,
v s
0 1
e ——— 1,0
tiq ti (1,0)

Suppose a lift 7(0) is chosen, an integer. Suppose that ¥ has been constructed
on [0,t_1] foracertain1 <i < n. If y([t;_1,t;]) C U then there is a unique n; € Z
such that 4(t;_1) € (n; — 1,n; + 2). There is only one way to continuously extend

¥ to [ti_1,t;], that is by defining § = p|(*n1 1 o 7. In this way ¥ is extended
i

ni+3)
continuously to [0, 1]. O

Examining the proof above we can see that the key property of the covering
space p : R — S! is the following: each point on the circle has an open neighbor-
hood U such that the preimage p~!(U) is the disjoint union of open subsets of R,
each of which is homeomorphic to U via p. This is the defining property of general

covering spaces.

@ is injective. This is reduced to showing that if <, is path-homotopic to v,
then m = n. Our proof is based on another important result below, which
says that if ;, is path-homotopic to 7, then 7, is path-homotopic to ;. This
implies the terminal point m of %, must be the same as the terminal point n of 7,,.

LEMMA 14.2 (homotopy of lifts). Lifts of path-homotopic paths with same initial
points are path-homotopic.

PROOF. The proof is similar to the above proof of[14.1] Let F : [0,1] x [0,1] —
S! be a path-homotopy from the path Fy to the path Fy. If the two lifts Fy and F;
have same initial points then that initial point is the lift of the point F((0,0)).

As we noted eatlier, the circle has an open cover O such that each U € O we
have p~1(U) is the disjoint union of open subsets of R, each of which is homeo-
morphic to U via p. The collection F~1(O) is an open cover of the square [0,1] x
[0,1]. By the existence of Lebesgue’s number, there is a partition of [0,1] x [0, 1]
into sub-rectangles such that each sub-rectangle is contained in an element of

F~1(O). More concisely, we can divide [0,1] into sub-intervals with endpoints
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0=ty <t < <t;, =1suchthatforeachl <i,j <nthereis U € O such that
F([ti,l,t,‘] X [t]‘,l, t]]) c u.

i ) pH(U)
R
p
F
F 5
1 (1,0)

e
0 £, 1

We will build up F sub-rectangle by sub-rectangle, going from left to right
then below to above. We already have F((0,0)). Suppose that for some 1 <i,j <n
the point F((t;_1,tj_1)) is already defined. We have F([t;_1,t;] x [tj_1,;]) C U for
some U € O. Let U be the unique open subset of R such that U contains the point
F((ti—1,tj—1)) and p|gz : U — U is a homeomorphism. Then we define F on the
sub-rectangle [t;_1,#;] x [t;_1, ;] to be p|L?I1 oF.

We need to check F is continuous on the new domain. Since we extend one
sub-rectangle at a time in this way, the intersection of the previous domain of F
and the sub-rectangle [t; 1,t;] X [t;_1,j] is connected, being one edge or the union
of two edges with a common vertex. That implies F must bring the entire common
domain to U, therefore on this common domain F must be p| EIl o F, agreeing with
the new definition. The continuity of F now follows from gluing of continuous
functions B.15

Thus we obtained a continuous lift F of F. Since the initial point is given, by
uniqueness of lifts of paths in the restriction of F to [0,1] x {0} is Fy while the
restriction of F to [0,1] x {1} is F;. Thus F is a path-homotopy from Fy to F;. [

That the fundamental group of the circle is non-trivial gives us:
COROLLARY. The circle is not contractible.

COROLLARY 14.3. There cannot be any retraction from the disk D? to its boundary
st

PROOF. Suppose there is a retraction r : D> — S!. Leti : S' < D? be the
inclusion map. From the diagram st 4 D2 L slwehaveroi = idg1, therefore

on the fundamental groups (r 0 i)« = r. o1, =id, (q1). A consequence is that r, is

onto, but this is not possible since 711 (D?) is trivial while 7r1(S!) is non-trivial. [
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A proof of this result for higher dimensions is presented in
The important Brouwer fixed point theorem follows from that simple result:

THEOREM 14.4 (Brouwer fixed point theorem for dimension two). Any contin-
uous map from the disk D? to itself has a fixed point.

PROOF. Suppose that f : D*> — D? does not have a fixed point, i.e. f(x) # x
for all x € D?. The straight line from f(x) to x will intersect the boundary dD? at

a point g(x).

We can check that g is continuous (see[14.8). Then g : D> — 9D? is a retraction,
contradicting O

Problems.

14.5. Find the fundamental groups of:

(a) the Mobius band,
(b) the cylinder.

14.6. Show that the plane minus a point is not simply connected.

14.7. Derive from the fact that the torus T? is homeomorphic to S' x S! (9.13) the

fundamental group of the torus.

14.8. Check that the map g in the proof of the Brouwer fixed point theorem is indeed

continuous.
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15. Van Kampen theorem

Van Kampen theorem is about giving the fundamental group of a union of
subspaces from the fundamental groups of the subspaces.

EXAMPLE (S! v S'). Two circles with one common point (the figure 8) is called
a wedge product S' V S!. Let xo be the common point, let a be a loop starting at
xg going once around the first circle and let b the a loop starting at xy going once
around the second circle. Then a and b generate the fundamental groups of the
two circles with based points at xp. Intuitively we can see that (ST v S, x)
consists of path-homotopy classes of loops like a, ab, bba, aabab='a='a~!, ... This
is a group called the free group generated by a and b, denoted by (a, b).

Free group. Let S be a set. Let S~! be a set having a bijection with S. Cor-
responding to each element x € S is an element in S~! denoted by x~!. A word
with letters in S is a finite sequence of elements in SUS~!. The sequence with
no element is called the empty word. Given two words we form a new word by
juxtaposition (dat ké): (s152 - su) - (s}8h - S),) = S152+ + - SuS}Sh - - - sh,. With this
operation the set of all words with letters in S becomes a group. The identity el-
ement 1 is the empty word. The inverse element of a word s;s; - - - s, is the word

Sy 15;21 S8y 1. This group is called the free group generated by the set S, denoted by

(S)-

EXAMPLE. The free group ({a}) generated by the set {a} is often written as
(a). As a set (a) can be written as {a" | n € Z}. The product is given by a™ - a" =
a™*". The identity is a°. Thus as a group (a) is an infinite cyclic group, isomorphic
to (Z,+).

Let G be a set and let R be a set of words with letters in G, i.e. R is a finite subset
of the free group (G). Let N be the smallest normal subgroup of (G) containing R.
The quotient group (G) /N is written (G | R). Elements of G are called generators
of this group and elements of R are called relators of this group. We can think of
(G | R) as consisting of words in G subjected to the relations r = 1 forall v € R.

EXAMPLE. (a|a?) = {a%a} = Z,.

Free product of groups. Let G and H be groups. Form the set of all words
with letters in G or H. In such a word, two consecutive elements from the same
group can be reduced by the group operation. For example ba?ab®b—>a* = ba’b—2a*.
In particular if x and x~! are next to each other then they will be canceled. The
identities of G and H are also reduced. For example abb~!c = alc = ac.
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As with free groups, given two words we form a new word by juxtaposition.

For example (a?b*a~1) - (a®ba) = a?b*>a~1a’ba = a?b3a?ba. This is a group op-

eration, with the identity element 1 being the empty word, the inverse of a word
5152 - - - 8y is the word s;lsgil e sl_l. This group is called the free product of G with

H.
EXAMPLE (G x H # G x H). We have
(g)* (h) = (g, h) = {gMn"gMn"2 ... "W | my,ny,..., m,ny €Z, k€ZT}.

Compare that to (g) x (h) = {(¢",h") | m,n € Z} with component-wise multi-
plication. This group can be identified with (g,/ | gh = hg) = {¢"h" | m,n € Z}.
Thus ZxZ # Z x Z.

For more details on free group and free product, see textbooks on Algebra
such as [[Gal10] or [HunZ74].

Van Kampen theorem.

THEOREM (Van Kampen theorem). Suppose that U,V C X are open, path-connected,
U NV is path-connected, and xo € UNV. Letiy : UNV — Uandiy : UNV — V
be inclusion maps. Then
1 (U, xo) * 711 (V, x0)
{(u)«(a)(iv)«(@) 7! [« € m(UNV, x0)})
PROOF. Let y be any loop in X at xg. By the existence of a Lebesgue number in

7T1(UU V,xo) =

association with the open cover {y~1(U),y~1(V)} of [0, 1], there is a partition of
[0,1]by0 =ty < t; < --- < t, = 1such that y([ti_1,t;]) C Uory([ti_1,t]) CV
for every 1 < i < n, and furthermore we can arrange so that y(¢;) € UNV for
every 1 <i < n. Let v; be the path ¢y ‘[ti, ;] reparametrized to the domain [0, 1].
Then 7 has a reparametrization as y1 - y2 - - - yn. Let B; be a pathin U NV from
7(t) to x9, 1 <i < n— 1. In terms of path-homotopy in U U V we have:

Yo~ Y12 e
~ (’)’1 ,81) : (:BIl T2 ﬁZ) T (ﬁ;iz *Yn—1 ',Bn—l)(ﬁgil : ')’n)~

Thus every loop at xp in U U V is path-homotopic to a product of loops at xy each
of which is contained entirely either in U orin V.
Letjy: U —= UUVandjy:V < UUV be inclusion maps. Let

D (U, x0) x 11 (V,x9) — m(UUV,xp)
arby---apby = (ju). (1) (), (01) -~ (u). (@n) Gv ), (bn)-

It is immediate that ® is a homomorphism. The above disscusion implies that ®
is surjective.
For the kernel of ®, leta € 1y (U NV, xp), then

O((i)« (@) (iv)« (@) ") = (), ((w)«(@) Gv), (([v)e(a)™h))
= (juoiu), @) (jvoiy), (@) ' =1,
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by noticing that ji; o iy = jy o iy. Thus ker ® contains the normal subgroup gen-
erated by all elements (iy7)« () (iy)«(a) ™, a € T (UNV, xp).

That ker @ is equal to that group is more difficult to prove, we will not present
a proof. The reader can read for instance in [Vic94]. O

COROLLARY. The spheres of dimensions greater than one are simply connected:
Z, n=1
1, n>1.
PROOF. Let A = S"\ {(0,0,...,0,1)} and B = §"\ {(0,0,...,0,—1)}. Then

A and B are contractible. If n > 2 then A N B is path-connected. By Van Kampen
theorem, 711 (S?) = 711 (A) * 711 (B) = 1. 0

1

m(S")

COROLLARY. If X = U UV with U, V open, path-connected, U NV is simply
connected, and xo € U NV, then 1t1(X, x9) = 711 (U, x0) * 711 (V, x0).

EXAMPLE (S' V S1). Let U be the union of the first circle with an open arc on
the second circle containing the common point. Similarly let V be the union of
the second circle with an open arc on the first circle containing the common point.
Clearly U and V have deformation retractions to the first and the second circles
respectively, while U NV is ismply connected (has a deformation retraction to the
common point). Applying the Van Kampen theorem, or the corollary above, we
get

m(Stvsh = m (S« m (S =z 2.

The fundamental group of a cell complex.

THEOREM 15.1. Let X be a path-connected topological space and consider the space
XUy D" obtained by attaching an n-dimensional cell to X via the map f : 0D" = sl
X.

(@) Ifn > 2then (X Uy D") = 111 (X).
(b) If n = 2: Let 71 be the loop (cos?2rtt,sin27t) on the circle 9D?. Let xq =
f(l,()). Then 7'[1(X |_|f D", XO) =m (X, xo)/ <[f o ’)/1]>
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Intuitively, gluing a 2-disk destroys the boundary circle of the disk homotopically,
while gluing disks of dimensions greater than 2 does not affect the fundamental group.

PROOF. Let Y = XU D". Let U = XUs{x € D" | |x|| > 3} C Y. There
is a deformation retraction from U to X. Let V be the image of the imbedding of
the interior of D" in Y. Then V is contractible. Also, U NV is homeomorphic to
{x € D" | } < |x|| < 1}, which has a deformation retraction to S"~1. We now
apply Van Kampen theorem to the pair (U, V).

When n > 2 the fundamental group of U NV is trivial, therefore 711(Y) =
m (U) = m(X).

Consider the case n = 2. Let g € U N V be the image of the point (3,0) €
D?, let v be imbedding of the loop %(cos 27tt, sin27tt) starting at yo going once
around the annulus U N'V. Then [y] is a generator of 1 (UNV,yp). In V the
loop 7 is homotopically trivial, therefore 711 (Y, yo) = m1 (U, yo)/ ([y]). Under the
deformation retraction from U to X, [y] becomes [f o 1]. Therefore 7r1(Y, xp) =

m (X, x0)/ ([f o 7l])- .

This result shows that the fundamental group only gives information about
the two-dimensional skeleton of a cell complex, it does not give information on
cells of dimensions greater than 2.

EXAMPLE 15.2. Consider the space below. As a cell-complex it consists of

a

one 0-cell, one 1-cell (represented by a), forming the 1-dimensional skeleton (a
circle, also denoted by a), and one 2-cell attached to the 1-dimensional skeleton by
wrapping the boundary of the disk around athree times. Thus the fundamental
group of the space is isomorphic to (a | a® = 1) = Zj;. In practice, we get the
fundamental group immediately by seeing that the boundary of the disk is 4> and
gluing this disk homotopically destroys a.

The fundamental groups of surfaces. By the classification theorem, any
compact without boundary surface is obtained by identifying the edges of a poly-
gon following a word as in As such it has a cell complex structure with a
two-dimensional disk glued to the boundary of the polygon under the equivalence
relation, which is a wedge of circles. An application of [I5.1] gives us:

THEOREM. The fundamental group of a connected compact surface S is isomorphic
to one of the following groups:

(a) trivial group, if S = S?,
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(b) <a1,b1u2, by, ..., ag,bg | a1b1af1b;1a2b2a£1b2 1 --agh > if S is the

gig by
orientable surface of genus g,

(c) <cl, C2,...,Cq | 53 §>, if S is the unorientable surface of genus g.

EXAMPLE. For the torus: 1 (Ty) = (a,b | ab =ba) =Z xZ.
For the projective plane: 711 (RP?) = (¢ | ¢ = 1) = Z,.

Problems.

15.3. Use the Van Kampen theorem to find the fundamental groups of the following

spaces:

(a) A wedge of finitely many circles.

(b) S1vs2.

(c) S2vS3.

(d) The plane minus finitely many points.

(e) The Euclidean space R3 minus finitely many points.

15.4. Give a rigorous definition of the wedge product of two spaces. For example, what
really is S' v §1?

15.5. By problem we have two different presentations for the fundamental group
of the Klein bottle: 71 (K) = (a,b | aba~'b) and 71 (K) = (a,b | a%b?). Show directly that
(a,b | aba*1b> =~ (a,b| a2b2>.

15.6. Is the fundamental group of the Klein bottle abelian?

15.7. Show that the fundamental groups of the one-hole torus and the two-holes torus

are not isomorphic. Therefore the two surfaces are different.
15.8. Find a space whose fundamental group is isomorphic to Z * Zy * Z3.

15.9. Show that if X = A U B, where A and B are open, simply connected, and A N B

is path-connected, then X is simply connected.
15.10. TsR®\ {(0,0,0)} simply connected? How about IR\ {(0,0,0), (1,0,0)}?

15.11 (two-dimensional Poincaré conjecture). If a compact surface is simply connected

then it is homeomorphic to the two-dimensional sphere.

15.12. Consider the three-dimensional torus T3, obtained from the cube [0, 1}3 by iden-
tifying opposite faces by projection maps, that is (x,y,0) ~ (x,,1), (0,y,z) ~ (1,y,2),
(x,0,2) ~ (x,1,2),¥(x,y,2) € [0,1]3.

(a) Show that T® is homeomorphic to S' x S x S'.
(b) Show that T3 is a 3-dimensional manifold.
(c) Construct a cellular structure on T2.

(d) Compute the fundamental group of 8.

15.13. * Consider the space X obtained from the cube [0, 1]® by rotating each lower face
(i.e. faces on the planes xOy, yOz, zOx) an angle of 71/2 about the normal line that goes
through the center of the face, then gluing this face to the opposite face. For example the
point (1,1,0) will be glued to the point (0,1,1).
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(a) Show that X has a cellular structure consisting of 2 O-cells, 4 1-cells, 3 2-cells, 1
3-cell.
(b) Compute the fundamental group of X.

(c) Check that the fundamental group of X is isomorphic to the quaternion group.

15.14. If
G=(g1,8 - gm | 11,12 )
and
H= (hy,hp, ..., 0y | S1,52, -, Sny)
then

G *H = <g1182/'"/gmllhlthI"'/hmZ | 711r2/«-«/rn1151/52/~«~/5n2> 3
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16. Homology

In homology theory we associate each space with a sequence of groups.

A singular simplex (don hinh suy bién, ki di) is a continuous map from a stan-
dard simplex to a topological space. More precisely, an n-dimensional singular
simplex in a topological space X is a continuous map ¢ : A, — X, where A, is the
standard n-simplex.

Let S, (X) be the free abelian group generated by all n-dimensional singular
simplexes in X. As a set

m
Sn(X) = {Zni0i|ai:An_>Xr ni €47, m€Z+}.
i=1

Each element of S, (X) is a finite sum of integer multiples of n-dimensional singu-
lar simplexes, called a singular n-chain.
Let ¢ be an n-dimensional singular simplex in X, i.e., a map

oc:N, — X
(fo,fl,...,tn) — O'(to,tl,...,tn).
For 0 < i < n define the ith face of o to be the (n — 1)-singular simplex
d(0): A1 — X
(f(), t,.. -/tn—l) — 0'(1’0, t1,...,ti_1,0,t,.. ./tn—l)-

Define the boundary of o to be the singular (n — 1)-chain

n

In(0) = ) (~1)'0(v).

i=0
Intuitively one can think of d,(c) as o|3s,. The map 9, is extended linearly to

become a group homomorphism from S, (X) to S,—1 (X).

EXAMPLE. A 0-dimensional singular simplex in X is a point in X.

A 1-dimensional singular simplex is a continuous map o (o, t;) with fo,t; €
[0,1] and ¢ty 4+ t; = 1. Its image is a curve between the points A = ¢(1,0) and
B =¢(0,1). Its boundary is —A + B.

A 2-dimensional singular simplex is a continuous map o (to, t1, tz) with to, 1, tp €
[0,1] and tg + t; + t, = 1. Its image is a “curved triangle” between the points
A =0(1,0,0), B=0(0,1,0), and C = (0,0,1). Intuitively, the image of the face
" is the “curved edge” BC, the image of 8! is AC, and the image of 02 is AB. The
boundary is 9° — 8! + 9. Intuitively, it is BC — AC + AB.

PROPOSITION 16.1. 9,_1 09, =0,Vn > 2.

PROOF. Let o be a singular n-simplex. From definition:
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(an—lan) (0') = an—l (Z(l)la;(0)>

i=0
n—1 Lo n ..
. (z<—1>za;<a>)
=0 i=0

= Y (-~ (o)

0<i<n,0<j<n—-1

= Y (-1 a9 (0)+

0<j<i<n
+ Y (—1)H a0
0<i<j<n—1

= Y (=)™ _9h(0) +
0<j<i<n

+ Y (—1) 1k -19i (o)
0<i<k<n, (k=j+1)

= Y (-1 (o) +

0<j<i<n
+ Y (1)),
0<j<i<n
ForO0<j<i<n:
a;ila; (0’) (fo, e, tnfz) = a;a(fo, . t]-,l,O, t]‘, ey tnfz)

= U'(to,. . .,t]'_l,o,t]',. ., tii0,0,t4,.. .,tn_z),

while
o Lo (0)(to, - tuz) = ot tiia,0ti1,. . ty2)
= O'(i'(), .. .,t]-_l,O,t]-, .. .,i’i_z,o, ti—lr' . 'rtn—Z)/
thus &) 9% = "19],. S0 3,1 09, = 0. 0

That 9,,_1 0 9, = 0 can be interpreted as
Im(9y,41) C ker(9y).

Elements of ker (9, ) are often called closed chains or cycles, while elements of Im(9;,41)
are called exact chains or boundaries. We have just observed that

exact = closed

boundaries are cycles

Homology group. In general, a sequence of groups and homomorphisms

s o 00
L0 dmlg g O g
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satisfying Im(9,,11) C ker(9y,), i.e. 9,009,117 = 0 forall n > 0 is called a chain
complex (phuc xich). If furthermore Im(d,, 1) = ker(d,), ¥n > 0 then the chain
complex is called exact (khop).

Notice that if the group S, are abelian then Im(0,,41) is a normal subgroup of
ker(dy).

DEFINITION. The n-dimensional singular homology group of a topological space
X is defined to be the quotient group
ker(9,)
Hy(X) = ———.
" o)
EXAMPLE. Denoting by {pt} a space containing only one point, then H, ({pt}) =
0, n > 1and Ho({pt}) = (pt) = Z.

PROPOSITION. If X is path-connected then Hy(X) ~ Z, generated by any point of
X. In general Hy(X) is generated by one point in each path-connected components of X.

PROOF. Let xy and x; be two points in X. A continuous path from x( to x;
gives rise to a singular 1-simplex ¢ : Ay — X such that ¢(0,1) = xp and ¢(1,0) =
x1. The boundary of this singular simplex is 0 = x1 — xp € Imdy. Thus [xy] =
[x1] € Ho(X) = So(X)/Ima;. O

Induced homomorphism. Let X and Y be topological spaces and let f : X —
Y be continuous. For any n-singular simplex o let f4(0) = f oo, then extend f4
linearly, we get a group homomorphism f3 : S, (X) — S, (Y).

EXAMPLE. Id, = Id.

LEMMA. do fy = f4 009. Asa consequence fy brings cycles to cycles, boundaries to
boundaries.

PROOF. Because both fx and 0 are linear we only need to prove d(fu(0)) =
(f#(9(0)) for any n-singular simplex o : A, — X. We have

n

(_1)1-31-(0)) =) (~1)fod(0).

-

i=0 i=0

f#(0(0)) = fy <
On the other side: 9(f¢(0)) = Yl ,(—1)!0'(f o r). Notice that

O (for)(to, ..., tue1) = (foo)(to,... tii1, 0t ... tu_1)
= f(o(to,...,ti—1,0,ti,. .. ty—1))
= f(@o(to, ..., tuo1)).
Thus 9'(f o 0) = f 0 (). From this the result follows. O
As a consequence fi induces a group homomorphism:
fetHo(X) —  Hp(Y).
[c] = [fle)].
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LEMMA. (g0 f)« = g« f«.

PROOF. Since the maps involved are linear it is sufficient to check this property
on each n-singular simplex ¢

(o f)«(le]) = [(go fla(a)] = [(go f) ool = [go(fo(0))] =g«([fo0]) =
= &« (f«([e]))-

A simple application of the above lemma gives us an important result:

THEOREM (topological invariance of homology). If f : X — Y is a homeomor-
phism then f. : Hy(X) — Hy(Y) is an isomorphism.

PROOF. Apply the above lemma to the pair f and f~1. O
We will use, but will not prove, the following stronger result :

THEOREM (homotopy invariance of homology). If f : X — Y is a homotopy
equivalence then f, : Hy(X) — Hy(Y) is an isomorphism.

Mayer-Vietoris sequence.
THEOREM. Let X be a topological space. Suppose U,V C X and int(U) Uint(V) =
X. Then there is an exact chain complex, called the Mayer-Vietoris sequence:
S Hunv) " Hu) o Hy(v) B Ha(UUu V) S H, (UnV) s -
— Hy(UUV) —0.
Here i and j are the inclusion maps from U NV to U and V respectively.

The Mayer-Vietoris sequence allows us to study the homology of a space from
homologies of subspaces, in a similar manner to the Van Kampen theorem.

We will use the Mayer-Vietoris sequence to compute the homology of the
sphere:

THEOREM. Form > 1,
Z, ifn=0,m
H,(S™) = f
0, otherwise.

PROOF. Let U and V be the upper hemisphere and the lower hemisphere
slightly enlarged, for example, U = §™\ {(0,...,0,—1)}and V = 5"\ {(0,...,0,1)}.
The Mayer-Vietoris sequence for this pair gives an exact short sequence:

H,(U) ® Hy (V) = Hy(S™) = Hy_((UNV) = H,_1(U) & Hy(V).

Notice that for m > 1, U and V are contractible, while U N V is homotopic to sm-1,
We get for n > 2 a short exact sequence

0 — Hu(S™) = H,_1(S™ 1) = 0.

CuuDuongThanCong.com https://fb.com/tailieudientucntt


http://cuuduongthancong.com?src=pdf
https://fb.com/tailieudientucntt

108 ALGEBRAIC TOPOLOGY

This implies H,(S™) = H, 1(S"™!) for n > 2. The problem now reduces to
computation of Hy(S™).

Consider the exact sequence:

(i)

Hi(U) @ Hi (V) = Hy(S™) A Ho(unv) ") Ho(U) @ Ho(V).

Since Hy(U) = H1(V) = 0, it follows that A is injective.

For m > 2 a point x € UNYV generates Hy(U NV) as well as Hy(U) and
Hy(V). Therefore the maps i, and j, are injective. This implies Im(A) = 0. This
can happen only when H;(5™) = 0.

For m = 1 the intersection U N V has two path-connected components. Let
x and y be points in each connected component. If mx + ny € Ho(U N V) then
ix(mx +ny) = j.(mx+ny) = mx+nx = (m+ n)x. Thus ker(i, j,) = {mx —
my = m(x —y) | m € Z}. This implies H; (S') = Im(A) = ker(iy, j.) = Z. O

COROLLARY 16.2. For n > 2 there cannot be any retraction from the disk D" to its
boundary S"~1.
The proof is similar to the 2-dimensional case (14.3).

PROOF. Suppose there is a retraction r : D" — S"1. Leti : S""1 — D"
be the inclusion map. From the diagram S"~! £ D" Ly §n1 we have roi =
idgs-1, therefore on the (n — 1)-dimensional homology groups (roi)y = ry 0iy =
idy, ,(s»1),implying that r, : H,_1(D") — H,_1(S"1) is onto. But this is not
possible for n > 2, since H,_1(D") is trivial while H, 1(S"~!) is not. O

A proof of this result in differentiable setting is presented in
Just as in the case of dimension two (14.4), the Brouwer fixed point theorem
follows, with the same proof:

THEOREM 16.3 (Brouwer fixed point theorem). Any continuous map from the
disk D" to itself has a fixed point.

By|16.16|and [L6.15|we get a more general version:

THEOREM (generalized Brouwer fixed point theorem). Any continuous map
from a compact convex subset of a Euclidean space to itself has a fixed point.

For more on singular homology, one can read [Vic94] and [Hat01].
Problems.

16.4. Prove[l6d]

16.5. Compute the homology groups of S? x [0,1].

16.6. Compute the fundamental group and the homology groups of the Euclidean

space R3 minus a straight line.

16.7. Compute the fundamental group and the homology groups of the Euclidean

space R3 minus two intersecting straight lines.
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16.8. Compute the fundamental group and the homology groups of R3 \ S'.

16.9. Show that if X has k connected components X;, 1 < i < k, then 5,(X) =
@, Sn(X;) and Hy(X) = @5, Hu(X;).

16.10. Show that if A and B are open, A N B is contractible then H;(A U B) = H;(A) &
H;(B) fori > 2. Is this true if i = 0,1?

16.11. Using problem[16.10, compute the homology groups of S? VV 5%,

16.12. Compute the fundamental group and the homology groups of S U {(0,0,z) | —
1<z<1}.

16.13. Let U be an open subset of R? and a € U. Show that
Hy(U\{a}) = Hy(U) & Z.

16.14. Let A be a retract of X via a retractionr : X — A. Leti : A — X be the
inclusion map. Show that the induced homomorphism i, : H,(A) — H,(X) is injective
while r, : H,(X) — H,(A) is surjective.

16.15. Show that if every continuous map from X to itself has a fixed point and Y is

homeomorphic to X then every continuous map from Y to itself has a fixed point.

16.16. * Show that:

(a) Any convex compact subset of R"” with empty interior is homemorphic to the
closed interval D!.

(b) Any convex compact subset of R” with non-empty interior is homemorphic to the
disk D".

16.17. Is the Brouwer fixed point theorem correct for open balls? for spheres? for tori?
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17. Homology of cell complexes

In this section we consider homology for a special class of topological spaces:

cell complexes, including simplicial complexes.

Degrees of maps on spheres. A continuous map f : S" — S" induces a
homomorphism f, : H,(S") — H,(S"). We know H,(S") = Z, so there is a
generator a such that H,(S") = (a). Then f.(a) = ma for a certain integer m,
called the topological degree of f, denoted by deg f.

EXAMPLE. If f is the identity map then deg f = 1. If f is the constant map
then deg f = 0.

Relative homology groups. Let A be a subspace of X. Viewing each singular
simplex in A as a singular simplex in X, we have a natural inclusion S,(A) —
S7(X). In this way S, (A) is a normal subgroup of S,(X). The boundary map 9,
induces a homomorphism 9, : S, (X)/Sn(A) — S;-1(X)/Su—1(A), giving a chain
complex

e Su(X)/Sn(A) 2 S, 1 (X)/Sn 1 (A) "5 S 2 (X)/Spa(A) = - -

The homology groups of this chain complex is called the relative homology groups
of the pair (X, A), denoted by H, (X, A).

If f: X — Y is continuous and f(A) C B then as before it induces a homo-
morphism f, : Hy,(X, A) — H,(Y, B).

Homology of cell complexes. Let X be a cellular complex. Recall that X"
denote the n-dimensional skeleton of X. Suppose that X" is obtained from X"~1
by attaching the n-dimensional disks DY, D3, ..., D¢ . Letef, ey, ..., e¢ be the cor-

responding cells. Then
Cn
Hu(X", X" 1) 2 (el ef, ... el ) =} mel' | m; € Z}.
i=1

If ¢, = 0 then let the group be 0.
Consider the sequence

dy _ _ oy dy_
C(X) = - 5 Hy(x", X" 1) & g, (xn, xm2) st

B (X, X0) B Hy(X).

Here the map d,, is given by

Cn—1

dn<€?) = Z di’]'e]r»lil,
j=1
where the integer number d; j is the degree of the following map on spheres:
Sit=0Df = X"l = X"/ X" =517 vy v Vst s

Of course if ¢,,_1 = 0 then d, = 0.
Below is the main tool for computing homology of cellular complexes:

CuuDuongThanCong.com https://fb.com/tailieudientucntt


http://cuuduongthancong.com?src=pdf
https://fb.com/tailieudientucntt
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THEOREM. The sequence C(X) is a chain complex and its homology coincides with
the homology of X.

. As an application we get:

THEOREM (homology groups of surfaces). The homology groups of a connected
compact orientable surface S of genus g > 0 is

Z, ifn=0,2
738 ifn=1.

Hoa(S) =

For more on cellular homology one can read [Hat01) p. 137].

Homology of simplicial complexes. Now we look at a special class of cell
complexes: simplicial complexes. For simplicial complexes we will develop an
algorithm for computing homology.

Consider a simplex of dimension greater than 0. Consider the relation on
the collection of ordered sets of vertices of this simplex whereas two order sets of
vertices are related if they differ by an even permutation. This is an equivalence
relation. Each of the two equivalence classes is called an orientation of the simplex.
If we choose an orientation, then the simplex is said to be oriented.

In more details, an orientation for a set A consisting of n elements is repre-
sented by bijective map from the set of integers I = {1,2,...,n} to A. If 0 and o’

are two such maps, then 0 = o’ o 0 where ¢ = o’~!

oo : I — [isbijective, a permu-
tation. Any permutation falls into one of tow classes: even or odd permutations.
We say that 0 and o’ represent the same orientations if ¢ is an even permutation.
For each simplex of dimension greater than 0 there are two oriented simplexes.
For convenience we say that for a 0-dimensional simplex (a vertex) there is only one

orientation.

REMARK. In this section, to be clearer we reserve the notation vgv; - - - v, for
an un-oriented simplex with the set of vertices {vo, V1yeeey Un}, and the notation
[v0, V1, ..., Vs for an oriented simplex with the same set of vertices, i.e. the simplex
Vo1 - - - vy With this particular order of vertices. (Later, and in other sources, this

convention can be dropped.)

EXAMPLE. A 1l-dimensional simplex in R" is a straight segment connecting
two points. Choosing one point as the first point and the other point as the second
gives an orientation to this simplex. Intuitively, this means to give a direction to
the straight segment. If the two vertices are labeled vy and v;, then an ordered pair
[v0, v1] gives an orientation for this simplex, while an ordered pair [v1, v9] gives a
simplex with the opposite orientation.

Consider a 2-dimensional simplex. Let vg, v1, v2 be the vertices. The oriented
simplexes [vg, v1, V2], [v1, V2, o], [V2, Vo, v1] have the same orientations, opposite to
the orientations of the oriented simplexes [v1, vg, V2], [v2, V1, Vo], [v0, V2, V1]

CuuDuongThanCong.com https://fb.com/tailieudientucntt


http://cuuduongthancong.com?src=pdf
https://fb.com/tailieudientucntt

112 ALGEBRAIC TOPOLOGY

U2

o U1

FIGURE 171.

Let X be a simplicial complex in a Euclidean space. For each integer n let
5,(X) be the free abelian group generated by all n-dimensional oriented simplexes
in X modulo the relation that if ¢ and ¢’ are oriented simplexes with opposite
orientations then ¢ = —¢’. Each element of S, (X), called an n-dimensional chain
(xich), is a finite sum of integer multiples of n-dimensional oriented simplexes,
i.e. of the form Y/ ; n;0; where 0; is an n-dimensional oriented simplex of X and
n; € Z.

If n < 0orn > dim X then S, (X) is assigned to be the trivial group 0.

The group S,(X) is generated by the set of all n-simplexes of X with each

simplex given any orientation.

EXAMPLE 17.2. Consider the simplicial complex whose underlying space is
the triangle in figure[17.1}

X = {vgv1v3, v9v1, V102, V20, Vo, U1, V2 } -
Forn = 0:
So(X) = {novy + n1v1 + nyvy | ng, ny,ny € Z}.
Forn = 1:

51(X) = {nglvo, v1] + n1[v1, v2] + nz[va, vo] | 1o, 111,12 € Z}.

In this group S1(X) we have the relations [v1,v9] = —[vo, v1], [v2, v1] = —[v1,v2],
[v0, v2] = —[02, o).
Forn =2:
S2(X) = {no[vo, v1,v2] | no € Z}.
Here for example [vg, v1,v2] = —[v2,v1,v0] = [v1, 02, Vo).
Let ¢ = [vg,v1,...,0n] be an n-dimensional oriented simplex. Define the

boundary of o to be the following (n — 1)-dimensional chain, the alternating sum
of the (n — 1)-dimensional faces of
n

anO' = 2(—1)i[00,01,. . '/vi—llz/]\i’vi"l‘l"' .,Un],
i=0
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where the notation 7; is traditionally used to indicate that this element is dropped.
This map is extended linearly to become a map from S, (X) to S,,_1(X), namely

m m
O (Z ”i@‘) =Y 0, (0y).
i=1 i=1

It can be checked directly that this boundary map does not depend on choices of
orientations of simplexes.

REMARK. If n < 0 or n > dim X then 9, = 0 since 5,,(X) = 0.

EXAMPLE. Continuing example
91([vo, v1]) = 01 — vy,

91([o1,v2]) =02 — 1,
91([v2,v0]) = vo — v,

92([vo, v1,v2]) = [v1,v2] — [v0, V2] + [v0, 1] = [v1, V2] + [02, V0] + [0, V1]-

Notice that:
01(92([vo,v1,02])) = 91([vo, V1] + [v1,v2] + [v2,v0])
= (v1—1vg)+ (v2 —v1)+ (vgp —v2) =0.
By we have:

THEOREM (simplicial homology). The n-dimensional group of a simplicial complex
is isomorphic to the quotient group

ker(9y)
Im(9,41)

EXAMPLE. Continuing example we compute the homology groups of X.

From
01(nolvo, 1] + m[v1,v2] + mafvp, v]) = no(v1 —vg) + ny1(v2 — v1) +n2(ve — v2),
we see that an element of Im d; has the form
no(v1 —vg) +n1(v2 —v1) +n2(vg —v2) = ng(v1 —vp) +n1(v2 — v +vo — v1) + n2(v — v2)
= (ng —ny1)(v1 —vg) + (11 —n2)(v2 —vp).
Thus Imd; = ({v1 — vy, v2 —vp}). So
Ho(X) = So(X)/Imaq = (vg,v1,v2 | v1 = vp,v2 = Vp)
<Uo> = <ZJl> = <ZJz> = 7.

1%

Since

no(v1 —vo) +n1(v2 — v1) +n2(vo — v2) = (n2 —n9)vo + (ng — 11)v1 + (11 — N2)v2
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we see that 81(1’[0 [Z)(), ?)1} + n1[1)1, Z)z] + 1y ['02, ’()0]) = 0if and Ol‘lly if ng = ny = nop.
So

kerdy = {n([vo, v1] + [v1,02] + [02,v0]) | n € Z} = (([vo, 01] + [01,02] + [02,00])) -

Since
d2(n[vo, v1,v2]) = n([ve, v1] + [v1, V2] + [v2, Vo))
we see that

Imay = {n([vo, v1] + [v1,v2] + [v2,v0]) | n € Z} = (([v0, V1] + [01, V2] + [v2,v0])) -

Thus Imd, = kerdq, so
Hy(X) =0.
We also see immediately that dp(n[vg,v1,v2]) = 0 if and only if n = 0. Thus

kerd, = 0and
Hz(X) = keraz =0.

EXAMPLE. Instead of a 2-dimensional triangle in example let us consider
a 1-dimensional triangle, namely
X = {vgv1, 0102, V200, Vo, V1, V2 }-

U2

Yo U1

In this case H; (X) = kerdy = <([Z)0, ?)1} + [7)1, 7)2] -+ [02, Uo])> =7, HO(X) =
(vg) 2 Z,and Hy(X) =0forn #0,1.

For more on simplicial homology one can read [Mun84], [Cro78]||, or [Ams83].
In [Hat01] Hatcher used a modified notion called A-complex, different from sim-
plicial complex. For algorithms for computation of simplicial homology, see [KMMO04,

chapter 3].

Problems.

17.3. Using cellular homology compute the homology groups of the following spaces:
(a) The Klein bottle.
(b) Stvsh
(c) Stvs2
(d) $%2vS3.

17.4. Compute the homology of the simplicial complex described in the picture:
(@)

(b)
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(©

(d)

(e

17.5. Show that if the underlying space of a simplical complex is connected then for
any two vertices there is a continuous path whose trace is a union of some edges connecting

the two vertices.

17.6. Given a simplicial complex X.

(a) Show that if the underlying space | X| is connected then Hy(X) = (v) = Z where
v is any vertex of X.

(b) Show that if |X| has k connected components then Hy(X) = @Ll (v;) = ZK,
where v;, 1 < i < k are arbitrary vertices in different components of |X]|.

17.7. Show that if the underlying space of a simplicial complex X has k connected
components X;, 1 <i <k, then H,(X) & @i?:l H,(X;).

17.8. Show that two compact connected surfaces are homeomorphic if and only if their

homologies are isomorphic.
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Other topics

The Poincaré conjecture. One of the most celebrated achievements in topol-
ogy is the resolution of the Poincaré conjecture:

THEOREM (Poincaré conjecture). A compact manifold which is homotopic to the
sphere is homeomorphic to the sphere.

The proof of this statement is the result of a cumulative effort of many math-
ematicians, including Stephen Smale (for dimension > 5, early 1960s), Michael
Freedman (for dimension 4, early 1980s), and Grigory Perelman (for dimension 3,
early 2000s). For dimension 2 it is elementary, see problem [15.11}

Guide for further study. There are several books presenting aspects of alge-
braic topology to undergraduate students, such as [Cro78], [Ams83], [J84].

The book of Munkres [Mun00], also aims at undergraduate students, has a
part on algebraic topology, but stops before homology.

The book [[Vas01] gives a modern overview of many aspects of both algebraic
and differential topology, aiming at undergraduate students. Although it often
provides only sketches of proofs, it introduces general ideas very well.

For cellular homology the book of Hatcher [Hat01]] is popular, however it aims
at graduate students.

It turns out that our choice of topics is similar to that in the book [Leell],
which aims at graduate students. The reader can find more details and more ad-
vanced treatments there.

Recently algebraic topology has begun to be applied to science and engineer-
ing. One can read about a new field called “Computational Topology” in [EH10].
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Differential Topology

18. Smooth manifolds

In this chapter we always assume that R" has the Euclidean topology.

Roughly, a smooth manifold is a space that is locally diffeomorphic to IR".
This allows us to bring the differential and integral calculus from R” to manifolds.
Smooth manifolds provide a setting for generalizations of vector calculus of curves
and surfaces (see e.g. [Vugt3]]) to higher dimensions. Smooth manifolds constitute
a subset of the set of topological manifolds, introduced in section [10}

Smooth maps on IR”. For a function f from a subset D of R¥ to R! we say that
f is smooth (or infinitely differentiable) at an interior point x of D if f is continuous
and partial derivatives of all orders of f exist and are continuous at x. (In common
notation in analysis, f is smooth means f € C*® = >, C.)

If x is aboundary point of D, then f is said to be smooth at x if f can be extended
to be a function which is smooth at every point in an open neighborhood in R¥ of
x. Precisely, f is smooth at x if there is an open set U C R containing x, and
function F : U — R/ such that F is smooth at every point of U and F|ynp = f.

If f is smooth at every point of D then we say that f is smooth on D, or f €
C*(D).

Let X C RFand Y C R’ Then f : X — Y is a diffeomorphism if it is bijective
and both f and f~! are smooth. If there is a diffeomorphism from X to Y then we
say that X and Y are diffeomorphic.

If a function is smooth at a point, it must be continuous at that point. Therefore
a diffeomorphism is also a homeomorphism.

EXAMPLE. Any open ball B(x,r) in R" is diffeomorphic to R"” (compare [3.16).
Smooth manifolds.

DEFINITION. A subspace M C R¥ is a smooth manifold of dimension m € Z*
if every point in M has a neighborhood in M which is diffeomorphic to R™.

REMARK. By convention, a manifold of dimension 0 is a discrete subspace of
a Euclidean space.

Recall that by Invariance of dimension R™ cannot be homeomorphic to
R™ if m # n, therefore a manifold has a unique dimension.

117
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REMARK. A diffeomorphism is a homeomorphism, therefore a smooth man-
ifold is a topological manifold. In differential topology unless stated otherwise
manifolds mean smooth manifolds.

The following is a simple but convenient observation, although it seems to be
less intuitive than our original definition, it is technically more convenient to use:

PROPOSITION. A subspace M C R¥ is a smooth manifold of dimension m if every
point in M has an open neighborhood in M which is diffeomorphic to an open subset of
R™.

PROOF. Suppose that (U, ¢) is a local coordinate on M where U is a neighbor-
hood of x in M and ¢ : U — R™ is a diffeomorphism. There is an open subset U’
of M such that x € U’ C U. Since ¢ is a homeomorphism, ¢(U’) is an open neigh-
borhood of ¢(x). There is a ball B(¢(x),r) C ¢(U’). Let U" = ¢~ (B(¢p(x),7)).
Then U" is open in U, so is open in M. Furthermore ¢|» : U" — B(¢(x),r) isa
diffeomorphism.

We have just shown that any point in the manifold has an open neighborhood
diffeomorphic to an open ball in IR™. For the reverse direction, we recall that any
open ball in R™ is diffeomorphic to IR™. O

By this result, each point x in a manifold has an open neighborhood U in M
and a diffeomorphism ¢ : U — V where V is an open subset of R". The pair
(U, ¢) is called a local coordinate at x. The pair (V, ¢~ ') is called a local parametriza-
tion at x. A set of pairs (Uy, ¢) for x € M is called an atlas (tap ban dd) for M, in
this way each pair (Uy, ¢) can be called a chart (t& ban do) of this atlas. One can
think of a manifold as a space together with an atlas.

EXAMPLE. Any open subset of R™ is a smooth manifold of dimension m.

PROPOSITION 18.1. The graph of a smooth function f : D — R}, where D C R is
an open set, is a smooth manifold of dimension k.

PROOF. Let G = {(x,f(x)) | x € D} C R**! be the graph of f. The map
x — (x, f(x)) from D to G is smooth. Its inverse is the projection (x,y) +— x. This
projection is the restriction of the projection given by the same formula from R+
to ]Rk, which is a smooth map. Therefore D is diffeomorphic to G. O

EXAMPLE (curves and surfaces). The graph of a smooth function y = f(x) for
x € (a,b) is a 1-dimensional smooth manifold, often called a smooth curve.

The graph of a smooth function z = f(x,y) for x,y € D, where D is an open
set in R? is a 2-dimensional smooth manifold, often called a smooth surface.

EXAMPLE (circle). Let S! = {(x,y) € R? | x> +y?> = 1}. It is covered by four
neighborhoods which are half circles, each corresponds to points (x,y) € S! such
thatx > 0, x < 0,y > 0and y < 0. Each of these neighborhoods is diffeomorphic
to (—1,1). For example consider the projection from U = {(x,y) € S* | x > 0} —
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(—1,1) given by (x,y) — y. The map (x,y) > y is smooth on R?, so it is smooth
on U. The inverse map y — (1/1—y?,y) is smooth on (—1,1). Therefore the
projection is a diffeomorphism.

REMARK. We are discussing smooth manifolds embedded in Euclidean spaces.
There is a notion of abstract smooth manifold, but we do not discuss it now.

DEFINITION. If M and N are two smooth manifolds in R¥ and M C N then
we say that M is a submanifold of N.

Problems.

18.2. From our definition, a smooth function f defined on D C R does not necessarily
have partial derivatives defined at boundary points of D. However, show that if D is the
closure of an open subspace of R¥ then the partial derivatives of f are defined and are
continuous on D. For example, f : [4,b] — R is smooth if and only if f has right-derivative
ata and left-derivative at b, or equivalently, f is smooth on an open interval (c, d) containing

[a,b].
18.3. If X and Y are diffeomorphic and X is an m-dimensional manifold then sois Y.

18.4. The sphere S" = {(x1,x2,...,%,41) € R"™ [ x2 + 23+ + xle =1}isa
smooth manifold of dimension #, covered by the hemispheres.
There is a another way to see that S” as a manifold, by using two stereographic projec-

tions, one from the North Pole and one from the South Pole.

18.5. Show that the hyperboloid x* + y?> — z2 = 1 is a manifold. Is the surface x> +
y? — z2 = 0 a manifold?

18.6. The torus can be obtained by rotating around the z axis a circle on the xOz plane
not intersecting the z axis. Show that the torus is a smooth manifold.

18.7. Consider the union of the curve y = sin %, x > 0 and the segment {(0,y)| —1 <
y < 1} (the Topologist's sine curve, see Section[4.4). Is it a manifold?

18.8. Consider the union of the curve y = x3 sin %, x # 0 and the point (0,0). Isita

smooth manifold?

18.9. Is the trace of the path y(t) = (% sin(2t),cos(t)), t € (0,27) (the figure 8) a
smooth manifold?

18.10. A simple closed regular path is a map v : [a,b] — R"™ such that v is injective
on [a,b), 7 is smooth, ) (a) = y*) (b) for all integer k > 0, and /(t) # 0 for all t € [a,b].

Show that the trace of a simple closed regular path is a smooth 1-dimensional manifold.

18.11. The trace of the path((2 + cos(1.5¢)) cost, (2 + cos(1.5¢)) sint,sin(1.5¢)), 0 <
t < 47 is often called the trefoil knot. Draw it (using computer). Show that the trefoil knot
is a smooth 1-dimensional manifold (in fact it is diffeomorphic to the circle S! but this is

more difficult).
18.12. Show that any open subset of a manifold is a manifold.

18.13. Show that a connected manifold is also path-connected.
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18.14. Show that any diffeomorphism from S"~! onto $”~! can be extended to a dif-

feomorphism from D" = B/(0,1) onto D".

18.15. * Show that our definition of smooth manifold coincides with the definitions in
[Spi65, p. 109] and [Mun91, p. 196].
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19. Tangent spaces and derivatives

Derivatives of maps on IR”. We summarize here several results about deriva-
tives of functions defined on open sets in R". See for instance [Spi65] or [Lan97]
for more details.

Let U be an open set in RF and V be an open set in R. Let f : U — V be
smooth. We define the derivative of f at x € U to be the linear map df, such that

dfy :RF — R

B df(h) = limy_y LEF tht) —f(),

Thus dfy(h) is the directional derivative of f at x in the direction of /1, measur-

ing rate of change in the direction of h at x. The derivative dfy is a linear approxi-
mation of f at x.

Because we assumed that all the first order partial derivatives of f exist and
are continuous, the derivative of f exists. In the canonical coordinate system of R"
the derivative map dfy is represented by an I x k-matrix [ fy = [% (0)|1<i<t, 1<j<ks
called the Jacobian of f at x, thus dfy(h) = Jfx - h. ]

PROPOSITION (chain rule). Let U, V, W be open subsets of R¥, R! RP respectively,
let f:U— Vandg:V — W be smooth maps, and let y = f(x). Then

d(go f)x =dgyodfs.

In other words, the following commutative diagram
Vv
N
Uu————sWw
gof
induces the commutative diagram

TV,

v
TU, TWg(y)

d(gof)x

PROPOSITION. Let U and V be open subsets of R* and R! respectively. If f : U — V
is a diffeomorphism then the derivative dfy is a linear isomorphism, and k = 1.

As a corollary, R and R/ are not diffeomorphic if k # 1.

Tangent spaces of manifolds. To motivate the definition of tangent spaces
of manifolds we recall the notion of tangent spaces of surfaces. Consider a parametrized
surface in R® given by ¢(u,v) = (x(u,v),y(u,v),z(u,v)). Consider a point ¢ (10, vg)
on the surface. Near to (up, vg) if we fix v = vy and only allow u to change then
we get a parametrized path ¢(u, vy) passing through ¢(u9, vg). The velocity vector
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of the path ¢(u,vp) is a “tangent vector” to the path at the point ¢ (1, vp), and is
given by the partial derivative with respect to u, that is, %(uo, vp). Similarly we
have another “tangent vector” g—zj (19, vp). Then the “tangent space” of the surface
at ¢(up,vp) is the plane spanned by the above two tangent vectors (under some

further conditions for this notion to be well-defined).

(Mo, UO)

We can think of a manifold as a multi-dimensional surface. Therefore our

definition of tangent space of manifold is a natural generalization.

DEFINITION. Let M be an m-dimensional manifold in R¥. Let x € M and let
¢ : U — M, where U is an open set in R, be a parametrization of a neighborhood
of x,and x = ¢(u). We define the tangent space of M at x, denoted by TMy (or TxM,
or TM(x)), to be the vector space spanned by %(uo), 1 <i < m. Each element of
the tangent space is called a tangent vector. l

Since 52 (ug) = dg(uo)(e;), we get TMy = dgy (TU,) = dp,(R™): the de-
rivative of the local parametrization brings the Euclidean space onto the tangent
space.

EXAMPLE. Consider a surface z = f(x,y). Then the tangent plane at (x, y, f(x,y))
consists of the linear combinations of the vectors (1,0, fx(x,y)) and (0,1, f,(x,y)).

EXAMPLE. Consider the circle S'. Let (x(t),y(t)) be any path on S'. The
tangent space of S! at (x,v) is spanned by the velocity vector (x'(t),y’(t)) if this
vector is not 0. Since x(t)? + y(t)?> = 1, differentiating both sides with respect to ¢
we get x(t)x'(t) +y(t)y'(t) = 0, or in other words (x/(t),y/(t)) is perpendicular to
(x(t),y(t)). Thus the tangent space is perpendicular to the radius.

PROPOSITION. If M is an m-dimensional manifold then the tangent space T My is

an m-dimensional linear space.

PROOF. Since a parametrization ¢ is a diffeomorphism, there is a smooth map
F from an open set in R¥ to R™ such that Fo ¢ = Id. So dFy(0) 0 dpo = Idgnm.
This implies that dg is an injective linear map, thus the image of d¢ is an m-

dimensional vector space. 0
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PROPOSITION. The tangent space does not depend on the choice of parametrization.

PROOF. Consider the following diagram, where U, U’ are open, ¢ and (p’ are
parametrizations of open neighborhood of x € M.

M
9 \\\4’/
u/
' log

Notice that the map ¢'~! o ¢ is to be understood as follows. We have that ¢(U) N
¢'(U’) is a neighborhood of x € M. Restricting to ¢! (p(U) N ¢'(U’)), the map
¢'~1 o ¢ is well-defined, and is a diffeomorphism. The above diagram gives us,

with any v € R™:

u

Agu(0) = APy 100, (d(9" 0 @)u(0)).

Thus any tangent vector with respect to the parametrization ¢ is also a tangent
vector with respect to the parametrization ¢’. We conclude that the tangent space
does not depend on the choice of parametrization. O

Here is another interpretation of tangent vector. Each vector in R™ is the ve-
locity vector of a path in R". The local parametrization brings this path to M. The
velocity vector of this path is a tangent vector of M.

"
R ]

(@)
=l |

Derivatives of maps on manifolds. Let M C R¥ and N ¢ R/ be manifolds
of dimensions m and n respectively. Let f : M — N be smooth. Let x € M. There
is a neighborhood W of x in RF and a smooth extension F of f to W. The derivative
of f is defined to be the restriction of the derivative of F. Precisely:

DEFINITION. The derivative of f at x is defined to be dfy = dFy|rp,, i-e.

dfx:TMx — TNf(x)
ho o dfe(h) = dF(h).

CuuDuongThanCong.com https://fb.com/tailieudientucntt


http://cuuduongthancong.com?src=pdf
https://fb.com/tailieudientucntt

124 DIFFERENTIAL TOPOLOGY
We need to show that the derivative is well-defined:
PROPOSITION. dfy(h) € TNy, and does not depend on the choice of F.

PROOF. We have a commutative diagram

W—1sN
7
Uu——y
p~lofop
Let us explain this diagram. Assume that ¢(u) = x, ¢(v) = f(x), h = dou(w).
Take a parametrization ¢(V) of a neighborhood of f(x). Then f~!(y(V)) is an
open neighborhood of x in M. From the definition we can find an open set W in
R¥ such that W N M is an open neighborhood of x in M parametrized by ¢(U),
and f has an extension to a function F defined on W which is smooth.
The diagram induces that dfy(dg,(w)) = dFy(deu(w)) = dp,(d(p 1o fo
@)u(w)) for every w € R™. From this identity we get the desired conclusion. O

Thus, although as noted in the previous section a smooth map defined on a
general subset of R¥ may not have derivatives, on a manifold the derivative can
be defined, in a natural manner as the restriction of the derivative of the extension
map to the tangent space of the manifold.

PROPOSITION (chain rule). If f : M — Nand g : N — P are smooth functions
between manifolds, then

d(gof)x = Agr(x) 0 dfx.

PROOF. There is an open neighborhood V of y in R! and a smooth extension
G of g to V. There is an open neighborhood U of x in R¥ such that U C F~1(V)
and there is a smooth extension F of f U. Then d(go f)x = d(Go F)x|tm, =
(dGy o dFy)|Tm, = de|TNy odFy|tm, = dgyodfx. O

The derivative brings a tangent vector of M to a tangent vector of N in a natural
manner. Indeed, a tangent vector at x € M is the velocity 7/ (0) of a path y(t) with
7(0) = x. The map f brings this path to N, giving the path f o 7. The velocity
vector of this new path at f(x) is (fov)' (0) = df:(7'(0)), which is the image
under the derivative of f of the velocity of v at x.

PROPOSITION. If f : M — N is a diffeomorphism then dfy : TMy — TNy, is a
linear isomorphism. In particular the dimensions of the two manifolds are same.

PROOF. Let m = dimM and n = dim N. Since dfy o dff‘(}c) = Idrn,,, and
d ff_(}f) odfy = Idrp, we deduce, via the rank of dfy that m > n. Doing the same
with d ff_(}c) we get m < n, hence m = n. From that df, must be a linear isomor-

phism. 0
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.....................................

Problems.

19.1. Calculate the tangent spaces of S”.

19.2. Calculate the tangent spaces of the hyperboloid x? + y? — z% = 1.

19.3. Show that if Id : M — M is the identify map then d(Id)y is Id : TMy — TMy.
19.4. Show that if M is a submanifold of N then T My is a subspace of TNy.

19.5. A path on a manifold M C R* is a smooth map 7 from an open interval of R to
M. Suppose (tg) = x. The vector 9/(ty) € R is called the velocity vector of the path at
t = tg. Show that any tangent vector of M at x is the velocity vector of a path in M going
through x.

19.6. Show that if M and N are manifolds and M C N then TMy C TNjy.

19.7 (Cartesian products of manifolds). If X C R¥ and Y ¢ R! are manifolds then
X x Y C RF! s also a manifold. Furthermore T(X x Y) y,) = TXx x TY,.

19.8. Calculate the derivative of the maps:
(@) f:(0,27r) — SY, f(t) = (cost,sint).
(b) f:S! =R, f(x,y) =é.
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20. Regular values

Let f : M — N be smooth. A point in M is called a critical point (diém dirng,
diém t6i han) of f if the derivative of f at that point is not surjective. Otherwise
the point is called a reqular point (diém thuong, diém chinh qui) of f.

EXAMPLE. Let U be an open set in R"” and let f : U — R be smooth. Then
x € U is a critical point of f if and only if Vf(x) = 0.

A point in N is called a critical value of f if it is the value of f at a critical point.
Otherwise the point is called a regular value of f.

Thus y is a critical value of f if and only if f~!(y) contains a critical point. In
particular, if f~!(y) = @ then y is considered a regular value in this convention.

EXAMPLE. If f : M — N where dim(M) < dim(N) then every x € M is a

critical point and every y € N is a critical value of f.

The Inverse function theorem and the Implicit function theorem. First we

state the Inverse function theorem in Multivariables Calculus.

THEOREM 20.1 (Inverse function theorem). Let f : RF — R be smooth. If df is
bijective then f is locally a diffeomorphism.

More concisely, if det(]Jfx) # O then there is an open neighborhood U of x and an
open neighborhood V of f(x) such that f|y: U — V is a diffeomorphism.

For a proof, see for instance [Spi65]. Usually the result is stated for continu-
ously differentiable function (i.e. Cl), but the result for smooth functions follows,
since the Jacobian matrix of the inverse map is the inverse matrix of the Jacobian of
the original map, and the entries of an inverse matrix can be obtained from the en-
tries of the original matrix via smooth operations, namely A1 = deﬁA*, where
Al = (—1)"*J det(AJ'), and Al is obtained from A by omitting the ith row and
jth column.

THEOREM 20.2 (Implicit function theorem). Suppose that
f:R"xR" - R"
(v, y) = f(x,y)
is smooth and the n x n-matrix %(xo,yo) is non-singular then there is a neighborhood

U x V of (xo,y0) such that for each x € U there is a unique g(x) € V satisfying
f(x,8(x)) =0, and the function g is smooth.

The conclusion of the theorem implies that on U x V the implicit equation
f(x,y) = 0 has a unique solution y = g(x). It also implies that {(x,y) € U x
V| f(x,y) =0} = {(x,g(x)) | x € U}. In other words, on the open neighborhood
U x V of (xg,0) the level set f ~1(0) is the graph of a smooth function.

The Implicit function theorem can be obtained by setting F(x,y) = (x, f(x,y))

and applying the Inverse function theorem to F.
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R (%%) (x0, ¥0)

COROLLARY 20.3. Let f : R"™*" — R" be smooth and f(x) = y. If d fy is surjective
then there is a an open neighborhood of x in the level set f~1(y) which is diffeomorphic to
an open subset of R™.

PROOF. All we need is a permutation of variables to bring the function to the
form used the the Implicit function theorem. Since df, is onto, the Jacobian ma-
trix J f (x) is of rank n, therefore it has n independent columns, corresponding to n
variables x;,, i, ..., X;,. Let o be any permutation of {1,2,..., (m + n)} such that
om+1) =i, oc(m+2) =i,...,0(m+n) =i, Let ¢ : R™"™ — R™" be the
map that permute the variables as (x1, X2, ..., Xm+n) = (Xo(1), X0 (2)r - - -+ Xo(m+n))-
Consider the function f o ¢. By the chainrule J(fo @) (¢~ 1 (x)) = Jf(x) - Jo(o~1(x)).
Then it can be verified that the last # columns of the matrix J(f o ¢)(¢~1(x)) are
the previous n independent columns of Jf(x).

Now we can apply the Implicit function theorem to f o ¢. Write (ug,vg) =
¢ (x) € R™ x R". There is an open neighborhood U of 1 in R and an open
neighborhood V of vy in R" such that

U V)N (foe) H(y) = {(uh(u)) |ue U}

The latter set is the graph of the smooth function / on U, therefore it is diffeomor-
phic to U . On the other hand the former setis (U x V)N (¢~ 1(f1(y))) =
¢ 1 (p(Ux V)N f(y)). Since ¢ is a diffeomorphism, we can conclude that
(U x V)N f~1(y) is diffeomorphic to U. O

Preimage of a regular value.

PROPOSITION 20.4. If dim(M) = dim(N) and y is a reqular value of f then
f~y) is a discrete set. In other words, f~1(y) is a zero dimensional manifold. Fur-
thermore if M is compact then f~1(y) is a finite set.

PROOF. If x € f~1(y) then there is a neighborhood of x on which f is a bijec-
tion (a consequence of the Inverse function theorem, [20.19). That neighborhood
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contains no other point in f~!(y). Thus f~!(y) is a discrete set, i.e. each point has
a neighborhood containing no other points.
If M is compact then the set f~!(y) is compact. A discrete compact space must

be finite (6.4). O

The following theorem is the Implicit function theorem for manifolds.

THEOREM 20.5 (level set at a regular value is a manifold). Ify is a reqular value
of f: M — N then f~1(y) is a manifold of dimension dim(M) — dim(N).

PROOF. Let m = dim(M) and n = dim(N). The case m = n is already consid-

ered in Now we assume m > n. Let xg € f~!(yo). Consider the diagram

M*f>
|
(0]

where ¢ = 1o fogand Y(wp) = . Since dfy, is onto, dg,-1(y,) is also onto.
Denote ¢~ 1(xg) = (up,v9) € R" " x R". Applying to g, there is an open
neighborhood U of 1 in R™~" and an open neighborhood V of vy in R” such that
U x V is contained in O and (U x V) N g~ !(wy) is diffeomorphic to U. Now

o ((UxV)ng(wo)) = p(U x V)11 (g™ (wo)))
= p(Ux V)N (9l (F (9(w0)))))
=oUx V)N f ).

Thus ¢(U x V) N f~1(y), which is an open neighborhood of xo in f~!(y), is dif-
feomorphic to U. This ends the proof. O

HZ
<

=

—_—
8

EXAMPLE. To be able to follow the proof more easily the reader can try to
work it out for an example, such as the case where M is the graph of the function
z = x% 4+ y?, and f is the height function f((x,y,z)) = z defined on M.

EXAMPLE. The n-sphere S" is a subset of R"*! determined by the implicit
equation 21@11 xl2 = 1. Since 1 is a regular value of the function f(x1,x2,...,X,41) =

Z?Ill xi2 we conclude that 5" is a manifold of dimension #.

Lie groups. The set M, (RR) of n x n matrices over R can be identified with
the Euclidean manifold R".

Consider the map det : M;(R) — R. Let A = [a;;] € M,(R). Since det(A) =
Yoes, (=1)7a1,001)02,02) "+ Ano(n) = Zj(—l)iﬂai,]- det(A™), we can see that det is
a smooth function.

Let us find the critical points of det. A critical point is a matrix A = [a; ;] at
which %%ejt(A) = (—1)"*J det(A") = 0 for all i, j. In particular, det(A) = 0. So 0is

the only critical value of det.
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Therefore SL, (R) = det (1) is a manifold of dimension n? — 1.

Furthermore we note that the group multiplication in SL, (R) is a smooth map
from SL,(R) x SL,(R) to SL,(RR). The inverse operation is a smooth map from
SL,(R) to itself. We then say that SL, (R) is a Lie group.

DEFINITION. A Lie group is a smooth manifold which is also a group, for which
the group operations are compatible with the smooth structure, namely the group

multiplication and inversion are smooth.

Let O(n) be the group of orthogonal n x n matrices, the group of linear trans-
formation of R” that preserves distances.

PROPOSITION. The orthogonal group O(n) is a Lie group.

PROOF. Let S(n) be the set of symmetric n x n matrices. This is clearly a man-
ifold of dimension ”2%
Consider the smooth map f : M(n) — S(n), f(A) = AA!. We have O(n) =
F~1(I). We will show that I is a regular value of f.
We compute the derivative of f at A € f~1(I):
de(B) — lim f(A + tB) N f(A)

= BA' + AB.
t—0 t

We note that the tangents spaces of M(n) and S(n) are themselves. To check
whether df, is onto for A € O(n), we need to check that given C € S(n) there is a
B € M(n) such that C = BA' + AB'. We can write C = 1C + 1C, and the equation
%C = BA" will give a solution B = %CA, which is indeed a solution to the original
equation. U

Problems.

20.6. Let f : R> = R, f(x,y) = x> —y?. Show thatif a # 0 then f~!(a) is a 1-
dimensional manifold, but f~1(0) is not. Show that if a and b are both positive or both

negative then f~!(a) and f~!(b) are diffeomorphic.

20.7. Let f : R® = R, f(x,y) = x2 +y*> — z%. Show thatif a # 0 then f~!(a) is a
2-dimensional manifold, but f~1(0) is not. Show that if a and b are both positive or both
negative then f~!(a) and f~!(b) are diffeomorphic.

20.8. Show that the equation x> + y* + z3 = 1 determine a manifold in R3.
20.9. Is the intersection of the two surfaces z = x2 + y? and z = 1 — x> — y a manifold?

20.10. Show that the height function (x,y,z) + z on the sphere S? has exactly two

critical points.
20.11. Show that if f achieves local extremum at x then x is a critical point of f.

20.12. Show that a smooth function on a compact manifold must have at least two
critical points.
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20.13. Let dim(M) = dim(N), M be compact and S be the set of all regular values of
f:M — N. Fory € S, let |[f"(y)| be the number of elements of f~!(y). Show that the
map

S —- N

y = Tl
is locally constant. In other words, each regular value has a neighborhood where the num-

ber of preimages of regular values is constant.

20.14. Let M be a compact manifold and let f : M — IR be smooth. Show that the set

of regular values of f is open.
20.15. Use regular value to show that the torus T2 is a manifold.

20.16. Find the regular values of the function f(x,y,z) = [4x%(1 — x?) — y?]> + 2% — %

(and draw a corresponding level set).

20.17. Find a counter-example to show that is not correct if regular value is re-

placed by critical value.

20.18. \/If f : M — N is smooth, y is a regular of f, and x € f~1(y), then kerdfy =
T (y)x.

20.19 (inverse function theorem for manifolds). Let M and N be two manifolds of the
same dimensions, and let f : M — N be smooth. Show that if x is a regular point of f then
there is a neighborhood in M of x on which f is a diffeomorphism onto its image.

20.20. Show that S is a Lie group.

20.21. Show that the set of all invertible n x n-matrices GL(n;R) is a Lie group and

find its dimension.

20.22. In this problem we find the tangent spaces of SL, (IR).
(a) Check that the derivative of the determinant map det : M;(R) — R is repre-
sented by a gradient vector whose (i, j)-entry is (—1)"*/ det( A).
(b) Determine the tangent space of SL,(R) at A € SL;(R).
(c) Show that the tangent space of SL;;, (IR) at the identity matrix is the set of all n x n

matrices with zero traces.
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21. Ciitical points and the Morse lemmma

Partial derivatives. Let f : M — R. Let U be an open neighborhood in M
parametrized by ¢. For each x = ¢(u) we define the first partial derivatives:

(52:5) 0 = s Fo )0,

In other words, (% f ) (p(u)) = %( fog@)(u). Of course this definition depends
on local coordinates.
If f is defined on R then this is the usual partial derivative.

To understand (a% f ) (x) better, we can think that the parametrization ¢ brings

the coordinate system of R” to the neighborhood U, then (a% f ) (x) is the rate of
change of f(x) when the variable x changes along the path in U which is the com-
position of the standard path te; along the ith axis of R" with ¢.

We can write

(32f) 0 = etron) =dfopue)

= (df(x)ode(u)) (ei) = df (x)(de(u)(ei))-

Thus ( 2f ) (x) is the value of the derivative map df(x) at the image of the
unit vector ¢; of R™.

Gradient vector. The tangent space TM, inherits the Euclidean inner prod-
uct from the ambient space R¥. In this inner product space the linear map dfy :
TMy; — R is represented by a vector in TM, which we called the gradient vector
Vf(x). This vector is determined by the property (Vf(x),v) = dfx(v) for any
v € TM,. Notice that the gradient vector V f(x) is defined on the manifold, ot
depending on local coordinates.

In a local parametrization the vectors dg(u)(e;) = a i ?(u),1 < i < m consti-

tutes a vector basis for TMy. In this basis the coordinates of V f(x )

(VF(3) o)) = dfldplu) @) = 23,
<af af i>

E’E/'..Iaxm .
This formula depends on local coordinates. It implies that Vf : M — R" is a

In other words, in that basis we have the familiar formula V f =

smooth function.

We have several simple observations:

PROPOSITION. A point is a critical point if and only if the gradient vector at that
point is zero.

PROPOSITION. At a local extremum point the gradient vector must be zero.

Second derivatives. Since a% f is a smooth function on U, we can take its
1

partial derivatives. Thus we define the second partial derivatives:
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2
seae )= 5 (aa]f> (2)

In other words,

a2f _ a 8 _ a af
axox, P = 5 <8x]f> (p(0) = 51 (E)x] ogo) ()

2
- aaw<a(foq))>(u)= T (fog)u).

au]' au,‘au]'

Non-degenerate critical points. Consider the Hessian matrix of second par-

o2 f
Hf(x) = x .
f(x) <axiax], ( )) )
1<i,j<m
If this matrix is non-degenerate, then we say that x is a non-degenerate critical point

of f.

tial derivatives:

LEMMA 21.1. The non-degeneracy of a critical point does not depend on choices of
local coordinates.

PROOF. We can see that the problem is reduced to the case of functions on R™.
If f : R" — R and ¢ is a change of variables (i.e. a diffeomorphism) of R" then

we have
o9 = 20 S
Then
2 2 ’
au?aui(fO(p)(u) - ¥ K; ajlaak(xygjf]{(u)) W+ 5L ) aig)ui (u)

—

In other words: H(f o ¢)(u) = Jo(u)! [Hf (¢(u))]]@(u). This formula immediately
gives us the conclusion. O

Morse lemma.

THEOREM (Morse’s lemma). Suppose that f : M — R is smooth and p is a non-
degenerate critical point of f. There is a local coordinate ¢ in a neighborhood of p such that
¢(p) = 0 and in that neighborhood

f)=f(p) —px)—@(x)5— - — e(); + (X)i 1 + ¢(X)ein + - + @(x)7

In other words, in a neighborhood of 0,
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(Foo ™)) = (fop ™) (0) —uf — 15— —uf + Uy + g+ 107

If we abuse notations by using local coordinates and write x; for u; = ¢(x); then we can
write

f)=flp)—xf—x5— =X+ X g + Xpup -+ + X

The number k does not depend on the choice of such local coordinates and is called the index
of the non-degenerate critical point p.

EXAMPLE. Non-degenerate critical points of index 0 are local minima, and the
ones with maximum indexes are local maxima.

PROOF. Since we only need to prove the formula for f o ¢!, we only need to
work in R™.

First, we write
F@) = FO) + [ G d
_ - (1 (of
= f(0) +1;/0 <8x,<tx)) x; dt

— £(0) +i_f1xi /O1 <aa£(tx)) dt.

A result of Analysis (see for example [Lan97, p. 276]) tells us that the functions

gi(x) = f01 (a%f(tx)) dt are smooths. Notice that g;(0) = 3871(0) = 0. Further-

more

i, \_ [t Pf
a—xj(x =/, axjaxi(tx)tdt'

h 2
therefore %(0) = %agafxv (0).
j jo%i
Apply this construction once again to g; we obtain smooth functions g; ; such

32
that g; ;(0) = %foj(o) and

£ = FO) + Y xirgi(x):

ij=1

92
Set hi,j = (gl-’]- =+ g],l)/z then hi,j = hj,ir hi,j (O) = %ax,‘({xj (O), and

m
f(x) = £(0)+ ) xixjhy(x).
iji=1
The rest of the proof is a simple completing the square. Since the matrix
(hi,j(O)) is non-degenerate by a permutation of variables if necessary, we can as-
sume that /11 1(0) # 0. Then there is a neighborhood of 0 such that /11 1 (x) does not
change its sign. In that neighborhood, if /11 (0) > 0 then
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f(x) =fO0)+ ha(x)xg+ Y (hj(x) +hia(x)xx;+ Y hj(x)xx;

1<] 1<ij
:f(0)+ h1,1(x)x%+22h1,j( x1x1+ Z ]’l1] xxj
1<j 1<i,j

Z1<] h1]
:f(O)—I— (\/hll X1) +2\/h11 hll Z hl] xzxj

1<iyj
2
:f(0)+ [\/h11 X1‘|‘2\/h;1117 ‘|

1<j

_ n,j(x) |
(E hll() ) 1;]hl] iy

Similarly, if 117 1(0) < 0 then
f0) =0 |y han - ¥ ’“J”r
v ! 1<j V *hl,l(x) !

2
ha,j )
xi| + hi i (x)x;x;.
(2? L i

Combining both cases, we define the new variables:

U = |h11( )|X] +51gn hll 2 hl] ]/
1<) \/|h11
v = x;,1>1
Since 3
01
—(0) = hy1(0 0
T (0) = /I (0)] £

the Jacobian matrix (%(0)) is non-singular. By the Inverse function theorem,
]

there is a neighborhood of 0 where the correspondence x — v is a diffeomorphism,

that is, a change of variables. With the new variables we have

f(v) = £(0) +sign(h1,1(0))oi + ) hi(v

1<ijj
By a direct calculation, we can check that in these variables
sign(h1,1(0)) 0
0 (2h; ;(0))1<ij<m

Using we conclude that the matrix (hg,j (0))1<i,j<m must be non-singular. Thus

Hf(0) = <

the induction process can be carried out. Finally we can permute the variables such
that in the final form of f the negative signs are in front.
O

Problems.
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21.2. Show that the gradient vector is always normal to level surfaces.
21.3. Give a generalization of the method of Lagrange multipliers to manifolds.

21.4. For the specific case of f(x) = ¥i<;j<m a;;¥ixj where a;; are real numbers, to
prove the Morse’s lemma we can use a diagonalization of a quadratic form or a symmetric
matrix, considered in Linear Algebra. The change of variables corresponds to using a new

vector basis consisting of eigenvectors of the matrix.

21.5. Recover the classification of critical points from Calculus.
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22. Flows
Vector fields.

DEFINITION. A smooth tangent vector field on a manifold M C IR¥ is a smooth
map V : M — RF such that V(x) € TM, for each x € M.

EXAMPLE. If f : M — R is smooth then the gradient V f is a smooth vector
field on M.

An integral curve at a point x € M with respect to the vector field V is a smooth
path v : (a,b) — M such that0 € (a,b), ¥(0) = x, and 7/(t) = V(y(t)) for all
t € (a,b). It is a path going through x and at every moment takes the vector of the
given vector field as its velocity vector. An integral curve of a vector field is tangent
to the vector field. Integral curves are also called solution curves, trajectories, or flow
lines.

In a local coordinate around x, a vector field on that neighborhood corre-
sponds to a vector field on R™, and an integral curve in that neighborhood cor-
responds to an integral curve on R™. Thus, by using local coordinate, we can
consider a local integral curve as a solution to the differential equation /(t) =
V(9(t)) in R™ subjected to the initial condition (0) = x, or in more common
notations:

= V()
x(0) = xo.

Flows. For each x € M, let ¢(t,x), or ¢:(x), be an integral curve at x, with ¢
belongs to an interval J(x). We have a map
p:D={(t,x)|xeM, te]Jx)]CRxM — M
(tx) = ¢i(x),
with the properties ¢y (x) = x, and %(4))(1‘, x) = V(¢(t,x)). This map ¢ is called a
flow (dong) generated by the vector field V.

THEOREM. For each smooth vector field there exists a unique smooth flow, in the
sense that any two integral curves at the same point must agree on the intersection of their
domains. The domain of this flow can be taken to be an open set.

This theorem is just an interpretation of the theorem in Differential Equations
on the existence, uniqueness, and dependence on initial conditions of solutions to
differential equations, see for example [HS74], [Lan97].

THEOREM (Group law). Given x € M, if ¢;(x) is defined on (—e,€) then for
s € (—e€,€) such that s +t € (—e, €) we have
Pris(x) = Pr(¢ps(x)).

(x). Then 7(0) = ¢s(x), and /() = 4 (¢)(t +
).

PROOF. Define 7y () Ts
(t)). Thus y(t) is an integral curve at ¢s(x). But

= (Pt
5,%) = V(g(t+5,%)) = V(y
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22. FLOWS 137

¢t(ps(x)) is another integral curve at ¢s(x). By uniqueness of integral curves, y(t)
must agree with ¢;(¢s(x)) on their common domains. O

THEOREM. If ¢y : M — M is defined for t € (—e€, €) then it is a diffeomorphism.

PROOF. Since the flow ¢ is smooth the map ¢; is smooth. Its inverse map ¢_;
is also smooth. O

When every integral curve can be extended without bound in both directions,
in other words, for all x the map ¢:(x) is defined for all t € R, we say that the flow
is complete. If the flow is complete then ¢ is defined for all t € R, we can think of
¢: as moving every point along integral curves for an amount of time .

THEOREM. On a compact manifold any flow is complete.

PROOF. Although a priori each integral curve has its own domain, first we
will show that for a compact manifold all integral curves can have same domains.
Since the domain D of the flow can be taken to be an open subset of R x M, each
x € M has an open neighborhood Uy and a corresponding interval (—ey, €x) such
that (—ey, €x) X Uy is contained in D. The collection {Uy | x € M} is an open cover
of M therefore there is a finite subcover. That implies that there is a positive real
number € such that for every x € M the integral curve ¢;(x) is defined on (—¢, €).

Now ¢ (x) can be extended inductively by intervals of length € /2 to be defined
on R. For example, if t > 0 then there is n € IN such that n§ < t < (n+1)5, if
n > 2 then define

91() = P1ns (905 (%)),

where ¢,,¢ (x) = ¢ <<P(n—1)§ (x))- O
THEOREM. Let M be a compact smooth manifold and f : M — R be smooth. If the

interval [a,b] only contains reqular values of f then the level sets f~1(a) and f~1(b) are
diffeomorphic.

PROOF. The idea of the proof is to construct a diffeomorphism from f~1(a) to
f~1(b) by pushing along the flow lines of the gradient vector field of f. However
since V f(x) can be zero outside of f~!([a, b]) we need a modification to Vf.

Suppose that a < b. By 20.14]there are intervals [a,b] C (c,d) C [c,d] C (h,k)
such that (I, k) contains only regular values of f. Thus on f~((h,k)) the vector
V f(x) never vanish.

By there is a smooth function ¢ that is 1 on f~!([c,d]) and is 0 outside
f1((hk)). Let F = IP%, then F is a well-defined smooth vector field on M.
Notice that F is basically a rescale of Vf.

Let ¢ be the flow generated by F. We have:

G 00 = dfy oy () = (T7@0), Flu(3) = plu().

Fix x € f~1(a). Since ¢ (x) is continuous with respect to t and ¢ (x) = x, there is
an € > 0 such that ¢;(x) € f~1((c,d)) for t € [0,€). Let € be the supremum (or
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o0) of the set of such €. Then for t € [0,€g) we have ¢ (x) € f~1((c,d)), and so

d
S @) = plgi() = 1.

This means the flow line is going at constant speed 1. We get f(¢:(x)) =t + a for
t € [0,e0). If g < b — a then by continuity f(¢e,(x)) = €9 +a < b < d. This
implies there is €’ > € such that f(¢:(x)) < d fort € [ep, €'), a contradiction.
Thus €y > b — a. We now observe that f(¢,_,(x)) = b. Thus ¢;_, maps f~1(a) to
f~1(b), so it is the desired diffeomorphism. O

THEOREM 22.1 (Homogeneity of manifolds). On a connected manifold there is a
self diffeomorphism that brings any given point to any given point.

PROOF. First we can locally bring any point to a given point without outside
disturbance. That translates to a problem on R": we will show that for any ¢ €
B(0,1) there is a diffeomorphism h : R" — R" such that /| () = 0 and
h(0) =c.

By there is a smooth function f : R" — R such that f/p (o) = 1 and
flrmB(0,1) = 0. Consider the vector field F : R" — R", F(x) = f(x)c. Thisisa
smooth vector field with compact support. The flow generated by this vector field
is a smooth map ¢ : R x R" — R" such that

$o(x) = x,
o) = E@u(x).

Problems.

22.2. / The following is a common smooth function:
e VX ifx>0

flx) = .
0, if x <0.

(a) Show that f(x) is smooth.
(b) Leta < band let g(x) = f(x —a)f(b— x). Then g is smooth, g(x) is positive on

(a,b) and is zero everywhere else.

(c) Let
hx) = fioo glx)dx
[ 8(x) dx
Then h(x) is smooth, h(x) =0if x < 4,0 < h(x) <1lifa < x <b,and h(x) = 1if
x> b.
(d) The function
k(x) — f(x — Ll)

flx=a)+f(b—7)
also has the above properties of i(x).
(e) In R", construct a smooth function whose value is 0 outside of the ball of radius
b, 1 inside the ball of radius 4, where 0 < a < b, and between 0 and 1 in between
the two balls.
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22. FLOWS 139

22.3 (Smooth Urysohn lemma). Let A C U C R" where A is compact and U is open.
Show that there exists a smooth function ¢ : R” — R such that 0 < ¢(x) < 1, 9|4 =1,

gOan\u =0.
22.4 (Smooth Urysohn lemma for manifolds). Let M be a smooth manifold, A C U C

M where A is compact and U is open in M. Show that there is a smooth function ¢ : M — R
such that 0 < ¢(x) <1, 9[a =1, ¢[pny = 0.
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23. Manifolds with boundaries

The closed half-space H" = {(x1,x2,...,xn) € R™ | x,, > 0} C R™ whose
topological boundary is 0H" = {(x1,x2,..., %) € R™ | x,, = 0} is our model for
a manifold with boundary.

DEFINITION. A subspace M of R¥ is called a manifold with boundary of dimen-
sion m if each point in M has a neighborhood diffeomorphic to either R” or H™,
where in the second case the point is sent to dH™. The set of all points of the first
type is called the interior of M. The set of all points of the second type is called the
boundary of M, denoted by oM.

A point belongs to either the interior or the boundary, not both, because of the
following;:

LEMMA. H™ is not diffeomorphic to R™.

PROOF. Suppose f : R" — H" is a diffeomorphism. For any x € R", dfy
is non-singular, therefore by the Inverse function theorem f is a diffeomorphism
from an open ball containing x onto an open ball containing f(x). Thus f(x) must
be an interior point (in topological sense) of H". This implies that f cannot be
onto IH™, a contradiction.

Alternatively we can use Invariance of dimension[9.26] O

REMARK. The boundary of a manifold is generally not the same as its topo-
logical boundary.

REMARK. On convention, when we talk about a manifold we still mean a man-
ifold as earlier defined, that is, with no boundary. A manifold with boundary can

have empty boundary, in which case it is a manifold.

PROPOSITION. The interior of an m-manifold with boundary is an m-manifold with-
out boundary. The boundary of an m-manifold with boundary is an (m — 1)-manifold
without boundary.

PROOF. The part about the interior is clear. Let us consider the part about the
boundary.

Let M be an m-manifold and let x € dM. Let ¢ be a diffeomorphism from a
neighborhood U of x in M to H”. We can check that if y € U then ¢(y) € oH"
if and only if y € M. Thus the restriction ¢|nyp is a diffeomorphism from a
neighborhood of x in M to 9H", which is diffeomorphic to R 1. O

The tangent space of a manifold with boundary M is defined as follows. It x is an
interior point of M then T My is defined as before. If x is a boundary point then
there is a parametrization ¢ : H™ — M, where ¢(0) = x. Notice that by continuity
¢ has well-defined partial derivatives at 0. This implies that the derivative dgy :
R™ — R is well-defined. Then TM, is still defined as dgo(IR"). The Chain rule
still holds. The notion of critical point is defined exactly as for manifolds.
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THEOREM 23.1. Let M be an m-dimensional manifold without boundary. Let f :
M — R be smooth and let y be a reqular value of f. Then the set f~'([y,0)) is an
m-dimensional manifold with boundary f~'(y).

PROOF. Let N = f~!([y,0)). Since f~!((y,0)) is an open subspace of M, it
is an m-manifold without boundary.

The crucial case is when x € f~1(y). Let ¢ be a parametrization of a neigh-
borhood of x in M, with ¢(0) = x. Let g = fo¢. As in the proof of 20.5, by
the Implicit function theorem, there is an open ball U in R"~! containing 0 and
an open interval V in R containing 0 such that in U x V the set ¢~(y) is a graph
{(u,h(u)) | u € U} where h is smooth.

U

Since (U x V) \ ¢~ !(y) consists of two connected components, exactly one of
the two is mapped via g to (y, ), otherwise x will be a local extremum point
of f, and so dfy = 0, violating the assumption. In order to be definitive, let us
assume that W = {(u,v) | v > h(u)} is mapped by g to [y,c0). Then ¢(W) =
(U x V)N f~1([y,)) is a neighborhood of x in N parametrized by ¢|. On
the other hand W is diffeomorphic to an open neighborhood of 0 in IH". To show
this, consider the map ¢(u,v) = (u,v — h(u)) on U x V. Then ¢ is a smooth
bijection on open subspaces of R™, whose Jacobian is non-singular, therefore is
a diffeomorphism. The restriction |y is a diffeomorphism to (U x V) N H™.
Thus x is a boundary point of N. O

EXAMPLE. Let f be the height function on S and let y be a regular value. Then
the set f~1((—o0,y]) is a disk with the circle f~!(y) as the boundary.

EXAMPLE. If y is a regular value of the height function on D? then f~!(y) is a
1-dimensional manifold with boundary on 9D?.

EXAMPLE. The closed disk D" is an n-manifold with boundary.

THEOREM 23.2. Let M be an m-dimensional manifold with boundary, let N be an
n-manifold with or without boundary. Let f : M — N be smooth. Suppose that y € N is
a regular value of both f and f|yp. Then f~1(y) is an (m — n)-manifold with boundary
oM N f1(y).
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PROOF. That f~1(y)\ @M is an (m — n)-manifold without boundary is already

proved in

We consider the crucial case of x € IM N f~1(y).

: - .
N G oM
Ty

FIGURE 23.3.

FIGURE 23.4.

The map g can be extended to ¢ defined on an open neighborhood U of 0 in
R™. As before, §~!(y) is a graph of a function of (m — n) variables so it is an
(m — n)-manifold without boundary.

Let p : $~'(y) — R be the projection to the last coordinate (the height func-
tion). We have ¢~ '(y) = p~1([0,0)) therefore if we can show that 0 is a regular
value of p then the desired result follows from applied to §(y) and p. For
that we need to show that the tangent space T¢!(y), at u € p~1(0) is not con-
tained in 9IH™. Note that since u € p~!(0) we have u € 9H™.

Since ¢ is regular at u, the null space of dg, on TU,, = R™ is exactly T$ ' (y),,
of dimension m — n. On the other hand, §|ypn is regular at 1, which implies that
the null space of d§, restricted to T(dH"), = 0H™ has dimension (m — 1) — n.
Thus T§~!(y), is not contained in 9TH™. O
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Problems.
23.5. Check that R cannot be diffeomorphic to H™.

23.6. Show that the subspace {(x1,x2,...,xm) € R™ | x, > 0} is diffeomorphic to R™.

23.7. A simple regular path is a map v : [2,b] — R™ such that v is injective, smooth,
and Y0 (t) # 0 for all t € [a,b]. Show that the trace of a simple closed regular path is a
smooth 1-dimensional manifold with boundary.

23.8. Suppose that M is an n-manifold without boundary. Show that M x [0,1] is an
(n + 1)-manifold with boundary. Show that the boundary of M x [0,1] consists of two
connected components, each of which is diffeomorphic to M.

23.9. Let M be a compact smooth manifold and f : M — R be smooth. Show that if
the interval [a, b] only contains regular values of f then the sublevel sets f~1((—co,a]) and
F~1((—o0,b]) are diffeomorphic.

CuuDuongThanCong.com https://fb.com/tailieudientucntt


http://cuuduongthancong.com?src=pdf
https://fb.com/tailieudientucntt

144 DIFFERENTIAL TOPOLOGY

24. Sard theorem

Sard theorem. We use the following result from Analysis:

THEOREM (Sard Theorem). The set of critical values of a smooth map from R™ to
R" is of Lebesgue measure zero.

For a proof see for instance [Mil97]. Sard theorem also holds for smooth func-
tions from H™ to R". This is left as a problem.
Since a set of measure zero must have empty interior, we have:

COROLLARY. The set of regular values of a smooth map from R™ to R" is dense in
R".

An application of Sard theorem for manifolds is the following:

THEOREM. If M and N are two manifolds with boundary and f : M — N is smooth
then the set of all reqular values of f is dense in N. In particular f has a regular value in
N.

PROOF. Consider any open subset V of N parametrized by ¢ : V' — V. Then
f~Y(V) is an open submanifold of M. We only need to prove that f| F-1(v) has a
regular value in V. Let C be the set of all critical points of f|

We can cover f (V) (or any manifold) by a countable collection I of parametrized
open neighborhoods. This is possible because a Euclidean space has a countable
topological basis (see[2.17).

For each U € I we have a commutative diagram:

f

u——sy

4T
u—v
where U’ is an open subset of H" and V' is an open subset of H". From this
diagram, x is a critical point of f in U if and only if (pal (x) is a critical point of gi;.
Thus the set of critical points of gi; is ;' (CN U).
Now we write

- U sientn = U pisute e =y (Y sutocou).

uel uel uel

By Sard Theorem the set g (¢y;' (C N U)) is of measure zero. This implies that the
set D = Uye; gu(@y (CNU)) is of measure zero, since a countable union of sets
of measure zero is a set of measure zero. As a consequence D must have empty
topological interior.

Since ¥ is a homeomorphism, (D) = f(C) must also have empty topological
interior. Thus f(C) ¢ V, so there must be a regular value of f in V. O
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If NC Mand f : M — N such that f|y = idy then f is called a retraction
from M to N and N is a retract of M.

LEMMA 24.1. Let M be a compact manifold with boundary. There is no smooth map
f M — oM such that f|yp; = idypg. In other words there is no smooth retraction from
M to its boundary.

PROOF. Suppose that there is such a map f. Let y be a regular value of f.
Since f|yp is the identity map, y is also a regular value of f|ypr. By Theoremm
the inverse image f~!(y) is a 1-manifold with boundary f~!(y) NoM = {y}. But
a 1-manifold cannot have boundary consisting of exactly one point. This result is
contained in the classification of compact one-dimensional manifolds. g

THEOREM 24.2 (Classification of compact one-dimensional manifolds). A smooth
compact connected one-dimensional manifold is diffeomorphic to either a circle, in which
case it has no boundary, or an arc, in which case its boundary consists of two points.

See [Mil97] for a proof.
Repeating of the proof for the continuous Brouwer fixed point theorem as in

[16.3] we get:
COROLLARY 24.3 (smooth Brouwer fixed point theorem). A smooth map from
the disk D" to itself has a fixed point.

PROOF. Suppose that f does not have a fixed point, i.e. f(x) # x forallx € D".
The straight line from f(x) to x will intersect the boundary 0D" at a point g(x).
Then g : D" — 9D" is a smooth function which is the identity on dD". That is

impossible, by O

A proof for the continuous version of the theorem using the smooth version
can be found in [Mil97].

Problems.
24.4. Show that Sard theorem also holds for smooth functions from IH™ to R".

24.5. Show that a smooth loop on S? (i.e. a smooth map from S! to %) cannot cover
S2. Similarly, there is no smooth surjective maps from R to R” with n > 1. In other words,

there is no smooth space filling curves, in contrast to the continuous case (compare 9.
24.6. Check that the function g in the proof of is smooth.

24.7. Let A be an n x n matrix whose entries are all nonnegative real numbers. We will

derive the Frobenius theorem which says that A must have a real nonnegative eigenvalue.

Av
|| Av]|

(@) Suppose that A is not singular. Check that the map v +—
{(x1,%2,...,%,) €S | x;>0,1< i< n}toitself.

(b) Prove that Q is homeomorphic to the closed ball pr-1,

(c) Use the continuous Brouwer fixed point theorem to prove that A has a real non-

brings Q =

negative eigenvalue.
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25. Orientation

Orientation on vector spaces. On a finite dimensional real vector space,
two vector bases are said to determine the same orientation of the space if the
change of bases matrix has positive determinant. Being of the same orientation is
an equivalence relation on the set of all bases. With this equivalence relation the
set of all bases is divided into two equivalence classes. If we choose one of the two
classes as the preferred one, then we say the vector space is oriented and the chosen
equivalence class is called the orientation (or the positive orientation).

Thus any finite dimensional real vector space is orientable (i.e. can be oriented)

with two possible orientations.

EXAMPLE. The standard positive orientation of IR" is represented by the basis
{1 =(1,0,...,0),e2 =(0,1,0,...,0),...,e, = (0,...,0,1)}.
Unless stated otherwise, R" is always oriented this way.

Let T be an isomorphism from an oriented finite dimensional real vector space
V to an oriented finite dimensional real vector space W. Then T brings a basis of
V to a basis of W. There are only two possibilities. Either T brings a positive basis
of V to a positive basis of W, or T brings a positive basis of V to a negative basis
of W. In the first case we say that T is orientation-preserving, and in the second case

we say that T is orientation-reversing.

Orientation on manifolds. Roughly, a manifold is oriented if at each point an
orientation for the tangent space is chosen and this orientation should be smoothly
depended on the point.

DEFINITION. A manifold M is said to be oriented if at each point x an orien-
tation for the tangent space TMy is chosen and at each point there exists a local
coordinate (U, ¢) such that for each x in U the derivative d¢, : TMy — R™ is

orientation-preserving.

Thus in this local coordinate the orientation of TMy is given by the basis
{aaT(Pl(x), g%(x), e ;C—q:n(x)} where g%(x) = dgo;(lx) (e;). Roughly, the local coor-
dinate brings the orientation of R” to the manifold.

If a manifold is oriented then the set of orientations of its tangent spaces is
called an orientation of the manifold and the the manifold is said to be orientable.

Another approach to orientation of manifold is to orient each parametrized
neighborhood then require that the orientations on overlapping neighborhoods
agree. Concisely, suppose that ¢ : U — M is a parametrization of a neighborhood
in M. At each point, the orientation on TMy is given by the image of the standard
basis of R" via d¢y, i.e. it is given by the basis {aa%(u), 887(,92(“), e, a%(u)} where
g—Z(u) = dgy(e;). Suppose that ¢ : V — M parametrizes an overlapping neigh-
borhood. Since dy, = d(y o ¢~ 1), o0 dgy, the consistency requirement is that the
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map d(¢ o ¢~ 1), must be orientation preserving on R”. In other words, we can
say that the change of coordinates must be orientation preserving.

EXAMPLE. If a manifold is parametrized by one parametrization, that is, it is
covered by one local coordinate, then it is orientable, since we can take the unique
parametrization to bring an orientation of IR” to the entire manifold. In particular,
any open subset of R¥ is an orientable manifold.

EXAMPLE. The graph of a smooth function f : D — R!, where D C RFis
an open set, is an orientable manifold, since this graph can be parametrized by a

single parametrization, namely x — (x, f(x)).

PROPOSITION. If f : RF — R is smooth and a is a reqular value of f then f~(a) is
an orientable manifold.

PROOF. Let M = f~1(a). If x € M then kerdf, = TM,, so the gradient vector
V f(x) is perpendicular to TM,. In other words the gradient vector is always per-
pendicular to the level set. In particular, V f(x) does not belong to TMy. Choose
the orientation on TMy represented by a basis b(x) = {bi(x),...,bx_1(x)} such
that the ordered set {b;(x),...,bx_1(x), Vf(x)} is a positive basis in the standard
orientation of RF. That means det (by(x), ..., bx_1(x), Vf(x)) > 0.

We check that this orientation is smoothly depended on the point. Let ¢ :
R*1 — U C M be a local parametrization of a neighborhood U of x, with
¢(0) = x. We can assume that basis {387"’1(0), %(0), e, 33i1 (0)} is in the same
orientation as b(x), if that is not the case we can interchange two variables of ¢. We

can check that {i—j’; (u), a% (u),..., ajk—(’il (1)} is in the same orientation as b(¢(u))

for all u € R, Indeed, consider det (%Pl(u) EL(P(u),...,Eh‘?%(u),Vf((p(u))).

7 duy

This is a continuous real function on u € R¥~! whose value at 0 is positive, there-

fore its value is always positive. 0
EXAMPLE. The sphere is orientable.
EXAMPLE. The torus is orientable.
PROPOSITION. A connected orientable manifold has exactly two orientations.

PROOF. Suppose the manifold M is orientable. There is an orientation o on M.
Then —o is a different orientation on M. Suppose that 0; is an orientation on M,
we show that 04 is either o0 or —o.

If two orientations agrees at a point they must agree locally around that point.
Indeed, from the definition there is a neighborhood V of x and a local coordinates
@ : V. — R™ that brings the orientation 07 to the standard orientation of IR",
and a local coordinates i : V — R that brings the orientation o to the standard
orientation of R™. Assuming ¢(x) = ¢(x) = 0, then det J( ! o ¢) is smooth on
R™ and is positive at 0, therefore it is always positive. That implies 01 and o0 agree

onV.
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148 DIFFERENTIAL TOPOLOGY

Let U be the set of all points x in M such that the orientation of TM, with
respect to 0; is the same with the orientation of TM, with respect to 0. Then U is
open in M. Similarly the complement M \ U is also open. Since M is connected,
either U = Mor U = @. g

Orientable surfaces. A two dimensional smooth manifold in R® is called a
(smooth) surface. A surface is two-sided if there is a smooth way to choose a unit
normal vector N(p) at each point p € S. That is, there is a smoothmap N : S — R3
such that at each p € S the vector N(p) has length 1 and is perpendicular to TS,,.

PROPOSITION. A surface is orientable if and only if it is two-sided.

PROOF. If the surface S is orientable then its tangent spaces could be oriented
smoothly. That means at each point p € S there is a local parametrization r(u,v)
such that {r,(u,v),7,(u,v)} gives the orientation of TS,. Then the unit normal
ru(u,v) X ry(u,v)

[Iru(u,0) X 10 (u, )|
Conversely, if there is a smooth unit normal vector N on the surface then we

vector is defined smoothly on the surface.

orient each tangent plane TS, by a basis {v1, v2} such that {v1,v5, N(p)} is in the
same orientation as the standard orientation of R3. For each point p take a local
parametrizationr : R* — S,7(0,0) = p, such that {r,(0,0),7,(0,0)} is in the orien-
tation of TS, (take any local parametrization, if it gives the opposite orientation at
p then just switch the variables). Since (r,(u,v) x r,(u,v), N(r(u,v))) is smooth,
its sign does not change, and since the sign at (0,0) is positive, the sign is always
positive. Thus {ry(u,v),r5(1,v)} is in the orientation of TS, (,, ). That means the

orientation is smooth. O

Now we are able to prove a famous fact, that the Mobius band (see[9.4) is not

orientable.

FIGURE 25.1. The Mobius band is not orientable and is not two-sided.

Visually, if we pick a normal vector to the surface at a point in the center of
the Mobius band, then move that normal vector smoothly along the center circle
of the band. When we come back at the initial point after one loop, we realize

that the normal vector is now in the opposite direction. That demonstrate that the
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Mobius surface is not two-sided. Similarly if we choose an orientation at a point
then move that orientation continuously along the band then when we comeback
the orientation has been switched.

We can write this argument rigorously below.

THEOREM 25.2. The Mobius band is not orientable.

PROOF. Recall a parametrization of a neighborhood of the (open) Mobius band
M from Figure

¢1:(0,2m) x (-1,1) — M

S Sy . . S
(s,t) +— ((2+tcosi)coss,(Z—i—tcosi)sms,tsmi).

This parametrization misses a subset of M, namely the interval [1, 3] on the x-axis.

So we need one more parametrization to cover this part. We can take
¢r:(—m,m)x(-1,1) - M

s s, . .S
(s,t) — ((2+tcosi)coss,(2+tcos§)sms,tsm§).

Thus ¢, is given by the same formula as ¢;, but on a different domain. This
parametrization misses the subset { —2} x {0} x [—1,1] of M.

Suppose that M is orientable. Take an orientation for M. Then either ¢ agrees
with this orientation or disagrees with this orientation over the entire connected
domain of ¢;. The same is true for ¢,. That implies that ¢; and ¢, either in-
duce the same orientations over their entire domains, or they induces the opposite
orientations over their domains.

Calculating directly, we get the normal vector given by ¢; at the point ¢ (s, 0)
on the center circle is:

(¢1)s X (91):(s,0) = (2 cos s sin %,2 sin s sin ;, —2cos ;) .
The normal vector given by ¢, at the point ¢,(s,0) on the center circle is by the
same formula:

(92)s % (92)¢(s,0) = (2 cos s sin %,ZSins sin %, —2cos %) .
At the point (0,2,0) = ¢1(5,0) = ¢2(75,0) the two normal vectors agree, but at
(0,—2,0) = ¢1(3,0) = ¢2(—7%,0) they are opposite. Thus ¢; and ¢, do not give

the same orientation, a contradiction. O

Orientation on the boundary of an oriented manifold. Suppose that M isa
manifold with boundary and the interior of M is oriented. We orient the boundary
of M as follows. Suppose that under an orientation-preserving parametrization ¢
the point ¢(x) is on the boundary oM of M. Then the orientation {by, b3, ..., b, }
of dH" such that the ordered set {—ey, by, b3, ..., b, } is a positive basis of R" will
induce the positive orientation for TOM,,(, through d¢(x). This is called the outer
normal first orientation of the boundary.
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Problems.

25.3. Show that two diffeomorphic manifolds are are either both orientable or both

unorientable.

25.4. Suppose that f : M — N is a diffeomorphism of connected oriented manifolds
with boundary. Show that if there is an x such that dfy : TMx — TNy, is orientation-

preserving then f is orientation-preserving.

25.5. Let f : R¥ — R/ be smooth and let a be a regular value of f. Show that f~1(a) is

an orientable manifold.

25.6. Consider the map —id : S" — S" with x — —x. Show that —id is orientation-

preserving if and only if 7 is odd.
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26. Topological degrees of maps

Let M and N be boundaryless, oriented manifolds of the same dimensions m.
Further suppose that M is compact.

Let f : M — N be smooth. Suppose that x is a regular point of f. Then
dfy is an isomorphism from TMy to TNy (y). Let sign(dfx) = 11if dfx preserves
orientations, and sign(dfy) = —1 otherwise.

For any regular value y of f, let

deg(f.y) = ). sign(dfy).
xef(y)

Notice that the set f~!(y) is finite because M is compact (see .

This number deg(f,y) is called the Brouwer degree (bdc Brouwer) E| or topolog-
ical degree of the map f with respect to the regular value y.

From the Inverse Function Theorem each regular value y has a neigh-
borhood V and each preimage x of y has a neighborhood U, on which f is a dif-
feomorphism onto V, either preserving or reversing orientation. Therefore we can
interpret that deg(f,y) counts the algebraic number of times the function f covers the
value y.

EXAMPLE. Consider f : R — R, f(x) = x2. Then deg(f,1) = 0. This could
be explained geometrically from the graph of f, as f covers the value 1 twice in
opposite directions at x = —1 and x = 1.

EXAMPLE. Consider f(x) = x% — x with the regular value 0. From the graph
of f we see that f covers the value 0 three times in positive direction at x = —1 and
x = 1 and negative direction at x = 0, therefore we see right away that deg(f,0) =
1.

On the other hand, if we consider the regular value —1 then f covers this value

only once in positive direction, thus deg(f,1) = 1.

Homoftopy invariance. In this section we will show that the Brouwer degree
does not depend on the choice of regular values and is invariant under smooth

homotopy.

LEMMA. Let M be the boundary of a compact oriented manifold X, oriented as the
boundary of X. If f : M — N extends to a smooth map F : X — N then deg(f,y) =0
for every regular value y.

PROOF. (a) Assume thaty is a regular value of F. Then F~!(y) is a 1-dimensional
manifold of dimension 1 whose boundary is F~'(y) "M = f~!(y), by Theorem
31

By the Classification of one-dimensional manifolds, F~!(y) is the disjoint union
of arcs and circles. Let A be a component that intersects M. Then A is an arc with
boundary {a,b} C M.

151 E. J. Brouwer (1881-1966) is a Dutch mathematician. He had many important contributions in the
early development of topology, and founded Intuitionism.
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152 DIFFERENTIAL TOPOLOGY

We will show that sign(det(df,)) = — sign(det(df;)). Taking sum over all arc
components of F~1(y) would give us deg(f,y) = 0.

An orientation on A. Let x € A. Recall that TA, is the kernel of dFy : TX, —
TNy. We will choose the orientation on TA, such that this orientation together
with the pull-back of the orientation of TN, via dFy is the orientation of X. Let

(v2,03,...,0y41) be a positive basis for TN,,. Letv; € TAx such that {vy, dF; ' (v2), ...

is a positive basis for TX,. Then v; determine the positive orientation on TA,.

At x = aor at x = b we have dfy = dFy|rp,. Therefore dfy is orientation-
preserving on TMy oriented by the basis {df; 1 (v2),...,df;y H(vui1)}-

We claim that exactly one of the two above orientations of TMy at x = a or
x = b is opposite to the orientation of TM, as the boundary of X. This would
show that sign(det(df,)) = — sign(det(dfy)).

Observe that if at a the orientation of TA, is pointing outward with respect to
X then b the orientation of T'A; is pointing inward, and vice versa. Indeed, since
A is a smooth arc it is parametrized by a smooth map 7(t) such that y(0) = a and
7(1) = b. If we assume that the orientation of TA, ;) is given by 7(t) then it is
clear that at a4 the orientation is inward and at b it is outward.

(b) Suppose now that y is not a regular value of F. There is a neighborhood
of y in the set of all regular values of f such that deg(f,z) does not change in this
neighborhood. Let z be a regular value of F in this neighborhood, then deg(f,z) =
deg(F,z) = 0 by (a), and deg(f,z) = deg(f,y). Thus deg(f,y) = 0. O

LEMMA. If f is smoothly homotopic to g then deg(f,y) = deg(g, y) for any common
reqular value y.

PROOF. Let I = [0,1] and X = M x I. Since f be homotopic to g there is a
smooth map F : X — N such that F(x,0) = f(x) and F(x,1) = g(x).

The boundary of X is (M x {0}) U (M x {1}). Then F is an extension of the
pair f, g from 0X to X, thus deg(F|yx,y) = 0 by the above lemma.

Note that one of the two orientations of M x {0} or M x {1} as the boundary
of X is opposite to the orientation of M (this is essentially for the same reason
as in the proof of the above lemma). Therefore deg(Flyx,y) = £(deg(f,y) —

deg(g,y)) = 0, so deg(f,y) = deg(g,y). O

LEMMA 26.1 (Homogeneity of manifold). Let N be a connected boundaryless
manifold and let y and z be points of N. Then there is a self diffeomorphism h : N — N
that is smoothly isotopic to the identity and carries y to z.

We do not present a proof for this lemma. The reader can find a proof in
[Mil97, p. 22].

THEOREM 26.2. Let M and N be boundaryless, oriented manifolds of the same di-
mensions. Further suppose that M is compact and N is connected. The Brouwer degree of
a map from M to N does not depend on the choice of reqular values and is invariant under
smooth homotopy.
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26. TOPOLOGICAL DEGREES OF MAPS 153

Therefore from now on we will write deg( f) instead of deg(f, ).

PROOF. We have already shown that degree is invariant under homotopy.

Let y and z be two regular values for f : M — N. Choose a diffeomorphism h
from N to N that is isotopic to the identity and carries y to z.

Note that & preserves orientation. Indeed, there is a smooth isotopy F : N X
[0,1] — N such that Fy = hand F; = id. Letx € N, and let ¢ : R"” — N be
an orientation-preserving parametrization of a neighborhood of x with ¢(0) = x.
Since dF;(x) odgp : R™ x R is smooth with respect to ¢, the sign of dF;(x) does not
change with .

As a consequence, deg(f,y) = deg(ho f,h(y)).

Finally since 1 o f is homotopic to id o f, we have deg(ho f,h(y)) = deg(id o

fil(y)) = deg(f, h(y)) = deg(f, 2). 0

EXAMPLE. Let M be a compact, oriented and boundaryless manifold. Then the
degree of the identity map on M is 1. On the other hand the degree of a constant

map on M is 0. Therefore the identity map is not homotopic to a constant map.

EXAMPLE 26.3 (Proof of the Brouwer fixed point theorem via the Brouwer
degree). We can prove that D"*! cannot retract to its boundary (this is for the
case of D"*1) as follows. Suppose that there is such a retraction, a smooth map
f: D" — S" that is the identity on S”. Define F : [0,1] x S" by F(t,x) = f(tx).
Then F is a smooth homotopy from a constant map to the identity map on the
sphere. But these two maps have different degrees.

THEOREM (The fundamental theorem of Algebra). Any non-constant polynomial
with real coefficients has at least one complex root.

PROOF. Let p(z) = 2" +ayz" '+ apz" 2 + -+ +a, 1z + an, with a; € R,
1 < i < n. Suppose that p has no root, that is, p(z) # Oforallz € C. Asa
consequence, a4, 7 0.

For t € [0,1], let

gi(z) = (1= 8)"2" +a; (1 — )" 2" - a1 (1= )" Lz 4 a,t".

Then g¢(z) is continuous with respect to the pair (t,z). Notice that if t # 0
then g¢(z) = t"p((1 — t)t~'2z), and go(z) = z" while q1(z) = a,.

If we restrict z to the set {z € C | |z| = 1} = S! then g;(z) has no roots, so %
is a continuous homotopy of maps from S to itself, starting with the polynomial
z" and ending with the constant polynomial ‘Z—Z‘ But these two polynomials have
different degrees, a contradiction. O

EXAMPLE. Letv: S' — R?, v((x,y)) = (—y, x), then it is a nonzero (not zero
anywhere) tangent vector field on S'.

Similarly we can find a nonzero tangent vector field on S” with odd #.

THEOREM 26.4 (The Hairy Ball Theorem). If n is even then every smooth tangent
vector field on S" has a zero.
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154 DIFFERENTIAL TOPOLOGY

PROOF. Suppose that v is a nonzero tangent smooth vector field on S". Let

w(x) = %, then w is a unit smooth tangent vector field on S”.

Notice that w(x) is perpendicular to x. On the plane spanned by x and w(x)
we can easily rotate vector x to vector —x. Precisely, let F;(x) = cos(t) - x + sin(#) -
w(x) with 0 < t < 7, then F is a homotopy on S" from x to —x. But the degrees of
these two maps are different, see O

Problems.

26.5. Find the topological degree of a polynomial on R. Notice that although the do-
main R is not compact, the topological degree is well-defined for polynomial.

26.6. Let f : S — S!, f(z) = z", where n € Z. We can also consider f as a vector-
valued function f : R?> — R?, f(x,y) = (f1(x,y), f2(x,y)). Then f = f; +if,.
(a) Recalling the notion of complex derivative and the Cauchy-Riemann condition,
check that det(J f.) = |f'(z)|?.
(b) Check that all values of f are regular.
(c) Check that deg(f,y) =nforally € S'.

26.7. Show that deg(f,y) is locally constant on the subspace of all regular values of f.

26.8. What happens if we drop the condition that N is connected in Theorem 2627
Where do we use this condition?

26.9. Let M and N be oriented boundaryless manifolds, M is compact and N is con-
nected. Let f : M — N. Show that if deg(f) # O then f is onto, i.e. the equation f(x) =y

always has a solution.
26.10. Letr; : S™ — S" be the reflection map
ri((x1, %0, o, X oo, Xpa1)) = (X1, %0, .o, =X, Xy 1)-
Compute deg(r;).
26.11. Let f : S" — S" be the map that interchanges two coordinates:
flx, %2, X Xy X011)) = (X0, X200, Xjyoo ) Xifee o Xpg1)-
Compute deg(f).

26.12. Suppose that M, N, P are compact, oriented, connected, boundaryless m-manifolds.

Let M % N % P. Then deg(go f) = deg(f)deg(g).

26.13. Let M be a compact connected smooth manifold. Let f : M — M be smooth.

(a) Show that if f is bijective then deg f = £1.
(b) Let f2 = f o f. Show that deg(f?) > 0.

26.14. Letr: S™ — S" be the antipodal map
r((x1,x2, ..., xp41)) = (—x1, =X, ..., —Xp11)-
Compute deg(r).

26.15. Let f : S* — S*, f((x1, %2, X3, X4, X5)) = (X2, X4, —X1, X5, —X3). Find deg(f).
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26.16. Find a map from S? to itself of any given degree.

26.17. If f,g : S" — S" be smooth such that f(x) # —g(x) for all x € S" then f is
smoothly homotopic to g.

26.18. Let f : M — S" be smooth. Show that if dim(M) < n then f is homotopic to a
constant map.

26.19 (Brouwer fixed point theorem for the sphere). Let f : S” — S" be smooth. If
deg(f) # (—1)"*! then f has a fixed point.

26.20. Show that any map of from 5" to S" of odd degree carries a certain pair of
antipodal points to a pair of antipodal point.
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Guide for further reading

We have closely followed John Milnor’s masterpiece [Mil97]. Another excel-
lent text is [GP74]. There are not many textbooks such as these two books, pre-
senting differential topology to undergraduate students.

The book [Hir76] is a technical reference for some advanced topics. The book
[DFNS85] is a masterful presentation of modern topology and geometry, with some
enlightening explanations, but it sometimes requires knowledge of many topics.
The book [Bre93] is rather similar in aim, but is more like a traditional textbook.

An excellent textbook for differential geometry of surfaces is [dC76].
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Suggestions for some problems

[L7Zt There is an infinitely countable subset of B.

I3 Uy lnn+1] = [1,00).

[LI7Zt Use the idea of the Cantor diagonal argument in the proof of In this case
the issue of different presentations of same real numbers does not appear.

[L18 Proof by contradiction.

2.18: Show that each ball in one metric contains a ball in the other metric with the
same center.

Consider a map from the unit ball to the space, such as: x — 1_7Hx||x.

Compare the subinterval [1,277) and its image via ¢.

@17t Use the characterization of connected subspaces of the Euclidean line.

Let A be countable and x € R?\ A. There is a line passing through x that does
not intersect A (by an argument involving countability of sets).

UseB.15]to modify each letter part by part.

BITt Consider the set of all irrational numbers.

B21k Let C be a countable subset of [0, ()). The set U.<c|0, ¢) is countable while the
set [0, )) is uncountable. This implies C is bounded from above.

Use Lebesgue’s number.

See the proof of

618 Usel6.121

Usel6.14

Let X be a compact metric space, and let I be an open cover of X. For each
x € X there is an open set Uy € I containing x. There is a number €, > 0 such
that the ball B(x, 2¢ey) is contained in Uy. The collection {B(x,€y) | x € X} isan
open cover of X, therefore there is a finite subcover {B(x;,€;) | 1 < i < n}. Let
€ = min{e; | 1 <i < n}. Suppose thaty € B(x,¢€). Thereis anig, 1 < iy < 1, such
that x € B(x;,,€;,). Wehave d(y,x;,) < d(y,x) +d(x,x;,) < € +¢€j, < 2. This
implies y belongs to the element Uy, of I, and so B(x, €) is contained in Uy, -

6.20: Usd.T9l

6.27% Usel6.12]

[6.28 Usel27]

630 (<) Usel6.15]and 5.8

[6.31k Show that if U is an open set of X containing Y then U contains X, for some #.
Use[6.15] Look at the Topologist’s sine curve.

Look at their bases.

Only need to show that the projection of an element of the basis is open.

Ziz Useto prove that the inclusion map is continuous.

Use[Z14

157
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Let (x;) and (y;) be in [T;c; X;. Let ¥;(t) be a continuous path from x; to y;. Let
v(8) = (7i(h)-

[Z1Zt (b) Use (c) Fix a point x € [J;c; X;. Use (b) to show that the set Ay
of points that differs from x at at most finitely many coordinates is connected.
Furthermore Ay is dense in [ ];¢; X;.

[Z18 Use[7.14 Itis enough to prove for the case an open cover of X X Y by open sets
of the form a product of an open set in X with an open set in Y. For each “slice”
{x} X Y there is finite subcover {U,; x Vy; | 1 < i < ny}. Take Uy = N, Uy;.
The collection {Uy | x € X} covers X so there is a subcover {Uy, | 1 < j < n}. The
collection {Ux],,,- X in,,- |1<i< ny, 1 <j< n} is a finite subcover of X x Y.

(<) Use[6.15)and the Urysohn lemma 8.1}

B.5t (<) Use[6.15/and the Urysohn lemma

B& Usel628and 613

Use[891

BIT SeelZiland[Z3

Use[6.27] Use a technique similar to the one in[7.18}

©.I5t To give a rigorous argument we can simply describe the figure below.

B Al
C CI
A B
C c' C c’
A B B Al
The map from X = ([0,1] x [0,1]) \ ([0,1} X {%}) toY =[0,2] x [0, 1) given by
(x,v), y<3
(x,y) ~ .
(x+1,1-y), y> 3,

is bijective and is continuous. The induced map to Y/ (0,y) ~ (2,y) is surjective
and is continuous. Then its induced map on X/(0,y) ~ (1,1 — y) is bijective
and is continuous, hence is a homeomorphism between X/ (0,y) ~ (1,1 —y) and
Y/ (0,y) ~ (2y).

The idea is easy to be visualized in the cases n = 1 and n = 2. Let ST =
{x = (x1,%2,...,%,41) € S" | x; > 0}, the upper hemisphere. Let S = {x =
(x1,%2,...,%541) € S" | x; = 0}, the equator. Let f : S" — ST be given by
f(x) = xif x € ST and f(x) = —x otherwise. Then the following diagram is
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commutative:

n

S"/x~—x—>St/x~—x, xe8°

Then it is not difficult to show that ST/x ~ —x, x € S0 is homeomorphic to
RP" =D"/x ~ —x, x € 0D".
[0.25t Examine the following diagram, and use[9.T]to check that the maps are contin-
uous.
X —> X/Ry —— (X/Ry)/R2

=

X/(R1URy)
[0.15 One approach is using[3.20}
Deleting an open disk is the same as deleting the interior of a triangle.
Count edges from of the set of triangles. Count vertices from the set of trian-
gles. Count edges from the set of vertices, notice that each vertex belongs to at
most (v — 1) edges.

d5.6t Consider the dihedral group Ds. In particular consider the subgroup of the
_V3

2
1
2

|—

group of invertible 2 x 2 matrices generated by ( > (a rotation of

e

-1 0
an angle 27") and 0 1 (a reflection).

See [Hat01] p. 52].

Use Mayer-Vietoris sequence.

[[6.7t First take a deformation retraction to a sphere.

68 Show thatR?\ S! is homotopic to Y which is a closed ball minus a circle inside.
Show that Y = S! v $2, [Hat01} p- 46]. Or write Y as a union of two halves, each
of which is a closed ball minus a straight line, and use the Van Kampen theorem.

Let S be a convex compact subset of R". Suppose that py € IntS. For x € "1,
let py be the intersection of the ray from py in the direction of x with the boundary
of S. Rigorously let ty = sup {t € R™ | pg + tx € S} and let px = pg + txx. Check
that the map D" — S sending the straight segment [0, x] linearly to [pg, px] is
well-defined and is bijective. To prove that it is a homemorphism it is easier to
consider the inverse map.

Let X be the simplical complex, A be the set of vertices path-connected to the
vertex vg by edges, U be the union of simplexes containing vertices in A. Let B be
the set of vertices not path-connected to the vertex vy by edges, V be the union of
simplexes containing vertices in B. Then U and V are closed and disjoint.

Use problem[17.5]

The torus is given by the equation (1/x2 + y2 — b)? + 22 = a® where 0 < a < b.

[I87 Consider a neighborhood of a point on the y-axis. Can it be homeomorphic to
an open neighborhood in IR?

813 Seeldd

814 See25landR2.2
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A8.15t Use the Implicit function theorem.

20.19t Consider
f

M ——

N

(PT Tlp
’10 o
ulP fop

— =V
Since dfy is surjective, it is bijective. Then d(p~1 o f o @), = dgbjj(lx) odfyodg,is
an isomorphism. The Inverse function theorem can be applied to 1 o f o ¢.
Each x € f~!(y) has a neighborhood U, on which f is a diffeomorphism. Let
V= [Neef1(y) f(U)]\ F(M\ Ures(y) Ux)- Consider VN S.
Use Problem 20.18
222 Show that f(")(x) = e~ 1/*P,(1/x) where P,(x) is a polynomial.
[22.3t Cover A by finitely many balls B; C U. For each i there is a smooth function ¢;
which is positive in B; and is zero outside of B;.
If f does not have a fixed point then f will be homotopic to the reflection map.
Note that f(x) and g(x) will not be antipodal points. Use the homotopy
_ (1-9f@)+ 1)
) = =0 /) + el

26.18l Using Sard Theorem show that f cannot be onto.
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You may say I'm a dreamer
But I'm not the only one
I hope someday you’ll join us ...

John Lennon, Imagine.
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