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Gi&i han va sw lién tuc cua ham so
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Dinh nghia

Cho Y.X C R.Ham so ftir X vao Y 1a 1 quy
tac cho tuong timg vd1 mo1 s6 thuce x thuoe X
mot sO thuc y thuoc Y
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Biéu dién ham so

;.
Biéu dién ham so
Co 4 cach

1)Ham sO cho bang bang

2)Ham s0 cho bang bi€u do

3)Ham so cho bang cong thirc

4)Ham s6 dugc md ta bang 10i
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Dinh nghia
Mién xac dinh: D(f) = X

Mién gia tr1 cua ham {

R(Y)=Y={y€R|y=f(x),xED(f)}

PPPPPP
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Ham so don anh, toan anh, song anh

Pon anh

Anh xa f:X—=Y duoc goila don anh néu

J(x)=f(x,)=x=x,

fla don anh & Vx{,X, € X,X; # X, =
f(x1) # 1(x2)

Y ngh’ia: m@t\ph?m tr ctia Y 1a anh ctia nhiéu
nhat mot phan tir cua X

VDI: f:N—=N,y=f(x)=3x 1adon anh

Page =6
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Ham so don anh, toan anh, song anh

Toan anh

Anh xa f:X-=Y duoc go1 la toan anh néu
f(X)=Y hay VyelY dxeX:f(x)=y

Y nghia: mot phan tir ciia Y 1a anh cua it nhat
mot phan tr cua X

VD2: f:N—=N,y=f(x)=3x

khong 1a toan anh
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Ham so6 don anh, toan anh, song anh

Song anh

Anh xa f:X—=Y duoc go1 la song anh néu vira
la don anh vua la toan anh

f1a song anh & Vy € Y: f(x) = y ¢6 duy nhat
nghiém

VD3: f:R - R, f(x) = x+ 11a song anh
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Ham hop — ham ngwoc

Ham hop

Chocacanhxa f:X—=Y, ¢:/—/ .Ham
hopcuachungla h=gof: X —Z dugc
xac dinh boi

h(x) = g[.f (x)]

VD4:Cho f:R—R,g:R—R, f(x)=2x+1,g(x)=x" -2
Xac dinh  (gof)(4),(f0g)(2)

Page=9
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Ham nguoc

Cho anh xa /4 =Y la song anh. Anh xa
x—=y=f(x)

nguoc cua f la

fYy—=X
y=f(x)—=x=[f"(y)
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Ham nguoc

VD5 : f3

_JIJI
)

) >R, f(x)=tanx

719
VD6 : f:(O,Jr)eR,f(x)=cotx

7
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Ham nguoc _ _

VD7 : o= 2 = -11], f(x) =sinx
719

VDS : f:[O,Jr]%[—l,l],f(x) = COS X

7
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Gi&i han cua ham so6

e Gidi han cia ham sb
e Dinh nghia 1
Cho ham s6 y=f(x) xac dinh trén mién D. Ta ndi L

la gi&i han ciia ham f khi x tién t&i x o néu véi bat
ky day x, trong D\{x o} ma x_ — X,
thi - limf(x)=L

n—
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m 7 =

i®i han ciia ham so

e Gi¢i han clia ham sb
e Dinh nghia 2

Cho ham so y=f(x) xac dinh trén mién D cha x .

Ta noi L la gi¢i han ctia ham f khi x tién t&i x
néu véi moi € > 0 ta tim dwoc § > 0 sao cho Vx €

D thoa [x —x,| < § thi|[f(x) —L| < ¢
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Gi&i han cua h:

e Gidi han clia ham so
e Dinh nghia 3
Cho ham so f xac dinh trén D = (a; +o0). Ta ndi f ¢o
gi®i han 1a L khi x tién ra +o0 néu

Ve>0,IN>0: xeD,x>N=|f(x) —L| < ¢
Ki hiéu: lim,_,_ o, f(x) = L
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Gi&i han cua h:

e Gidi han clia ham so
e Dinh nghTa 4
Cho ham so f xac dinh trén D = (=o0;a). Tanai f co
gi&i han 1a L khi x tién ra —oo néu
Ve>0,IN>0: xe€D,x<-N=|f(x) —L| < ¢

Ki hiéu: lim,__, f(x) = L
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Gi&i han cua h:

e Gidi han clia ham so
e Dinh nghia 5
Cho ham s6 f xac dinh trén D chita x,. Ta néi f co gidi
han 1a 4+ khi x = x4 néu

VM > 0,36 >0: XxED,|x —%xy| <d =f(x) >M
Ki hiéu: limy_y_ f(x) = +oo
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Gi&i han cua h:

e Gidi han clia ham so
e Dinh nghia 6
Cho ham s6 f xac dinh trén D chita x,. Ta néi f co gidi
han la —oo khi x = x, néu

VM > 0,36 >0: x€ED,|x —%xp| < § = f(x) < —M
Ki hiéu: limy_y_ f(x) = —oo
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Gi&i han cua ham so6

e Cac tinh chat cda gidi han

> Dinh 1y 1
Cho }Lrgf(x)=A,}i£2g(x)=B. Khi do6
L mef(0) €4 406 1ahing sé
i /() +g(0]= A+
i )}ig;[f (x).g(x)]=A4.B
im Y 4 g

Iv. —ng (x) B
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Giéi han cia ham so

sNhan xét

*Cho _ 2 n
s Bf(x)—ao tax+a,x +..+ax
lim P, (x) = F,(x,)
X—>X,
=\/D9: 1in11(2x3+x2—x+1)=1in11(2.13+12—1+1)=3
45, (x)

. R —
(lzgiodé () Q,, (x)

: P (x
lim R(x) = 2 (Xo)
Page = 20 r o Qm (x())

https://1



http://cuuduongthancong.com?src=pdf
https://fb.com/tailieudientucntt

Gi®i han cia ham so
.
*Khi 4 = +00, B = —00 thi |
lim[f(x) .|.g(x)] so_oo dangvo dinh thtr nhat

X=X

-VD10: Tinh lim[vx? +4x - x]

X—>+X

*VD11:Tinh  }im (Jﬂﬁ_&)

X—>+00

*VD12:Tinh  |im x(i/2x3 +4x+1 +3/4—x—2x3)

X—>400
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Gié¢i han

"Khi 4=0,B=0 hoac 4=u,B=0

thi lim[f(x).g(x)] 0.2 dang vé6 dinh th& hai

X=X,
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Gi&i han cua ham so6

*Khi 4=0,B=0 hodc A= B=0w

h‘limf(x) >9fd 5 dinh thir ba(t
tlx%xo o(x) 0l ang vO dinh thw ba(tw)
=\/D13: Tinh _. 1+x—1

Iim
x—0 X

=\VVD14: Tinh 13m \/x +/x
X4 x+1

«\VD15: Tinh Vx -1
lim —;
=l x* -1
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Gi&i han cua ham so6
.

=Dinh Iy 2 Cho 3 ham so f(x), g(x), h(x) thda
S (x) = g(x) < h(x), VxE(a,D)
N&u i f(1)=limh(s)=4 11 lim g(x)= 4

X=X, X=X

=Ap dung PL2, ta CM duoc

. sInx
Iim =]
x—0 X

Page =24
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Gi¢i han cu

i tan x
VD16: Tinh 1M —
VD17: Tinh  1; l1—-cosx
11
x—0 xz
e . sinédx
VVD18: Tinh lim

x—>0 §1n 3x
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Gi&i han cia ham so
.

«Dinh Iy 3:

Cho f(x) 1& ham s6 xac dinh trén R. Khi d6 néu f(x)
tdng(gidm) va bi chan trén (dwdi) thi ton tai

Iim f(x)

X—>+00
(x—>—20)

Ap dung BL nay, ta CM duoc

lim(l+l) = e

x—=00 x
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VD19: Tinh 4 (X +x+]
ol x? —x -1

VD20: Tinh  fim(cos x)""tzx

x—0

Page = 27
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Gi&i han cua ham so6
I —
*Gidi han mot phia
*Pinh nghia

=Gi¢i han bén trai cua f(x) tai xq la gidi han khi x — X,
ma x < x,

S (%) = lIim f(x)

X—>Xq

=Gidi han bén phai cua f(x) tai xq la gi¢i han khi X — X,

ma x> x,

f(xg) = 1lim f(x)

x%xO
Page = 28
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. lim f(x)=4 < lim £(x)=lim £(x)= 4

X=X, x=2; x=x;

VD21: Cho £(x) = Tim £(0%), £(07)

X

£(07) = lim f(x)

£(07) = lim £(x)
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V6 cuing bé, vé c

=\/6 cung be, vO cung lon
*Dinh nghia v6 cung bé(VCB)
Ham f(x) dwoc goi 1a VCB khi x—x, néu

lim £(x) =0

xexo

VD22: sinx la VCB (x—0)

Vi limsinx =0

x—=0
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Vo cung bé, vo cung Ion

I
=C4c tinh chat
=Néu f(x), g(x) 1a cac VCB (x—x, ) thi

f(x)xg(x), f(x).g(x) la cac VCB (x—x, )

=Néu f(x) [a VCB (x—x, ) va g(x) bi chan trong lan can
X, thi f(x).g(x) la VCB (Xx—x, )
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Vo cung bé, vo cung Ion

So sanh cac vo cung bé
Cho f(x), g(x) la cac VCB (x—x, ) va

lim L&) _ &

X=X
Khi do, néu o g(x)
= k=0: f(x) la VCB bac cao hon g(x),KH f(x)=0(g(x))
» k#0, k #: f(x), g(x) la cac VCB cung bac
» k=1: f(x),g(x) dwoc goi la VCB twong dwong,KH:f ~ g
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VO cung b

St dung v cung bé tinh gi¢i han
Khi x — 0 thi
1) sinx ~ X

Z2) tanx ~ X
xZ
3) 1 —cosx ~ >y

4) Ln(1+x) ~ X
5)e*—1~x

Page =33
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St dung vo cung bé tinh gidi han
Cho f ~ f,g ~ g. Khi do
1) limy_, f.g= lim f. g

X=Xo

. f . f
2) lim == lim -
X—Xg 8 X—Xg 8
sin(x —1)

x24x -2

VD23: Tinh lim,_,,
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Vo cung bé, vo cung Ion

\/D24: 1-cosx la VCB bac cao hon sinx (x —0)

. X
1 —cosx 2sin” =
Iim — = lim 2
x—0 x—0 . X X
S X 2s1n — COS —
2 2
] x
S1N —
= l1m 2 _ O
x—=0 X
COS —

2
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V6 cuing bé

*Dinh nghia v6 cung I&n(VCL)

Ham f(x) dwoc goi la VCL khi x—x, néu

lim [£(x)] = oo
X—Xo

VD25: e 1aVCLkhi X — +&
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Vo cung bé, vo cung Ion
e
»So sanh cac vo cung loén(VCL)

Cho f(x) ,g(x) la cac VCL khi x—x,, lim

X=X

f(x)

=k
g(x)

Khi do:

»k = 0: f(x)la VCL bac thap hon g(x)

() < k < o0: f(x),g(x)VCL cung bac

"k = oo: f(x)la VCL bac cao hon g(x)

=k = 1: f(x), g(x)la cac VCL twong dwong, f~g
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Vo cung bé, vo cung Ion
e
Cha y
Ta c6 quy tac ngat bé VCL bac thap va thay
thé VCL twong dwong

ran
— N=1
bm

=200 N>m

n

n
a,+ax+L +ax a x

lim — = lim——
=2 ph +bx+L +b x" =D x

0 n<m
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VO cung

VD26: Tinh . 2 4+ 53
lim -
x—=wo 4x —O6x
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Sw lién tuc ciia ham so
.
=S lién tuc clia ham sb

*Binh nghia: Cho f(x) & ham s6 xac dinh trong (a,b),
ta noi rang f(x) lién tuc taix, €(a,b) NEU lim f(x) = f(x,)

X=X

*VVD27:limsin x = sin 0 = Wén sin x lién tuc tai x, =0

x—0

Page =40


http://cuuduongthancong.com?src=pdf
https://fb.com/tailieudientucntt

Sw lién tuc ciia ham so

=S lién tuc clia ham sb
*Ham f(x) dwoc goi 1 lién tuc trai tai x, néu f (X, ) = f(x,)
*Ham f(x) dwoc goi 1 lién tuc phai tai x, néuf (x,") = f(x,

= Ham f(x) lién tuc tai x, khi va chi khi

S )=1(x")=f(x)
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Sw lién tuc ciia ham so

=Sy lién tuc cla ham sb trong khoang (a,b)

=Ham f(x) dwoc goi la lién tuc trong khoang (a,b) néu no
lién tuc tai moi diém thudc khoang dé
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Sw lién tuc ciia ham so

=Sy lién tuc ciia ham so trong khoang déngla,b]

=Ham f(x) dwoc goila lién tuc trong khoang dong [a,b]
néu né lién tuc tai moi diém thudc khodng mé (a,b) va
lién tuc trai tai diém b, lién tuc phai tai diem a
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Sw lién tuc ciia ham so

»Cac tinh chat cGia ham lién tuc

=TOnNg, hiéu, tich, thwong ciia cac ham lién tuc thi lién
tuc

=Ham so lién tuc trén khodng dong [a,b] thi dat gia tri
I&n nhat va gia tri nhd nhat trén doan dé
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Sw lién tuc ciia ham so
-,

=\/D28:
=\/&i gia tri ndo cda a thi ham s

r . 2
xsmx+2tan” x
2
Y =3 X

2
cos” x+2a,x=0

,x<0

lién tuctaix =0
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Dinh ly gia tri trung gian
Dinh ly

Cho ham so f lién tuc trén doan [a;b]. Néu f(a) # f(b) thi
v&i moi sO thyc a nam gitra f(a) va f(b) ton tai it nhat
mot diém c € (a; b) sao cho f(c) = «
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Dinh ly gia tri trung gian

Hé qua

Cho ham sO f lién tuc trén doan [a;b]. Néu f(a).f(b) < 0
thi) ton tai it nhat mét diém c € (a; b) sao cho f(c) =0

VD29: Chirng minh rang phwong trinh x* + x3 — x2 +
x4+ 1 = 0 c6 nghiém thudc (—1;1)
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Bai T:

Bai 1: Tinh mién xac dinh cla cac ham sb sau
1) y=vV2+x —x?2

2X
4) y = arccos ——
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Bai 2: Tinh cac gi¢i han sau
(2x+5)3.(3x —1)?
x> +4

1) limy_,

. 2x%-3x -4
Z2) lim
) X— 00 Vx4 +1

3) lim L
SR e

2
4) lim ==

x—00 3+Xv/X

Page =49



http://cuuduongthancong.com?src=pdf
https://fb.com/tailieudientucntt

Bai

Bai 3: Tinh cac gi¢i han sau
x3—3x+2
x*—4x+3

1) limy_,4

Z) lim 3 —V5+x

x—4 1 —V5 —X

4) )}i_)rglo(x + V1 —x3)
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Bai 4: Tinh cac gi¢i han sau

sinmx

1) lim
) Xx—1 Sin37mx

2) lim xXsin—

X—00 X

. Sinx —sina
3) lim

X—a X—a

. COSX —COSa
4) lim

X—a X—a
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=Bai 5: Tinh cac gi¢i han sau
fan x
X+2

1) lim,_,_,
2)1lim(1 —x)tan—
x—1 2

5 .1
., X sin
3) lim —

xXx—0 SIn 2Xx

1—-2cosXx

T—3X

4) lim
X—

3
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Bai

Bai 6: Tinh cac gi¢i han sau
log(1+10x)
X

1) limy_,,

2) lim x[In(x + 1) — Inx]

X—>00

. log(cosx)
3) lim =5
4) lim —

x—3+t X =3
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Bai 7: Tim m dé cac ham sé sau lién tuc tai x,

\/x+3—3{/3x+5

) y=1fkx) = x -1
mx+ 1
1 —cosmx
2) y=1fx = x?
X+ m
Page = 54

CuuDuongThanCong.com

nefux#1,... _
tai xg =1

néux =1

nfux <0, .
ta|XO=O

néux >0
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Bai 8: Xét tinh lién tuc clia cac ham sb sau tai x,

2.1
1) y=fx)= x“sin= neux;totaixo —0
0 néux =0
r - ~
COSZXxZCOS3X néu x ¢ 0
2) y=f(x)=<5 taix, =0
2 néux =0
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