GIOI THIEU MON GIAI TiCH Al

Mon gidi tich 1 (6 tin chi) gém hai mén :
- Giai tich A1 - Giai tich co ban ( 3 tin chi : 30 tiét gido khoa + 30 tiét bai tap).
- Giai tich A1 - Vi tich phan ( 3 tin chi : 30 tiét gido khoa + 30 tict bai tap).

(15 tiét bai tap mdi moén dugc day chung trong 16p 16m, phan con lai duoc day trong cac 16p bai tap nho. )

Bai giang dua trén céc slides soan theo quyén sach “Toan Giai Tich” ciia GS Duwong Minh Purc, Nha xuit ban Thng Ké 2005. Céc slides nay duoc
dé trén webpage  http://www.math.hcmuns.edu.vn/~dmduc/giangday.html va dugc photocopy dé sinh vién doc truée khi nghe bai giang.

Céc gio bai tap tranh 16i hoc doc chép thu dong ( giang vién hodc mot sinh vién giai bai tap trén bang va cac sinh vién con lai ghi chép bai giai). Lop
bai tap s€ tao tac phong hoc co6 thao luén va sang tao. Sinh vién s€ tim hiéu cin k& va tranh luan vé 161 giai cua mot s6 bai tip co giai sin ( xem dang
html bai tdp) va mot so bai toan da dugc giai trong gio hoc 1y thuyet (xem dang html céc slides bai giang , danh sach bai tap ).

CACH HQC VA CHO PIEM MON GIAI TiCH A1l

1. Lép hoc gdm 15 tuan, mdi tuan c6 4 tiét Iy thuyét va 4 tiét bai tap. Mon Giai tich co ban duoc day trong bay tudn rudi dau, va moén Vi tich phan
dugc day trong 7 tudn rudi cudi. Ca hai mon déu thi sau tuan thu 15.

2. Diém thi mi mon hoc (t0i da 1a 10) dugc tinh nhu sau :

- diém trong gio bai tap (chi tinh dén 3) + diém ky thi chinh thirc mon hoc (chi tinh dén 9). Tong s6 diém hai phan nay khong qua 9,5.

- khi sinh vién nao hoi ban trong gid bai tdp, ma ban khong tra 101 duoc, s€ duge nira diém do. Cac diém do nay duoc tinh nhu cac diém bai tap
khac.Nhung sinh vién nao khong co it nhét nira diém do chi c6 thé dat diém cudi mdn hoc 13 9,5.
3. Cac diém kiém tra trong gio 1y thuyét dugc tinh vao diém phan bai tap. Néu sinh vién nao c6 hon 3 diém trong phan bai tap, sinh vién dé chi duoc
tinh 3 diém cho phan nay. Cac sinh vién vuot diém nay s& dugc bo qua cac 18i nho trong bai thi cudi hoc ky.
4. Cac bai tap duoc ghi trong danh sach bai tap. Pau hoc ky , cac giang vién day bai tap s& thém mot sd bai tap ngoai danh sach nay, va hudng dan
sinh vién giai tai lop, de sinh vién lam quen v6i cach hoc "twong tac" (gitra sinh vién voi sinh vién, gitra sinh vién voi giang vién). Giang vién day bai
tap co thé thém mot sb bai tap néu con du thi gio.
Bdn bai tap dau trong danh sach dugc phan cong cho cac sinh vién xung phong nhén (s& t6 chirc boc tham, néu c6 nhiéu hon 4 sinh vién xung phong
nhan bai), cac bai tap khac dugc phan theo 16i boc tham. S6 bai tap s& khong du cho timg sinh vién, mot s6 sinh vién chi co thé kiém diém qua tranh
luan trong 16p, viée ndy cbt budc sinh vién phai tranh luén v6i nhau. 5. Cac bai giai déu c6 sin (cua sinh vién khoa cac trude), nhung khong bao dam
hoan toan ding, hodc cac bai giang ly thuyet Sinh vién nhan cdc bai tap, phai nghién ctru that ky cac dinh nghia, cac van dé co lién quan dén bai toan
(khong nhat thiét han ché trong cac chi tiét cua bai giai), cac chi tiét chimg minh, va chi ra cac 16i sai trong bai giai c6 san.
6. Cac sinh vién khong phu trach bai tép, phai nghién ctru dé bai ciing nhu 10i giai tap do, ghi lai nhig gi khong hiéu rd hoi trong gid bai tap. Cac sinh
vién nay dugc quyén hoi moi dinh nghia, dinh ly va thi dy lién quan dén bat ky mot tir ngit ndo trong dé cling nhu trong 101 giai cua bai toan, c6 thé hoi
cach suy nghi dé bai toan do, cac phat trién cla bai toan .
7. Giang vién gid bai tap s& goi cau hoi thém can thiét, loal cac cau hoi qua kho va trd 161 cac cau hdéi ma moi sinh vién trong 16p khong tra 161 dugc.
8. Cach cho diém tirng bai tap :
- Piém sinh vién phu trach bai tap = [ 0,5 (néu c6 photocopy bai giai cho 16p trudc mot tuan) + 1] - 0.5x(tdng sb diém cac sinh vién dat cau hoi)
- Piém sinh vién dit cau hoi : 0,5 diém d6 cho mdi cdu hoi ma sinh vién phu trach bai tip khong tra 16i dugc, khong han ché s6 1an hoi trong mot budi
hoc.
- Nhom sinh vién gidi bai tap nao bi tru diém nao, duoc cong thém 0,5 diém d6 cho mdi sinh vién.




TOAN GIAI TiCH 1

DUONG MINH DUC

bay 1a céc slides bai gidng mon Toan Giai Tich 1 danh
cho sinh vién nim th nhat Khoa Toan-Tin, truong
Pai hoc Khoa Hoc, Pai hoc Quéc Gia Thanh Phd Hb
Chi Minh, nién hoc 2007-2008. Bai giang nay duogc
soan theo quyén : Gido Trinh Toan Giai Tich 1, cta
GS Duong Minh Ptic, Nha xuit ban Théng K&, 2006.
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CHUONG MOT
TAP HOP VA LY LUAN CO BAN

van dé mo hinh
thuc tién toan hoc

dién giai Két lua
L ° ¢ et luan
két luan toan hoc
TOAN HOC VA THUC TIEN

MGGt van dé c6 thé gidi quyét bang cac buoc sau :
e dung todn dé mo6 hinh van dé : 1am rd va gon hon,

e dung cac phuong phap toan dé giai quyét bai toan
trong mo hinh.
e dién giai két qua toan hoc bang ngdn ngir thyc tién

Thi dul. Gid mot cudn tap 1a 3.0008, qui tai tro chi
¢6 3.500.000%, hoi ¢ thé mua dugce bao nhiéu tap cho
hoc sinh nghéo?

Chung ta mé hinh van dé nay nhu sau: sb tap mua I3
mot sO nguyén 16n hon hay bang 1, s6 tién co thé chi
tra chi c6 thé 1a cac sb tir 1 dén 3.500.000, néu sb tap
mua dugc 12 7 thi s6 tién phai tra 1a 3.000xx. s

Chung ta md hinh van d& nay nhu sau: sd tap mua 1a
mot sO6 nguyén 1én hon hay bang 1, s6 tién co thé chi
trd chi c6 thé 1a cac so tir 1 dén 3.500.000, néu so tap
mua dugc la # thi so tién phai tra 1a 3000xn.

Chung ta thay trong mé hinh nay khong con cac van
de rac ro6i nhu : qui tu thién, tdp vo, ti€n bac va hoc
sinh ngh¢o.

Va van dé bién thanh : tim s6 nguyén » 16n nhat sao
cho 3000xn < 3500000.

Dung k¥ thuat 1am toan thong thudng, bai toan tro
thanh tim s6 » 16n nhat sau cho n < 1166,66.

Vay ta c6 10i giai 1a 1166 quyén sach. ‘




Thi du 2. Chung ta c¢6 hai hé théng do c F
nhiét do : Celcius va Fahrenheit. Nhiét
d6 dé nudc dong bang 1a 0°C va 32°F,
va Nhiét d6 nuéce luc bat dau soi la 100°C | ¢ - F
va 212°F.

Pé lam mot nhiét ké dung trong nha,
chung ta phai 1ap bang ké céc sb do trong
hé Fahrenheit twong tng véi cac sé do tir
20 dén 70 cua hé Celcius,

100 §- 212

Pt C va F 1a sb do nhiét d6 cua mot vat trong hé
Celcius va hé Fahrenheit. Ta biét: C=0 khi F=32,

va C=100 khi. Ta phai tinh F' tuong trng v&i cac trl
gia C tir -20 dén 70.

Pit C va F 1a sb do nhiét do cua mot vat

trong hé Celcius va h¢ Fahrenheit. Ta C F
biét: C=0 khi F=32, va C=100khi. Ta |19 -k 212
phai tinh F' tuong trng v&i cac tri gid C tir
-20 dén 70. =
Tadé}'/ C—O= F-32
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A. TAP HOP

Trong viéc m6 hinh nhu ¢ céc thi du trén, ching ta
can quan tim dén mot vai s6 nguyén (cht khong phai
tat ca cac sd nguyén). Trong cac van dé khac ciing
vay, ta phai quan tam dén mot sd su vat co chung
vai tinh chét nao. Mot tap thé mot sb cac su vat nhu
trén dugc goi 1a moét tap hop, va cac sy vat do duogc
goi chung mot tén 1a “phan 17” cua tap hop do .

Thi dy : trong bai tinh s6 cay phai trong doc theo cac
con duong, ta phai tim 101 giai trong tap hop cac so
nguyén duong N

Thi du : Trong cac bai toan vé cac chuyén dong chung
ta quan tam dén cac yeu tb th01 glan van tbc va
khoang dudng di chuyén, cac yéu t6 nay budc chung
ta phai xét tap hop céc s thuc.

Cho mot tap hop E va mot phantir x cia E (&
day x co thé 1a mot s6, mot diém hozc mot dir lidu),
lic d6 tandi x e E.

Dung 1y thuyét tdp hop chung ta co thé dién ta dé dang
mot sb su viéc trong toan hoc. Ngoai ra chung ta co
thé khao sat cung mdgt luc mat s6 van dé khac biét
nhau bang cach sir dung cac khai niém vé tap hop va
anh xa.




Thi du. Dé xét cac nghiém cta phuong trinh
X+ 4xr - 5= 0,
Ta xac dinh tdp hop £ = {x : x>+ 4x?>-5=0}.

Ta c6 céc tap hop thong dung nhu

e tap hop cac sd nguyén duong N = {1,2,3......},

e tap hop cac s6 nguyén Z={....-3,-2,-1,0,1,2,3,.. },
e tap hop cac sd hituti Q= { ": me Z vaneN },
e tiphopcacséthuc R, "

e tap hop cac s6 phttc C= {x+iy : x vay trong R },
e tap hop trong ¢ 13 tap hop khong chira phan tir nao
ca

Ta thudng mod hinh tap hop cac sé thuc R nhu 1a tap
hop cac diém & trén mot duong thang D. S6 0 duoc
gan cho mét diém A trén duong D, mot sb thuc duong
x duoc gan cho mot diém M nam phia bén phai 4 trén
duong D véi khoang cach AM = x, va mot s6 thuc am
y dugc gan cho mot diém N nam phia bén trai 4 trén
duong D véi khoang cach NA = -y

E--

y
N A

Nam 1881, 6ng John Venn (nha toan hoc nguoi Anh)
de xuat viéc mo hinh mét tap hop X nhu mot phan 4
cua mat phang gioi han boi mdt duong cong.

Ta gan cac phan tir ctia X nhu 13 cac diém duoc danh
dau trong mién 4 . Tuy nhién nhiéu luc ta ctr mé hinh
X nhu mién A, ma khong can danh du cac diém
duoc gan trong 4 . 1

Mo hinh tap hop nhu 6ng Venn 1am gian don nhiéu
bai toan, thi du mot mién 4 trong mit phang c6 thé mo
hinh mét tip hop X ¢6 vai phan tir hodc tap hop co rat
nhiéu phan tir nhu R.

O day chung ta thiy toan hoc nhin sy vat theo nhiéu
cach, néu theo mot cach nao do, X va R chi duoc nhin
theo y nghia tap hop, thi chung c6 thé duoc dbi sit nhu
nhau va mo6 hinh nhu nhau!

Chung ta s& thdy nho tinh dong nhat héa nhiing su
viéc khéac nhau nhu vay, trong toan co thé c6 cac khai
niém chung cho céc su vat d6 nhu : phan giao, phan

héi cua cac tap hop .
12




Cho hai tap hop 4 va B. Ta dat

E={x:xe Avaxe B},
E 1a phan giaocuta4d va B va

= {x :x€ A hoacx € B},
F 1a phan hop coa A va B vaky hiéula AU B

B
"

AUB

ky hiéu la AN B Aﬁ :
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Thidu:bPat 4 = {x eR :sinxz =0} va
B={xeR:2x*+x -1=0}.

e ANB la tap hop cac nghiém cua hé phuong trinh
sinxz =0,
2x* +x-1=0.
e AUB la tap hop céc nghiém cua phuong trinh

2x*+x -1)sinxz =0
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bat X' va Y'1a cac do thi cua cdc ham s6 y = cos x va

y = sin x , voi x €[0,6n]. Lac d6 XNY 1a tap hop gom
cac diém A B, C, D, E va F. Cac diém chung cta cac
duong thuong duge goi 1a giao diém.

Cho hai tap hop 4 va B. Ta dat

={x:xeAvaxg¢ B}.
Takyhiéu G 1a A\B.

A\B




Pinh nghia. Cho hai tdp hop 4 va B. Ta no6i

e AvaB roi
nhau néu va chi
néu AN B = ¢,

e A chira trong B néu va

chi néu moi phan tir cua 4 B
déu thudc B (lac d6 ta ndi A

A la tap con cua B va ky

hi¢u 4 < B)

edbang BnéuvachinfudcB vaBc 4,
luc do ta ky hicu A4 =B.
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Néu A c B, tagoi B\ A la phan bu cua 4 trong B.

B B\A

Cho A 1a mot tap hop, ta ddt P (4) 1a tap hop tat ca
cac tap hop con cua 4.
Thidu: 4={2,a,e},lacdo
P (A)=1{¢,{2}.{a},{*},{2,a},{2, o}, {a, ¢},{2,a, o}
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Thi du . Goi A 1a tap hop tat ca cac linh kién trong
mot ctra hang mdy tinh trong mdt ngay nao d6. Mot
may tinh duoc lap rap bang cac linh kién nay co thé
coi nhu mdt tap con ciia A4, hay 1a mot phan tir trong
P(4). Pat M 1a tap hop cac may tinh dugc lip rap va
ban ra trong ngay hom do. Luc do6 M 1a mdt tap con
cua P(4).

Thi du. bat 4 = {0,1,2, .. ..9}. Luc d6 {1,9,2,4} 1a
mot tap con ciia 4, nhung s6 1924 khong phai 1a mot

tap con cua 4.
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Pé khao sat thiét ké hé théng may lanh trong giang
duong nay, chung ta do nhi¢t do tai mot s vi tri trong
giang duong nay (goi A4 la tap hop cac vi tri do) tai mot s
thoi diém tir 7.00 gid sang dén 6.00 gid chiéu trong mot
ngay nao do. Luc d6 chung ta quan tdm cung moit luc
dén hai tap hop : 4 va [6,18] (cac thoi diem ma ta do
nhiét d6). Ta mo hinh viéc ndy bang toan nhu sau.

Pinh nghia. Cho 4 va B la hai tap hop, ta dat tich
cia A va Blaho tit ca cac cap (x,y) véimoix € 4
vay € Bvakyhi€uno la 4x B.

Thi du: 4 = {2, } va B = {@#&}, lac do
B =12, @), 2, #), 2, &), (o, @), (o, #), (2, &)}

2

Bx A= {(@,2), (@, *), (# 2), (# *), (&, 2), (& *)]




Thidu: A =1{2,e}vaB = {@#&}, lic dé
Ax B={(2, @), (2, #), (2, &), (o, @), (e, #), (o, &)}
Bx A ={(@,2), (@, *), (#,2), (#, ), (&, 2), (&, ) }

Thidu: C={m,n}vaD ={a,ib}, luc do
Dx C = {(a,m), (a, n), (1, m), (i,n), (6,m), (0,n) }
Cx D = {(m,a), (m,1), (m,0), (n,a), (n,i), (n,0)}

A B
2 y @ # &
B A

& [(2,&) (',&) ¢ (@’.) (#’.) (&a.)

# [ @#H | (#) 2 |1(@2) (#2) | (&,2)

@ |(2,@) (@) .

Thidu: C={1,2}vaD = {-1,-2,-3}, luc d6
CxD = {(1,-1), (1,-2), (1,-3), (2,-1), (2,-2), (2,-3)}
DxC = {(-1, 1), (-1,2), (-2,1), (-2,2), (-3,1), (-3,2) }
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N = (2,1) trong R2.

D C
. A m n
a 1 0
C D
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22
Dung biéu dién theo tich Descartes
(b,d)
d d
[a,b]x[c,d]
c (a,c) c
a b a b
Néu B = 4, ta thuong ky hi¢u 4 x 4 M
1a A% Lac 6 4% 1a ho tit ca cac cip 2
(x,y) voi moi xe 4 va ye A, ta phai luu | N
y trong trudong hop nay la (x,y) co thé
khac (y,x), thi du nhu M= (1,2) khac O/ 1 2
24




C6 hai bai toan co ban lién quan dén tap hop : xac
dinh mdt tap hop va ching minh tap hop nay chira
trong mot tap hop khac. Chung ta xem cac phuong
phap thong dung sau ddy dung dé giai quyét cac van
dé nay .

A.1. Xac dinh m¢t tap hop
Pé x4c dinh mot tap hop E tacd cac phuong phap
sau :

o Liét ké tat ca cac phan tir ciia E
¢ Dinh nghia lai tap hop E mot cach gian di hon

e Dung dd hoa dé dién ta tap hop E »

e Liét ké tit ca cac phin tir cia E

Thi du. Xac dinh cac tap hop :
F={xeN:4x* 4x3-x?+x= 0},
G={xeZ: 4x*-4x3-x’+x =0},
H={xeQ :4x%-4x3-x?+x =01},
K={xe R:4x%-4x3-x2+x=0}.

4yt 4x3-x2+x = x(x-1)2x-1)2x+ 1)
Phuong trinh4x4- 4x3-x2+x = 0 c6 cac

nghiem x = 0, 1,1, _1
2’ 2

’ 1
1,—, - va K = O, 1, —, S f. 26
2} { 2

e Dinh nghia lai tap hop £ mdt cach gian di hon

Thi du. Cho A va B la hai diém trong mét mdt phang
P. Xdc dinh tap hop E ={M € P: AMB =90°}.
bit O 1a trung diém cua AB. Dung cac két qua trong
hinh hoc phang ta thiy E 1a duong tron tim O ban
kinh OA4 & trong P hay E={M € P: OM = 04 }.

Thi du. Xdc dinh tdp hop E = {xe R : x> +x-2<0}
Dung phuong phap xét ddu cta tam thirc bac hai ta c6

P+Hx-2=x-Dx+2)<0 & 2 <x<I1.
Viay E la khoang m¢ (-2, 1)
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« Dung d6 hoa dé dién ta tap hop E

Thi du._Xac dinh tap hop
E={(xy) e RxR :2x > y > % vay-2<-x}

Dung phuong phap giai hé bt

phuong trinh  bac mot & chuong 2
trinh trung hoc ta thdy £ 13 mién
tam giac dugc t6 mau vang trong () ; ;

p—
T
i
I
\
|

hinh vé.




A.2. Chirng minh tap hop 4 chira trong tap hop B
Cho hai tdp hop E va F. Tathidy E c F co thé co
nhi¢u y nghia nhu sau:
e néu do 1a gia thiét : véi moi x thudc £ thi x thude F.
e néu d6 1a két luan : v6i moi x thudc £ chirng minh x
thudc F.
Tuy nhién ta khong thé nao xét ciing mot liic “moi x”
trong E. Mot ky thuat co ban trong todan hoc giup ta
vuot qua kho khan do nhuw sau :
Chi xét mot x trong £, nhung x bat ky, nghia 1a khong
co su lua chon dac biét nao cho x do. Pay la k¥ thuat
“an mot, nhung nudt tat ca”. Ky thuat nay thudc vé

nguyén ly “tap trung tu tuéng” trong toan hoc.  *

Nhu vy E c F c¢6 thé ¢ dién ta nhu sau:

e néudola gia thiét : cho mot x thudc E thi x thudc
F.

e néu d6 1a két luan : cho mot x thudc E ching minh
x thudc F.

Bai toan 1. Cho 4, Bva C la ba tdp hop khdc trong
saocho Ac BvaBc C. Chung minhA < C.

Giai Ta viét rd cac gia thiét va két luan

Cho x trong 4 , ta c6 x thudc B

Cho x trong B, ta c6 x thuoc C

Cho x trong A , chiing minh x thu¢c C

30

Cich viét bén trén khong chuin: cdc phan tir
trong ba dong trén khéng nhat thiét giong nhau, ta
khong duoc dung mot ky hiéu dé dién ta mot sb su
vat ¢ thé khac nhau. Pay 1a k¥ thuat “khong viét
trung kY hiéu”. Ba dong trén phai viét thanh:

Cho x trong A, ta co x thudc B (1)
Cho z trong B, tacdz thudc C (2)

Cho ¢t trong 4, ching minh ¢ thu¢c C 3)

Ta phai ching minh (3) dua vao hai gia thiét (1) va
(2).

31

Cho x trong A , ta co x thudc B (1)
Cho z trong B, tacéz thude C (2)

Cho t trong A , chiing minh ¢ thuoc C 3)
Tir (3), ta xét cac yéu t6 “gidng gidng khac khac”
trong bai todn : “t trong 4" va “x trong 4 . Ta lam
cho ching giong nhau va viét lai bai toan

Cho ttrong A, taco ¢ thuoc B (17)
Cho z trong B, tacdz thudc C (2)

Cho ¢ trong A , chiing minh ¢ thuoc C 3)

32




Cho ttrong 4, taco ¢ thuoc B (1)
Cho z trong B, tacédz thudc C (2)

Cho ttrong 4, ching minh ¢ thu¢c C 3)

Ta xét cac yéu tb “gidng gidng khac khac” trong bai
todn : “z trong B’ va “z trong B ”. Ta lam cho chung
giong nhau va viét lai bai toan

Cho ttrong 4, tacd ¢t thudc B (1)
Cho ttrong B, tacd ¢t thuoc C (2)

Cho ¢t trong 4, ching minh ¢ thugc C 3)

Bai toan da giai xong
33

QUI TAC GIAI TOAN 3

Vi€t va danh so can than cac gia thiét va két luan cua
bai toan, vdi cung cac yéu to da duge lam 0.

QUI TAC GIAI TOAN 4

Khéng dung cing mot ky hiéu cho hai su viéc c6 thé
khéc nhau.

34

QUI TAC GIAI TOAN 6

Xét cac cac yéu td "gidng gidng khac khac" trong bai
toan, ¢ gang lam ching ra dang giéng nhau han. Sau
d6 viét lai bai toan vai cac dang méi, va xét cac yéu to
gidng giéng khac khac trong dang bai todn méi. Lap
qui trinh nay cho dén khi giai xong bai toan. Chu yéu
trong qua trinh nay 13 tim trung quan sat cac yéu to
con khac nhau, khong nén dé y nhiéu qua nhirng yéu
t6 hoan toan giéng nhau.

35

B. Quan hé trong mot tap hop

Trong cac dong co nhiét hay dong co nd ching ta can
cac hé théng piston va cylinder, kich cé cua piston
phai tuong thich véi kich cé cua cylinder : kich ¢ cua
piston phai nho hon hin kich c¢é cia cylinder, dé
piston ¢6 thé chuyén dong v6i ma sat nho trong van
téc nhanh trong cylinder, nhung khong duoc qua nho
dé co thé tao lyc nén trong cylinder. Ta c6 thé mo hinh
toan hoc nhu sau: goi r 1a dudong kinh cta long trong
cylinder va s duong kinh cua piston, ta phai co
0,998r < 5<0,999r.

Nhu vay ching ta can mot quan hé th tu trén R.

36




Trong ndéng 1am ngu nghiép chung ta thiy cong viéc
thuong tuy vao thoi vy, thi du khong thé tréng lua vao
cac mua qua kho han dugc. Pé mé hinh cac van dé
nay ching c6 thé lam nhu sau: néu lay don vi 13 thang,
vam van la hai thang cho khéi sy mét loai thoi vy,
ta phai c6 mot sé nguyén (duwong hay &m & sao cho n
—m=12k.

Nhu vay chung ta phai xét mdt quan hé twong duong
trén tap hop N :

n~m néuvachinéucok eZ dé cho n—m=12k

37

Pinh nghia. Cho mét tap hop 4 khac trong va cho B
1a mot tap con khac trong trong AxA. Ta noi
xRy néuva chi néu (xy) e B.
Lic dotagoi X la mot quan h¢ trong A.

bi--(@b) b} &0 5
B 4. B 4 b
clz R clz R a R
R R R

B={(ry) 1x<p} B={(xy) ix<yp  B={(xy) 1x=p}
AaRb=sa<b aRbesaslb aRb<a=b

10

Cho 4 1a mét tap thé nho nho nao d6 cua loai nguoi.
Trong tip hop 4 c6 thé c6 cac méi lién hé khac nhau,
c6 thé c6 x va anh y trong tap thé 4 nay c6 dinh dang
v6i nhau trong méi lién hé nay nhung ching dinh dang
v61 nhau trong quan hé khac.

Dé mo hinh mot mdi lien hé
o« trong tap A4, ta lam nhu sau: néu a
' va b lién hé véi nhau, ta chim
- diém (a,b) 1én trén tap tich AxA.

Nhu vy mot mbi lién hé trong 4
c6 thé mo hinh bang mot tap con
albjc|d|e trong AxA

e
C‘ { ...
b
a

38

Cho B 1 phan nim bén trén dudng chéo trong R2nhu
trong hinh vé bén dudi. Chiing minh
B={(xy) eR*:x<y}

I . _

‘ H“ Trong két luan, c6 yéu to B

I khong ro lam. Ta phai 1am o B.
\

Lién quan dén B c6 hai yéu 6 :
duong chéo va “nam bén trén”.
Khai niém duong chéo c6 vé don
gian hon nén ta ghi ra trudec.

Puong chéoI'= { (s,/) e R?: s=1}
={(s5): seR} 40

10



Duong chéo I'= { (s,5) : s € R}

Cho hai diém M va N sao cho
N & bén trén M. Ta thdy M va
N c6 cung hoanh d9, va tung
: dd cua N 16n hon tung dg ctua
. M. Vay M= (u,v) vaN=
(uw),véiv<w.

Két hop hai diéu noi trén, ta thdy B gdm cac diém
N(x,y) nam trén mot diem M(v,v). Viyx =v vav<y
Tu d6 B={ (x,y) e R?: x <y }.

41

Cho B 13 phan hop cia hai dudng thang C va D trong
R? nhu trong hinh v€ bén duéi. Ching minh
B={(xpy) eR>:x|=pl} (1)

B Theo QTGT 1, ta lam rd céc chi

c o tétBva =]l

Vi x| =|y| c6veégiandi hon B, ta
s N lam rd chi tiét x| = || truéc. Trong

chi tiét nay co chi ti€t gia tri tuyét
d6i |a| . Ta lam rd chi tiét /.

laj=a néua>0 ,la|=-a néua<O0.
X|=x néux>0 , [x[=-x néux<0.

43

=y néuy>0 ,|y|=-y néuy<0.

11

QUI TAC GIAI TOAN 1

Khi bai toan c6 nhiéu yéu t6 chua rd rang, trudc hét ta
1am 13 cac yéu té nay trudc khi giai bai toan. That 1a
phi 1y khi giai mot bai toan khi chua rd cac yéu to
trong bai toan.

Nhiéu khi bai toan dugc giai ngay sau khi cac yéu t6
duoc lam 0.

42

X|=x néux>0 , |x[=-x néux<0.

=y néuy>0 ,[y/=-y néuy<0.

Vay |x| =|y| tuong duong v6i: x =y hodc x = -y
hodc -x =y hodc -x =y. Tu do ta cé |x| = |y| tuong
duong véi : x =y hodc x =-y. Vay dir kién trong bai
toan co thé viét thanh

{G) eR?:x[ =] } =
={(y) eR?:x=y hodgcx=-y} (1)

Naytalamrd B. Vi B=Cu D. Talamro Cva D. Ta
can lam o C va D theo dang (1).

44
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{ () eR2: x| =] } =
={(xy) eR*:x=y hodcx=-y} (1)

Naytalamrd B. Vi B=Cu D.Talamrd Cva D. Ta

canlam 16 C va D theo dang (1).
C={(s0) eR:5=1} )
D={(uy) e R?:u=-v} 3)
Vay bai toan trd thanh chiing minh
{(s,)) eR?>:s=t} U {(uy) e R>:u=-v} =
={(xy)eR?:x=y hoacx=-y}

45

KIEN THUC CO BAN 1

Cho 4; 1a céac tap con cua X voi moi i €/, ta dat
U, 4, ={xeX :Jiel,xe4,}
N, g4, ={xeX :Viel,xe A}

KIEN THUC CO BAN 2

Cho 4 va B la cac tap con cua X,
AUB ={xeX :xe 4 hodicxe B}
ANB ={xeX :xed vaxeB}

47

12

Vay bai toan tré thanh chiing minh
{5, eR?>:s=t} U{(uy) eR>:u=-v} =

={(x,y) eR?>:x=y hodcx=-y}

chtrng minh trong phan sau)

Cho X 12 mot tap hop khac trong, P(x) va O(x) 1a cac
ménh dé toan hoc phu thudc vao x € X . Luc do

{x eX:“P(x) dang” hodc “Q(x) dung”} =

= {x €X: P(x) dung} U {x €X: O(x) dung}

{x eX:“P(x) dang” va “Q(x) ding”} =
= {x €eX: P(x) dung} N {x €X: O(x) ding} 4

Pé ching minh diéu nay, ta dung két qua sau day (sé

Trong thuc té ta hiu nhu khong nhic dén tap B khi
dinh nghia mdt quan hé. Thi du cho X' 1a mét tap hop
khac tréng. Dit 4 1a P(X), ho cac tap hop con clia X.
Taco thé dat quan hé saudiy: C #D < Cc D

Quan hé % tuong ung tap B = {(C,D) €eAxA : Cc D}
Tuy nhién, véi dinh
4 s R
nghia quan h¢ bang
4|
1792 4

cac tap hop B trong
AxA, ta ¢ cac quan
hé khong thong o1/ 2 R
thuong.

aRrRb <
dmeZ ,a=b+m

12



R aRb & IAmeZ ,a=b+m

A) .
// Chirng minh B bang tap hop

'\

o1&
{(a,b)eR?:dmeZ ,a=b+m}

Ta tap trung xét timg dudng thang trong B. Céc
duong thang nay c6 hé sb goc 1a 1 va cit tryc hoanh
tai mot sO nguyén. Vay mdi tuong tng véi tap

D ={(xy)eR?: x=y+n} voimdtn eZ. Vay

B = UneZDnzuneZ {(x,y)e [RZ: x:y+n}

Theo Dinh nghia : Cho 4, 1a cac tap con cia X véi
moiiel tadat: U, _; 4, ={xeX :Jiel,xed,;

Cho B la phan mit phang dugc t6
mau hong, va &£ 1a quan hé trong R
twong ung véi B. Ching minh

a Rb < |al<|b|

Theo QTGT 1, ta viét bai toan thanh

B={(xy) e R2: x| <[y[} (D

51
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QUI TAC GIAI TOAN 7

Khi bai toan co yéu t6 phirc tap, ta lam mat sy phirc
tap d6 bang cach chia thanh nhiéu truong hop. Sau d6
giai quyét timg truong hgp. Day 1a chinh sach “chia
dé tri” trong toan hoc.

50

B={(xy) e R*:|x| <[} (1)
Th?o QTGT 7, ta 1am rd B bang cach phan thanh
nhi€u truong hop
B=CUDUFEUF b | ¢
C={(@s)eR?>:r>0,t>0,r<t}

D={(tu) e R?:t<0,u>0,-t<u}
E={(vyw)eR2:v<0,w<0,-v>w} E | F
F={(q) eR*:p>0,9<0,p>gq}

52
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B={(xy) e R*: x| <[y[} (1)
B=CUDUEUF D | ¢
C={(rs)eR?>:r>0,t>0,r<t}

D={(tw) e R?>:t<0,u>0,-t<u}
E={(vw)eR?:v<0,w<0,v>w} E | F
F={(pg) eR*:p=0,9<0,-p>q}

Viét C, D, E va F theo dang tri tuyét doi trong (1)

C={(rs)eR?:r>0,t>0,|r| <[}
D={(tm) e R2:£t<0,u>0,t] <|ul}
E={(vw) e R?2:v<0,w<0, -] >-|w|}
F={(pg) eR?>:p>0,¢<0,-]p| >-|q|}

53

QUI TAC GIAI TOAN 5

Viét cac yéu to trong bai toan cting mot dang

55
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B={(xy) e R*: x| <[y} (1)
B=CUDUEUF
C={(rs)eR?>:r>0,t>0,|r| <|t|}
D={(tu) e R?:t<0,u>0,|t| <|ul}
E={(vyw)eR?2:v<0,w<0,-v|>-|wl|}
F={(p.q) eR*:p>0,4<0,-p|>-q]}

Ta viét { (x,y) € R2: x| <|y|} theo dang ctia B.
{(xy) eR>: x| <P} = SUTUXUY
S={(xy) eR*:x=0,y=>0, x| <[y}

T={(xy) eR*:x<0,y>0, x| <[} Tu day
X={(y) eR:x<0,y<0,x| <D}  taco(l)

V={(xy) e R2:x>0,y<0, x| <[y}

Hay giai c4c bai todn sau
R| B R,

-1

a Rb< |al<1-b

1
R aRb & a<1-b°

aRbslal <b
R
B

1

56
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e Quanhé ® d6i ximg néu va chi néu “x Ry thi
y glel

R R dbR

R

aRb=>a=b g rbelal=|b| a Rb<=a<h

dbi ximg d6i xtmg khong dbi ximg
Pé cho quan hé # doi xing , ta thay B phai d6i xting
qua duong chéo cua Ax4 . 57

eQuan hé & phan doi ximg néu va chi néu
“x Ryvay Rxthix=y”

X,y) R
y—f(—a’ QIR
B X |- -: 1()’,X) 2-----:---(3’2)
Y R ol 23 R
R

aRbsas<hb aRbes Ames, a=b+m
phan dbi xing khong phan d6i xting
Dé cho quan hé & phan dbi xtng , ta thdy BNB’ phai
chtra trong duong chéo ctia AxA4 , & day B’ 1a ddi xtng
? \ J4 o 59
cua B qua duong chéo cua Ax4 .

15

e Quan hé # phan xa néu va chi néu
“Xx Rxvoimoix € A”

R
B bl (ab) R| B

B

22, |,

aRbsal=lb| aRb<=aslb aRbslal<b
phan xa phan xa khong phan xa

Pé cho quan hé % phan xa , ta thdy B phai chua
duong chéo cua Ax4 .

58

e Quan hé¢ # truyén néu va chi néu
“x Ry vay Rzthix Rz”

(x2) (33, B a®boa<h
truyén 02/ z '(')%Z)B
X aRbeslal= W ; '

(},y/ ”””” Y khong truyén

‘ “(x,y)
Cll-4-—o

Q. truyén trong b
truong hop B co B
tinh chat nhu sau

-~ .

15



e Quan hé¢ # toan phém néu va chi néu “ véi moi x va
y trong 4 thi hodcx y hodc y R x”

bl «(ab) 2.6( #(1:2:6)
B | - (2,6,1)
W
a R 126
R R
aRbea<h aRb<s Am e, a
toan phan =b+m .
khong toan phan

Dé cho quan hé¢ & toan phan , ta thiy BUB’ phai bang
AxA , & day B’ 1a d6i xtng ctia B qua dudng chéo cua
AxA . o1

Quan hé &£ 1a mot quan hé thtr tu toan phén néu va
chi néu £ phan xa, phan doi xting, truyén va toan
phan.

B (-12)% 2 g
1 >

R R (2‘,'-1>[R
aRbe=a<hb aRb=a=b

hoac0<a<bla
quan h¢ thtr tu
khong toan phan 63

la quan h¢ thr
tu toan phan

16

Quan h¢ & 1a mot quan hé tho tu néu va chi néu %
phan xa, phan ddi xtimg va truyén.

bl .(ab b «(ab)
. @) | /

aRb=a<b gRbesa<b aRbeosdImesZ
khongla quan 13 quanhé the @ =b+m Kkhong
hé tha tu tu 1a quan h¢ tht tu

62

Quan hé % 1a mot quan hé tuong duong néu va chi
néu R phan xa, d6i ximg va truyén

/ R
R
y ° B 2(2.2)

R 2 R

7

39353 a Rb < lal=lb| aRb<a=-b

’2 bEJr ’ la mot quan h¢ khong 14 mot
a‘ A m tuong duong quan hé tuong
la mot quan F
hé tuon uong

: g
duong o

16



C. Ménh DPé toan hoc

Sau khi mo hinh todn hoc, ta phai ro1 bé khung troi
thuc tién va budc vao thé gidi toan hoc, & d6 ching ta
phai dung ngon ngtr dic thu toan hoc.

Mot ménh dé P ¢ y nghia todn hoc néu va chi néu
hodc 1a P ding hoac la P sai (nghia la khong co
truong hop P vua ding vura sai cling nhu khong cé
truong hop P vira khong dung vira khong sai)

Chox eR vadatPla “x’ +x+7=07, thi P la mot
ménh dé toan hoc.

Cho & 1a mot s6 thyc duong, cho x va y trong R va
A 65
dat P1a “ly —x | <e”, thi P 1a mdt ménh dé toan hoc.

Cho 4 1a moét tap hop. Ta ky hi¢u
o “voimoiphintirx trongA” 1a “Vxe A7,
o “comdtphan tirx trongA” 1a “Ix e A7 .
Ta thir xem tac dong cta phu dinh dén vV va 3 :
Q : “Vxed thi P ding d6i véix .

~0 : “dxe 4 saocho ~P ding ddi véix

ChoA4 laméttagpconcua R , vaP la “ < 4°¢

O: “Vxed thi x= 4"

(L3 I 67
~0 : “dxe A saocho x >47,

17

Xét ménh dé R 1a “Toi noi doi”,

Ménh dé R khong thé dung (vi néu dung thi toi
dang n61 mot sy that, [am sao ma n61 doi dugc)
Ménh dé R ciing khong sai ( vi néu no sai, thi toi
khong n6i doi, va cau noi “Téi noi doi” phai 1a sy that
va phai ding).

Néu P 1a mot ménh dé toan hoc thi ménh dé “P sai”
cling 1a mot ménh dé toan hoc va ta ky hi¢u no 1a ~P.

Ta goi ~P la phu dinh cua P.

66

R : “3IxeAd saocho P dung ddi véix ”
~R: “Vxed thi~P ding ddivéix ”

ChoA4 laméttadpconcua R , vaP la “ < 4
R: “Vxed thi x <47

~R : “AxeAd saocho x = 4.

68
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S : “Jxe Asaocho P(x)dung d6ivéiz, Vze B”
O day P(x) la mot m¢nh dé duogc xac dinh tuy theo
cac giatricia x

~S:“Vxe A 3z € B sao cho ~P(x ) dung ddi véi z”
Cho B 1a mot tap khac tréng trongR ,4 =[0,1] va
P(x) la “ <x*

S :“Ixedsaocho z<x, VzeB”

2

~S :“Vxe4 IzeB saocho z = x

69

Cdch viét mot ménh dé U thanh dang co bin

m Dé y dén cac cum tir “vdi moi” va “cé mot” ¢
trong U, vaviét chung thanh mot trong bon dang néu
trén. Néu can ta dat thém cac tap hop mai.

Cho cac tap hop C, D, E, Fva G , ta dat

A=CxD va B=ExFxG va viét
e Vxe(C,VyeD” thanh “V(x,y) €4”.
e JueFE JveF vadteG”thanh “3J(uvt) e B”
m Gom c4c ménh dé toan con lai trong U thanh mot
ménh dé P.

m Viét U thanh céac dang co ban & trén. "

18

T : “V x €A, 3ye Bsao cho P(x) dung ddi véi z,
VzeCy)”

O day C(y) 1a mot tap hop duoc xéac dinh tuy theo cac
giatricua y

~T :“3Ix €4 saocho Vye B, 3z e C(y) dé cho
~P(x) ding doi1 véi z.”

70

Cich phii dinh cic ménh dé ¢ dang co ban
e d6i 3 thanh V

@i vV  thanh 3

déi P thanh ~P

113 2

dé nguyén “e

dé nguyén “ dung voi”

72
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KIEN THUC CO BAN 3

Cdch viét mt ménh dé U thanh dang co bin

bé y dén cac cum tir “vdi moi” va “cé mot” & trong U, va
viét chung thanh mét trong bdn dang

V xe A thi P dung ddi voi x

Jxe A saocho P ding d6i véi x

Jxe A sao cho P(x) ding d6i véiz, Vz e

V x € 4, 3 ye B sao cho P(x) dung d6i véiz, V z € C(y)
(P(x) la mot ménh dé duoc xac dinh tuy theo cac gia tri cua
x, C(y) 1a mét tap hgp duogc xac dinh tuy theo cac gia tri cua y)
Néu can ta dat thém cac tdp hop méi.

Cho cac tdp hop C, D, E, Fva G , ta dat

A=CxD va B=ExFxG va viét
e Vxe(C VyeD” thanh “V(x,y) €4”.
o JuceE IJveF vaiteG”thanh “3J (uvt) e B”

Bai toan 2. Viét ménh dé sau day ra dang co ban :
“ v6i moi sd thyc duong & c6 mot sd nguyén N sao
cho
|a,-a|<e& véimoi sbnguyén duongmvan= N”
Tt d6 suy ra phu dinh cta cau trén.
V € € (0,0). 3N €N saocho
|a,-a,| <& Vmvan= N

Pe) la:%a,a,|<e”
V ¢ € (0,0), AN eN sao cho

P(e)dung voimoi m, ne {keN : k=N}

75
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Cich phi dinh cic ménh dé & dang co ban
d6i 3 thanh V

d6i vV thanh 3

d6i P thanh ~P

dé nguyén “e”

dé nguyén “ diing véi”

74

P(e) la:%a,a,|<e&“
V € € (0,0), 3N €N saocho
P(e)ding voimoim,ne {(kelN: k=N}
CIN) =tkeN:k=N}x{keN: k=N}
vV € € (0,0),dN €N sao cho

P(&) dng v61 (m, n) YV (m, n) € C(N)

de e (0,o) saochoV Ne N, 3 (m, n) e C(N)
dé cho ~P(g) dtng véi (m, n) -

19



Pe) la:“ar-a|<é&”

Jde e (0,0) saochoV Ne N, 3 (m, n) € C(N)
dé cho ~P(g) ding voi (m, n)

~P(¢) 1a “la,-a,| = &”

deg € (0,bo) saochoV Ne N, 3 (m, n) e C(N)
dé cho |a,-a,| = &

c6 mot sO thuc duong & sao cho v&i moi sO
nguyén duong N c6 mva n =N décho

|am-an|28 77

Cac ménh deé cé6 “va” hay “hoac” va

phu dinh cia ching

P la “Rva S"”

~P la  “~R hojc ~S ”
O la  “R hogc S
~0 la  “~R va~S”

Pla “x<5vay=>9"
~Pla “x 25 hoac y <97

79
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Bai toan 3. Viét ménh dé sau day ra dang co ban :

‘

“co mot so thuc dwong M sao cho voi moix € A ta
co x<M”.

Suy ra phu dinh cua noé.
PM) la “x<M”

IM e (0,0 )saocho V x € A4 thi P(M) ding dbi véi
X

V M e (0,0), Ix € A dé cho ~ P(M) ding d6i véi x
~PM) 1a “x>M”
VMe(0,0),3x €4 d&cho x>M

78

KIEN THU'C CO BAN 4
Phii dinh cac ménh dé c6 “va” hay “hoic”

-Pla “Rva §”; ~P la “~R hodac ~S ”
-Q1la “R hoacS”; ~Q la “~R va~S”

80
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Cac twong quan suy luan =, <, <
gifi sw P dung thi Q phai dung
néeu P dung thi Q phai dung
Q dung khi P dung
Tat ca cac cau nay déu c6 ciing mot nghia
P=Q
Q< P

Néu “P=Q”va “O= P” tandi Pva Q tuong
dwong v&i nhau

81

P& 0

QUI TAC GIAI TOAN 8

Ching ta dung phan chirng trong cac truong hop sau :

e Dir kién cho trudc yéu hon dit kién can chirng minh.

e Dir kién cho trudc khong rd rang bang dir kién can
chuing minh.
e Khong thé dung duoc dir kién cho trudc.

83

21

Phan chung

dé ching minh “P dung”. ta chi can ching minh ~P
khong thé nao dung dugc

e Gia sir ~P ding, coi nhu day la mot gia thiét cua
bai toan. Gia thiét mdi nay thuong duoc goi 1a gid
thiét phdn chirng.

e Tim mot dir kién gia thiét phan chirng va mét dit li¢u
trong cac gié thiét cho sin cuia bai toan, sao cho chiing
co dang giong nhau nhung d6i khang v6i nhau. Tur d6
chung ta ¢O tim ra mot diéu mau thuan véi cac gia
thiét cho sin ctia bai toan hoic mau thuin véi cac dinh

nghia hodc cac két qua co tur trudce. -

Cach dung phan chtng : dé chang minh “P dung”. ta

chi can ching minh ~P khong thé nao dung dugc nhu

sau

e Gia sit ~P dung, coi nhu day 1a mot gia thiét cua bai

toan. Gia thiét méi nay thuong dugc goi 13 gid thiét

phan chitng.

° Dung qu1 tic giai toan 6, lam that glong cac yeu t6
"g10ng giong khac khac".

e Sau cung ta s& tim dugc mot yéu to "gidng gidng

chéng chdng". Ta viét lai cac yéu t6 nay cho that

giong nhau va that chdng nhau. Tir d6 ching ta c6 tim

ra mot didu mau thuin voi cac gia thiét cho sin cua bai

toan hoic mau thuan véi cac dinh nghia hodc céc két

qua co tu trudc.
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Bai tap 4. Cho mot tp hgp 4 . Chimg minh @ < 4
@ 1a mot tap hop khong chira mot phan tir nao
Cho x trong @ ching minh x trong 4.

Vi @ khong chira phan tir ndo, ta khong sit dung
duoc gia thiét “x trong @”. Ta dung phan ching, véi
gia thiét phan chung : “@ — 4” sai . Theo QTGT I,
ta lam r0 gia thi€t phan chung .

DcAd : Vxe@d : xeAd”
“ODcA” sai: Ixe @ : xe A
Viéc x € ¢ mau thudn voi dinh nghia cta tap tréng
Vay gia thiét phan ching khong thé ding, nd phai sai,
dodo @ c 4 B

87
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QUI TAC GIAI TOAN 9
Chirng minh bang dao dé
Khi chimg minh “P = Q" kho qu4, ta co thé ching
minh “~Q0 = ~P”
Cho a va b 1 hai s thuc duong sao cho a < b.
Chiing minh Ja <+lb
Pla“a<b* va Qla “Ja<b "~
“P=Q ~0 = ~P

\/;2\/5 > a=b
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CHUONG HAI
ANH XA

Trong nhiéu mé hinh cdc van dé thyuc tién, chung ta
thuong théy c6 cac dai luong thay doi theo mot hodc
nhiéu dai luong khac. Chung ta hdy xem cach mo hinh
cua toan cho viéc nay.
Néu trong k¥ thuat chiing ta phai c6 mot hinh tron ¢
dién tich dinh trudc, chung ta mo hinh bai toan bﬁng
cong thuc sau :

Dién tich mot hinh tron ¢6 ban kinh » = mr?

Nhu vay dai lugng “dién tich” thay ddi tuy theo dai
luong “ban kinh” ”

Theo cach nay chiing ta mé hinh dugc sy thay doi cua
mot luong nao dé theo mot lugng khac.

A. Xéc dinh mét anh xa

Pinh nghia. Cho 4 va B 14 hai tip hop khac tréng
va D 1a mot tdp con khac tréng trong 4. Gia st voi
moi x trong D ta dinh nghia dugc mot phan tir f{x)
trong B, ta nodi ta xac dinh dugc mdt anh xa f to¢ D

vao B. —

90
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Chung ta dau tu xdy dung mot cong trinh véi sd von
1a a, u6c lugng mdi nam tén chi phi bao quan 13 b, du
kién s& cho thué hang nam 1a véi gia ¢ (sau khi trir
thué). Vay nén dinh ¢ bao nhiéu dé sau 10 nim chung
ta thu hoi von.

Dung mo hinh bai toan nhu sau : xét cong thirc sau :
“Tién thu dugc dén cudi nam tha ¢~ = (c — b)t

Trong hai thi du trén, chiing ta m&i mo hinh toan hoc
nira voi. Chung ta thay “dién tich mot hinh tron c6 ban
kinh #” va “Tién thu duoc cudi ndm thir 1 ¢6 chung
mot tinh co ban 1a cc luong thay doi theo mot lugng
khéc , va ta s€ ky hiéu chung la f'(r) hodc f(7) .
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Thi dy. Dién tich mdt hinh tron ¢6 ban kinh » 1a w2, Ta théy r
— fir) = r?1a mot anh xa tir tap hop cac so thuc duwong (0,00)
vao chinh no.

Thi du. Nhi¢t d6 tai mot vi tri ndo d6 trong giang duong nay
tai thoi di€m ¢ trong budi sang hdm nay, 1a mot anh xa tu
[6,12] vao [20, 50].

Thi du. C8 dinh mot thoi diém 7 trong budi sang hom nay,
nhiét d6 tai moi vi tri trong giang dudng nay la mot anh xa tur
tap hop 4 vao [20, 50], v6i A 1a tap hop cac vi tri trong
giang duong nay.
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Thi dy. Dé khao sat thiét ké hé thong may lanh trong
giang duong nay, chung ta do nhiét dg tai mot sb vi tri
trong giang duong nay (goi B 1a tap hop cac vi tri do)
tir 7.00 gid sang dén 6.00 gio chiéu trong mot ngay
nao d6 . Goi f{x,7) 1a nhiét do tai vi tri x & thoi diém +.
Luc d6 f 1a mot anh xa tr Bx[7,18] vao tap [20,50].

Thi du. Tong tri gia xuat khau ciia Viét Nam trong timg thang
cua nam 2007 1a mot anh xa tur tép {1,2, ..., 12} vao tép
[1,20] néu ching ta ldy don vi 1a ti USD. Nhung anh xa nay
dugc coi latir {1,2, ..., 12} vao [16, 340] néu don vi tinh tién

1a mot ngan ti ddng Viét Nam.
92

Pé v& @6 thi ctia mot anh xa f tir mot khoang [a,b] vao
R, ta ci thé dung Matlab véi lénh

>> fplot(‘f(x)’,[a,b]); (enter)

Thi du. Dung 1énh >> fplot('x.*sin(x)',[0,4*pi]);

ta ¢ d6 thi cuia 4nh xa f{x) = xsinx trén khoang [0, 47]
nhu bén dudi.

%4
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Ta c6 thé mo hinh cac anh xa qua do thi cia ching.

Pinh nghia. Cho /' 12 mdt 4nh xa tr mot tap hop 4

vao mot tap hop B. Ta dat

I'={(xy) e AxB: y=fx) }.

Ta goi 7~ 1a d6 thi cua f.

|:_l‘. _f

Xy —

0

J[v) )

> |_f‘2' j

0 1 2
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Tuy nhién ching ta cling -

co cac dd thi cua anh xa
do cac thiét bi ghi chu
khong phai v€ tor dinh
nghia cua anh xa do.

Hai d6 thi bén canh do
dia chan ké ghi lai cac gia
tbe chuyén dong mat dat
cua mot vi tri theo cac
huéng bic-nam va dong-
tdy trong mot tran dong
dat & Northridge.

Theo tu li¢u cua Calif. Dept.

of Mines and Geology,
(“Stewart, Calculus- concepts and contexts” tr.15)




Khi di xe taxi , chung ta phai tra mot sd tién khoi dau
12 @ va mot khoang tién theo gia mdi km ching ta di.
Nhu vay gia tién trung binh mi km trong mot chuyén
di 1a bao nhiéu.

Chung ta mo hinh bai toan nhu sau : goi x 1a s6 km
ctia chuyén di va b 1a gia tién mdi km, va ¢ 1a sd tién di
chuyén xe d6, va y 1a gia tién trung binh mdi km trong
chuyén di d6; ta c6 cac cong thirc sau
t a+bx a

t=atbx va y=_~= —— 1)
X X X
96
Trong viéc diéu S‘? .
chinh gid mgt mat Sarb et -
hang nao d6 s& P ham . " cung
d?m theo hé qua ) N 7
sO nguoi mua va /i
s6 luong san xuét /
mat hang do s€ /
thay dbi. ; -
gia

Néu cau va cung khong twong ddi bang nhau, ching ta
s€ c0 hai tinh hinh kinh té bat 6n : hoac hang ton kho
qué lon, hoac thiéu hut hang hoa.

Dung dd thi bén trén chung ta co thé thdy dinh gla
mat hang 1a ¢ 1am cho kinh té 6n dinh.
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Nhu véy gia tién trung binh y mdi km lam mot 4nh
xa tuy thudc vao khoang duong di. Dung Matlab ta co
d6 thi cta y nhu sau
>> fplot('(x.A-1)*7+6',[1,10]);

13

Theo db thi nay, gla
tién trung binh moi

12F

km trong mot B
chuyén di glam dan
theo do xa cua of
chuyén di of
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Cho D 1a mét tap con khac trong trong mot tip 4 va f]
la mot anh xa tor D vai mdt tap B. Lac d6 D duogc goi
1a mién xac dinh cua anh xa f va tap hop AD) = {y
=fix) :x € D } dugc goi la tap hop anh cua f.

AR

“4 B 10

Thi du. Cho D 1a mot khoéng mo (a,b) trong R, véi
x trong D ta dat flx) =—— . Luc d6 f la mdt anh
—a

xa co mién xac dinh 14 D Va tap hop anh 1a (0, )"




D061 khi ching ta dung do thi d€ c¢6 hinh dnh ciia mién
xac dinh va tap anh ctia mot anh xa.

y,I

—_——— e —— —

.,

tap f’ﬁ.
hg 4 r
on Ly )|
anh \ — y=flx |
I
|

|
0] —

mién xac dinh

; 3
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Cho r trong R\ {1 } , chtng minh ¢ trong D (1)
Cho s trong D , chiing minh s trong R\ {1 } 2)
Theo QTGT 1, ta viét (1) va (2) rd hon

Chot € Rsaochot #1,ching minh¢t e D
ChoteR,t=1l,timye R: y(t-1) =1 (1)
Chos e R,cozeR :z(s-1)=1, chtng minh s=1(2’)
Vit 1d hon s, nén c6 1€ (1°) dé ching minh horr} (2°).
Tgl ch}'Ing minh (1°) trwdc. Theo QTGT 3, ta vi€t cac
yéu to trong (1°) cung mot dang

Chotre R,t-1#0,timy e R: y(t-1) =1 (1)
Pé tim y, ta dé y drng mot minh.
ChoteR,t-1=0, timye R:y=(t-1)!  xong'

2

26

Nhiéu khi chung ta dinh nghia mot anh xa béng mot
ménh dé toan hoc, luc d6 chung ta phai tim mién xac
dinh cua f.
Bai toan 4. V&i moi sd thuc x ta dat f{x) = y sao
cho y(x-1) =1. Chung minh mién xac dinh cta f
laR\ {1 }.

Theo QTGT 3, ta viét rd bai toan

Pit D = {x € R : f{x) xac dinh duy nhét }. Ta
chimg minh D =R\ {1 }. Vay ta phai ching minh
R\{1} c D Dc R\{1}

Cho t trong R\ {1 } , chtng minh ¢ trong D (1)
Cho s trong D, chung minh s trong R\ {1 } 3

Chos e R, cozeR : z(s - 1)=1, chtng minh s= 1(2")
Vi gia thiét khong 16 rang bang két luan, theo QTGT
8, ta dung phan chirng véi gia thiét phan chirng

s=1 3)
Theo QTGT 5, ta viét cac yéu to trong gia thiét caa
(2°) va gia thiét phan ching (3) cung dang

s-1=0 3)
Chos e R, cozeR:z.0=1 (27)

Viz.0=0, ta c6 mau thuan
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QUI TAC GIAI TOAN 19

Khi phai chirng minh nhiéu phan nho cta bai toan,
ta nén chung minh phan dé trudc.

QUI TAC GIAI TOAN 20

Pé tim mot ansé (x, y, 5. . . ), ta cd gang dé an sd
doé dtrng mot minh & mot vé trong mot dang thirc
hay bat dang thuec.
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Chung ta m6 hinh van dé nay nhu sau : goi ¢ 13 hé sd
giam s luong khach hang néu tang gia mot don vi
tién té va F(7) 1a sb lugng khach hang khi ching ta
tang gia san pham thém 7. Lic do

FT)=-cT+n

Vay cac mic tang gia c6 thé chap nhan duoc 1a
{T : F(T) = 0,9n }

M6 hinh chung cho céc van dé nay c6 thé lam nhu
sau.

106
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Trong mot ky tuyén sinh, chung ta chon céc thi sinh
co téng s6 diém thi > 18. Ta md hinh viéc tuyén chon
nhu sau: xac dinh tap hop

{ thi sinh : c6 diém thi > 18}.

Mo hinh “todn hoc hon” nhu sau : dat X 1a tap hop
cac thi sinh, £ (x) 1a diém thi ctia thi sinh x , lac d6 tap
hop cac thi sinh dugc tuyén la {x eX:f(x)>18}.

Véi gia hién nay cia mot san pham nao d6 ching ta
c6 n khach hang. Nay chung ta muén ting gia d6 1én
thém mot mirc 14 7, van dé nén chon 7 sao cho sd
khach hang tuy gidm nhung cling con hon 90% s
khach hang hién nay.
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Pinh nghia. Cho 4 va B 1a hai tap hop khac trong

va C 1a mot tap con khéac trong trong B. Cho mdt anh
xa f tr Avao B. Tadat fI(C)={xed:flx) eC}
va goi f1(C) la anh nguoc cia C qua f
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Nhiéu lac ching ta mudn thu hep van dé, luc d6
chung ta phai c6 cac cach mo hinh viéc thu hep nay.
Trong mdt s van dé viéc thu hep nay con gitp ching
ta b6t s6 tinh toan va ¢ két qua nhanh hon trudc.

Vi cac sy vat phai quan sat dugc baot di, mot s6 mo
hinh cling dugc “thu nho” lai. Ching ta dung ngon
nglt toan hoc dién dat sy viéc nay nhu sau.
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Thidu. Cho A=(0, ), B=(-,0)vaf lamot
anh xa tir R vao R xac dinh nhu’zsau
x° khix>O0,
fo)= ,
0 Fkhi x<O.
Dat g=f|, va h=flg.Taco gx)=x voimoix
trong A va h(x) =0 voi moix trong B.

28

Dinh nghia. Cho f 1a mdt &nh xa tor mot tdp hop X
vao mot tap hop Y, va 4 1a mot tap hop con ctua X.
Véimoix € 4 tadat g(x) = fix), luc d6 g 1a mot anh
xa tr 4 vao Y va tandi g la anh xa thu hep ctua anh xa
ftrén A va ky hiéu gla f,.

/N‘}
N A
+
+
. IR SRS
g8 AR
8 v <Y
P
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Pinh nghia. Cho X, Y va Z 14 ba tap hop khéac trong,
/ lamdtanh xa tor X vao Y, va g la modt anh xa
tr Y vao Z Ta dat h(x) = g(f(x)) v6i moix trong
X. Ltc dé 4 1a mot anh xa tr X' vao Z va dugc goi la

anh xg hop cua fvag vaduogc ky hiéu la gof.




xvalue o ] 0,466
ﬂg(x;)u' i)
8
Flgxn
0.5 o)
3 10 g(x) 1.|5 20 113
8
///j_x‘\
X 2 22 4 X 2 2+ 5t
) =x2  gx)=x*+x*  gof(x) =x*+x8 fx)=x> g)=x>+x*  fog(x) = (* +x*)?
L —_—
X x +x (x"+x7)
gof ~__ . ///y
S~ B 7771;075 - P -
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1L *
_|_ T | [+]
5 2 5 5 o
X X

gof

1) =3 g(w) =t gl =rta® fog(x) = (2 +x*)?

E— - y o / T~ . : 2
- 8 a7 f 4y
? 4 2 4+ 4\2
X x +x (x"+x7)

Viée dity = fix) = V1+x* méi xem rat tim thuong,
nhung né gitp ta 1am nhanh va it sai trong tinh toan vé
sau : no tranh cho chung ta kh01 1am 1an cac x trong

f(x) = V1+x°

g nhu mot ham sd theo x chu’ khong theo y)

C6 thé dung Matlab d¢ giai thi dy trén nhu sau

>> f=@(x)sqrt(1+x.”2)

f=

@(x)sqrt(1+x.2)

>> o=@(x)(1-x."2)/(1+x.”4)
g=

@x)(1-x.22)/(1+x."4)
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B. Xac dinh anh xa hop

gof (x) theo x.

goflx) = glfix)] =g(v) =

Pé xac dinh 4nh xa hop gof talam nhu sau : véi
moi x trong X tinh y = f{x), r6i thay y bang gia tri do
vao cong thirc z = g(y), tu d6 xadc dinh duogc gia tri

Thi dy. Cho X=R, Y=[-3, ) va Z =[-5, 4], cho

f(x)= J1+x* VvOimoixtrong Xva g(y)=
voi moi y trong Y. Xdc dinh gof.

1y
1+y4

Véimoix trong X ta dity = flx) = 1+x* | Taco

1-y? 1-W1+x*)

xt+2x7+2

2 1+y! 1+(m/%

Vay gof (x)= X

vl moi x trong

>> f=@(x)sqrt(1+x./2)
f=
@(x)sqrt(1+x./2)
>> o=@(x)(1-x./2)/(1+x./4)
o=
@X)(1-x.22)/(1+x./4)
>> h=@(x)f(g(x))
h=
@x)f(g(x))
>> k=@(x)g(f(x))
k=
@(x)g(f(x))
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>> h=@(x)f(g(x))
h=

@)f(g(x))
>> k=@ (x)g(f(x))
k=

@(x)g(f(x))
>>syms X
>> h(Xx)
ans =
(1+(1-x2)"2/(1+x ) 2)\(1/2)
>>k(x)
ans =
XM2/(1+H(x2+1)"2)
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>> =@ (x)(x."4 + 6*x."3 -15*x +8)
f=

@(X)(x.M4+6*x.3-15*x+8)
>> o=@ (x)(x."3 + 4*x +5)/(x."2 +7)
g=

@X)(x."3+4*x+5)/(x."2+7)
>> h=@x)f(g(x))
h=

@)f(g(x))

>>syms X
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Thidu. ChoX =Y =Z=R, fix)=x* +6x°> —15x+8

va g(x) = x’ +24x+5 voi moi x trong R. Tinh fog
x +7

Bai ndy c6 s6 luong tinh toan kha 16n ta nén dung
may tinh, ¢ day ta dung Matlab

121

>>h(x)
ans =
(x"3+4*x+5)M/(x"2+T)™4
+6*(x"3+4%x+5)"3/(x"2+7)"3-
15%(x"3+4*x+5)/(x"2+7)+8
>> simplify(h(x))
ans =
(-642-5980*x-4547*x"3+13181*x"2+1905*x"6
+8713*x"4+119*x"9+657*x T+345*x 5+x12
+16*x10+194*x"8+6*x"11)/(x*2+7)"4
x7 +6x" +16x" +119x" +194x° +657x" +1905x°

(x> +7)*
+ 345x° +8713x* —4547x> +13181x” — 5980x — 642

(x> +7)"

h(x) =
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C. Phan tich anh xa thanh cac anh xa don giin
Cho tap hNQ’p con A trong R Va‘17m(f)t anh xa f tor 4 vao
R. V&1 moi x trong 4 ta tinh can than f(x), tir do suy ra
cach phan tich fthanh cac anh xa don gian.

Thi du. Cho f(x) = Ji+x> véi moi x trong R. Phdan
tich f'thanh cdc anh xa don gian.
Véimdi x trong R qué trinh tinh f{x) nhu sau :

e véix tatinh dwoc x? dit g(x) =x?,

e vGi z = x? ta tinh duogc 1+x? =14z : dat h(z) = 1 + z,
ovéi w=1+x2 tatinh dwoc v1+x* =w: dat
u(w) = w

fx) = u(h(g(x))) véi moi x trong R hay f= uohog.

Viéc phan tich f thanh hop cua cac anh xa don gian
rat hiru ich khi ta dua cac bai toan phurc tap vé cac bai
toan don gian, nhat 1a khi ta gip cac van dé vé lién tuc
va kha vi cia mot 4nh xa phuc tap.
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Thi du. Cho f(x) = sin(3x + cosx) voi moi x trong
R. Phan tich f thanh cdc anh xa don gian.

Véimdi x trong R qué trinh tinh f{x) nhu sau :
evO1 x ta tinh duoc 3x va cosx : dat

g(x) =3x va h(x) = cosx,
oVl z = 3x +cosx tatinh dugc sin(3x + cos x) =
sin z : dat

u(z) =sin z.
Vay fix) =u((h+g)x)) VxeR hayf=uo(htg)

Khi dat cac z va w, ta thay hinh nhu 1a ta dang lam
viéc vO ich, nhung vi€c nay s€ gitip ta lam toan nhanh
\ 4 4 s 1A A y y A 125

va tranh cdc sai lam khong dang c6 vé sau.

Trong mot tii c6 10 vién bi ¢6 kinh c¢& nhu nhau
nhung c6 cadc mau sac khac nhau. Ching ta chon ba
vién bi trong tii ndy theo hai cach sau :

* Lay mot lan ba vién bi.

** Lay mot vién bi, ghi mau sac cua no roi bo lai vao
tui; lay mot vién bi, ghi mau sic cia no6 ro1 bo lai vao
tai; va lay thém mot vién bi nira.

Chung ta thay su khéc bi¢t gitra hai cach chon trén : ta
c6 ba vién bi khac nhau trong cach thir nhat, con trong
cach thtr hai chung ta c¢6 thé cé cung mdt vién bi trong
nhiéu lan lay bi tir tai.
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Ta thtr m6 hinh toan hoc hai cach chon trén. M6 hinh
cac 1an chon nhu tap hop 4 = {1,2,3} va céc vién bi
nhu tap hop B = {1,2,3, .. .,10}.

Céach chon thtr hai trong tmg v41 moi anh xa f'tir 4
vao B. Céach chon thtr nhat twong ing vdi cac anh xa f
tr 4 vao B c6 tinh chat sau : f(x) # f(y) n€ux#y.

Néu xem mdt con ngudi nhu 13 mot phirc hop thé chat,
tinh than va cac yéu t6 khac bién ddi theo thoi gian ¢
ky hi¢u 1a f(r), thi mdi con nguoi la mot 4nh xa tir mot
khoang [a, b] vao tdp hop B nhiing “con nguoi tuc
thoi” (mot con nguoi ¢ dung mot thoi diém nao do).
Anh xa nay cling co tinh chat

f(x)if(y)néuxiy. e

D. Chirng minh f la m¢t don anh

Cho f 1a mot anh xa tor mot tdp hop X vao tap hop 7,
dé ching minh f'don anh ta dung cac phuong phap sau
e Dung dinh nghia : cho x va y trong X sao cho x #y,
chuirng minh f(x) #f().

Thidu. Cho fix) = x> vdimoi x trong R. Chitng
minh f la mot don anh.

Theo QTGT 3, ta danh sb gia thiét va két luan

x#zy (1) )=y (2)

Theo QTGT 1, ta dién ta su “khac nhau cta hai $6”
thuc bang “hi¢u cua chung khac khong.

xyz0 (D J) ) # 0 2
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Pinh nghia . Cho X va Y 14 hai tap hop khéc tréng,
[/ 1a mQt anh xa tr X’ vao Y. Tandi f la mdt don anh
néu va chi néu fla) #f(b) khi a #b,

) ; T f khong la don anh

+

a— Lkt 4
B e
“le % /ladonénh
Y - .y

— 129
xy=0 (1) Sx) fy) = 0 (2)
x—y#0 (1) x*-y3#0 (2)
Theo QTGT 5, ta viét theo cung mot dang
x—y#0 (1) (= +xy+37)=20 (2°)

Theo QTGT 6, ta xét yéu khac nhau giira (1) va (2) :
(x? + xy +y?) . Theo QTGT 7, ta chia bai toan thanh
nhi€u truong hop

0<x<y: xX*+xy+3y’>0
x<y<0: xX?+xy+)?>0
x<0<y: x?+xp+y’=@ty’-xy >0
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e Dung dao dé: choxvay trong X sao cho fx) =
f(y), chitng minh x = y.

Thidu. Cho flx)= x> —x*+ 2x vdi x trong [1, ).
Khao sat sy don anh cua f.

Cho x vay trong[l, o) : fix)-f(y)=0. (1)

x-y=0 ? (2)

Theo QTGT 5, viét “fix) - {y)” ra dang c6 “x—y .
Ta dung Matlab

132

x> 1,y>1,
(=) (xP-x yacd-xy 4y 2 2x-xy Py 2y-y 1y )=0 (1)
x-y=0 ? (2)

Theo QTGT 5, ta viét (1°) ra dang
x-1>20,y-12>0,
(e [Oe- D) +(e- Dy 27+ 23+ (p- Dy +2y +
+(-1p1=0 (1)
Vix-1>20,y-12>0,
(-3 +(x-1)x%y +2x2+2x+(p-1)xy*+ 2y + (p-1)y° > 4.
Vayx—y=0.

134
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>> syms X

>>syms y

>> factor(x"5 -x"4 +2*x"2 - x5 +y"4 -2%*y"2)

ans =
(X-y)*(xM-x"3+y*x"3-x"2¥y+y 2 ¥ XN 2+2*X-

Xx*y M 2+x*y 3+2%y-y 3+y"4)

X3 -x+2x -y  +yt -2y =

=(x-y) (x*-x3+yx3-x2y+y?x>+2x-Xy > +xy3+2y-y+y?)

Ta viét lai bai toan

x=>1,y=>21
(=y) (P2 3oy 4y 2 2x-xy oy 2y-y 1y =0 (1)
x—y=0 ? (2) s

Chirng minh f khéng la don anh

Dé chimg minh f khong 1a mot don anh ta phai tim
xvay trong 4 sao chox #y va f(x) =f(y). Thong
thuong ta doanra x vay.

Néu khong thdy ngay, tanén giai phuong trinh
f(x) - (y) =0 va nén luu y : phuong trinh nay c6 mat
nghiém la x =y, nén ta déy1a fx) - Ay) co thé phan
tach thanh thira sd trong d6 o (x - ).

Thidu. Cho f(x) = x*>+2x +3 vdi moi x trong R.
Khao sat sy don anh cua f .

flx) - Ay) =7+ 2x -2 - 2y =(x*- ) +2x-y)
= (x-y)(x+ty+2).

Tir d6 ta thiy f{0)= A-2) va f khong don anf.

12



Thidu. Cho fix) = x*+2x* vdi moi x trong R.
Khao sat sy don anh cua f.

Ta dung Matlab dé doan huong
giai bai toan nhu sau

>> fplot('x."4 + 2*x.73',[-2,2]);

tr day ta thiy f khong la mot don -
anh.Tuy nhién, ta khong thé chi nhin ﬁ\/

trén db thi ma noi duge. Ta tiép tue
dung Matlab nhu sau

>> solve('x™4 + 2*x3','x")

ans=-2 0 0 O

Vay phuong trinh x*+2x3= 0 ¢6 hai nghiém x=0 va
x=-2,do dé f(0)=£(-2)=0va f khong don anh.

Pinh nghia . Cho X va Y 1a hai tap hop khac trong,
/12 mot anh xa tr X' vao Y. Tanoi f 1a mot toan anh
néu va chi néu fiX)=7,

/‘f\f\é .
S
- ) f khong la toan anh
—_— = = —>
X . v <}Y
- "=
— LA P

4
" wai:L . f la toan anh
B ——— £ 138
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Mot cong ty du lich dinh hudng tim cac tours du lich
thich hop véi mot s6 doi tugng c6 kha nang chi cho du
lich nhitng mtrc khéac nhau.

Céc mtc chi tiéu c6 thé co cua cac ddi tuong ma cong
ty luu tam dugc mo hinh 1a mét con B cua tap hop cac
s6 nguyén duong. Dit X 13 tap hop cac tours du lich
c6 gia tién dugc liét ké trong B. Vi kha ning c6 han,
cong ty can Iya chon mot tip con A nhu sau: néu f{x)
la gia cia mot tour x, thi ta phai tim tap 4 sao cho voi
moi y trong B déu c6 mot x trong A4 sao cho fx) = y.

137

Trong mot thr nghiém ngudi ta quan sat sd virus
trong mot moi truong theo thoi tung thoi gian dinh
trude. Mit khac chung ta cling mudn xac dinh céac thoi
diém dé s luong virus trong méi trudng d6 dat dén
cac s6 lugng dinh trudec.

Chung ta mo hinh cac viéc trén nhu sau, mo hinh thoi
gian quan sat nhu mot khoang 4 = [¢, d], va s6 virus
duoc quan sat 1a mot tdp hop B céac sb6 nguyén duong
{ny, n,+1,...,N}. Viéc quan sat sb virus trong mot
moi truong theo thoi tirng thoi gian duge mo hinh nhu
mot anh xa f tir 4 vao B. Viéc quan sat thoi diém co
mot s6 ndo d6 luong virus trong méi trudng dugc mod
hinh nhu mot anh xa g tir B vao 4. 139
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Pinh nghia . Cho Xva Y lahai tap hop khac tréng,
/ 1a mot &nh xa tr X' vao Y. Tanoi f 1a mot song anh
néu va chi néu f don 4anh va toan anh.

f 1a song anh

140

36

Pinh nghia. Cho /' la m{t song anh tir X vao Y. Véi
moi y € Y ta c6 duy nhit mot x € X sao cho
fix) =y, dit g(y) = x. Tathdy gla motanhxaty Y
vao X co tinh chitsau: gof (x) = x va fog(y) = y
voimoix € X va voimoiy € Y. Tanoi g la anh xa
nguoc cua f'va thuong ky hiéu la /1.

X- _____‘L:_’Ly .L____f______}’
—_— N S

D

i =
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CHUONG BA

SO NGUYEN VA SO HUU Ti
A. S6 nguyén - phép cong

Ta xét cac bai todn sau: tao ra lich cho nam sau (danh
sach cac ngdy va cic thir twong tng, lién két ngay
duong lich va ngay am lich), tinh sb ctra s6 dé xay
mot can nha, s6 ngdy hoc sinh dén truong hang nam,
sb ¢4 c6 thé nudi trong mdt dién tich nao do, chi tiéu
tuyén sinh cua mot dai hoc. . .

Pé mo hinh céac bai toan bén trén, ching ta can mot
tap hop con sd. Ta khong thé c6 khai niém : nira con
c4, nira sinh vién, ta can khai niém “nguyén”.

Chung ta cham dén mot hinh anh dién ta rat khéo cau
sau day cua Lao tir :

“Pao kha dao, phi thuong dao; danh kha danh, phi
thuong danh”

“Pao ma dién giai duoc thi khong phai dao vinh ciru
bat bién, tén ma c6 thé dat ra dé goi nod [dao] thi khong
phai tén vinh ctru bat bién
(Nguyén Hién Lé dich)

O day chung ta théy stc manh tri tué€ loai nguoi, dat
ra mot cai gi d6 (tap hop cac s6 nguyén) khong co sin
trong tu nhién, dung cai d6 dé giai quyét cac van dé co
thue trong tu nhién : dung cac tién dé dé dinh nghia
tap cac s6 nguyén. 144

37

Tap hop cac con sd nguyén nay gém c6 cac phan tir
nao do6. Tuy theo dia phuong né co nhiéu tén, thi du c6
mot phan tr duoc goi bang nhiéu cach : hai, nhi, dzi,
deux, two, ni, . . . . Chiing con dugc ky hiéu theo nhiéu
cach con dugc ky hi¢u béng nhiéu céch, thi du mot
phan tir trong tap d6 c6 cac ky sau : 12, XII, 1100 (co
so nhi phan) . . .

C6 thé ddng nhét tap s6 nguyén voi cac s dém hay
khong? Néu ching ta dém tit ca cic su vat ma ching
ta biét, goi s6 d6 1a M, thi s6 M+1 tuy khong 13 sb
chung ta da dung dé dém, nhung no rd rang 1a mot s6
nguyén! Nhu vay kho ma dé tim tdp hop tit ca sb
nguyén trong thién nhién. 143

Ong Peano dinh nghia tap s6 nguyén dua vao tinh
thuc tién cua cac sb (cach dém sy vat, phai c6 mot sb
dau tién, su nbi tiép cac sb dém) va “mot tinh chat
khong dé chip nhan lim” (tién dé IV).

Céc tién dé Peano vé tip cac sb nguyén duong :
C6 mot tap hop N cung véi cac tinh chat sau
I. V&i mdi phan tir x trong N ¢6 mot phan tor duoc ky hi¢u
1a S(x) trong N, duoc goi 1a phan tir ké tiép cua x.
II. Cho x va y 14 hai phan tir trong N sao cho

Sx)=S8() thi x =y.
III. C6 mot phan tir trong N dwoc ky hiéu 1 1 sao cho 1
khong 1a phan tir ké tiép ctia mot phén tir ndo trong N.
IV. Cho U lamottdp hop concialNsaocho 1 € U va
S(x) e U v6imoi x € U. Lacddé U= IN.




Tdp hop N duy nhat theo nghia sau : néu cé tip N’
théa bon tién dé Peano véi phan tir dau tién la 1, thi
co mot song anh f tirIN vao N’ sao cho f(1)= A1)
va S(f(n)) = f(S(n)) véi moi n € IN.

Pinh nghia. Vi bon tién dé nay ta xac dinh sb 2 nhu
la S(1), sO 3 nhula S(2),s6 4 nhu 1a S(3),... tasé
c6 moi sO thuong dung dé dém

Dinh nghia. Ta c6 phép cong trén /& nhu sau :
n+1=8mn),n+2=S8mn+1),n+3 =Sn+2),..v n €N

Pinh nghia. Ta xac dinh phép nhan trén IN nhu sau :
l.n =n,2.n =n+n, 3.n =2.n+n,... V n e N.

146

Dinh ly. Dinh nghia cdc phép + va . va quan hé >
trong N nhu trén. Ta co véi moi m, n, p va q trong N
(1) m+n=n+tm,n.m=m.n va m.(n +p)=m.n+m.p,
(i) > la mot quan hé thik tw toan phan trén N.
(iii) néu m> n va p> g, thi

mtp > n+q va mp = np.
(iv) Cho A la mét tdp con khdc trong trongIN ,
luc doco z trong A sao cho n=>z véimoi n
trong A (tanéi A cé cuc tiéu).

Céc tién dé cta Peano (twong dbi kha tu nhién) gitp
ching ta s€ lam toan cOng va toan nhan co6 1y luan
chic ché hon! Ngoai ra cac tién d& nay con cho ta
mot cach chirng minh dac biét : qui nap todan hoc.

38

Ong Peano da dong gop mot ¥ toan rat quan trong :

N khong chi 1a mot tdp hop chira cac sb nguyén
duong, ma trong N con c6 mdt cdu trac logic
“phan tr ké tiép”. Chinh ciu tric logic ndy xac
dinh céc phép toan cong va nhan trén N va quan hé
thtr tu sau day trén IN.

Dinh nghia. Ta c6 m{t quan h¢ thtr ty trén IN nhu sau
:chom van trongN, ta noi

en>m(haym<n) néu va chi néu n=m+r
voi mot 7 nao doé trong N,

e n>m (hay m< n) néuvachinéu n=m hoic n
> m.
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Pinhly. ChoA < Nva p e A. Giasu S(n) € A
néeu neA. Lucdo {meN :m=>p} c A.

B. Phép qui nap toan hoc

Khi ta quan sat khong phai mot hién tugng, mot tinh
chat ma ca mot day hién tugng hodac mot day tinh
chat {P,} voin la cac sd nguyén duong, ta ¢ thé
dung phép qui nap toan hoc dé ching minh P, ding
véi moin >N chi can hai budc nhu sau :

e Ching minh P, dung véin =N,

e Cho k 1a motsd nguyén duong k> N. Gia st P,
dang, chimg minh P, ,, cling dung.

Néu lam dugc hai diéu trén, ta két luan P, ding
voimoin > N. "




Baitoan 5. Chon e N. Dat X, =1+ 2>+ ...+ n’.
n?(n+1)?
=
n?(n+l)?

Chimg minh X =

Pit P(n) 1a “ X, =

¥

“. Ta thay P(1) dting

Gia su P(k) dung véi mot k> 1
k2 (k+1y
=
X =142+t (k+ 1) =142+ 4k + (b + 1)

X, =1+2 4+ 4k =

X, =X +k+1)
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KY THUAT GIAI TOAN 1

Pé chimg minh P, ding v6i moin >N chi can hai
bude nhu sau :

e Ching minh P, dung véin =N,

e Cho k 1amdtsd nguyén duong k> N. Giastt P,
diung, chimg minh P, ,, cling dung.

Céc k¥ thuat quan trong trong phép qui nap :

* Khong dung cung mot ky hiéu cho hai sy viée co
thé khac nhau (QTGT 4).

¢ Dua cac dir kién cua P, , vé dang céc dir kién cua P,

152
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X :1+23+...+k3:w
¢ 4
X, =X +k+1)

X, =X +k+1)’ =

LaCaryia (’;”)2 +(k+1)’

- i(k F1[A + 4k +4] = —(""”)Zik”)z

Vay theo qui nap toan hoc P(n) dung véi moin > 1.
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Bai toan 6. Cho m va n la hai s6 nguyén dwong. Gid
s co mot don anh f tr {1,...,m} vao {1,... n}.
Chitng minh m < n.

Ta c6 thé dung phép qui nap toan hoc theo m hodc
theo n. Ta lya chon phuong huéng nhu sau.

Qui nap theo m :

Gia sir két qua dang khi m = k : Néu cé mét don énh f
tr{l,...,k}vao{l,...,n}.Thi k<n

Cho mot don anh g twr {1,. .., k+1} vao {1,...,p}.
Chung minh k+1< p.
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1. Qui nap theo m :

Gia sir két qua dang khi m = k : Néu cé mét don anh f
twr{l,...,k}vao{l,...,n}.Thi k<n

Cho mot don anh g te {1,. .., k+1} vao {1,...,p}.
Chirng minh k+1< p.

2. Qui nap theo n :

Gia sir két qua dung khi n = g : Néu cé mét don énh f
tw{l,...,k}vao{l,...,q}.Thi k<q

Cho mot don anh g twe {1,...,r} vao {1,...,q+1}.
Chung minh r < g+1.
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Néu c6 don anh f tir {1,..., kY vao {1,..,n}. Thi k<n

Cho don anh g tw {1,...,k+1}vao {1,...,p}.
Chirng minh k+1< p.

Theo QTGT 6, ta tap trung vao cac khac bi¢t gitra gia
thiét va két luan. Ta dé y cac khac biét hinh nhu co
lién hé véi nhau: k va k+1. Xét cip khac biét dé 1am
gidng nhau trudc : k < nva k+1< p. Ta viét lai bai
toan.

Néu c6 don anh f tir {1,..., kY vao {1,...n}. Thi k<n

Cho don anh g tw {1,...,k+1} vao {1,...,p}.
Chung minh k<p - 1.

156
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Trong cach 1, thu hep cua g trén tap {1, ..., k} cho
ta mot lién quan dén truong hop m = k. Trong cach 2,
ta khong thay c6 cach nao ndi hai trudng hop n =g
van=gq+1. Vay ta chon cach 1.

Qui nap theo m : hién nhién két qua dtng khi m = 1.
Gia st két qua dang khi m = k : Néu c6 mét don énh f
tr{l,...,k}vao{l,...,n}.Thi k<n

Cho mot don anh g twr {1,. .., k+1} vao {1,...,p}.
Chung minh k+1< p.
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Néu c6 don énh f tie {1,..., kY vao {1,..n}. Thi k<n
Cho don anh g twr {1,...,k+1} vao {1,...,p}.
Chitng minh k<p - 1.

Theo QTGT 6, ta tip trung vao cac khac biét gitra gia
thiét va két luan. Ta dé y cac khac biét hinh nhu ¢6
lién hé v6i nhau: k va k+1. Dé khic phuc sy khac biét
nay, ta dung anh xa thu hep cua g trén {1,..., k} . Tacod
cac truong hop sau:

o g({1,...k})={1,....,p-1}
ee o({1,...,k}) khong chtra trong {1,...,p-1}.

Truong hop 1, c6 kva p-1, nén hi vong giai dugc. Ta
xét truong hop 1 trude.
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Néu c6 don anh f tir {1,..., kY vao {1,...n}. Thi k<n

Cho don anh g tw {1,...,k+1} vao {1,...,p}.
Chitng minh k<p - 1.

.g({laak})c{lasp_l }
N&i két truong hop k+1 voi trudng hop k- xét h 1a
anh xa thu hep cua g trén {1,..., k}.

h la mot don anh tur {1,..., k} vao {1,..., p-1}
Néu c6 don anh f tir {1,..., kY vao {1,..n}. Thi k<n
k<p-1
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coitrong {1,...,k} saochog(i)=p
glk+1)=j trong {1,...,p-1}.

Dat v nhu trong hinh vé. Path=v. g

Loy iy =
R [ ovi
lvl | ] \J\ ho h(s) = g(s)

N Vs#£i,kt+l

h({1,. )c{l,..,p-1}, h dondnh  k<p-1.,

41

Néu c6 don anh f tie {1,..., kY vao {1,..n}. Thi k<n
Cho don anh g tw {1,...,k+1} vao {1,...,p}.
Chitng minh k<p - 1.

ee o({l,...,k}) khong chura trong {1,...,p-1}.
Theo QTGT 1,talamrd g: cditrong {1, ..., k} sao
cho g(i) = p. Vi g don anh, g(k+1) #p. Vaycodj
trong {1,...,p-1}saocho gk+1)=j .

1 2 3 i K k+1
g >,/\
1 2 3 J p-1 p
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Bai toan 7. Cho m va n la hai sé nguyén dwong. Gid
st co mot song anh f tw {1, . .., m} vao {1, ..., n}.
Churng minh m =n.

f la mot don anh twr {1, ... ,m}vao {1,...,n}. Do do
m<n

/! la mot don anh tir {1, ..., n} vao {1,...,m}. Do
do n<m

Dung két qua nay, ta c6 thé dinh nghia “hiru han”
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Dung két qua nay, ta c6 thé dinh nghia “hitu han”
Dinh nghia. Cho 4 1a mot tap hop khac tréng, ta no1 4
cO m phan tuw néu va chi néu c6 mot song anh f tu
tap hop {1,2,3,---, m} vao 4. Luc d6 ta noi tap
hop A co hitu han phan tur

-

A

{1,...,m}
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Bai toan 8. Dit P(N) 1a ho tat ca cac tap con cua .
Chung minh P(N) la mot tap vo han khong dém dugc.
Theo QTGT 1, ta lam rd “tap vo han khong dém
duoc”: 4 1a vo han khong dém dugc néu va chi néu
A khong hiru han va khong vo han dém dugc . Theo
QTGT 7, ta chia bai toan thanh hai phan:
A khong hitru han (1)

A khong vo han &ém duge  (2)

Ta théy “hitu han” dé& hon “v6 han dém duoc”, nén
ta chirng minh (1) trudec.

A khong hitu han (1)

P(N)>{ {1}, {2},..., {n},...} : khong hitu han

42

Pinh nghia. Cho 4 12 mét tap hop khac tréng, ta noi

e A ¢ n phan tir néu va chi néu c6 mot song dnh f]
te tap hop {1,2,3,---,n} vaoA. Lac doé ta noi
tap hop A c¢é hiru han phan tur.

e 4 1a mot tap hop vo han dém duoc (hodc van tit 1a
dém duoc) néu va chi néu c6 mdt song anh f* tur
N vao A.

o4 1a mot tap hop qua lam dém duoc néu va chi néu
A c6 hitu han phan tor hodc v6 han dém dugc .

e 4 la moét tap hop vo han khong dém duoc néu va
chi néu A4 khong hiru han va khong v6 han dém
duoc . h

A= P (N) khong vo han dém dugc (2)

Vi dinh nghia “khong vo han dém dugc” khong rd

rang v€ “vo han dém duoc”, theo QTGT 8, ta dung

phan chtng véi gia thiét phan ching :

Gia st c6 mdtsong anh f tot N vao 4. (3)
Theo QTGT 1, talam 16 (3). Bat B, =f(k) V ke N.
PN)={B,,B,,B;,...,B, ...} (3%)
Theo QTGT 1, talamrd (3°) : vi{B,,..., B}, ...}

ludn ludn chira trong P(N). Nén thuc chat (3”) chinh la
PN)c {B,,B,,B;,....,B, ...}

Cho E =N, coisaocho E =B, (3”)
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Cho EcN, coisaocho E =B, (3

Theo QTGT 8, tatim mdt D cNma D # B, véi mot
i trong N. Dat tdp con D cua N nhu sau : cho i trong N

ieD néuig B,
i¢D néuie B,

D # B, véimoiieN: mau thuan véi (37)
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m H
6
I 3=x +1
) L’
41— 4=x +2
;;1 5=x +3
‘;“ . 6=x +4
I e e _7=x+5
3-2-10123456
2=z+5 3=2+6 4=z+7
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C. Cac tap hgp Z va Q

Chom van trong N, xét phuong trinh n=x + m.
e n > m : theo dinh nghia ta c6 mot sO nguyén r sao
chon=m+r.Vaytachon x =r.

e n < m: theo dinh nghia ta c6 mdt s6 nguyén s sao
chom=mn+s. Vay “m b6t di s” =n. Trong toan
hoc ta ky hi¢u “bot di s” la—s.

Phuong trinh nay lam nay sinh tdp hop cac s6 nguyén
am {-g:qeN }

batZ= {-g:q eN }u {0} UIN vagoi Z la tap

cac sO nguyen.
167

Néum e {-q : ¢ e[N } ta ndi m 1a mét so nguyen
am vaviét m < 0, néum e Nta ndim 1a motso
nguyén dwong vaviét m> 0.

V61 sO nguyén m ta dat sign(m) nhu sau va goi do
la dau cua m

1 néum>0,
sign(m) =1{ 0 néum=0,
-1 néum<0.

bat 0.m=m.0=0 vé6imoi m € Z

Moi s6 nguyén m c6 thé viét thanh sign(m) m’ VO’l
mot m’ trong N .




Trén Z taco cac dinh nghia sau day : v&i moi m, n, p
va g trong Z

o-m=-sign(m)m|, m+(-m)=0, O0+m=m

o m+n = sign(m)[|m| + |n|]] néu sign(m ) = sign(n)

o m+n =sign(m)[|m|-|n|] néu sign(m)=sign(n), |m| > |n|
o m+n = sign(n)[|n|-|m|] néu sign(m)=sign(n), |n> |m|

e (0.m=0

e n.m = |m|.|n]  néu sign(m) = sign(n)
o n.m = - |ml. |n| néu sign(m) #sign(n)
e m >n néuvachindu m-neN

e m>n néuvachinéu m=n hoacm > n. 170

Chon €eZ \{0} va m €Z, xét phuong trinh nx = m.

Tz 2o

6
é*'r' l.g =2
'\\ ! 29 =4
H\\ﬁ ’; 4r =2
6-5-4-3-2-1 PJ1234567 4,23

Phuong trinh nay c6 thé khong c6 nghiém trong Z
(thi du 4x =2). Nhung ta c¢6 thé coi (n,m) nhu la mot

nghiém cta n6 va xét tap hop Q xac dinh nhu sau
172
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Pinh ly. Dinh nghia cac phép cong + va nhan. va
quan h¢ > trong Z nhu trén. Ta cd voi moi m, n, p,
va q trong Z.
(1) mtn=ntm,n.m=m.nva m.(n~+p)=m.n+ mp,
(i) > la mét quan hé thir t toan phén trén Z.
(iii) néu m>n, p>q va r>0, thi

m+p>n+gq va mr> nr.

(av) |m| = m
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Xet X=(Z\{0})xZ = {(n,m):neZ\{0} vameZ }

Trén X ta dinh nghia quan h¢ R nhu  Ta ching minh
sau (n,m)R (n’;m’)y < n.m’=n’.m  dugc R la quan

mé \o hétwong duong.
% J Ta dat Q la tap
6 thuong X/R.
J
ér 7 Ta ky hiéu 16p
7 tuong duong
1I n mi
~ > cua(nm) la =
6-5-4-3-2-1 V1234 56 n

vatagoidola
-6.x =3 2y =2 4z =2

mot s6 hiru i,
“4x =2 4y =4 6.z=3




. Vi2.6=3.4 nén
; (4,2)R(6,3). Do
5 2 3
4 d6 — va —
B ¥/ 4 6
7 chi la mot so
1 n
— hitu tiz.
6 54321 [f“lz T4 560
3 ] 1
r:_,yZZ,Z:_,v:__
2 2 2

Nhu vay mdt so0 hiru ti c6 thé duge viét ra nhiéu dang
khac nhau, mdi dang ctia n6 1a mot phdn so m_

, cax L0 A a e X
trong d6 m dugc goi la tr sO va n dugce goi 1a mau so.

. - Y ST (N .
Pinh nghia. Chociacsdhttuti — va — vdin
n A
vas € ¥ va m var e Z Tadinh nghia

mr

r
S ns

- T >

m r ms+nr m
n S ns n

néu va chi néu ms > nr

> néu va chi néu ms > nr
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m km L. e A4~ , N .

e —=— vOéimoisOhitruti vavéimoi ke N,
n kn

) déng nhat m voéi "™ véimoimeZ, ta c6 Z Q.

1
enéu p="120 thi m €eZ\{0} va ta co thé
n
xétsdhiruti L | taky hiéu
m

n o lapt.

o vi (n,m) R (||, sign(n) m), ta co thé viét cac sb hiru

I'véiseN vareZ.
S

ti & dang

175

Dinh 1y . Binh nghia cac phép cong + va nhan. va
quan hé > trong Q nhu trén. Ta co voi moi m, n, p
va q trong Q va p #0

i) m+n=n+m va mm+p) = mn+tmp,
(i) n.m = mn va ppl=1,

(i)néu m >n va n > m, thh m = n,

(iv) néu m > n, p>q va r20,thi m+p> n+gqg
va mr> nr. Néu m>nva r > 0,thi mr > nr.
(v) |m| = m.
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CHUONG BON
SO THUC

Néu chiing ta qui hoach mét con dudng
mau xanh trén mot khu dat hinh vuodng co d
chiéu dai mdi canh 1a 1 km. Hoi chung ta
nén ghi chidu dai d ctia con duong nay 1a
bao nhiéu trong du an ? 1

Theo dinh 1y Pythagore d? =2 . Trong cac chuong trudc,
chung ta da thay khong c6 sd hitu ti ndo bang d ca. Con sd
d nay c6 thyc ngoai doi nhung khong thé tiép can bang cac
1y luan binh thuong ngoai doi nhu dém sd, chia phan (s6
nguyén va s hitu ti).

(R1) x+y =y+x,

R2) x+(y+z)=@ty)+z

(R3) ¢c6 mét phan tir 0 trong R sao cho 0 +x=x V x € R,
(R4) c6 mdt phan tir - x trong R sao cho x+ (-x) =0,
(RS) xy=yx,

(R6) x(yz) = (xy)z,

(R7) c6 mdt phan tir 1 trong R sao cho lx=x Vx € R,

(R8) néu x = 0 c6 mot phantr x! trong R sao cho
1 —
x'tx=1,

(R9) x(y +z)=xy+xz,
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Trong Phu luc A ctia quyén “Gi4o Trinh Toan Giai Tich
17, NXB Théong K&, dung khai niém diy Cauchy, ching ta
xay dung duoc tap hop R céc sb thuc d dua vao tap cac sb
nguyén nhu sau.

Dinh nghia. R la mot tdp hop trén do ta xac dinh dvoc:
phép cong (x,y) = x +y va phép nhan (x,y) > xy (ddy la
cdac anh xa tr R xR vao R) va mot quan hé thu tuw
toan phdan  ¢6 cdc tinh chdt sau : véi moi x,y, z Vi u
trong R

(R1) x+y =y+ux,

(R2) x+(y+t2)=(xty) +z

(R3) c6 mot phﬁn tor 0trong R saocho 0 +tx=x Vx € R,
(R4) c6 mot phan tir - x trong R sao cho x + (-x) =0,

Bai toan 1. Cho & va n 1 hai s6 thuc sao cho
x+d=x vax +tn=x VxeR.

Chung minh 6 =mn .

Theo QTGT 3, ta viét 1d va dénh s cac gia thiét va két

luan.

x+d=x VxelR (1)
s tn=s VselR (2)
d=n ? (3)

Theo QTGT 6, ta xét cac yéu td “gidng gidng khac khac”
gitra (1) va (2): x + 8 va s + d. Ta lam ching giong nhau :
chon: x =m vas=20. Viétlai (1) va (2)
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x+d=x VxelR (1)
s tn=s VselR (2)
o=m ? (3)

Theo QTGT 6, ta xét cac yéu td “gidng gidng khac khac”
gitra (1) va (2): x + & va s+ n. Ta lam ching gidng nhau :
chon: x =1 va s =3§. Viét lai (1) va (2)

ntdé=n (1)
S§+n=35 2%)
d=8+nm=n+d=n

Vay phan tir 0 duy nhét
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Bai toan 1° . Cho x, u va v 1a ba sd thyuc sao cho
x+u=0 vax +v=0.
Ching minhu=v.

x+tu=0 (1)
x+v=0 (2)
? u=v 3)

Theo QTGT 6, ta xét cac yéu to ¢ glong gidng khac khac”:
“X+u” va “u”, va lam cho chung gidng nhau: cong hai vé
cua (1) vo1 —x.

Xx+(xtu=-=x [-x +x]tu=-x u=-x (1)
Tuwongtu: v=-x u=v 3)
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Vay phan tir - x duy nhét

47

Bai toan 2. Cho & va n 1 hai sb thuc sao cho

dx=x vanx=x VxekR.
Chung minh 6 = .
xX0=x VxeR (1)
sN=s VselR (2)
d=n ?7 (3)

Theo QTGT 6, ta xét cac yéu td “gidng giéng khac khac”
gitra (1) va (2): x0 va sm. Ta lam chung giong nhau : chon
x=mnvas=0.Vietlai (1) va (2)

né=n (1)
on =29 (2)
d=0n =nd=n Vay phan tir 1 duy nhét

Bai todan 2° . Cho x, s va ¢ 1a ba sd thuc sao cho x # 0,
xs=1 vaxt=1 VxeR.
Chung minh s =¢.

Vay phan tir x! duy nhat

Pinh nghia . Cho hai sé thuc x va y . Ta dat
y-x =y +(x)
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QUI TAC GIAI TOAN 18

Néu trong gia thiét “vi moi x trong . . .”, ta ¢6 thé
chon x cho phu hgp v6i céc y€u to trong phan két luan.

186

CoxeR: x+y=x (1)
CoteR: t+y#t (3)
Theo QTGT 8, ta xét cac yéu t6 “gidng gidng khac khac”

nhung chéng dbi nhau: x va . Ta lam ching cang giéng

nhau : d3t s=¢—x,tacods+x =¢. Ta viét lai (1)
stx +y=stx t+y=t (17)

Ta thay (1°) mau thuan véi (3).
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BAI TOAN 3. Cho hai s6 thyc x vay . Gia sit x +y = x.
Chimg minh y = 0 .
CoxeR: x+ty=x (1)
z+y =z VzeR? (2)
Theo QTGT 8, gia thiét (1) yéu hon két luan (2), nén phai
dung phan chtng, véi giai thiét phan ching
CoteR: t+y#t (3)
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BAI TOAN 4. Cho moét s6 thuc x . Chimg minh 0.x =0
z+0 =z VzeR (1)

?7 t+0x=¢t VteR (2)

Theo QTGT 8, ta thiy khong lién hé 16 rang giita gia thiét

(1) va két luan (2), nén phai dung phan chtng, véi giai thiét

phan chiing

Cot: t+0x # ¢ (3)
Ta viét lai bai toan

z+0 =z VzeR (1)
Cot: t+0x #¢ (3)
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z+0 =z VzeR (1)
Cot: t+0x =t 3)

Theo QTGT 8, ta xét cac yéu td “gidng giéng khac khac”
nhung chong doi nhau: z va £. Ta lam ching cang giong
nhau : dit s=z—1¢,tacos+t=z. Taviétlai (1) va (3)

z+0 =z VzeR (1)
VzeR (3”)

Theo QTGT 18, ta nén thir (3”) voi vai tri gia z dac biét: 0,
0.x ... Tathdy z = 0.x cho ta

0x+0x #0x 4)

Theo QTGT 5, ta viét hai vé trong (4) cing dang
O0+0).x #0x 0+0=0

z+0x # z

Ox #0x Voly

BAI TOAN 6. Cho mdt s6 thyc x . Ching minh
-D)x =-x

(R4) x+(x) =0 (1)

x+(-DHx =0 ? (2)
Theo QTGT 5, ta viét x theo dang cta (-1).x :x=1.x.
Viét lai (2)

Ilx+(-Hx =0 ?

[I+(-D]x = 0 ?

0x = 0 ?
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BAI TOAN 5. Cho haisb thuc x va y. Giasat x#0 va
x.y=0.Ching minhy =0 .

x+0 (1)
xy =0 (2)
y =0 ? 3)

Dung QTGT 6, ta xét cac yéu to “giéng giéng khac khac:
“x.y =07 va“y =0”. Ta lam cho chung that giong nhau:
nhan hai vé cia (2) cho x!, ta duoc

xL(x.y)=x10
(x'x)y = 0x!
ly=20 y=20
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(RI0) "x<y vay<z" = "x=<z",
RIN)"x<y vay=sx"= "x=y",
(R12) x=<y hoac y=x,

(R13) "x<yvaz=su" = "x+z=<=y+u",
(R14) "x<yva0=u" = "xu < yu'.

BAI TOAN 7. Cho hai sb thyc x va y . Chimg minh

x<y & 0=y-x
X<y O Hhee =)
0 < y-x (2) 2)=@3)
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0<y-x ) 2)=(03)

Day 1a bai toan bat dang thtrc, ta chi de y den mot Ve cua
(1) va (2), ta nén xét vé nao co cac yéu tb ¢ glong gidng
khéc khac” dé lam that glong ta xét cac vé phai. Theo
QTGT 6, ta xét cac yéu td “glong glong khac khac” trong
hai vé nay: y va y-x. Vita dua y vé y-xrat dé : y +(-x ) . Ta
ching minh “(1) = (2)” trudc.

X <y (1) x+(-x) < y+(x) (1)
0 < y-x ?7 (2)
Chirng minh “(2) = (3)”

0<y-x (2 X <y ? (1)

KY THUAT GIAI TOAN 2
Khi 1am viéc cac bat dang thirc, ta nén tap trung mot vé

ctia bat ddng thirc. Chi dé tdm dén vé con lai néu that can
thiét.
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0<y-x (2
X<y 7 (1)

Pay 1a bai toan bat dang thirc, ta chi de y den mot Ve cua
(1) va (2), ta nén xét vé nao co cac yéu b ¢ glong gidng
khéac khac” dé 1am that glong ta xét cac vé trai. Theo
QTGT 6, ta xét cac yéu td “giéng glong khac khac” trong

hai vé nay: 0 va x. Ta 1am ching gidng nhau : 0 + x = x. Ta
viét lai (2).

O+x=( -0)tx x<y+[(x)+x] x<y+0

X<y

195

BAI TOAN 8. Cho hai s6 thuc x va y . Ching minh
<y > -y= -X
X<y (D
-y < -x ?7(2)

Pay 14 bai toan bat dang thirc, ta chi dé y dén mot vé cua
(1) va (2: ta xét cac vé trai. Theo QTGT 6, ta xét cac yéu
to “giong giong khac khac” trong hai vé nay: x va -y. Ta
lam chung giong nhau : x + [(-x) -y]= -y. Ta viét lai (1).
x+H[(=x) -y] =y + [(x) -¥] [x+(=x) ] -y <y +[(-y)+H(-x)]

Oy<sp+@H=) »v=0+x) H=<x
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Cho mot sé thuc ¢ ta dat
khi a>0 ,

a
la| = { ,
—-a khi a<0 .
Tagoi |a| latri gia tuyét doi cua a.
BAI TOAN 9. Cho mét sb thuc x . Chimg minh
x = |x (1)

Bai toan ¢ yéu té “|x |, yéu tb nay duoc xac dinh trong
hai trrong hop. Vay ta phai xét bai toan trong hai truong
hop tuong tmg: “x = 0 va “x < 0. Truong hop “x =07,
don gian, ta xét trude. Luc d6 |x | = x. Ta viét lai (1)

X = X

Xét bai toan trong truong hop “x < 0.

QUI TAC GIAI TOAN 10
Khi bai toan c¢6 yéu té dugc xac dinh trong nhiéu truong

hop. Vay ta phai xét bai toan trong nhiéu trudng hop tuong
ung.
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x<0 (2)
x < x| ?2{) x = x ? ()

Pay 1a bai toan bat dang thirc, ta chi dé y dén mot vé cua
(17) va (2), ta nén x€t v€ nao co cac yeéu to “giong giong
khac khac” dé 1am that giong: ta xét cac vé phai. Theo
QTGT 6, taxét cac yeéu to “giong giong khac khac” trong
hai v€ nay: 0 va -x. Ta lam ching giong nhau : 0 + (-x)= -x.
Ta viét lai (2).

x+(x)< 0+ (-x)

Ta viét lai bai toan

x<0 (2 0<x (3 x<-x ? (1)

0<(x) 0<x (3)

Dung tinh chuyén ciia < .

BAI TOAN 10. Cho mot sb thucx . Chung minh

x| = x
Bai toan c6 yéu té “|x |, yéu tb nay duoc xac dinh trong
hai truong hop. Vay ta phai xét bai toan trong hai truong
hop tuong tng: “x = 0 ” va “x < 0 . Truong hop “x =07,
don gian, ta xét trude. Lic d6 |x | =x. Ta viét lai (1)

x=0 () -x=x ? (2

x<0 3 -(x=x ?2 @ x=x ?7 4
Vay ta chi can xét truong hop “x = 07

x=0 (1)

-x = x ?7 Q)
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>0 (1)
-x <= x ?7 (2
Theo QTGT 5, ta viét bai toan thanh
0<x (1)
-x=<x 7 (2
Day 1a bai toan bat dang thtrc, ta chi de y den mot Ve cua
(1) va (2), tanén xét vé nao co cac yéu t6 “gidng glong
khac khac”: céac vé trai. Theo QTGT 6, ta xét cac yéu to
“giong giong khac khac” trong hai vé nay: 0 va -x. Ta lam
chung giong nhau : 0 + (-x)= -x. Ta viét lai (1).
O+(x)<sx+(x) x=<0 (3

0=<x (1) x=<0 (3)

BAI TOAN 12. Cho hai sé thuc x vay . Ching minh

[ x+yl = |x| +]y]

Theo KTGT 2, ta chi d¢ tam dén mot vé . Néu ta dé tim
dén ve trai, theo QTGT 10, ta xét hai truong hop. Néu ta
de tam dén vé phai cua, theo QTGT 10, ta xét bon trudng
hop. Dau tién, ta phai thir cach chon twong ting voi it
truong hop nhat. Néu khong dugc ta méi chon con lai.
Osxty (D) pty |=xty  xty <k[+p| ?2(Q)
Xty<03) ptyl=-x+y)=-xy xy<l+y ? 4)

Ta xét “(1) = (2)” trudc, vi trudng hop nay cé vé dé hon
0<x+y (1)
xty s+l  ?@)
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BAI TOAN 11. Cho mét sb thuc x . Chung minh
+x < |x|

Khi bai toan viét theo dang tich hop cac truong hop. Ta
tach bai toan ra tung truong hop

x = [x| (D) -xo=< |x[ ()

QUI TAC GIAI TOAN 11

Khi bai toan viét theo dang tich hop céc trudng hop. Ta
tach bai todn ra ting truong hop.
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0<x+y (1)
xty <kx[+)y]  ?(2)

Ta xét truong hop don gian nhat: “x = 0” va “y = 0.
0<y (") y=pl ?7(@2)

0<x (17 x<|x| 22"

Do BT 9, ta ¢6

s<l|s] VseR (5
x=<lx VxeR (§5)
y=pl VyeR (5

Cong vé v6i vé ctia (5°) va (57) ta co (2). Tuong ty ta
ching minh dugc (4).




QUI TAC GIAI TOAN 2

Nén xét bai toan trong trudong hop don gian nhat. Sau d6
x€t bai todn dang phtrc tap hon mot chut, dua vao cach giai
truong hop trude. Lap qui trinh nay cho dén khi giai xong
bai toan

KY THUAT GIAI TOAN 3
Khi bai toan c6 nhiéu bién s, ta nén gitr nguyén mot bién
sO va cho céc bién s6 con lai nhan céc tri gid dic bit. Lic

do ta dua bai toan vé mot bién sO.
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(R18) (Tinh chat Archiméde) Néu x>0 va 0 < y, ltc d6 ¢o
mot s6 nguyén duong n sao cho

y < nx (hay n'ly < x )

(R19) (Tinh tri mat cia @ va R\ Q trong R) v&i moi sd
thuex va moi s thuc duong ¢ ta tim duoc p va g
trong Q va r va s trong R \ Q sao cho

xX-¢ <p <x<gqg<x+eg va

x-¢& <r <x<gsg<x -+ ¢
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(R15)R chira tap hop cac s6 nguyén duong N va cac sd

nguyén duong n chinhla 1+-+1 (n lan).

(R16) Téap hop cic s6 nguyén Z = {-n: neN }U {0} UN
chtra trong R.

(R17) Tap hop cac sé hituti Q = {n''m : neN vameZ }
chura trong R.
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Pinh nghia . Cho 4 1a mot tip con khac trong trong R . Ta
noi

e A 1a mot tap bi chan trén néu co mot so thuc o sao cho
X < a Vxed,
luc d6 a duogc goi la mot chan trén ctia A .

o A 1a mot tap bi chan duoi néu cé mot sé thuc B sao cho
B=<x Vxed,
laic do6 B duoc goi la mot chan duoi cua A

o A la mét tap bi chan néu A 1a mot tap bi chan trén va bi
chan duoi
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T!n' du 1. Cho hai sb thuc a va b, saocho a < b .Ta
thay

(-0, b) lamottap bichén trén ,

(a,o0) lamdttap bi chan dudi,
[a,c0) 1amdttap bi chan dudi

(-c0,b] lamdttap bichan trén ,

(a,b) la mot tap bi chan ,
[a,b) lamottap bichan,
(a,b] lamdttap bichan .
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(R20) Néu 4 1a mot tap con khac tréng va bj chan trén
trong R, lac d6 c6 mot sb thuc m, sao cho
(1) X = m, YV x €4,
(i) Néucomdt b trong R saocho x < b v&imoi
x €4, thi
m, < b
Luc do ta goi m, 1a chan trén nho nhat cia 4 va

ky hiéu m, 1a sup4.
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Cho 4 1a mét tap con cia R sao cho c6 a trong 4: x < o
v&1 moi x trong 4. Lic d6 4 bi chan trén va ta goi a 1a cuc
dai ctia 4 va ky hi¢u o 1a max A4.

Cho B 1a mét tap con cia R sao cho c6 B trong 4: B < ¢

v6i1 moi ¢ trong B. Luc do B bi chan dudi va ta goi B 1a cuc
tiéu cua B va ky hi¢u 3 1a min 4.
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(R21) Néu 4 1a mot tap con khéc tréng va bi chdan dudi
trong R, lac d6 c6 mot s6 thuc k, sao cho
(1) ky, = x YV x €4,
(i) Néucomot b trong R saocho b < x vo&i moi
x €4, thi
b = k,

Luc dotagoi k, 1a chan dudilon nhat ciia 4 vaky

hiéu k, 1a inf4.
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Bai toan 13 . Cho 4 1a khoang (0,1). Chirng minh
supA4 =1
(1) x < m, V x €4,

(ii) Néucomot b trong R saocho x < b v&imoi
xe€Ad, thi m, < b

Lic d6 ta goi m, la chan trénnho nhat cia 4 va
kyhigu m, 1a sup4.

(1) x =1 YV x €(0,1),
(i) Néucomodt b trong R saocho x < b véi moi
x €(0,1), thi 1 <b

x<b Vx 0<x <1 (1)

b<l1 (2%)

Talam manh “b < 1”valam cac yéu té c6 cung dang:
cO mot sO thuc e >0saochob<1-g(e=(1-b)2). Viet
lai bai toan.
x<5b Vx 0<x <l (1)

1-e>b (27)

Theo QTGT 6, ta tim céc yéu t6 t6 "giéng giéng khac
khac" nhung chong nhau : x va 1 - ¢ . Ta lam chiing giong
nhau hin Chonx =1 -¢, tuy nhiéncothé 1 - <0 . Ta xét
truong hop “1 - € < 0 “’rac roi nay trudc.

0=1-¢g>b

6

Mau thuan véi (1)
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Ta thdy (i) hién nhién dung. Ta chirg minh (ii)
(i) Néucomdt b trong R saocho x < b v&imoi
xe€@0,1), thi 1 <5

x<b Vx 0<x <1 (1)

1 <b ? (2)

Ta thiy gia thiét yeu hon két lugn. Theo QTGT 8, ta ding
phéan chung, véi gid thiét phan chimg

b <1 (2%)

Theo QTGT 5, ta viét lai bai toan

x <b Vx, 0<x <1 (1)

b<1 (2%) 215
x <b Vx, 0<x <1 (1)

1-e>b (27)

Néul-e>0,chonx=1-¢ Taco0< x <1 va
x>b (2?37)

Mau thuan véi (1)
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QUI TAC GIAI TOAN 12

Néu dinh nghia ctia mot yéu td trong bai toan kha phtrc
tap ( sup, su hoi ty, su lién tuc . . .). Ta phai chép dinh
nghia dudi dang tong quat, sau d6 méi thay vao cac ky
hi€u twong g cua bai todn. Cach nady giup ta tranh sai
sot, va giip c6 mot kho kién thtrc toan c6 chon loc : dung
nhiéu dugc ghi ra nhiéu lan.

KY THUAT GIAI TOAN 4
Lam manh céac bat dang thirc a < b bang cach: c6 mot s6

e>0saochoa+e<b vaia<b-g.
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Vi (i) hién nhién dung ta xét (ii)

(i) Néucomot b trong R saocho b < x véi moi
x €A, thi b <0

b < n! Y neN (1)

b=<0 ? (2)

Ta thdy gia thiét yéu hon két luan, theo QTGT 8, ta dung
phan chung véi gid thiét phan chimg la “6 > 0.

h>0 (3)

Ta viét lai bai toan

b < n! Y neN (1)

b >0 3)
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Bai toan 14 . Cho 4 1a tap hop { n':n €N }. Chung

minh
inf 4 =0
Theo QTGT 12, ta lam rd yéu t6 inf 4 nhu sau
(1) ky <= x YV x €4,

(i) Néucomot b trong R saocho x < b v6imoi
x €4, thi b= k
Luc d6 ta goi k, 1a chan dudi lon nhat ciia 4 va ky hiéu

k, 1a infA.

(1) 0 = x V x €4,
(i) Néucomot b trong R saocho b =< x véimoi
x €4, thi b =<0

b < n'! YV n eN (1)

b>0 3)

Khi c6 bat dang thirc lién quan dén mot sé duong va cac
sO nguyén duong, ta phai nh¢ tinh chat Archimede sau
“Néu x > 0 va 0 <y, lic d6 c6 mot sd nguyén duong m
saocho y < mx (hay mly < x).”

Nhin vao (1) va (3),tachony =1 vax =b.
d meN m'<b 4)
0<b < n'! Vn eN (1) va(3)
Theo QTGT 8, ta thdy hai yéu tb “m'<b” va“b <nl’
giong giong nhau nhung chong doi nhau : datn=m .

m‘l < b< m'l Mau thuan 21
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KY THUAT GIAI TOAN 5

Khi c6 bat dang thirc lién quan dén mot sé duong va cac
s0 nguyén duong, ta phai nh¢ tinh chat Archiméde sau

Néu x > 0 va 0 <y, ltic 46 c6 mot sd nguyén duong m
saocho y < mx (hay m'ly < x).

222

Bai toan 15 . Cho ¢ 1a mot sd thuc duong va B 1a mot
tdp con bi chdn trén va khéic trong trong R. Dat
cB ={cy :y € B}.Ching minh sup cB =csup B

Ta chung minh: “sup ¢B < ¢ sup B” va “sup cB>c sup B ™.

Ta chirng minh “sup ¢B < ¢ sup B” trudc.

? supcB<csupB

Theo KTGT 6, Dat B = c.sup B . Bai toan trd thanh

? z<PB VzecB={cy:ye B}

? z<csupB VzecB={cy:yeB}

Theo QTGT 5, ta viét bai toan vé mot dang

? cy<csupB VyeB ?y<supB VyeB
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KY THUAT GIAI TOAN 6

Cho 4 1a mot tap bi chan trén trongR va M €R.
Dé chimg minh sup 4 < M , taco thé lam nhu sau :

Chimgminh x =M V x €4.

Cho B 1a mot tap bi chan duéi trongR va § €R.
Pé ching minh S < inf B, ta c6 thé 1am nhu sau :

Chimgminh S <y V y €B.

223

? csup B <sup cB ?sup B< c'sup cB

Theo KTGT 6, Bit a = ¢''sup ¢B. Bai toan tr¢ thanh
? t<a VteB ? t<c'supcB ViteB
?ctL supcB ViteB

Theo QTGT 5, ta viét bai toan vé mot dang

?cts supeB VcetecB ?7x< supcB VxecB

225
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Bai toan 15b. Cho ¢ 13 mét sé thuc duong va B 1a mot
tap con bi chan dudi va khac trong trong R. Dat
cB ={cy :y € B}.Ching minh infcB =cinfB

Sinh vién tu lam

Bai toan 15¢. Cho ¢ 13 mét s6 thuc 4m va B 1a mot tip con
bi chdn trén khac trong cua R. Pat ¢cB = {cy : y € B}.
Ching minh ¢B bi chdn dudi va  infcB = c.sup B.

Ta ching minh: “inf' cB < c.sup B” va “infcB > c sup B .
Ta ching minh “inf'cB > ¢ sup B” truéce. Dat o = c.sup B.

infecB>csup B csup B<infcB o <infcB
a<z VzecB csupB<z VzecB

csupB<cy VyeB supB>2y VyeB

Bai toan 16. Cho 4 1a mot tap khac tréng \{2‘1 bi chan trén
trong R vac = sup A Cho ¢ 1la mot so6 thuc duong.
Chung minh ¢ - & khong la mét chan trén cua 4.

Theo QTGT 1, talam 10 sup A va c - & khong la mdt
chan trén cua 4

(1) X = m, YV x €4,

(i) Néucomdt b trong R saocho x < b v&imoi
x €A, thi m, < b

Lacdom, = sup4.

(1) xX =<c¢ YV x €4,

(i) Néucomdt b trong R saocho x < b v6imoi
x €A, thi c=<b

58

infecB<csupB  sup B<clinfcB

Dit B = ¢'inf cB. Theo KTGT 6, ta viét bai toan nhu sau
sup B<B t<Bp VieB t<clinfcB VteB
ct> infcB VteB

Theo QTGT 5, ta viét bai toan vé mot dang

x> infcB VxecB

227

1 x =c V x €4

(i) Néucomot b trong R saocho x < b véimoi
x €A, thi ¢ =<b»

mlamétchintrénciad: y<m VYV y €4

m khong 1a mot chan trén cuia 4: 3y e Asaochom < y
dyedsaocho c-e <y ?

Theo QTGT 3, ta viét lai bai toan

x =c¢c VYV x €4 (1)
“t+ =b VYVt €ed” = %% <b” (2)
? Tim ye Asaocho c-¢ <y 3)

229
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x =c¢c VYV x €4 (1)

“t+ =b VYt €ed” = %% <b” (2)

? Tim ye Asaocho c-¢ <y 3)

Ta thay khong c6 gi 16 rang tir cac gia thiét (1) va (2) co
thé ching minh (3). Theo QTGT 8, ta dung phan chirng
vo1 gia thiét phan chiing

y<c-¢ Vyed

Theo QTGT 3, ta viét lai bai toan

x =c VYV x €4 (1)

“t =b YVt ed” =% <b )
y<c-¢ Vyed (3 0

Bai toan 16b. Cho A 1a mot tap khac tréng va bi chan
trén boi ¢ trong R. Gid st voi moi s6 thuc duong ¢, ¢ - &

khong 1a mot chan trén cua 4. Ching minh ¢ = sup A.
x < c Vx €4 (1)
Choe>0,c6 s,ed: c-¢<s, (2)

“t =b VYVt ed="%=5>b 7?03

Ta thay khong c6 gi 1d rang tir cac gia thiét (1) va (2) ¢o
thé ching minh (3). Theo QTGT 8, ta dung phan ching.

Viét 3)radangcoban: Vb e{s:t<sVtedl:c < b.

Vay gia thiét phan ching nhu sau
Cob, t<b Y t €dva b<c 4)

232
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x =c VYV x €4 (1)
“t+ =b YVt €€eAd” = %% <b” (2)
y<c-¢ Vyed (3%)

Vi ¢ 1a mét sb da dinh san va b va ¢ - ¢ 1a hai s6 chua biét
13, nén ta c6 hai yéu tb gidng gidng khac khac” 1a“t < b”
va “y < ¢- & ”. Lam ching giéng nhau : chon b=c- ¢,
viét lai (2)

x =c VYV x €4 (1)

vy =c-g Vyed’” = “ =c-¢&” (2%)
y<c-¢ Vyed (3%)

c sc-¢ Vo ly "
x<c¢ Vx €4 (1)

Choe>0,c6 s,ed: c-&<s, (2)

Coéb, t=b VYV t €dva b<c 4)

Theo KTGT 4 va QTGT 5, ta viét “b < ¢” manh 1én va
cung dang vé1i “c- ¢ <s,.”

Cob,a>0, t<=b V t €dAva b<c-a 4)
Theo QTGT 8, ta lam hai yéuté:‘,‘c-g<sg” va “b <c-o”
giong nhau hon: chon &£ = a. Ta viét lai bai toan

x < c Vx €4 (1)
Choe=a>0,c6 s,€d: c-a<s,(2°)
Cob,a>0, t=b VYV ¢t €dva b<c-a @)
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x<c Vx €4 (1)
Choe=a>0,c6 s,e6d: c-a<s,(2)
Cob,a>0, t<b VY t €4Ava b<c-a 4)

Theo QTGT 6, ta xét hai yéu to “giong gidng khac khac” :

sa,eA vat € A. Ta lam ching gidng nhau: dats=s,.Ta
vi€t lai bai toan.

x<c¢ Vx €4 (1)
Choe=a>0,¢c6 s,ed: c-a<s,(2°)
Cob,a>0, s,<=bva b<c-a 4”)
Tathéycévély:c-oc<sas bva b<c-a

234
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CHUONG NAM
DAY VA CHUOI SO THUC

Pé xiy dung mét rao ngin khan
gia tran vao san thi ddu bong d4, ta
can tinh chu vi p cta mot hinh
nhu bén canh. Hinh nay gdm hai
cung tron va hai doan thang, mdi
cung la mdt phﬁn tu ciia mot
duong tron c6 ban kinh 60 mét.

Dung cac cong thic don gian ta tinh dugc
p=(607 +1202) mét
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Nay ta xem cach mo hinh ¥ tudng trén cua cac nha toan
hoc .

Pinh nghia. Cho f 1a mét anhxatr N vao R, dat
a,= fin) voimoin € N, tanodi {a,} 1a mot ddy so thuc.

Thidu 1. {sin(n® + 2n)} 1a mot day sb thuc
Thidu 2. Pat a,=3,14, a,= 3,141, a,=3,1415 ,
a,=3,14159 , a,=3,141592 , a,= 3,1415926 ,

a,=3,14159265 , ag=3,141592653 , a,= 3,1415926535 , .

. Pay la day sb giup chung ta chon cac gia tri gin ding
cua sO m theo céc sai sO cho phép trong cac tinh toan cu

th A GIAITICH 1 - CHUONG 5 237
€.
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Cong thirc trén qua tot vé mat 1y thuyét. Nhung khi dua
vao cac dé an thi cong thuc té, ching ta phai dung mot
trong cac gia tri cua p nhu sau

p= 60x3,14 + 120 x1,41 ;
p = 60x3,141 + 120 x1,414 ;
p = 60x3,1416 + 120 x1,4142 .

Nhu vay trong thuc té, mot s6 sb thue thuong duoc thay
thé bang céc gia tri xap xi ctia chung.

Thi du , nguoi thuong dong nhét 7t véi mot trong cac sd
{3,14; 3,141, 3,1416}, va /2 v&i mot trong cac ) {1,41;
1,414; 1,4142}
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Ta xem mo hinh toan hoc cua y tudng dong nhat mdt s6
thuc a vo1 mot day cac gié tri xap xi ciia n6 nhu sau
Dinh nghia . Cho {x, } la mdt day s6 thyc va mot so
thuc a.

Tanoi diy {x,} hoituveé a néuva chinéu

Ve>0 dIN(e) € N saocho
|x, —a| < ¢ vV n > N(g)
X
x3 x5 N(g)+m xl xN(g)H N(e)+k 'x37 X X
| | N | | | | | < | | |
1 ’ ! — ! I S !
a-s a a+e
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Bai toan 18. Ching minh {n!} hoituvé 0 .
Theo QTGT 12, ta 1am rd yéu t6 hoi tu .

Ve>0 dIN(e) € N  saocho
lx -al] < ¢ vV n > N(eg)
Ve>0 IN(e) € N saocho

lnl-0] < ¢ V n > N(g)

Theo QTGT 1, ta viét lai phan chirng minh nhu sau

Ve>0 dIN(e) € N  saocho
nl < g V n > N(g)
Choe>0, timN(e) € N saocho
n_l < 8 GIAITICHI-CHUOYGS”Z > N(g) (219)
Choe>0, timN(¢) € N saocho
nl < g V n > N(g) (1)
CON(e) € N saocho N(e)'<e (27)

Theo QTGT 6, ta xét cac yéu t6 “gidng gidng khac khac”
cia (1) va (2°): “n! <e” va“N(e)! <g”. Pélam cac yéu
t6 ndy giong nhau hon, ta viét “n > N(g) ” ra dang cta
ching : “n’! <N(g)!” . Tudotaco:n' <e Vn > N(g).
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Choe>0, timN(¢) € N saocho
nl < g V n > N(g) (1)
Theo KTGT 5, ta dung tinh chat Archiméde sau
Néu x > 0 va 0 <y, luc d6 c6 mot sé nguyén duong m
saocho y < mx (hay m'ly < x).
Odayy=1vax=1
dm € N saocho el < m (2
Theo QTGT 6, so sanh cac khac biét gitra (1) va (2), ta
thdy d6 14 “3 N(g) ” va “3 m”. Ta lam chung giéng nhau:
dit N(e) =m . Theo QTGT 5, ta viét lai bai toan
Choe>0, timN(e¢) € N saocho
nl < g V n > N(g) (1)

CoN(e) e N saochoN(e)T<e  (2°)

Bai toan 19. Cho {x,} la mot day s6 thue sao cho ¢6 mot
s0 thyc duong C dé cho
x| < n'C
Ching minh {x } hoituvé 0.
Ve>0 dN(e) € N saocho
|x, —a| < € vV n > N(eg)
Chomot €¢>0 timmot N(¢) € N sao cho
lx, -0] < ¢ vV n > N(g)
Theo QTGT 3, ta viét lai bai toan nhu sau

YV ne N .

|x,| = nlC Vne N. (1)
Chom¢t €¢>0 timmot N(¢) € N sao cho
‘ )Cn ’ < e GIAVICHI-EHUN(E) (2)242




|x,| = nlC VineN. (D)
Chomot €¢>0 timmot N(¢) € N sao cho
lx, | < ¢ vV n > N(e) (2)

Néu mot so bi bé hon mét sb cu the hon, thay vi chan trén
tryc tiép sd do, ta co thé chin trén s6 cu thé tu(mg tmg. O
day thay vi xét “|x,| < e”taxét“n!C < g”.

Chomot €¢>0 timmot N(¢) € N sao cho

n'C < ¢ Vn>NeEe (3)
Theo QTGT 5, ta viét cac yéu td trong (3) cing dang.
Chomot ¢>0 timmot N(¢) € N saocho

8-1 C < n Glyﬂg—[ I?CH(M(E(C;) (4) 243

Choe>0,
elC <n

COHN(e) € N

“n>N(E)=m” =

tim N(¢) € N sao cho
vV n > N(g) 4)
e!lC <N(g) (5)
13 n > 8_1C 2
Theo QTGT 6, ta xét cac yéu td “gidng giéng khac khac”
cua (4) va (5): “e'C<n” va“e!C<N(e)”. Bélam cac
yéu t0 nay giong nhau hon, ta dung “n > N(g) . Tur do ta
c6:e'C<n V n > N(e).

KY THUAT GIAI TOAN 6b
Néu mot s6 bi bé hon mdt sb cu thé hon, thay vi chan trén
truc ti€p soO do, ta co thé chan trén s6 cu thé tuong ing.
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sao cho
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Chom¢t €¢>0 timmot N(¢) € N saocho

elC <n  Vn>N(e 4)
Theo KTGT 5, ta dung tinh chit Archiméde : Néu x > 0
va 0 < y, luc d6 c6 sb nguyén duong m sao cho y < mx
(hay mly < x).Oddyy=¢!Cvax=1
dm € N saocho e!lC < m (5
Theo QTGT 6, so sanh cac khac bi¢t gitra (4) va (5), ta
thay d6 1a “3 N(e) ” va “3 m”. Ta lam chung gidng nhau:
dat N(e) =m . Theo QTGT 5, ta viét lai bai toan

Choe>0, timN(¢) € N saocho

elC <n  Vn >N ))
“n>N(E)=m” = “n>¢lC”
CoN(E) e N saocho —elC <N (5 ™

Bai toan 20. Ching minh {2} hoituvé 0.
Theo QTGT 12, ta lam ro yéu t6 hoi tu .

Ve>0 dIN(e) € N saocho
lx -al] < ¢ vV n > N(eg)
Ve>0 dN(e) € N saocho
|27- 0] < ¢ vV n > N(g)
Theo QTGT 3, ta viét lai phan chimg minh nhu sau
Choe>0, tim N(¢) € N  saocho
2" < g Vn>NeE (1)




Choe>0,timN(¢) € N saocho
gl < 2n V n > N(e) (1)
Theo QTGT 5, ta viét cac yéu tb bai toan cung dang.

Choe>0,timN(¢) € N sao cho
log, el <log,2" =n vV n > N(e)
Choe>0,timN(¢) € N saocho

-log,e<n vV n > N(g) (2)
Theo QTGT 7, ta chia bai toan thanh hai truong hop:
-log,e<0 va-log,e>0. Néu - log, € <0, ta chon N(¢)
=1. Xét truong hop - log, € > 0.
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Chting minh hai ménh dé sau ddy twong duong véi nhau
Ve>03IN(e)eN : |x,-al|<e Vn>N(eg) (1)
Ve>03IN(e)eN:|x-al<e Vn>NE (2

Theo QTGT 4, ta viét lai bai toan tranh cung ky hiéu
Ve>03IN()eN: |x -a|<e Vn>N(e) (1)
Ve'>0,IM(e)eN: x -al<e Vm >M(E) (2)
Ta chung minh “(1)= (2)” va “(2) = (1)”.

Xét“(1) = (2)”

Choe>0,cON(e)eN: |x -a|<e Vn>N(e) (1)
Cho >0, timM(e’)eN : |x -a|=<¢& V m>M(e’) (2)
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Cho € >0 sao cho -log,e>0,timN(¢) € N saocho
-log,e<n Y n > N(e) (1)
Theo KTGT 5, ta dung tinh chat Archiméde sau
Néu x>0 va0 <y, lac d6 c6 mdt s6 nguyén duong m sao
choy <mx (hay m'ly < x). Odayy=-log,evax=1.

dm € N saocho -log,e< m (2)

Theo QTGT 6, xét cac khac biét gitra (1) va (2): “I N(g) ”
va “dm” . Bé chung giong nhau hon: dat N(¢) =m . Theo
QTGT 5, ta viét lai bai toan

Cho ¢ >0saocho-log,e>0,timN(¢) € N saocho
-log,e<nm vV n > N(g) (1)
= N(S) e N sa0 choaiaricn 14:1—11@%2 e< N(S) (2,) 248

Choe>0,cON(e)eN: |x -a|<e Vn>N(e) (1)
Choe>0,timM(e’)eN:|x -a|=<& Vm>M(e) (2)
Theo QTGT 6, xét cac yéu td "giéng giéng khac khac"
trong bai toan : “|x-a|<e”va“lx, -a|<¢ 7. Talam
chung giong nhau: Cho ¢’> 0, chon ¢ = ¢’. Ta viét lai (1)
Choe’=€>0,cO N(g)ehN:

|x -a|<e=¢€ Vn>N(e) (1)
Theo QTGT 6, xét cac yéu tb "gidng giéng khac khac"
gitta (2) va (I’) : “m>M(e’) ” va “n > N(g) ”. Ta lam
ching giong nhau: chon M(g’) = N(g) .
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Xét “(2) = (1)
Choe>0,cO0M(e’)eN:[x -a|=<& Vm>M()
Choe>0,timN(e)eN: |x -a|<e V n>N(e)

2
(1

Theo QTGT 6, xét cac yéu td "giéng gidng khac khac"

%9

trong bai todn : “|x -a|<¢

va“x, -a|<e”. Talam

chung gidng nhau: Cho &> 0, chon & = 2¢’. Ta viét lai (1)

Choe=¢">0,coM(e’) eN:

Ix, -a|<2e=¢ Vn>M() (1)

Theo QTGT 6, xét cac yéu td "giéng giéng khac khac"
gitta (2) va (1) : “m > M(e’) ” va “n > N(g) ”. Talam

chung gidng nhau: chon N(g) = M(g”).

GIAITICH 1 - CHUONG 5
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Choe>0,cON(e)eN : [x -a|<e Vn=N(e)+l
Cho &> 0, tim M(e’)eN: |x -a| <& V m=M(g’)

(1)
(2)

Theo QTGT 6, xét cac yéu td "giéng gidng khac khac"
gitta (2) va (I’) : “n > N(g) +1 > va “m > M(¢’) ”. Ta lam

chung gidng nhau: chon M(g’) = N(g) +1 .

Bai tap tu lam

Chtrng minh hai ménh dé sau day twong dwong voi nhau

Ve>03IN()eN : |x,-al|<e Vn>N(eg) (1)
Ve>03IN(e)eN:|x,-a/<e Vn2=NeE (2

GIAITICH 1 - CHUONG 5
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Chung minh hai ménh dé sau day twong duong voi nhau
Ve>03IN(e)eN : |x,-al|<e V n>N(e) (1)
Ve>03IN(e)eN:|x,-al<e Vn =N (2)

Theo QTGT 4, ta viét lai bai toan tranh cung ky hiéu
Choe>0,cON(e)eN : |x -a|<e Vn>N(e) (1)
Cho &> 0, tim M(e’)eN: |x _-a| <& Vm2=M(e’) (2)
Theo QTGT 6, xét cac yéu td "giéng giéng khac khac"
trong bai toan : “n > N(g)” va “m > M(g’)”. Ta lam chung
giong nhau: dé y “n > N(g)” twong duong vé1 “n > N(g)+1”
Ta viét lai (1) va (2)

Choe>0,cON(e)eN : |x,-a|<e Vn=N(E+1l (1)
Cho &> 0, tim M(g”) eNurtjon 1 -cgpsisg” V om 2 M(7) =2 (2)

Pinh nghia . Cho g 1a mot anh xa tir tap hop céc sd
nguyén duong & vao N . Dit

n, = gk VkeN.

Ta dung {n, } thay cho {x } vi ta thuong ky hiu cac 5O
nguyén duong 1a »

gk)y=12 YV k eN n, =12 VkeN
gky=k YkeN n =k VkelN

gk)y=3k VY k eN n, =3k VkekN

gk)=k-8k+100V ke N n, =k -8k+ 100V k e N
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Cho g lamgt

anh xa tur & vao
N va flamot
anh xa tor A vao
R. bat \
x,= fln) VnelN |

b, = fog(k) ¥V keN
Tathdy fog ciinglamotanhxa tr &Y vaoR .
Vay {x} va (b} lawedcdayosd thuc .

Néu g ting
nghiém céch thi
k<gk) VkeN

Ta né1 {b,} la

mot day con cua

{x} néu g ting

nghiém cach.

Luc do6 ta ky hi¢u
b, =

X

2

(b, = fogn) =b,= f(gn)= fin,))

66

Cho {x,} lamotdiysd thuc va mot sbthuc a. Ta
noi day {x } hoituvé a néuvachinéu

Ve>0 dN(e) € N saocho
lx -al<ce vV n > N(g)

Cho g lamotanhxa tr Y vao N va [ la mdt &nh xa
tr & vaoR. bat

x, = f(n) V n ehN.
b, = fog(k) V k eN.
bk :xg(k) YV k eN

256
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Néu g(n) = 2n taky hiéu X”k A x,,

Néu g(m) = 2n+1 takyhiéu X , A x,,,,
k
Néu g(n) = 5n+3 takyhiu x , 1a x;,.;
k
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Bai toan 21. Cho mot diy sé thuc {a,}. Ching minh ba
di€u sau day tuong duong

{a,} hoi tu vé a trong R. (1)
{a,-a} hoi tu vé 0 trong R. ()
{la, -a|} hoi tu vé 0 trong R . (3)

Theo QTGT 1, ta 1am rd cac yéu t6 bai toan
Ve>0 dN(e) € N saocho
|x, -a|<¢e vV n > N(g) (1)
ve>0 IM(e’) € N saocho
(x, -a)-0]<¢
ver>0 dK(”) € N saocho
| |xk - a | _G@I]l‘lgl-é}!UONGS

Vm > M@E) ()

vk >K(”) *(3)

Pé tinh 5=z ++/2 chung ta thuong 1am nhu sau
s= 3,14+ 1,41 hoac
s = 3,141 + 1,414 hoac
s= 3,1416 +1,4142 ...

Ta thtr m6 hinh toan hoc cho viéc lam thong thudng nay
nhu sau.

Dita, = 3,14, a,=3,141, a,=3,1415 , a, = 3,14159 ,
as=3,141592 , a, = 3,1415926 , a, = 3,14159265 ,
ag=3,141592653 , a, = 3,1415926535 , . . . .,

b, =141, b,=1.414, b, = 14142, b, = 1.41421 ,

by =1.414213 , b, = 1.4142135 , b, = 141421356,

by = 1.414213562 , by = 1.4142135623 , . . . .,
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Theo QTGT 1, ta 1am rd céc yéu t6 cta bai toan
Ve>0,AN(E)eN: |x -a|[<e Vn>NE (1)
Ve >0,IME)eN:[(x,-a)-0]<e Vm>M() (2)
Ve?>0,3KE)eEN:|x, -al-0|<¢&” Vik>K(E”)(3)
Ve>0,ANE)eN: |x -a|[<e Vn>NeE (1)
Ve >0,IME)eN:|x -a|<e Vm>M(E) (2)

Ve?>0,3K(E)eN: x, - al <& VEk>K(E”)(3)
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Ta thay cac day s6 {a,} va {b,} lan luot 1a cac diy céc sb
xap xi m vav2, hay {a,} va {b,} 1an lugt hoi tu vé m va 2

Nay ta dat

sy =ayt by,
s =a,tb,,
sy=ayt+by,
s,=a,+b,,
Ss=as+bs,

Theo cach lam thong thudng, ching ta chdp nhan {s,} 1a
day so0 thuc xap xi chosd s=7+ V2. Chung ta sé chung
minh viéc chip nhén nay la ding theo bai toan sau.
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Bai toan 22. Cho hai sb thuc a va b va hai diy sd
thue {a,} va {b,} . Gia st {a,} hoitu vé a va {b,} hoitu
ve b.Dat c=a+b vac,=a,+ b, v61 moi s nguyén
duong n . Chirng minh {c,} hoi tu vé c.
Theo QTGT 3, ta viét lai bai toan
Choe>0,c6 N(¢) € N saocho

la, -a|<c¢g vV n > N(eg) (1)
Choe’>0,c6 M(e’) € N saocho

b, -b|<¢€ Vm > M(g) (2)
Choe”>0, tim K(&”) € N saocho
lc, -c|<¢&” vV k > K() 3)

Choe>0,c6 N(¢) € N saocho

la, -a|<c¢g vV n > N(eg) (1)
Choe’>0,c6 M(¢’) € N saocho

b, -b|<¢€ Vm > M(g) (2)
Chomot €”>0 tim K(g¢”) € N saocho

[(@tby-(@+b)<€  Vik>KE) @

Theo QTGT 5, ta viét | (a,+ b,) - (a +b)| cing dang véi
la,-al va|b,-a |.
(gt b)-(a+tb) = (q-a) +(b-D)
(@, + ) -(a +b)| = | a-al +|b-b|
Theo KTGT 6B, ta viét (4) thanh

Chomot €”>0 tim K(g2) SN, saocho 26
lg.al+1h - bl £ Avill/a K() (4
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Choe>0,c6 N(¢) € N saocho

la, - a|<eg vV n > N(g) (1)
Choe’>0,c6 M(e’) € N saocho

|b, -b|<¢€ Vm > M(g) (2)
Choe”>0, tim K(¢”) € N saocho

e, -c|<¢g” YV k > K() 3)

Theo QTGT 5, ta viét cac yéu to cua bai toan cung dang.

Chom¢t €”>0 tim K(¢”) € N saocho
| (@t by) - (a+b)| < &” V k> K(e”) 4
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Choe>0,c6 N(¢) € N saocho
la, -a|<eg vV n > N(g) (1)

Choe’>0,c6 M(e’) € N saocho
|b, -al|<¢€ Vm > M(g) (2)

Chomdt €”>0 tim K(¢”) € N saocho
lai-a|+1b,-b|< €” V k> K() 4)

Theo QTGT 5, ta viét (2) va (3) cung dang véi (4)

Choe>0vag’>0,c6 N(¢)vaM(e’) € N saocho
lai-a|+1|b,-b|< e VEk>NE)vak>ME) (5)

CHATHGEH 1 CHYODNG 5 266




Ta viét lai bai toan
Choe>0vae’>0,co6 N(e)vaM(e’) e N saocho

|a;-a |+ |b,-b|< ete’ V k> max {N(g), M(g’) } (5)
Chomot ¢”>0 tim K(¢”) € N saocho

la;-a | +|b,-b|< ¢€” vk > K(€”) (4)

Theo QTGT 6, ta xét cac yéu t6 "gidng gidng khac khac"
trong bai toan: “< &”” va “< g+g’ . Pé lam chung giéng
nhau hon: Cho €” >0, tachone=¢’ = ¢”, va viét lai (4)
Cho €°>0

| (@t b)) -(a+b) < € Vk >max {N(g), M(e’) } (6)

2 9
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Bai toan 22. Cho hai sb thuc ¢ va b va hai diy s
thuc {a,} va {b,} . Gia s {a,} hoitu vé a va {b} hoitu
vé b.Pat c=ab vac,=ab, véi moi sdnguyén
dwong 7 . Chiing minh {c,} hoi tu vé c .

Chomot e>0 ta c6 N(e) € N saocho

la, -a|<ceg vV n > N(eg) (1)
Chomot ¢ >0 ta c6 M(e’) € N saocho
b, -a|<¢€ Vm > M(g) (2)

Chomot €”>0 tim K(¢”) € N saocho
|a,.b,—ab|< g’ vV k> K(”) 3)
Theo QTGT 5 va KTGT 6¢, ta viét (1), (2),(3) cung dang.
a,.by—ab=(a,-a)b, +a(b,-b)
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lau b — abl=1(ak - Db+ g(bob) < g, - allb] + lallp. - bl

69

KY THUAT GIAI TOAN 6¢
Néu {a,} hoi tu vé a. Ta c6 thé uéc lugng |a,| theo |a| nhu
sau.

Chomdt €>0 ta c6 N(e) € N saocho
la, -al|<ce vV n > N(e) (1)

@) <|ay-al+lal<la] +1  Vn > N(I) 2

Néua=0:

2lal < |a| - |a,-al < a,| YV >N2ld) (3)
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Chomot e>0 ta c6 N(¢) € N saocho

la, -a|<eg vV n > N(g) (1)
Chomdt € >0 ta c6 M(¢’) € N saocho
|b, -al|<¢€ Vm > M(g) (2)

Chomot €”>0 tim K(¢”) € N saocho

lay. by —a.b| < |ay - allb| +al|b, - b] < € ¥V k>K(”) (3°)
Theo QTGT 5 va KTGT 6c, ta viét (1), (2),(3) cung dang.

|- al|by|+ |al|by - b <elby |+ |ale ¥ k> N(e), k> M(e’) (4)
Theo KTGT 6c, ta viét (4) thanh

elblt lale <e(|b|+1)+ |ale’ V k> N(e), k>M(g’), k> M(1)
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Chomot ¢>0 ta c6 N(¢) € N saocho

la, -a|<c¢g vV n > N(eg) (D)
Chomot ¢ >0 ta c6 M(e’) € N saocho

| b, -b|<¢€ Vm > M(g) (2)

Chomot €”>0 tim K(¢”) € N saocho
e(|bl+1)+ |ale’ <&” V k>M(e’) k>N(e), k >M(e’), k >M(1)
Theo KTGT 6b, ta viét lai (4)

Chomote, e’ vaeg”>0 tim K(e”) € N saocho

| a; - al(|b|+1)* |al| by - b| <e(|bl+1) Hale” < &”
Vk>K(E),k>M(1),k> N(e)va k> M(g’)

Chomote, e’ vae”>0 tim K(e”) € N saocho

| ayby - ab| < g(|bl+1) Hale’ < &”

IAITICH1-CH

Yk > K@), k> maxiM(1).NE)ME) (3)

KY THUAT GIAI TOAN 7

Khi giai bat phuong trinh c6 “<” v6i nhi€u an s6. Chung ta
thtr gidi phuong trinh c6 “=" va cac an s6 déu bang nhau .
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Chomot e>0 ta c6 N(¢) € N saocho

la, - a|<eg v n > N(e) (1)
Chomot €2 >0 ta c6 M(¢’) € N saocho

|b, -b|<¢€ Vm > M(g) (2)

Chomote, e’ vae”>0 tim K(¢”) € N saocho
| a,b, - ab| < &(|b|+1) +ale’ < &7
Vk > K(€”), k> max{M(I),N(e),M(e")} (5)

Theo QTGT 6, ta tap trung vao cac khac biét trong (5) va
(3) , 1am chiing gidéng nhau hon : cho €” , tim & va g’ sao
cho g(|b|+1) Hale’ <e” V k >max{M(1),N(¢),M(g’)} .
bat X=¢=¢’, xét phuong trinh [X(|b|+1) HalX]e <™.
Ta c6 nghiém X = (|b|+1 +|a|)'e” . Vay ta dat

e=g = (‘b’+TIA_Ii;l"lg—lj;f§UQNG5 272

Bai todan 23b. Cho sd thyc a khidc khong va diy s&
thuc {a,} sao cho a, khic khong véi moi n . Gid s
{a,} hoitu v& a Pit ¢,=a, véi moi s nguyén
duong n . Chitng minh {c,} hoitu vé a'.

Cho €> 0, c6 N(¢) € Nsao cho

la, -al<eg vV n > N(e) (1)
Cho ¢’ >0, tim M(¢’)e N sao cho
lc -all<e’ v m>M(e) (2)

Theo QTGT 5, ta viét cac yéu td cua bai toan cung dang.

Cho ¢’ >0, tim M(g’)e N sao cho
la, -all<g Y m>M(e) (2)
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Cho € >0, c6 N(¢) € Nsao cho Cho €> 0, ¢c6 N(¢) € Nsao cho
la, -al<e vV n > N(g) (1)

la -al<e vV n > N(g) (1)
Cho ¢’ >0, tim M(g’)e N sao cho Choe>0 vag’ >0, tim M(¢”)e N sao cho
a’l _ -1 ’ ’ 2
-l <e vm>Me) @) a) —a <2< YmsM@E)m> N msNE)  6)
Theo QTGT 5 va KTGT 6¢, ta viét (2) cung dang voi (1). a 2
la'—a |:|L_l = g, —al| 2] “mz_“ L s N(M)_ Theo QTGT 6, ta tap trung vao cac khac biét trong (1) va
dn @ |"m",| a 2 (3) , lam chiing giong nhau hon : cho €’ , tim € sao cho
Theo KTGT 6c, ta viét (4) thanh € <21a?’. Chon e =4'a%¢’. Ta co
Cho ¢’ > 0, tim M(g’)e N sao cho . la|
a4 2la,—al
la, —a | —"—<

—1 _
a —d
&' Vm>M(g'),m>N(%) |4,

lke'  Vm>M(e'")=max{N(
Cho ¢’ > 0, tim M(g’)e N sao cho

; LN (4)

la' —al< Z—f <& Vm >qw1(%€*),1anw£§—|),m >N(g) (3) s
a
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Bai todn 24. Cho motsd thuc a va ba day so thuc

Chomodt e>0 ta c6 N(e¢) € N saocho
{a,}, {b,} va {x,} . Gia st la, -al<ce V' n > N(e) (1)
(i) a, < x, < b, v4i moi s6 nguyén duong n . Chomot € >0 ta ¢c6 M(g’) € N  saocho
(i) {a,} va {b,} hoituvé a . b, -al<g vV m > M(g) (2)
Ching minh {x,} hoitu vé a. Chomdt €”>0 tim K(¢”) € N saocho
Chomot €e>0 ta c6 N(¢) € N saocho lx, —al<g” V k> K (3)
la, -al<e Vn > N (1) Theo QTGT 5, ta viét cac yéu t0 bai toan cung mot dang
Chomot € >0 ta c6 M(e’) € N ’saocho ,-a|<|x-a, | +tla-a|<px-a|+e Vk > Ne) (4)
15, -al<e Vm > M) (2) Néu taxen a viox, - a, , ta lai gip x, — a. Khi bé tac ta
Chomot ¢”>0 tim K(¢”) € N saocho xem coOn ¢o gia thiét nao khong: a, < x, < b, . Khi gap
I xn - da | < 8” GIAI TI\Cv]-/[ l]-CCHEONg?(g”) (3)77 bét déng thtrc ’ ta nén VGéIAEIigI-IIIII-.CHUONGS 278
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bee-al<x-ap| +la-a|<pg-a[+e Vk> N 4)
Néu taxen a vio x, - a, , ta lai gip x, — a. Khi bé tac ta
xem con ¢o gia thiét nao khong: a, < x, < b, . Khi gap
bat dang thirc , ta nén v€ hinh.

an )én én
|xk'ak|S | by-ay | < |bk'a|+|ak'a| )
Tir (4) va (5) ta thay

Ix,-a| < &+ 2¢ Vk > N() va k > M(e)
Theo KTGT 6b, ta viét (3) thanh

Choe,e’,e”>0 tim K(¢”) € N saocho

| x,—al <& +2e <e” V kzK(ek> max {N(e),M(e’)} (6)

Bai toan 24b. Cho A la mdt tap bi chan trén trong R.
Ching minh c6 mot day {x,} hoi tu trong 4 sao cho {x,}
hoi tu vé o = sup A.

Theo QTGT 1, ta 1am rd cac yéu t6 cta bai toan.

a= sup 4:

1 x =« V x €4, (1)

(i) Néucomot b trong R saocho x < b v&imoi
x €A, thi o< b (2)

Timx,e 4,V e>0,AN(e): |x,-a|<e Vnz=N() (3)
Theo QTGT 5, ta viét cac yéu té cua bai toan cung dang.
Timx,ed,Ve>0,IN():0=<a-x, =¢ Vn=N()

1- CHUONG 5

TimxneA,V8>0,Elcﬁl(T§5': a-e<x,<a ‘v’nZN(g)
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Choe>0,cON(e) eN:|a -al|<e Vn>N(E) (1)
Choe’>0,coM()eN:|b -a|<e Vm>M(E) (2)
Choe,e’,e”>0 tim K(¢”) € N saocho
lx,—al<&+2e<e”V k>K(e”), k> max{N(g),M(e’)} (6)
Theo QTGT 6, ta dé y dén cac khac biét gitta (3) va (6) :

“g’+2¢” va “g” . Ta lam chiing gidng nhau: cho &” , ta dit
e=¢ =¢”/3, vadat K(”) = max{N(g), M(g’)}.

Chomot €2>0 c6 K(e”) € N saocho
|x,-a | <¢g” vk > K() (3)
X <=« V x €4 (1)
‘x =b V x€ed” = “a< b” (2)

Timx,e 4,V e>0,AN(e): a-e<x,<a Vn=N() (3)
Theo QTGT 3, ta chia bai toan lam hai : “tim” va “hoi tu”.
“tim” dé hon, ta 1am trudc. Vi a - € khong 1a chin trén cia
A, ta tim dugc s sao cho

Ve>0,c6s€d: a-e<s=<a 4)

Theo QTGT 6, ta xét hai yéu “gidng khac khac™: “a - € <
x,<a”’va“a-e=<s<qa” Talam chung giong nhau :
viét s thanh s, . Viét (4) thanh

Ve>0,c0s,€d: a-e<s,=a (5)
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X =« V x €4 (1)
“*x =b V xed” = “a=< b” (2)
Ve>0,co0s5,€4: a-e<s,<a (5)

Timx,e 4, Ve>0,AN(e): a-e<x,<a Vn=N() (3)
Theo QTGT 1, ta xét cac yéu td con khac biét gitra (1) va
(2) “x,” v6i “s.”. Theo KTGT 21, ta ddt y, = s, v6i e =mL.
Viét lal bai toan

Coy,eAdsaochoa-m'=<y, <a (5)
Timx, €4, Ve>0,AN(e): a-e<x,<a Vn=N() (3)
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Bai toan 25. Cho hai tap con khac trong 4 va B trong R.

Gia su X <y Vxed,VyeB.
Ching minh  sup A4 < infB

Theo KTGT 11, ta phai chirmg minh

Vxed

Theo KTGT 11, ta phai chirmg minh

x < InfB

Vx e A4 ,ching minh X <y VyeB.
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Coy,eAdsaochoa-ml=<y, <a (5)

Timx,e 4,V e>0,3N(e): a-e<x,<a Vn2=N() (3)
Theo QTGT 1, ta xét cac yéu to “giéng gidng khac khac”
gitra (5%) va (3): “ar-mr 17 v6i“a-e”va“n>N(g)”. Ta
thdy bai toan giai dugc néu ta giai duoc bai toan sau bai
toan

Ve>0,AN(e): a-e<a-m'<Vm=N(E) (6)
Ve>0,3N(E): m! <eg Vm=N(e)
Ve>0,IN(): el=sm Vm=N(E) (7)

Theo KTGT 5, ta tim dugc N(g) sao cho: &1 < N(g). Tu do6
ta co (7)
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Bai toan 26. Cho hai day s thuc {a,} va {b,} sao cho
[a,,b, ] C [a

n=n

mobn] Ym,nelN, m =< n.

Chimg minh sup {a; : i e N} < inf {b; :j € N}.
Theo KTGT 11 hodc bai toan 25, ta phai chirmg minh

? a; = b Vi,jelN (1)

la,,b,] c [a,,b,] Ym,neN,m <n. (2)
0, b, b,

Theo QTGT 3, ta viét cac yéu td vé cung dang

a, < b, Vm,neN, m < n 3)

a, < b, Ym,nelN, m < n (4)

Theo QTGT 3, xét hai truong hop: i < j vaj <




a, < b, Ym,nelN, m < n (3)
a, < b, YVm,nelN, m < n 4)
? a, < b Yi,jeN (1)

J
Xét hai truong hop: i <j. Theo QTGT 6, ta xét cac yéu
t6 ¢ glong glong khac khac” : “a,, < b,"va*“a, < b”
“m<n>va “i <j”. Lam cho chung that gidng nhau
datm=i van=j. Tu (3)taco (1)

Xet hai truong hop: j < i. Theo QTGT 6 ta Xet cac yéu
glong giong khac khac” : “a, < b,”va“a; < b7,
“n<m”va “j<i”. Lam cho chung that gidng nhau
datn=i vam=j. Tu (4)taco (1)
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a,<b,,a,<b, VYm,neN,m <n (3)

[sup{a,:meN},inf{b,:neN}]ca,b] YkeN 4)

Theo QTGT 3, ta viét bai toan rd rang hon

a,<b, Ym,neN (5)

sup{a,,:m e N}< x <inf{b,:n €N} = aq,<x<b,
VkelN

?%,<x<b, Ym,neN"= g, <x<b, YVkelN (4
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Bai toan 27. Cho hai day s thuc {a,} va {b,} sao cho

la,.b,] C [a

Chimg minh [ sup a,, inf b ]c ﬂ la,,b,]
meN neN keN

[sup a,, inf bn] N la.5]1 ()
meN  neN keN

Theo QTGT 3, ta viét bai toan rd rang hon
a,<b,,a,<b, VYm,neN,m <n (3)
[sup{a,:m N}, inf{b,:neN}]c[a, b] VkeN (4)

mobn]l Ym,nelN, m < n.
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Bai toan 28. Cho hai day s thuc {a,}va{b,} sao cho
(i) [an5bn] C [m’ m]
(i)  lim,, (b -a) =

Chiing minh

Vm,neN, m < n.
sup a, = inf bj (1)
ieN JeN
Theo QTGT 1, ta tim céc lién quan gitra (1), (ii) va (1).
1 1

| | |
a, m/) a infb, b,

ken keN
0< inf b —supa < b —a, VkeN (2)
JEN ieN




0< .inf bj— sup a, < b, —a, VkeN (2)

JeN "~ jeN
Néua<B <t valim, , ¢t =o. Tadits, = avax, =p.
Ta thay lim,_, s, = o valim,  x,=[. Dung dinhly

kep cua ba day so, taco o = 3.

bato=0, #= inf b —supa va t,=b,-a, Vne N.

JEN = jeN
Ta co
inf b, — sup a. =0
. J l
JEN = jeN
GIA TICH 1 - CHUONG 5 291

Bai toan 30. Cho ba day s thuc {a,}, {b,} va{x,}sao cho
o [a,,b,] ¢ la,,b,] VYm,neN,m < n,
(ii) lim_, (b, -a,) = 0,

(i) x,€[a, ,b,] Vv nelN.

Chimng minh {x,} la mt day hoi tu.

lim_, a, =lim__ b, =sup,.na, (baitoan29)

a, <x,<b, Y nelN.
0, < % <
. Su p Cl” | GIAI TICH 1 - CHUONG 5 293
nelN
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Bai to4n 29. Cho hai day s6 thuc {a,} va{b,}sao cho
o [a,,b,] ¢ la,.b,] VYm,nelN, m < n.
(i1) limy,, (b -a;) = 0
Ching minh lim,_, a, =lim__ b, =sup,.n 4,

Chomot e>0 ta c6 N(¢) € N saocho

|b,-a,- 0] <eg V n > N(g)
Chomdt ¢ >0 tim M(e’) € N saocho
la,-sup,cn a,] <€ Vn > M)

! | | :
a, supa infb, b,

keN keN

a, -sup ,.n a,| Spbou-guojes<< gV n > N(ep

Cho {x,} la mot day s6 thue. Cho J 13 mot tap con trong
NvaJ co6 vo han phan tir .

Dung qui nap toan hoc ta dat

n, = minJ

n, = minJ\ [0,n]

n; = min J\ [0,n,]
N, = min J \ [0, n,] YV ke N
Tathday {n,} la mot diy don diéu ting trong N

Vay {x, } lamotday con cua diy {x,}
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KIEN THUC CO BAN 5

Pé tim mot diy con ctia mot day sb thuc {x,}. Ta c6 thé
tim J la mot tap con cé vo han phan tu trong N.

Dung qui nap toén hoc ta dat

n, = minJ

n, = minJ\ [0,n]

n; = min J\ [0,n,]

N, = min J \ [0, n, ] YV ke N

Lac dé {X; } 1a mot ddy con cua ddy {x,}

Luu y n, € J v6i moi ke -cmonas

bat I,={neN:x,= m} véimoim € {1,2,..,9}.

Ta s€ chon J la mot trong cac /1, . Mot diéu kién choJ oJ
c6 vO han phan tir. Tim m sao cho 7, ¢6 v han phan t.
ieN= x,= fli)e {1,2,..,9}
ieN=>dIme{l1,2,..,9}:iel,

Ncr1r, Ur,u-ur,

Core {1,2,..,9} sao cho [ latap co vo han phﬁn tur
bat J= I, va lap day {x, }tuong (g véiJ.

vé1i moi sO nguyén duong & .

Vi nkGJ:[r,xn =r

Cho £>0, ta thdy lx, —rl=0 <¢ V k2l
limx =r GIAI TICH 1l - CHUONG 5 297
koo "k
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Bai toan 31. Cho m¢t anh xa f tu N vao tap {1,2, .., 9}
Dit x, = f{n) v6i moi s6 nguyén dwong n. Tim mét diy con
{x”k } cua {x,} saocho {x"k } hoitu.

Bai toan gdm hai phan: tim mot day con, chimg minh diy
con hoi tu.
tim mot ddy con

Theo KTCB 5, ta tim mot tap con J ¢6 vo han phén tar

trong N. Luc d6 n, € J véimoi k e N. Vay dé {x, }  hoi
tu, ta nén chon J sao cho {xnk} la day hang.

bat I, ={neN:x,= m} voimoim € {1,2,..,9}.

GIAI TICH 1 - CHUONG 5 296

KIEN THU'C CO BAN 6
Cach thr hai dé tim day con
Cho {x,} la mot diy sb thuc. Cho {J,} 1a mot ho dém
dugc cac tap con trong N . Gid st J, c6 vO han phén tu
va J, ., cJ, v6i moi sO nguyén duong n .

Dung qui nap toén hoc ta dit

n, = minJ,
n, = minJ, \ [0,n]
n; = min J; \ [0, n,]

V ke N
Tathdy {n, } 1a mot diy don diéu ting trong N

My = min Jpy A [0, 7 ]

GIAITICH % - CI

Vay {x, } la mot day éon'cua day’{x,}
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Pinh 1y (Bolzano- Weierstrass) Cho a va b la hai sé
thuc va {x,} la mét day s6 thuc.Gid sir a < bva
x, € [a, b] véi moi s6 nguyén n e N . Lic dé cé mot day
con {X, } cuia day {x,} sao cho {xnk} héi tu vé x trong
[a, b].

a b

]’:{ neN:X E—} Jl”z{ I’LEN:XnE—}
Vi J’, U J” =N .Nén mot trong hai tap J’, vaJ”, phai
co vO han phan tir. Ta gia strJ”, c6 vo han phan tir .

Bat [ahbl]_ -, ta co [%I;lbﬂl@%b va (bl' Cl]) - 22919(b -a

S, ={ neJ): x € =} JJ ={ nelJ: X, € —
=3

]3, :{ne JZ”: xne =}J3” :{ne JZ”:XE

Vi J’yuJ”=J", . Nén mot trong hai tap J'; va J”; phai
co vO han phan tir. Ta gia st J” 5 €0 vO han phan tir . Va dit
J3 = J”3 .

bat [a,,b,] =

Tacod:J;cJ,cJ,, a;,b5] < la, ,b,] < [a, ,b], va

(b 37 a(ﬁ)l '?cg-ilg%ﬁoq ) 301

7

/) = { neN:XnE—}]l”={ neN:XnE—}

S, ={ neJ\: x,€ =} JJ ={ nelJ:x e —}

Vi J, 0 J”,=J" . Nén mot trong hai tap J*, va J”, phai
cO vO han phan tr. Ta gia suJ”, c6 vO han phan tir . Va dit
J J))

Pat [a,,b,] = —
Tacd:J,c J,,[a, b)) < la,,b],va (b, -a,))=22(b-a)
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] ={ne J,): x,€ =} J," ={ne J,”: x,€ =}
“={ne ), x,€ =1}J"=(ne ] xe =}
Vi J,uJ”,=J”; . Nén mot trong hai tap J', vaJ”, phai

c6 vO han phan tu. Ta gid st J’, c6 vO han phan tir . Va dat

Jy=J,

Béflt [a4,b4] T —

Taco: J,cJ,cJ,cJ,,

[a4 9b4] c [a3 ab3] - [a2 9b2] - [al abl] 9 Vé
(b4 _ Cl4) — 2-4 (}blTﬁBl-CHUONGS 302




x, € [a, b] vdi moi s6 nguyén n € N . Liic dé ¢6 mét diy
con {xnk}cﬁa day {x,} sao cho {x”k} héi tu vé x trong
[a, b].
Dung qui nap todn hoc, ta tim dugc cac s6 thuc ay,...,d
seuosby, . ,b, .. .sa0cho a, <b, VneNva

e [a,b] D[a,.b]>a,,b] > ...Da,,b,]>...

e (b—a)= 2"(b-a) V neN,

e NéudatJ = {neN:x, e[a,,b,]},thiJ c6vohan
phantir va J,o5J,5/,D ...DJ, D....

n

Licdd lima, =limb, = x =sup{a, :ne N}

n—»0 n—>0

Chon day con {x, } cua {x,}saochon, e J;,V keN.Ta
Cé a, < X, < bk Vé,y GIAI TIC]-lirﬁ-IXONGé_— X 303
k ° k—>o0

Dinh nghia . Cho {x } 1a mot ddy s6 thyc . Tandi day
{x } la mot didy Cauchy néu va chinéu
Ve>0 dIN(e) € N saocho
lx, -x |<¢€ V' n>m > N(g)
Bai toan 32. Cho { x, } 1am¢t day so thuc hoitu vé a.
Ching minh { x_} 1a mot day Cauchy .
Ve>0 dN(e) € N saocho

|x -a|<ce vV n > N(eg) (1)
Ve>0 IM(E) € N saocho
lx, -x |< € Vm>k > M) (2)
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KY THUAT GIAI TOAN 14

Cho {x,} 1a mot diy sb thuc. Dé tim mot day con hoi
tu cua {x,}, ta co thé dung dinh 1y Bolzano- Weierstrass :
chtng minh c6 hai s6 thyc a va b sao cho x, € [a, b] vo1
moi s6 nguyén n e N .
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Ve>0 IN(e) € N saocho

lx -al<e vV n > N(g) (1)
ve>0 IM(E) e N saocho

lx, -x, [<¢€ Vm>k > M) (2)
Chomdt €e>0 ta c6 N(¢) € N  saocho

|x, -al|<ce vV n > N(eg) (1)
Chomdgt ¢ >0 tim M(e’) € N saocho

|x, -x, [<¢€ Vm>k > M) (2)




Chomot €e>0 ta c6 N(¢) € N saocho
VvV n > N(g) (1)
Chomét € >0 tim M(e’) € N saocho

|x, -x, |<¢€ Vm>k > M() (2)
Theo QTGT 6,ta dé ¥ cac “gidng giéng khac khac”
gitta (1) va (2): “x,-a”va‘“x,-x,”,“n>"va “m>k>",
va lam ching giong nhau. Ta thay dé lam “x - a > va “x, -
x,,” giong nhau, nén ta lam viéc nay trudec.

lx, -a|<c¢e

|x, -x | <|x,-ata-x |< |x -a| + |a-x |

lx, -x | <2¢ Y m>k >N(e) (3)
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Bai toan 33. Cho {x, } 1a mot day sb thuyc Cauchy . Tim
mot sO thue M saocho|x,| <= M Vk el
Ve>0 dN(e) € N saocho

lx, -x, | <¢€ Vn>m = N(e) (1)
Tim mot s6 thue M saocho |x,|<M Yk eN (2)
Theo QTGT 6, ta dé y cac “gidng gidng khac khac”
gitta (1) va (2): “x, - x,|” va“|x, [7, “e” va “M”, “n > m
>N(e) ” va “k € IN”. Ta lam cac khac biét nay giong nhau
x|l <lx, -x, |*Hx |<et|x | Vk>m = N() (3)
Tim mot sb thue M saocho |x,|<M Vk eN (2)
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vV m>k >N(e) 3)

lx, -x |<¢€ Vm>k > M) (2)
Theo QTGT 6,ta dé y cac “gidng gidng khac khac”
gitta (2) va (3): “e’” va‘“2¢e”,“M(g’)” va “N(g)”, va
lam chung giong nhau nhu sau. Cho ¢’ , date =¢’/2 , dat
M(g’) =N(e). Tu (3) ta cod
Chomot ¢ >0 timdugc M(e’) € N saocho
Vm>k > M) (2)

lx, -x | <2¢

lx, -x |<¢€
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x| <e+]x, | Vk>m = N(e) (3)

Tim mot s6 thue M saocho |x,|<M Vk eN (2)
Theo QTGT 6,ta dé y cac “gidng gidng khac khac”
gita (3)va (2) : “e+ x,|”va “M”, “k>m=N()” va
“k €N ”. Ta lam céc khac biét nay giong nhau. Dé e+| x|
gan mot hang s6 hon, ta chon € =1 va m = N(1).
’Xk’<1+‘xN(1)‘ Vk>N(1) (4)

Tim mot so thue M saocho |x,|<M Yk eN (2)
Theo QTGT 6,ta dé y cac “gidng gidng khac khac”
gitra (4) va (2) : “k>N(1) ” va “k € N ”. Sy khéc biét nay
ocac ke {l1,... N(1)}. Takhac phuc sy khac biét nay.

x| < bl x| VEELL LN ()




|| < 1T xg) VE>N1) (4
| | < el g | Vike{l,.., N} (5
Tim mot sb thue M saocho |x,|<M Vk eN (2)
Theo QTGT 6, ta dé ¥y cac “gidng gidng khac khac”
gitra (4), (5) va (2) : “1 + |x 7 va “xy[+ . .
“M>,“k>N(1)’va“ke {1,...,N(1)}” va “k € N”. Ta
lam cac khac biét nay giong nhau. Dat

M=1+ [+ ..+ ]xyql Taco(2)

C6 mot sd thue M sao cho |x, | <M Yk elN
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gl va

lx, -x |<¢€

|xnk'a|<8’

V' n>m> N(g) (1)

Vik > K& (2)
|x -a|<¢g” Vm > M) €)}
Theo QTGT 6,ta dé y cac “gidng giéng khac khac”
gitra (1), (2) va 3): “x,, -x,,” va “xnk -a” va “x, - a’,
“n>m =N(g)” va“k>K(e)” va “m>M(e”)”. Ta lam
cac khac biét nay giong nhau

|x-al<|x,-x |+|x,-a <e+|x -a| Vn=m=N()

|x,-a|<et|x -al Vnzm=N(e) (4)
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Bai toan 34. Cho {x,} la mot day s6 thuc Cauchy va a la
mot s6 thue. Gia st {x } c6 mot day con ix, } hoi tu vé a.
Ching minh {x_} hoi tu vé a.

Chomot e>0 ta c6 N(¢) € N saocho
V' n>m> N(g) (1)

Chomot ¢ >0ta c6 K(¢’) € N saocho
Vk > K() (2)

lx, -x |<¢€

|xn -a|<g’
k

Chomot €”>0 tim M(g”) € N saocho

| Xm - da ’ < 8” mmumYmumcmmm> 5M(8”) 3(23)

|xnk -a|<¢€ Vik > KE) (2)

| x,-al<e+]|x, -a Vn=m=N() 4)

|x, - a|<¢g” Vm > M(e”) (3)
Theo QTGT 6,ta dé ¥ cac “gidng giéng khac khac” giira
2),@va@)“x,-a” va‘x, -a’va‘x,- a’, “n>m

> N(e)” va “k>K(e’)” va “m >M(8”)” Ta lam cac khac
biét nay glong nhau. Ta cb ging lam n va n, gidng nhau,
lac d6 ta can n,=m. Viéc nay goitachonn =n,,

Vm=N(), (4)
Vmz=N(e),m> K(E) (5
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|x,-~a|<e+g




Vm=N(),m> K() (%)

|x -a|<¢g” VYm > M(g”) 3)
Theo QTGT 6,ta dé y cac “gidng gidng khac khac”
gita (5)va (3):“e+¢& 7 va“e””, “m >N(g),n > K(e)”

va “m >M(g”)”. Ta lam cac khac biét nay giéng nhau. Cho
e’ ,date=¢=¢"/2,vaM(e”) =max{N(e), K(¢”)}. Ta co

Chomot €”>0 timduoc M(e”) € N saocho

Vm > M) 3)

|x,-a|<e+g

|x -a|<¢g”
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Bai toan 35. Cho {x, }1a mot ddy s6 thyc Cauchy. Chung
minh {x } hoi tu.

Theo KTGT 15, ta chi can chirng minh {x, } co mot day
con hoi tu.

Theo KTGT 14, d& ching minh {x, } c6 mot day con hoi
tu, ta phai tim hai s6 thuc a va b sao cho x, € [a, b] vo1
moi sd nguyén n € N. Dung bai toan 33, ta chon a =-M
vab =M.
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KY THUAT GIAI TOAN 15
Cho {x,} la mot day s6 thuc Cauchy va a 1a mot sé thuc.

Pé ching minh {x,} hoi tu vé a, ta chi can tim mot day
con {x, } cua {x, } saocho {x, } hoituveéa.
k k
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KY THUAT GIAI TOAN 16
Pé chimg minh mét diy {x,} hdi tu, nhung chua biét

g161 han cua nd. Ta chi can chung minh {x,} 1a mot day
Cauchy.
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Bai toan 36. Cho n 13 mot s6 nguyén duong . it

x =11+ 22433+, . +n" Vne N.

Ching minh {x_ } hoitu .

Theo KTGT 16, ta ching minh {x_} 1a mot day Cauchy

Chomot €e>0 tim N(¢) € N saocho

lx -x [<e€ vV n>m > N(g)
x -x,=[1"1+ . +m™+ (m )™+ A e ]
[ Am ™ = (™ At

Cac (k+1)*!kho tinh toan va sit 1y, theo KTGT 12, ta u6c
lugng ching bang 21

|Xn -X, ’ < 2Mm-l4 | aan@Tcuones + < 27"V n ham

Dung Matlab ta c6 thé tinh gan dang gi6i han cta day sb
trén.

>>syms n

>> symsum( 1/n”*n,1,inf)
ans =

sum(1/(n”n),n =1 .. Inf)
>> ypa(ans,17)

ans =

1.2912859970626635
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|x, -x |[=< 2™ VYn>m
Chomot e>0 tim N(¢) € N saocho
lx -x [<¢€ vV n>m > N(g)

Theo QTGT 1 va KTGT 12, ta viét bai toan thanh

Cho mdt € >0 tim N(€)eN sao cho 27 <g V n> m> N(g)
Cho mot € >0 tim N(e)eN sao cho 27 <g V m> N(¢g)

Xem bai toan 20
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Bai toan 37. Cho {a,} la mot day s6 thuc don diéu ting
va bi chan trén . Dat A={a,:ne N }.
Luc do {a,} sé hoi tu vé a= supA
a,<a, Y mneN, m=n (1) a=supd (2)
Chomot €e>0 tim N(¢) € N saocho

la, -a|< ¢ Vn > N(e)
Trong bai toan c6 gidi han va co6 sup hodc inf, ta nén viét
dudi dang

Chom¢gt €e>0 tim N(¢) € N saocho
la, -a|< ¢ vV n > N(g) 3)
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a,<a, Y mneN,m=<n (1) a=supAd (2)

Chomot e>0 tim N(g¢) € N saocho

la, -a|< ¢ Vn > N(g) 3)
Theo QTGT 6, ta dé ¥y cac “gidng gidng khac khac”
gitra (1) va (2) vai (3). Ta thay trong (2) va (3) coa vaa,

Chom¢ot €e>0 tim N(¢) € N saocho
0<a-a <c¢ V n>N(eg)
Chomét €e>0 tim N(e) € N saocho
a-¢ < a, V n=>N(e) (4)

a,<a, YmneN,m=<n (1) a=supd (2)
Chomot e>0 tim N(g) € N
a-& < aygy (5)
Theo QTGT 8, vi khong c6 lién hé nio giita hai gia thiét
(1) va (2) v6i két luan (5). Ta dung phan chimg. Gia thiét
phan chirng nhu sau
de>0saochoa -¢ >2a, Vne N

n

a,<a, YmneN,m=<n (1) a=supd (2)

m n

de>0saochoa -¢ >2a, Vne N (6)

n

Theo QTGT 8, ta tim mAu thuan giita hai gia thiét (1) va

sao cho

(2) véi gia thiét phan ching (6) : a - € 1a mot chan trén cla

A va bé hon a , mau thuan o (Gyxcs 325
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a,<a, YmneN,m=<n (1) a=supd (2)

Chomot e>0 tim N(g¢) € N saocho
0<a-a,<e¢ V n2>N(eg) (4)

Theo QTGT 1, ta xét cac khac bi€t va cac quan h¢ gitra

(1) va (2) v61 (4). Ta thay trong (1) va (4) c6 a,, . Ta viét

cho giong nhau

Chomot e>0 tim N(g¢) € N saocho
a-¢ <a, V n= N(e) 4
Chom¢gt €e>0 tim N(¢) € N saocho

a-& Sayy,< a, YVnxNeE 4
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KY THUAT GIAI TOAN 11

Trong bai toan c6 gidi han va co6 sup hodc inf, ta nén viét
“{x,} hoi vé a” dudi dang

Chomdt €e>0 tim N(¢) € N saocho
|x, -al<eg Vn = N(eg)
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Bai toan 38. Cho {a,} la mot day s6 thye don diéu ting
va khong bi chan trén . Luc do {a,} sé hgi tu vé oo

a, < a, YVm,neN, m=< n (1)
YVceR taco mot keN saocho ag, > ¢ (2)
Cho mét M > 0, ta tim mét NM) € N sao cho

a,>M YV r>NM). 3)

Theo QTGT 6, ta xét cac khac biét va cac quan h¢ gitra
(1) va (2) voi (3). Ta lam ching cang giong nhau.
YVeeR,3keN: a2z2ag,2cV seN,k<s (2°)

Cho mot M > 0, ta tim mot NM) € N sao cho
Cer aN(M)ZM v rzG}N’(]MI)—GHUONGS (3’) 327
limsup
Cho mot day sb thuc {a,}. Pat
A, = {a,: k=2 n}
A, >54,05 4, VY m,neN, n< m
e Néu A, khong bi chan trén . Dt
limsupa, = o
n—o
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VeeR,3 keN: a2ag,2cV seN,k=ss (2°)
Cho mot M > 0, ta tim moét NM) € N
a,2 aygy2M Y r=2NM). 3)
Theo QTGT 6, ta xét cac khac bi€t va cadc quan h¢ gitra
(2°)vo1(3’): cvaM, kva N(M). Ta lam cho chiing giong
nhau. Cho M, chon ¢ =M , ta c6 k. Bat N(M) = k.
Bai toan 39. Cho {a,} la mét ddy s6 thuc don diéu
giam va bi chan duci . Pat A={a,:ne N }.

Lic @6 {a,} sé hoi tu vé a= infA

sao cho

Bai toan 40. Cho {a,} la mét ddy sé thuc don diéu

giam va khong bi chan dwdi . Luc do {a,} sé hoi tu
A GIAITICH 1 - CHUONG 5 328
Vé - 00 .

Cho mét diy so thuc {a,}. Dat
A, = {a,: k= n}
A, DA4,04, VY m,neN, n< m
e Néu A, bi chan trén . Dat
b, =sup 4,

b>b, >b

m n

YVm,neN, m<n

e Néu {b, } khong bi chan duéi , dat

limsup a, = —o0

1N —> 0 GIAI TICH 1 - CHUONG 5 330




Cho mot diy sb thuc {a,}. Dit
A, = {a.: k=2 n}

A,D04,>D4, Ym,neN, m<n
e Néu A, bi chan trén . Dat
b, =sup A4,
b, 2b,2b, Vm,neN, m<n
e Néu {b, } bi chin dudi , dat

limsupa, =limb,
n—»o0

n—ow

(=lim (supa,) )

k>n
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Choa,=(-1)" vé6imoin eN.

A ={a:k>n}= {-D:k>n}={1,-1}
A, bi chan trén

b,=supA, = sup{l-1}=1

limsupa, =limb, =1

n—» 0

{b, } bi chin dusi =

Ta thay {a,, } khong hoi tu nhung van c6
limsupa, =1

n—oo
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Choa,=(-1)y'n véimoin eN.
A ={a:k>n}= {(-Dk: k> n}
A, ={CVk:k>n}o{2k:keN,k>n}

limsupa, = o

n—oo

A, khong bi chan trén =
Choa,=-n vé6imoin eN.
A, ={a,: kz2n} = {-kikz2n}c(-0,0]

A4, bichan trén

b, =supAd,=sup{-k: k=2 n}=-n Vne N
{b, } = {- m} khong bi chan dudi
= lirHISIHIB—I@,@HFDI@@ 332

n—oo

liminf
Cho mét diy sb thuc {a,}. Dat
A, = {a,: k= n}
A DA4,D4, YVm,neN, n>2 m

* Néu 4, khong bi chin duéi . Dat

liminf a, = —o0

n—oo
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Cho mot diy sb thuc {a,}. Dit
A, = {a;: k=2 n}

A,04,D04, Ym,neN, nz m
e Néu A4, bi chadn duéi . Dit

c, =1nfA,
¢ <c¢,<c Ym,neN, n> m

m n

e Néu {c, } khong bi chan trén , dat

liminf a, = o

n—w
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Choa,=(-1)y'n vé6imoin eN.

A, ={a,:k>n} ={(-1)Vk: k> n}

A ={(CDk: k> 1}5{-2k1:k> 1}

liminfa, = -

A, khong bi chan du61 = m1m
Choa,= n v6imoi neN.
A, ={a,: k=2 n}={k:k>2n} c[n,x]
A, bichan duéi

c, =infA4, =inf{k: k2> n }=n V neN
{c, } =N khong bi chén trén

GIAITICH | - CHUONSS liminf a, =10

n—»o
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Cho mét diy so thuc {a,}. Dat
A, = {a.: k=2 n}
A,DA4,DA4, Ym,neN, m<n

e Néu 4, bichan duéi . Pat
¢, =1nfA,

YVm,neN, m<n

e Néu {c, } bi chan trén , dit
(=lim(infa,) )

n—o  k>n

liminfa, =limc,

n—oo n—» o0
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Choa,=(-1)" vé6imoin eN.
A ={a,:k>n}={C):k>n}={1,1}
A, bichan duéi

¢ =infAd, =inf{-1,1}= -1

m

{c, } bichantrén = liminfa,6 =limc, =-1

Ta thay {a, } khong hoi tu nhung van co

liminf a, = -1 .Matkhac limsupa, =1

n—00 n—oo

Trong trudng hop nay. limsup a, # liminf a

n—» oo




Bai toan 40b. Cho hai day s thuc {a,} va {b,} hoi tu vé
a vab. Giasua,<b, v61 moi n. Ching minh a < b.

a,<b, VY neN (1)
Chomot €e>0 c6 N(¢) € N saocho
la, -al|<ce ¥ m>N(e) (2)
Chomot ¢€2>0 co6 K(¢’) e N  saocho
|b, -b|< & vV k >K() (3)
a<b ? 4)

Theo QTGT 5, ta viét cac yéu to trong bai toan vé cung
mot dang.
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Chomdt €e>0 c6 N(g¢) e N saocho

la, -a|< ¢ v m>N(e) (2)
Chomot €2 >0 c¢6 K(¢’) e N saocho
|b, -b|< € vV k >K() 3)

b-a2b-b,+a,-a (5)

Theo QTGT 6, ta xét cac yéu to “gidng gi(‘)ngrkhéc khac”
gitra (2) va (3) v6i1 (5°). Ta lam ching cang giong nhau.
Chomot €e>0 c¢c6 N(¢) e N saocho

-e<a, -a<g vV m>N(e) (2)
Chomot ¢€2>0 co6 K(¢’) e N saocho

-e€<b -b <€ Vk >K() (3)
b-a>-¢-g YV m>dN(g), ecndi(e’) (6) 341
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0<b,- a, Y neN (1)

Chomot e>0 c¢6 N(e) e N saocho

la, -al|<ce¢ ¥ m>N(e) 2)
Chomot € >0 c¢o6 K(¢’) e N saocho
|b, -b|<¢€ VY k >K() (3)

O<b-a ? &)

Theo QTGT 6, ta xét cac yéu td “gidng gidng khg’tc khac”
gitra (1), (2) va (3) v6i (4). Ta lam ching cang giong nhau.
b-a=b-b,+b,-a,+a,-a (5)

Ta can chimg minh 0 < @ - b, nén ta viét (5) nhu sau
b-azb-b,*a,-a (3 cwows 40

b-a>-¢-g¢ YV m>N(e), k >K() (6)
b-a>-¢-¢ Ve>0,8>0 (6”)

O<b-a ? 4

Theo QTGT 4, ta thy gia thiét (67) yéu hon két luan (4).
Vay ta dung phan chirng, véi gia thiét phan ching.
0>b-a (7)

b-a>-¢-g Ve>0,eg>0 (6

Chone’=eg=-(b-a)/4>0.Taco
b—a>Mb-a)2 ((b-a)2=20

h-a>0 Mauthuan véi (7
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Bai toan 41. Cho mot diy s thuc {a,}. Gia sir
limsupa, va liminfa, déula cac so thyc . Chimg minh
noe limsup a, > liminf a,

n—ow n—oo

Theo QTGT 1, ta lam rd limsup va liminf
A, = {a,: k> m}

m

b, =supd, va ¢, =infd,

m

limsupa, =limb, liminfa, =limc
n—w n—o noswo " poo "
Vay ta phai chimg minh
limb, > 1limc,
m-—»o0 m—» oo
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Bai toan 42. Cho mot diy sé thuc {a,}. Giasu:

liminf @, va limsupa, déu la cac so thyc va bang nhau.

n—o n—o
Chtng minh {a, } hoituva lima, = limsupa,

Theo QTGT 1, ta lam 1o limsup va liminf
A4, = {a,: k=2 m}
b, =supA4, va ¢, =inf4,

m m

lim supa, = lim bn liminf a, = lim c,
n—»o n—® n—0 n—0
limb, =limec,
m-—» o0 m-— o
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A, = {a,: k= m}
b, =supA4, va ¢, =inf4,

m m

limb, > lime, ?

Theo QTGT 1, ta lam r0 lién hé gitta b, va c,,

b, =z a, = c,
Theo bai toan 40b, ta co

limb, > lim ¢,

m—>oo m-—>oo

limsup a, > liminf a,
n—o n—0

GIAITICH 1 - CHUONG 5
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A, = {a,: k= m}
b, =supA4, va ¢, =inf4,

m m

limsupa, =limb, liminfa, =limc
n—ow =0 n—o " n—owo
limb, =limec,

m—» oo m— oo

Theo QTGT 2, ta xét cac khac bi€t va cac quan h¢ gitra

cac gia thiét va két luan.

C” S an S
¢, < a,<b, VmeN \ l /
limsup a,
n—> o0

GIAITICH 1 - CHUONG 5
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Bai toan 43. Cho mot day s6 thuc {a,} ho1 tu vé a.

Ching minh limsupa, = liminfa, =a

n—o n—->o

Theo QTGT 2, ta lam rd limsup va liminf

b, =supi{a,: k= m}va c, =inf{a,: k> m}
limsupa, =limb,

n—»

liminfa, =limc,

n—0 n—o n—»0

Ve>0,3IN(e)e Nsaocho |a,—a|<e Vn=N(e) (1)
Ve’ >0,3M(e’)e Nsaocho |b,-a|<€e Vm=M(’) (2)
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b, =supila,: k=2 mi}va c, =mf{a,: k= m}
limsupa, =limb,  liminfa, =limc,

n—>0 n—>0 n—>0

-¢<a,—a <¢g

-¢<b,-a ¢

Vn>N(E) (1)

Vm>M(E) ? (2)

Vib, =sup {a,: k> m },ta viét bai toan ra dang
a-e<a,<ate Vn=2N(E) (17)
a-¢<b,<a+te Vm>ME) ? (27)

Theo QTGT 7, ta chia (2”) lam hai bai toan

Chog’ >0, timM(e’):a-e <b, Vm=2M(’) ? (3)
Cho &’ >0, tim M(g’): b, <a+¢e Vm=M(E’) ? 4)
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b, =supia,: k= m}va c, =inf{a,: k= m}
limsupa, =limb,  Jiminfq, =limc,

n—>0 n—>0 n—>0

Choe>0,cON(e)eN: |a,—a|<e Vnx=N(e) (1)
Choe’ >0, timM(e’)eN:|b,-a|<e Vm=2M(E’) (2)
Theo QTGT 6, ta xét cac yéu td “gidng giéng khéc khac”
gitta (1) voi (2) : “a,-a” va*“b,—a”. Tathay a, <b,, vay
ta phai bo cac dau gia tri tuyét doi
Vn>N(E) (1)

Vm>M() ?7 (2)

-g<a,—a <g

-¢<b,-a <¢
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a-e<a,<ate Vn=NE (17)

Choe’ >0,timM(e’):a-€ <b, Vm=2M(’) ? (3)
Theo QTGT 6, ta xét cac yéu t6 “gidng gidng khéq khac”
gita (1”)v6i(3): “a-e<a,” va“a-€ <b,” . Deyb, =
sup {a,: k= m },néna,<b,. Vaytu (1), tacod
Choe>0,cON(e):a-e<a,<b,Vn=NE (5
Ta xét phan con lai cta bai toan
Vn>N() (17)

Cho g’ >0, tim M(g’): b, <a+¢e Vm=2M(E) ? (4)
Theo QTGT 6, ta xét cac yéu td “gidng giéng khéq khac”
gita (1”)véi(4): “a-€e<a,” va“a-€ <b,” . Deyb, =

sup {a,: k> m }, nén g’:%c LCHV@‘C}S/ tu (1), ta co ”

a-e<a,<ateg

m




Vn>N() (17)

Chog’ >0,timM(e’): b, <a+e Vm2ME) ? 4)
Theo QTGT 6, ta xét cac yéu td “gidng giong khég khac”
gitra (17) v6i (4) : “a,<a-&” va“b,<a-&”.Deyb, =
sup {a,: k= m },nén taviétlai (1) theo dang sup

V n=N(e)

Vn=NE) (6)

a-e<a,<ate

sup{a,: k=2 n}<a+te
Choe>0,cON(e): b<a+te

Chone=¢’,va M(g’) = N(g)
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Bai toan 46 . Cho mot diy sb thuc {a,}. Dith, =-a, V
n e N.Ching minh  limsupa, = —liminf b,

Theo QTGT 1, ta lam rd limsup va liminf

A, = {a,: n=>2 m} B, = {b=-a,:n> m}

m

dm = sup Am tm = lnme
limsupa, =limd, liminf b = lim ¢
n—o0 1—> 00 n—o " m—» "

limd, =-lim¢, 7

n—o m— oo
Theo QTGT 1, ta lam 6 lién hé gitra d,, voi ¢, . Theo bai
toan 44

dm = sup Am =-inf B ZGEXIEWHI-CHUI]Q% dn = }ll_{l}o_ tm 353
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Bai toan 44. Cho 4 1a mot tap khac réng bi chan trén
trong R. Dat B= {-x : x € 4 }. Chung minh B bi chdn
dudiva supA4 =-infB

Bai toan 45. Cho 4 1a mot tap khac rong bi chin dudi
trong R. Dat B= {-x : x € 4 }. Ching minh B bi chén trén
va infA =-supB

Xem bai toan 15¢
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Bai toan 47. Cho mot day sb thuc {a,}. Pitb, =-a, ¥ n
€ N . Chirng minh liminf a, = —limsupb,

n—o n—oo
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Cho {x ,, } 1a mot day s6 thue. Voi moi s6 nguyén n € N
ta dat

n
s, =x, t...tx, =2X
i1

Tagoi s, la téng riéng phan tha » cua diy {x,,}.

m Néu day s6 thuc {s,} hoitu vé mot sd thuc s ta c6 thé
coi s nhu 1a “tong s6” cuia cac soO trong déy {x,,}-
Luc do ta goi s 14 chudi sé cla cac sd trong diy {x,}

va ky hiéu s la Zx va ndi chudi sb Zx hoi tu.

n=1 n=1

m Néu diy sb thuc {s.} phanky ,ta néi chudi sO
o0

> x, phanky.
n=1
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Bai toan 48. Chimg minh chudi 32" hdi tu va

Zz—m =1 m=1

m=1

Theo KHGT 12, xét x, =2™ va s, = 271+ ...
e N

+21 VYn

s, =271 1+...+2™)=1-27V n € N (qui nap toan hoc)
lim2™" =0 lims, =1
n—0 n—o0
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KY THUAT GIAI TOAN 12

Ban chét cta chudi sd h(:)i tu 1a mot s6 thuc a, hon nita, o
la gidi han cia mot day so.

Pé khéq sat mot chudi sb, ta phai xét day {s,} cac tong
riéng phan cua nd. Sau d6 maéi khao sat giéi han cua {s,} ,
gié1 han cua {s,} chinhla o.

KY THUAT GIAI TOAN 13
Dé khao sat mot day sb {x,} , ta co thé xét chudi sd Sa,
vola, = X, Vo1 sd nguyén duong & .

m=1

X Qi) = X1 —

b

Diy s {x,}chinh 1a day tong riéng phan {s,} ctia chudi do.

Cho chuéi sd Za . Dé khao sat day sb {a,} ,tadéy a,
s, — S, voi mgi o nguyen ducmg k, ¢ day {s,} chlnh la

n
ICHl .~ C UONGS

day tong riéng phan cua chudi do

Bai to4an 49. Cho ¢ € (0, 1). Chimg minh chudi %c’”
0 m=1
hoituva > " =—o

Theo KHGT 12, xét x,,=c™va s,= ct+...+c" Vn € N

n

n+l
-1 l-c
s, =c++c"=c(l+--+c")=c Vnell
I-c
limc¢" =0 lims = ——
n—® n—w —C
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Bai toan 49. Chudi Y (—1)" phanky .

m=1
Theo KHGT 12, xét
s, =(-1)1+. ..+ (1)n

x,=(-1m va
Vn e N

s =-1 nfunlé va s =0 néu n chan.

{s, } khongla mot ddy Cauchy
{s, } khonghoi tu

[0 0]
Chu61 z (_ 1) " phélgmll(ym 1~ CHUONG 5

m=1

359

Choe’ >0,co M) :
Choe>0,cONE) : Is,—s, 1< ¢

ls —s 1< &'
r t

VY n>m2>N(¢g)

m’+1va
Choe’>0,co M) :
Choe>0,cON(E) iIs,—s,1< ¢

Vr>t>M(g")
Vn>m'2N(e)—1

ls —s < &'
r t

GIAITICH 1 - CHUONG 5

Y or>t> Mg

361

()
1)

Ta viét (2) va (1) cung dang:datm’= m-1, ta c6 m=

()
1"
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Pinh 1y (Tiéu chuin Cauchy). Cho {a,} la mot day
s0 thue. Lic d6 chudi 56 Zleak hoi tu néu va chi néu véi
moi 56 thue € >0, cé mét s6 nguyén dwong N (€) sao cho
IZn:akl <& Vnzm=N(¢)
k=m

Theo KHGT 12, xéts, =a,+...+a, Yn € N. Ta
phai ching minh {s,} hoi tu, nhung khong biét giéi han
cta no, nén phai chimg minh {s,} la day Cauchy.

Choe>0,cON (¢) : Iiak|< e Vn=m=N() (1)
k=m

s —s |< & Vr>t2M(E) (2)

Choe’>0,coO M)
GIAITICH 1 - CHUONG 5
IS

Choe>0,coONE) : s, Va>m=N()" (1)

Pinh ly . Cho Xi-i4; la hai chudi sé thie
hoi tu. Luc do

Z/il(ak +bk) = Zj:l a, + Zf:lbk

Theo KHGT 12,

va Yi_b;

Yizi(ag +by) hoituva

o0
limu, = Zak
k=1

Xet n—»ow
o0
n .
_ limv = > b
un - ak —— kz k
k=1 =l
r o0
9 i =
v, = b, ? o lims, =) (q, +b)
k=1 k=1
, i s )
_ ms =limu +limv
S, _Z(ak +bk) S, = U, + VY, nowo T p—oo T now !
k=1 GIAI TICH 1 - CHUONG 5 362




Bai toan 50. Cho {a,} 1a mot diy sb thyc. Gia sir chudi
hoi tu Xji_a; .Chiung minh day {@,} hoituvéO.
Choe>0,cOM(): |s,-al< e Ym = M) (1)
Choe’>0,timK(®’): | a, -0|< & V k 2 KE) (2)
Theo QTGT 1, ta thy la,-0|=1]a] =|s; -5
Choe’>0,timK(€’): |5, -5, | € ¥V bk =2 K€) (2°)
Viét (1) cung dang véi (2°)
Ve?>0,cONE”) s, -5,|< "V m>n 2 NE”) (D)
Lam (1°) va (2°) gidng nhau : chon €” =¢’, m = k, n=k-1
Ve’>0,cONE”):|s,—s,.,|< & Vk>k-12 NE”) (17)

GIAITICH 1 - CHUONG 5 36.

Ve>03INE)e N:|s,—s,/<e Vm>n= NeE) (1)
Ve>03KE)eN: |f—-t|<e Vi>crz KE)? (2)

Theo QTGT 6, ta xét cac yéu t6 “gidng gidng khac khac”
gitta (1) vo1 (2) : s, -s,,” va “t, —t.”. Viéc nay dan dén xét
quan hé gitaa, vab,:|b,|<a,

12612 Db < Day |t —t] <l|s,—s)
k=n

k=n k=n

Ve>03aIN(e)e N: |s,—s,|]<e Vm>n> NE) (1)
Ve>03aNe)e N: |t,—t,|<e Vm>nz= NE) (1)
Ve>03KE)eN: |¢—t|<e Vi>rz KE)? (2)
Cho ¢’ > 0, chon € = gyataccdING8)s Dat K(€”) = N(€)sss
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Pinh 1y (Tiéu chuin so sanh) Cho mét ddy sé thuc

khong am {a,}. Gia sir chuéi Y- a, héitu. Cho mét

N € N g cho
bl < a, v n = N

Lucdo Yi_b, hoi tu.

Theo KTGT 12, taxéts,=a,+...+a,,t,=b, +...+b,

VneN. Taco {s,} hoi tu va phai chung minh {7 } hoitu .

Theo KTGT 10, ta phai chimg minh {#,} Cauchy. Theo

KTGT 3, ta viét {s,} Cauchy.

Ve>03INe)e N: |s,—s,|<e Vm>n2> NE) (1)

Ve >04d K(S,) eN: ‘t(lilATTbr-l 1§1§J,ONGy k>r > K(S,) ? 3(42)

day s6 thwc {b)} sao cho c6

KY THUAT GIAI TOAN 20

Khi ¢6 s6 nguyén N sao cho |a,| < b, V n=N.DE chimg
minh chudi X, hoi tu, ta nén xét sy hoi tu cua > b,

\ \ [N ngl 2 , n=
va dung tiéu chuan so sanh. :
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Pinh ly (Tiéu chuin cin s6) Cho mdt day so thuc
{b,}. Gia su co mot 6 thue duong c € (0, 1) va mot
s6 nguyén N sao cho |bn|1/" <c VnzN.

Lic dé 2jg-1by hoi tu.

Theo KTGT 18, taxéts,=b, +...+ b,V neN. Theo
KTGT 10, ta phai chirng minh {s,} Cauchy. Theo QTGT
5, ta viét gia thiét vé cung dang véi S,

|b,| <& VEk=N
Theo KTGT 14, xét su hoi tu cia chudi 3¢’

Xem bai toan 49
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Pinh ly (Tiéu chuin ti s6 ) Cho mét day sé thuc {a,}va
mot so nguyén N. Gia su

|an+1 | > 1

a,

Y n>N
Luc do Z_llan phan ky

Theo KTGT 12, taxéts,=a, +...+a, V¥ neN. Theo
KTGT 10, ta phai chimg minh {s,} Cauchy. Theo QTGT
5, ta viet gia thiét vé cung dang vdi s,

Quinaptoanhoc: |a,| = |ay| > 0 YV nx>N

Suy ra ta khong ¢6 lima, =0
i Xem bai toan 50
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Pinh Iy (Tiéu chuin ti s6 ) Cho mét day sé thwc khdc
khong {a,},
nguyén N. Gia su

mot s6 thuc duong ¢ € (0, 1) va mot s6

a
|l < ¢ VYn>N

n

0
Luc do Zlan hoi tu
n=

Theo KTGT 12, taxéts,=a, +...+a, ¥ neN. Theo
KTGT 10, ta phai chimg minh {s,} Cauchy. Theo QTGT
5, ta viet gia thiét vé cung dang véi s,

la,.| <ca, Vn=N

Quinap toanhoc: |a,| <c™V |ay| VY n>=N
Theo KTGT 14, xét sy Hoi ty ¢id ¢hudi 2o ay

Pinh ly (Tiéu chuin Leibnitz) Cho mét day s thuc {a,}

sao cho {| a,| } 1a mot diy don diéu giam hoi tu vé 0 va

a. .da <0 VY meN.

m m+l

Luc do Z a hoi tu.

n=1
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Pinh Iy (Tiéu chuin tich phan) Cho mot diy s thuc
{a,} sao cho c6 mot sd nguyén N va mot ham sé6 f/ don

diéu giam tur [V, o) vao [0,00) sao cho
a, =fin) VY n > N.

Lic do chuoi so thue " a, hoi tu néu va chi néu

Tf(l‘)dl‘<oo
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CHUONG SAU
HAM SO LIEN TUC

Chung ta d biét néu {a,} 1a mot day hoi tu vé a , theo Iy
thuyét vé ddy s chung ta c6 thé dung {a’} déxap xi a?.
Nay ching ta dat ' (f) = £ vdi moi sO thu:c t. Ta c6 thé
dlen ta viéc trén nhu 14 “c6 thé dung diy sd thuc {fla,)} dé

xap xi fla)”.

Chung ta s¢ xét mgt mo hinh toan hoc vé céc 4nh xa fco
tinh chat sau: néu {a,} 1a mot day hoi tu vé a, thi {f(a,)} 12
mot day hoi tu vé f(a). Po 1a khai niém ham so6 lién tuc.

372

Véi moi s6 duong ¢ ta tim duge mot s6 duong 8(x,& ) sao
cho |[f(x)-f(y)|<e Vyed voi ly-x|<d(x,e).

x fx)

- e . Jo)+e
x S
: | f( X)+¢€
1 y | |
I - I f(X) fy)
(x,€) g |
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Cho A 1a mét tap con khac tréng cia R va £ 1a mot anh
xatr 4 vao R, tandi f 1la mot ham so thuc trén 4.

Cho mot ham s6 thuc f trén mot tap hop con khéc trong
A cia R va x € A, tandif lién tyc tai x néu va chi
néu véi moi sb thuc duong ¢ ta tim dugc mdt sb thuc
duong d(x, €) sao cho

[fx)-f) | < &

Néu f lién tuc tai moi diém x € 4 ta noi f lién tuc trén 4

Vyed véi [y-x|<d(x, &).

373

fix)+e
7 e
fly) 5
]C(r) ..........................................................
e
flx)-¢

x-0(x,e) X Y x+0(x,€)

o(x,€)
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Bai toan 51. Cho ¢ 1a mot s6 thyc va dat f(x)=c voi
moi x € R . Chimg minh f lién tuc trén R .
Theo QTGT 1, talam rd “f lién tuc trén R
Chung minh £ lién tuc tai moi x trong R .
Theo QTGT 12, talam rd “f lién tuc tai moi x trong R ”
YVxeR,¥Ve >0 dd(x,e)>0 saocho
f(y)-f(x)] <€ VyeR ,[y-x | <d(x €)
Cho x e R vacho € >0,tim dd(x, €) >0 sao cho
f(y)-f(x)] <e VyeR ,[y-x | <6 €)
Theo QTGT I, talam1d “f(y)- f(x)”
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Bai toan 52. Cho ¢ 1a mot sb thuc duon , dat f(x ) = cx
véi moi x € R . Chirng minh £ lién tuc trén R .
Theo QTGT 1, talam rd “f lién tuc trén R
Chung minh £ lién tuc tai moi x trong R .
Theo QTGT 10, talam rd “f lién tuc tai moi x trong R ”
YVxeR,¥Ve >0 dd6(x, €)>0 saocho
f(y)-F(x)| <e VyeR ,|y-x | <d(x €)
Cho x € R vacho € >0,tim dd(x, €) >0 sao cho
f(y)-f(x)] <e VyeR ,|y-x | <d(x €)
Theo QTGT I,talam1d “f(y)- f(x)”

f)-f(x)| =Tey -ex|=cly-x|
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Cho x €e R vacho € >0,tim dd(x, €) >0 sao cho
f(y)- f(x)]| <€ VyeR ,|y-x| <d(x €)

Theo QTGT 1, talamtd “f(y)- f(x)”
f(y)-f(x)] =1lc-c]=0

Cho x € R vacho € >0,tim dd(x, €)>0 sao cho

0 <e VyeR ,|y-x| <dx €)
o(x,e) =1
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Cho x e R vacho € >0,tim dd(x, €)>0 sao cho
f(y)- f(x)] <€ VyeR ,|y-x | <dx €)
f(y)-f(x)] =]y -cx|=cly-x|

Cho x e R vacho € >0,tim 6(x, €) >0 sao cho

<e€ VyeR ,|y-x| <dx,e) (1)

Theo QTGT 5, ta viét cac yéu td co “| v - x |’ ciing dang

Cho x e R vacho € >0,tim é(x, €)>0 sao cho

VyeR ,|y-x| <d(x,e) (1)

Theo QTGT 6, dé cac khac bi@t “cle” vbi“6(x, €)”. Lam

mat khac biét nay: dat 6(x, € ) bang ¢'e

taco (1)

cly-x

cly-x|<cle
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Bai toan 53. Cho mot ham sd thuc f trén mot tap hop
con A cia R va x € 4. Gidsu f lién tuc tai x . Cho
{x,} 1a mot day trong 4 (nghia la x,€ A v6i moin) va
{x,}hoi tu vé x. Ching minh diy {f(x,)} hdituvé Ax)

Cho € >0,c6 6(x, €)>0 saocho

f(y)-f(x)] <e Yyed ,|y-x|<dxe) (1)
Choe >0,coN(e)eN

lx, -x| < €

sao cho
¥ n=N(). (2)
Cho méte”> 0 tim M(€”) e N sao cho
fx,) -] < € Ym=ME). ()
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Cho €’ >0,co6 o(x, € )>0 saocho
|f(x) - f(x)| <€ Vx,ed,|x,-x|<dx€) (1)
Choe’>0 tacoN(e’)eN
| x, -x| < €
Cho €’ >0 tim M(€”) € N sao cho
|fx,) -Ax)| < € VYm=M(E). ()
Xuat phat tir “| x, - x | <d(x, €”)”, theo QTGT 6, ta xét
cac yéu t6 "gidng gidng khac khac" gitra (17), (2) va (3): |
X, -x|<d(x, €)’vo1 “|x, -x| <€ . Talam cho ching
gidng nhau: dit € = §(x, €”), ta cd N(e”) hay N(6(x,€”))
va mot két qua méi
Cho € = 6(x, €”), taco N(0(x, €’)) e N sao cho
|x, -x| <6(x,€) VYn=NO6xe€)). 2)"

sao cho
Vn=N(E).(2)
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Cho € >0,co d(x, €)>0 saocho
f(y)-f(x)] <e Yyed , |y-x|<dxe€) (1)
Choe >0,coN(e’) e N saocho
lx, -x| < € VY n=N(E). (2)
Cho méte” >0 tim M(€”) € N sao cho
| flx,) -flx)| < € Y m=M(). 3)

Xuét phat tir (3), theo QTGT 6, ta xét cac yéu td "gidng
giong khac khac" giira (1), (2) va (3) : “| fix,) - fix) | < €
va “| f(»)-f(x) | < €”. Ta lam cho chung giéng nhau: dit
y=x, va e=€’.Tacd o(x, €) va két qua méi

|fC,) - f(x)[<€ Vx,ed, [x,-x[<dxe€) (')
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Cho €’ >0,co6 d(x, € )>0 saocho
[f(x,) - f(x)| <€ Vyed|x,-x|<dx€) (I")
Cho € = d(x, €”), ta cd N(6(x, €’)) e N sao cho
|x, -x| <d(x, €) VY n=N@0Ox €). (2)
Cho €’ >0 tim M(e”) € N sao cho
|fx,) -fx) | < € VYm=M(E). ()
Xuat phat tir “n = N(6(x, €”))”, theo QTGT 6, ta xét cac
yéu t6 "giéng gidng khac khac" gitra (17), (2) va (3): “n =
N(S(x, €7))” voi “m = M(€”) ”. Ta 1am cho chung gidng
nhau: dit M(€”) = N(6(x,€”)) va mot két qua méi : do6 1a
(3) (dung lan luot (2°) 1di (17)).
m=M(e”)=N((x,€”)) |x,- x| <d(x,€”)

A, f) | <€
@) ()




Bai toan 54. Cho mot ham sd thuc f trén mot tap hop
con 4 cua R vax e A. Gidsir v6i moi day {x,} trong 4
(nghia ld x, € 4 véi moi n € N) va {x,} hoi tu vé x, thi
day {f(x,)} hoitu vé flx). Lac do f lién tyc tai x .

Cho méte> 0 taco mot N(e) € N sao cho

|x, -x| <€ ¥V n = N(e)
= Cho méte’>0 tacomdt M(e’)) e N sao cho
fx) -f) | < € V= M(E).

Cho mét €7>0 tim 6(x,€’) > 0 sao cho

f0) -f)| < € Vyed voi [y-x[<d(xe€)
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Cho méte> 0 taco mét N(e) € N sao cho
|x, -x| <€ VY n = N(e) (1)
=  Cho mdéte’ >0 tacomét M(e')) e N sao cho

fx) -0 <€  VYn=ME). ()

C6 € >0 saochovéimdid > 0 tacémot yse 4 voi
|ys—x[<6 saocho [flys) -fx)| = € (4)

Theo QTGT 8, ta xét cac “gidong nhung chéng nhau’:
“Ifix,) - fx) | <€ ” va“| fys) -fx) | = € . Dé lam ching
cang gidng nhau, ta dat X,= Vs -

Véi mdi n ta phai chon 8. Thuong ta chon d=n hoidc
6 =n!. Ta chon § sao cho gia ting su mau thuin : & day ta
co “Ifix,) - flx) | <€ ” khix, gan x, vy Vs gan x. Vay ¢
phai nho va ta chon § = n”l.
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Cho méte> 0 taco mét N(e) e N sao cho
¥V n = N(e) (1)
= Cho méte’ >0 tacomdt M(e') e N sao cho

fx) - <€  Vn=ME). ()

lx, -x| <€

Cho mét €°>0 tim d(x,€’) > 0 saocho

f) -Ax)| < €  Vyed véi|y—x|[<dxe€’) (3)
Ta thiy két qua trong gia thiét cho tap dém duoc {f(x,)}
yéu hon két qua trong két luan cho tap khong dém duoc
{f):|y—x|<d(x,€”)}. Theo QTGT 8, ta dung phan
chimg véi gia thiét phan ching

Co € >0 saochovsimdi § > 0 tacomdt y; € A4
vl |ys—x|<d saocho |Ays) -fix)| =z € (B

Cho méte> 0 taco mét N(e) e N sao cho
lx, -x| <€ ¥ n = N(e) (1)
=  Cho méte’ >0 tacomét M(e')) e N sao cho

fx) -] <€  Vn=ME). ()

C6 € >0 saochovéimdid > 0 tacémdt y;e 4 voi
y,-x] <8 saocho |fy;) /)| = € (4)

Theo KTGT 8, ta xét cac “giong nhung chéng nhau”:
“Ax,) - fx) | <€ ” va“|fiys) -fx) | = € . Dé lam chiing
cang giéng nhau, ta dit x, =y, . Chon § = n'!. ta viét lai (4)
C6 € >0 saocho véimdimeNtacombtx, € 4 vdi
|x,—x|<d=mlsaocho |fix,) -fix)| = € (&)
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Cho méte> 0 taco mét N(e) € N sao cho
|x, -x| <€ VY n = N(e) (1)
=  Cho mdéte’ >0 tacomét M(e')) e N sao cho

fx) -0 <€  Yn=ME). ()

C6 € >0 saocho véimdim eNtacométx, € 4 véi
|x,—x|<m'lsaocho |fix,) -fix)] = € (4)

Theo QTGT 1, ta dé y cac khac biét: “| x - x| <€ voi
“Ie,- x| <ml?, “< €7 véi “z €. Ta st ly cac khac biét
nay, “x,- x| <m™” cho thy {x,,} ho1 tu va khong con khac
biét véi “| x - x| < €. Ta viét lai két qua nay.
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QUI TAC GIAI TOAN 14

Khi ding phan ching c6 day s6 va nhitng s ¢ chi sd (nhu
Vs, Zy» - - -), 01 khi ta phai ditx, = ys. V&i mdi n ta phdi
chon §. Thuong ta chon d =n hoac § =n'. Ta chon ¢ sao
cho sao cho gia tang thuan lgi gia bai toan, thi du gia tang
sy mau thuan trong phan chimg : néu § cang nhé thi mau
thuin cang ting, ta chon § = n"! . Néu 6 cang 16n thi mau
thuan cang ting, ta chon 6 = n.
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Cho méte> 0 taco mét N(e) e N sao cho
lx, -x| <€ ¥ n = N(e) (1)

=  Cho méte’ >0 tacomét M(e')) e N sao cho
fx)-f) | <€ Yn=ME). (2)
Co e€>0:|fix)-fx)| <e VYmeN (4”)

Theo QTGT 8, ta dé ¥ cac yéu té “giéng nhau nhung mau

thudn” : “|fix,) /) | < €7 va | fix,) ) | < €7,
ta [am cho ching cang giong nhau: chon n =m. Ta co

“IfAx,) -fx)| < €7 va “fix,)-fx)| < € ” Dayla mau
thuan can tim.
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KY THUAT GIAI TOAN 15

Yéu t6 “ f lién tyc tai x” c6 thé viét thanh hai dang
turong duong :

Cho méte> 0 taco mét N(e) e N sao cho
lx, -x| <€ ¥V n = N(e) (1)
= Cho méte’>0 tacomdt M(e’)) e N sao cho

fx)-f)| <€  Vn=ME). ()

Cho mét €’>0 tim d(x,€”) > 0 saocho
) -f)| < €  VYyed voi |y—x[<dxe€’) (3)

Thudng ta ding dang diy sd 91




Bai toan 55. Cho A la mét tdp hop con khic tréng cia
R, x € Ava hai ham so thuc f vag trén A lién tuc tai
x. Pat h(z) = flz)+g(z) Vze A
Chitng minh h lién tuc tai x.

Theo KTGT 15, ta dung dang diy s6
Cho {x,} 1a mot day hoi tu vé x trong 4 .

Tacé {f(x,)} 1a mot diy hoitu vé f(x)
Ta c6 {g(x,)} 1a mot diy hoituvé g (x)

Chimg minh {/ (x,)} 1a mot diy hoitu vé /4 (x)

. = h
he) = fle) ) T

b Y
h(x) = fix) +g(x) ) g f)+g) =

Bai toan 57. Cho 4 1a mot tip hop con khac trdng cua
R, xedvaf,,...f, lacicham so thuc trén 4 lién tuc

tai x. Pat h(z) =fi(z) +. .. tf(2) vak(z)=f(2)...[(2)

voi moi z € 4. Ching minh /4 va k lién tuc tai x.
Chung minh 4 lién tuc taix  Dung qui nap toan hoc

n =1 :ding

Gia st két qua dung voi n = m. Xét trudng hop n = m+1
nN2)=H@)+. .. @ =t 1@ /02

fi+. ..+, : lién tuc tai x theo gia thiét qui nap

h=1[fi+...%f, ]+t f, :liéntuc taix
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Tuong ty £ lién tuc tai x

101

Bai toan 56. Cho A la mét tdp hop con khdc tréng ciia
R, x € Ava hai ham so thuc f vag trén A lién tuc tai
x. Pat h(z) = flz)g(z) Vze A

Chitng minh h lién tuc tqi x.

Theo KTGT 15, ta dung dang diy s6

Cho {x,} lamot day hoity vé x trong A .

Tacéd {f(x,)} 1a mot diy hoi tu Ve f(x)

Ta co {g(x,)} lamotday hoituve g(x)
Ching minh {# (x,)} 1a mot day hoitu vé 4 (x)
hx) = fix)glr) - gle) = A
h(x) = fix)gl)
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) eln) f0.8()

KY THUAT GIAI TOAN 16

bé chung minh mgt ham s6 lién tuc, ta nén xét nod co
phai 1a tong hodc tich cdc ham s6 lién tuc.
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Bai toan 53. Pat f(x ) =x?> véimoi x € R . Ching minh
/ lién tuc trén R .

Dung KTGT 16, tadé y f=g.g voi g(x) =x. Dung bai
toan 52.
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Cho {x,} 1a mot day hoi tu vé x trong 4 .
Tacé {f(x,)} 1a mot diy hoituvé f(x)

Ching minh {g(x,)} 1a mot day hdi tu vé g(x).
bata, = f(x,), b, =g(x,), a= f(x) va b=g(x)
by = 8(x,) = —— = vi b=g(x)=—— =

f(x,) a, f(x) a
Cho {x,} hoi ty vé x trong A4

Taco {a,} hoituvé a a~0va a=0

Theo bai toan 23b {b,} hoituvé b
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Bai toan 57b. Cho 4 13 mét tdp hop con khac tréng cua
R, x € A va f 1a m{t ham s6 thuc trén A lién tuc tai x.
Gid st f{z) # 0 v&1 moi z trong 4. Dat g(2) =% vo1 moi
z € A . Chung minh g lién tuc tai x.
Theo KTGT 15, ta dung dang diy s6
Cho {x,} 1a mot day hoi tu vé x trong A .
Tacéd {f(x,)} 1a mot diy hoituvé f(x)

Ching minh {g(x,)} 1a mot ddy hoi tu vé g(x).
bata,=f(x,), b, =g(x,), a=f(x) va b= g(x),

1 1 1 1
b = =" A b: = = — 397
» =80 fx) a 8 f(x) a

Bai toan 58. Cho 4 va B 14 hai tap hop con khéc trong

cua R, f 1la m{t ham s6 thue lién tuc trén 4 va g la mot
ham s thuc lién tuc trén B sao cho f{4) c B. Chung
minh /% = gof lién tuc trén A.

S
h=gof ‘

Cho {x,} 1a mot day hoi tu vé x trong A4 .

Tacé {f(x,)} 1a mot diy hoitu vé f(x)

Cho {y, } 1a mot diy hoi tu vé y trong B.

Taco {g (v,)} 1a mot day hoituvé g (v)

Cho {z,} 1a mot diy hoi tu vé z trong 4 .

Chimg minh { (z,)} 1a mot diy hoitu vé 4 (2)

A R
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S s
" =) g(y)=h(x)

{x,} hoi tuvéx = {f(x,)} hoi tuvé f(x)

X, o fo A
Dabhoituvey = {g(,)}hdituve g(»)

/// I

/ . .

y=f(x) Vv=fix) h(x)=g(v.) e =h(x)"

Cho {x,} la mét diy hdi tuvé x trong [a, b]. Ta co
{fix,)} la mot day hoi tu ve f(x) trong R . (1)
Tim s6 thuc M saocho f(s) < M Vse[a, b] (2)
Vi (1) va (2) hinh nhu khong lién quan vé1 nhau, theo
QTGT 8, ta dung phan chirng véi gia thiét phan ching sau
V sbthuc M , Ase[a, b] saocho f(s) > M

V séthuc M , ds,,€[a,b] saocho  f(s,,) > M
Theo QTGT 8, ta viét lai bai toan

Cho {x,} la mét didy hdi tu vé x trong [a, b]. Ta co
{fix,)} la mot day hoi tu ve f(x) trong R . (1)

V sothyc M , 35y €[a, b] saocho  f(s)) > M_(3)
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Bai toan 59. Cho f 1a mdt ham s6 thyc lién tuc trén mot
khoang dong [a, b]. Luc do f([a, b]) = {fix) :x € [a, b]} 1&
mot tap bi chan trén trong R .

Theo QTGT 2, ta lam rd céc dir kién

Cho {x,} la mét didy héi tuvé x trong [a, b]. Ta co
{fix,)} 1a mdt day hdi tu vé f(x) trong R .
Tim mot s6 thuc M saocho y < M Yy € f([a, b])

Theo QTGT 5, ta viét lai két luan

Tim mot s6 thuc M saocho f(s) < M  Vse[a,b]
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Cho {x,} la mét diy hoi tuvé x trong [a, b] . Ta co
{fix,)} la mot day hoi tu ve f(x) trong R . (1)

V sb thue M ds,,€[a,b] saocho  f(s,,) > M (3)
Theo KTGT 14, ta dat x,=s,,. Khi M cang 16n, thi gia

thiét phan chiang “f ([a,b]) khong bi chin” cang manh, nén
ta chon M = n. Ta viét lai bai toan .

Cho {x,} la mét diy hoi tu vé x trong [a, b]. Ta co
{fix,)} la mot day hoi tu vé f(x) trong R . (1)

VY sb nguyén m, 3 s, € la, b] saocho f(s,) > m (4)
Theo QTGT 8,tadéy dén cac yéu td gidng gidng nhau:
“x,p 7 voi “{s,}”, “{fix,)} 1a mot day hoi tu” véi
S (s,) > m™




Cho {x,} la mét diy hdi tuvé x trong [a, b]. Ta co
{fix,)} la mot day hoi tu ve f(x) trong R . (1)
V sénguyénm, s, € [a,b] saocho f(s,) > m (4)
Theo QTGT 8,tadéy dén cic yéu td giéng giéng nhau:
“Ix,b 7 vor “s,}7, “{fx,)} 1a mot day hoi tu” voi
“f(s,) > n”. Tathdy “{x }” va “{s,}” co6 thé khac
nhau néu {s,} khong hoi tu. Dung Dinh ly Bolzano-
Weierstrass dé xoa khéc biét nay: c6 mot day con {s,, }
ctia {s,} hoitu vé s trong [a, b] . Patx, = s, . Ta Vlet
lai bai toan.
Cho {x,} la mét didy hodi tu vé x trong [a, b]. Ta ¢
{fix,)} 1a mdt day hdi tu vé f(x) trong R . (1)
fx) > n
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V s nguyén n (5)

Bai toan 60. Cho f 1a mot ham s lién tyc trén mot
khoang dong [a,b], cho {y,} 1a mot diy hoi tu vé y
trong f ([a,b]). Chung minh y € f([a,b]).

Theo QTGT 1, ta 1am rd cac yéu t6 trong bai toan
Vé&i moi day {s, } hoi tu vé s trong [a,b], {f(s,)} hoi tu
Ve £(s).

C6 x, € [a,b] sao cho {y,=f(x,)} hoituvéy. Tim x €

[a,b] sao choy =f(x).

Theo QTGT 1, ta dé y cac yéu t "giéng gidng khac khac"
trong bai toan: “x,” va “s,”, “x” va “s”. Ta lam céc yéu to
nay cang giong nhau hon : {x,} chua chéc hoi tu nhung
{s,,+ ho1 tu. Ta dung dinh 1y Bolzano-Weierstrass.
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Cho {x,} la mét diy hoi tu vé x trong [a, b] . Ta co

{fix,)} la mot day hoi tu ve f(x) trong R . (1)
fx,) >n V sb nguyén n %)

Theo QTGT 4, tadéy dén cac yéu td gibng giéng nhau:

“{fix,)} 1a mot day hoi tu” voi “f(x,) >n Vn”.

Cho {a,} 1amotday sb thuc Cauchy . Liic d6

A=1{a, : n €N} bi chin trong R

Vo ly
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Néu diy {s, } hoi tu vé s trong [a,b],{f(s,) hdi tu vé f(s).
C6 x, € [a,b] sao choy,=f(x,), {y,} hoituvéy. Timx e
[a,b] sao choy =f(x).

Theo QTGT 1, ta dé y cac yéu tb giéng gidng trong bai

toan: “x ? Vol s, “x” vol “s”. Ta lam céc yéu t6 nay
cang giong nhau hon : {x,} chua chic hoi tu nhung {s,,}
hoi tu. Ta dung dinh 1y Bolzano-Weierstrass. C6 mot day

con s, =x,} cua {x,} hditu vé x trong [a,b]. Pt

{s, } hoi tu vé s trong [a,b] = {f(s,)} hoi tu vé f(s).
Co s, € [abl, v, =/(s,) , {y,} hdituvéy. Timx € [a,b],
y =1 ).




{s,} hoi tu vé s trong [a,b] = {f(s,)} hoi tu vé f(s).
Co s, € [a,bl, v, =/1(s,), {v,} hoitu véy. Timx € [a,b],
y=f).

Dung QTGT 5,tadat x =svadéy {v,} hoituvey.

{s,} hoi tu vé s trong [a,b] = {f(s,)} hoi tu vé f(s).
Co s, € lab],y, =f(s,) ,w, hoitu véy. Tim s € [a,b],

y=s).
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{s, Yhoi tu vé s trong [a,b] = {f(s,)}hoi tu vé f(s).
C6{y,}c fla,b]) sao cho {y,thditu vé d=sup f([a,b])
Tim ¢ € [a, b] saocho f(t)<flc) Vtela,b]
Theo QTGT 5, ta viét cac yéu tb theo cung mdt dang
{s,,+hoi tu vé s trong [a,b] = {f(s,,)}hoi tu vé& fs). (1)
Co6 {t,} [a,b] sao cho {y,=f(z,)} hoi tu véd (2)

Tim ¢ € [a, b] sao cho flc )=d 3)
Theo QTGT 6, ta dé y cac yéu t6 "gidng gidng khac khac:
“{t,} c6 thé khong hoi tu” va “{s,}thoitu”. Ta lam chung

gidng nhau, dung dinh Iy Bolzano-Weierstrass, ta c6 mot
diy con {t, } cia {z,} hoi tu vé ¢ trong [a,b]. Pats, = {1, }.
Ta viét lai bai toan.
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Bai toan 61. Cho f'1a mot ham s6 thuc lién tuc trén [a,b].
Lac d6 ¢o c trong [a, b] sao cho flc ) = max f([a, b])
Theo QTGT 1, ta lam 10 gia thiét lién tuc :
{s, Yhoi tu vé s trong [a,b] = {f(s,)}hoi tu vé f(s).
Theo QTGT 1, ta 1am 13 yéu té “flc ) = max f{[a, b])”:
Vi f([a, b]) = { fix): x € [a, b] } 12 m{t tap bi chan trén.
bat d =sup f([a,b]) . Bai toan trd thanh
Tim ¢ € [a, b] sao cho f(c ) =d =sup f([a,D]) .
Tim ¢ € [a, b] saocho f(t)<f(c) Vtela, bl (2)
Theo QTGT 1, ta 1am 15 yéu té “sup f{[a, b])” :
Co{y,} < f([a,b]) sao cho {y,}hoi tu vé d=sup f([a,b}) (3)

Theo QTGT 6, ta dé y céc yéu t6 "giéng giéng khac khac:
“{¢,} co thé khong hoi ty” va “{s,,}hoitu”. Ta lam chung
giong nhau, dung dinh ly Bolzano-Weierstrass, ta c6 mot
day con {t, } cta {¢,} hoi tu vé ¢ trong [a,b]. Piats, = 1.
Ta viét lai bai toan.

{s, Yhoi tu vé ¢ trong [a,b] = {f(s,)}hdi tu vé A7). (1)

C6 {s,}c [a,b] sao cho {y,=f(s,)} hoi tu véd (2°)

Tim ¢ € [a, b] sao cho fic )=d 3)
Theo QTGT 6, ta dé y cac yéu t6 "giéng gidng khac khac:
“Atyvad”va“tvac’. Tacofit)y=d. Patc=t.

Bai toan 62. Cho f'1a mot ham s6 thuc lién tuc trén [a,b].
Lac d6 co d trong [a, b] sao cho f(d )= min f([a, b]}"

10



Bai toan 63. Cho f'1a mot ham s6 thuc lién tuc trén [a, b].
Cho c va d trong [a, b] sao cho f(c) = @ = min f ([a, b])
va fld) = =max f ([a, b]) . Gid st ¢ < d . Chiing minh
fla, b]) =[a.p]

Theo QTGT 1, talam rd bai todn : @ < f(t) < vOi moi ¢
trong [, B]. Tu do f([c, d]) c f(la, b]) < [a, B]. Vay chi
can chimg minh [a, 8] c f[c, d]).

[, B] c flc. d])

Cho y e [a, 8] ,tim x € (¢,d) décho f(x)=y

Theo QTGT 7, ta ta xét tirng trudng hop cua bai toan

y=a:y=f( y=B:y=f(d
Cho y € (@, B) ching minh c6 x € (¢,d) décho f(x Y=y

bat § = {xe[c,d]: f(x)<y}
ceScle,d] Cbétele,d décho t =sup S
Tachiung minh f[Hy=y AH<y (1) AH=2y (2)
Theo QTGT 2, ta dé y ¢ lién hé v6i S, va f(x ) <y vé&i moi
x trong S. Vi thé ta chon (1) dé chimg minh trudc
Ta chung minh (1)
Theo QTGT 1, 1am rd cac yéu td: “f lién tuc trén [¢,d ]” va
“t=sup §”. Theo KTGT 15, ta viét chung ra dang diy sé.
{s, Yhoi tu vé s trong [a,b] ={f(s,)}hoi tu vé f(s) (3)
Co {x,} trongS={xec,d]: f(x)<y}saocho {x,}
hoi tu vé ¢ (4)
H<y? (1)

414

106

Theo QTGT 1, ta lam rd bai toan: cho y € (@, B) chung
minh ¢6 x € (¢,d) décho f(x)=y. Ban chét bai toan nay
la giai phuong trinh f'(x ) = y. Khong c6 dang dac biét nao
ctia phwong trinh nay ngoai yéu t “f (c) = a <y < f(d)".
Nhu vay hai tap sau ddy khac trong: {x € [c.d] : f(x )<y}
va{x € [cd]:f(x)>y}. Theo QTGT 1, talam rd tap hop
S={xe[ed]:f(x)<y} bang d6 hoa sau

phuong trinh f(x ) =y ¢6 thé

&
/\
/ 8 ‘ y
lasupS.Pbatt =sup S. Ta
J - ching minh /() =y .

; Theo hinh v€, nghiém cua

413

{s, Yhoi tu vé s trong [a,b] = {f(s,)}hoi tu vé fs) (3)

Co {x,} trong S, {xe[c,d]: f(x)<y},saocho {x,}
héi tu vé ¢ trong [a,b] (4)

)<y ? (D

Theo QTGT 6, ta xét cac yéu t6 "gidng giéng khac khac:
s, va“x,”, “s” va “r’. Ta lam cho ching gidng nhau: dat
s, =x, vas=t Ta viétlai bai toan

{x 1hoi tu vé x trong [a,b] = {f(x,) hditu vé f(£) (3")
Co6 {x,} trong S, f(x, ) <y, sao cho {x,} hoi tu vé ¢

trong [a,b] 4)

T d6 ta ¢6 : f{t) = fix) <y (1)

[13 [{P>2]
t

415
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=y ? (2)
Theo QTGT 3, ta viét lai bai toan

{s, Yhoi tu vé s trong [a,b] = {f(s,)}hoi tu véf(s) (3)

Co {x,} trongS={xec,d]: f(x)<y} saocho {x,}
hoi ty vé ¢ trong [a,b] (4)

A=y ? )
Theo QTGT 6, ta dé y cac yéu tb "gidng gidng khéac
khac" : “f (x ) <y” va “f{f) > y . Ta thdy viéc nay hinh nhu
chéng lai (2). Theo QTGT 8, ta dung phan chimg, véi gia
thiét phan chung

AD) <y (5)

Cho s € [a,b],€>0,c60(s,€)>0:
f@-f()|<e Vzelab]|z—s|<d(s,e) (3

i x =t V x eS={uelc,d]: fu)<y},
(i) NéucoOmot b trong R saocho x < b vb&i moi
xeS§, thi =< b 4%

A<y (5)

Theo QTGT 5 va KTGT 4, va tap trung vao ¢, ta chon s
= ¢. Ta viét (3°) va bai toan thanh
Choe>0,c60(t,e)>0:

-e<f(2)-f()<e Vzelabl,|lz—4<ot e (3

418

107

{s, Yhoi tu vé s trong [a,b] = {f(s,)}hoi tu véf(s) (3)
Co {x,} trongS={xe[c,d]: f(x)<y} saocho {x,}
hoi tu vé ¢ trong [a,b] 4)
f) <y )

Theo QTGT 5, ta viét (3) va (4) cung dang vdi (5) : tir bo
céc day, tro vé bat dang thirc.

Cho s € [a,b],€>0,c0d(s,€)>0:

| f(@)-f()l<e Vzelab],|z—s/<d(s,€)(3)

i) x =t V¥V x €f{uecle, d:fu)<y},
(1)) NéucoOmot b trong R saocho x =< b v&i moi
xeS,thi t=< b (4%

fi<y (%)

Choe>0,c60(t,€)>0:
-e<f@)-f()<e Vzelabl,|z-4<d8t¢e) (3”)

(1) x =t V x eS={uelc,d]: fu)<y},
(11)) NéucoOmodt b trong R saocho x < b vb&imoi
xeS§, thi t=< b 4%

A<y (5")

Theo QTGT 6, ta 1am cac yéu t6 "giéng gidng khac khac"
cang giong nhau hon
Choe>0,c60(t,e)>0:Vzelab]|z—1<d(¢)

JO<f@)te va f(5)<e+f(1) (3”)
QTGT 5 va KTGT 4, ta viét lai (5°)
e >0 f(l)<y-8’ (5’) 419
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Choe>0,c60(t,e)>0:Vzelab]|z—1 <8 ¢)

fO<fe)+e va f(2)<e+f(1) (37)

(1) x =t V x eS={uelc,d]: fu)<y},
(i) NéucoOmot b trong R saocho x =< b v&i moi
xeS§, thi ¢t=< b 4%

1e>0 flny<y-¢ (5%)

Theo QTGT 6, ta dé y cac yéu td "giéng gidng khac khac"
trong bai todn : “z €[a,b]” va “ue[a,b]”. Ta lam cho chung
gidng nhau: chon & = ¢, tir (3”) va (5), ta ¢6 flz) <y . Theo
QTGT 5, ta viét lai (3”).

Choe=¢",c00(t,e)>0:V z €lab],|z—1 <05t ¢)
zeS={uelc,d]: f(u)<y} (3) 20

Choe=¢’,¢c60(t,e) > 0: V ze[a,b], z €(¢-0(t,€),0(t,€)*1) :
zeS={uelc,d]: f(u)<y} (3™)

1 x =t V x eS={uelc,d: fu)<y},
(i) Néucomot b trong R saocho x < b véimoi
x eS8, thi =< b 4)

1¢>0 fly<y-¢ (5”)

Theo QTGT 6, ta dé y cac yéu t "giéng gidng khac khac"
trong bai todn : “z € §”va“x €87, chung khac nhau ¢
cac diém: “z e(£-8(1,€),8(t,e)+1) ” va“x <¢” . Dung (4), ta
1am chiing gidng nhau: “z e (-8(1,€),8(t,€)+1) ” va “z < 1" .

Chon z = ++2°1 §(¢,€), ta c6 mau thuan.
1

| |
S T -

108

Choe=¢€,c060(t,e)>0:V z €lab],|z—1 <t ¢)
zeS={uelc,d: fu)<y} (3™)

(1) x =t V x eS={uelc,d]: fu)<y},
(1)) Néucoémot b trong R saocho x =< b v&i moi
xeS, thi t=< b (4%

de>0 floy<y-¢ (57)

Theo QTGT 5, ta viét cac yéu td bai toan vé cing dang :
“lz— 1 < 8(¢, €)” thanh “- 5(, €) <z-t <d(¢, €)”, va thanh “
z<9(t,e) +t va t-9(t,€)<z”. Vaviet(3”’) thanh
Choe=¢’,¢c00(t,e) > 0:V ze[a,b], z €(t-0(1,€),8(t,e) +1) :

zeS={uelc,d]: flu)<y; (3™)

421

Bai toan 63b. Cho f1la mdt ham sb thuc lién tuc trén
[a,b]. Cho c va d trong [a, b] sao cho f(c) = a =min f([a,
b]) vafid)=p=max f([a, b]). Gid st d < ¢ . Chiing minh
f[a. b]) =[a, Bl

Bai todn 63c. Cho f1a mot ham s6 thyc lién tuc trén
[a,b]. Chlirng minh c6 hai sO thuc « va 8 sao cho f([a, D))
=[a, Bl

Bai toan 64. Cho f1a mot ham sb thue lién tuc trén [a, b].
bita=minf([a, b]) va B=maxf([a, b]) . Chiing minh
f(la, b)) =[a, Bl

423
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Bai toan 64a. Cho a va b sao cho a < b. Cho f'1a mot don
anh tu [a,b] va lién tuc trén [a,b]. Gid st [ (a) < f (D).
Chung minh f'(a) < f(x) véi moi x trong (a,b].

f lién tuc trén [a,b] (1)
v,zelablva y#z =f)# f(2) (2)
Sf(a)<f(b) (3)
x € (ab) =f(a)<f(x) ? (4)

Ta thay (2) yéu hon (4). Theo QTGT 8, ta dung phan chimg
v6i gid thiét phan ching

Cox € (a,b),sao cho f(x) < f(a) 4
f lién tuc trén [a,b] (1)
v,zelablva y#zz =f()# f(2) (2)
f(a) <f (D) 3)
Coéx € (a,b),sao cho f(x) < f(a) 4)

Theo QTGT 6, ta 1am rd hai yéu té “gidng giéng khac khac
@) <f (b)) va'f(x) <f(a)”: (f (x), f (@) N (f(x), /(b))
=(f(x),f(@).Do (1), [f(x),f(@] <f([a,x]) =[ap] va
[f (), /(D)) < f([x, b]) = [1,8] . Vay

A1 e (f(),f(@) < f(la, x]) N f([x, b])

A e f((a,x)) N f((x, b))

dc,d saochoa<c<x<d<bvaf(c)= f(d)= \: mau
thudn véi (2)

109

f lién tuc trén [a,b] (1)
v,zelablva yzz =f1)# f(2) (2)
f(a)<f(b) 3)
Co x € (a,b),sao cho f(x) < f(a) 4)

Theo hinh vé ta co

c<dvaf(c)= f(d):

mau thuan véi (2)

425

Bai toan 64a. Cho a va b sao cho a < b. Cho f'la mét don
anh tur [a,b] va lién tuc trén [a@,b]. Gid st [ (a) < f (b).
Chung minh f'(a) < f(x) véi moi x trong (a,b].
Bai toan 64b. Cho a va b sao cho a < b. Cho f1a mgt don
anh tr [a,b] va lién tuc trén [a,b]. Gia st f (a) < f (b).
Chung minh f'(z) < f(b) v6i moi z trong (a,b].

427
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Bai toan 64c¢. Cho a va b sao cho a < b. Cho f'1a mot don
anh tr [a,b] va lién tuc trén [a,b]. Gid st fla) < f(b).
Chung minh f'(x) < f(y) v6i moi x, y trong [a,b],x <y.

f lién tuc trén [a,b] (1)
v,zelablva y#z =f)# f(2) (2)
f(@)<f(b) €)

x,ye(@b),x<y= f(x)<f() ? 4)
Theo bai toan 64a
ye(ab)= fa)<fQ) (%)
Theo bai toan 64b

xe(@y)= fx)<f» (6) s

Pinh nghia. Cho 4 1a mot tap con khéc tréng cta R. Ta
n6i 4 1a mot khoang néu véi moi x va y trong 4 sao cho x
<y,tacd [a,b] C A.

Céc tap sau day la la cac khoang:
[a,b]={xeR:a<x <b}.
(ab]={xeR:a<x <b}.
[a,b)={xeR:a<x <b}.
(ab)={xeR:a<x <b}.
[a,0)={x e R :a<x}.

(a,0)={xeR:a<x}.

(-o,b]={xeR:x <b}. b duoc goi 1a mot
(-ob)={xeR:x <b}. dau mut cia
R. khoang.

eTrong cac truong
hop 1,2,3,4,5,6:
a dugc goi la mot
dau mut cua
khoang.

eTrong cac truong
hop 1,2,3,4,7,8:

430

WX B WD =

110

Bai toan 64c. Cho a va b sao cho a < b. Cho f'1la mdt don
anh tu [a,b] va lién tuc trén [a,b]. Gid su fla) < f(b).
Ching minh f(x) < f(y) véi moi x, y trong [a,b],x <y .
Bai toan 64d. Cho a va b sao cho a < b. Cho g 1a mét don
anh tr [a,b] va lién tuc trén [a,b]. Gid st g(b) < g(a).
Ching minh g (y) < g (x) v6i moi x, y trong [a,b],x <.

Huéng dan. Dit f(2) = - g(z) véi moi z trong [a,b].

Bai toan 64. Cho a va b sao cho a < b. Cho / 1a mot don
anh tr [a,b] va lién tuc trén [a,b]. Chung minh g 1a m{t dnh
xa don di¢u trén [a,b].

429

Bai toan 65. Cho 4 va B 1a hai khoang trong R va f1a mot
song anh va don diéu tang tr 4 vao B . Chung minh f la
mot ham so lién tuc trén A.

Theo QTGT 3, ta 1am 13 cac yéu t6 trong bai toan.
u,vedu<v = fu<f

u,veAd u <v = flu)<Av). (1)

teB = cosed: t=£s) (2)
Theo QTGT 1 va QTGT 5, ta viét sy lién tuc cta f'theo
dang.

Cho x € 4, cho € >0, tim mot 5(x,e) > 0 sao cho

) -0l <e Vyed |y—x|<d(). 3)
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flu) <Av) Vyedu<v. (1)
VteB cosed: t=f£s) (2)
Cho x € 4, cho € > 0, tim mot d(x,e) >0 sao cho

) —f)l <e Vyed,
Theo QTGT 7, ta xét bai toan trong ba truong hop.

(i)  x khong la dau mat cia 4. :

y-x[<d(). ()

A

(ii) xla dau mut phia tay trai cua 4. | y

(iii) x 1a dAu mat phia tay mat ciia 4. y
_ fir) S i)
I T
X, A )
1 M  w

X 1
1

A I R 1

432

(i) fix) khong 1a dau mat caa B, [f{x)-n, Aix)m] < B .

(i) flx) 1a ddu mut phia tay trai caa B, [f(x), fix)+n] < B..

(iii) f{x) 1a ddu mut phia tay mat cta B, [f{x)-n, fix)] < B.

9 / . o oy .
Theo QTGT 6,déy dén v fon S
| y—x|<d(e), dungtinh },‘—"’%‘m |
song anh don di¢u cua f, . L |
ta tim dugcu vav: ‘ x 1)

Theo QTGT 6, ta dé y dén yéu td | y —x | < 3(g), vay ta
viét ba truong hop trén thanh : c6 mot s(n)>0.
(@) [x-n, x+ s(m)] < (V).

—_-—
x-s(m)  x+s(n)
v

(ii) [x, x+ s(n)] < [x,v). Fo
(111) [X- S(T]), X] c (U,X]. HT* 434

111

Theo QTGT 7, khi cho € > 0, ta dé ¥ trudc hét dén yéu t6
() — f(x)|, vay ta chia bai toan thanh ba truong hop
(i) fix) khong 1a ddu mat ctia B. o) MM

1 | I
(i1) f(x) la dau mut phia tay trai cha B. /™ )
) B A

(iii) f{x) 1a ddu mut phia tay mat cta B. | .
Theo QTGT 7, ta dé y dén yéu t6 [fy) — ()| <&, vay ta
viét ba truong hop trén thanh : c6 mot » > 0 sao cho voi
moin € (0,r] .

(i) fix) khong 1a dau mut cia B, [f{x)-n, Ax)m] < B .
(ii) fix) 1a ddu mut phia tay trai cua B, [f{x), fix)+n] < B .
(iii) f{x) 12 ddu mut phia tay mat cta B, [f{x)-n, fix)] < B.

433

18 T v

x-s(n)  Xx+s(n)
v

(@) [x-n, x+s(m)] < (V).

(1) [x, xt s(m)] < [x,v). [
(111) [x- S:(n)’ix]c (%E], - x-5(1)
Ve VD S
u X v fo-m flon
xls(n) Cxks(n) | f‘(x) |
X v - flo+m
s (11)} 1 : R
u ‘xﬂx)f‘)?‘“ ‘
x-5(n) | | )

Co mdt > 0 sao cho véi moin € (0,7], cd mot s(m)>0:

M -f® <n  Vyed |[y-—x[<s(m) (4
Cho x € A4, cho € > 0, tim mot d(x,e) > 0 sao cho

) —f )| <e Vyed [y—x|<d).*03)
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C6 mot r> 0 sao cho vé1 moin € (0,7], c6 mot s(n)>0:
W -f@l <n  Vyed |[y-x[<sm) (4)

Cho x € 4, cho € > 0, tim mot d(x,e) >0 sao cho

) —fl <e Vyed |y—x|<d(k). ()

Cho ¢ > 0, dat n = min {&,r}, ta co6 s(n) . Pat 5(x,g) = s(n)

436

Bai toan 66a. Cho s6 nguyén n = 1. Dat fix)=x " v&i moi x
€ [0,0). Ching minh f lién tuc tir [0,00) vao [0,00) .

Dung cac bai toan 52 va 57 ta thay f lién tuc

Bai toan 66b. Cho s nguyén n = 1. Pat fix) =x" voi
moi x € [0, ©). Chuing minh /' 1a mgt song anh tur [0, o0)
vao [0, ©) .

/" 1a mot don anh tur [0, o) vao [0, ).

= f@)Zf0)
0<x<y=x"<y" Dung quinap toan hoc n=1: dung
Gia st truong hgp n = m dang, xét truong hop n =m +1

x,ye [0,0),x#y

m

X +1:xmx<ymx<ymy:ym+l

438

112

KY THUAT GIAI TOAN 20

Cho 1" 1a mot song anh tr mot khoang / vao mét khoang J.
Luc do

(1) Bé chimg minh f lién tuc trén 7, ta chi can ching
minh fdon diéu trén /.

(2) Bé chting minh f don diéu trén [, ta chi can ching
minh f° lién tuc trén /.

437

[/ 1a mot toan anh tu [0, o) vao [0, «).
Cho y € [0, ®), tim x € [0, o) sao cho f(x) =y .
eNéuy=0,chonx=0 .Tacd f0)=0.

e Néu y > 0, theo tinh chat Archiméde, c6 mot s6 nguyén
duong N sao cho : theo tinh chat Archimede, c6 mdt s6
nguyén duong N saocho: 0 <y <N.1 =N

Dung qui nap toan hoc,taco : N<N" Vn e N.
A0)=0<y<N<N"=£N) y e [f0), AN)] < A[O,N])
dx € [0,N] < [0, =) sao cho f{x) =y (bai tap 64)

Vay cho y €[0, «), ta tim dugc x € [0,0) sao cho f(xzwz y
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Bai toan 66c. Cho mot s nguyén n = 1. Pat flx) = x"
voi moi x € [0, ). Bat 2 =f-1. Ching minh 2 don diéu
tang trén [0, ) .

Cho u va v trong [0, ) sao cho # <v. Ching minh

x =h(u)<h(v)=y
u=x",v=y" x" <y =>x <y?
“P :Q ”» @“NQ :,\/P))
x 2y = x">y"? :dung qui nap toan hoc nhu trong bai

tap 66b

440

(iv) Dung bai toén trudc

Bai toan 67. Cho mot sd nguyén k= 1. Dat n = 2k+1,
f(x)=x"véimoi x € R. Luc do:

(1) f lién tuctu R vaoR.

(1) f lamot song anh tir R vao R.

(iii) Pat 2=, thi & don diéu tang trén R.

(iv) ' 1a moét ham sd thuc lién tuc trén R. Ta ky
hidu /() 1a zfy hay x» véi moi x eR.
Phén chimg minh tuong ty nhu trong dinh 1y trude, chi
khéc phan (ii).

(iia) Cho x va y trong R sao cho x <y . Chung minh

x"=flx) <fy)=y"

113

Bai tap 66 . Cho s6 nguyén n > 1. Pat flx) =x " vé6i
moi x € [0, «). Ching minh

(1) f lién tuc tur [0, ) vao [0, o).

(1) f lamot song anh tu [0, «0) vao [0, ).

(iii) Bat 2 =f-1, thi A don diéu ting trén [0, o) .

(iv) 1 1a moét ham sb thuc lién tuc trén [0, ). Ta
ky hidu f1(x) 13 Yxhay x* voi moi x e [0, ).
(1), (i1) va (iii) : cac bai tap 66a, 66b va 66c.

(iv) : dung bai toan 65

441

(iia) Cho x va y trong R sao cho x <y . Ching minh

x"=fx) <fy)=y"
Chia lam ba truong hop :
e 0<=<x<y.
ee x <0 <y.
eee x <y< 0.

e Nhu trong phan chting minh dinh 1y trudc
..Déyx2k+l <0 <y,

eeeDity =-y vav=-x.TacoO0<u<v vau" =-"
vay' =-x". Ap dunge .

443
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Cho ¢ € R ta twong Uing

mot goc va mot diém M(7) ]

nhu trong hinh v¢&. Ta dat

esin ¢ = hoanh dd cua M(r) /
T

e cos /= tung do cua M(r) -1
Xétham sb g tir [-1,1] vao
R nhu sau

g(x)=+1-x> Vxe[-11]

Sin
1M
R R
M(t
) (1)
t o
| > COS
‘ CcoSt f
\\ ///
=5

Ta thay véi moi x € [-1,1] ¢6 duy nhat mét ¢ €[0,7] sao
cho (x,g(x)) = M(?), va ngugc lai. Va x chinh la cost . Vay

ham cos 1a mot song anh tur [0,7] vao [-1,1] . 124
Theo hinh v& ta thay : fiﬂ
® cos-t =cost, 2
/ M(1)

® cos(t+m =-cost. A\
e cos(t+k2m) =cost udl ; E\“0\005

) = , : —

-1} cost 1'

vGi moi ¢ trong R, k eN. \ /
Theo phan trén : V {x,} \/ /
trong [0, ©] va hdi tu vé x -5

trong [0, «t], thi {cosx,} hoi tu vé cosx .

Nay cho mot diy {z.} trong [0, 2] va hoitu vé n. Ta

s€ chirng minh {cos #,} hoi tu vé cosT .

446

114

Ta thay véi moi x € [-1,1] ¢6 duy nhit mot ¢ €[0,n] sao
cho (x,g(x)) = M(¢), va nguoc lai. Va x chinh la cost . Vay
ham cos 1a mét song anh tr [0,] vao [-1,1] . Theo hinh

v€, ham cos don di¢u giam.

Do tinh song anh don diu lsir\l
giam , ham cos lién tuc tu — 7
[0, ] vao [-1,1], va ham / M(t)
nguoc cua nd cung lién tuc  / A\
tir [-1,1] vao [0,n]. Ta ky ™/ L9 cos
hiéu ham nay 13 arccos 7 voi 1| cost [T
moi ¢ € [-1,1] . \\ /

-1 % 445

Bai toan 68. Chiing minh ham cos lién tuc tai i .

Cho m¢t day {¢z,} trong [0, 2w] va hoi tu vé . Ta s@

chimg minh {cos #,} hoi tu vé cosr .

Ham cos lién tuc trén [0, w]

X, = g
2w —t,

b |(27T-tn)-7[:|=|ﬂ?'tn|‘: {xn} s

néu ¢, €[0, 7],

néu 1, e[r,2x).

IS

///

trong [0, ] vahdituven

e {cos x,} hdi tu vé cosm

W

\\\

® COSX, =COS—1f =COSt
n n n

e {cost } hoitu vé cosm

447
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Ly luan tuong tu, ta thdy ham sin 1a mot song anh don
diéu tang lién tuc tir [—%7{,%7[] vao [-1,1]. Vay ham
ngugc cua no cling lién tuc tir [-1,1] vao [—%72‘, % 7] Ta
ky hi¢u ham nay la arcsin z véi moi ¢ € [-1,1] .

S1n
BN

,171 _
M

Tur day ta chirng minh duogc / /

su lién tuc ctia ham sin trén

R nhu trong truong hop ham x tog
| S Cos
cos -1} cost |T
B T B 448
! 2

Ly ludn twong tu, ta thdy ham cotg 1a mot song anh don
diéu giam lién tyc tor (0, 7) vao (- oo, o). Vay ham nguogc
cua noé ciing lién tuc tir (- o, ©) vao  (0,7) . Ta ky hiéu
ham nay la arccotg ¢ v41 moi ¢ € (- 0, ) .

0 cotg ¢
Tu day ta ching minh dugc P S coty
su lién tuc cua ham cotg ) M) \
wen | Jkr kz+7) (s \

nhu trokri% truong hop ham

cos \ /

115

Ly luan twong ty, ta thdy ham tg 1a mot song anh don diéu
tang lién tuc tr (=5 77,3 77) vao (- o, ). VAy ham nguoc
cua no cling lién tyc tur (- o, ) vao (—%7[,%71') . Taky
hi¢u ham nay la arctg ¢ véi moi ¢t € (- o, ) .

tg N
Tu day ta chirng minh dugc - Z ; t 1
su lién tuc ciia ham tg trén / M(1) \
- 1 l / AN \\“\
H(kﬂ' 77z,k7r+77r) \“t lo
nhu trong trudng hop ham |
cos \ /
\ Z /
T~ 77,,2,/ — 449

bit Inx= J.lx %dt V x €(0,0)

Ta ching minh dugc In 1a mdt song &nh don di¢u tang tur
(0,0)vaoR . Do dé In lién tuc trén (0,00 ) va n6 c6 anh
xa ngugc ky hiéu la e* la mot ham s6 lién tuc tr R vao
(0,00).

Cho s6 thyc duong a, ta dat  Inx : logarit Neper ctia x

log lenx V x e(0,00) In, x : logarit co hé a cta x
Ing e’ : ham mu cua x

a* =e*nd V xell

Céc ham nay lién tuc trén tip ching xac dinh 451
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Pinh nghia. Cho A4 la mot tap con khéc tréng cta R va
/ 1a mQt anh xa tr 4 vao /R ta noi f ’ la mot ham so
thuc lién tuc déu trén 4 néu va chi néu

Ye>0,35(e)>0 sao cho

| f(x)-f(y)| <& VYx vayed saocho [y-x|<d(e).
Bai toan 69. Cho m6t s6 thuc duong ¢ va ddt f(x )= cx
voimoi x € R . Ching minh f lién tuc déu trénR .
Choe>0, tim d(g) >0 sao cho

| f(x)-f(y)| <& VxvayeRsaocho [y-x]|<0(g).
Choe>0, tim d&(¢)> 0 sao cho

| f(X)-f¥) =clx-y|<e VYx vay e R saocho|y-x|<d(e)

batd(e) =cle 2

y (8)-x(8)[<d (1)
|fx (@) -y @) | = & )

Dung QTGT1. Pay 13 hé bat phuong trinh theo tham s6 &
vacodbaansd: g, x (0) vay (0). b don gian hod h¢
phuong trinh nay ta déi bién: dat 2(8) =y () -x () . Vi
vai tro x (8) va y (8) nhu nhau va ham f 1a ham chan, ta co
thé gid st 0 <x (8) <y (8) hay A(d) > 0. H¢ bat phuong
trinh tré thanh

0<h(d) <o (1%)

Jfx (®) +h () -fix () = & (2%)

454
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Bai toan 70 . Cho f(x)=x> VYxeR.Ching minh f

khong lién tuc déu trén R.

Theo QTGT 2, Ta lam rd “khéng lién tuc déu trén R”.

Ve>0, 458(¢)>0 saocho

| fx)-f(y)| <e¢ VxvayeRsaocho [y-x|<d(e).

de>0,Yd >0 cox(d) va y(8) e R sao cho
y(©)-x(@) <o va fx(@©®))-fy@)| = e.

Tim mdt s6 € > 0 sao cho véi moi & > 0, ta tim dugc x(J)

va y(8) e R:[y(9)-x(8)|<dva [fix(5))-fv(8) | = ¢
y (3)-x(8) [ <3 (M
|fix (8))-fy ()| = ¢ 2

453

0<h(d) <o (1)

| fAx (8)) -fix (8) +th (B)) | = € %)
Theo QTGT 1, ta viét lai bai toan

0<h(d) <9 (1)

2x (8) h(d) +h(8)> = ¢ (2%)
Vi ta chi cAn tim mot tri gia cho mdi 4n sb ta dua cic bat
phuong trinh thanh phwong trinh. Dé dé giai, ta ha bac
phuong trinh. Bai toan trd thanh

h(d) = /2 (1”)
2x(®) hd) = ¢ 2”)

Ta c6 cac nghiém x (8) =&'evay (8) = 6'e +8/2. Vay ta
cothéchone=1,x(8)=8'vay () =&'+82.
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Baitoan 71. Cho4 =(0,1)va f(x)=x! Vxe4d.
Chung minh f khong lién tuc déu trén A.

100
80
60
40

20

0.2 0.4 0.6 0.8 1
Tim mét s6 € > 0 sao cho v6i moi & > 0, ta tim duoc x(3)
va y (0) € R sao cho

v (8)-x(8)[<d (1)
I fx@)-fy(©®) | = ¢ (2) 456
v (8)-x(d)|<d (1)

|fx (@) -y @) | = & )

Dung QTGT1. Pay 13 hé bat phuong trinh theo tham s6 &
vacodbaansd: g, x (0) vay (0). b don gian hod h¢
phuong trinh nay ta doi bién: dat 4(8) =y (d) - x (). Vi vai
tro x (8) va y (8) nhu nhau, ta ¢6 thé gia st 0 <x (3) <y (J)
hay A(8) > 0. Hé bat phuong trinh tré thanh

0<h(8) <5 (1)

Jfx (®) - fix(®) +h (d) = & (2

458
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 (8)-x(d) <o (1)

fx@)-fyB) | = & 2
Dung QTGT1. Pay 1a hé bat phuong trinh theo tham s6 &
vacodbaansd: g, x (0) vay (d). bé don gian hod hé
phuong trinh nay ta do6i bién: dat 2(6) =y () -x (0) . Vi
vai tro x (8) va y (8) nhu nhau va ham f 1a ham chan, ta c6
thé gia st 0 <x (8) <y (0) hay A(d) > 0. H¢ bat phuong
trinh tré thanh

0<h(d) <9 (1%)

Sflx (3) +h (3)) - fix (3)) = & (2’)

457

0<h(d) <98 (1%)
Ax(8)) - fix B) +h () = & 2°)
Theo QTGT 1, ta viét lai bai toan
0<h(d) <d (17)
x@) @) +h@))]'h(d)= ¢ (2°)
Vi ta chi cAn tim mot tri gia cho mdi 4n sb ta dua cic bat
phuong trinh thanh phuong trinh. Dé dé giai, ta d6i dang
phuong trinh. Bai todn trd thanh

h(3) = 52 (17)
[x (8) (x (8) + A (3)] A (8) = x(8)* h(d) = (27)

Ta c6 cac nghiém x (8) = [¢18] V2 va y (8) = [¢718] 2 + &/2.

Vay ta co thé chone =1, x (8) =82 vay (8) = 812 +6/2.
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h(d) = &2 (17)
[x (8) (x (B) + A (3)]''h (8) = x(8)* h(d) = ¢ (2”)

Ta c6 cac nghiém x (8) = [¢18]2 va y (8) = [¢716]-1* + &/2.
Véy tacothé chone=1,x (8) =8> vay (8) =&+ 5/2.

Tuy nhién ta phai c6: x (3) va y (d) thudc (0,1). Theo
QTGT 7, ta xét cac truong hop sau:

Néud<Y:chonx (8)=8"2vay(d)=512+5/02.
Néu % <&:chon h (8)=Y,x(8)=",vay (8)="a+ Y

460

Bai toan 72 . Cho /' la mot ham s6 thue lién tuc trén mot
khoang dong [a,b]. Luc d6 f lién tuc déu trén [a,b]
Vs e [ab],Ve>0,codxe)>0:

[fs) - f(t)] < ¢ vVt € [a,b], |t-s| < d(x,e). (1)
Ve >0, tim mdtn(e’) >0
) -f)l < € Ve lab], xy[<nE). (2

Vi két luan (2) manh hon han gia thiét (1), theo QTGT 8,
ta dung phan chiing véi gia thiét phan chirng sau:

Gia stt ¢6 mot s6 thuc duong &’ sao cho v&1 moi sb thuc
duong n ta c¢o hai s6 x(n) va y(n) trong [a, b ] sao cho

() -ym) [<nva  [flxm) -yl = €. ()

118

KY THUAT GIAI TOAN 16

Néu bai toan phirc tap vi c6 nhimng trudng hop khong
giai duoc. Ta giai trude cac trudng hop co thé giai duge.
Sau d6 cb ging dua cac truong hop con lai vé cac trudng
hop da giai.

461

Vs elab],Ve>0,co60dxe)>0:
f(s)-f1) < ¢ YV t € [a,b], |t-s| < d(x,e). (1)
Gia st ¢6 mot sb thuc duong &’ sao cho v&i moi sb thuc
duong 1 ta co hai s6 x(n) va y(n) trong [a, b ] sao cho
k(M) -y) [<mva  [flx()) - v = & (3)
Theo QTGT 14, ta viét (1) va (3) ra dang day s6. O day ta
thdy nén xét cic  nho, nén ta dat n = m-'.
Néu {s,} 1a mot day hoi tu vé s trong [a,b], thi {f(s,) } hoi
tu ve f{s). “4)
Gia st ¢6 mot s6 thuc duong €’ sao cho v&1 moi sb
nguyén duong m ta c6 hai s6 u, =x(m') va v, =y(m’!) trong
[a, b ] sao cho

. 463
|u,- v, | <m'va

[fw,) -fv,)| = €. ©))
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Néu {s,} 1a mot day hoi tu vé s trong [a,b], thi {f(s,) } hoi
tu vé fls). 4)

Gia st c6 mot s6 thuc duong €’ sao cho v&i moi sb
nguyén duong m ta c6 hai s6 u,=x(m')vav,=y(m?) trong
[a, b]saocho: |u,-v |<m'lva|fu,)-fv,)| = €. (5)
Theo QTGT 6, ta Xét cac yéu t6 "gidng gidng khac khac"
gitra (4) va (5): {s,} hoi tu nhung {u,} va {v,} co thé
khong hoi tu, {f(s,) } hoi tu vé fs) nhung |f{u,) - Av,)| =
¢’. Dung dinh Iy Bolzano-Weierstrass ta khic phuc sy
khéc biét dau : c6 mot diy con {u,, } ctia {u, } hdi tu vé u
trong [a,b]. Dua vao cach giai quyét {u,}, ta giai quyét

{v Viditz =v -u .Tathdyv, =u +z va{z } hoity
vé 0. Vay {v, } hoitu vé wu. 464

Néu {s,} 1a mot day hoi tu vé s trong [a,b], thi {f{s,) } hoi
tu ve f(s). 4)

Co &’ >0 va mdt day con {u, } cua {u,} hoi tu vé u trong
[ab],va {v,} hoituve u, |f(w,)-f(v,)|>&"  (6)
bat s, =u, va t,=v, .Taviétlaibaitoan

Vi {s,} va {t } 1a cac diy hoi tu vé u trong [a,b], {f(s,) }
va {f1,) } hoi tu vé ). (7)
Co6 ¢’ >0 va mot day con {u,, } cua {u,} hoi tu vé u trong
[ab],va {v,} hoituvé u, |f(w,)-f(v,)|>&"  (6)

| fs,) -AL) | > € (8)

Ta thdy (7) va (8) mau thuan véi nhau.

119

Néu {s,} 1a mot day hoi tu vé s trong [a,b], thi {f(s,) } hoi
tu ve fls). “4)
Gia st c6 mot s6 thuc duong €’ sao cho v&i1 moi )
nguyén duong m ta c6 hai s6 u,=x(m™') va v, =y(m") trong
[a, b]saocho: |u,-v |<m'va|u,)-f(v,) = €. (5
Co6 mot day con {u, } cua {u,} hoi ty vé u trong [a,b], va
{v,,} hoituveé u
Ta viét lai bai toan
Néu {s,} 1a mot day hoi tu vé s trong [a,b], thi {f(s,) } hoi
tu ve fls). 4)
) \ A ~ {u } ’ e A
Co6 ¢ >0 va mot day con * ™’ cya {u,} hoi tu vé y trong
° \ u A% > & 465
[a,b], va {%"’kr? hoi tu vé u, | (ﬁ '”"z)’ /}% ’"*% (6)
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CHUONG BAY
PHEP TINHVI PHAN

Quan sat mot chiéc xe chay trén dudng thang, ching ta
mudn xét viée chay nhanh hodc cham cua né tai mét thoi
diém 7 . Ta md hinh toan hoc viéc nay nhu sau: ghi vi tri
chiéc xe tai thoi diém s 12 x(s). Vi mot thoi diém s kha
gén nhu khéc ¢, ta tinh dugc van toc trung binh cua chiéc
xe trong khoang thoi gian tir 7 dén s nhu sau

1,8

_x®-x@ X7 )

s—t
x(s)

467

Ta mo hinh toan hoc y tuong bén trén nhu sau

Pinh nghia. Cho 4 13 mot tap con khac tréng cia R
vax € R. Tandi x 12 mot diém tu cia A néu véi moi sd
thuc duong 6 tatimdugcy € 4 saocho 0 <|x-y|<3d.
Tap hop tat ca cac diém tu cua 4 duoc ky hiéula 4*

-0 X X+0

Pinh nghia x 1a diém tu ctia 4 c6 thé duge viét nhu sau

dy e AN{(x-0,x+3)\ {x}} (1)
dy e A\ {x}}N(x-56,x+9J) (2)
A\ IN (x-8,x+8)+ @ 3)

120

_x@)-x(0  x(0) x(r)

s—1
X(s)
Van tbc trung binh v,, cho ching ta cac thong tin vé viée
chay nhanh hodc cham cua chiéc xe tai thoi diém . Néu s
cang gan ¢ hon, th1 v,, cang cho chung ta cac thong tin

chinh xé4c hon vé Vlec chay nhanh hodc cham cua chiéc xe
tai thoi diém 7.

1,8

Vay dé biét viéc chay nhanh hoac cham cua chiéc xe tai
thoi diém ¢, ta phai xét vi tri x(r) ctia chiée xe tai cac thoi
diém 7 trong mot tap hop A. Tap hop 4 nay phal co tinh
chat : ludn ludn c6 cac phan tir khic ¢ nhung rat gan .

Chung minh hai ménh dé sau ddy twong duong voi nhau
xeA* (1)
x €A\ {x})* )
Theo QTGT 1, ta lam 1o (1) va (2)

Chod6>0,coyed: 0<|y-x|<d (1)
Chon>0,c6teA\{x}: 0<|t=x|<m ()
Chon>0,coted,te {x}: 0<|tx|<nm

Chon>0,c6ted,t=x: 0<|t-x|<nm (2%)

Ta viét lai bai toan : chimg minh su twong duong cta
Chod>0,coyed: 0<|y-x|<d (1)
Chon>0,c6ted,t=x: 0<|tx|<n (2%)
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Chod>0,copyed: 0<|yx|<d (1)
Chon>0,c6ted,t=x: 0<|tx|<n (2%)
Ta thléiy ( 1) va (2°) rat giéng nhau, ta phai tap trung xét
cac yeu to khac nhau cua chung: “z # x”. Ta vi€t yéu t6 nay
theo dang céac y€u to con lai : 0 < |t-x| . Vay (2°) c6 dang

Chon>0,c6teAd,0 <[t—x|: 0<|tx|<nm (27”)
Chon>0,c6ted: 0<|tx|<n (2)

Vay (1) va (2) twong duong

471

Bai toan 74. Cho 4 =[0,1] va x =0. Ching minh x 1a
mot diém tu cua 4

Theo QTGT 12, ta viét bai toan nhu sau
Cho6>0, tim ye A4 saocho 0< |x-y| <&
Chod>0, tim y e [0,1) saocho 0< |[0-y| <& (1)
Theo QTGT 1, talam rd bai toan: |0-y| = |y|=y
Cho6>0, tim y € [0,1) saocho 0<y <d (1)
Theo QTGT 5, ta viét y € [0,1) thanh 0 < y <1
Cho6>0, timysaocho: 0<y<1va 0<y<d (17
Cho 6> 0, tim y sao cho: 0<y< min{l, 8}

y= 2"'min{l, &} a73

121

Bai to::m 73. Cho 4 =(0,1) va x=0. Chiing minh x la
mot di€m tu cua 4
Theo QTGT 12, ta viét bai toan nhu sau
Chod6>0, tim ye 4 saocho 0< |x-y| <90
Chod>0, tim y e (0,1) saocho 0< |0-y| <& (1)
Theo QTGT 1,talam rd bai toan: |0-y| = |y |=y
Choo6>0, tim y e (0,1) saocho 0<y <3 (1)
Theo QTGT 5, ta viét y € (0,1) thanh 0 < y <1
Chod>0, timysaocho: 0<y<1va 0<y<d (17
Cho 6> 0, tim y sao cho: 0<y< min{l, &}

y= 2"'min{l, &} an

Bai toan 75. Cho4 = {0} U[2,1] va x=0. Ching
minh x khong 1a mot diém ty cua 4

Theo QTGT 1, ta viét bai toan nhu sau
V38>0,{A\{x}}N(x-8,x+8)+ @

386>0, {A\{x}}N(x-8,x+8)= 0O

Theo QTGT 1, ta viét 4 \{x}={{0}U [ 2-,1]1}\{0}=[ 2-.,1]
va(x-90,x+3)=(-9,9d).Vabai toan co6 dang

Tim 6>0saocho [2,11N(-8,8)= @

0 1/|2 1

Chond="Y.

-0 0

[e75 o
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Bai toan 76. Cho B 1a mot tap hop con khac tréng cua R,
a e B".Pat A=BU{a}. Ching minha € A*.

Cho >0, cOo yeB :0<|p-a|< o (1)
Chon >0, tim t e BU{a}: 0<|t-a| <n (2)

Ta thay (1) va (2) rat giéng nhau, ta phai tip trung xét cac
yéu t6 khéc nhau cua chung: B va B U{a}. Hai yéu t6 nay
khéac nhau khi t = a, nhung 0 < |t-a| . Vay (2) c6 dang

Chon>0, tim te B:0<|t-a| <n (2”)

475

Ta thtr xem mo hinh toan hoc y tuéng bén trén nhu sau.

Pinh nghia. Cho 4 1a mot tdp con khac tréng cioa R,

c €R, f 1amodtham s thuc trén 4 vaa € A* . Ta ndi

o f co gioi hgn lac taia néu va chi néu voi moi sO

thuc duong & c6 mot s6 thuc duong S(g) sao cho

fix)-c| < e

va ky hi¢u

V xeAvéi0<|x-a|<d(e),

lim f(x)=c.

477
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Quan sat mot chiéc xe chay trén dudng thang, ching ta
mudn xét viée chay nhanh hoac cham cua no tai mét thoi
diém 7. Ta md hinh toan hoc viéc nay nhu sau

e chon mot tap hop céc thoi diém A4 sao cho ¢ 1a mot diém
tu cua 4,

e vOi mot thoi diém s € A\ {¢}, ta tinh van tdc trung binh
v,, cua chi€c xe trong khoang thoi gian tir 7 dén s.

e néus cang gan ¢ thi v, cang gan mot so thuc v . Ta noi
v 1a van toc tire thoi cua chiéc xe tai thoi diém ¢

_x-x D X

S_t | .X(S) 476

1,8

Bai toan 77. Cho 4 =[0,1],a=0 va

Y x€[0,1),
Foo={"x1 0.1
1 néu x=1.

Chung minh 1i£% flx)=1

VY ¢ >0,tim d(¢) >0 saocho

| fix)-1] < ¢ Vxed voi0<|x-0]<0(¢)
Y ¢ >0,tim d(¢) >0 saocho
|fx)-1] < ¢ V xe€[0,1] v6i0 < x <0d(¢g)
V ¢ >0,tim d(¢) >0 saocho
|fx)-1] < ¢ vV xe (0,1] vo10 < x <0d(e) )




Cho ¢ >0,tim 6(¢) >0 sao cho

|[fix)-1] < ¢ V x €(0,1] v6i0 < x <9d(e) (1)
Theo QTGT 1, talam 16 | fix) - 1 |. Theo KTGT 7, ta xét
hai truong hop xe (0,1) va x =1. Xét truong hgp x =1, vi nod
dé, ta co | fix) - 1| =0. Xét truong hop x € (0,1)

f(x) - 1_‘/—11 1_‘/;_1" Vv x e (0,1).
X
| f(x \/7 ! \/; x \/;—x v x €(0,1).
-1 x—1 1—x

Ta viét lai bai toan
Cho &> 0, tim d(¢) > 0 sao cho
Jxox vV xe(0,1) voi0<x<3d(e) (2p

1—x

Ching minh lim f(x) = —
2

x—1

Cho ¢ >0,tim 6(¢) >0 sao cho
f@-11<e ¥ xed voi0<l-1]<de)
Cho ¢ >0,tim 8(¢) >0 sao cho
If(x)—%l<e V oxe[0,1]v6i0<1-x<)

Cho ¢ >0,tim 6(¢) >0 sao cho
If(x)—%l<g V xe[0,)vsio<1-x<8@c) (1}

Bai toan 78. Cho 4 =[0,1],a =1 va
Jx -1

NXTL O wxelo),

f(x)= 1 xl0.1)

1 néu x=1.
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Cho €>0, tim 8(¢) > 0 sao cho
1x Y e Vxe(0,1) v6i0<x<d(E) (2)
—X
Theo QTGT 6, ta xét sy khac biét gitra 0 <x < () va

x—x

. Ta lam chung giéng nhau: x = (vx)* va

1-x

\/;x\/—lx/_

1-x lx_

1-+/x Vi
X
1++/x)(1-/x) 1+x/—
Ta viét lai bai toan
Cho €>0, tim d(¢) > 0 sao cho

Jx<e¢ V xe(0,1) voi 0<+/x < Jo(e) ()

Chon d(g) =¢ 430

Cho ¢ >0,tim d(¢) >0 saocho
L f)—t1<e V xe[0,1)voi0<1-x<3(e) (1)
2

Theo QTGT 2, ta lam 13 | f{x) — 2°!| . Theo KTGT 6, ta xét
hai truong hop xe (0,1) va x =0. Xét truong hop x =0, vi nd
dé, ta co | fix) - 271 | =21, Xét truong hop x € (0,1)

PO N S W £ ) W )V S )
2 x-1 2 2x-1) 2= 2(Gx+D)
1 1-+x
A )_5|_2(J}+1) <1-Jx  Vxe(0,1)
-2 =0
VN xeu

482




Cho ¢ >0,tim 6(¢) >0 sao cho
<& x=0,0<1-x<0d(¢), 1
<l-x<e xe(0,1),0<1—x<35(¢).

_1
2

!f(x)—%{

Ta thay khi & < 21, truong hop x = 0 khong thé ding. Ta
phai loai truong hgp nay: chi tim 0 <d(g) < 1. Ta viét lai
bai todn nhu sau

Cho ¢ >0, tim d8(¢) € (0,1) sao cho
f(0)-tkl-Vx<e  xe(0,1),0<1-x<8(s)
Cho ¢ >0, tim d(¢) € (0,1) saocho
1-Jx<e  Vxe(0,1),0<1-x<5(e) (1"

QUI TAC GIAI TOAN 17

Néu bai toan phirc tap vi c6 nhiéu trudng hop khac nhau.
Ta c6 thé loai cac truong hop khong can thiét va viét lai
bai toan.
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Cho ¢ >0,tim 0o(¢) € (0,1) sao cho
1-Jx<e  Vxe(0,1),0<1-x<5() 1"
Theo QTGT 1, ta xét sy khac biét gitra 0 < 1-x < d(g) va
1-vx <& . Talam chung giéng nhau nhu sau
1-x=(1-vx)1+x)>(1-x)
Theo QTGT 13, ta viét lai bai toan
Cho ¢> 0, tim 8(g) sao cho 0 <6(g) < 1
I-x<eg Vxe(0,1) v6i0<l-x<d(e) (2)

Theo QTGT 1, ta xét sy khac biét nhung gidng giéng
nhau: 1- x <& va 1- x < 8(¢) . Ta 1am chiing gidng nhau:
chon 8(¢) =min{1/2,&}.

Dung lénh lim(f(x),x,a) dé tinh

>> syms X
>> limit((sqrt(x)-1)/(x-1),x,0) . Jx -1
ans = =00

1

>>syms X

>> limit((sqrt(x)-1)/(x-1),x,1) . Jx -1
ans = x—1
12

486




a P X
>> limit((x+1)x(-1)),x,0,'right")
ans =
exp(l)
lim(1+x)"" =e
x—0"
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>> limit(x"((x*x)-1),x,0) ¥
ans = limx® ~1=1
1 x—0

Dung Iénh limit(f(x),x,a,right’) dé tinh ~ lim f(x)

Pinh nghia. Cho 4 1 mot tdp con khéc tréng cia R,
ceR, f lamodtham sdthuc trén 4 va a e A*. Tandi
f ¢6 gidi han bén phai la ¢ taia néu va chi néu voi
moi sd thuc duong & c6 mot sb thuc duong d(¢g) sao cho

V x €eAvél 0<x-a<0d(e),

|fix)-c| < e
va ky hiéu
lim f(x)=c
x—a”
a D — X 488
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Pinh nghia. Cho 4 1 mot tdp con khéc tréng cia R,
ceR, f lamdtham sdthuc trén 4 va a e A*. Tandi
f 6 gi6i han bén trdi la ¢ taia néu va chi néu voi
moi s thuc duong & c6 mot sb thuc duong 8(¢) sao cho

voi0<a-x<o(e),

| fx)-c| < ¢ Vxed
va ky hiéu
lim f(x)=c
XxX—a
4 - a 490




Dung Iénh limit(f(x),x.a, 'left’) dé tinh  lim f(x)

xX—>a—

>> limit(log(cos(x))/(-x"(2)),x,0,'left')

ans =

1/2

lim Log(cos x) _1
-0 xlxl 2
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Cho mdt & >0, c6 mdt sb thuc duong 8(a, &) sao cho
fx)-fla)|<e Vxedvéi |x-a|<d(a,e) (l)u

Cho mét &’ >0, tim mot sd thuc duong n(a, &) sao cho
fO)-fla)|<e Vied vor 0L|t-a|<n(a, &) (2°)

Theo QTGT 6, ta xét cac dit kién gidng giéng nhung khac
nhau gitta (1) va (3’): ¢ va &, d(a,g) van(a, ') . Talam
chung gidong nhau nhu sau.

Cho &’>0 Dite=¢’, c60(a,c) bitn(a, &)= 70d(a,é)

f2)-fla)|<e=¢Vze 4,0L|z-a| < d(a,e) =n(a,s’)

493

126

Bai toan 79. Cho 4 13 mét tap hop con khéc tréng cua R,

a € A'N' A va mot ham sb thuc f trén 4. Gia sir f lién tuc

lim £(x) = f(a)

Cho mdt & >0, c6 mot sb thuc duong d(a, €) sao cho
fx)-fla)|<e Vxedvéi|x-a|<d(a,e) (1)

Cho mdt & >0, tim mét sd thuc duong n(a, &’) sao cho
f)-fla)|<e VieAd vor 0<|t-a|<n(a, &) (2)

Theo QTGT 6, ta xét cac yéu t6 "khac" giita (1) va (2): 0 <

Ix—a| va 0<|t - a|. Ta xét riéng truong hop nay: ¢ = q, lic

do|fit)-fla)| =0<¢g WV &>0.Taviétlai (2)

Cho mét &> 0, tim mot sd thyc duong n(a, &) sao cho
D) -fla)|<e Vied véi 0<|t-a|<na, &) (2)

taia. Luc do

Bai toan 80. Cho 4 13 mot tap hop con khac trong cua R,
a € A'N A vamot ham sb thuc £ trén 4. Gia st
lim f(x)=f(a) . Ching minh f lién tyc tai a
Cho & >0 c6 mot sb thuc duong d(a, €) sao cho
fix)-fla)|<e VxeAd voi 0<|x-a|<d(a,e) (1)
Cho & >0 tim mot s6 thuc duong n(a, £") sao cho
) -fla)| <& Vted voi |t-a|<n(a, &) (2)
Theo QTGT 6, ta xét sy khac biét gitra (1) va (2): 0 < |x—q|
va 0 <|t-a|.Taxétriéng truong hop nay: ¢ = a, lac dod
f)-fla)|=0<¢g V &>0.Taviétlai (1)
Cho médt £> 0, c¢6 mdt sb thuc duong Xa, £) sao cho
fix)-fa)|<e Yxed voi 0<|x-a|< &a, &) (1)




Cho mot >0, ¢6 mot sb thuc duong Aa, €) sao cho
fx)-fla)|<e VxeAd vol 0L |x-a|< Ka, &) (1)

Cho & >0 tim mdt s6 thuc duong n(a, &) sao cho
) -fla)|<ée Vted voi <|t-a|<na, &) (2)

Theo QTGT 6, ta xét cac dit kién gidng giéng nhung khac
nhau gitta (1) va (3’): ¢ va &, d(a,g) van(a, ') . Talam
chung gidong nhau nhu sau.

Cho &’>0 Dite=¢’, c60(a,c) bitn(a, &)= 70d(a,é)

f2)-fa)|<e=&Vze A,0<|z-a|<d(a,e)=1n(a,&’)
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Cho € >0,co6 d6(a, €)>0 saocho
|f(t)-c| <e Yted ,0 <|t-a |<da€) (1)
Cho méte’ >0 tacomoétN(e’) e N sao cho
0<|x, -a| < € V¥ n=N() (2)
Cho méte” >0 tim mét M(€”) € N sao cho
| fix,) -c| < € Y m = M(e”) 3)

Theo QTGT 6, ta xét cac yéu t6 gidng gidng khac khac dé
tim ting budc giai bai nay. Pé dinh huéng chon budc di
that dung dén muc tiéu “két luan”, ta phai dé y trude cac
yéu té trong (3): | fix,) -c| < € va|f(f)-c|<e.Talam
chung giong nhau: cho €, date=¢€”, t =x,,. Viét lai (1)
Cho € >0,c6 d6(a, € )>0 saocho

|f(x,)-c|<€ |x,-a |<dae) (1) 7

127

Bai toan 81. Cho 4 1a mét tap hop con khéc tréng ctua R,
a € A"N A va mot ham sb thuc £ trén 4. Gia sir
lim f(x)=¢ . Cho {x,} 1a mt dy trong 4\ {a} (nghia

lax, € A\ {a} v6imoin) va {x,} hoitu vé a. Chung
minh diy {f{x,)} hdituvé c.

Cho € >0,co6 A6(a, €)>0 sao cho

|f(t)-c| <e YteAd ,0 <|t-a| <da €e) (1)
Cho méte’ >0, co mdt N(e’) e N sao cho

0<|x, -a| < € VY n=N() (2)
Cho méte” >0 tim moét M(e”) € N sao cho

|flx,) -c| < € Y m = M(€”) (3) s

Cho €’ >0,c6 6(a, € )>0 sao cho

|f () - c| <€ | X, -a [<d(a, €”) (1)
Cho méte’ >0 taco moétN(e’) e N sao cho
0<|x, -a| < € ¥V n=N(e) (2)

Cho mote”> 0 tim mét M(€”) e N sao cho
|fix,) -c| < € VY m = M(€”) 3)
Theo QTGT 6, ta xét cac yéu t6 gidng gidng khac khac dé
tim budc tiép giai toan: | x, - a| <8(a, €”) va|x,-a| < € .
Ta lam chung giéng nhau: dit € = 6(a, €”) . Viét lai (2)
Cho mét d(a, €”) > 0ta co mdt N(d(a, €”) ) € N sao cho
0<|x, -al <dé(a, €”) ¥Yn=N((a €")) (2%)

498




Cho €’ >0,co6 A6(a, € )>0 sao cho

|f(x,)-c|<€ | X, -a | <d(a, €”) (1)

Cho motd(a, €7)>0ta co mot N(d(a, €”) ) €N sao cho
0<|x, -al| <d(a, €”’) ¥Yn=N((a €")) 2)
Cho méte” >0 tim mét M(€”) € N sao cho

|fix,) -c| < € Y m = M(e”) 3)

Theo QTGT 3, ta xét cac yéu t6 gidng gidng khac khac dé
tim budc ti€p giai toan: n = N(d(a, €”)) va m = M(€”). Ta
lam chung gidng nhau: dat M(€”) = N(d(a, €”)) . Vay ta da
tim dugc M(€”). Kiém lai (3)

m=Mz=ME)=N©(a e”) (27 ,-al<dae)

|fx,)-c| <€
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x,- a | <6(a,€) )

Cho €> 0, ta c6 N(e) € Nsao cho |x,- a| <e ¥V n =N(e) (1)

Cho méte’>0 taco mdt M(e’)) e N sao cho
fx)-c| < € Vn=ME) (2
Choe’ >0, tim 6(a,e’) > 0 saocho
|fy) -c| < € Vyed voi|y—al|<d(ae’) (3)

Gia thiét chi xét day {f{x,)} con két luan xét {{f(y):y € 4
v6i | y—a|<d(a€’)}. Tap hop trong gia thiét qua lam
dém duoc, tap hop trong két luan c6 thé khong dém duoc.
Theo QTGT 8, ta dung phan ching véi gia thiét phan
chung

Co €>0 saochovoimdi § > 0 tacomdt y; €4
vl |ys—a|<o6 saocho |[fly;) -c| = € (3
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Bai toan 82. Cho mot ham sb thuc ftrén mot tdp con A4
cuaR,c e R vaaed®. Giasu voi moi diy {x, } trong 4
\{a} (nghialax, € A\{a} V n e N)va {x,} hoituveéa, thi
day {f(x,)} hoi tu vé c. Chimg minh ~ lim f(x)=¢

Cho €>0, ta c6 N(e) e Nsao cho |x,- a| <e ¥V n=N(e) (1)

Cho méte’ >0 tacomdt M(e’)) e N sao cho
|fix)-c| <¢€ Yn=ME) (2)
Choe” >0, tim 6(a,e’) > 0 saocho
| fy) -¢c| < € Vyed voi |y—al|<d(ae€’) (3)

Gia thiét chi xét day {f(x,)} con két luan xét {{f(y) :y € 4
Vol |y —a|<d(a€”)}. Tap hop trong gia thiét qua 151151(})
dém duoc, tap hop trong két luan co6 thé khong dém duoc.

Cho €>0, ta ¢c6 N(e) € Nsao cho [x,- a| <e VY n =N(e) (1)

Cho méte’ >0 tacomdt M(e’)) e N sao cho
fx)-c| < € Vn=ME) (2

Co € >0 saochovsimdi § > 0 tacomdt y; € A4
vl |ys—a|<dé saocho |Ays) -c| = € (3
Theo QTGT 6, ta xét cac yéu td gidng gidng nhung dbi khang
nhau dé tim tig budc giai bai nay. Pé dinh huéng chon budc
di that dung dén muyc tiéu “két luan”, ta phai dé y trudc cac yéu
t6 trong (3): | fx,) - ¢| <€ va|f(y,)- ¢ | <e Talam ching gidong
nhau: cho €”, dit e = €”. Viét lai 2)

Cho €>0, ta c6 N(e) e N sao cho |x,- a| <e ¥V n=N(e) (1)

Cho méte”>0 tacomdt M(e€”) e N sao cho
|fix)-c| <€ Vn=MeE) "2




Cho € >0, ta c6 N(e) € Nsao cho |x,- a| <e ¥V n =N(e) (1)

Cho méte”>0 tacomdt M(e”) e N sao cho

> |fix,)-c| <€ Vnz=ME) (2)

Co6 € >0 saochovsimdi § > 0 tacomdt y;€ 4
vl |ys—a|<d saocho |flys) -c| = € (3
Theo QTGT 4, ta xét cac yéu t6 giong nhung dbi khang dé
tim budc tiép giai toan: | fx,) - ¢| <€’ va |fyy) -c|= €.
Ta lam ching giéng nhau, theo KTGT 21: ditz, =y,, .
Viét lai (3°)

Co € >0 saochovoimdi meNtacomdtz, € 4voi
|z,—a|<1/m saocho |flz,)-c| = € (37)
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Cho €> 0, ta c6 N(e) € Nsao cho |x,- a| <e ¥V n =N(e) (1)

Cho méte”>0 tacomdt M(e”) e N sao cho
|flx,)-c| <€ Yn=ME) (2

C6 € >0 saochoco mét {x,} trong 4 sao cho {x,} hoi
tuveava|fix)-c| =z € VneN (3”)

Chon n = M(€”) , ta c6 méu thuan.

505
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Cho €>0, ta ¢c6 N(e) € Nsao cho [x,- a| <e VY n=N(e) (1)

Cho méte”>0 tacomét M(e”) e N sao cho

> |fix)-c| <€ Yn=M(E") (2°)

Co € >0 saochovsimdi meNtacomdtz, € 4 voi
|z,—a|<1/m saocho |[fiz,)-c| = € (37)

Theo QTGT 1, ta xét cac yéu tb giéng giéng khac khac dé
tim budce tiép gidi toan: x, va z,. Ta lam ching giong nhau:
ta chimng minh dugc {z,} hoitu vé a. BPatx, =z, Viét lai
(37)

C6 € >0 saochoco mét {x,} trong 4 sao cho {x,} hoi
tuvéaval|fix,)-c| = € VneN (3”)
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Bai toan 83. Cho 4 1a mot tap hop con khac tréng cua
R, x € A va hai ham s6 thuc f vag trén 4 c¢6 giGi han
taixlacvad Dat h(z) =flz) +tg(z) Vz e A. Chung
minh % c6 gidi hantaix 1a c+d.
Cho {x,} 1a mot day trong A\ {x} hoituvéx.
Tacod {f(x,)} 1amot diy hoituvé c
Tacé {g(x,)} 1a mot diy hoitu vé d

Chirng minh {4 (x,)} 1a mot day hoi tu vé c+d

h(x,) = fix,) + g(x,)
ha) = fae)+e) L

|
v

c+d C d "~




Bai toan 84. Cho 4 la m(f)t tap hop con khac tréng cua
R, x € A" va hai ham s6 thyc f vag trén A co6 giGi han
taixlacvad. Pat h(z) = fiz)g(z) Vze A

Chung minh /4 c6 gidi hantaix 1a cd.
Cho {x,} 1a mot day hoi tu vé x trong A .
Tacod {f(x,)} 1amot diy hoituvé c
Ta c6 {g(x,)} 1a mot diy hoitu vé d

Chimg minh {# (x,)} 1a mot day hoi tu vé cd

h ) = fox e, h\%x”) = 8

v

Cd C d 507

Pinh lIy. Cho 4 1a mot tap hop con khac tréng cia R,
a € A"N' A va mot ham sd thuc f trén 4. Luc d6 ba diéu

sau day tuong duong

() lim f(0)=f(a)

(1) f lién tuc taia

(iii) v6i moi day {x,} trong A hoitu vé a,taco {fix,)}
hoi tu vé& fla).
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Bai toan 84b. Cho 4 la pl(jt tap hop con khac tréng cua
R, x € A" va mdt ham s6 thuc f va g trén A ¢ giGi han
taixlac=0. Pat h(z) = flz)! Vze A

Ching minh % c6 gigi han tai x 1a ¢!.
Cho {x,} 1a mot ddy hoi tu vé x trong A .
Tacod {f(x,)} 1amot diy hoituvé c

Ching minh {/ (x,)} 1d mot ddy hoitu vé ¢!

h(x,) = fix,)!
lim h(x,) = [lim £ (x,)]" =¢”
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Bai toan 85. Cho B 1a mot tip hop con khéc tréng cia R,
a € B, ¢ € R vamot ham sb thuc gtrén B . Pit 4 = B
U{a}. Giasu limg(x)=c . Dat
xX—a
g(x) x € B\{a}
f@= { i

Ching minh f liéntuctaia .

X=a

Cho & >0 c6 mot sb thuc duong d(a, €) sao cho
lgx)-c|<e VxeBvoi 0<|x-a|<d(ae) (1)
Cho & >0 tim mot s6 thuc duong n(a, £") sao cho
[ -fla)|<ég Vted voi |t-a|<n(a, )
Cho & >0 tim mdt s6 thyc duong n(a, &) sao cho
ft)-fla)|<e ViteBU{a} vol |t-a|<n(a,&’) (2)




Cho £ >0 c6 mdt sb thuc duong 8(a, £) sao cho
lgx)-c|<e VxeBvol 0<|x-a|<d(ae) (1)

Cho &> 0 tim mdt s6 thuc duong n(a, &) sao cho

) -fla)|<e ViteBU{a} vél |t-a|<n(a, &) (2)

Theo QTGT 2, ta lam 10 [f(?) - fla) |

|f(t)—f(a)|=|f(,)_c|:{|g(f)—cl teB,
0 t=a.

Theo KTGT 25, ta thdy (2) dting khi # = a. Vay ta chi can
chirng minh

Cho & >0 tim mot s6 thuc duong n(a, &) sao cho
fO)-c|<e Vie B vol 0<|t-a|<n(a, &) (2)

Cho & >0 tim mdt s6 thuc duong n(a, &) sao cho
lg()-c|<& YieB voi 0<|t-a|<n(a, &) (2°)"

Bai toan 86. Cho 4 1a mot tap hop con khac tréng cia R, a

€ A*, ¢ € R vabaham sb thuc £, g va h trén A. Gia sit f(x)

< h(x)< g(x) Vxed va lim f(x)=limg(x)=c
Chirng minh Eg h(x)=c e e

Cho {x,} 1a mot day hoi tu vé x trong 4 .
Tacé {f(x,)} 1a mot diy hoitu vé c
Ta c6 {g(x,)} 1a mot diy hoitu vé ¢

Chimg minh {# (x,)} 1a mot diy hoi tu vé ¢

) < hix) < glx)
fle) < hix,) < g(x,) oy

1
v v 513
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Cho & >0 c6 mdt sb thuc duong 8(a, €) sao cho
lgx)-c|<e VxeBvol 0<|x-a|<d(ae) (1)

Cho &> 0 tim mdt sb thuc duong n(a, &) sao cho

lg(t)-c|<& ViteB vl O0<|t-a|<n(a, &) (2°)

Theo QTGT 6, xét cac yéu td giéng gidng khac khac nhau
gitta (1) va (2°): ¢ va &’, 6 (a,&) van(a, &’). Ta lam ching
giéng nhau nhu sau: dat ¢ = ¢’ ,taco d(a,¢) , datn(a, &)
= 0(a,¢). Vay ta tim duoc n(a, ¢’) .
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Cho x € (a, b).Luac d6 c6 mot s6 thyc duong » sao cho
x+the(a,b) YV he(-r,r)

a X-r X h x+r b

Cho f 12 mot ham s thuc trén (a, b) vax € (a, b). Pt

u(h):f(x+h)_f(x)

h
0eAd”

Vhed=(-rr)\ {0}

C6 thé xét

lhi_r)r(} u(h) hay lhlg(} St hz — /()

514




Pinh nghia. Cho / 13 mdt ham sb thuc trén khoang

mo (a, b) va x € (a,b). Chon mot s6 thuc duong r

sao cho (x-r,x+r)c(a,b). Dat
M(h) — f(x+h)—f(x)

P Vh e(-r,r)\ {0}

Tanoéi f 1a mot ham s6 kha vi tai x néu va chi néu giéi

han sau day co va la mot so thyc.
) x+h)— f(x
lim S )—f (%)

h—0 h

(= lim u(h))

Luc do ta ky hiéu gidi han nay 1a f (x) va goi n6 1a _dao
ham cua f tai x. Néu f kha vi tai moi x € (a, b) tanoi f
kha vi trén (Cl, b) 515

Bai toan 88. Cho ¢ 1a mot s6 thuc va f(x) =cx Yx € R.
Chung minh /' kha vitrénR va f (x)=c Yxe R

von e SR = f(x)
f'(x)=lim P

Chox e R va he R\ {0}
S(x+h)—f(x) c(x+h)—cx ch

—=C

h h h
P C Rt A CO N

h—0 h

517
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Bai toan 87. Cho ¢ 1a mot sé thuc va f(x)=c¢ Yx e R.
Ching minh /' kha vitrénR vaf (x)=0 VYxe R

o=t L+ D=1

Choxe R va he R\ {0}

f(x+h)—f(x):c—c:O
h h

llmf(x+h)_f(x) -0

h—0
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Dung 1énh D[f(x), x] dé tinh dao ham cta ham sd f.

Thidu.Cho f(x)=(7x-3)’cos2x ¥Yx e R .Tinhdao
ham cua f.

In[1]:=D[(7x - 3)*Cos[2x],x]
Out[1]:= 21(7x - 3)*cos2x - 2(7x-3)3sin2x

f(x)=21(7x - 3)’cos2x - 2(7x-3)*sin2x Yxe R
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Bai toan 89. Cho f va g 1a cac ham s6 thuc kha vi trén
khoang mé  (a, b). Tacd k=f+ g kha vi trén khoang md

(@, b)yva k(x) =f (x)+g'(x) Vx € (a, b)

Chox e R va he R\ {0}

P -t LI

¢(x) =lim g(x + h) —8(x) 2)

9 K (x) :lhn&k(x+h)—k(x) 3)

Fl)= f (x+ h) f(x) ¢(x) = g(x + h})l g(x) 2)
9 K(x) = 1 im k(x + h; —k(x) 3)

PORICL R IG RN D RS

h
Theo QTGT 5, ta viét cac yéu t6 bai toan cung dang

f@=timuy (1) gx)=limv(h) (2"
? k’(x)zlhin(}[u(h)wtv(h)] 3)

K'(x) = lim u(h) +limv(h) = f(x) + g'(x)
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f(X+h) f(x)

fl(x)= 1)
(x) = g(x + h; g(x) 2)
9 K(x) = lhrrol k(x+ h; —k(x) 3)

Theo QTGT 3, ta viét cac yéu td bai toan cung dang
k(x+h) —k(x) _[f(x+h)+gx+m)]-[f(x)+g(x)]

h h
UGO8
u(h):f(x-i_h]/)l_f(x) V(h):g(x+hh)_g(x) 20

Bai toan 90. Cho / 14 mot ham sd thyc trén khoang mé
(a,b) vax € (a,b). Gid st f kha vitaix. Cho M>|f’(x)|.
Chirng minh c¢6 mot s6 thuc duong » sao cho (x-r, x+r)

(a,b) va [fy)—fx)|<M]y-x| VyeR, |y—x|<r
Choe>0, c606(e) >0 sao cho
|f'(x)—f(x+h2_f(x)|< v h 1hl <8 (1)
|70 <M )
Timr»>0: (x-r, x+r) < (a, b)

) —fx)| <Mlyx| Vye(ab),|ly—xI<r ()
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Theo QTGT 5, ta viét bai toan thanh
Choe>0, c60(e) >0 sao cho

p-LE2TD  y ce@b), 1z-x1 <6 (17
—X

|7l <M Q)

Timr>0: (x-r,x+r) c (a, b)

) —f)l <Mly-x| Vye(ab),|y-x[<r (3

Theo QTGT 5, ta viét (17) thanh
Choe>0, c60(e) >0 sao cho

|17 (@) (zx) = [A2) - )] | < glz-x| Vze (a,h), ]z —x]< 8(e)

Choe>0, c606(e) >0 sao cho

|/ )Ex)| — [A2) - A | < g] z=x| Vze (a,b) , |z~ x|< 5(e)

Choe>0, c6d(g)>0 sao cho:
[z)- Sl < [1.f7 )|+ ]| z=x| Vze (a,b), |z —x|< 8(e) (177)

|l <M (2)
Timr>0: (x-r, x+r) C (a, b)
)=l <Mly-x| Vye(ab),|y—xl<r ()

Theo KTGT 4, bai toan viét thanh
Choe>0, c606(e) >0 sao cho:

[f2)- fl < [1f7 ()| €]l z-x| Vze (a.b), | z—x|< &(e) (1)

Con>0saocho: |f’(x) +n =M (2%)
Timr>0: (x-r, x+r) c (a, b)
) —f)l <M|y-x| Vye(ab),|y—x<r (3)
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Choe>0, c6d(¢)>0 sao cho
|17 @) (zx)| - fz) - )| | < g] z-x| Vze (a,b) , | z - x|< B(¢)

|7l <M )
Timr>0: (x-r, x+r)  (a, b)
) -fl <M|y-x| Vye(ab),|ly-x<r (3)

Theo QTGT 5, ta viét bai toan thanh

Choe>0, c60d(e) >0 sao cho: Vze (a,b), | z— x|< d(¢)
| /7 () (z-x)|| — glz=x| A| < |fz) - )| < | f7Co)A| + & |A] (17)
Theo QTGT 5, ta viét (17”) thanh

Choe>0, c6d(¢)>0 sao cho: Vze (a,h), |z —x|< d(¢)
[fz) - [ < | f7()(z-x)| + & |z-x| = [| f7(x)] + €] |z=x] (]77)

Choe>0, c6 () >0 sao cho:
f2)- f) < [|. /7o) [+ €]| z=x| Vze (a,b), | z —x]< 8(e) (177)

Con>0saocho: |f’(x)] +n =M (2%)
Timr>0: (x-r, x+r) C (a, b)
f0)-fl <M|y-x| Vye(ab),|ly-xl<r ()

Theo QTGT 6, ta chon € = 1. Bai toan tr¢ thanh
Con>0saocho:

| f2)- )| <M z=x|  Vze (a,b),[z—x[<dm) (1I™7)
Timr>0: (x-r, x+r) < (a, b)

f0) —f)l <Mly-x| Vye(ab),|y-x<r (3)
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Cém>0saocho:

| A2)- fx)| < M| z-x]

Timr>0: (x-r, x+r) c (a, D)

f) —fo)l <M[y-x| Vye(ab),|y-x<r )

Xx-r X x+r p
[ [] L

Vze (a,h), | z—x|<0d6(m) (177)

a x-8(m) X b x+3(m)

Chon » = min{d(n), x —a, b —x}.
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Theo QTGT 5, ta viét bai toan thanh
Choe>0, c60(e) >0 sao cho

If’(x)—Ml <& Vze(ab), lz-xl<8&) (1)
—X
0<c<|/f()| (2)
Timr>0: (x-r, x+r) c (a, D)
clyx|<|fy)-fx) Vye(ab),|ly—xI<r Q)

Theo QTGT 5, ta viét (17) thanh

Choe>0, c60(e) >0 sao cho

| /7 (@)(zx) = [fz) - fx)] | < g|z-x| Vze (a,b) , [z —x|< 3(e)
Choe>0, c6 () >0 sao cho

| Lf°(0)(Ezx)| = [Az) - )] | < ] z=x| Vze (a,b) , |z —x|< §(e)
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Bai toan 91. Cho f 14 mot ham sd thyc trén khoang mé
(a,b) vax € (a,b). Gia st f kha vitaix vaf’(x) khac
khong. Cho ¢ trong (0, | £°(x)[). Ching minh c¢6 mét s6
thuc duong r sao cho (x-r, x+r) < (a, b) va

cly-x | <[ fy) =)

Choe>0, c60(e) >0 sao cho

VyeR,[y—-xl<r

If'(x)—f(x+h2_f(x)l <&  Vhihl<se D
0<c<|f (%) 2)

Timr>0: (x-r, x+r)  (a, b) .

dy-x|< [fn-fx) Vye(@b),ly-x<r B)

Choe>0, c6d(¢)>0 sao cho
|17 @) (zx)| - If(z) - )| | < g] z-x| Vze (a,b) , | z - x|< B(¢)

0<c<[f() )
Timr>0: (x-r, x+r)  (a, b)
cdyx[<[fy)-f  Vye(ab),|y—xl<r ()

Theo QTGT 5, ta viét (1°) thanh
Choe>0, c6 () >0 sao cho: Vze (a,b), | z—x|< d(¢)
|7 (z-0)|| - €lz=x| h| < [fiz) - fx)[ < | f7(0)h[ + € [A] (17)
Theo QTGT 5, ta viét (17”) thanh

Choe>0, c6d(¢)>0 sao cho: Vze (a,h), |z —x|< d(¢g)
|7 () (zx)| - & |z-x| = [| 7 (X)] - €] |z=x] < [f(z) - fo)] (};”)




Choe>0, c6d(g)>0 sao cho:
[/ )+ el z-x| < [f(z)- Ax)| Vze (a,b), | z—x|< 3(e) (1)

Con>0saocho: |f’(x)] -n =c (2%
Timr>0: (x-r,x+r) < (a, b)
cdyx|<|fy)-fl Vye@b),|ly-xl<r (3)

Theo QTGT 6, ta chon € = 1. Bai toan tr¢ thanh
Cémn>0saocho:

c| z-x| < | fz)- Ax)| Vze (a,b), | z—x[<d(m) (I'")
Timr>0: (x-r,x+r) c (a, b)

c| y-x| <[ f(y)- fx)| Vye(ab),|y—xl<r ()
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KY THUAT GIAI TOAN 17

Néu f'(x) va |f(z)- f(x)| cing xuét hién trong bai toan,
ta ta phai dé y va dung cac bat ding thirc sau:
Cho f 1a mot ham sb thuc trén khoang mé  (a,b) vax €
(a,b). Gia sit f kha vi tai x.

(1) C6 mét sé thue M va mot & > 0 sao cho

)@ <Mlyx] Yy, x| <6

(2) Néu f'(x) = 0 : vo1 moi s thuc duong € va mot pu(e)>
Osaocho: |f(t)-f(x)|<gltx|] V¢, |t=x| <p(e).

(3) Néu f'(x) # 0 : voi moi sb thue duong ¢ <[f'(x)| ¢o
Nn(c) > 0 sao cho

clsx < [f () -f@)] Vs lsxl<n@). =
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Comn>0saocho:

c| z-x| < | fz)- Ax)|

Timr>0: (x-r, x+r)  (a, b)
clyx <[fy)- A Vye(ab),|ly-x<r (3

! Xx-r ?IC x+tr b
L

Vze (a,h), | z—x|<06(m) (177)

a x-3(m) X b x+3(m)

Chon r = min{d(n), x —a, b — x}.
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Bai toan 92. Cho / 13 mot ham sd thuc trén khoang mo

(a,b) vax € (a,b). Giasu f khavitaix . Ching minh f

lién tuc tai x

Choe>0, c60(e) >0 sao cho
|f,(x)_f(X+h2—f(X) < ¢

Cho ¢’ >0, tim mot n(¢’) > 0 sao cho :

) —fx) [ <& Vye(ab), x| <nE’) (2
Theo KTGT 17, ta viét (1) thanh

Y h LRl <8() (1)

C6 mdt sd thuc M va mdt &> 0 sao cho
[F(@)-f(x) [ <Mltx| ¥Vt [tx| <8 (1)
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Co6 mot ) thuc M va moét 6> 0 sao cho

[F@-f @) | <Mlt-x| V1 |t-x] < (1)

Cho ¢’ >0, tim mot n(e’) > 0 sao cho :
fy) —fix) | <€ vy €(ab), [y-x| <n(e’)
Theo QTGT 3, ta chi cin chtrng minh

Cho ¢’ >0, tim mot n(¢’) > 0 sao cho :
My —x|<e Vye(ab), yx <3, [y-x| <n(e’)

Cho ¢’ >0, tim mot n(e’) > 0 sao cho :

2

p-x <M1e ¥y e(@b), b2 <8, -x <n(e) 2°)

bat n(e’) = min {5, Mg’ }.
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gx+h)

k(x+h)—k(x)  f(x+h)—f(x)

h B h

g(x+h)—g(x)
h

+f(x)
fe(x+h)-k(x) _ flx+h)-f(x)

g(x+h) +

? 0 Fleg()+ fix)g(x)
K@) =/ gl + Mg Vx e (@b)

f(X) g(x+ h)'g(x

h h h o h
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Bai toan 93. Cho f va g 1a cac ham sd thuc kha vi trén
khoang mo (a,b). Tacd k=fg kha vi trén khoang mé
(@b)va k(x) =f(x0)gx) + fix)g'(x)  Vx e (a,h)
f'(x)=lim f(x+hlz_f(X) g(x+h)—g(x)

lim k(x+h)—k(x)

g (x)=lim

?
kx4 ) —k(x) _ f(x+hg(e+h) = f(0)g(x)
h h
_ SO hgle+h) = F()g(x+ )+ F(0g(x+ ) = F()g(x)
h
LS CWMSIRECLEEC R,

Bai toan 94. Cho f 1a mot ham sé tir (a, b) vao (c,d) va

g 12 mot ham sé thuc trén (¢, d). Cho x € (a, b) sao cho f

khavitaix,gkhavitaiz=fx)vag'(x)=0.Patu= gof.

Ching minh # kha vitaix va u’(x) = 0

Cho >0, c6 6(¢) > 0sao cho V A, |h| <d(¢) :
|—f(x+h;l)_f(x)—f'(x)| <e ()

Choe’>0,con(e’)>0saocho V¢l <n(e):

8@+ -8, 8D =8() oy (o

t t

Cho €”> 0, tim p(e”) > 0 sao cho V s, |s| < u(e”) :

S +9) - g(f()| _ 8+ -8 o _ .

N s

3
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Cho € >0, c6 8(¢) > 0 sao cho

| foxth) - fx) —f(x)h| < glh| ¥ h, |h| <8(e) (1)
Cho e’ >0, con(e’)>0saocho:

| gzt -gl2) | <€’l] Vi lif<n(E) ()

Cho ¢” >0, tim p(e”) > 0 sao cho V s, |s| < u(e”)
g(fx+s)) - g(fx)| < e”ls| Vs, |s| <uE”) ()
Theo QTGT 6, ta xét cac yéu td "gidng gidng khac khac"
cua (2) va (3): “g(zt1) - g(2)” va “g(flx+s)) - g(flx))”. Ta
lam chiing gidng nhau : dat = fx+s)- fx). Ta viét lai (2)
Cho £’> 0, co n(e”) > 0 : néu | fix+s) - flxts) | < n(e)

| g(flxts)) - g(f(x)) | < €| flxts) - flxts) | (27)
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CoOM,c6 6>0:

| flxts) - fix)| <M|s| Vs,|s|<d (1)
Cho&™>0,com(E)>0:Vs,|s| <8, néuMis| <n(e)
| g(flxts)) - g(fx)) | < Me’|s| (27)

Cho ¢” > 0, tim p(e”) > 0 sao cho V s, |s| < u(e”)

g(fx+s)) - g(fx)| < e”ls| Vs, |s| <uE”)  (3)

Theo QTGT 6, ta xét cac yéu td "gidng gidng khac khac"
cua (27) va (3): | s | <8, Mls| <n(¢’) va [s| < p(e”) , talam
chung giong nhau : viét lai (2”)
Choe>0,con(e’)>0:Vs,|s| <min {3, MIn(e)}

| g(flxts)) - g(fx)) | < Me’ls| 27) "
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Cho € >0, c6 8(g) > 0 sao cho

| focth) - fix) —f "(x)h| < g|hl
Cho &> 0, con(e’) > 0 : néu | flx+s) - Ax) | <n(e)

| g(flxts)) - g(Ax)) | < €| fixts) - flx) [ (27)

Cho €” > 0, tim p(e”) > 0 sao cho V s, |s| < u(e”)
g(fxts)) - gfx) < e”fs| Vs, |s| <pEe”)  (3)
Theo KTGT 17, viét lai (1) va (2°)
CoOM,co 6>0:

| fxts) - )| <Mls| Vs, [s]|<d (")

Cho&’>0,con(e)>0: Vs, |s| <8, néuMls| <n(E)
| g(flxts)) - g(f(x)) | < Me’ls| (27)

V h, |h| <8(e) (1)

CoM,co 6>0:

| focts) - )| < Mls| Vs, [s| <5 (1)
Choe>0,com(e)>0:Vs,|s|<min {5, Mn(e")}
| &(fix+s)) - g(fix)) | < Me’|s| 27)
Cho ¢” >0, tim p(e”) > 0 sao cho V s, |s| < u(e”)
[g(flxts)) - gD < e”ls| Vs, |s| <pE”) ()
Theo QTGT 6, ta xét cac yéu td "gidng gidng khac khac"

cua (27’) va (3): Mg’ va ¢”, ta lam chung giéng nhau : dat
g = M'e” va u(e”) =min {3, M'n(e’)}.
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Bai toan 95. Cho f 1a mot ham sb tir (a, b) vao (c,d) va
g 13 mot ham sé thyc trén (¢, d). Cho x € (a, b) sao cho f
kha vi tai x , g kha tai z = f{x). Pat u = go . Ching minh u
khavitaix va u’(x) =g’(fx))f (x).
°g’(2)=0:u’(x) =0 (BT 94)
°g'z) =a#0.Datg,(H)=g®)-at vavis) =g/(f(s)) voi
moi ¢ € (¢,d). Tacd
g'()=gW-a Vie(cd g’ =g@-a=0
Theo BT 94, v’(z) =0
v(s)= g1(f(s)) = g(f(5)) - a f(s) = u(s)- a fs)
vi)=u'(s)-af () 0=v'(z)=u'(2)- of(z)
u'(s) = af'(s) =g () (x)
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Bai toan 96 (Pinh 1y anh xa ngwoc) . Néu £ 13 mot song
anh tr (a,b) vao (c,d), f lién tuc trén (a,b). Cho mot x
trong (a,b) sao cho f'kha tai x va f ’(x) #0. Ching minh
anh xa nguoc g ="' ctuaf kha vi tai y = f{x) va

TS
f,(x):hmf(t)—f(x) M
t—>x t_x
) = 1im 880 =80 _ 1 2y 9
§) o s—y f'g(y)) ()

545

139

KY THUAT GIAI TOAN 18

Pé dua bai toan vé trudng hop don gian hon hay nhimng
truong hop da giai quyét, ta c6 thé lam nhu sau:

(1) Pua vé truong hop fla) =0 : dit g(x) =Ax) - fla) .

(2) bua vé truong hop /' (a) =0 : dat g(x) =fix) -x f '(a) .
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f’(x):limM (1)

t—>x [_x
x) = 1im 88— 80 _ 1 2 9
A T PTR

Theo QTGT 5, ta dit z = g(s), tathdy : khis # ythiz = x
ta viet lai (2)

= i Z—X _ 1 2 9
= e To o oy
Bai toan trd thanh

im —2=%  _im DS 5
f(@)->f(x) f(z) — f(x) t—>x f—x 546




Fm X im SO - f(x) f(x)
F@)—>f(x) f(z) f(X) t»x f—x

Theo Bai toan 84b, ta chi cin chimg minh

4) ?

3) ?

lim — %  —fjm—%

f@=f@ f(2) = fx) = f(2)— f(x)
Theo QTGT 6, ta xét cac yéu td "gidng gidng khac khac"
trong (4) : fiz) = fix) vaz — x. Dé lam mat su khac biét
nay, ta chimg minh f{z) — fix) dua dén z>X ,hay t —> x
dua dén g(f) —> g(») . Dleu nay c6 duoc néu g lién tuc tai y.
Theo KTGT 20, ta chi can ching minh g don diéu trén
(c,d). Vay chi c?m chirng minh f'don diéu trén (a,b). Theo
KTGT 20, fdon di€u trén (a,b), vay g lién tuc trén (c,d).

Cho f la m@t ham sb thyc trén mot khoang mé (a, b) va ¢
la mot diém trong (a, b). Ta nodé1
m f dat cucdaitai c néu va chi néu
fle) = fix) voéimoix € (a,b).
m [ dat cuc tiéu tai ¢ néu va chinéu
Ae)<fix) voimoix € (a, b).

Bai toan 97. Cho f 1a mQt ham s6 thuc trén mot khoang
mo (a, b) va ¢ 1a mot diém trong (a, b). Gia st f kha vi
tai ¢ va dat cuc dai tai c. Chiing minh f’(c) = 0.
SrW 1@y _p L=
h—0* h h—0" h
SN =f© gy et f(©)
h—0 h h—0 h

lim

lim
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Cho
g(y) = arcsiny Vyel-1,1] va
fAlx)= sinx Vxe [_gjg]

Ta thdy g la anh xa nguoc cia f va

f'(x)=cosx =+/1—- f(x)

1 1
£ J1-foy -

g'(y)= Vye(-L1)
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Bai toan 98 . Cho /' 12 mt ham s6 thuc trén mot khoang
mo (a, b) va c 1a mot diém trong (a, b). Gia st f kha vi
tai ¢ va dat cyc tiéu tai c. Chirg minh £ ’(c) = 0.

tin DO ey (1) f) 2 fiv) Yy e, b) )

S = (3)?
Theo QTGT 5, ta viét lai (2) va (3)

fix +h) > fix) V h, xthe(a,b)
fix +h)-fx)20 Vhxthe(a,b) (2°)
Se) <0 vafi(c) 2 0?
i NSO o N5 (g,




N NI

h—0 h

= fl'le) (D)

i/ =110

fix +h)-fix)20 Vhxthe(a,b) (2)

Theo QTGT 1, ta xét cac yéu td "gidng gidng khac khac"
gitra (2°) va (3’): mau sO A. Ta lam r0 khac biét nay : xét A
<0 vah>0.

fleri=1) o

, ]h;onf(c-i_h})l_f(c) >0 (3v)9

Vh<0 Mzo Vh>0

h

f(c+h) O 4 oo i Le+D = f(0)

+ —
h—>0 h—0 551

Coéc va d trong [a, b] sao cho f(c)=min f{[a, b]) va
f(d) = max f{[a, b]). Vi f khongla ham hang, nén f(c) <
f(d)va c # d.

Néu ¢ hodc d & trong (a,b), ta giai xong bai toan. Vi f(a)
=f(b),nén c hodc d ¢ trong (a,b).
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Bai toan 99. Cho f1a mot ham sé thuc lién tuc trén [a,b]
va kha vi trén mot khoang mé (a, b) sao cho fla) = f(b).
Chung minh ¢6 ¢ € (a, b) saocho f(r) = 0.

Ta xét bai toan c6 yéu td fla) = f(b) trong trudng hop don
gian nhat: £ 1a ham hang. Luc d6 f(x) = 0 v6i moi x trong
(a, b) . Nay xét trudng hop fkhong 1a ham hang : ¢ s
trong (a, b) sao cho f(s) # fla) = f(b). Lam a0 chon s
dé f’(x) = 0? Theo BT 98, nén xét cac cuc tiéu va cuc
daicuaf.

Coc va d trong [a, b] sao cho f(c)=minf{[a, b]) va
f (d) = max f([a, b]).

f(C) Sf()C) Sf(d) Vxe [(1, b] 552

QUI TRINH GIAI TOAN 16

Nén xét bai toan trong truong hop don gian nhat. Sau d6
x¢€t bai toan dang phtrc tap hon mot chut, dwa vao cach giai
truong hop trude. Lip qui trinh nay cho dén khi giai xong
bai toan.

554




Bai toan 100 (Pinh 1y gia tri trung binh). Néu / 13 mot
anh xa lién tuc trén [a, b] va kha vi trén (a, b), thi co
mot ¢ € (a, b)saocho f(b) - fla) = (b-a)f '(c)

Néu f(b) = fla) , do BT 99, ta tim dugc c. Xét trudng hop
(D) # f(a) . Ta dua vé truong hop dau.

pat g0 =f(0-L2 Do) vrefan)
Tathiy g(a)=g(b) va
()= f (- L O Vx e(a,b)
Theo bai toan 99, coce (a,b) saochog’(c)=0
0=g'(c)= f(c) f(b)-f(a) Flo)= f(b)—f(a)
b—a b—a

Néu f kha vi trén (a, b), dat g(x) =f(x) v6i moi x trong
(a, b). Ta thay g 1a mot ham s trén (a, b).

Néu gkha vi tai x € (a, b), ta thdy

gx)=(") .
Lic d6 tandi f c6 dao ham bac 2 tai x, dao ham bac 2 cua
ftai x chinh 13 g’(x), va dugc ky hiéu 1a /"’(x) hodc /' (x).

Ta con ky higu f©O=f va f(D=f"

Ta c6 thé dung qui nap toan hoc dé dinh nghia cac dao ham
baccaon >2 nhusau: f™(x) = (fD)(x).

557
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KY THUAT GIAI TOAN 21

Khi bai todn c6 /' va fix) - f(y), ta nén nhé dinh ly gia tri
trung binh :

Pinh 1y gia tri trung binh. Néu f 1a mot anh xa lién
tuc trén [a, b] va kha vi trén (a, b), thico mét ¢ € (a, b)
sao cho f(b) - fla) = (b-a)f '(c).

556

Pinh nghia . Cho f 13 mot ham s6 thuc kha vi trén mot
khoang mé (@, b). Tathdy f* 1a mot ham so thyc trén (a
,b).Néu 1°
(a, b).

lién tuc trén (a, b), ta ndi fthudc 16p C' trén

Pinh nghia . Cho f 1a mot ham s6 thyc kha vi z 1an trén
mot khoang mad (a, b). Tathay f® 1a mot ham sé thuc
trén (a, b) . Néu f® lién tuc trén (a, b), ta ndi f thude
lop C" trén (a, b).
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Dung 1énh dii[f(x),x,n] : tinh dao ham bac n ctia ham sb f.

>> diff(exp(-((x)"(-2))).x,3)
ans =

24/(x"5*exp(1/x72)) - 36/(xT*exp(1/x72)) +
8/(x"9*exp(1/x"2))
1 1

“ 2,8 36 24
e .X' (7_7 5)
x

559

\ A , 2.
Paohambacbacia ¢ X la

Dung Iénh taylor(f(x),c,n) Ta tinh dyoc P,_(x,c).

>> syms X

>> taylor(exp(x),0,4)
ans =

x"3/6 +x"2/2 +x+ 1

Vay ta c6 khai trién Taylor tai 0 dén bac 4 ctia ham
sO e 1a

x2 X Xt

l+x+—+—+—

2 6 24

561
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Cho ¢ vad 1a hai diém trong khoang mé (a,b), I(c.d) 1a
khoang déng c¢6 cac ddu mutla ¢ va d, va f 1a mot ham
kha vi déncip n -1 trén khoang mo (a,b), véin > 2. Xét
da thuc Taylor bac n tai ¢ nhu sau

f“k)

P,_(x,c)= f(c)+ Z L_x-c)  Vxel(ed)

560

Pinh ly. (Taylor) . Cho ¢ vad la hai diém trong khoang
md (a,b), I(c,d) 12 khoang dong c6 cac dau mit 1a ¢ va d,
va f 1a mot ham kha vi dén cp n trén khoang mé& (a,b),

voi n>2. Lucdocd s € I(c, d) sao cho

(n)
(@)= B0+’ Doy
(k) (n)
-re+x 0 ()(d o +1 Doy
(k)
B, (x,0) = f(C)+Zf ()( —o)%  Vxel(ed)
k=1

562




Bai toan 101 . Tinh /2  véi sai sé nho hon 108 .

Xét fix) = VX v6imoix e (0, ). Dung qui nap chung
minh f cé dao ham moi bac va véi moi x € (0, )

F=tx?, fP0=—tix?
FO@ =) -
[__ Tinh /98 Patc =100 vad = 98
f(k)(C) f(")(s)
n!

n=3

f(d)= f<c>+Z d-o) +—=(d-c)" (sel(c,d)

/58 - 10+ z f"‘)(IOO) f(")(s)

() (=2)" (s e#{c,d))

>> (S7(-1))*(49°(-4))
ans =
3.4693e-008 = 3,4693x10°®
>> (67(-1))*(49°(-5))
ans =
5.9002e-010 = 5,9002x 10710

565

144

(k) (n)
/98 =10+ zf k(100)( )+fn|(s)(—2)” (s €(c,d))

. (n)
Chon n sao cho sai s6 |w(_2)” <107 vatinh
n!

(k)
I:;ﬁzlo z (100)( -2)*1
(n) 1
Saisg ;14 (s)( Loy i DY ggyapmr < L ggy
I’l I’l n
>> (M)A (4)  >> (67(-1))*(49°(-5))  Chon
ans = ans =
3.4693x10- 5.0002x 1019 n%6

5 k)
2 =108 ~ 1[10+Zw(—2)k]
7 7 k=1 k!

>> (1/7)%(10 + (1/2)*(100°(-1/2))*(-2) -
(1/2)%(1/2)*(1/2)*(100°(-3/2))*((-2)"2)
H1/6)*(1/2)*(172)*(3/2)*(100°(=5/2))*((-2)"3) -
(1/24)%(1/2)*(1/2)*(3/2)*(5/2)*(100°(-7/2))*((-2)"4) +
(1/120)%(1/2)*(1/2)*(3/2)*(5/2)*(7/2)*(100°(-9/2)Y*((-
2)5))
ans =

1.414213562375000

ta co thé chon gia tri xap xi clia
1,414213562 56

Vi sai s6 nho hon 108,

a2




Pinh ly. (Maclaurin) Cho f 13 mot ham sé c6 dao ham
/™ cap n trén (a,b) voi moi sO nguyén duong n. Gia
saucor> 0 sao cho [-r,7] < (a,b) va

1/ (x)=0

. r
lim—  sup
oy el-r,r]

(k)
£) = f(0>+2f (@)

Vte(-r,r)

Luc do

Dinh 1y Taylor chota : c6s € I(c,d) sao cho

(k) (n)
f(d)= f(c)+2f Dd-of I a-er

567

Cho f(x)=e¢" véimoix € R .Tathdy f kha vi moi
bac trén Rvaf™M(x)=¢* YxeR va f™M0)=1¥YneN

n n
r'|f(”)(x)|£r Vx €[-r,r],Vr>0
n!

n

r
,sup |
‘x €[-r,r]
p2k T _ 2k T 3 p2k T o (rz)k
2k!  1.2..2k k.2k k"
2
- e’”(%)k <’ (b Vk>2r

145

co s € I(c,d) sao cho

(n)
16 gy

Dinh ly Taylor cho ta :

(k)
F(d)= f<c>+2f ©a—cy+

co s € 1(0,7) sao cho
RO

n!

voic=0vad=t:
(k)

f)= f(0>+Zf ©)s

f(”)(S) )<

sup |/ (] 1im

n: x e[-r,r] n—so  nl

f‘”)(s)

(k)
1mzf(mﬂmmﬂﬂf@

x f<"><0) k

=/ ()-1(0)

.zcl k!

S)

568

2k ¥ 2k T 2k ¥ 2\k
r e r e r e r
_ e )

= < <e
2kl 1.2..2k  k..2k k"

2
r.U \k r
=e (—) <e
(k)

b Vk>2r’

lim (1)" =0 lim ¢"(})" =0 lim re" (})" =
lim~% =0
n—o n!
n nr
im™—  sup |/ )< lim S =0
11— 00 n' n—o f’l' 570
x e[-r,r]




Cho f(x)=e" véimoix e R.Tathdy f kha vi moi bac
trén Rva fMx)=e"¥Yxec R va f™0)=1 ¥Yne N

n

im”™  sup |f™(x)=0
ey e[-r,r]
Dinh ly (Maclaurin)

f (k)(O) S

f@)= f(0)+z Vte(-r,r), r>0

s (n) 0
etzf(t)zf(0)+;¥ t":1+2% " Vtel-rr]

n=1

Vit e (—O0,00) 571

S =143
n=11!

Tinh lim In(1+ 3x)
x—>0 X
bat u(x)=In(1+3x) vav(x)=x VYx €(0, o)
lim u(x)= lim v(x)=0
x — 0 x—>0
u'(x) = 3 vi(x)=1
1+3x
TGOS A CO R T S
k> 0v(x) x> 0V'(x) x5 0ol+3x

573

146

Pinh ly (L’ Hopital). Cho fva g 14 hai ham s kha vi trén

khoang m¢& (a,b) sao cho g’(x) # 0 véi moi x € (a,h), O

day -co<a<b<oo.Gidsit gioi han lim £
xX—>a g’(x)

xac dinh .

Tacd lim LAC)) = lim S ) trong cac truong hop sau :

!

x - a 8(X) x—)ag(x)

i) lm f(x)= lim g(x)=0

X —>da X —>da
(i)  lim g(x) =+
X—>0a

TINH GIOI HAN CAC HAM SO

I = Dung tinh lién tuc ciia cac ham s

Cho f1a mot ham s6 thyc trén khoang [a, b] va lién tuc tai

¢ € (a,b).Lacdo  limf(x) = f(cX Baitoin 79)
x*—4x*+5

e y 7 .. hm
Bai toan 102 . Tinh giéi han o

bit g(x)=x°—4x>+5 va h(x)=x" +x°
x®—4x>+5 _8x)

v xe[0,3
xt+x? h(x) 10.3]

vV xe€[l,3]

fx)=

. X' =4x*+5 5
lim 2 —"* T2 x2 :f(\;@)z_

f liéntuc trén [1,3], V3e(1,3) 7% iy 6




II = Dung cac két qua ciia bai tap 7.7.3.1

) ) 5
limx" =00 Iim x™" =00
X0 X—>—0

. 2n+l .

Iim x = —0 Iim = =00
X—>—0 x>0 x n

) 1 ) 1

lim S = lim S = —©
x=07 x = x>0 x

6 2
Bai toan 103 . Tinh gioi han X —4x 45

2

lim—
x> XU 4 x
x*—4x* +5 _x6(1—4x_4+5x_6) B ,1—4x +5x7°

x4 x? *A+x7)

1+ x>

575

. 2x+1
lim

Bai toan 104 . Tinh gidi han
-1t x—1

bat y=x-1 x=y+1
tim 2 = i 27 i 2y 43)
- x—1 ¥

+ +
y—0 y y—0

2x+1=2y+3

I
@y+3)— =% lim(Q2y+3)~=c0
y—0*

y\\
3 y—>0+ x
. 2x+1
lim =0
xolt x—l

577

147

578

1- 4x*+5x°% ——> 1 1+x?2 — > 1
X —> PR
0 0 0
1
2 [adp™ +35_);' 5 o
/ 52
I/ X —> 00
0.0)
. o x°—Ax*+5 . S 1-4xt45x
lim—————= X ~ _
oo X4 X X 1+x
. 2x+1
Bai toan 105 . Tinh gi6i han  lim
- x—1
bat y=x-1 x=y+1 2x+1=2y+3
tim =2 i 2243 i 2y 43) L
or x—1 o0y o0 y
1 1
(2y+3)— = -0 [limQ2y+3)—=-w
y“\ y—>0"
2 -00
3 y—0
. 2x+1
lim = —00
x—1" _x—l




Bai toan 106 . Tinh giéihan lim(vx”> —5x+1—-x)

/ 2
VX' =5x+1-x=(R/x"=5x+1-x) ¥ oxtlix
VX =Sx+1+x

x> =5x+1-x° x(=5+x7") —S+x7

VX' =5x+1+x - x(W1=5x"+x7 +1) - V1=-5x"+x7 +1
0

—5+x" 5
V1- 5x'+x2 4 = 5
1 X—> Q0
. 2 . _5+x71 5
lim(vx” =5x+1—-x)=1lim =5—
r =0 J1-5x +x2 +1 2

lim x°

X—>0

Bai toan 107 . Cho 6> 0. Tinh gi4i han

bit f{x) = Inx®= & Inx

o0 /x—mo
lim f(x)=0  limx’ =

581

148

IIT = Duing cac két qua ciia cac bai tip 7.7.3.1 va
7.7.2.3.

lime* =00, lime' =0, limlnx=o0. limlnx=-o

X—>0 X—>—00 X—>0 x—0
Cho v 12 mot ham s6 thuc duong trén (a, b). Bat fix) =
In(v(x)) voi moi x trong (a,b). Ta cod
() lim f(x)=d < limv(x)=e?
(i) lim f(x)=00 < limv(x)=o0,
(iii) lim f(x)=-0 < limv(x)=0.

Bai tp ndy giup ta tinh cac gidi han cua cac ham sd v co
dang tich hoac luy thtra *

L. . 3 + S.X X
Bai toan 108 . Tinh gi¢i han lim(——)
=0 x*+7

3+5x)
x*+7

Pt £(x) = In(oa 25y

> = xIn(
X+
3 €=_3+5y 3
x — 0 1—‘ 7
7 «=fin il 7

=1 582

o lim(=




IV = Dung bai tap 7.7.3.5

(i) limx"e* = oo,

X—>00

lim x"e* =0,
In x
(ii) llm——=0.

X—>00 X

1
lim x*

X—>0

Bai toan 109 . Tinh giéi han

1
it f(x)=Inx* =0¥
x X—>00
1
Iimx* =1

X—>00

Y nell

In x

lim f(x)=lim——=0

X—>00 x

583

V = Duing nguyén tic Hopital
Bai toan 111 . Tinh gidi han lim(l +

it £(x)=In(1+6x)" = In(+6x)

0 «=In(1+6xr=>1
x—0

bat u(x) = In(1+6x) , v(x) = x u

In(1+6x) im u(x)

x—0 v(x)

i )=l

1
lim(1+6x)" = e’

=lim

1
6x)*

In(l+6A)\
X —7-"’

X)=6,v(x)=1
u'(x) = limﬁ =6

x—0 1

x—0 V,(X)

585

149

1

Bai toan 110 . Tinh gi¢ihan  lim x*
X—>00
- L Inx o
bit f(x)=Inx* =—- DPity=x’ x> Y —> 0
X
Inx Iny"™ 1lny
x? y 2y
1/2
lim £(x) = Cim Y i Ly L Iy
X—>0 .X y—® y yoo D y 2y y
1
lim x* =
X—>0 584
6y
Bai toan 112 . Tinh gi¢i han lim(1+—)
y—>®© y
bitx=y! y—>o0 x>0
1
Pat £(x)=In(l+6x) = nd*T6X)
X
0 «=In(1+6x=>1 ln(|+6A)\
x—>0 X _7"3'
bat u(x)=1+6x,v(x)=x u'(x)=6,v(x)=1
lim () = im 22000 i 20 _ iy @ _1im 86
x—0 V(.X) x—0 Vv (x) x—)O 1

lim(1 + )y 11m(1+6x)x =e°

y—>©0 y

586




VI = GIOI HAN CUA DAY SO

- o e —e"+3
Bai todn 113 . Tinh gi¢i han ~ lim————
noo o 3e +5
2x X
e’ —e +3
bit f(x)=————
3e” +5

e —e" +3 B e*(1—e ™ +3e7") _1=e +3e7

3¢** +5 e** 3+ Se_zx) 3+5¢
0

/ \ I xo5o . " —¢"+3
l—e""+3e'2"'/ { lim——=

o — E
3"1"58.._.-' "'('}'..‘::._) 3 587

150

—5n

Bai toan 114 . Tinh gi¢i han ~ lim n7"*3
n—»0
o bit g(x) = X nx= In x
bat fx)=x7 P& C7x+3 C7+3x7
oK x—wo 5
]7—-7-; limg(x):lim7 3 —Inx =—o00
7 _+_ 3x‘ o 7 X—>0 X—>00 + x
o lim £(x)=0
= m f(x)=
_ 5 / X—>0
—Inx—— = s
T+3x lim a7 =0

n—»0

— é) i

1|

588




TICHPHAN

Pinh nghia. Cho mot khoang dong [a, b]. Cho 2n+1 s6
thuc ay, ay, - -+ a,d;, ---d, saocho a=a,< a;<---<
a,,<a,=b vad, € [a_,,a] v61 moi k =1, -, n.

Lac détandi P={a,,a;, - a, ,a;d, -

n-1°> “n>

phan hoach cua khoang [a, b] va dat

d,} 1a mot

|P | = max{al =y, dy=ap, - ay - an—l}'
Dit P([a,b]) 1a tap hop tit ca cac phan hoach cua [a, b].

a b

a, d, a, d, a, djas a

591

151

590

Pinh nghia. Cho mot ham s thyc f  trén mdt khoang
dong [a, b] va P = {ay.a,, - - -, a,.,a,; ¢;, - - - c¢,} 1a mot
phan hoach ctua khoang [a, b]. Ta dat

UCL.P) =S sup f(a,.a,. Day., —ay).
L(f.P) =Y inf f(lay.ap, ] ay., —a,).
k=0

S(.P) =Y f(d)a,, —a)

va lan luot goi cac tong sO nay la tong Riemann trén, tong
Riemann dudi va tong Riemann cia f tuong ing véi phan
hoach P. 592




UCf.PY =S sup f (a0 ay., —ap).

n-1

L(f,P) =) inf f([a,,a,, )@, ),

S(.P) =Y f(d)ay., —a)

L(f.P) va U({.P) lan luot 1a
tong dién tich cac hinh chir
nhat ndi tiép va ngoai tiép
v6i hinh can tinh dién tich.
S(f,P) dung dé tinh toan. 5

d,a,d, as 503 s 34

Pinh nghia. Cho 4 13 mot tip con khac trong ctia R va
f lamotanh xatlr 4 vao R, ta néi f 1a mot ham sb
thuc lién tuc déu trén A néu va chinéu
Ve>0,305(e)>0 saocho

| f(x)-f(y)| <& Vxvayed saocho [y-x|<0(¢).

Gia st flién tuc deéu trén

[a,b] , va phan hgach Pco /'\
|P| < d(g) . Ta thay :
| — ay | £8(e) , vay i
b, —c, | <06(g) va i
Ay -fiey | < &
3 dﬂa2d‘2 | as s0s 05 34

152

U(f,P)= "Zsup F (a0 D@ —a,) = "Zf(bk)wm ~a,),

L(f.P) = inf f(lay. a0, D, —a) = 3 F(e )@ - ap).

n—1
S(fap):Zf(dk)(ak+1_ak) /:\
k=0 1
by = sup fllay, ay..]
fiey = inf lay , @) B
a d1a2d‘2 I as so0 0y 84

|P| < d(¢) |y — a; | <0()

b)) -fep | < ¢
U(f,pP)= Z.f(bk)(akﬂ —-a,) L(f,P)= Zf(ck)(ak+1 —a,)

U PY-L(f.P) | = | S (b, —a) -3 f(c)apn ~ap)|

<3110 @)@ -a) AR
Sn_l g(ak+l_ak):gnz_l:(ak+l_ak) E
=5_(b—a) _
596596 |

a d,a,d; as s06 05 84




Bai toan 115 . Cho f1a mot ham s6 thuce lién tuc trén [a,b],
P={ayay, - a,,a, 8, -3, vaQ={byby, -+, b,..b,;

t,, - - - t,} 1a hai phan hoach cta khoéng [a, b]. Giasu
{ag.a,, -, a,a,} <{byb,, - b,,}. Chung minh

) m 1>
U(f,0) < U(f,P).
{aoaala" > dy 1, 4dy }C{boabla" > ml’b }
bO b] b2 b3 b4 b() b b b) hl() bm 2 bm—l bm
0 —+ —_— : -t - 1)
ay @ a, a3 Ap-1 n
batl,={p: a,,<b,<a}, tacod
{0,1,"', m_l}: IIU...UIn_l (1)

597

DY

k=01[b,.b. 1 1lay a;. ]
n-1

? i Z Supf([ak’akﬂ])(br-H -b)< ZSup f([ak9ak+]])(ak+l —-a,) (4)

0 b.by 1 Il ay ] k=0

? Zsup Sa,a.,D Z b, —b)< isup Sa,a,,D@,, —a)

[y 3b 1 1l a4

sup ([, by Dby ~b) < S sup £ ([agap, Dag, —a) (3)

by b, by b by by b, by b b, bma b, by,
(1 ————————————t— t 1 )
ag a, a, as ap1 n

Theo QTGT 6, ta xét cac yéu té "gidng giéng khac khac"
trong bai toan .

Z (r+1 b) - (ak+1 )

CRM=TAN .

153

{0,1, ,m-1}= L U...Ul, (1)
? Zsupf (6,5, 1)(b,., = b )<Zsupf (la,a. D@, ~a) ()
Theo QTGT 3, ta viét cac yéu to trong (2) ciing dang
S b DO ~b) =5 T sup (Db

k=0 [b, b, 11l ay a1

n-1

DIEDY

k=0 [b, b,y 1l ay a4 ]

sup f([b,,0,,,D(0,., —b,) < ZSup Sap,a, D@, —a,) (3)
Theo QTGT 6, ta xét cac yéu t6 "gidng gidng khac khac"
trong : “sup A([b,,b,.,])” va “sup f([a, ,a;.,])” . Talam
chung gidng nhau: sup [, ,b..,]) < sup f[a, ,a,.,]) khi
[b br+1] [ak 9ak+1]‘ Ta Vlét lal (3) 598

Bai toan 116 . Cho /13 mot ham sd thuc lién tuc trén [a,b],
P={aga,, -, a,,a, 58, - ~5,} vaQ={by,b, -, b, 1.,
t,, - -+ t,} la hai phan hoach cua khoéng [a, b]. Gia st
{ag.a,, - a,.a,} < {byb,, - b, }. Ching minh
L(f,P) < L(1,0).

Bai toan 117 . Cho /13 mot ham sd thuc lién tuc trén [a,b],
P={aya,, - @, ,0,; 5, - - S, VAR ={ug,uy, - - -, ., U5
t, - -+ t,} la hai phan hoach cua khoang [a, b]. Chung
minh L(f,P) < U(f,R).

an} o {u09u19 B ui} -
véi a = by <b,<--- <b,=>b. Xét phan hoach O =
{by,by, - - ,bm 1,bm b - b,}. Taco

L(f.,P) < L(1,0) < U(1,0) < U(f,R).

) ml’

Ta viét {a,a,, - - - {bg:D1, - -+ by}

> ¥m

600




Bai toan 118 . Cho f1a mot ham s6 thuce lién tuc trén [a,b],
ta dat

o = sup { L(f,P) : P la mot phan hoach cua [a,b]} ,

B = inf{ U(f,Q): O la motphan hoach cua [a,b]}

Chimg minh a <.

Dung cac bai toan 25 va 117
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Bai toan 119 . Cho f1a mot ham s6 thuce lién tuc trén [a,b],
ta dat

o = sup { L(f,P) : P la mot phan hoach cua [a,b]} ,

B = inf{ U(f,Q): O la motphan hoach cua [a,b]} .
Chirng minh a=f.

Pinh nghia. Cho /1a mot ham s thyc lién tyc trén [a,b], ta
dat

o = sup { L(f,P): P la mot phan hoach cua [a,b]} ,

B = inf { U(f,Q) : QO la mot phan hoach cua [a,b]} .
Taco a=p.Tagoi a latich phan Riemann cia f trén
[a,b] va ky hi¢u o nhu sau ,

L f(x)dx

603

154

Bai toan 119 . Cho f1a mot ham s6 thue lién tuc trén [a,b],
ta dat

o = sup { L(f,P) : Pla mot phan hoach cua [a,b]} ,

B = inf{ U(f,Q): Qlamotphan hoach cua [a,b]} .
Chimg minh a=f.
Tadat: a,, =a+n'k(b-a) VneN,k=0,1,...,n

P,=1a,,,a,,. ..b;a,,,a,,. .. a,,}
Ta goi P, 1a phan hoach déu thir n cua doan [a,b]. Ta co
L(f,P)<a<B=U{,P,) (1)

Ve>0,306(e)>0 sao cho

| f(x)-f(y)|< e Vx vayelab]saocho [y-x|<d(g)
Néu n-'(b-a) < 8(g) , tacd |U(f,P,) - L(fP)|< &(b - a)
valB-o|<e(b-a).

. n a b
Ta ky hiéu [ f(ndi=—[ f(dr
a
Pinh ly. Cho f 1a mdt ham s6 thue lién tuc trén mot
khoang dong [a, b] . Luc do f kha tich .
Integrate[f(x),{x,a,b}] : tinh tich phan Riemann
Nlntegrate[f(x),{x,a,b}] : tinh Xép xi tich phan
In[1]:= Integrate[x3 xArcTan[x], {x, 0, 1}]
out[1]= 1
6
! 3
[ x arcrgxdx = ¢
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>> int((x”3)*atan(x),0,6)
ans =

(1295*atan(6))/4 - 33/2
>> (1295*atan(6))/4 - 33/2
ans =

4.385784264868624e+002 = 438,5784264868624

6 _
[ x arctgxdx = 198+ 318285arctg6 ~ 438,578
O 605

Bai toan 120. Cho f va g 1a cac ham s thuc lién tuc trén
mot khoang dong [a, b], o va ﬂ la cac so thuc . Ching

minh j(ag’ + Be)(t)dt = ajf(z)dt +ﬂj g(t)dt

ChoPnZ{a,a-l-nl(b a), - - ,a+(n l)nl(b a),b; a
+nl(b-a),- -, a+ (n-1)n’'(b -a), b} 1a phan hoach ciua
khoang dong [a, b].

S(ocf+Bg,Pn>=i_(af+ﬁg>(a+k”—")b—"

-a _.b-a

=i[af(a+kb'7">+ﬁg(a+k e

607
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KY THUAT GIAI TOAN 22
Cho /' 12 mot ham s thyc lién tuc trén mot khoang déng
[a, b] . Luc d6 f kha tich. Dé giai cac bai toan 1y thuyét vé
tich phan cua f, ching ta [am nhirng budc sau
eV Gi moi s6 nguyén n, chon phan hoach P, cua [a,b]
{a,a+n-1b-a),--,at(m-n-1(b-a), b;

a+n-1b-a),---,a+n-1n-1(b-a), b}
e Xt Iy bai toan dya trén tong Riemann S(f,P,)
S(f.P)= Zf(a+k—)dd([ F k-1 “,a+kb_“])
k=0 n—1 n
_Zf( b a bna
Dung tinh chat ~ lim S(f ,Pn)=.[ff (x)dx s
< b-a _b-a
S(Otf+Bg,P,,)=Z(0tf+l3g)(a+k—)—
k=1
< b a.b-a
=Z[0tf(a+k—)+ﬁ (a +k—)] »
b—a _b-a
S(af,F,)= Zaf(a+k ) =aS(f,F)
P4 us(e.p)
S(af+Pg.F ) = oS(fR, ) + BS(gh)

b v b v

J.{u/+ Bg)(x)dx UJ‘ f (x)dx

a a

E’J. g{.\')dr 608
a




S(af+Bg.P,) = oS(R ) + PS@.A)

, N

: b
I(qf+ Bg)(x)dx OLJ‘ f(x)dx BI g(x)dx

a a a

Lb(af+ﬂg)(x)dx = aLbf(x)dx + ,Bng(x)dx

609

c—a c—a c—a c—a
0, ={a,a+——,-a+(n-1) ,C sa+ o sa+(n—1)——-,c}
n n n n
b—c - —c b—c
R ={c,c+——,--c+(n-1) ,b e+ ;- Cc+(n—1)—.,b}
n n n
c—a c—a b—c b—c
P ={a,a+—, - a+(n—1)—,c,c+ s osctn—1)——,b;
n n n
c—a c—a b—c b—c
a+—,--a+(n—1)—,c,cH s sc+m=1)——,b}
n n n n
Qn Ry,
P 611

I
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Bai toan 121. Cho /' 1a mot ham s6 thuc lién tuc trén mot
khoang dong [a,b] va ¢ € (a,b). Tacod

Lbf (t)dt = f f()de+ Lb f()dt

c—da

c—a c—a
0 ={a,at+——, -, a+(n-1) ,Cia+
n

c—a
;ooa+(n—1)——,c}
n n n

b—c

R ={c,c+b—,---,c+(n—l)b_c,b ;c+ ,---,c+(n—1)ﬂ,b
n n

n

c—a c—a —C b—c

P ={a,a+—, - a+(n—1)—,c,c+——, - ,c+(n—D)——,b ;
n n n n

c—a c—a b—c b—c
a+—,--a+(n—1)—,c,c s CHn—1)—=ub}

n n n n

2y R,

B

b—c b-c
)

c—a c—a

)

S(f,Pn)=Zn:f(a+k + Zn:f(c+k

n
S(.R)=Y fle k2= C
k=l n n

n

c—a c—a

S(f.0,) :;f(CHkT)T

ST LY = 3R -+ S(1.0.)

)\ Y \

a

. c b
[ (x)dx I f(x)dx BJ- flx)dx 612
d C




c.b—c

kﬂ)ﬁ

c—a c—da

S(ﬁQ»=Zf( Hh—=)—=S(.R)= Zf(
S(f.P) = S(f.R) + 5(f.0,)
S

P
J f(x)dx I flx)dx
a

[[foode = [ fdx + [ fdx
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Bai toan 123. Cho f 1a mot ham s6 thyc lién tuc trén [a,b].

Chtrng minh b b
|Jf(@)dt|< | f(2)dt
S¢P)=Y fla+k 294

S(|f|,lz>=i_|f(a+k”

N
b b [ f(®)dt|< [| f(0)\dt
|J. f(-")d.\'l J. If (x)ldx a a 15

a
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Bai toan 122. Cho f va g 1a hai ham sd thyc lién tuc trén
[a, b] . Gid st f(x) < g(x) V x € [a, b]. Chung minh

[ " Fde < Lb g(t)dt

b—a _b—a S(f.P) < S(gP)

S(f,P)= Z fla+k ) v
S@.B)=> boayba b e s

= n n J. f(x)dx J. g (x)dx

a a
b b
[ f@ydr < [ gwyar
KY THUAT GIAI TOAN 23

Khi wdc lugng mot tich phan, ta nén wéc luong tich phan
cua gia tri tuy¢t doi1 ham so trong tich phén :

b b
[ f@)dt|< [If@)\dt

616




Bai toan 124. Cho ¢ 13 mét s thuc va f(x)=c véimoi x

Ibf(x)dx = c(b-a)
b—a)b—a :Z”:cb—a

€ [a, b] . Ching minh

S(f,Pn)zzn:f(a+k =c(b-a)

k=1

S(f.B) > [ f(x)dx
Ibf(x)dx = c(b—a)
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Cho mdt € >0, c6 mdt 5(g) > 0 sao cho
fis)-fz) | <e Vs,zelabl, ls—z|<de) (1)

Cho mdgt &’ > 0, tim mdt n(a’) >0 sao cho
66 —GO) [<e” Vx,yelab], k-y[<n(e) (2)
Theo QTGT 5, ta viét cac yéu caa (1) va (2) cung dang
X y y
G -Gy =| fdi=| fwdi=[" fde ¥ y>x

Theo KTGT 23, ta ¢6 u6c luong sau va viét lai (2)
1G(x)-G(y)| = IJ‘yf(t)dzl < lelf(t)ldt

Cho mdgt €’ > 0, tim mdt n(&’) > 0 sao cho

[lfoldi<e vxyelabl |x-y|<n(s) )

Vy>x
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Bai toan 125. Cho f 1a m0t ham s6 thuc lién tuc trén mot
khoang [a, b]. Dat

G(x)= j'f(t)dt Vx ela,b]

Chtng minh G 14 mot ham sd lién tuc trén [a, b]

Vi mot ham sé thuc lién tuc trén [a,b] thi lién tuc déu trén
[a,b], nén ta co thé viét bai toan thanh

Cho mot € >0, c6 mot d(g) > 0 sao cho
fs)—fH)|<e Vs,telab], |s—t]<d() (1)
Cho mot €’ >0,t1mmotn(s)>Osao cho

IGx) -G [<e Vx,yelab], kx-y[<n(E) «2)

Cho mét € >0, c6 mdt 5(g) > 0 sao cho
fis)-fz)|<e Vs,zela, b], |s—z|<08() (1)

Cho mét €’ > 0, tim mdt n(e”) > 0 sao cho
[1f@ldi<e vxyelabl |x-y|<n(s) (2)

Theo QTGT 6, ta cac yéu té "giéng giéng khac khac"
trong bai toan : “|f(s) — f(z)| ” va “|f(¢)] . Ta lam ching
giong nhau : dung bai todn 59, ta viét lai (1)

C6 mét sb thuc M sao cho

6 < M YVt e [a, b] (1)
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Co6 mot sb thuc M sao cho
A < M Vtela,b] (1%)

Cho mét € > 0, tim mét n(g”) > 0 sao cho
y
[[lr@ldi<s' Vxyelabl, |x-yl<n(e) @)
Theo QTGT 3, ta viét cac yéu td cua bai toan cung dang

[1f@lde< [ Mdt=M|y-x|
Theo KTGT 6b, ta viét (2) thanh

Cho mégt ¢’ > 0, tim mdt n(&’) > 0 sao cho
Mx_y|<8’ Vx:ye [aab] ’ |x_J’|<n(5,) (2)

Pt n(e’) = (M+1)"e’ .

Cho mot € > 0, c6 mot 5(g) > 0 sao cho
[fu)-Av)| <& Vu, ve [a,b], |u-v|< d() (1)

Cho mot €’ > 0, tim mdt n(¢’) > 0 sao cho

? I%J.Mf(t)dt—f(x)l <& VhOo<h<n) (2)
Theo QTGT 5, ta viét cac yéu td trong (2°) cling dang
[ red=ren o= o
Cho mot €’ > 0, tim mdt n)(¢’) > 0 sao cho
? |% jh F(t)de —%jh fodil < &' YhO<h<n(e)

Cho mét €’ > 0, tim mdt n(¢”) > 0 sao cho
9 I%J.Hh[f(t)—f(x)]a’tl <& VhO<h<p) @"
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Bai toan 126. Cho f 1a mot ham so6 thuc lién tuc trén mot
khoang [a, b]. P4t G(x)=[f(Hdt Vxe[a,b]

Ching minh G kha vi trén a(a,b) va G'(x) =f(x) Vxe (a,b)

Cho mot € > 0, c6 mot 6(e) > 0 sao cho

[fu)-Av)| <& Vu, ve [a,b], |u-v|<d(e) (1)

Cho mot €’ > 0, tim mdt n(¢’) > 0 sao cho
| G(“hz_c(x) )l < & Yhlhl <) (2)
Theo QTGT 1 va QTGT 7, ta lam 0 (2), phan hai truong
hop:2>0 vah<0.

x+h X

h>0 G(X+h)—G(x)_L f(t)dt—L fndr 1r+h

— | ef (H)dt
. P ) f (1)

?

Cho mot € > 0, c6 mdt 5(¢) > 0 sao cho
[fu)-Av)| <& Vu, ve [a,b], |u-v|<d(e) (1)
Cho médt €’ > 0, tim mdt n(¢”) > 0 sao cho

) |%j"*”[f(;)—f(x)]dt|< g VhO<h<ne) (2

Theo QTGT 5, ta viét cac yéu td bai toan vé ciing dang
Cho mot € > 0, c6 mot 6(e) > 0 sao cho
[)-Ax)| < & Vie [ab], | t-x|< d(e)  (3)
Cho m¢t €’ > 0, tim mot n(e’) > 0 sao cho
? %j’ﬁ FO)—f)lde < &' YhO<h<n(e) (4)
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Cho mot € > 0, c6 mot 5(g) > 0 sao cho
[A)-Ax)| <& Vte [a,b], | tx|< 8(e)  (3)

Cho mét €’ > 0, tim mdt n(¢’) > 0 sao cho
9 %jﬁhlf(t)—f(x)ldt <& VhO<h<neE) (4)

X t x+h
Theo QTGT 5, ta viét cac yéu td bai toan vé cung dang
Cho mot € > 0, c6 mdt 5(¢) > 0 sao cho
%j”’ﬂ F)— foolde < %j”hgdz s VhO<h<S() (3)

Cho lmcf)ths’ >0, tim mot n(e’) >0 sao cho
? Zj" | fO)=-fx)ldt < &' YhO<h<p(e) (4)

Bai toan 128. Cho f 1a mot ham s6 thyc lién tuc trén [a,b].
Gia sir c6 ham s6 v lién tuc trén [a,b] va kha vi trén (a,b)
va v’'(x) = f(x) voi moi x € (a, b) . Lic do

v(x) = j f(Hdt+v(a) Vxela,b]

Pinh nghia. Cho f 1a mt ham sb thuc lién tuc trén [a,b].
Cho ham so v lién tuc trén [a,b] va kha vi trén (a,b) va
v’(x) = flx) v61 moi x € (a, b). Liuc dé ta ndi

e v 12 mot nguyén ham ciia £ trén (a,b), c6 mot hang sb ¢
v(x) = If(t)dt+c Vx €la,b]
. rf(t)dt 1a tich phan xdc dinh cta f trén [a,x]
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Bai toan 127. Cho /' 1a mot ham s6 thuce lién tuc trén [a,b].
Gia str c6 ham so v lién tuc trén [a,b] va kha vi trén (a,b)
va v’(x) = f{x) véimoi x € (a, b) . Lic do

j ftdt = v(x)—v(a) Vxela,b]

Theo QTGT 5, ta viét cac yéu td cua bai toan cung dang
Pit G(x) = j f(ndt  Vxela,b] Viét lai bai toan
G(x) = v(x) - v(a) V x € [ab].

? ulx)=v(x)-v(a) -G(x)=0 Vxe]ab]
Ta thay u(x) = u(x) - u(a), theo KTGT 21, ta xét u” .

u'(x)=v'i(x)=G'(x)=f(x)-fx)= 0 vx la,b)

Bai toan 127 gilip ta tinh tich phan ctia mot ham sd flién
tuc trén mgt khoang [a,b] nhu sau : tim mdt ham s6 v lién
tuc trén [a,b] va kha vi trén (a,b) voi v'(x) = filx) vOi moi

x € (a,b) . Luc d6 b
[ rwde = vb)-va)

Bai todn 129 . Tinh jj()ﬁ — X’ +5)dx

Pit v(x)=1x*—1x*+5x v6i moi x €[0,3]
Dung nhan xét bén trén ta co
_ 6519

3 3
jo (x7 =’ +5)dx = v(3)—v(0)=(tx*~4x* +5x) | =




Bai toan 130. Cho /' 12 mot ham s6 thue lién tuc trén mot
khoang dong [a, b]. ngc do c6 ¢ € (a, b) sao cho

[ rende = fexb-a)
Theo QTGT 5, ta viét cac yéu t6 cia bai toan cling dang

Pit Gx) = [ f()dr ¥ xla,b] j" F(x)dx = f(c)(b-a)

Lb f(x)dx = Lb fx)dx — _[: f(x)dx = G(b)—G(a)

? 3¢ € (a, b)sao cho G(b) — G(a) = f{c)(b-a)
Theo KTGT 21, ta @& ¥ G’(x) = f{x) véi moi x trong (a, b).
Dung Pinh 1y gi4 tri trung binh, ta co6

Coc e (a,b): G(b)—G(a) = G'(c)(b-a) =f(c)(b-a)
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Bai toan 131 cho ta phuong phap tinh tich phan timg phan
cho cac ham s6 c6 dang tich:

e (da thirc).(biéu thirc luong giac)

¢ (In x, arctg x, arcsin x, arccos x). (da thurc)
Bai todn 132 . Tinh | 'xcosxdx
bat u(x) =x vav(x) =sinx u’(x)= vav’(x) =cosx

J: X COS xdx = J: u(x)v'(x)dx
= u(m)WV' (7)) — u(0)v'(0) - jo” U (X)v(x)dx

= —Ioﬁ sin(x)dx =cosmt —cos0=-2 631
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Bai toan 131. Cho u va v 13 cic ham s thyc kha vi lién
tuc trén (c, d), va cho mot khoang [a, b] chtra trong (c, d).

T3S [ ey (r)de = [u(byv(b) ~ u(@w(@)] - [ w'(yv(ryds

Theo QTGT 5, ta viét cac yéu td cua bai toan cing dang
b
? j [u()V' () = u' (O)v(1)]dt = u(b)v(b) —u(a)v(a) (1)

bat G(s) = u(s)v(s) v6imoi s €(c,d). Tacd
G’'(x) =u‘(x)v(x) + u(x)v’(x) véi moi x € [a, b].
Ta viét lai bai toan

> I;G’(t)dt:G(b)—G(a) (1)
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Pinh Iy (Taylor) . Cho a, b, ¢ vad la cac s thuc sao
cho [¢,d] < (a,b), va f 1a mot ham kha vi dén cdp n trén
khoang mé (a,b), véi n>1. Bat g(x) = fix)—P, (x,c)
v&i moi x trong (¢,d) . Luc do

d(d—x)n_l ()
—(n—l)! £ (x)dx

gx) =fx)- P, (x,c) Vx e (cd).Lucdd

(k)
fid)= f(>+zf © -y +
k=1

d n-1
)= [ s

632




(k) J (A — )
f(d)= f(c>+zf O a—cy + [0 oy
! -1
en=1: fd-f©=[" fOdx
eGidstn=m=>1 ding:
(k) m—1
f(d)=fe >+Zf o)+ [ o

OXetn—m+1

m (k) J (A — "
ra=fer+ Y=o + [ o
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Bai toan 133 . Cho /' 1a mot ham s6 thuc lién tuc trén mot
khoang [a,b], & 1a mdt ham s6 thuc khéa lién tuc trén
khoang (p,q), va khoang [c,d] < (p,q). Gid st h([c,d]) chua
trong [a, b]. Chiing minh

[ Fsym (s =[x
Ta dua tich phan vé s6 thuc : chon u sao cho u’ = f.
2 [T fUspRs)ds = [ ' (0 = uCh(d))  ulh(e))

Ta dua tich phan vé s6 thuc : dit v =uoh. Taco v'(s) =
f(h(s))h (s) . Bai toan trd thanh

9 jdv'(s)ds — v(d) - v(c)
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d (d—.X)Wkl

Fld)= f(c)+Zf DO ey £ (x)dx
! (m—1)!

OXetn—mH

m ) 2l — )"
f(d)=f<c)+2%<d P [ a2

e == )}
+Id (d—x)mf(m+1)(x)dx:
< m!

_ (d_c)m f(m)(c)+J.de(m+l)(x)dx 634
' < m!

Pinh nghia. Cho mot ham s thuc f trén mot khoang mo
(a,b) . Giasu
d

[ f(H)dt x4c dinh v6imoi[c, d] < (a, b).

¢ 4 . . X
e COo mot s6 thuc o sao cho vdi moi so thuc duong ¢ ta
tim dugc mdt s6 thuc duong & dé cho

d
la - [f(dt| <g khila-c|<Svald-bl< &

Luc do ta n6éi a la tich phan suy réng cua f trén (a,b) va
van ky hiéu né la b
[ /(@)
a

O day ta co thé xét a bang - o hodc b cb thé biang .
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Bai toan 134. Cho f(x)= 1 vG6i moi x €(0,1).

Jx
Chitng minh f kha tich trén (0,1) va tinh J: f(x)dx
d
e [ f(¢)dt xacdinh v&imoi[c,d] < (0, 1).

e Comot sd thuc @ sao cho véi moi sd thuc duong ¢ ta
tim duoc mét sb thuc duong o dé cho

d
la - [f(t)dt| <& khi|0-c|<&vall-d<a

jdidx=2\/§]é=2(ﬁ—\/2) 5 2 khid—1vag—0

N

Choa, b, a,, ..., a, trong R sao cho a = a,<a, <.<a,=b.
L . n—1 i i
Cho f 12 mot ham s6 lién tuc trén 4 = U(q;,a,,,) Luc do f|

C I Al 1s A 1:a \ =l
duoc goi 1a mdt ham so lién tyc tung doan trén (a, b).
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Bai toan 135. Cho fo0 =+ !

+ X

- v6i moi x ell.

Chitng minh f kha tich trén [J va tinh _[_OO f(x)dx.
d

e [f(t)dt xé4cdinh v&imoi[c, d] < (-00,00)

C
e C6mot sd thuc a sao cho v&i moi sd thuc duong ¢ ta
tim duoc mot s thue duong M dé cho

d
la - [f()dt] <& khi ¢ <-M va M< d.

Jdl ! > dx =arctg]‘f =arctgd - arctgc — 7 khid > o vaes— -0
cl+x i
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2 Bt78 - ch7 14 Bt99 - ch7 26 Bt114 - chg
3 Bt79 - ch7 15 Bt100 - ch7 27 Bt116 - chs
4 Bt80 - ch7 16 7.7.4.7 28 Bt117 - chs
5 Bt81 - ch7 17 7.7.4.8 29 Bt119 - chs
6 Bt82 - ch7 18 7.7.6.1 30 Bt120 - chs
7 Bt85 - ch7 19 7.7.6.9 31 Bt125 - chs
8 Bt86 - ch7 20 Bt101 - ch7 32 9.54.3
9 Bt90 - ch7 21 Bt103 - ch7 33 9.54.7
10 Bt91 - ch7 22 Bt106 - ch7 34 9.5.5.3
11 Bt92 - ch7 23 Bt108 - ch7
12 Bt95 - ch7 24 Bt112 - ch7

C4c bai tap nay trich trong quyén * Gido trinh toan giai tich 17 va cac slides bai giang ctia
GS Duong Minh Duc.



PHUONG PHAP CO BAN GIAI TOAN
I. NHAN PINH TONG QUAT
A. Mét bai toan thwong gom co :
1. Mot hodc nhiéu gia thiét.
2. Mot hodc nhiéu két luan
B. Mot gia thiét thwong cé cau tric : mot "yéu td
cho san" dua dén mot "yéu té moi".
C. Mot két luan thuong c6 ciu tric : diung mot "yéu

t6 cho san" chimg minh mét "yéu to phai ching
minh".

III. SO DO GIAI TOAN

[owm]————
ey (Gia thiét 3 \
Yéu to Yéu to phai

cho san sén chtrng minh

1. T mot "yéu t6 cho sén" trong mot két luan, chung
ta ding mot gia thiét dé tim ra mot "yéu t6 mai".

2. Tiép theo d0, tir "yéu té moi" ndy, chung ta ding
mat gia thiét khac dé tim ra mot "yéu t6 moi" khac.»
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I1. PHUO’N G PHAP GIAI

., Cau hol
' Gia thiét .

Thanh t6 1 W Thanh t6 b

Thanh t6 2 Thanh t6 ¢

Y Thanht63 / % Thinht6d? /

A. Chon mét thanh t6 trong gia thiét c6 thé co lién hé
v&1 mot thanh t6 khong c6 lién quan truc tiép dén dau
héi.

B. Lam r6 moi quan hé do, tir do giai bai toan.

2
IV. SO PO TIiM YEU TO MOI
7 véuté e
| |chos&n | ——|reutomsil -, V i
" | (g thiét 1) (gia thiet 1) d
Y Gia thiét 1 >
S =
by , y
i / £ K AN
2 x /| Yeuto \
Yéuto / | chosan \
B0 e | (giathiét2)
(két luan) ( l
T AN Yeutmei|
L (giathiét2) |
4




1. Trong mdi gia thiét ta c6 mot "yéu tb cho san", va
tir "yéu to cho san" d6 ta c6 mot "yéu tb méi" trong
gia thiét do.

2. Ta tim mot gia thiét ¢6 "yéu td cho san" cung dang
v6i "yéu té cho san" trong két luan. Tuy hai "yéu t6
cho san" nay c6 ciing mot dang, nhung thudng khong
gidng nhau hoan toan.

4. Thay thé "yéu tb cho san" trong két ludn, bang "yéu
td mai 1", va 13p lai qui trinh bén trén, ta s€ tim ra
"yéu to méi 1" .

5. Thay thé "yéu t6 m&i 1" trong két luan, bang "yéu t6
moi 21", va 1ap lai qui trinh bén trén, ta s€ tim ra "yéu
t6 méi 2" .

6. Lap lai cac qui trinh bén trén cho dén khi tim ra
"y&u to phai chiing minh".
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3. Phuong phéap "giong giong khac khac" :

a. Trong cac "yeu t6 cho san" cua cac gia thiét cua bai
toan, chon mét yéu té c¢6 dang giong giong nhat véi
"yéu to cho san" cua két luan cua bai toan.

b. Lam hai "yéu t6 cho san" gidng giéng nhung con
khéac do that giong nhau : viét lai giai thiét tuong ing
theo dung ky hiéu cta "yéu t6 cho san" trong két luan.
c. Trong dang m&i cua giai thiét twong tng, ta lai ¢6

"yéu to mai1" trong dang méi. DB6 chinh 1a "yéu t6 mai
1 n

V. THI DU
Bai toan: Cho ba tip hop khac trong A, B va C sao

xe @ |- ——----'\_,/?;-"‘v--'\_.--"‘\—::=-. o




1. Viét ré bai toan

Ta c6 hai gia thiét
Chote A, taco te B (1)
Chos e B, taco seC (2)

Ta c6 mot két luan
Cho x € A, chung minh x € C
3)

2. Qui trinh ly lugan

a. Tir yéu t6 cho san "x € A" ta phai chimg minh yéu
to "x € C".
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Chote A taco teB (1)
ChoseB, taco seC (2)
Cho x € A, chung minh x € C 3)

Thay "x € A" gidng giéng khac yéu td "t € A" trong
(1) . Lam chung that giong nhau : viét lai (1) cung
dang véi (3)

Choxe A, taco xeB (17)
Vay X € B. Ta thdy "x € B" gibéng giéng khac yéu to
"s e B" trong (2). Lam chung that gibng nhau : viét lai
(2) cung dang voi (1')

ChoxeB, taco xeC (2"

Vaychoxe A taco xe C.




PHUONG PHAP CO BAN GIAI TOAN

I. QUI TAC GIAI TOAN

QUI TAC GIAI TOAN 1

Khi bai toan c6 nhiéu yéu t6 chua 13 rang, trudc hét ta 1am 13 cac yéu té nay trudce khi giai bai toan. That 1a phi 1y khi giai mot bai toan khi
chua 13 cac yéu t6 trong bai toan.

Nhiéu khi bai toan dugc giai ngay sau khi cac yéu t6 duoc 1am rd.

QUI TAC GIAI TOAN 2 ,
Neén xet bai toan trong trudng hop don gian nhat. Sau do xét bai toan dang phue tap hon mét chut, dwa vao cach giai trudong hop trude. Lap
qui trinh ndy cho dén khi gidi xong bai toan

QUI TAC GIAI TOAN 3
Viét va danh so can than céac gia thiét va ket luan cua bai toan, voi cung cac yéu to da duoc lam rd.

QUI TAC GIAI TOAN 4 7
Khong dung cung mét ky hi¢u cho hai sy viéc c6 thé khéac nhau.

QUI TAC GIAI TOAN 5
Viét cac yeu t0 trong bai toan cung mot dang

QUI TAC GIAI TOAN 6

Xét cac yeu tb "glong glong khac khac" trong bai toan, c¢b gang lam ching ra dang giéng nhau hén. Sau d6 viét lai bai toan voi cac dang moi,
va xet cac yeu t6 giéng giong khac khac trong dang bai toan méi. Lap qui trinh nay cho dén khi giai xong bai toan. Néu chi ¢6 hai yéu t6 "gidng
gidng khac khac" con cac yéu t6 con lai hoan toan g10ng nhau, ta chi tap trung quan sat hai yéu tb nay. Khi dung phan ching, ta phai tap trung
quan sat cac yéu tb "giéng gidng khac khac" nhung chéng nhau. Khéng nén dé y nhiéu quéa nhimg yéu td hoan toan giéng nhau.

QUI TAC GIAI TOAN 7

Khi bai toan c¢6 yéu té phirc tap, ta 1am mat sy phtic tap d6 bang cach chia thanh nhiéu trudng hop. Sau d6 giai quyét timg trudng hop. Pay la
chinh sach “chia dé tri” trong toan hoc.
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QUI TAC GIAI TOAN 8 (Phan chirng)
Chung ta dung phan chiing trong cac truong hop sau :

e Dir kién cho truéc yéu hon dit kién can chimg minh.
e Dir kién cho trude khong 10 rang bang dir kién can chirng minh.
e Khong thé dung dugc dir kién cho trude.

Céch dung phan ching : dé chimg minh “P dung”. ta chi cdn ching minh ~P khong thé nao diing dugc nhu sau

e Gia sir ~P dung, coi nhu day 1a mot gia thiét ctia bai toan. Gia thiét moi nay thuong duoc goi 14 gid thiét phan chimg.

e Dung qui tic giai toan 6, lam that gidng cac yéu t6 "giéng gidng khac khac".

e Sau cung ta s& tim dugc mot yéu t "gidng gidng chong chéng". Ta viét lai cac yéu td niy cho that gibng nhau va that chéng nhau. Tir d6
chung ta c¢6 tim ra mot diéu mau thudn véi cac gia thiét cho sin cua bai toan hodc mau thuin véi cac dinh nghia hodc cac két qua co tir trude.

QUI TAC GIAI TOAN 9 (Chitng minh bang dio dé)
Khi chimg minh “P = Q” kho6 qua, ta c6 thé chimg minh “~Q = ~P”

QUI TAC GIAI TOAN 10 ‘ ‘
Khi bai toan c6 yeu to dugc xac dinh trong nhicu truong hgp. Vay ta phai xét bai toan trong nhiéu truong hop tuong tng.

QUI TAC GIAI TOAN 11
Khi bai toan viét theo dang tich hop cac truong hop. Ta tach bai todn ra ting trudong hop.

QUI TAC GIAI TOAN 12

Néu dinh nghia ciia mdt yéu td trong bai toan kha phuc tap ( sup , sy hdi ty, su lién tuc . . .). Ta phdi chép dinh nghia dudi dang téng quat, sau
d6 moi thay vao cac ky hiéu tuong ing ctia bai toan. Cach nay gitp ta tranh sai sot, va gitp ta c6 mot kho kién thirc toan c6 chon loc : ding
nhiéu duoc ghi ra nhiéu lan.
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QUI TAC GIAI TOAN 13 , q
Néu mot so6 bé hon (twong tu 1é6n hon) mdt s6 cu thé hon, thay vi chan trén truc ti€p so do, ta c6 thé chan trén (twong ty chin dudi) so cu thé
do.

QUI TAC GIAI TOAN 14

Khi bai todn c6 cac s6 chi s (nhu s, zys, . . .), nhat 1a khi dung phan chting, ta bién cac yéu td bai toan ra dang day s6. Nhiing sb co chi sé doi
khi ta phai dat x, = ys. V6i mdi n ta phai chon . Thuong ta chond=n hoic 6 = n'. Ta chon 6 sao cho gia tang thuan loi gia bai toan, thi
du gia ting sy mau thudn trong phan ching: néu § cang nhé thi mau thuin cang ting, ta chon ¢ =™ . Néu 6 cang 16n thi mau thudn cang ting,
ta chon 6 = n.

QUI TAC GIAI TOAN 15 o i
Neéu bai toan c6 céc ky hi¢u phtrc tap, ta nén dat ky hiéu mai lam trong sang bai toan. Tuong tu, ta nén bién bat dang thic thanh dang thtc .

QUI TAC GIAI TOAN 16 7 o
Néu bai toan phure tap vi ¢6 nhimg truong hop khong giai dugc. Ta giai trude cac truong hop cd thé giai duoc. Sau d6 ¢ gang dua cac truong
hop con lai vé cac truong hop da giai.

QUITAC GIAITOAN17 7 o ,
Neéu bai toan phurc tap vi cé nhiéu truong hop khac nhau. Ta c6 thé loai cac truong hop khong can thict va viét lai bai toan.

QUI TAC GIAI TOAN 18
Néu trong gia thiét c6 “véi moi x trong . . .7, “véimoi ¢ trong...” .. ,tacdthé chonx, ¢ . ... cho phu hgp véi cac yéu to trong phan két
luan.

QUITAC GIAITOAN19 o
Khi phai chiing minh nhi€u phan nhé cia bai toan, ta nén chirng minh phan dé trudec.

QUI TAC GIAI TOAN 20
Pé tim mot an sb (x, y, ... ), ta cb ging dé an sb d6 ding mot minh & mot vé trong mot dang thirc hay bat dang thirc.

169



II. KY THUAT GIAI TOAN

KY THUAT GIAI TOAN 1
DPé ching minh P, diing v6i moin >N chi can hai budc nhu sau :
e Ching minh P, ding véin =N,
e Cho k& lamotsd nguyén duong k> N. Gia st Py dang, chimg minh Py, ciing ding.

Céc k¥ thuat quan trong trong phép qui nap :

e Khong dung cung mot ky hiéu cho hai sy viée ¢6 thé khac nhau (Qui tic giai toan 4).
¢ Dua céc dir kién cua P, vé dang cac dir kién cta P,

KY THUAT GIAI TOAN 2
Khi lam viéc cac bat dang thirc, ta nén tap trung mot vé cia bat dang thirc. Chi dé tam dén vé con lai néu that can thiét.

KY THUAT GIAI TOAN 3
Khi bai toan c6 nhi€u bién s0, ta nén gitr nguyén mat bién s6 va cho cac bi€n s6 con lai nhan céc tri gia dac bi¢t. Luc do ta dua bai toan vé mat
bién sb.

KY THUAT GIAI TOAN 4
Lam manh bat dang thirc ¢ < b bang cach: c6 mot sb € >0 sao choa + e <b
Lam manh bét dang thirc a < b bang cach: c6 mot s6 € >0 sao cho a <b-¢.

KY THUAT GIAI TOAN 5
Khi c6 bit ding thirc lién quan dén mot s6 duong va cac s6 nguyén duong ( hodc nghich déo s nguyén du’O'ng) ta phai nhé tinh chét
Archiméde sau : Néu x > 0 va 0 <y, lic d6 c6 mot sb nguyén duong m saocho y < mx . (hay m'y < x).

KY THUAT GIAI TOAN 6

Cho 4 1a mdt tap bi chin trén trong R vi M € R . Dé chimg minh sup 4 < M, tacéthélamnhusau:Chingminh x < M V x €4.
Cho B 1a mot tap bi chan dudi trongR va S € R . DPé chung minh S <inf B, tacothélamnhusau:Chingminh S <y V y €B.
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KY THUAT GIAI TOAN 6b ,
Néu mdt s0 bi bé hon mot s6 cu the hon, thay vi chén trén truc ti€p so do, ta c6 thé chan trén s6 cu thé tuong ung.

KY THUAT GIAI TOAN 6¢
Néu {an} hoéi tu vé a. Ta ¢ thé udc luong \an\ theo |a| nhu sau.

Chomot €e>0 ta c6 N(e) € < saocho

|an -al|<ceg VvV n > N(e) (1)
|an|£|an- al +la|<lal +1 ¥V n > N() (2)
Néua=0:

-1 -1
2 lal < lal-|a,-al< |a,l V> NQd) ()

KY THUAT GIAI TOAN 7
Khi giai bat phuong trinh ¢6 “<” v6i nhidu 4n s6. Chung ta thir giai phuong trinh c6

__9

va céc an so déu bang nhau .

KY THUAT GIAI TOAN 8
Cho {x,} 1a mot day so thuc Cauchy va a la mot s0 thue. B chimg minh {x, } hoi tu v€ g, ta chi can tim mét day con { x, } cua {x, } sao cho

{ x, } hoituvéa
KY THUAT GIAI TOAN 9
Cho {x,} 1a mot day s6 thuc Cauchy va a 13 mot sé thuc. Pé ching minh {x, } hoi tu vé a, ta chi can tim mot ddy con { Xn, } cua {x, } saocho

{X,, } hoitu véa.

KY THUAT GIAI TOAN 10 , ‘
B¢ chiing minh mot day {x,} hoi tu, nhung chua biét gio1 han cua nd. Ta chi can ching minh {x,} 1a mot day Cauchy.

KY THUAT GIAI TOAN 11

Trong bai todn c6 gidi han va c6 sup hodc inf, ta nén viét “{x,} hot vé a” dudi dang
Chomot €e>0 tim N(¢) € N  saocho |x, -al<e Vn > N(g)
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KY THUAT GIAI TOAN 12
Ban chat ctia chudi s6 hdi tu 1a mot sb thuc o, hon nita, o 12 gi61 han cua mot day so.
bé khao sat mot chuoi so, ta phai xét day {s,} cac tong riéng phan ctia nd. Sau d6 méi khao sat gidi han cua {s,}, gi¢i han cia {s,} chinhla a.

KY THUAT GIAI TOAN 13

Pé khao sat mot ddy sb {x,} , ta co thé xét chudi sd iam ,VOiay =x1, ag1 =Xpe1 — X5 VOi sO nguyén duong k . Luc d6 diy sé {x,} chinh la
day téng riéng phan {s,} cta chudi do. "

Cho chudi s6 iam . Dé khao sat day sb {a,} ,ta dé ¥ a, = s, — 5,1 v6i moi s6 nguyén duong k , & ddy {s,} chinh la diy tong riéng phan cua
chudi do. "

KY THUAT GIAI TOAN 14

Khi c6 s6 nguyén N sao cho |a,| <b, V n>N.Déchimg minh chudi Zan hoi tu, ta nén xét su hoi tu cia an va dung ti€u chuan so

n=1 n=1

sanh.
KY THUAT GIAITOAN 15
Yéu t6 “ f lién tuc tai x” c6 the viét thanh hai dang tuong duong :
(1) Néu {x,} hoi tu ve€x,thi {f(x,)} hoi tu véflx).
(i1)) Cho mét €>0 tim & > 0 saocho
/) -f)| < & Vyed voi|y—x|[<8()
Ta thuong dung dang (i).
Thuong ta dung dang day so
Cho mot e >0 taco mdt N(e) € N sao cho

\xn -x| < e Vv n>N(e) (1)
= Cho mote’>0 tacoémdt M(¢’) e N saocho

) -f)] <& YazME). (@)

6
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Co €7>0 saochov(yiméimeNtacémétzmeAVéri |zm—x|<8 sao cho

fz,,) - 2 € (3)
Theo QTGT 6, ta dé y {xn} trong (1) hoi tu con {zm} trong (3) thi chua chic hoi tu. Pé lam chung giéng nhau, ta nén dung dinh 1y Bolzano-

Weierstrass.

KY THUAT GIAI TOAN 16
D¢ chiing minh mot ham s6 lién tuc, ta nén xét né ¢o6 phai la tong hodc tich cac ham so lién tuc.

KY THUAT GIAI TOAN 17

Néu f'(x) va |[f(z) -/ (x)| cing xuét hién trong bai toan, ta ta phai dé ¥ va dung cac bat déng thirc sau:

Cho f 1a mot ham sb thuc trén khoang mé  (a,b) vax € (a,b). Gia st f kha vi tai x.

(1) C6 mdt s6 thue M vamodt & >0 sao cho |f(y) - f(x) | < Mlyx| ¥V y, |y-x| <8

(2) Néu f'(x) = 0 : v6i moi s6 thuc duong € va mot p(e)> 0 sao cho : () -f(x) | <elt=x|] V,l|t-x| <u(e).

(3) Néu 1'(x) # 0 : v6i moi sb thuc duong ¢ <|f"'(x)| c6n(c) > 0saocho: c|s-x| < [f(s)-f(x)| Vs, |s-x|<n(c).

KY THUAT GIAI TOAN 18

Dé dua bai toan vé truong hop don gian hon hay nhimg trudng hop di giai quyét, ta c6 thé 1am nhu sau:
(1) Pua vé truong hop fla) =0 : dit g(x) =fAx) - fla) .

(2) Pua vé truong hop 1 (a) =0 : dat g(x) =fx) - x ' (a) .

KY THUAT GIAI TOAN 19
Dé dua bai toan vé truong hop don gian hon hay nhimg trudng hop di giai quyét, ta c6 thé 1am nhu sau:
(1) Pua vé truong hop fla) =0 : dit g(x) = fix) - fla) .
(2) Pua vé truong hop ' (a) =0 : dit g(x) =fix) - x 1’ (a) .
KY THUAT GIAI TOAN 20
Cho f* 1a m¢t song anh tir mot khoang / vao mot khoang J. Luc do
(1) Bé chtrng minh / lién tuc trén 7, ta chi can chimg minh fdon diéu trén /.
(2) Dé ching minh f don diéu trén 7, ta chi cin chig minh /' lién tuc trén /.
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KY THUAT GIAI TOAN 21
Khi bai toan c6 /' va f(x) - f(y), ta nén nhé dinh 1y gia tri trung binh :
Pinh Iy gia tri trung binh. Néu / 1a mot anh xa lién tuc trén [a,b] va kha vi trén (a, b) , thi cO médt ¢ € (a, b) sao cho fb) - fla) = (b-a)f (c)

KY THUAT GIAI TOAN 22
Cho f 1a mot ham s6 thyc lién tuc trén mot khoang déng [a, b] . Lic d6 f kha tich. Dé giai cac bai toan 1y thuyét vé tich phan ciia £, ching ta
lam nhitng budc sau

e Véimoisd nguyén 7, chon phan hoach Pn cua [a,b]

{a,a+n'(b-a), - a+m-Dn'(b-a),bja+n'(b-a), - a+m-Dn’'(b-a), b}
e  Xu ly bai toan duya trén tong Riemann S(ﬁPn)

n-1 b— b— b— n—1 _ _
S oB) =2 flatk=—S)dd(a+(k=D"=a+k==]) =3 fark=4H2=0
k=0 k=0 n

n n n

‘ . b
Ding tinh chit ~ limS(f,P) = [ " f(x)dx

KY THUAT GIAI TOAN 23

/ I b b
Khi uéc lugng mot tich phén, ta nén udc lugng tich phan cta gia tri tuyét doi ham so trong tich phan : | .[ f(Hdet| < .[ | f(2)|dt

III. KIEN THUC CO BAN

KIEN THUC CO BAN 1 (TAP HQP TUONG UNG VOI 3 VA V)

Cho A4; 1a céc tap con cua X voi moi i €1, ta dat

Uicgdi={xeX :diel,xed;} vanigdi={xeX : :Viel,xe A}

KIEN THUC CO BAN 2 (TAP HQP TUONG UNG VOI “va” VA “hoic”)
Cho 4 va B 1a cac tap con cia X,

AUB ={xeX :xe A hoicxeB} vaAnNnB ={xeX :xeAd vaxeB}
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KIEN THU'C CO BAN 3 (Cdch viét mot ménh dé U thanh dang co bdn)

1 D&y dén cac cum tir “vdi moi” va “cé mét” ¢ trong U, va viét chung thanh mot trong bon dang

V xe A thi P dung dbi véi x

3xe A saocho P ding dbi voix

3 xe A sao cho P(x) dung dbi véiz, vz e

V x €4, 3 ye B sao cho P(x) ding d6i v6iz, V z € C(y)

(P(x) 1a mdt ménh dé duoc xac dinh tiy theo cac gia tri cia x, C(y) 1a mot tp hop duoc xac dinh tiy theo cac gid tri cia y )

Néu can ta dat thém cac tap hop moi.
Cho cac tap hop C, D, E, Fva G , ta dat
A=CxD va B=ExFxG va viét
e Vxe(C VyeD” thanh “V(x,y) €4”.
e JueFE,IveF vadteG”thanh “I (u,v,t) € B”

Cich phii dinh cic ménh dé & dang co bin
e d6i 3 thanh V

d6i v thanh 3

d6i P thanh ~P

dé nguyén “e”

dé nguyén “ diing voi”

KIEN THU'C CO BAN 4 (Phii dinh cac ménh dé c¢6 “va” hay “hoic”)
P la “Rwva S”7 ; ~P la “~R hogc ~S "~

0 la “R hogc S§7; ~0 la “~R va~S”
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KIEN THUC CO BAN 5 , q ‘
Dé tim mot day con cua mét day so thuc {x,}. Ta co thé tim J la mét tdp con cd vo han phan tir trong N .
Dung qui nap toan hoc ta dat

ny = minJ
ny = minJ\ [0, n]
n; = min J \ [0, n;]

Np+] — minJ\[O,nk] VY ke N.
Lac do {x, } la mét day con cua day {x,}. Luuynye J voimoik € N.

KIEN THUC CO BAN 6

Céch thir hai dé tim diy con

Cho {x,} 1a mot day s6 thuc. Cho {J,} 1a mot ho dém duoc cac tap con trong N . Gia sit J, ¢ vO han phan tr va J,+1 < J, véi moi sb
nguyén duong 7 .

Dung qui nap todn hoc ta dat

n = min Jl
n, = min J, \ [0, n]
ny = min J3 \ [O , l’lg]

N1 = min Jiq \ [0, nk ] vV ke N.
Lacdo {x,} lamétday concuaday {x,}. Luuynie Jp v6imoik € N.
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