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Chuong 1

Phuong trinh vi phan cap 1

1.1 Cac vi du mé dau

Mot hé thic c¢6 dang
F(z,y(@),y'(z)) =0, (1.1)
hodc giai ra y/(z) tu (1.1)
y'(z) = f(z,y(x)), (1.2)
lien he véi bién doc 1ap z, gid tri y(z) clia ham y tai z, gia tri /(x) clia dao ham cap 1 clia ham y tai z,
duge goi 1d mot phwong trinh vi phan cap 1.
C6 thé biéu thic (1.1) khong xuat hién z, hodc y(w), hodc cd hai z va y(z), nhung bat budc phai
xuat hién y/(x) thi (1.1) méi goi la mot phuong trinh vi phan. Dé cho gon cach viét, ngusi ta thudng
viét phuong trinh (1.1) (tuong ting (1.2)) theo cac bién doc lap ctia né nhu sau

F(z,y,y') =0, (tuong ing y' = f(z,y)), (1.3)

titc 1a bo di bién doc lap = di theo sau ham y va cac dao ham g’ ctia né.

Nghiém cta phuong trinh vi phan (1.1) (twong tng (1.2)) 1a mot ham y = y(z) xéc dinh va cé dao
ham trong mot khodng I va thoé phuong trinh vi phan (1.1) (tuong tng (1.2)) tai moi « € I. Ta sé lam
chinh xac lai cdc dinh nghia vé cac loai nghiém phuong trinh vi phan § trong phan sau. Gidi phuong
trinh vi phan la tim tat ci cidc nghiém ctia no.

Phan nay dé cap dén mot vai vi du mé dau va gidi so lude cac phuong trinh vi phan cap 1 sau day.

1/ ¢ = 4z,
2/ y' = 2wy,
3/ yty =z -1,

r_ vy
4/ Yy = s + T + 1.
Gidi 1/: Tich phan hai vé ta thu dugc nghiém y c¢6 dang nhu sau

y:/4:1;da::2a;2+C’,

nghiém nay phu thuoc vao mot hiing sé C, ta goi nghiém nay 1a nghiém tong qudt ctia 1/. Ung v6i hing
s6 C khac nhau, ta cé cac nghiém khac nhau ctia 1/, chdng han nhu y = 222, y = 222 + 1, y = 222 + 2,
13 cac nghiém ctia 1/. Thong thudng dé chi ra mot nghiem (tim hing s6 C) trong s6 d6 ta hay dit them
mot diéu kieén kem theo, thuong 1a diéu kien dau, vi du nhu tim mot nghiém ctia 1/ théa them diéu kien
y(1) = 3. Vay ham y = 222 + C théa diéu kién y(1) = 3 khi va chi khi 3 = 2+ C, hay C = 1. Vay ham
y = 222 4+ 1 1a nghiém ctia 1/ thoa diéu kien y(1) = 3.1

Gidi 2/: Nhan hai vé ctia phuong trinh 2/ cho e~®°, sau d6 chuyén qua vé tréi.

2

ey — 2me ™"y =0,

Khi do6 vé trai chinh 1& dao ham ciia tich hai ham s6

<e*x2y)/ =0.

3
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Tich phan hai vé ta thu duge nghiem téng quét ctia 2/ nhu sau
y=Ce™,

trong d6 C' 13 mot hang s6 tuy y. W
Gidi 3/: Tich phan hai vé ta thu dugc nghiem y c6 dang nhu sau

/y4y'dac = /(m —1)dz + C,

hay
5 2
Y’ (x—1)
T + C,
hay
_12 1/5

trong d6 C 13 mot hing sb tity ¥, do d6 cong thiic sau ciing nay 14 nghiem téng quét ctia 3/. B
Gidi 4/: Ta dat u = ¥, khi d6
Yy = ru, y':u+xu’.

Phuong trinh 4/ tré thanh
w4z =u +u+1,

hay
zu = u? + 1.

Chia hai vé cho z(u? + 1), ta dugc
w1
u2+1

Tich phan hai vé ta thu duge (chd ¥ v'dz = du)
1 1
/ 5 du = /dm + C,
us+1 T

arctgu = In |z| + C.

hay

Giad st 5 <Infz|+C < 3, ta co

% =u=tg(ln|z|+ C),

hay
y=atg(ln|z| +C), e ¢72 <|z|<e OF2,

Day 1a nghiém téng quét ciia 4/. B

1.2 Cac khai niém chung
Mot hé thic c¢6 dang
Flz,y(@), v (2),y"(x),...,y"™(x)) =0, z € D C R,

lién hé véi:
— bién doc lap z,
— gia tri y(x) cua ham y tai z,
— gia tri /(x) clia dao ham cap 1 ctia ham y tai =,
— gia tri y”’(x) cha dao ham cap 2 clia ham y tai x,
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— gia tri y™(z) ctia dao ham cAp n ciia ham y tai =,
dudc goi 14 mot phuong trinh vi phan cap n.
F 1a ham theo n + 2 bién doc 1ap cho trude, ham s6 y = y(z) 14 ham chua biét can tim (an ham), n
12 cAp clia phuong trinh vi phan (1.1), tic 14 cAp cao nhét clia dao ham xuat hién trong (1.1). Nhu vay
khi goi 1a (1.1) 1a phuong trinh vi phan cAp n, thi nhat thiét phai chita s6 hang y(™(z), mic dit cic s6
hang con lai trong (1.1) c6 thé c6 hosic khong c6 mit. Dé cho gon céach viét, ngudi ta thudng viét phuong
trinh (1.1) theo céc bién doc lap ctia né nhu sau

f(w,y,y’,y",...,y(")):0, x€DCR, (1.2)

titc 1a b6 di bién doc lap x di theo sau ham y va cac dao ham clia né.
Mot nghiém clia phuong trinh vi phan (1.1) 1a mot ham s6 y = y(x) xac dinh trén mot khoang thuc
I C D, (I thong thuong phu thuoc vao ham y), c6 dao ham dén cap n va thoa

F(z,y(x),y (z),y"(z), ... ,y(")(a:)) =0, v6i moi x € I. (1.3)

Ta ciing chi y réing ding thitc (1.3) chita dyng cac diéu kién sau:
(i) Ham s6 y = y(z) ¢6 dao ham dén cap n trong I,
(i) (z,y(x), 9 (x),y"(x),...,y™(2)) € mién x4c dinh ctia ham F, véi moi = € I.

— D6 thi clia nghiem y = y(z) con dugc goi la duong cong tich phan hay 1a duong tich phan cla
phuong trinh vi phan.

Gidi phuong trinh vi phan (1.1) 1a tim tat ci cdc nghiém cta no.

Gia st tir (1.2) ta giai duge y™ theo z,y, v/, y", ...,y Y, ta thu dugc

y ™ = flay vy "), Yy gy TY) e Q R (1.4)
Khi d6 ta c6 phuong trinh vi phan cap n ¢6 dang nhu sau

y"(z) = f(z,y(2), ¢ (2),y"(2),....y" V(2)), € DCR, (1.5)

hay viét gon hon
y" = flz,y, 9y, ... ,y("_l)), reDCR. (1.6)
Ta ciing dinh nghia nghiém ciia phuong trinh vi phan (1.5) 132 mot ham s6 y = y(z) xac dinh trén
mot khoang I C D va thoa

y(") () = f(z,y(x),y (x),y" (x),... ,y(”_l) (x)), v6i moi x € I. (1.7)

Ta ciing cht ¥ rang (1.7) chita dyng cac diéu kién sau:
— Ham s6 y = y(z) ¢6 dao ham dén cap n trong I,
~ Véi moi z € I, (z,y(x),y (z),y"(x),...,y" V() € Q = mién xac dinh ciia ham f.

Cu thé vé6i phuong trinh vi phan cap n = 1, ta cling viét lai (1.2), (1.6) lan lugt, nhu sau
F(z,y,y') =0, z € D CR, (1.8)

v = f(z,y), z€ D CR. (1.9)

Céc nghiém ctia cac phuong trinh vi phan (1.8), (1.9), tuong tng, cing dinh nghia nhu trén véi n = 1.
Chi thich. Trong giai tich ham s6 nhiéu bién, nhd dinh 1y ham an, ta c6 thé dua phuong trinh vi
phan dang (1.8) vé dang (1.9). Do d6 ta chi can xét phuong trinh vi phan cap 1 thuoc dang (1.9).
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1.3 Su ton tai vA duy nhit nghiém ctia bai toan Cauchy.
Trong phan nay ta xét phuong trinh vi phan cip 1 nhu sau

y' = f(=z,y), (1.10)

trong d6 f : 2 — R 14 ham cho truée x4c dinh trong tap ma Q C R2. Cho (g, y0) € Q. Bai todn tim mot
nghiém y = y(z) ctia (1.10) thod méan diéu kien

y(zo) = yo, (1.11)

duge goi 1a bai todn Cauchy cho phuong trinh (1.10). Diéu kién (1.11) duge goi 1a diéu kién dau hay diéu
kién Cauchy. Do € tap md, nén n6 chia hinh chi nhat
D = [z0 —a,x0 + a] X [yo — b, yo + b]. (1.12)
Do d6 ta chi can xét bai bai toan Cauchy cho phuong trinh (1.10) v6i f x4c dinh lién tuc trén D. Ta
sé tim mot ham y xéc dinh trén mot doan I chia zg, (di nhién I C [z¢ — a, x¢ + a]) sao cho
/
y'(z) = f(z,y(x), Vrel,
{ (1.13)
y(zo) = Yo-
Trude hét ta co

Bé dé 3.1. y la nghiem ciia bai todn Cauchy (1.13) khi va chi khi y la nghiém ciia phuong trinh tich
phadn sau

y(x) =yo + /If(t,y(t))dt, Vr e 1. (1.14)

Chitng minh Bo dé 3.1. Chitng minh nhu bai tap. B

Dinh 1y 3.2. (Dinh ly ton tai vd duy nhat nghiem). Gid si rang f lién tuc trong mién hinh chit
nhat
D = [zg — a,x0+ a] X [yo — b, yo + b].

va thod diéu kién Lipschitz theo bién y trong D, titc la, ton tai hang s6 L > 0 sao cho

‘f(l',yl) - f(x,y2)| <L ’yl - y2| ) V((IJ,yl), (CC,yQ) €D. (115)
Khi dé, ton tai 6 > 0, sao cho bai toan Cauchy (1.13) ¢é nghiém duy nhat trén doan I = [x0—0, 19+0).
Chamg minh Dinh lij 3.2. (Phan nay cé thé bé qua khi doc lan dau tién, ma doc thang vao muc 1.5)

Truée hét, do f lién tuc trén tap compact D, nén ton tai sé thyc M sao cho |f(z,y)| < M, v6i moi
(x,y) € D. Dat

(1.16)

d = min{a,

At
Theo B6 dé 3.1, thi Bai toan Cauchy (1.13) tuong duong v6i mot phuong trinh tich phan (1.14).
Phan ching minh Dinh 1y 3.2 dugc chia lam nhiéu budc.
Bude 1. Ta xét day ham {y,} cho béi cong thitc qui nap

( yo(z) = yo, Vo € I, (ham hang),

y1(%) = o +/ f(t,yo)dt, Vo €I,
0

ya(z) = yo + /xf(t, y1(t))dt, Vo € I, (1.17)

yn(x) = Yo +/ ft, yn—1(t))dt, n > 1, Yz € I.
o
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Budc 2. Ta sé chiing minh bd dé sau.
B6 dé 3.3. Day ham {yn} cho bdi (1.17) c6 tinh chat

i) lyn(x) —yo| < b, Va € [xo — 0,20 + 0],
i) |yn(2) = g1 (2)] < ML < ML g € (30 — 6,20 + 4],
iii) Day ham {y,} hoi tu déu vé mot ham y trén [zo — 6,0 + J],

iv) Ddnh gid sai s6 (1.18)
[yn(z) — y(z)] < % Z (Lé) , Vo € [zg — 0,20 + 0],
k=n+1

V) y la nghiém cia phuong trinh tich phan (1.14).

Chang minh Bo dé 3.3. (Phan nay cé thé bé qua khi doc lan dau tien, ma doc thang vao muc 1.5)
Chaitng minh 1i).
Véimoin e N, vax el =][xg—0,x0+ 0], ta co

/ :foe, yn_1<t>>dt) <

M / dt‘:M|x—x0|§M5§b.
zo

[Yn(z) —vo| =

[ 15100 1t (1.19)

IA

Ching minh ii).
Ta chitng minh bang qui nap theo n.
Véi n = 1, bat didng thiic nay ding vi

[y1(z) — yol =

€T x
/ f(t,yo)dt' <M / dt' — Mz — 0| < M. (1.20)
X0 xo
Vay i) dugc chiing minh.
Gia sit bat déng thitc (1.18) (ii) ding véi n = k, ta sé chitng minh n6 ding véi n = k + 1 nhu sau
x

Y1 () —wk(z)] =

a6~ £ 0) dt' (1.21)

< / |f(tu(t) — f( yr— 1())|dt’
< L / lyk (1) — yr_1(t)] dt‘ (Do tinh Lipschitz ctia f)
t P <

< k= 1 ‘ ————dt| (Do gia thiét bang qui nap)
MLk

K kE+1

_ MLMe—ao|"T  MLF

- (k+1D! = (k+1!°

Bat déng thiic ding (1.18)(ii) ding véi n = k+ 1. Do d6 (1.18) (ii) ding Vn € N. Vay ii) dugc ching
minh.

Chatng minh iii).

Ta co

= [yr(z) — yr—1(2)] + yo(x). (1.22)

k=1
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Ta xét sy hoi tu cia chudi ham Z [y (z) — yr—1(x)]
k=1
Theo (1.18)(ii) ta co

, Vk €N, Vx € [$0—5,$0+6]. (123)

o P .z - M (L8)* < 2
Mat khéac, chudi so Z 7 % hoi tu theo tieu chuan D’Alembert, nén danh gia (1.23) dan dén

chudi ham Z [yx(x) — yr_1(x)] hoi tu déu trén [xg — &, 2o + ] va c6 tong 1a mot ham lien tuc g(x) trén
k=1
[xo — &, 0 + 6], vi cac ham yg(x) cing lién tuc trén [xo — d, zo + 4].
Do do6 tur (1.22) chiing t6 rang vy, (z) hoi tu déu vé mot ham lién tuc y trén [zg — 6,z + J]. Do do6

y(x) = limy,(z) = hmZyk — yk-1(2)] + yo(2) (1.24)

n—oo

o0

[We(7) — yp—1(2)] + yo(z) = g(x) + yo().
=1

Vay iii) dugce ching minh.
Chiing minh iv).

Ta ciing c6
y(x) = [k (®) — yr—1(z)] + yo(z) + Z = Yr—1(z)] (1.25)
k=1 k=n+1
= @+ D k(@) -y (@)
k=n+1
Do dé
y(@) =@ < Y lyr(z) —yea(2)] (1.26)
k=n+1
X M (LS M K (L)
< 2 L(k:!) =7 2 (k;!)‘
k=n+1 k=n+1

Vay iv) dugc chiing minh.
Chatng minh v).
Ta c6

yn(z) = yo + /xf(t, Yn—1(t))dt, n > 1, Vo € I. (1.27)

0

Ta chi can chiing minh rang

/xf(t, Y1 (£))dE — /xf(t,y(t))dt, vz eI (1.28)
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Ta co6
[ stvaa- [ 16 y(t»dt\ < / 1 s (8)) — (L y(0) dt] (1.29)
< / s (1) >dt\
= / L; k!
< (L6)* < M5i (L:'
k=n ’

o0
k k
L‘S) = eld héi tu, nén g (L]f)

Do chudi s6 Z (1.29), ta
k=n
suy ra (1.28) dung Ciing tit (1.27) va (1.28), ta suy ra rang
T
vw) =w+ [ Ft®)i Vo el (1.30)
o
Vay y la nghiém ctia phuong trinh tich phan (1.14) va v) dugc chiing minh.
B dé 3.3 dugc chiing minh. H
Budc 3. Tinh duy nhat nghiém trén doan I = [xg — §,zo + 9.
Ta sé chitng minh bo dé sau.
B6 dé 3.4. Gid s ham z lién tuc, khong am trén [xo — 0,20 + 0] thod bat ding thic
x
z2(x) < z0+ =1 / z(t)dt|, Yz € [zg — 0,20 + 0], (1.31)
o
trong dé zg > 0, z1 > 0 la cdc hing so. Khi dé
2(z) < zpet P70l V€ 29 — 8,20 + 4] (1.32)

Chamg minh Boé dé 3.4. (Phan nay cé thé bé qua khi doc lan dau tién, ma doc thang vao muc 1.5).
— Xét trudng hop x € [zg, o + d]. Khi d6 (1.31) viét lai

xT

z(x) < 20+ 21/ z(t)dt, Yx € [xg,z0 + 0]. (1.33)

0

Nhan hai vé ctia (1.33) cho e *1%, ta c6

x
e Az(x) — zle_zlx/ z(t)dt < zpe™*T, VY € [zg, 0 + 0], (1.34)
o
hay
d xX
— [e‘z”"’/ z(t)dt] < zpe P, Yz € [xg,z0 + ). (1.35)
dx 20
Cbé dinh x € [z, 2o + 4], tich phan (1.35) trén [z, z], ta thu dugc
ezlx/ z(t)dt < zo/ e dt = = (e77170 — A1) (1.36)
) ) 21
Ta suy tir (1.33) va (1.36) rang
X
z(x) < zo+ 21/ z(t)dt < zg + 211" [ZO (e7170 — ¢=517) (1.37)
o 21

frd zoezl(m_xo) = 20621‘I—$0|, Vx G [fUO,fEO + (5]
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— Xét truong hop z € [zg — 6, zo). Khi d6 (1.31) viét lai

z(x) < z0+ zl/xoz(t)dt, Va € [xg — 4, zo]. (1.38)
Nhan hai vé ctia (1.38) cho e**, ta ¢6
ez (z) — zlezl"’/xoz(t)dt < zp€®'*, Yz € [z9 — 0, z0), (1.39)
@
hay
% [— ezlx/joz(t)dt] < 2pe®**, Vx € [xg — 0, z0)]. (1.40)

Cd dinh x € [zo — J, x¢), tich phan (1.40) trén [z, zo], ta thu dugc

o o o o 20
- ezlw/ z(t)dt| = ezlx/ z(t)dt < zo/ eldt = == (eX170 — A7) | (1.41)
T T T T 21
hay ”
/ Atydt < 2 (621@0*@ - 1) . (1.42)
x 21
Ta suy tur (1.38) va (1.42) ring
o 20
z(x) < 2+ zl/ z(t)dt < z0+ =1 [ (ezl(xo_x) — 1)] (1.43)
T 21

= e (r0—2) zoezllmf"”‘)‘, Va € [xg — §,x0].

B6 dé 3.4 dugc chiing minh. W
Chu thich. Tit chitng minh ciia B6 dé 3.4, ta c6 cac bo dé sau
B6 dé 3.4a (B4 de Gronwall). Gid st ham z lién tuc, khong am trén [xg,xo + 0] thod bat ddng thic

X
z(w) < 20 + 21/ z(t)dt, Vo € [zg,zo + 0], (1.31a)
o
trong dé zg >0, z1 > 0 la cdc hang so. Khi dé ta cé
2(z) < 20 "7™0) | V€ [, 0 + 6]. W (1.32a)

B6 dé 3.4b (B6 de Gronwall). Gid s ham z lién tuc, khong am trén [xo — 6, xo] thod bt ddng thic

o
z(x) < z0+ 21/ z(t)dt, Vo € [xg — 0, z), (1.31b)

trong dé zp > 0, z1 > 0 la cdc hing s6. Khi dé
2(z) < 20e ™07 Va € [xg — 0, x0). B (1.32b)

Ta tiép tuc chiing minh tinh duy nhéat nghiem trén doan I = [zg — 4, x¢ + d].
Gia st y1, yo 1& hai nghiém ctia phuong trinh tich phan (1.14). Khi d6 Z = y; — y2 théa phuong trinh

Z(x) = /x [f(t,y1(t)) — f(t,y2(t))] dt, Yx € [xg — 5, zo + d]. (1.44)

Do tinh Lipschitz ctia ham f theo bién thit hai, ta suy ra tir (1.44) rang

Z(@) < L / Z(0)] dt

, Vo € [xg—9,z0+ 9.
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Ap dung bd dé 3.4, v6i z(z) = |Z(x)|, z1 = L, 2 = 0, ta thu dugc z(z) = |Z(x)| = 0, tic la y; = yo.
Tém lai qua 3 bude trén day, ta da hoan tat chitng minh Dinh 1y 3.2.
Nhan xét 1. Trong Dinh Iy 3.2, néu ham f va g—i lien tuc trong mién hinh chit nhat D = [zg —
a,zo + a] X [yo — b,yo + b]. Thi két luan ctia Dinh 1y 3.2 vAn con ding.
That vay, do % lien tuc trén tap compact D, nén ton tai L = ( SI;IE)D ‘g—i(x, y)’ )
x’y
Cho (z,v1), (z,y2) € D. Dung dinh ly Lagrang cho ham y —— f(x,y), ta c6 6 € (0,1) sao cho

F(e ) — f(y2) = §§<x,s><y1 ), (1.45)

véi € = Oy; + (1 — §)y2. Do d6
of
o) = £ = | S @) b~ 32l < Ll = m]-

Vay f thoa diéu kién Lipschitz theo bién thit hai.

Nhan xét 2. V6i cac gia thiét ctia Dinh 1y 3.2, khi d6, bai toan Cauchy (1.13) ¢6 nghiém duy nhat
y = y(z) trén doan I = [zg — §, w9 + ], v6i § = min{a, % }. Hon nita, néu bai todn Cauchy (1.13) c6
nghiém trén [x¢ — a,zo + a], thi nghiém nay 14 duy nhat. That vay, ta chi can ap dung bo dé 3.4, v6i
0= a, z(z) = |yi(x) — ya2(x)|, 21 = L, z0 = 0, ta thu duge z(z) = |y1(x) — ya2(z)| = 0, tic 1a y1 = yo.

Tong quéat ta co

Dinh 1y 3.5. Néu ham s6 f: Q — R lién tuc trong tap md Q C R2, thi vdi moi diém (zo,10) € Q,
bai toan Cauchy (1.13) ¢ nghiém zdc dinh trong mot khodng chia xg.
Ngodi ra néu, dao ham riéng % lién tuc va bi chan trong  thi nghiém dé la duy nhat.

Dinh 1y trén thuong duge goi 1a dinh 1y Peano-Cauchy-Picard. Ta cong nhan dinh 1y nay. B
Vi du 1. Xét bai toan Cauchy

/ 2 2 1 1
y = + cos Y, _7§5L‘§77
{ 2 2 (1.46)

y(0) = 0.

Ta sé chiing minh ring bai toan (1.46) c¢6 nghiem duy nhat y = y(z) trén doan —% <z< %, va thoa
13 11
<= —=, =]
@) < 2, Vo e (2.1

Chitng minh. D61 chiéu bai toan (1.46) véi bai toan Cauchy

{ y'(x) = fz,y(x), Vo€ [zo—0d,20+ 4],
y(To) = Yo

Ta chon f(z,y) = 2% + cos®y, 20 = yo = 0, a = % va b = 1. Ta xét D = [—a,a] x [-b,b] =

[—3., 3] x [-1,1]. D& thay ring f va %(m,y) = 2z — sin 2y lién tuc trén D va c6

=M, Y(z,y) € D.

1 5
| f(z,y)| §$2+coszy§2—2+1:Z

Dat § = min{a, %} = min{3, %} = 1. Theo dinh Iy 3.2, bai toan (1.46) c6 nghiém duy nhét y = y(z)
trén doan —% <gz< %, va théa

11
<b=1 —=, 2.
Y@ <b=1, Vo e |-, ]

Ta can danh gia sic hon bat ding thic nay.
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Ta chi ¥ réng ¢ = 22 + cos?y > 0, —3 < 2 < 1, do d6 nghiem clia bai tosn (1.46) la ham y = y(z)
tang trén trén doan —% <z< % Do do
{ 0=y(0) <y(z) <y(z) <1, Yz e (0,3],
~1<y(—3) <y(t) <0=y(0), Vt € [~3,0).

Mt khac nghiém cta bai toan (1.46) 1a ham y = y(x) con nghiém ding phuong trinh tich phan

3 11

y(z) = /Om (t* + cos® y(t)) dt = % + /0m cos? y(t)dt, Yz € [—5, 5].

Do do

1 1 1/2 1 1/2 1 1
y(§) = / cos® y(t)dt < 21 +/ cos?y(0)dt < — + = = —3
0 0

Tuong tu

1. -1 —1/2 -1 0 1 1 -13
y(—i) =9I +/ cos? y(t)dt = o1 —/ cos?y(t)dt > —— — — = ——.
0 —

Vay, to hgp cac bat dang thiic trén, ta thu dugc

13 11
<= ——, =]
y(@)| < 5y Vo €[5, 5)

Vi du 2. Xét bai toan Cauchy

y = 2% +cos’y, z €R,
(1.47)

y(0) = 0.
Ta sé& chitng minh riang bai toan (1.47) c6 nghiém duy nhat y = y(x) tren R.
That vay, bai todn (1.47) tuong ting vdi bai toan Cauchy, vé6i f(x,y) = 22 + cos?y, 19 = yo = 0. Cho
2
truée a > 0 tuy y. Chon D = [—a,a] X [-b,b], v6i b= a(a”+1)

a’+1
lién tuc trén D va c6

. Dé thay rang f va %(m,y) = 2x — sin 2y

|f(z,y)| <a?+cosPy<a’+1=M, Y(x,y) € D.

Dat § = min{ae, 4} = min{a, a((f_:rll)} = a. Theo dinh ly 3.2, bai toan (1.47) ¢6 nghiém duy nhat
y = y(x) trén doan —a < z < a. Do a > 0 tuy ¥ nén ta suy ra bai toan (1.47) ¢6 nghiém duy nhéat

y=y(z) tréen R. A

1.4 Nghiém tong quat, nghiém riéng, nghiém ky di, tich phan tong
quat.

(Phan nay cé thé bé qua khi doc lan dau tién, ma doc thang vao muc 1.5)
Gia st rang trong mién €, bai toan Cauchy cho phuong trinh (1.8) hodc (1.9) ¢6 nghiém ¢6 nghiém
duy nhat.
Thong thudng nghiém clia phuong trinh vi phan cip mot phu thuoc vao mot hing s6 thie C va co
dang
Y= y(iL‘ ) C)

Dinh nghia. Mot ho ham s6 y = y(z,C) phu thudc vao mot tham s6 thuc C, duge goi 1a nghiém
tong qudt cia phuong trinh vi phan (1.8) hoac (1.9) trong mién Q C R2, néu véi moi diém (zg,yo) € Q,
ton tai duy nhat mot hing s6 Cy sao cho y = y(x,Cp) 1a nghiem ctia phuong trinh vi phan (1.8) hoac
(1.9) théa diéu kien dau y(zo, Co) = yo, nghia la: ton tai duy nhat mot hing s6 Cp sao cho

i/ y=y(z,Cp) la nghiém ctia phuong trinh vi phan (1.8) hoac (1.9) trong khoéng nao dé6 chia
Zo,
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ii/ y(zo, Co) = vo-
Dinh nghia. Ta goi nghiém riéng cia phuong trinh vi phan (1.8) hodc (1.9) 1a nghiem y = y(z, Cp)
ma ta nhan dude tit nghiém tong quat y = y(z, C) bang cach cho hing s6 tiy ¥ C mot gia tri cu thé Cp.
Vi du 1. Xét bai toan Cauchy
y = % y(1) = 2. (1.48)

dz

o . d d
Tu’yz%,taco%z%hay?y:x.

LAy tich phan hai vé ta dugc

In|y| =In|z|+InCy, (Cy > 0).

Suy ra
y=Cz, x #0, (C=+xCy) #0),
Ngoai ra y = 0 la mot nghiém riéng clia phuong trinh y' = £. Nghiém nay tuong ting v6i C' = 0 trong
ho ham

y=Cx, x#0, (C €R).

D6 ciing 1a nghiém téng quét ctia phuong trinh 3/ = %

Véiz=1,y=2thi2=C.1 Vay C = 2.

Suy ra nghiém cta bai toan (1.48) 1la y = 2z, x # 0.

Vay, y = 2z, (z # 0) la nghiém riéng ctia phuong trinh ' = £, théa diéu kien dau y(1) = 2, (C = 2).
[ |

T4t nhién moi nghiém ctia bai toan Cauchy déu 1 nghiém riéng.

Vi du 2. Giai phuong trinh vi phan

x(1+x2)y’—y:0, x e R.

Gidi. Ta sé tim nghiém ctia phuong trinh vi phan & trén lan lugt trong céc mién (—oo,0), (0,00) va
xéc dinh gié tri cia nghiém tai = 0 sao cho dé nghiém nhan dugc 1a mot ham c6 dao ham tren R.
Ta ky hieu I = (—00,0) hoiic I = (0,00). V6i moi = € I, chia hai vé cia phuong trinh vi phan & trén
cho z (1 +m2) , ta co
1
/

-~ _y=0, Vzel.
z(1+a2)” o

)

Phuong trinh vi phan tuyén tinh cp 1 (xem muc 1.5.3 duéi day). Trude hét ta tim mot nguyeén ham
clia

-1 _—1+ T
r(1+22) = 1+a22
Ta c6
-1 -1 T
——dr = — d
/w(1+w2> ! /[w +1+w2} ’
1 V1 2
= —1n|x]—|—2ln(1—|—x2)+0:ln|—'_‘m+c
x
Chon
V1 2
P(m)zlnﬁ.
kd
Vay
£/ 2
Py _ ¥z V1422 w0,
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Nhan hai vé ctia phuong trinh vi phan cho thita s tich phan p(z) = Y122 ta duge

xT

, 1

S — =0 I.
x(HxQ)u(ﬂc)y , TE

)y

Ta ciing cht y rang

!/
V1+ 22 1 1 =z -1
Pz = [—— ] =—5V1i+a2+= -
z z V1422 22V1+4 22
1 V1422 1
- _ =— , Ve el.
w(l—i-asz)x x $(1+m2),u(33) v
Do do
(u(x)y) =0, Vo el
Vay
u(z)y = C = hang s6 tuy thuoc mién I, Va € I.
Suy ra
C C

wx) V1422

Vay, cac ham s6 y1, y2 lan luot duge xac dinh duéi day

yi(z) = \/%, Vz € (—00,0),

yo(x) = \/%, Vz € (0,00),
v6i O, Cs 1a cac hang s6 tuy ¥, 1a nghiém ctia phuong trinh vi phan trén cac mién tuong ting véi (—oo, 0)
va (0, 00).
Ta xay dung ham s6 y = y(z) xac dinh tai moi z € R, nhu sau

(@)= A% o e (~00,0),
y(z) =9 v(0), z =0,
ya(x) = \/%, x € (0,00).
Ta co
dimy(z) = lim yi(z) =0,
ligote) =i (o) =0

Do d6, chon y(0) = 0, thi ham y lién tuc tai = 0.

Ngoai ra,
— y(z)=y(0) o v2(2)—0 : Cy  _
', (0) xhr& — xhr& = xhr& s = Cy,
1) = lim Y@=y _ y1(2) =0 : G _
y'(0) xh%li — xll%l = th& T = 1

Vay dao ham y(0) ton tai khi va chi khi 3/, (0) = y’_(0), tic 1a C; = Co.
Vay
y'(0)=C1=Cy=C.
Vi y1, 2 lan lugt 1a nghiém clia phuong trinh vi phan trén cédc mién (—oo,0) va (0,00), nén ta c6
ham y théa phuong trinh vi phan tai moi x # 0.
Tai z = 0, ta thay cac gia tri y(0) = 0, ¢/(0) = C, vao phuong trinh vi phan

z(14+2%)y -y | _,=01+0)C-0=0.
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Vay phuong trinh vi phan ciing théa véi x = 0.
Cudi cung, nghiém ctia phuong trinh vi phan trén R 1a

_& VQTGR,

y(z) = Nt
trong d6 C' 1a mot hang s6 tuy 7. W
Vi du 3. Giai phuong trinh vi phan
x(l—i—mQ)y'—l— (1—x2)y:m, vV € R.

Gidi. Tuong tu véi vi du trén, ta sé tim nghiém lan lugt trong cdc mién (—oo,0), (0,00) va xac dinh
gi4 tri ctia nghiém tai z = 0 sao cho dé nghiém nhan dugc 13 mot ham c6 dao ham trén R.
Ta ciing ky hieu I = (—o0,0) hodc I = (0,00). V6i moi x € I, chia hai vé ctia phuong trinh vi phan
G trén cho x (1 + a:z) , ta co
1—z2 1
x(1+3:2)y_ 1+ a2’

v+ rel.

Phuong trinh vi phan tuyén tinh cap 1 (xem muc 1.5.3 dué6i day). Trude hét ta tim mot nguyeén ham

o

clua
v(l+2%)  w(l+2?) = 1+
Ta c6
1—a? 1 2z
——dx = R
/$(1+x2) v /[w 1+x2] T
- mm—mﬂ%ﬂ+0=mlf;+a
Chon
|z]
=1
(@) n1+:c2
Vay
€P(I) = eln 14‘22 — ’IE‘ o 1+z2° x > O,
L+ 1;52’$<0

Nhan hai vé ctia phuong trinh vi phan cho thita s6 tich phan u(z) = T, ta duge

, 1—2? 1 T
)y’ + mﬂ(fc)y =17 x2u($) = m, x el
Ta ciing chi y rang
W (z) = <6p(x))’ = P'(z)el’® = p, (11_+$;2)M(x), Vo e l.
Do dé, ta viét lai
(u(2)y)' = a +$x2)2, zel

LAy tich phan, ta dugc
(z) / T e+ C=——1 _4C zel
X = Xz - , T )
ey (1 + a2)? 2 (1 +22)

trong d6 C 1a hang s6 tliy thudc mién I = (—o0,0) hodc I = (0, c0).
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Suy ra

= (2(1_+1x2>+0> :;iw(lt:xz)

= Czx+

v6i C' 13 hing sd tiy thuoc mién 1.
Vay, cac ham s6 y1, y2 1lan lugt duge xac dinh duéi day

y1(z) = Cix + 26;1;1, Vo <0,
ya2(z) = Cox + 26;2:5_1, Vx >0,
v6i O, Cs 1a cac hang s6 tiy ¥, 1a nghiém ctia phuong trinh vi phan trén cac mién tuong tng véi (—oo, 0)

va (0, 00).
Ta xay dung ham s6 y = y(z) x4c dinh tai moi x € R, nhu sau

y1(z) = Crx + 2(’;1;1, x <0,

y(x) = § v(0), z =0,
ya2(z) = Cox + 2022;1, x> 0.

Ta co

A vle) = g wle)= Iy

Vay li%l y1(z) ton tai (hitu han) khi va chi khi 2C; — 1 = 0 hay C; = 5.
rT—U_—
Tuong tu, li%l y2(z) ton tai (hitu han) khi va chi khi Cy = 1.
z—04
Vay mudn y lién tuc tai z = 0 thi C; = Cy = % va ta chon gia tri y(0) = 0. Khi d6 ham y(z) c¢6 cong
thic 1
y(z) = 2% Vz € R.
Hon nita, ham y(z) nhu vay c¢6 dao ham tai = 0 va y/(0) = 1.
Mt khéc, ta thay =0, y(0) =0, ¢'(0) = % vao phuong trinh vi phan
$(1+x2)y/+(1—x2)y:x,

thi cling dugc nghiém dung.
Cubi cling, nghiém ctia phuong trinh vi phan trén R 13

1
y(z) = 2% VreR. B

Pinh nghia nghiém ky di ctia phuong trinh vi phan.
Xét bai toan Cauchy sau
{ y = f(@,y),

1.49
y(wo) = yo- ( )

trong d6 f : @ — R 1a ham cho trude xac dinh trong tap mé Q C R2.

— Diém (z9,v0) € Q goi 1a diém ky di ctia phuong trinh vi phan ¥’ = f(x,y), néu bai toan Cauchy
(1.49) ¢6 nhiéu hon mot nghiem.
— Ham s6 y = ¢(x) goi 1a nghiém ky di ctia phuong trinh vi phan 3 = f(z,y), néu:
(i) Ham s6 y = ¢(z) la nghiem ctia phuong trinh vi phan ' = f(x,y),

(i) moi diém (z¢,yo) thudc dudng cong y = p(x) (tic 1a théa yo = ¢(x0)) déu la diém kyj di cla
phuong trinh vi phan ¢ = f(x,y).
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Chau thich.

— Do thi ctia mot nghiem y = y(z) clia phuong trinh vi phan 3 = f(x,y), con dugc goi 1a duong cong
tich phan cia phuong trinh vi phan ¢’ = f(z,y).

— Tai diém ky di (z0,y0) ctia phuong trinh vi phan ¢’ = f(z,y) c6 it nhat hai dudng cong tich phan
di qua va c6 cung tiép tuyén véi he s6 goc 1a f(xo,yo)-

Vi du 4. Xét phuong trinh vi phan ' = 3?/3, 2 € R.

Gids.

Ta sé kiém tra lai ring ham hing y = 0 & nghiém ky di clia phuong trinh nay.
Trude hét, ta dé thay rang y = 0 13 mot nghiém ciia phuong trinh nay.

Gia st y # 0, ta chia hai vé clia phuong trinh cho 2/3 va sau d6 tich phan, ta dudc

/y_2/3y'd:n = /1d33,

WP = 240,

1 3
- —(@+C
y 5 (@ +C)°,
trong d6 C' 1a mot hang sb tuy .

Mait khac, tir cong thitc y = 2% (x+C)*, ta co

1 1 2/3
y'(z) = §(CB+C)2= [27 (x—i—C)?’] =y?3(z), Yz € R.
Vay y = % (z+ 0)3 13 mot nghiem ctia phuong trinh v/ = y2/3, 2 € R.
Ta sé chitng minh ring moi diém (x9,0) nim trén duong y = 0 déu la diém ky di ctia phuong trinh
I .2/3
y =y
That vay, dudng cong y = 2% (z + C)? di qua diém (zo,0) khi vi chf khi

0 2o+ C)? = C = —x0.

= 77 (
Vay, bai toan Cauchy
{ Y =9?3(z), Vo € R,

y(zo) = 0.
1

6 hai nghiém la y = 5 ( — o) va ham hing y = 0.
Do d6 diém (g, 0) 1a diém k¥ di va nhu vay y = 0 1a nghiém k¥ di ctia phuong trinh vi phan ' = 3/2/3.

Vi du 5. Chitng minh réng y = £1 13 hai nghiém ky di cia phuong trinh vi phan ¢ = /1 — 92,
(z,y) € Q=R x [-1,1].

Gids.

Gia stt y # 1, chia hai vé cho /1 — 32, ta dudc \/% = du.

Lay tich phan hai vé ta dugc arcsiny = x + C. Suy ra y = sin(z + C), C 1a hdng s6 tuy ¥ sao cho
F<z+C< T

Ta sé kiém tra lai ring ho ham

y=y(z,C) =sin(z + C), —C—ngS—C’—I—g.

la nghiém téng quét ctia phuong trinh vi phan 3 = /1 — 32.
That vay, cho (zg,y0) € 2, diéu kien y(zo, C) = yo dugc thod khi va chi khi

Yo = y(x0, C) = sin(ao +C), —C 7 <ap<—C+ 0.

ma phuong trinh nay x4c dinh duy nhat mot tham s6 C = —xq + arcsin yq.
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Vay ho ham y = y(z, C) trén day la nghiém téng quét ctia phuong trinh vi phan ' = /1 — y? trén
mién Q =R x [—1,1].

Hién nhién, ta dé thay rang y = 1, y = —1 1 hai nghiém ctia phuong trinh vi phan ¢/ = /1 — 32. Ta
sé kiém tra lai ring hai ham hing y = +1 1a hai nghiém k¥ di ctia phuong trinh nay.

Ta chi can kiém tra cho ham y = 1, con véi ham con lai y = —1 thi tuong ty.

Ta sé chitng minh ring moi diém (xo,1) nim trén duong y = 1 déu la diém k¥ dj ctia phuong trinh
y' = /1 —y2. That vay, dudng cong y = sin(z + C) di qua diém (zg, 1) khi va chi khi

1=sin(a:0+C)<:>C:—xo+g.

Vay, bai toan Cauchy
{ Yy =+1—19y2, Vo eR,
y(xg) = 1.
6 hai nghiém 1& y = cos(z — xp) vA ham hang y = 1.
Do d6 diém (z9,1) la diém ky di va nhu vay y = 1 la nghiém ky di ctia phuong trinh vi phan
Y =+v1-—172 1
Vi du 6. Chitng minh ring bai todn Cauchy dudi day c6 vo s6 nghiem
{ y = 3zy'/3, Vo e R,

y(0) = 0.
Gids.
Phuong trinh thuoe dang phuong trinh vi phan Bernuoulli v6i o = % (xem muc 1.5.4 duéi day).
Nhan xét ring phuong trinh nhan ham hing y = 0 13 mot nghiém riéng.
Gia stt y # 0, chia hai vé cho y'/3, ta dugc

y_1/3y' = 3z.

LAy tich phan hai vé ta dugc
y?3 =22 4 C,

hay
y:j:(x2+0)3/2,

trong d6 C 1a hang s6 tuy ¥.

Diéu kien dau y(0) = 0 cho ta xac dinh hing s6 C = 0.

Vay, ta c6 hai nghiém khong dong nhéat bang khong duge tinh ra la y = 4+ 3. Nhu vay, biang phuong
phép tach bién, ta da tim ra 3 nghiém riéng sau day

y==+a3 y=0.

Ta sé chiing minh ring, ngoai 3 nghiém nay, bai toan Cauchy trén day sé c6 vo s6 nghiem.
Truée hét, cho mot tham sé thyc m > 0, xét ham s6

0, Tz < m,
y(z) = {

(332 — m2)3/2, T >m.
Ta s& chitng minh riang y(x) 14 nghiém clia bai toan Cauchy trén day.
— Dau tien, diéu kien dau y(0) = 0 luon luon thoé.
- Vé6i z > m, ta co

~ V6i & < m, thi ta c6 ciing ¢6 y = 3zy/3, béi vi ca hai vé déu bang khong.
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—Tai z = m, ta co
(i) y(m) =0, va y lién tuc tai z = m.
(ii) Dao ham beén trai
y(z) —y(m) . 0-0

hm —_— = hm
T—m_ T —m T—m_x —Mm

(iii) Dao ham bén phai

2 2\3/2
_ — -0
g Y@ —ym) (@ = md)
T—Mm4 r—m T—Mm4 r—m
= lim (z—-m)2@+m)*?=0.
T—my

Vay /(m) ton tai va y'(m) = 0.

Ta suy ra ring ' = 3zy/3, khi = m, bdi vi ca hai vé déu bang khong.

Vay y(x) 1a nghiém clia bai toan Cauchy. Ung v6i méi m > 0, ta ¢6 y(z) nhu trén 1a nghiem.
Vay bai toan Cauchy trén day c6 vo so6 nghiem. B

Vi du 6’ (tuong tu nhu vi dy 6). Chiing minh ring bai toan Cauchy duéi day c6 vo sd nghiem
y =zly* 'y, Ve eR,
{ y(0) =0,
v6i 0 < o < 1 mot 1a hing s6 cho trude.

Hudng dan gidi vi du 6. Nhan xét rang phuong trinh nhan ham hing y = 0 1a mot nghiém riéng.
Gié sit y # 0, chia hai vé cho |y|**y, ta dugc

ly =y =
Lay tich phan hai vé ta dugc
—a+1
1 C
|yl e Ry
—a+1 2 2

hay

_1
ZJ:i(l;a)la (a:Q—l—C)ﬁ’

trong d6 C 1a hang s6 tuy y. Diéu kien dau y(0) = 0 cho ta xac dinh hang s6 C = 0.

1
Vay, ta c6 hai nghiém khong dong nhat bing khong duge tinh rala y = £ (152) 7= ]x\% . Nhu vay,
ta da tim ra 3 nghiém riéng sau day

1
l—a\t-e 2
y::I:< 5 > |x| ==, y=0.

Ta sé chitng minh ring, ngoai 3 nghiém nay, bai toan Cauchy trén day sé c6 vo sd nghiém.
Truée hét, cho mot tham sé thuc m > 0, xét ham s6

0, Tz < m,
y(@) =
(5277 (@ =)™ w2

Ta s& chitng minh rang y(x) 14 nghiém clia bai toan Cauchy trén day.
— Dau tien, diéu kien dau y(0) = 0 luon luon thod (vi 0 < m).
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- Véiz>m,tacéoy>0va

1 « a

1 1
R R L o I e

1—«

- <1;0¢> o 1‘(:132 —mQ)ﬁ ::L‘\y|a_1y.

~ V6i & < m, thi ta c6 ciing ¢6 3 =  |[y|* 1y, béi vi ca hai vé déu bing khong.
—Tai x = m, ta co
(i) y(m) = 0, va y lién tuc tai x = m.
(ii) Dao ham bén trai
y(z) —y(m) . 0-0

hm —_— = hm
T—Mm— r—m rT—m—r — 1

(iii) Dao ham bén phai

_ l-a\1—& 2 _ o 2\1—a _ 0
oy (597 @)
T—M4 r—m T—M4 r—m
1—a\Ta o
= lim ( a) (x —m)T-a (z +m) e =0
T—m4 2

Vay y/(m) ton tai va y'(m) = 0.

Ta suy ra ring 3’ = z |y|* 'y, ding khi & = m, bdi vi c& hai vé déu bing khong.

Vay y(z) la nghiém cfia bai toan Cauchy. Ung véi mdi m > 0, ta ¢6 y(x) nhu trén la nghiem. Vay
bai toan Cauchy trén day cé vo s6 nghiem. B

Chu ¢ réing y = 0 1a nghiem k¥ di clia phuong trinh vi phan v/ = z |y|* 'y, V& e R.

Ta sé chitng minh ring moi diém (x¢,0) nim trén duong y = 0 déu la diém k¥ di ctia phuong trinh
y =zly*ty, VzeR.

(i) Truong hop xg > 0 : Ta xét ham

0, r < x0,

y1($) = 1 1

(52)77 @ —a) L sz

Theo nhu trén v6i m = xg, ham y; = y1(z) 1a nghiém ctia bai toan
{ y =xly* 'y, Yz R,
y(xo) = 0.

Vay, bai toan Cauchy nay c6 hai nghiem 1& y = y;(x) va ham hing y = 0.
Do d6 diém (o, 0) la diém ky di ctia phuong trinh vi phan ¢/ = z |y[*" 'y, Va e R.
1

(ii) Truong hop xo = 0 : Ta d& thay rang ham y = (152) = ]w|% va ham hing y = 0 1a hai nghiém

cua bai toan Cauchy
{ Y =xly* "y, Vo €R,

y(0) = 0.

Do d6 diém (0,0) 1a diém k¥ di ctia phuong trinh vi phan ¢ = z |y|* 'y, Vo e R.
(iii) Truong hop xo < 0 : Ta xét ham

0, T > Xo,

ya(z) =
(1;(1)ﬁ (2 —ac%)ﬁ ;@ <xp=—lxo|.
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Lap luan tuong ty nhu trén ta ciing thay rang ham y = yo(z) va ham hing y = 0 1a hai nghiém cta
bai toan Cauchy
{ y =y y, Vo R,

y(zp) = 0.

Do d6 diém (x,0) 1a diém k¥ di ctia phuong trinh vi phan 3/ = 2 |y|* 1y, Vz € R.
Tém lai, ¢& 3 truong hop tren, y = 0 1a nghiem k¥ di ciia phuong trinh vi phan ¢/ = 2 |y|* 1y, Vo € R.

Vi du 7. Chitng minh réng phuong trinh vi phan 3 — y = Inz, Vo > 0, khong c6 nghiém bi chan.
Gidi.

Phuong trinh thuoc dang phuong trinh vi phan tuyén tinh cip 1 (xem muc 1.5.3 dudi day).

Nhan hai vé ctia phuong trinh vi phan cho thita s6 tich phan u(x) = e™*, ta duge

ye ¥ —ye F=e “lnzx, Yz >0,

hay
(ye ™) =e Tlnz, Vz > 0.

Cho z > 0, lay tich phan trén tit 1 dén z, ta dugc
X
y(r) =e” [y(l)e_1 —I—/ e_tlntdt] , Vo > 0.
1

Dung ching minh phan ching.
Gia st nghiém nay bi chan, khi d6 ton tai M > 0 sao cho

T

ly(z)| = e |y(1)e! —1—/1 et lntdt' <M, Vz > 0.

Do do

x
y(L)e ! —I—/ et lntdt‘ < Me* — 0, khi x — +o0.
1

x [e.9]
Vay, ton tai lim e tntdt = / e tIntdt = —y(1)e L.
T—+oo [q 1
Do do

y(x) =¢e* [—/ e tintdt +/ etlntdt} = —ex/ e tlntdt, Yz > 0.
1 1 x

Diung tich phan titng phan, ta dugc

% -t 0t o dt
ylz) = —¢ [_ e 'Int |7 "'/ e_t} =—€” [e‘x lnx—l—/ e_t}
x t . n

oo dt
= —lnm—ex/ e_t7, Vo > 0.
x

L dt 1 &° 1 1
0< ex/ e_tT < ex/ e ldt = —ee ¥ = — — 0, khi z — 400.
x
xr xr

x x
Vay
. . o [0 4dt
lim y(z) =— lim Inz— lim e e '— = —00.
r—-+00 r——+00 T—+00 = t

Diéu nay mau thuan vdéi gid thiét nghiém nay bi chan. B
Chi thich. Khi gidi phuong trinh (1.8) hodc (1.9) c6 khi ta ciing khong nhan duge nghiém téng quat
duéi dang tudng minh y = y(x, C), ma nhan duge mot hé thitc ¢6 dang

O(z,y,C) =0. (1.50)
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Khi dé nghiem téng quat duge xac dinh dusi dang ham an. Phuong trinh (1.48) dudc goi 1a tich phan
tong qudt ctia (1.8) hogc (1.9). Cho C = Cj ta dugc phuong trinh

O(x,y,Cy) = 0. (1.51)

ma ta goi la tich phdn riéng cia phuong trinh vi phan néi trén.

Cht thich. Nhu da chid thich trén day, dung dinh 1y ham an, ta c6 thé dua phuong trinh vi phan
dang F(z,y,y ) = 0 vé dang v’ = f(z,y). Mot s6 khéi niem va két qua lien quan dén hai dang phuong
trinh vi phan nay ciing dugc phat biéu tuong tu.

D6i véi phuong trinh vi phan dang F(z,y,vy’) = 0, ta co.

Dinh 1y 3.6. (Dinh ly ton tai v& duy nhat nghiem). Gid st rang F : Q — R thuoc lop C* trong mot
mién md Q cia R® chiia (z0,y0,yh) sao cho
Z) f(ffo,yovyé) = Oa
Zl) % (:L‘Ou yO)y(I)) 7& 0.
Khi dé ton tai mot khodng md& J chita xg sao cho bai toan dudi day cé duy nhat mot nghiem y = y(z) :

F (x,y(:n),y'(m)) =0, Ve e J

Cha thich. O déng thitc sau cling nay ciing tuong duong véi

(

(7)) y=wy(x) c6 dao ham trong khoang J,
(77) (z,y(z), /() € Q, Vo € J,

(477) F (z,y(x),y'(x)) =0, Vz € J,

(Jv) y(zo) = o,
() ¥'(zo) = yp.

1.5 Cach giai mot sé dang phuong trinh vi phan cap mét thudng gap.

1.5.1 Phuong trinh vi phan cap 1 tach bién
Dinh nghia. Phuong trinh vi phan cap 1 tdch bién 1a phuong trinh c6 dang

trong d6 p, ¢ 1& hai ham s cho trudc.
Céch gidi. Nhan hai vé cho dz va cht y rang y'dx = dy, sau d6 lay tich phan bat dinh hai vé ta dugc

tich phan téng quat
oty = [a@s+c.

P(y) = Qz) + C,

trong d6 P, @ lan lugt la cic nguyen ham clia p va q. Nghieém y = y(z) cta phuong trinh vi phan duge
xéc dinh tir phuong trinh sau cung nay.
Chu thich. C6 mot s dang phuong trinh vi phan cap 1 khac véi dang trén ching han nhu

(@) p)p1(@)y = q(x)q1(y),
(i) p(y)dy = q(z)dx,
(4ii) p(y)p1(x)dy = q(z)q1(y)dz,

hay

trong d6 p, ¢, p1, q11a hai ham s6 cho trude.
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Dang (i) dua vé dang p(y)y’ = q(z) béng cach chia hai vé cho p;(z)q1(y),

mwyg:«m
a(y)”  pi(z)’

di nhién ta can dat diéu kien py(z)qi(y) # 0. Sau d6 xét trudng hop pi1(z)qi(y) = 0 ¢6 cho ta them
nghiém riéng hay khong.

Chi ¥ rang néu khong xét trudng hop nay ching ta da vo tinh boé s6t nghiem.

Dang (ii) dugc gidi bang cach lay tich phan bat dinh hai vé, ta dugc tich phan tong quat nhu sau

/ p(y)dy = / q(z)dz + C.

Dang (iii) dua vé dang (ii) bang céch chia hai vé cho p1(z)q1(y),

p(y) . q(x)
1™ @

I

sau do6 lay tich phan bat dinh hai vé, ta dudc tich phan tdng quat nhu sau

/Mw@:/d@®+a
71 (y) p1(x)
di nhien ta can dit diéu kién pi(z)q1(y) # 0. Sau d6 xét truong hop pi(z)g1(y) = 0 c¢6 cho ta them
nghiém rieng hay khong, cu thé nhu sau:

- Néu q1(y) = 0 tai y = ys« (tiic 12 q1(y«) = 0) thi y = y, 12 nghiém ctia phuong trinh vi phan (iii),
diéu nay kiém tra bing cach thé tryc tiép vao (iii).

- Néu p1(x) = 0 tai © = 24 (tidc 1a p1(z4) = 0) thi x = z, 14 nghiém cta (iii), diéu nay kiém tra bang
cach thé tryc tiép vao (iii).

Vi du 1. Giai phuong trinh vi phan " >dx = #dy.

LAy tich phan, ta dugc

T Y
T g = dy + C
/1+x2x /1+y2y+ b
1 1
5111(1 +2?) = iln(l + %) + Oy,
1+ 2
In(——) = 2Ci.
n(1+yz) @

Ta dudc tich phan tong quat
1+22=C(1+y?), (C=e*">0). 1
Vi du 2. Giai phuong trinh vi phan
v =azy(y +2).

Ta c6
dy = zy(y + 2)dz.

- Néu y(y +2) =0 thi y =0, y = —2 1a nghiém ctia phuong trinh.
- Céac nghiém khac tim dugce bang cdch thi chia hai vé ctia phuong trinh cho y(y + 2) rdi lay tich

phan, ta dugc
dy /
— = zdz + C1q,
/y@+2)

1 1 1 1
ey = C

y'—ﬁ — InC =20,
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Vay tich phan tdng quat 1a
‘ y

M’ = C@IQ, (C > 0) [ ]

Chi thich. Phuong trinh vi phan ¢’ = xy(y + 2) viét lai dudi dang phuong trinh vi phan Bernuoulli
nhu sau (chtng ta sé gap lai phuong trinh vi phan & phan sau)

Y — 2zy = a9

— Phuong trinh nay nhan y = 0 14 mot nghiém riéng.
~ V6i y # 0, ta chia hai vé ctia phuong trinh cho 32,
/
1
y—2 —2zx— ==x.
Yy Yy

!
Datz:_?l,tacéz’:%,tacé

<

2+ 2x2 = .
Nhan hai vé ctia phuong trinh véi e®”, va chi ¥ ring e*” (2 + 2z2) = (¢*°2)’, do d6 ta ¢6
(erz)' = ze®’
LAy tich phan, ta dugc
1
ey = /xerdx +C = 56502 + C,

hay

1
=3 +Ce.

Tré vé an ham cil z = 771 ta thu dudc nghiem téng quat 1a

-1

Yy = %—{—Cefo’

trong d6 C la mot hing sb tuy ¥. Ta ciing chd ¥ ring nghiém téng quéat nay chita mot nghiém riéng
y = —2, ing vé6i C = 0.

So sanh vdi két qua theo cach tim nghiém trén day, ngoai hai nghiém rieng y = 0, y = —2, cac nghiém
con lai chita trong ho nghiém ‘ﬁ = Ce, (C > 0). Ta s& nghiém lai rang hai ho nghiem ’ﬁ‘ = Ce,
(C>0) vay:%giel_ﬂ, C' # 0 la nhu nhau.

That vay, ta bién doi }y—i?‘ = Ce®, (C > 0) nhu sau

yyﬁ — 40" = 01612, (C1 ==xC #0),
hay
=11 (C£0)
2 20y
DatC'QZZ_—ClI#O,taCé
y:%;,;_:,:z7 (C2#0). B

Chau thich. Phuong trinh dang
y' = flaz + by +c), b#0,

c6 thé dua vé phuong trinh vi phan tach bién bing cach ddi qua an ham méi z = ax + by + c.
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That vay

dz dy
% —a-i-b% —a+bf(2)

Néu phuong trinh a + bf(z) = 0 ¢6 nghiém z = z,, thi ax + by + ¢ = z, 14 nghiém ctia phuong trinh
vi phan néi trén.
Cac nghiém khac tim duge bang cach thi chia hai vé ctia phuong trinh cho a+bf(2) roi lay tich phan,

ta dugc
dz
— = C.
/a+b (2) v

Vi du 3. Giai phuong trinh vi phan ¢/ = (z —y + 1)2.
Dit z =2 —y + 1 thi 2/ = 1 —¢/. Thay vio phuong trinh, ta c6 1 — 2’ = 22 hay

dz = (1 - 2%)dz.

-Néul-22=0thi z=1, 2= —1 la cac nghiem. Chuyén vé an ham cii bang cach thay vao z = +1,
ta céo y ==z, y =x + 2 la cac nghiém riéng.
- Néu 1 — 22 # 0. Chia hai vé cho 1 — 22 ta c6

dz

-2

LAy tich phan hai vé, ta dugc

1 1 1
w2 St i, ¢ >o.
z—1 2
Suy ra
1
s ‘2062$,0>0.
z—1
Sau cling, ta dudc tich phan tong quat
x_y+2 2z
——— | =Ce*™, C>0. 1
r—y

1.5.2 Phuwong trinh vi phan dang cap cap 1
Dinh nghia. Phuong trinh vi phan ddng cdp cap 1 1a phuong trinh c6 dang
i
y=rC)

trong d6 f 1a ham sb cho trude.
Céch gidi. Ta dua vé phuong trinh vi phan tach bién bang céch déi qua an ham mdi v = £. Khi d6

y=uz, y =zu +u.

Thay vao phuong trinh vi phan ta duge

2 +u = f(u).
hay
d
x£ = f(u)—u

- Néu f(u) —u # 0, (v6i moi u trong mién xac dinh ctia ham f) ta ¢6

dic du

r  flu)—u
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Day 1a phuong trinh vi phan tach bién. Tich phan hai vé, ta dugc

d
In |z :/f(u)u_u—i—lnlC\ = ®(u) + In|C|,

trong do ®(u) = /f(ff“ Do d6 x = Ce®™,

)—u’
Vay tich phan tong quét ctia phuong trinh vi phan 1a

z=Ce?).

- Néu f(u) —u =0, thi f(£) =% va phuong trinh vi phan c6 dang

xT

dy _y

dr =z
hay

dy _ do

y_x

Tich phan hai vé ciia, ta dugc
In|y| = In|z| 4+ In|Cy],
hay
y=Czx, x#0
la nghiem t6ng quéat ctia phuong trinh vi phan trong trudng hop f(%) = £.

- Néu f(u) —u =0, tai u = u, thi bang cach thit tryc tiép ta thiy rang ham y = u.z, (x # 0) ciing
la nghiém cta phuong trinh da cho.

2 , Yy
Vi du 1. Giai phuong trinh vi phan dang cap ¢y = ;—J:Z = i—%
Ta viét lai phuong trinh vi phan & trén nhu sau
1+t
y - 1 _ Yy
X

Dit £ = u hay y = ux, ta c6 y = v'z + u, va thay vao phuong trinh, ta c6

, 1+u
ur—+u= R
1—u
hay
d 1-—
@ _ Y du.
T 1+ u?
LAy tich phan hai vé, ta dudc
1—u 1
1 = ——d —In|C
n |zl /1—|—u2 utg n|C|

du udu 1
= — —1
/1+u2 /1+u2+2n|C‘

1 1
= arctgu — 3 In(1 4 u?) + 3 In|C|,

hay
In[z%(1 4+ u?)] = 2arctgu + In|C|,
do do
x2(1 + u?) _ Cle2arctgu_
hay

2?4y = Cre?) 0> 0. 1
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Ch thich. Phuong trinh dang

, ar +by +c
y:f / / / )
adr+by+c

trong dé a, b, ¢, @', b, ¢’ 1a cac hing sb cho trude, c6 thé dua vé phuong trinh vi phan ding cap.
That vay, ta xét hai truong hop:

(i) A = Z, é’, —abl —ab#0:

(i1) Néu ¢ = ¢/ = 0. Khi d6 phuong trinh vi phan viét lai thanh phuong trinh vi phan déng cap

;o a+bL\ .y
v =1 (G) =7

(i) Néu ¢ = ¢ = 0. Khi d6 he
{ ax +by+c=0,

adx+Vy+d =0,

c6 mot nghiem duy nhét (z.,y«). Khido dat X =z —z4, Y =y—ys, taco Y =Y (X) = y(x) — y.. Ciing
cht y rang Y/(X) = ¢/(z), sau khi thay vao phuong trinh, ta nhan dugc phuong trinh vi phan dang cap:

v o— f( a(X+x*)+b(Y+y*)+c)
N a (X +x) + V(Y +ys) + ¢

aX +bY a+b¥ .Y
- f<w<+w>:f<w+zf§;>:f<x>-

(il) A = Z, é), =ab —a’b=0:Khi d6 tacé A € R sao choa=Ad/, b= \V.
Dit Z = d'z + by thi Z' = a/ + b'y/ va ta duge phuong trinh vi phan tach bién
A +c
' =d+Vf|=——)=d2).
11 () =e@)
Vi du 2. Giai phuong trinh vi phan (z +y + 2)dz + (2x + 2y — 1)dy = 0.
He
z+y+2=0,
20 +2y—1=0,

vo nghiém. Dat Z =z + y, ta c6 dZ = dx + dy.
Vay ta viét lai phuong trinh vi phan & trén nhu sau

(Z +2)dx 4 (2Z — 1)(dZ — dx) = 0,

hay
(3—Z)dx+ (2Z — 1)dZ = 0.

-Néu Z —3 =0, thi Z =3 la nghiém hay x +y = 3 14 nghiém.

-Néu Z —3#0, thita co
27 —1

Z -3

27 — 1
/Z_gdZ—/d:c+C’,

2Z+4+5m|Z-3|—x=C.

dZ = dzx.

LAy tich phan hai vé, ta dudc

hay
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Thay Z = = + y vho, ta suy ra tich phan téng quat cia phuong trinh vi phan la

z+2y+5hnjz+y—-3=C. 1

zty+4

Vi du 3. Giai phuong trinh vi phan ding cap 3/ = praya

Ta cé6 A = ’ i _11 = —2 # 0, do d6 hé phuong trinh tuyén tinh
r+y+4=0,
r—y—6=0,

c6 nghiem duy nhat (z4,vs) = (1,—-5). Khido dat X =z —1, Y =y+5,taco Y =Y (X) = y(x) + 5.
Sau khi thay vao phuong trinh vi phan, ta nhan dugec phuong trinh vi phan ding cap:

cty+4d (X+D)+(Y-5)+4 X+Y 14+% .Y

V= x—y(i(X+D—W—®—6_X—Y_1f§:ﬂ§»

St dung lai vi du 1, ta thu dugc tich phan téng quat
X? + Y? = 0162amtg(§), Cq > 0.

Tré vé an cii ta thu dudge nghiem téng quat phuong trinh vi phan la

(- 12+ (y+5)2 =20 0 > 0.1

1.5.3 Phuong trinh vi phan tuyén tinh cap 1
Dinh nghia. Phuong trinh vi phan tuyén tinh cdap 1 1a phuong trinh c6 dang

Y +p(z)y = q(x), (1.52)

trong d6 p(z), q(x) 1a cAc ham s6 cho trude lién tuc trong mot khodng nao do.
t

Néu g(z) # 0, thi (*) ducc goi 14 phuong trinh vi phan tuyén tinh cip 1 khong thuan nhdt.
Néu q(z) = 0, thi (*) ducc goi 1a phuong trinh vi phan tuyén tinh cap 1 thuan nhat tuong twng vdi
(1.52).

(i) Phuong phap bién thién hing sé (Lagrange)
Trude hét ta xét phuong trinh vi phan tuyén tinh cap 1 thuan nhat tuong tng véi (1.52)

y +p(x)y =0, (1.53)
hay "
oy = Py
Véi y # 0, ta co "
Yy —p(x)dz

LAy tich phan hai vé, ta dugc
In|y| = /p(x)da: +InC;.

Do do
y = Ce~J Pz,

D6 14 nghieém téng quat ctia phuong trinh (1.53). Ta thiy y = 0 ciing 14 nghiém ciia phuong trinh
(1.53) va cang la mot nghiém riéng cta phuong trinh (1.53) tng véi C' = 0.
Bay gio ta coi C' khong phéi 1a hing s6 ma la mot ham khé vi theo bién x. Ta sé tim ham s6 C = C(z)
dé biéu thiic
y = C(a)e~JP0)a
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la nghi¢m ctia phuong trinh khong thuan nhat (1.52).
Lay dao ham cong thic nay, ta dudc

y/ _ Cl(l,)e—fp(w)dx _ p(m)c(x)e—fp(x)dx‘
Thay vao phuong trinh (1.52), ta dugce
C'(x)e I P0% — g(x),

hay
dC = q(ﬂs)efp(x)dmda:.

Lay tich phan hai vé, ta dugc
C=C(x)= /q@)efp(m)dwd:z: + Ch.
Do d6 nghiém téng quat ctia phuong trinh tuyén tinh khong thuan nhat (1.52) la

y= e~ I p(@)de {/ q(a:)efp(x)dxdx + C4

sin x

Vi du 1. Giai phuong trinh vi phan ¢ + ycosz = e~
Xét phuong trinh thuan nhat tuong tng

y' +ycosx = 0.
Véi y # 0, ta cod
— = —coszdz.
LAy tich phan, ta dugc
In|y| = —sinz + In C}.

Do dé
y = Cefsinz‘

Day 1 nghiém tong quat ctia phuong trinh thuan nhat. Mit khac y = 0 ciing 14 nghiém ctia phuong
trinh thuan nhat dng véi C = 0.
Bay gio ta sé tim nghiém ctia phuong trinh khong thuan nhat dudi dang

y = Claye e,

v6i C' = C(x) can phai tim.
Thay vao phuong trinh da cho, ta duge

Cl(m)e—sinm _ COSZUG_SinxC(ZE) + C(x)e—sinmcosx — e—sinm’

hay
C'(x) = 1.

LAy tich phan, ta dugc
C(x) =z 4+ Ch.

Vay nghiém tong quét clia phuong trinh da cho la
y=(z+Cpe """ 1A

(ii) Phuong phap Bernuoulli
Ta sé tim nghiém clia phuong trinh khong thuan nhat (1.52) dudi dang

y = u(z)v(z).
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Thé vao (1.52), ta dugc
v+ uwv' + p(z)uv = q(x),
hay
[+ pla)ulv + ' = g(z).
Chon u(z) 1a mot nghiém nao dé clia phuong trinh
v+ p(x)u =0,

ta co
u = e—fp(w)da:
Thay u(z) vita tinh duge vao phuong trinh [u' + p(z)u]v + w’ = ¢(x), ta duge
e [ p@)dr q(z).

Vay, tich phan ta thu dugc nghiém téng quat cho béi

v(z) = /q(x)efp(w)dxdx + Ch.

Vi du 2. Giai phuong trinh vi phan ' sinz — ycosz = _Sinzm.

xT
bat y = u(z)v(z), ta co

2

1 /s sin“ x
UWUSINT + UV ST — UVCOST = ———>—,
T
hay
;. ;. sin? x
vlu' sinz —ucosz] + v sine = ——
T

Chon u(z) 1a mot nghiém cia phuong trinh
uw'sinx —ucosz =0,

ta c6 thé lay v = sinz. Vay ta c6 phuong trinh

, sin“ x
visin®x = ————,
z
hay
oo
x2
Tich phan, ta dugc
1
vix)=—+C
(£)=—+

Vay
1
y=uv = (; +C)sinz.A

(iii) Phuong phap thira s6 tich phan
Nhan hai vé ctia (1.52) véi thita s6
ef p(x)dm’
ta dudc
y/efp(a:)dx + p(x)efp(x)dxy _ q(x)efp(a:)dx’
ma vé trai ctia ding thic niy chinh 1a dao ham cta tich s6 ye/ P9 Vay ta viét lai déng thic nay nhu
sau
d

= {yefpmdm} = g(z)e/ P@)de.
T
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Lay tich phan hai vé, ta dugc
yel Pz — /q(m)efp(x)dxdx +C.
Vay nghiém tong quat ctia (10) 1a
y = e Jp@)d [/q(x)efp(“”)dzdx +C|.

Chn thich.
(i) Néu lay g(z) = 0, ta thu dudc nghiém téng quat ctia (1.53) 1a
Yiq = Ceifp(x)dma

v6i C 1a mot hang s6 tiy y.
(ii) Néu lay C = 0, ta thu dugc nghiém rieng ctia (1.52) 1a

y'f‘ — e_fp(x)d:v/q(x)efp(x)dxdx

Vay nghiém toéng quat ctia (1.52) 1a
Y = Ytq + Yr,

tuc 1a

Nghiém tong quét ctia (1.52) = nghiém tong quét ciia (1.53)
+ nghiém riéng cua (1.52).

Vi du 3. Giai phuong trinh vi phan ¢’ + 2zy = 4x.
Nhan hai vé ctia phuong trinh véi thita s6

2xdx x?
el =€,

ta dudgc , , ,
y'e” + 2xe™ y = dxe””,
hay

d
T (yer) = dze”’.

LAy tich phan hai vé, ta dugc
yex2 = 4/azew2d1: +C =2" +C.

Vay nghiém tong quat ctia (10) 1a
y=2+Ce . 1
1.5.4 Phuong trinh vi phan Bernuoulli

Dinh nghia. Phuong trinh vi phan Bernuoulli 1a phuong trinh c6 dang

(07

Y + p(x)y = q(x)y,

trong do6 p(z), ¢(x) 1a cdc ham s6 cho trudc lién tuc trong mot khoang nao d6 va a 1a mot hang s6 thue
cho trudc.
Vé6i a = 0, ta ¢6 phuong trinh vi phan tuyén tinh cap 1 khong thuan nhat.

Y +p(z)y = q(z).
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Vé6i a = 1, ta c¢6 phuong trinh vi phan tuyén tinh cip 1 thuan nhat.
y' + Ip(z) — a(z)]y = 0.
O day ta chi cAn xét a # 0 va o # 1.
Cach giai. Giad st a # 0 va a # 1.
Néu o > 0, thi y = 0 1a mot nghiém riéng ctia phuong trinh vi phan. Ngudc lai néu o < 0, thiy =0

khong 1a nghiém.
Gia st y # 0, chia hai vé clia phuong trinh vi phan cho y®, ta dudc

y~ Y +p(a)y' T = q(x).
Dit z = y'7, ta ¢6 2/ = (1 — a)y~ %y’ va phuong trinh trén dugc viét lai
2+ (1—a)p(x)z = (1 - a)q(z).

Day la phuong trinh vi phan tuyén tinh cap 1 déi v6i an ham z. Sau khi gidi tim duge nghiém tong
quét ciia noé, ta tré vé an y béi cong thic z = y' =2, ta dudce nghiem tdng quat clia phuong trinh vi phan.

Vi du 1. Giéi phuong trinh vi phan
Yy — 2y = 4$3y4.

Day la phuong trinh vi phan Bernuoulli ing véi @ = 4 > 0, do d6 thi y = 0 1a mot nghiém riéng ciaa
phuong trinh.
Gia st y # 0, chia hai vé ciia phuong trinh cho 3, ta dugc

y74y’ — 20y~ = 4a3.
Dit z = y =3, khi d6 ta ¢ 2/ = —3y~*y’ va phuong trinh trén tré thanh
2+ 6rz = —1223.

Day la phuong trinh vi phan tuyén tinh cap 1 déi véi an ham z.
Nhan hai vé ctia phuong trinh nay véi thita s6
ef 6xdx 32

= 3
ta dugc
2e3 4 6redt’ s = —121‘3€3x2,
hay
%(263”32) = 1223637

Lay tich phan hai vé, ta dugc
237" — —12/1‘363I2d1' +C.

Déi bién t = 322, dt = 6xdz, ta c6

2 2
23 = —3/tetdt+ C= -3 [tet — /etdt] +C
2 t
= -1 +C
2
= —§(3m2 - 1)63962 +C,
do do6
20, 0 —322
z:—g(?m — 1)+ Ce™*.
Tré vé an cii ta thu duge nghiém tdng quat phuong trinh vi phan la
1 1
213 (=2(322-1)+ C’e_3$2)1/3
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1.5.5 Phuong trinh vi phan Riccati

Pinh nghia. Phuong trinh vi phan Riccati la phuong trinh c6 dang

y = p(@)y? + q(x)y + r(z),

trong d6 p(z), q(x), r(x) 1a cdc ham s6 cho trudc lien tuc trong mot khoang nao doé.

Néu r(z) = 0, ta c¢6 phuong trinh vi phan Bernuoulli ting v6i a = 2

y —a(z)y = p(a)y*.

Cach gidi. Gia st rang phuong trinh vi phan Riccati ¢c6 mot nghiém riéng y; biét trude. Ta tim nghiém

cta phuong trinh vi phan Riccati duéi dang

1
y=1mu + )
U
trong d6 u = u(x), 14 cdc ham s6 can tim. Thay vho phuong trinh vi phan Riccati ta duge
/ 2
A 1 1
=t =0 (41 )+ (4 ) +rlo)

hay
vh = p(@)yi + a(@)yr +r(z) + % [u' + (2p(z)y1 +q(z) )u+p(z)] .
Do 9} = p(z)y? + q(x)y1 + r(z), ta c6 u thod phuong trinh vi phan tuyén tinh cip 1
o'+ (2p(@)y +a(2) ) u+ plx) = 0.
Vi du 1. Giai phuong trinh vi phan

! 2 1
y=—y +-y+1L
x x
Day 1a phuong trinh vi phan Riccati. C6 thé thit lai ring ham y; = z 1 mot nghiém riéng ciia phuong
trinh vi phan Riccati. Ta tim nghiém ctia phuong trinh vi phan Riccati duéi dang
1 1
y=y1+-—=r+—.
u u

Lay dao ham va thay vao phuong trinh vi phan Riccati ta dugc
o -1 1\* 1 1

l-==lz+-) +=-|z+-)+1,
u? a2 u T u

;U 1
€T T

Day la phuong trinh vi phan tuyén tinh cap 1 theo u. Dung thita s6 tich phan

hay

_rt _ 1
efzdx:e Inz _ =
X

1Y 1, uw 1
“u) = =v - ===
x x 2 23

1 1 -1

)

ta dudc

Lay tich phan hai vé, ta dugc

trong d6 C' 13 mot hang so tiy y. Vay

2z 2z
Cudi ciing ta thu duge nghiém tdng quat phuong trinh vi phan Riccati 1a
2z

—.
Cz?2 -1

y=z+
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1.5.6 Phuong trinh vi phan toan phan
Pinh nghia. Phuong trinh vi phan c6 dang
P(z,y)dr + Q(z,y)dy =0,
duge goi 1a phuong trinh vi phan toan phan néu ton tai ham hai bién u = u(z,y) sao cho

du(z,y) = P(z,y)dx + Q(z,y)dy.

Mat khac, ta c6
du(z,y) = gZ(w, y)dx + gZ(fL‘,y)dy-

Vay phuong trinh P(z,y)dr + Q(z,y)dy = 0 1a phuong trinh vi phan toan phan khi va chi khi
ou ou

P(.%',y) = %(*’an)a Q(x,y) = @(mﬂl/)'

( ’ ) 8P ( ? )

Do do6 ta c6
Dinh ly. Gid st ring P, Q : Q — R thuoc ldp C* trong mot mién md Q cia R2. Khi dé, phuong
trinh P(z,y)dz + Q(z,y)dy = 0 la mot phuong trinh vi phan toan phan khi va chi khi
0Q oP
%(m,y) = Fy(x’y)‘

Cdch gidi. Xét phuong trinh vi phan toan phan P(z,y)dz + Q(z,y)dy = 0. Khi d6, ton tai ham hai
bién u = u(x,y) sao cho
du(z,y) = P(z,y)dx + Q(z,y)dy.

Vay
P(z,y)dz + Q(z,y)dy = 0 <= du(z,y) = 0 <= u(x,y) = C (hing sd).

Nghiem y = y(z) hodc = = x(y) s& dugc tim tit tich phan tdng quat u(z,y) = C.
Van dé 1a chi ra ham u = u(z, y) nhu vay. That vay ham u = u(z,y) sé dugde tim tir viec gidi he

s (@,y) = P(z,y),
Gu(z,y) = Qla,y)-
Vi du 1. Giai phuong trinh vi phan
(> +y+ )dz + (z +y+y*)dy = 0.

Déi chiéu véi dang phuong trinh vi phan, véi P(x,y) = 22+y+1, Q(z,y) = z+y+y>, 1a cidc ham c6 cac
dao ham riéng cap 1 lién tuc va %—8(30, y) = %—5(36, y) = 1. Do d6, phuong trinh P(z,y)dz + Q(z,y)dy = 0
1a mot phuong trinh vi phan toan phan. Nhu vay ton tai ham u(x,y) thod heé phuong trinh

9u(z,y) = P(z,y) = 2% +y + 1,

Su(w,y) = Qz,y) =z +y+y°.

Tit phuong trinh thit nhat, ta cé
ou 9
u(z,y) = [ So(@y)de+Cly) = [ (¢°+y+1)de+Cly)

3

= Syt +Oy),
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trong d6 C(y) la ham s6 tiy § chi phu thuoc y (hing s6 doc lap ). Dung phuong trinh thi hai clia he,
ta co
@

8y(%,y) =2+C'(y) =Q(z,y) =z +y+y°.
Do do

C'y) =y+y°.
LAy tich phan hai vé, ta dugc

trong d6 Cy 14 mot hang s6 tuy y. Vay

3 2 4
T
u(m,y):§+yx+x+%+yz+01-

Cudi ciing ta thu duge tich phan téng quat phuong trinh vi phan toan phan la
u(z,y) = hdng s6,

hay
3 2 4
w—+yw+w+%+yz202:héngsé.l

3
1.5.7 Phuong trinh dua vé phuong trinh vi phan toan phan

Chung ta xét phuong trinh vi phan ¢6 dang

{ P(‘Ta y)dZL' + Q(&?,y)dy =0,

1.54
P(,y) # F(,y). 1oy

Nhu vay phuong trinh nay khong 13 phuong trinh vi phan toan phan do diéu kién %—g (x,y) # %—I;(a:, Y).
Dinh nghia. Mot ham s6 u = p(x,y) # 0 duge goi 1a mot thia so tich phan néu phuong trinh vi
phan
p(z, y)P(z,y)dz + p(z, y)Q(z,y)dy = 0, (1.55)
1a mot phuong trinh vi phan toan phan. Mt khac, hai phuong trinh (1.54) va (1.55) la tuong duong.
Ta lai ¢6 (**) 1a mot phuong trinh vi phan toan phan tuong duong vdéi diéu kien

9(1Q) _ (uP)

oxr oy’
tic 1a 5 5 50 op
0 T
P——Q—=p|l——-—]. 1.
Oy ar " <8w Oy > (1.56)

V6i ham P, Q biét trude viee tim thira s6 tich phan la ham hai bién p = p(x,y) # 0 tit phuong trinh
nay la khong dé dang chit ndo. Mot s6 trudng hgp xay ra sé cho phép ta tim thita s6 tich phan theo mot
bién p = p(z) # 0 hodc = pu(y) # 0.

(i) Gi4 st ring ta tim thita s6 tich phan p = p(z) # 0 1a ham theo mot bién z. Khi d6 2 = p/(xz),

ox
9Q _ 9P
;m@+(&gf%)mm=a

g—Z = 0. Ta viét lai (1.56) nhu sau
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2Q op
Khi dé 2= 0 D=9 — p(z) la ham doc 1ap véi y (chi phu thuoc z). Vay u(z) 1a nghiém ctia phuong trinh

vi phan tuyén tinh cip 1 thuan nhat
W (z) + plz)p(x) =0.

Mot nghiém cua né duge chon 1a

() = exp (- / p(x)dx) ~ exp (- ?’?ﬁdx) .

(ii) Gia st rang ta tim thira s6 tich phan g = u(y) # 0 13 ham theo mot bién y. Khi d6 8—“ w(y),

% = 0. Ta viét lai (1.56) nhu sau

0Q _ ap

W (y)+ (‘9_;’) uy) = 0.

BQ oP

Khi d6 22" = p(y) 1a ham doc lap vé6i  (chi phu thude y). Vay u(y) 1a nghiém ctia phuong trinh
vi phan tuyen tlnh cap 1 thuan nhat

' (y) + p(y)p(y) = 0.

Mot nghiém cta né duge chon 1a
11(y) = exp (—/ﬁ(y)dy> = exp (— 5 dy) :
Vay ta c6 dinh ly

Dinh 1y. Gid s ring P, Q : Q — R thuoc lop C* trong mot mién md Q cia R%. Khi dé, phuong
trinh P(z, y)da:—i— Q(.’L‘ y)dy = 0 c6 thita s6 tich phan la ham theo mot bién tuy theo tung truong hop sau:

(i) Néu %7% = p(z) la ham lién tuc, doc lap vdi y (chi phu thudc x), khi dé thita sé tich phan
= p(x) cia phuong trinh trén cho bdi

2Q oP
9Q _ap

() = exp <—/p(a:)dx> — exp (- %z c; %z %y g, )

(ii) Néu 222 = p(y) la ham lién tuc, doc lap véi = (chi phu thuoc y), khi dé thia so tich phan
= p(y) cia phuong trinh trén cho bdi
0Q _ opP

_ ox Oy
pu(y) = exp (—/p(y)dy> = exp <—/_Pydy> .
Vi du 1. Giai phuong trinh vi phan
(3y + 4oy + 52*y®)dx + (z + 2% + 323y?)dy = 0.

Déi chiéu v6i dang phuong trinh vi phan, véi P(z,y) = 3y + 4zy + 52293, Q(z,y) = = + 22 + 32312,
13 cAc ham c6 cac dao ham riéng cap 1 lién tuc va

zi? - ‘?;]; = (1+2z+92%%) — (3+4a + 152%y°%) = =2 (1 + = + 32°y®) #0.

Do dé, phuong trinh cho khong 134 mot phuong trinh vi phan toan phan. Nhu vay ta can tim mot
thita s6 tich phan p ctia phuong trinh vi phan.
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9Q OP 2,2
9Q _or —92(1 3 . L - ~
Mit khac, 2= 0 % — x&;ﬂgmﬁy‘z ) _ _72 = p(x) 1a ham lien tuc, doc lap véi y (chi phu thuoc x), do

d6 thira s6 tich phan p = p(z) clia phuong trinh trén cho bdi

0Q _ op »
p(z) = exp (— Md:c) = oxp <— / dx> — 22 (chon hiing s6 = 0).
X

Nhan hai vé ctia phuong trinh vi phan bdi thita s tich phan u(z) = 22, ta duge mot phuong trinh vi

phan toan phan sau
223y + 4y + 522°%)de + 2% (x + 22 + 32%y?)dy = 0.

That vay

881: [mQ(:c + 2?2 + 3x3y2)] = 8(1 [x2(3y + 4y + 5$2y3)] = 322 + 422 + 15212

Do do, ton tai ham u(z,y) thod he phuong trinh

{ 9u(2,y) = 2*(3y + 4oy + 522y,

g—g(x, y) = 2% (z + 22 + 323y?).

Tit phuong trinh thi nhat, ta c6
ou
u(z,y) = /ax(a:, y)dr + C(y) = / [a:2(3y + 4xy + 52%9°) | dz + C(y)
= y+ ity + 2Py + C(y),

trong d6 C(y) la ham s6 tiy ¥ chi phu thuoc y (hing s6 doc lap z). Dung phuong trinh thi hai ctia he,

ta co

0

8—2(3:, y) = 2® + 2t + 3257 + C'(y) = 2% (x + 2% + 32%?).
Do do

C'(y) = 0.
Vay
C(y) = C1 = 1a mot hing s6 tuy .

Do do

u(z,y) = 23y + =ty + 2%y3 + C1.
Cudi cting ta thu duge tich phan téng quat phuong trinh vi phan toan phan la

u(z,y) = hdng s6,

hay
23y + 2ty + 25y = Cy = hing s6. W




Chuong 2

Phuong trinh vi phan cap 2

2.1 Cac khai niém chung

Phan nay nhic lai va cu thé lai cac khai niem duge lay tit muc 1.2.
Dinh nghia. Phuong trinh vi phdan cap 2 1a phuong trinh c¢6 dang

Flz,y,y',y") =0, (2.1)

trong d6 F 1a mot ham cho trude theo bon bién doc 1ap. Néu gidi duge phuong trinh (2.1) déi véi y” thi
phuong trinh vi phan cap 2 c6 dang
y' = flz,y,9), (2.2)

trong d6 f 1a mot ham cho trude theo ba bién doc lap.
Nghiém ctia phuong trinh vi phan (2.1) (tuong tng véi (2.2)) trén khoang I 14 mot ham s6 y = y(z)
xac dinh trén I sao cho khi thay vao (2.1) (tuong ting véi (2.2)) ta duge déng thitc trén I :

Fz,y(x),y (x),y"(x)) = 0, Yz € I,

hoac
y'(x) = flz,y(z),y (2)), Vo 1,

(tuong tng véi (2.2)).
Vi du 1. Giai phuong trinh vi phan y” = 6z + 1.
Dat v = Z, ta ¢6
72—y = 6z +1,

suy ra
Z:/Z’dx+01:3x2+m+01,
tdc 1a
y =322+ +Cl.
Vay

1
y—/(3x2+x+01)dx+02—w3+2w2+C’1x+C’2.I

Ta thay phuong trinh vi phan cip 2 c6 nghiém phu thudc vao hai hing s6, nén dé xac dinh mot
nghiém cu thé can c6 hai diéu kieén nao dé. Ngudi ta thudng xét bai toan Cauchy (bai toan diéu kién
dau). Bai toan Cauchy 1a bai toan tim nghiém ctia phuong trinh vi phan (2.1) hodc (2.2), théa diéu kien
dau

y(w0) = yo, ¥/'(x0) = 1, (2.3)
VOl 2o, Yo, Y} 1& nhing s6 cho trudc.

Dinh 1y vé su ton tai va duy nhéat nghiém

38
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Néu ham s6 f(x,y,y') lién tuc trong mién md Q C R nao dé chia (zo,yo,yh), ton tai nghiem
cia bai todn (2.2), (2.3).
Hon nita, néu 3—5, g—g, lien tuc va bi chan trong Q, thi nghiém ay la duy nhat.
Ta cong nhan dinh 1y nay.

Nghiém ciia phuong trinh vi phan cap 2.
Nhu da thay, nghiém ctia phuong trinh vi phan cap hai thuong phu thudc vao hai hing s6 thuce Cq,
Cy, va c6 dang
y =y(z,C1,Ca).

Dinh nghia. Gia st trong mién €2, bai toan Cauchy cho phuong trinh vi phan (2.2) ¢6 nghiém duy
nhat. Ho ham s6 y = y(z, C1,Cs) phu thudc vio hai tham s6 thuc Cy, Cy duge goi 1a nghiem tong qudt
ctia phuong trinh vi phan cap hai (2.2) trong mién Q C R3 néu

— Véi moi cap s6 thyc (Cy,Cs), ham z — y(z, C1, Co) 1a nghiém clia bai toan (2.2).

~ V6i moi (zg,y0,y5) € Q, ton tai duy nhat mot cap sé thuc (Coi, Co2) sao cho ham z — y =
y(x, Co1, Coh2) 1a nghiém ctia phuong trinh vi phan (2.2) thoa cac diéu kién dau

y(z0) = yo, ¥'(x0) = Yo-
Vi du 2. Phuong trinh vi phan y” +y = 0 c6 nghiém téng quat y = C; cos x 4+ Cy sin z trong = R3.
That vay, trude tién ta thay ham sd nay 1 nghiém ctia phuong trinh y” +y = 0 v6i moi hang s6 C1,
Cs (kiém tra tryc tiép). Lay (zo,v0,yh) € R?, didu kien dau (2.3) ¢6 dang

C coszg + Cosinzg = v,
(2.4)

—Cysinzg + Cy cos zg = yj.

Coi C4, Cy nhu 1 an, he phuong trinh tuyén tinh (2.4) c6 nghiem duy nhat (Co1, Coz2), vi dinh thiic
clia hé nay bing 1 # 0. Vay ton tai duy nhat mot cap (Co1, Co2) dé ham y = Cpy cosx + Cpasinz 1a
nghiém ctia phuong trinh vi phan y” +y = 0 théa céc diéu kien dau (2.4).1

Dinh nghia. Nghiém nhan dugc tit nghiem téng quat y = y(z, C1, C2) bing cach cho cic hing s6
C1, Cy nhiing gia tri cu thé dudc goi 1a nghiém riéng.

DPinh nghia. Phuong trinh

O(z,y,C1,C2) =0

cho ta mdi quan hé giita bién doc lap va nghiém téng quét clia phuong trinh vi phan cap hai dude goi la
tich phan tong qudt clia néi tren.
Néu cho C; = Cp1, Cy = Co 1a nhitng gia tri cu thé ta dude phuong trinh

@(w, Y, 0017 002) =0
ma ta goi no la tich phan nghiém riéng cia phuong trinh vi phan néi trén.

Vé phuong dién hinh hoc, tich phan téng quat ctia phuong trinh vi phan cip hai xac dinh mot ho
dudng cong trong mit phing toa do phu thuoc vio hai tham sb tiy y. Cac dudng cong ay dudc goi la
duong cong tich phan cta phuong trinh vi phéan.

2.2 Phuong trinh vi phan cap hai giam cap dudc

Bay gio ta xét mot so6 phuong trinh vi phan cap hai ¢6 dang

y' = f(z,9.9)

ma ta c6 thé dua ching vé cap mot.
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2.2.1 Phuong trinh vi phan dang y" = f(z)
Cach gidgi. Vi y" = (y')’, nén tit phuong trinh vi phan ta suy ra

y = /f(x)dx + Ch.

LAy tich phan mot lan nita, ta dudc

y:/ </f(:x)d:c> de+ Cra + Cs,

trong d6 C1, C5 1a cic hiang so tiy .
Vi du 1. Tim nghiém téng quat va nghiém riéng ciia phuong trinh vi phan y” = sin 2z thda cac diéu
kien dau

Ta c6: .
y = /sinQ:ﬂdm+Cl =3 cos 2z + C.

Do dé nghiem téng quat ctia phuong trinh da cho 1a
1 1.
Y= (—5 cos2z + Ch)dx + Cy = ~1 sin 2z + Chz + Co.

Mzt khac khi z = 0 thi y = 0 nén tit phuong trinh cudi, ta c6 Co = 0. Khi z = 0 thi ¢/ = 0, do d6 ta
c61= —% + Cq hay Cq = % Do d6 nghiém riéng ctia bai toan Cauchy da cho la y = —i sin 2z + %x [ |
2.2.2 Phuong trinh vi phan dang ¢’ = f(z,v')

Cach gidai. Dat ¢ = p, khi d6 y” = p’ vd phuong trinh vi phan ¢6 dang

v = f(z,p).

Day la phuong trinh vi phan cap 1. Néu giai dudgc, ta c6 nghiem tong quat 1a

p=p(z,C1).

Vi ¢y = p, nén ta co
y/ =Pp (:L’ ) Cl)
Suy ra nghiém tong quét ctia phuong trinh vi phan la

y= /p(% Cy)dz + Cs.

!

Vi du 1. Gidi phuong trinh vi phan " = 3z — £.
Dat v =p, ta c6 y” = p’. Do d6 phuong trinh da cho c6 dang

p,:333_ Bv
T
hay
p'—I—g = 3z.
x

D6 1a phuong trinh vi phan tuyén tinh cip 1. Nhan hai vé véi z, ta dude
zp’ +p = 322,

hay
(zp) = 32°.
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Lay tich phan hai vé, ta dugc

hay

Do dé nghiém téng quat ctia phuong trinh da cho 1a

3
y:/(:U?—i-C;)dx—i-Cg:a;—i—C’ﬂn]a:\—i—C’g.l

2.2.3 Phuong trinh vi phan dang v’ = f(y,v¢)

Cdch gidi. Dat 3y’ = p = p(y) v& xem nhu 14 ham ctia y. LAy dao ham hai vé ctia dang thitc nay theo
x, ta co
) _dp_dvdy _ dp
de  dydx dy’
Khi d6, phuong trinh da cho ¢6 dang
dy
14y _ ‘
v =f.p)
D6 1a phuong trinh vi phan cp 1 v6i an ham 1a p = p(y). Néu phuong trinh nay giai dude, ta c6
p=p(y,C1),

hay
dy dy

by, C1), ——2— = da.
dx Py, 1) p(y,Ch)

Suy ra tich phan tong quit ciia phuong trinh da cho la

dy
—— =z + (.
/p(yacl) ?

Vi du 1. Gii phuong trinh vi phan 33" — (y/)? = 0.
Dat v =p=p(y). Tacoy’ =L = _ pg—g va phuong trinh vi phan da cho cé dang

T dxr ~ dydr
dp 2
82,
ypdy p
hay
dp
L py=o.
p(ydy p)

Do d6 ta duge hodc p = 0, hoic la y% —p=0.

Néup=0,tacoy =p=0,suyray=C.

Néu y% — p =0, ta nhan hai vé véi thita s6 y%, ta thu dugc
1dp 1
ydy y? ’

hay
d 1
dy(y )

LAy tich phan hai vé, ta dugc

1
= Ci, hay p= Cy, hay y' = Chy.
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LAy tich phan mot lan nita, ta dudc
Yy = 0260130.

Néu lay C; = 0, ta dugc y = Cs 1a nghiem da thay & trén. Vay nghiém téng quat ciia phuong trinh
da cho la
y = C2e¥1®, Oy, Cy la céc hiing sb tuy y. W

Vi du. Duing cong dudi bat (The curve of parsuit).

Bai toan dit ra la tim mot dudng cong (£) (dudng cong dudi bat) ma mot con tau A chuyén dong
tren dé dudi bit mot con tau B khac chay trén doc trén mot duong théng, biét ring van tbc ciia hai con
tau & cac hing so.

Gia sit hai con tau A va B chuyén dong véi van téc lan lugt 1a a, B.

Gia sit rang quy dao clia hai con thu A va B nim trong pham vi mat phang = > 0, y > 0.

Gia stt lic bat dau (tai thoi diém ¢ = 0) con tau A & vi trf tai goc toa do O(0,0) va con tau B & vi
tri tai diém (b,0), b > 0 v& con tau A chay trén (£) dudi bt con tau B chay trén doc trén mot dudng
thing = = b theo huéng tung do duong.

O thoi diém ¢t > 0, con thu A chay dén vi tri P(z,y(z)) trén dudng cong (£) va B chay dén vi trf
Q(b, 5t). (Xem hinh 1).

Yy
(L)
N o)
/4
P(xy)
A
X
o b
Hinh vé 1

(a) Vi tau A dudi theo tau B, khi d6 tai mdi thoi diém ¢, tau A phai huéng thang dén tau B, tic 1a
tiép tuyén véi duong cong dudi bat (£) tai P(x,y(x)) phai di qua diém Q(b, 5t). Nhu vay

()= YO0 (a1)

(b) Chiéu dai khoang dudng di trén dudng cong (£) ma tau A di chuyén sau thoi gian ¢ 14 at. Chiéu

dai nay ciing 1a do dai cung ctia dudng cong (L) : y = y(z) tit diem O(0,0) dén diém P(z,y(x)). Dimg
cong thitc tinh chiéu dai cung ta c6

at = /Ox\/ 1+ (v/(s))3ds. (a2)

T (al) va (a2) ta co

y(m)—(zﬂ— by () _ 1 / 15 (o/(5))2ds. (a3)
@Jo

(c) Dao ham hai vé ctia (a3) theo z, ta c6
(@ - byw'(z) = 2 T+ (@), (a4)
a

trong d6 w(z) = ¢/ (z).
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(d) Giai (a4) (theo dang PTVP tach bién) véi diéu kien dau
z=0:w(0)=w'(0) =0, khi t=0.
Viét lai (ad),
w(zx) -8 1

1+w(z) o a—0b

sau d6 tich phan tir 0 dén z, 0 < z < b, ta dudc
xr
— 1
= 76 dz,

A\ﬁ+w%@d a Jy =0

ma khong kho khin dé tinh dugc tit tich phan nay

wwmwﬁizigzo_gwa

Tu day gidi ra w(z) ta duge

Y (z) = w(z) = % [(1 - Z)B/a - (1 - i)ﬁ/a] : (ab)

Tai thoi diem ¢t = 0: A = 0(0,0), tic 1a y(0) = 0.
(d1) V6i o # B : Tich phan (ab) ti 0 dén z, 0 < z < b, ta ¢6

r 1 —b s\ —B/e+1 b 8\ B/a+l
_ ()ds = = |———(1-2 -2 6
y(z) /Oy(s)s 2[—5/a+1( b) +ﬁ/a+1( b) ]0 (a6)
x\B/atl T\ 1-8/a

v|(=5) (=5 LB

2 1+ 8/a 1-38/a a2 -2 T ’
- Néu a > 3, tit (a6), ta thay rang ham y = y(z) lién tuc tréen 0 < x < b, va do d6 vi tri A gip B la

r=0b,y=y(b) = azbiﬁﬁg, tai thoi diém t = y(ﬁb) = azb_a52- (Xem hinh 2).
. : x\1-8/a PR .

- Néu a < 3, do 111}71 (1 — 5> = +o0, tur (a6) ta thiy rang hril y(z) = +o0, va do d6 dudng

cong (£) tiém can véi duong thang x = b. Vay con tau A khong gap (khong dudi kip) tau B (Xem hinh
3).
(d2) Véia =g :

1 1 T
(@) = w(@) = 5 1_%‘(1_b) . (a7)
b
Tich phan (a7) tw 0 dén z, 0 < z < b, ta ¢6
2N 2
p|(1=5) v
_0 _ _z < :

y(z) 5 5 ln(l b) ,0<z<b (a8)

T (a8), ta thay rang hn{,l y(z) = +o0. Nhu vay dudng cong (£) tiém can véi dudng thing x = b, do
T—0—

d6 con tau A khong gip (khong dudi kip) tau B (Xem hinh 3).
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Y Y
ba,
P (b’ az_lgz
(L)
(£)
X X
0] b 0 b
Hinh vé 2: a > f8 Hinh vé 3: a < 3
Tém lai:

o < B : Con tau A khong gap (khong dudi kip) tau B.

. b . b
a > [ : Con tau A gap (dudi kip) tau B tai vi tri <b, 20[52> , tai thoi diem ¢t = 7042.
o2~ o2~ p
2.3 Phuong trinh vi phan tuyén tinh cap 2
2.3.1 Dinh nghia.
Phuong trinh vi phan tuyén tinh cdp 2 14 phuong trinh vi phan cap 2 c¢6 dang
y' +p@)y +aqlx)y = f(z), v €1, (2.5)
trong do p(x), q(z), f(x) 1a cac ham s6 cho trude lien tuc trong khoédng I = (a,b).
Néu f(z) =0, phuong trinh
y" +p(@)y +q(z)y =0, (2.5")

dugce goi 1a phuong trinh thuan nhat tuong ing v6i phuong trinh (2.57). Ky hiéu vé trai ctia (2.5) 1a L(y),
tic la

L(y) =y" + p(x)y" + q(x)y.
Khi d6 L 14 mot anh xa tuyén tinh. Tinh chét tuyén tinh dugc thé hién nhu sau:

1) Ly +y2) = L(y1) + L(y2),
ii) L(Cy) =CL(y), C la hing sb.

Céc tinh chat nay duge kiém tra dé dang.
Vay cac phuong trinh (2.5) va (2.5%), lan lugt duge viét dudi dang

L(y) = [ (), (2.6)

L(y) = 0. (2.6")

T cAc tinh chit tuyén tinh ta thiy ring, néu yi(x) va y2(z) 1a nghiém ctia phuong trinh thuan nhat
(2.5") thi C1y1 + Cayz cling 1a nghiém cta phuong trinh thuan nhat (2.5%), trong d6 Ci, Cs 1a cac hang
sO tiy .

Dinh 1y. (Nguyén lyj chong chat nghiem). Gia s yi va yo lan ligt la nghiém riéng cia hai phuong
trinh sau

Y+ p@)y + q(z)y = f1(z),
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Khi dé, vdi hai hing s6 (thuc hodc phic) Cy, Ca, thi y = Cry1 + Coys la nghiém riéng cia phuong
trinh
y" +p(x)y + q(x)y = Cifi(z) + Cofa(x).

Chaing minh. Tt cac tinh chat tuyén tinh ta dé thay ring
L(y) = L(Ciy1 + Cayz) = C1L(y1) + C2L(y2) = Crfi(z) + Cafo(z).

Ta cong nhan két qua sau:
Dinh 1y (su ton tai va duy nhat nghiém). Néu cic ham so p(x), q(z), f(x) lién tuc trong khodng
(a,b), thi véi moi (zo,v0,yh) € (a,b) x R? cho trude, bai todn Cauchy

{ y" +p(a)y +q(x)y = f(z), © € (a,b), o
y(x()) = Yo, yl(x()) = y(/)7
c6 mot nghiém duy nhat.
2.3.2 Phuong trinh vi phan tuyén tinh cap 2 thuan nhét
Xét phuong trinh vi phan thuan nhat
y" +p(@)y’ +q(2)y =0, (2.5")

trong do6 p(z), q(x) 1a cdc ham sb cho trude lien tuc trong khoang I = (a,b).
Trude hét ta lap mot vai két qua bd tro.
Dinh nghia.
(i) Hai ham s6 y1(x) va yo(z) duge goi 1a doc lap tuyén tinh trong khoang (a, b), néu

V(Ci,C5 € R, Clyl(:E) + OQyQ(.’E) =0, Vx e (CL, b) — (C1=0Cy=0.

(ii) Hai ham s6 y1(z) va y2(x) duge goi 1a phu thudc lap tuyén tinh trong khoang (a,b), néu yi(x) va
y2(x) khong doc 1ap tuyén tinh trong khoang (a,b).

Dinh nghia.

Cho hai ham s6 y1(z) va y2(x) c6 dao ham trong khoang (a,b). Khi d6 dinh thiic

W) = Wl pe] = det | U460 2000 | =y o) = ol

dugc goi la Wronski cia cac ham yi(x) va y2(x).
Dinh ly. Cho hai ham s6 y1(x) va ya2(z) ¢ dao ham y)(x), y4(z) trong khodng (a,b). Khi dé

y1, y2 phu thuoc tuyén tinh trong (a,b) = Wlyi,y2] = 0, Va € (a,b).
Chaing minh. Gia st ton tai zg € (a,b) sao cho W (xg) # 0 va
Ciyi(z) + Caya(z) =0, Vz € (a,b).

Lay dao ham, ta dugc
Ciyi(z) + Cayy(x) =0, Va € (a,b).

Cho z = o ta dugc hé phuong trinh dai s6 tuyén tinh véi cac an Cyq, Co :

Ciy(zo) + Cayz(zo) = 0,
C1yi((c0) + Czyé(.ro) = 0.
He d6 ¢6 dinh thitc W(xg) # 0, vay hé nay c6 duy nhat nghigm tam thuong Cp = Cy = 0, tifc 13,

y1(z) va yo(x) doc 1ap tuyén tinh. W
Chu y: Phan dao khong dung.
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Phan dao ding<= [Vyi1, y2, Wly1,92] = 0, Vz € (a,b) = y1, y2 phu thuoc tuyén tinh trong (a,b)].

Phan dao khong ding <= [ton tai y1, y2 sao cho Wly1,y2] = 0, Vz € (a,b) va y1, y2 doc lap tuyén
tinh trong (a,b)].

Ta can chi ra hai ham y;(x) va y2(z) ¢6 dao ham ¥ (x), y4(z) trong khoadng (—1,1) sao cho:
Wilyi,y2] =0, Vx € (—1,1) va y1, yo doc lap tuyén tinh trong (—1,1).
Xét hai ham sau day:

0, —-1<z<0,
n(e) = 22 0<x<1

(@) = 22, —1<z<0,
= 0, o<a<l,

Khi d6, ta c6 thé nghiem lai rang Wlyi,ye] = 0, Vo € (—1,1) v& y1, y2 doc lap tuyén tinh trong
(—1,1).

Dinh Iy sau day cho phan dao la ding

Dinh ly. Gid st y1(x) va y2(z) la hai nghiém cia phuong trinh vi phan thuan nhat (2.57). Khi dé
Y1, Yo doc lap tuyén tinh trong (a,b) <= Jxg € (a,b) : Wly1,y2](x0) # 0.

Ching minh.

— (<= ) Néu Jzg € (a,b) : Wly1,y2](z0) # 0, thi theo dinh 1y trén, cdc ham y;, yo ctia n6 doc lap
tuyén tinh.

— ( = ) Ngugc lai, gia st hai nghiém y;(z) vA ya(z) ctia n6é doc lap tuyén tinh trong (a,b). Ta can
ching minh 3z¢ € (a,b) : Wy1, y2](xo) # 0.

Ta chitng minh bang phan chitng. Gia sit nguge lai, Wly1,ys] = 0, Vz € (a,b).

(i) Néu y1(z) = —y2(x), Vz € (a,b), thi y1, y2 phu thudc tuyén tinh trong (a,b). Diéu nay mau thuin
v6i gia thiét.

(ii) Néu Jzo € (a,b) : y1(wo) # —y2(wo), thi (Co1, Coz) = (y2(w0), —y1(w0)) # (0,0), vi Co1 # Coz.

Xét bai toan

{ Ly) =y" +p(@)y + q(x)y =0, z € (a,b), 2.8
y(zo) =y (o) =0,
Khi d6, ham

z(z) = Cowyi(z) + Co2y2(z), = € (a,b), (2.9)

14 nghiém cua bai toan (2.8). That vay
(4) L(z2) = L(Coryr + Co2y2) = Co1L(y1) + CoaL(y2) = 0, = € (a,b),
(13) z(z0) = Co1y1(wo) + Co2y2(wo) = y2(w0)y1(z0) — y1(z0)y2(z0) = 0,
(477) #'(z0) = Coryy (o) + Cozys(w0) = y2(z0)y1(w0) — y1(w0)ys(zo)
= —Wly1, y2](z0) = 0.
Nhung theo tinh duy nhat nghi¢m ciia bai todn Cauchy, d6 chinh 1a nghiém z = 0 trong (a, b), vay
Co1y1(x) + Cogy2(z) =0, Yz € (a,b),

titc 14 y1 vA y2 phu thuoc tuyén tinh. Dinh 1y duge chitng minh. H

Ch thich. Gia st réng y;(z) va yo(z) 1a hai nghiem khong dong nhat bang khong ctia phuong trinh
vi phan thuan nhat (2.5%).

Xét Wronski clia cac ham y;(z) va ya(x) :

W) = Wl pe] = det | U460 2000 | — 0 o) = i ol
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Ta ciing chi y rang

yi +p(@)yy +a(@)yr = 0, (2.92)
Yy +p(@)ys +a(z)y: =
Trong (2.9a), ta nhan phuong trinh thit nhat bdi g5 va phuong trinh thit hai bdi g}, sau d6 trit nhau,
ta dugc
Yo (2)y1(z) — yi (2)y2(2) = p(@) (v1(2)ya(z) — y1(2)y5(2)) = —p(2)W (2).
Mat khac,
W'(z) = y1()yz (z) — ¥ (2)y2(2).

Do do
W' (z) + p(z)W (z) = 0. (2.b9b)

p(t)dt
Cho z, ¢ € (a,b), nhan hai vé (2.b9b) bdi 6/960 , sau do6 tich phan, ta thu dugc

/ p(t)dt
W(z) =W(zo)e o0, Va,z9 € (a,b). (2.b9¢)
Tt day ta thay rang

W(z) #0, Vx € (a,b) <= Jxo € (a,b) : W(zg) # 0. (2.b9d)

Chu thich. Hai ham y;, yo doc lap tuyén tinh c6 thé nhan biét bing diéu kien z; E;; khong 1a ham

hing, that vay,

W (z) = Wly1, y2] = y1(2)ya(2) — y1(2)y2(w) = yf(ar)% (ﬁg) £0,

di nhién ta phai 1y luan chit ché, bdi 18 ham y(x) c6 thé triet tieu tai mot sé chd trong (a, b).

Dinh 1y. Cho y1(z) va yo(z) la hai nghiem doc lap tuyén tinh trong (a,b) cia phuong trinh thuan
nhat (2.57). Khi dé nghiém tong qudt ciia phuong trinh (2.5°) c6 dang

y = Ciy1(z) + Coya(x), (2.10)

vdi C1, Cy la hai hdng so.
Ching minh.
Hién nhién ham s6 c6 dang (2.10) 1a nghiém ctia phuong trinh (2.5’) v6i moi hing s6 C1, Co.
Ngugc lai, gid st v = u(x) 1a nghiém ctia bai toan

y" +p(x)y +q(x)y =0, = € (a,b),
(2.11)

y(zo) = uo, ' (z0) = ug,

v6i (z0,u0, upy) € (a,b) x R? cho trude. Ta can chiing minh ring, khi d6 ton tai duy nhat mot cap s6 Co,
Co2 sao cho u = Coyry1(z) + Cooy2(x).
Thay vay, ta xét hé phuong trinh véi an la Cyy, Coo
Cory1(zo) + Co2y2(xo) = uo,
Coryy (zo) + Co2ys (o) = ug.

Dinh thtc ctia hé phuong trinh nay la

_ y1(zo) y2(x0)
Wizo) =det | i) whiao) | 7
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vi hai nghiém y1, yo doc lap tuyén tinh. Vay hé nay c¢6 mot nghiem CY, C9 duy nhét. Didu nay c6 nghia
la
u = Co1y1(z) + Cozy2()

l& nghiém ctia bai toan (2.11).H

Chu thich. Hai nghiém riéng y;, y2 doc lap tuyén tinh duge goi 1a hai nghiém co bdn (co sd) cla
phuong trinh vi phan (2.57).

Nhu vay mudn tim nghiém tong quét ctia phuong trinh thuan nhat (2.57), ta chi can tim hai nghiem
rieng doc lap tuyén tinh ctia né, roi lay t6 hop tuyén tinh ctia ching.

2.3.3 Phuong trinh vi phan tuyén tinh cip 2 thuan nhit c6 hé sé hang
Xét phuong trinh vi phan (2.5%) véi p, q 1a cac hiang s6 thuyc sau
v +py +qy=0, z €R, (2.12)
Ta tim nghiém riéng ctia (2.12) dudi dang y = €%, trong dé k 1a mot hiing s6 nao dé. Ta co
Y = ket o = k2ebT.
Thay cac biéu thitc y, v/, y” vao (2.12) ta dugc
" (k* + pk + q) = 0.

Vi e =£ 0 nén ta dugce
k? + pk+q = 0. (2.13)
Vay néu k théa man phuong trinh (2.13) thi ham y = ¢ 1a mot nghiém riéng ctia phuong trinh
(2.12). Phuong trinh (2.13) dugce goi 1a phuong trinh ddc trung cta phuong trinh vi phan (2.12). C6 ba
truong hgp sau day
(i) Phuong trinh (2.13) c6 hai nghiém thyc phan biét &y, kg : k12 = —PEVPTTA ”2172_4q.
Khi d6 ta c6 hai nghiém riéng ctia phuong trinh (2.12) la

Y1 = eklma Y2 = ekga:‘

Hai nghiém nay doc lap tuyén tinh, vi

YL _ k) # hing s6.
Y2

Do d6 nghiém téng quat ctia phuong trinh (2.12) 1a
y = Cleklr + 026k2w7

trong d6 C1, O3 1a cac hing so tiy .

(ii) Phuong trinh (2.13) ¢6 nghiém kép k; = k2 = —p/2.

Litc d6 ta c6 mot nghiem rieng ciia phuong trinh (2.12) 1a 3, = €%, Ta sé chitng minh yo = ze
cting la mot nghiém riéng ctia phuong trinh (2.12). That vay, ta c¢6

kix

Yy = €M kxe® = (14 kyx)eh,
YYo= ket 4 k(1 + kix)eM® = 2k + kix)eM®.

Thay cac biéu thiic ya, vh, ¥4 vio (2.12) ta duge

Yy +pys+aye = €M[(2ky + kix) + p(1 + k1w) + gz
eMT[(k2 + pk1 + @)z + (2k1 + p)].

Vi k1 = —p/2 la nghiém kép cta phuong trinh (2.13) nén

k2 4+pki+q=0, 2k +p=0.
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Vay
Yy + pys + qy2 = 0.

Hai nghiém 17, va y2 doc lap tuyén tinh, vi

U1

= x # hang sb.
Y2

Vay nghiém tong quat ctia phuong trinh (2.12) 13

y = C1eM% 4+ CozeM®™ = (C + Chx)e?,

trong d6 C1,Cy 1a cac hing so tuy §.

(iii) Phuong trinh (2.13) ¢6 hai nghiem phic lien hgp ko = M = a£iB, véi a = 2
5= Y2

Ta ¢6 hai nghiém riéng ctia phuong trinh (2.12) la

T = eklx _ e(a—l—zﬁ)m _ eaxezﬂm’

Yg = eher — gla—ifle _ gow—ifz,
Dung cong thic Euler

¢P% = cos Bz + isin Bz, e T = cos fx — isin Bz,

ta dudgc
y; = €%(cospfx + isinfz),
Yy = €(cosfx — isinfz).
Khi dé cac ham
o= at ; Y2 _ e cos B,
Yo = 1 — Y2 _ gox sin Sz,
21

ciing la cac nghiém ctia phuong trinh (2.12). Hai nghiém nay doc lap tuyén tinh, vi

I cot gBr # hing sb.
Y2

Do d6 nghiém téng quat ctia phuong trinh (2.12) 1a

y = C1e** cos fx + Cae** sin fx = e**(C] cos Sz + Cysin fz),
trong d6 C1,Cy 1a cac hing sb tiy §.
Vi du 1. Giai cac phuong trinh vi phan

i/ y" —6y + 8y =0,
ii/ 3y’ —6y +8y =0,
i/ y" — 6y + 8y = 0.

Gidi i/. Phuong trinh ddc trung cta i/ la
k* — 6k +8 =0.

Phuong trinh dic trung cé hai nghiém thyc phan biét k; = 2, ko = 4.
Do d6 nghiém téng quat ctia phuong trinh i/ 1a

y = 0162:1: + 026430,




Chuong 2. Phwong trinh vi phan cép 2 50

trong d6 Cq, Cs 1a cac hang s6 tuy ¥.
Gidi ii/. Phuong trinh dédc trung cia ii/ la

k2 + 4k +4 = 0.

Phuong trinh dic trung c6 mot nghiém kép k1 = ko = —2.
Vay nghiém tong quat ctia phuong trinh ii/ 1a

y = (C1 + Coz)e 2, trong d6 C1, Cy 1a hai hing s tity §.
Gidai iii/. Phuong trinh dédc trung cia iii/ la
k*+2k+4=0.

Phuong trinh dic trung cé hai nghiém phitc lién hop k1 = —1 + i\/g, ko= —1—1iv3.
Do d6 nghiém téng quat ctia phuong trinh iii/ 1a

y = e (C} cos V3x + Cosinv/3z), trong d6 C1, Cy 1a hai hing s6 tiy 7.1

2.3.4 Phuong trinh vi phan tuyén tinh cip 2 thuan nhit c6 hé sé ham

Ta xét phuong trinh vi phan (2.5”) duéi day véi p(x), g(z) 1a cdc ham s6 thuc sau

Y +p(x)y +qlx)y =0, z € (a,b), (2.5")

trong do p(z), q(z) la cdc ham s6 lién tuc trong khoang (a, b).

Hién nhién y = 0 14 mot nghiem ctia (2.5”). V6i cac ham p(x), ¢(z) cho trude, mot cich téng quat,
that kho ma chi ra mot nghiém tuong minh y; # 0 ciia (2.57). D6i v6i phuong trinh vi phan (2.5’) trén
day, moi viéc sé bat dau tit viec can biét truéc mot nghiém rieng y; # 0 nay.

Nhu & phan trén, ta can cé hai nghiem y; (), y2(x) doc lap tuyén tinh trong (a,b) dé thiét lap nghiem
tong quat y = Chy1(z) + Coya(x) (véi C1, Co 1a hai hing s6). Mudn vay ta can tim thém mot nghiem
y2(z) clia phuong trinh (2.5%) sao cho y1(x) va y2(z) 1a hai nghiem doc lap tuyén tinh trong (a,b). Dinh
Iy sau day sé néi len diéu nay.

Dinh ly. Gid s y1 # 0 la mot nghiém riéng ciia phuong trinh vi phan (2.5). Xét ham so

y2(z) = y1(w) / - </ _ p(az)dw) d, (2.14)

yi(z)

¢ day cdc hing s6 trong cdc tich phan bat dinh dugc chon bing khong.
Khi dé, y1(x) va yo(z) la hai nghiém ciia (2.57) va doc lap tuyén tinh trong (a,b).

Chitng minh. Ta tim nghiém riéng yo(x) cta (2.5") dudi dang

y2(z) = u(z)y1 (), (2.15)

trong d6 u(x) khong 13 ham hang. Tinh toan dao ham ta c6

ya(x) = u(@)yy (z) + ' (2)y1 (2),

(2.16)
Yo () = u(@)yy (x) + 2u'(2)y) () + v (z)y1 (7).
Nhan véi (2.15) cho g(z), véi (2.16); cho p(x), véi (2.16)3 cho 1, roi cong lai, ta dugce
Yo +p(@)ys + q(z)y2 @) (i + p(@)ys + a(z)y1 ) (2.17)

+u’< ) (204 (@) + pla)yr(@) )+ (2)ya (2).

Do y1(z) 1a nghiém ctia (2.5”) va néu yo(z) 14 nghiem ctia (2.5), nén ta suy tit (2.17) rang

u'(z) (201 (@) + p(@)yn(2) ) +u" )y () = 0. (2.18)
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Dit v =/, ta viét lai (2.18) rang

V' (z) + (2yi($

yi(x

~—

+p@))v@)=0. (2.19)

~—

Day 134 mot phuong trinh vi phan vé6i v(z) 14 an ham.

Trude hét mot nguyén ham cia in Ei; + p(z) duge chon 1 (ta lay cac hing s6 = 0 trong phép tinh

tich phan bat dinh)

U(z) = / (2518 +p(z) ) dz = 21n |y ()| + / p(z)dz = Iny2(z) + / p(z)dz.

Dung thita s6 tich phan

() = exp U (x) = y3(x) exp ( / p(x)dx) 7

va nhan vao hai vé ctia phuong trinh vi phan (2.19), ta dugc

pa)o'@) + (288 4 p(a) ) a)ote) =0, (2.20)

Ta ciing cht ¥y rang

w(z)v(z) = Cp = hing sb.

u'(z) = v(x) = MC(J'; _ Chexp g%({)?(x)dm) |

Chon cac hang s6 C; = 1, Cy = 0, ta dugc

u(z) = / o <_/ p)(x)dx> dz % ham hing. M

vi(z
Vi du 2. Giai phuong trinh vi phan
22y +Tzy — Ty =0, > 0.

G'idi. Phuong trinh vi phan duge viét lai theo dang

7 7
y//+7y/_ 2y20)$>07
xr xr
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véi p(z) = L, q(z) = ;—27 14 cdc ham lién tuc trén = > 0. C6 thé thit lai ring 3 = x 13 mot nghiém rieng
cua phuong trinh vi phan.
Ta tim thém mot nghiém thit hai bing cong thic

i) = /e""</ ), [T, (2 0),

22 22

Chon hing s6 C = 0, ta dugc ya(x) = x_;g 13 mot nghiém ctia phuong trinh vi phan. Suy ra gz (z) = =7

cung vay.
Hon nita dé thay ring yi(z) = x, 72(z) = 277 1 hai nghiem ctia doc lap tuyén tinh trong (0, +00) la

hai nghiém ctia phuong trinh vi phan. Do d6 nghiém téng quét ciia phuong trinh vi phan trén (0, +oco)
la
y = Crxz + Cox™ 7, trong d6 C1, Cy 13 hai hiing s6 tiy .1

Vi du 3. Giai phuong trinh vi phan
2%y 4+ 3zy +y =0, x> 0.

Gidi. Phuong trinh vi phan dugc viét lai theo dang
3 1
v'+ -y + 5y=0, >0,
x x

%, q(x) = m% 14 cac ham lién tuc trén z > 0. C6 thé thit lai ring y; = % 13 mot nghiém riéng

VOl p(z) =
cua phuong trinh vi phan. That vay
o 1 / -1 "o 2
A ZL" y1_$2’ yl_xga
3 1 2 3 /(-1 11
" / _“ e o
y1+xy1+x2y1 = x3+x($2>+$2x 0, z>0.

Ta tim thém mot nghiém thit hai bang cong thic

ya() = z x—2 x x—2

exp(/—idm) B
1/ dlefml)(ghlx)dx:i(lnx—i—c*).

Chon héng s6 C' = 0, ta dugc y2(z) = 2% 1a mot nghiem ctia phuong trinh vi phan. Hon nita dé
thay ring y1(z) = 1, yo(z) = 22 1 hai nghiem ctia doc lap tuyén tinh trong (0, +00) la hai nghieém ciia
phuong trinh vi phan. Do dé nghiém téng quét ctia phuong trinh vi phan trén (0, +00) la

1 N P
y=—(C1+ Cylnz), trong d6 Cy, Cs 1a hai hing s6 tuy y. B
x

2.3.5 Phuong trinh vi phan tuyén tinh cip 2 khéng thuan nhat

Xét phuong trinh vi phan tuyén tinh cip 2 khong thuan nhat

y' +p(@)y +a(@)y = f(z), (2.5)
va phuong trinh vi phan tuyén tinh cap 2 thuan nhat tuong tng
y" +p(@)y + q(z)y =0, (2.5")
trong d6 p(z), q(x), f(x) 14 cdc ham s6 cho trudc lien tuc trong khoang I = (a, b).
Nghiém tdng quét ciia phuong trinh (2.5°) c6 dang
(2.21)

Ytq = Cry1(z) + Caya(x),
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v6i y1(), y2(x) 1a hai nghiém doc 1ap tuyén tinh trong (a, b) cta (2.57), véi Cq, Co 1a hai hing so.

Dinh 1y sau day cho ta moi quan hé gitta cdc nghiém ctia cac phuong trinh vi phan (2.5) va (2.5).
Qua d6 cho phép ta tién hanh tim nghi¢m ctia phuong trinh vi phan (2.5) thong qua nghi¢m ctia phuong
trinh vi phan (2.57).

Dinh ly. Gid st y, la mot nghiém riéng ciia phuong trinh vi phan (2.5) trén I. Khi dé nghiém tong
qudt cia phuong trinh vi phan (2.5) cho bdi

Y =Yr +Ytg = yr + C1y1(2) + Coya (), (2.22)

vdi C1, Oy la hai hing s6 bat ki.
Chiing minh.
— Gia st y 1a mot nghiém tuy y ctia phuong trinh vi phan (2.5) trén I, ta c¢6

y' + @)y +aq(x)y = f(=),
va do y, 1a mot nghiém riéng ctia phuong trinh vi phan (2.5) trén I, ta c6
yr + (@)Y, + a(@)yr = f(@).
Trt hai phuong trinh, ta c6
(v — )" +p(@)(y —y) +a(2)(y — y) = 0.
Vay u =y — y, 1a mot nghiém ctia phuong trinh vi phan
u” + p(x)u’ + q(z)u = 0.
Theo dinh ly vé ton tai vd duy nhat nghiém thi nghiém nay c6 dang
u = Ciy1(z) + Caya(),
trong d6 y1, y2 1a hai nghiem doc 1ap tuyén tinh ctia (2.5°), Cy, Cy 1a cac hing sb thich hgp. Vay
Y=y +u=y + Cryi(z) + Coya(z).
— Gia sit y44 1a mot nghiém tuy ¥ ctia phuong trinh vi phan (2.5%), ta c6
Ytq T P(@)Ytq + 4(2)y1q = 0,
va do y, 1 mot nghiém riéng ctia phuong trinh vi phan (2.5) trén I, ta cé
Y +p(@)y, + @)y = f(2).
Cong hai phuong trinh, ta c6
(g +y2)" + () (Yeg + yr)" + a(@) (Yq + yr) = f ().

Do d6, ytq + yr 12 mot nghiem téng quat ctia phuong trinh vi phan (2.5).H
Vi du 4. Giai phuong trinh vi phan

y' —y=u.
Gids.
— Phuong trinh dic trung cia phuong trinh vi phan thuan nhat
y// _ y — 0
la
k*—1=0.

Phuong trinh nay c6 hai nghiém thiyc phan biét k12 = £1.
Do dé nghiém tong quat ctia phuong trinh phuong trinh vi phan thuan nhat 1a
Ytqg = Cre” + Cre™™,

trong d6 Cp, Cs 1a cac hing s6 tuy ¥.
— Dé thay rang ham y, = — 14 mot nghiém riéng ctia phuong trinh vi phan khong thuan nhat. Do
dé6 nghiém tong quat ciia phuong trinh phuong trinh vi phan khong thuan nhat 1a

Y=Yr+yq=—-2+Cre"+Coe *. 1
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2.3.6 Phuong phap bién thién hang sb
Nhu & phan trén nghiem tong quat clia phuong trinh (2.5°) c6 dang
Ytq = Cry1(z) + Caya (), (2.21)

v6i y1(z), y2(x) 1a hai nghiem doc lap tuyén tinh trong (a,b) ciia (2.5°), véi Cy, Cs 1a hai hiang s6. Ching
ta sé dung nghiém nay béang cach thay hai hing s6 C;, Cy bdi hai ham s

Cl = U1($), 02 = UQ(:L‘),

v6i mong mudn 14 ham s6
y = ui(2)y1 () + uz(2)y2(2), (2.23)

sé 1a nghiém ctia phuong trinh vi phan (2.5). Phuong phép nay goi 1a Phuong phdp bién thién hdang so
hay Phuong phdap bién thién hang s6 Lagrange.
Lay dao ham (2.23), ta dugc
y' = ui )y () + uy ()1 (z) + up(2)ye(w) + uz(z)ys(2).

Dé cho gon biéu thiic, trude hét ta dit mot quan he gitta u)(x), uh(x) bdi phuong trinh

uy (2)y1(z) + uy(z)ya(z) = 0. (2.24)
Khi dé
y' = u(2)y) () + ua(2)ys(). (2.25)
Lay dao ham (2.25), ta dugc
y' = ui(@)y (z) + vy (2)y1(z) + up(2)ya(x) + ua(2)ys (2). (2.26)

Nhan véi (2.23) cho g(z), véi (2.25) cho p(x), véi (2.26) cho 1, 16i cong lai, va ciing cht ¥ rang, y1, yo
14 hai nghiém cia (2.5"), ta dugc

Y +p@)y +al@)y = uwi(@) (v +p@)y +q@)y ) +ua(z) (vs +ple)ys +ql@)y2 ) (2.27)
)

Do d6, mudn cho y = uy(z)y1 () + uz(z)y2(z) 1a nghiém ctia phuong trinh vi phan (2.5) ta phai c6

i (2)yr () + up(@)ys(x) = f(x). (2.28)

Céc phuong trinh (2.25), (2.28) thanh 1ap hé phuong trinh sau day véi an 1a uf (z), uh(x) :

uy (2)y1(z) + uh(z)y2(x) = 0,
{ ,1( ) ,1( ) ,2( ) ,2( ) (2.20)
wy (@)1 (2) + uy(@)ys(z) = f(2)
Do Wonski ctia hai ham w1, y9
Wi, el(o) = det | B0 200 |y (a)uita) — i @nte) £ 0,
yi(z) ya()
nén hé (2.29) xac dinh duy nhat
wy(2) = — —/y;(ai){(z) = —yz(x)f(a;)’
y1(2)ys (@) —y1 (@)y2(z) — Wiy1,p2](@) (2.30)

@@ p@f@)
() = S e R — Wl
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Vay lay tich phan (2.30) va chon cac hing s6 1a bang 0, ta chon dugce cac ham

—y2(z) f(z)

w(®) = [ Wy gl 9
(2.31)
uz(e) = [ e
Do d6, mot nghiém riéng ctia phuong trinh vi phan khong thuan nhat (2.5) duge chon la
—y2() f(2) yi(z)f(x)
=ui(x)y1(z) + ue(z)y2(z) = y1(2) | m—=5dr + () | " ~dz. 2.32
y = ur()y1(z) + uz(x)y2(x) = y1(x) Wigr.0](2) y2(x) Wiyr, vl () (2.32)

Do dé6 ta c¢6 dinh 1y

Dinh 1y. Gid s y1(z), yo(x) la hai nghiém doc lap tuyén tinh trong (a,b) cta (2.5°). Khi dé mot
nghiém riéng y, cta phuong trinh vi phan khong thuan nhat (2.5) trén I ¢6 dang

yr = ur(2)y1(2) + uz(z)ya(2), (2.33)

trong do, ui(x), uz(x) la hai nghiém riéng cia hé phuong trinh

uy (2)y1(z) + up(z)ya(z) = 0,
(2.34)

ui (2)y1 () + up(z)ys(2) = f(2),
hodac uy(z), ua(z) duge chon ti hé phuong trinh (2.34) nhu sau

_ —y2(x) f(z
w(z) = | GO g,

(2.35)

o z)f(z
ug(z) = 71/1%1[;51,)112(](35) dx.

Vi du 5. Giai phuong trinh vi phan

1
V' +y=— 0<z<m. (2.36)
S x

Gidi.
— Phuong trinh d#ic trung ctia phuong trinh vi phan thuan nhat

y//+y:0

I
K +1=0.

Phuong trinh nay c6 hai nghiém phitc lién hop k12 = +i.
Do dé nghiém tong quat ctia phuong trinh phuong trinh vi phan thuan nhat 1a

Yiq = Crcosx + Casinz,

trong d6 C1, Cs 1a cac hang s6 tuy ¥.
— Mot nghiém riéng y, clia phuong trinh vi phan khong thuan nhat (2.36) 1a

yr = ui(x) cosx + ug(z)sinz,
trong do, uj(x), uz(z) 1a hai nghiém riéng ctia hé phuong trinh

{ u)(z) cosx + ub(z)sinz = 0,
1

u)(z) (—sinz) + uy(x) cosz = f(x),
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uy(z) = $5% = cotg.

hay

Lay tich phan hai vé, sau d6 chon cac hang s6 = 0, ta dugc
ui(x) = —x, wz(x) =In(sinz).
mot nghiém riéng y, clia phuong trinh vi phan khong thuan nhat (2.36) tréen 0 < z < 7 1a

Do doé,
Yyr = —xcosx + sinzIn (sinz),

Do dé nghiém tdng quat ctia phuong trinh phuong trinh vi phan khong thuan nhat (2.36) trén

0<az<m(2.36) la
Y=1Yr+Yqg = —xcosz +sinzln(sinz) + Cjcosz + Cysinz.

Do dé nghiém tdng quat ctia phuong trinh phuong trinh vi phan khong thuan nhat 1a
Y=Yr +Yiqg =2+ Crcosz + Cosinz. B

Vi du 6. Giai phuong trinh vi phan
(2.37)

y' +y -2y =2+

Gidsi.
— Phuong trinh dic trung ctia phuong trinh vi phan thuan nhat
y'+y —2y=0

1a
E+k—2=0.
Phuong trinh nay c6 hai nghiém thyc phan bigt k1 = 1, kg = —2.
Do dé nghiém téng quat ctia phuong trinh phuong trinh vi phan thuan nhét 1a
Yig = Cre” + Coe ™27,

trong d6 C1, Cy 1a cac hang s6 tuy ¥.
— Mot nghiém riéng y, clia phuong trinh vi phan khong thuan nhat (2.37) 1a
yr = uy(z)e® + ug(x)e 22,

trong do, ui(x), ug(x) la hai nghiém riéng ctia hé phuong trinh
uf (z)e® + uhy(z)e2 = 0,
uh (z)e® + uhy(z)(—2e7%) = f(x) = x + €%,
1

hay
{ ui(z) = 3 (z+€),

uh(z) = 5 (z+ ).

Lay tich phan hai vé, sau d6 chon cac hiang s6 = 0, ta dudgc
2
x

w(@) =3 ("’322 +ex>  us(z) = %1 (2 +ew) .

Do d6, mot nghiém riéng y, clia phuong trinh vi phan khong thuan nhat (2.37) 1a
1 [x? 1 [2? _ 1 [2? _
yr:3<2+6$>6x—3(2+€x>6 2x:3(2+€z> (ex_e 290)_
Do dé nghiém téng quét ctia phuong trinh phuong trinh vi phan khong thuan nhét (2.37) la
22
> (e“” — 6_2””) +C1e” +Ce™ . 1

1 xZ
y:yr+ytq:§ E‘Fe
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2.3.7 Phuong phap hé s6 bat dinh
Xét phuong trinh vi phan (2.5) v6i p, g la cac hing s6 thyc sau

Y +py +qy = f(x), (2.38)

v6i vé phai 1a ham f(x) c6 vai dang cu thé. Ta tim nghiém riéng ctia (2.38) véi vé phai nhu thé bing mot
s6 thti thuat rieng. Di nhién, phuong phap nay khong thé gidi quyét dude véi f(z) tiy ¥ nhu & phuong
phép bién thién hang sb.

Xét phuong trinh vi phan thuan nhat tuong tng véi (2.38) la

y" +py +qy =0, (2.39)
va phuong trinh dac trung ctia (2.39) la
k* + pk 4+ q = 0. (2.40)

Ta xét hai truong hgp tuong ting véi hai dang ctia vé phai f(z).
Truong hop 1. f(z) = e Py(x), trong d6 a 1a s6 thuc, P,(z) 1a da thic bac n.
a) Néu a khong la nghiém cia phuong trinh dic trung (2.40), thi ta tim nghiém riéng y, theo dang

yr = € Qn(x), véi Qn () 1a da thiic bac n, véi n + 1 hé s6 chua biét.

Dé tim cac hé s6 chua biét, ta thay , vho phuong trinh (2.38) r6i dong nhét cac hé s6 clia cac liy
thita cting bac ctia z § hai vé ta s& dugc mot hé (n + 1) phuong trinh bac nhat véi (n + 1) an I cac he
s6 clia da thic Q,,(z).

b) Néu « 1a nghiém don ctia phuong trinh dac trung (2.40), thi ta tim nghiém riéng y, theo dang

yr = e Qn(x), vl Qn(z) la da thic bac n.
c) Néu «a la nghiém kép ctia phuong trinh dic trung (2.40), thi ta tim nghiém riéng ¥, theo dang
yr = 22e**Q, (), v6i Qu(x) 1a da thitc bac n.

Truong hop 2. f(x) = e** [Pn(a:) cos Bz + P () sin ﬂx} , trong d6 «, B 1a hiing s6 thuc, P,(z), P (z)

la cac da thic bac n, m tuong tng.

Khi do:

a) Néu a + i3 khong 1a nghiém ctia phuong trinh dic trung (2.40), thi mot nghiém riéng clia phuong
trinh (2.38) c¢6 dang

yp = e [Qs(x) cos Bz + Qs(z) sin ﬁx} ,

véi Qs(x), Qs(x) la cac da thiic bac s = max{n, m}.
b) Néu a + i3 1a nghiém ctia phuong trinh dic trung (2.40), thi mot nghiém riéng ctia phuong trinh
(2.38) c6 dang

yr = ze®” [Qs(l') cos fx + st(ﬂi) Sinﬁl'} )
v6i Qs(z), Qs(z) 1 cac da thic bac s = max{n, m}.

Vi du 7. Tim nghiém tong quét ciia phuong trinh y” — ¢ — 2y = 422
Xét phuong trinh thuan nhat tuong tng

y' —y -2y =0.

Phuong trinh dic trung cta no 1a
k2 —k—2=0.

Phuong trinh dic trung cé hai nghiém thyc phan biét 1a k1 = —1, ko = 2.
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Vay nghiém téng quét clia phuong trinh thuan nhat 1a
yig = Cre™" + Coe*®, trong d6 C1, Cy 1a hai hing sb tiy ¥.

Déi chiéu véi dang ctia vé phai f(z) = 422 = e P, (z), ta cé n = 2, @ = 0. Vi a = 0 khong la nghiem
ctia phuong trinh ddc trung nén ta tim nghiém riéng y, clia phuong trinh da cho theo dang

yr = 9Qq(x) = Az’ + Bz + C.
Lay dao ham y.., y/ r6i thé vao phuong trinh da cho
2A — (2Az + B) — 2(Az® 4+ Bz + C) = 422,

hay
—2A2% 4+ (—2A — 2B)x + 2A — B — 2C = 4a°.

Can bang cac hé s6 ciing bac & hai vé, ta dugc mot hé phuong trinh tuyén tinh

9A =4,
24 -2B =0,
24 — B —2C = 0.

Giai hé nay, ta dugc A = -2, B=2,C = -3. Vay
yr = =22 + 22 — 3.
Vay nghiém tong quat ctia phuong trinh da cho 1a
Y=y +y =Cre "+ Coe®® — 222+ 22— 3. 1

Vi du 8. Gii phuong trinh ¢’ + y = ze® + 2e*.
Xét phuong trinh thuan nhat tuong tng

y”+y=0.

Phuong trinh dic trung
BP+1=0

c6 hai nghiém phtc k12 = .
Vay nghiém tong quét clia phuong trinh thuan nhat 1

yrg = Crcosx + Cysinz, véi Cq,Cy 1a hai hing s6 tuy .

Stt dung nguyeén 1y chong chat nghiém ta tim nghiém riéng y, clia phuong trinh da cho theo dang
téng
Yr = Y1 + Y2,
trong d6 y1, y2 lan luct 14 cdc nghiém riéng clia cac phuong trinh vi phan sau

' +y=xze" vay' +y=2e"".
Do a = +1 khoéng la nghiém cta phuong trinh dac trung, nén y, y2 ¢6 dang
y1 = (Ax 4+ B)e®, yos=Ce *.

Vay y, c6 dang
yr = (Az + B)e" + Ce™ .

Lay dao ham g/, y” roi thé vao phuong trinh da cho, ta thu dugce

Y 4+ yr = (2Ax + 2A 4+ 2B)e” 4+ 2Ce™" = xe” + 2¢ 7.
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Tt d6 ta nhan dude mot hé phuong trinh tuyén tinh

24 =1,
2A+2B =0,
2C = 2.

Giéi he nay, ta duge A= 1, B= 31, C =1. Vay

1
Yr = i(m — e +e ",
va nghiém téng quat ctia phuong trinh da cho 1
: 1 T —x
y=Cicosx + Cysinz + §($ —De*+e .1

Vi du 9. Giai phuong trinh y” — 3y’ + 2y = (3 — 4x).
Phuong trinh diic trung ctia phuong trinh thuan nhat tuong tng

E—-3k+2=0

¢6 hai nghiém thyc phan bigt la k1 = 1, ko = 2.
Do dé nghiém tdng quat ctia phuong trinh thuan nhat tuong tng véi phuong trinh da cho la

Yig = C1e” + Coe®®, trong d6 Oy, Cy la hai hiing s6 tiy .

D6i chiéu véi dang ctia vé phai f(x) = e¥(3 —4x) = e®* P, (z),tacon =1, a = 1. Vi a = 1 trung véi
mot nghiém cia phuong trinh déc trung tim nghiém riéng g, duge tim ctia phuong trinh da cé theo dang

Yy, = xe”(Azx + B) = €*(Ax? + Bzx).
Thay vao phuong trinh da cho va rat gon, ta thu duge
— 3yl + 2y, = " (—2Ax + 2A — B) = "(—4x + 3),

hay
—2Ax +2A — B = —4x + 3.

Tt d6 ta nhan duge mot hé phuong trinh tuyén tinh
94 = 4,
2A — B =3.

Yr = 69”(2:62 + ),

va nghiém téng quat cia phuong trinh da cho 1a

Dodé A=2, B=1.Vay

y = C1e® + Coe® + (227 + z). |

Vi du 10. Hay tim mot nghiém riéng ctia cac phuong trinh y” 4+ 2y’ — 3y = f(z) véi f(z) 1a cac ham
s6 sau:

cos 3z,

ze®,

x+1)cosz,
ze®sinx + e” cos .

a)

)
)
d)

=
/\w[\)

w

Gidi.
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Phuong trinh dic trung clia phuong trinh thuan nhat tuong tng
k*+2k—3=0

¢6 hai nghiém thyc phan biét 1a ky = 1, ko = —3.
a)a=0,8=3n=m=0. Vay a =i = +3i khong 14 nghiém ctia phuong trinh dic trung, nén ta
tim mot nghiém riéng theo dang
yr = Acos3z + Bsin3z.

Thay vao phuong trinh da cho, ta dugc sau khi rat gon
yr + 2y, — 3y, = (—12A + 6B) cos 3z + (—6A — 12B) sin 3z = 2 cos 3.
Can bang cac hé s6 hai vé ctia phuong trinh ta dudc hé

—12A + 6B = 2,
—6A—12B =0.

Suy ra A = 1—52, B = % Vay mot nghiém riéng ctia phuong trinh da cho la

1
Yp = = cos 3x + 'H sin 3.1

b) & =1, n = 1.(truong hop 1). Vi @ = 1 la nghiém don ctia phuong trinh déc trung, nén ta tim maot
nghiém riéng cua phuong trinh da cho c6 dang

yr = z(Ax + B)e” = (Az® + Bx)e®.
Thay vao phuong trinh da cho, sau khi rat gon, ta dugc
Yl + 2y, — 3y, = €"(8Ax + 2A + 4B) = 3xe”.

Suy ra
8Ax +2A + 4B = 3z.

8A = 3,
24 + 4B = 0.

Giai ra ta duge A = %, B= I—g. Vay mot nghiém riéng ctia phuong trinh da cho la

Ta thu dugc hé

c)a=0,=1,n=1,m=0. Vay a £ i = +i khong la nghiém ctia phuong trinh dac trung, nén
ta tim mot nghiém riéng duéi dang

yr = (Az + B)cosz + (Cx + D) sinz.
Thay vao phuong trinh da cho, sau khi rat gon, ta co

[(—4A+2C)x +2A - 4B +2C + 2D]cosz + [(—2A —4C)x —2A — 2B + 2C — 3D]sinx
= (r+1)cosz.

Can bang cac heé s6 hai vé clia phuong trinh ta dugc hé

—4A+20 =1,
24 — 4B +2C +2D =1,
—24 —4C =0,

—2A—-2B+2C—-3D =0.
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Giai hé nay ta dugec A = %1, B = g—g, C = 1—10, D = %. Vay mot nghiém riéng ctia phuong trinh da
cho la
1 3 1 3. .
Yp = —(gm + %)cosx + (Eaz + TO) sin .

d)a=1,=1,n=0,m=1 Vay a+if = 1+1i khong la nghiém ctia phuong trinh dic trung, nén
ta tim mot nghiém riéng cua phuong trinh da cho duéi dang

yr = €"[(Az + B) cosx + (Cz 4+ D)sinz]. R

Giai tuong tit nhu trén. Phan con lai danh cho ban doc.

2.4 Phuong trinh vi phan Euler cap 2

2.4.1 Dinh nghia.
Phuong trinh vi phan Euler cap 2 1a phuong trinh vi phan cap 2 c6 dang

2y +apy +qy = f(z), z €1, (2.41)
trong do p, q 1a cdc hing s6 thuc cho trude f(z) 1a ham s6 cho trude lién tuc trong khodng I C (0, +00),
hoac I C (—o0,0).

Néu f(z) = 0, phuong trinh
"+ apy +aqy =0, (242)

dugc goi 1a phuong trinh Euler thuan nhat tuong ting v6i phuong trinh (2.41).
Néu f(x) # 0, phuong trinh (2.41) phuong trinh Euler khong thuan nhat.

ny

2.4.2 Phuong trinh vi phan Euler thuan nhat cap 2

Xét phuong trinh vi phan Euler thuan nhét (2.42). Ta tim mot nghiém riéng ctia phuong trinh nay
theo dang y = || #, v6i k 1a hing s6.
Béang cach 1ay dao ham
Y =k = k(= 1) [ e,

va thay vao phuong trinh (2.42) ta dugc cédc phuong trinh sau véi moi x € I,
o @ [k(k = 1) +pk +q] =0,

hay
k(k—1)+pk+q=0.

hay
E4+(p—-1k+q=0. (2.43)

Phuong trinh (2.43) dugc goi 1a phuong trinh dic trung cla phuong trinh vi phan (2.42).

Vay, néu k 1a nghiém ctia phuong trinh dic trung (2.43), thi y = z* 1a nghiém ctia phuong trinh vi
phan (2.42).

C6 ba trudng hgp sau day

(i) Phuong trinh (2.43) c6 hai nghiem thic phan bigt ky, ky : ky o = 22V P=U? 24

Khi d6 ta c6 hai nghiém riéng ctia phuong trinh (2.42) trén I la

kl_lx ko—1 z.

y1:‘$| ) y2:|$’
Hai nghiém nay doc lap tuyén tinh, vi

YL~ |z[M~*2 £ hiing s6.
Y2
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Khi d6 nghiém téng quét ciia phuong trinh (2.42) 1a

Ml Gyl e, zel,

Yy = 01 ]a:\
trong d6 C1, Cs la cac hing s6 tuy ¥ (cdc hing s6 nay tuy thuoc vao I).
(ii) Phuong trinh (2.43) c¢6 nghiem kép ky = ky = 152,

2
Lic d6 ta ¢6 mot nghiém riéng ctia phuong trinh (2.42) la y; = |:v\k1_1 x. Ta sé chiing minh 1y =
y11n|z| = ||~ 21n || ciing 1 mot nghiem rieng ciia phuong trinh (2.42). That vay, ta ¢6

/

) 1
Yy = yn|zl +yi,

2 1
1" " 1 =
Y2 Y n\x|+y1x Y15

Thay cac biéu thiic ya, vh, ¥4 vio (2.42) ta duge

9 1 1
Yy +Tpyh +qye = 2° yi'ln\x!eri;—yl? ] + pz [yiln\xHylx} + qy1 In ||

= [2%y + payl + qu1 | In || + 2zy] + (p — Dy

Do
*y| + pryl + qui,
ki1—1 T =

va 2zt = 2k |z —(p — 1)y1 ta co
Y1 Yy

z?y3 +xpys + qy2 = 0.
Hai nghiém y; va y2 doc lap tuyén tinh, vi

Y1 1

= = —— # hing s6.
y2 Inlzl

Vay nghiém téng quat ctia phuong trinh (2.42) la
y=Cilz/" Tz + Cylz/" tan|z| = (C1 4+ Colnlz| ) |zt a,

trong d6 C1, Cs 1a cac hing s6 tiy ¥ (cAc hang s6 nay tiy thuoc vao I).

(iii) Phuong trinh (2.43) c6 hai nghiém phic lién hop ky 2 = Lopdi 42q_(p_1)2 = a+if, véia = P

=
/B Y 4q*(p*1)2 .

2
Ta c¢6 hai nghiém riéng ctia phuong trinh (2.42) la

7 = |$|k171 T = ‘x|a+lﬂfl T = ’x|oz71 T |CC‘ZB _ |I|a71 Ieiﬁln\mt

Yy = |‘,L,’k:271 r = ‘x|a7iﬁfl r = ’x|oz71 o ’xri,ﬁ _ ’w|a71 weiiﬁlnm,

Dung cong thiic Euler

e = cosf+isinf, e =cosh —isind,
ta dudc
U = |zl z[cos(Bn |z]) +isin(BIn |z])],
Ty = |x|* T afcos(Bn|z]) —isin(Bln|z|)].
Khi d6 cac ham
+ v _
po= A2 = (al" wcos(Blnlal),
v = P = o asin(B1n o)),
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ciing la cac nghi¢m ctia phuong trinh (2.42). Hai nghiém nay doc lap tuyén tinh, vi

9 cotg (B1In|z|) # héng sob.
Y2

Do d6 nghiém téng quat ctia phuong trinh (2.42) 1a
y=Cy |z zcos(Bn|z|) + Colz|* F zsin(Bln|z|) = |2|* 'z (C1 cos(B1n |z]) + Cysin(B1n|z|) ),

trong d6 C1, Cs 1a cac hing s6 tly ¥ (cac hiang s6 nay tuy thuoc vao I).

Vi du 11. Giéi ciac phuong trinh vi phan
i/ 22" +4day — 4y =0,z >0,
i/ 2%y” + 52y +4y =0,z >0,
iii/ x2y"” 4+ 3xy’ + 4y = 0,2 > 0.
Gidi i/. Phuong trinh dac trung cta i/ la
k* 43k —4=0.

Phuong trinh dic trung cé hai nghiém thuc phan biét k1 = 1, ke = —4.
Do dé nghiém téng quét ctia phuong trinh i/ 1

y=Cilz/" e+ Cylaf2 e = Cra+ Cola| Pz = Cra + Coz™, >0,
trong d6 C1, Oy 1a cac hiang s6 tuy ¥.
Giai 7i/. Phuong trinh dic trung cua ii/ 1a
k*+4k +4=0.

Phuong trinh dic trung c6 mot nghiém kép k1 = ko = —2.
Vay nghiém tong quat ctia phuong trinh ii/ 1a

y=(Cr+Coln|z| )|z o= (C1+ Colnz)z™2, >0,
trong d6 C1, Co 1a cac hing sb tuy ¥.
Gidi /. Phuong trinh dac trung cua iii/ 1a
k* 42k +4=0.

Phuong trinh dic trung cé hai nghiém phitc lién hop k1 = —1 + V3, ko = —1 —iV/3.
Do d6 nghiém téng quat ctia phuong trinh iii/ 1a

cos (\/gln m) sin (\/gln x)

y = |z|* 'z (Cy cos(B1n|z]) + Cysin(BIn|z|) ) = |Cy " + Cy " , x>0,

trong d6 C1,Cs 1a hai hing s6 tuy v.H
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2.4.3 Phuong trinh vi phan Euler khong thuan nhat cap 2
Xét phuong trinh vi phan khong thuan nhéat
2y +apy' +qy = f(z), z €1, (2.41)

trong d6 p, q 1a cac hang s6 thyc cho trude f(z) 1a ham s6 cho trude lien tuc trong khoang I C (0, +00),
hoac I C (—o0,0). Trong khoang I, phuong trinh vi phan (2.41) tuong duong véi

n, Py q 1
Sy Ly=— I 2.44
Yyt sy=5f@), zel, (2.44)

ma phuong trinh c6 thé chi ra dudc hai nghiem doc 1ap tuyén tinh y; vi yo. Nhd phuong phap bién thién
hing s6 ta c6 thé chi ra mot nghiém riéng ctia phuong trinh khong thuan nhat.

Vi du 12. Giai phuong trinh vi phan 2%y” + 5zy’ +3y = zlnz, 2 > 0.

Gidi. Phuong trinh dic trung ctia phuong trinh Euler thuan nhat tuong tng

B +4k+3=0

¢6 hai nghiém thyc phan biét la ky = —1, ko = —3.
Hai nghiém doc lap tuyén tinh trén z > 0 clia phuong trinh thuan nhat I

1 1
N o e (2.45)
x

y1 = |z| 3

Do d6 nghiém téng quat ctia phuong trinh thuan nhat 1a
=C L C L
Yig = C1— + Cas, (2.46)

trong d6 C1, Co 1a cac hing s6 tuy y. Nho phuong phap bién thién hing sé ta ¢6 tim mot nghiém riéng
y, ciia phuong trinh vi phan khong thuan nhat

theo cong thitc

trong do, uj(x), uz(z) 1a hai nghiém riéng ctia hé phuong trinh
u’l(:c)% + ué(x)x% =0,
ui () (=32) +up(o) (37) = B2

Giai hé nay ta dugc

LAy tich phan hai vé, sau d6 chon céc hing s6 = 0, ta dugc

Do d6, mot nghiém riéng y, ctia phuong trinh vi phan khong thuan nhat 1a

_L AR RV S W 3
Yr = 433 nxr 9 8.’1/' nr 4 = 83’3 nr 323’5
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Do dé nghiém tdng quat ctia phuong trinh phuong trinh vi phan khong thuan nhat 1a
1
Y=Y +Yq=srlhnr— —z+—+ — .1
Cha thich. Ta c6 thé dua (2.41), vé phuong trinh vi phan tuyén tinh cap hai c6 hé s6 hing bang

cach dung phép doi bién va déi an ham nhu sau
(1) Truong hop I = (0,400). Ta dat

z=2z(t) =y(z) = y(e"), (2.47)

Khi do
Z=2(t) =y'(2)2'(t) = y'(2)z,

2= (1) = 2 oy (@) ]2/() = [y (@) + ¥/ (&) ]2t (2.48)
=2y +zy = 2% + 2.
Thay zy'(z) = 2/, 2%y" = 2 — 2/ vho (2.41), ta dugc
2+ (p—1)2 +qz= f(t),t €R. (2.49)

Day la phuong trinh vi phan tuyén tinh cip hai c6 hé s6 hing khong thuan nhat.
Giai phuong trinh nay ta nhan duge nghiém téng quat ctia né 1a

Z = Z(t, 01,02).
Sau dé ta tré vé an ham cii bing cach thay ¢t = Inx :
y=z(lnz,C1,Cs), = > 0.

(ii) Truong hop I = (—00,0). Ta dat

x=z(t) = —€l,
Z=Z(t) = y(x) = y(—¢'), (2.50)
fut) = f(a(t) = f(—¢")
Tuong tu, ta ciing c6
7' =7'(t)=ay (x), 2" = 2% + 7. (2.51)

Thay zy/(z) = Z', 22y" = Z" — Z' vao (2.41), ta dugc
7"+ (p-1)Z +qz= fi(t),t € R. (2.52)
Giai phuong trinh nay ta nhan duge nghiém téng quat clia né 1a
z=Z(t,Cq,Co).
Sau d6 ta trd vé an ham cit bing cich thay ¢t = In(—z) :
y = Z(In(—x),C1,Cs), x<0.

Vi du 13. Giai cac phuong trinh vi phan z2y” — 4zy’ + 6y = 2z1n%z, z > 0.
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Gidi. V& phai xac dinh v6i moi « > 0, ta c6 thé dua vé phuong trinh vi phan tuyén tinh cip hai c6
hé s6 hiang bing cach diing phép doéi bién va déi an ham nhu sau:

r=x(t) =€,
z=2(t) = y(x) = y(e),
f(t) = f(z(t)) = 2z1n? z = 2t%".

Khi d6, ta thay zy/(x) = 2/, 22y"” = 2" — 2’ vao phuong trinh vi phan, ta dudgc
2" — 52 4 62 = 2% = f(t),t € R.

Day la phuong trinh vi phan tuyén tinh cip hai c6 hé s6 hang khong thuan nhat.
Phuong trinh diic trung ctia phuong trinh thuan nhat tuong ting

K —5k+6=0

c6 hai nghiém thyc phan bigt 1a ky = 2, ko = 3.
Do d6 nghiém téng quat ctia phuong trinh thuan nhat tuong tng 1a

Ztg = Che? + Cye, trong d6 C1, Cs 1a hai hiing sb tuy ¥.

Déi chiéu véi dang clia vé phai f(t) = 2t%e’ = e® Py(t), tacé n =2, a = 1 ¢ {ky, ka}. Do do, ta tim
nghiém riéng z, ctia phuong trinh khong thuan nhat theo dang

2. = (At + Bt + O).
Thay vao phuong trinh da cho va riat gon, ta thu dugc
z = e'(At? + Bt + C), (6)
2. = €' (At* + Bt + C) + €' (2At + B), (—5) (2.53)
2 = el (At? + Bt + C) + 2¢!(2At + B) + 24et. (1)

Nhan (2.53); bdi 6, cho, (2.53)2 bdi —5, cho, (2.53)3 bdi 1, roi cong lai, ta duge
2 — 52l 462, = 2e'(At? + Bt + O) — 3e'(2At + B) + 2A4é'
= ' [2A¢> + (—6A+2B)t+2A - 3B +2C] .
Vay
2 — 52 + 62, = 2t%e!, YVt € R,

tuong duong véi
2At* + (~6A+2B)t +2A — 3B +20C = 2t*, Vt € R.

Dong nhat he s6 dong bac ciia da thic va gidi phuong trinh tuyén tinh, ta duge

A=1, B=3, 0:;.

Vay mot nghiém riéng ctia phuong trinh khong thuan nhat 1a
t42 7
zr =e€'(t —I—3t+§).
Do dé nghiém tdng quat ctia phuong trinh phuong trinh vi phan khong thuan nhat 1a
7
2=z + 21 = (2 4+ 3t + 3+ Cre* + Coe®.

Sau d6 ta tré vé an ham cit bing cach thay t = Inx :

7
y:z:m(ln2az+3lnx+§)+01332+CQ:1:3. [
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2.5 Su ton tai va duy nhat nghiém cta bai toan Cauchy cho phuong
trinh vi phan tuyén tinh cap 2.

(Phan nay c6 thé bé qua khi doc lan dau tién)
Xét bai toan Cauchy cho phuong trinh vi phan tuyén tinh ciap 2 sau

Y +p(x)y +q(x)y = f(x), z € J,
y(w0) = Yo, (2.54)
y'(%0) = Yo,

trong d6 p(z), q(z), f(z) 1a cac ham sb cho trude lién tuc trén doan J = [a, ], (0, yo) € J x R cho trude.
Nhu ta da biét & phan (2.3.4), dé gidi phuong trinh vi phan (2.54) ching ta can chi ra mot nghiém
tuong minh y; # 0 clia phuong trinh thuan nhat

Y +p(z)y + q(z)y = 0.

Viéc nay ciing khong dé& dang chiit ndo cho dii vé mait 1y thuyét c6 thé khing dinh ring né ton tai
nghiém. Muyc dich phan nay 1a nhim thiét 1ap két qua ton tai va duy nhéat nghiém ctia bai toan Cauchy
(2.54).

Trude tien, mot s6 két qua chuan bi sé dude trinh bay ngay dudi day

2.5.1 B&b tic vé ham vécto, ma tran.

Cac dinh nghia.

) o= [ 51 ] = (y1,92)" € R?, ta dat
2
loll = /s +v3
goi 1 chudn ciia vécto y.

(i) Cho ma tran A = [ a2 } € My, ta dit
a1 a2

|All = a% + a%2 + a%l + G%Q

goi 1a chudn ctia ma tran A.
(iii) Quan he gitta hai chuan tren

1Ayl < 1Al lyll, ¥y € R?, VA € M.

Chitng minh (iii).
Ta ¢6

Ay = ail a2 v | _ a1y + ai2y2
az1 a2 Y2 a21Yy1 + a2y2

Do do

\/(allyl + a122)* + (a21y1 + azys)?
V(@ +a2) (57 +63) + (a3 + a3) (3 +13)

= (@ a3yt a3 +ad) (53 +43) = Al Iyl

| Ayl

IN
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(iv) Bé dé 1. Cho y1 = y1(x), y2 = y2(x) lién tuc trén [a,b]. Dat

y(l‘) = (yl (x)7 yQ(m))T )

/aby(m)dx _ </aby1($)dx,/aby2($)dx>
/aby(x)dm
\/(/(lbyl(ﬂc)dw)? + (/aby2($)da:>2 < /ab y%(m) + y%(x)da:.

2.5.2 Dinh 1y ton tai va duy nhat nghiém

T

Khi do )
< / ly(@)]| de,

hay

Dinh 1y 2. (Dinh Iy ton tai vd duy nhat nghiem).

Gid st rang p(z), q(x), f(x) la cdec ham s6 cho trude lien tuc trén doan J = |a,b], (xo,y0) € J X R
cho trudc. Khi dé bai toan Cauchy (2.54) cé duy nhat nghiém trén J.

Chaing minh Dinh ly. Chiing minh dugc chia lam nhiéu bude.

Buéc 1. Thiét lap phuong trinh tich phan tuong duong véi (2.54). Ta dat 21 = y, 22 = 3. Khi d6 bai
toan (2.54) dugc viét lai nhu sau

2 = 2,
2 = —p(x)z2 — q(x)21 + f(x), = € J,
z1(zo) = Yo,
22(%0) = Yo,
hay | 1
{2 ]: [ —qo(x) —p(x) } [ 2 }*{f(ox) } €,
EsiE
hay o
{ z(x_o)A—( ,z)o,+F( P (2.55)
trong dé

Nhu vay bai toan (2.54) tuong duong véi mot phuong trinh tich phan tuong duong sau

z(z) = 20 + /x (A(t)z(t) + F(t) )dt, = € J. (2.56)

0
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Budc 2. Thiét lap day ham {y,} cho béi cong thitc qui nap
( z0(x) = 20, Yz € J, (ham hing),
z1(z) = 29 —i—/ (A(t)zo(t) + F(t) )dt, Vx € J,
o
(@) = 20+ / (A()=1(8) + F() ) dt, Va € J, (2.57)
o
zn(x) = 2o +/ (A(t)zp—1(t) + F(t) )dt, n>1, Yz € J.
\ o
Bude 3. Dat L= sup ||[A(z)]|, M = sup ||A(z)z0 + F(z)] .
a<z<b a<z<b
Ta sé chiing minh bd dé sau.
Bb6 dé 3. Day ham {z,} cho bdi (2.57) c6 tinh chat
M (L|z —zo))" M (L(b—a))"
_ < = < .
J2n(e) — 2 (@) < S EEZ 20T M=) )T (2.58)

vdi moi n € N, va x € J = [a,b].
Chitng minh Bo dé 3. Ta chiing minh bing qui nap
Vé6in=1.Taco

Iz1(2) = 20l =

/x (A(t)zo(t) + F(t) )dtH

zo

< |[ 1w+ Fola

1!

< /Mdt‘§M|:IE—I0|§M(b—CL):L
o

Vay (2.58) ding véin = 1.
Gia st (2.58) dung v6i n, ta sé chitng minh (2.58) dung v6i n + 1. That vay

T

lznt1(2) = za(@)| < L

lza(t) — 2na (1)) dt‘

TM (Lt — "
< g [ul) dt‘
oL

n!

x ‘t — :Bo’n ‘
—dt
/:CO n!

M (L |z — xo))" ™
L (n+1)!

= L"M

_M(Lp—a))"
- L

(n+1)!

Vay (2.58) dung v6i moi n € N.

B dé 3 dugc chiing minh. W

Budc /. Ta sé chitng minh rang

Bo6 dé 4. Phuong trinh tich phan cé nghiém trén J.
Chitng minh Bo dé 4. Ta chd y ring, véi

(@) = (z1,0(2), 22,0(2))"

ta co

() = 2n-1(2) = (210(2) — 210-1(2), 22.0(2) — 220-1(2))"

M (L(b—a))*
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Mt khac,

210 (2) = 21n-1(2)| < 2041 (2) — 20 (@) < AT (2.59)

véimoin € N, vaz e J=][a,b].
Ly luan tuong tu nhu trong ching minh dinh 1y 3.2, é muc 1.3, chuong 1, thi ta c6 day {z1,(z)} hoi
tu déu trén J vé mot ham lien tuc Z; = Z1(x). Ly luan tuong ty véi danh gia

M (L |z —zo|)"™ _ M (L(b—a) )"
220 () = 220-1(2)] < [[2n41(2) — 20 ()] < T i) SI il (2.60)
vl moi n € N, va x € J = [a, b], thi ta cing thu duge day {z2,(z)} hoi tu déu trén J vé mot ham lien
tuc Zy = Za(z). Do d6 day ham vécto {z,} ciing hoi tu déu trén J vé ham z = (Z1, Zo)7, titc 1a

ailalcgb lzn(z) — z(x)|| — 0, khi n — +o0. (2.61)
Miit khéc,
L (A(t)zn (1) + F(t) ) dit — /x (A@D)2(t) + F(1) ) dtH
S T RCICRUEROR:
< |[ 146 sty ) 4
< | [ 101 1sa0 014
< L({b- a)aS<L;I<)b |zn—1(t) — 2z(t)||, Vn > 1, Vz € J.
Do do
s /mj (A(t)za_r(t) + F(£) ) dt — /I: (A(H)2(t) + F(1) )dtH 0, khi n — oo, (2.62)

Tu cong thiic (2.57), cho n — oo, ta suy ra tit (2.61), (2.62), réng

z(x) =20+ /x (A(t)z(t) + F(t) )dt, n>1, Yz € J. (2.63)

0

Vay z la nghiém cta phuong trinh tich phan (2.56).

Bo dé 4 dugc chiing minh.l

Nhu vay, bai toan Cauchy (2.54) c¢6 nghiém.

Buéc 5. Tinh duy nhat nghiém.

Ta sé chiing minh réng

B dé 5. Nghiém ciia bai todn Cauchy (2.54) la duy nhat.

Ching minh Bd dé 5. Gi sit bai toan Cauchy (2.54) ¢6 hai nghiem vy, yo. Khi d6 y = 31 — 42 1a
bai toan Cauchy sau

y' +p@)y +q(@)y =0, z€J=]ab],

y(zo) = ¥/ (o) = 0.
Do d6 z(z) = (y(z), v (z))” théa phuong trinh tich phan

o(2) = / CAW)=@)dt, 3 € T = [a,b]. (2.64)

x0
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Khi do ta c6

lz(@)]| =

/ A=) dt‘ (2.65)

IN

L , x € J=la,b,

/x :A(t)z(t)dtH <
v6i L= sup ||A()].

/ ()] dt
Zo
a<x<b

Dé chitng minh z = 0, ta chi chiing minh réng

l2(z)]| = 0, Va € [zo,b],
(2.66)
[2(2)|| =0, Va € [a,z0],

(i) Chitng minh ||z(z)|| =0, Vz € [zo,b].
Tit bat dang thiic tich phan (2.65), ta c6

el < L[ lato)]de, Vo o, b

Diuing b6 dé Gronwall (B6 dé 3.4a), ta c6 ||z(z)|| =0, Vx € [zo,b)].
(ii) Ching minh ||z(z)| =0, Vz € [a, o).
Tit bat dang thiic tich phan (2.65), ta c6

o

ls@) < L / |=(t)]| dt., ¥z € [a, o).

Diing bd dé Gronwall (Bd dé 3.4b), ta c6 ||z(x)| =0, Vz € [a, zo].

Vay (2.66) dugc chitng minh, va do d6 B6 dé 5 cling duge chitng minh.H

Két luan, bai toan Cauchy (2.54) ¢6 nghiém duy nhat trén doan J = [a, b].

Dinh ly 2 dugc chtiing minh.H

Dinh ly 3. (Dinh ly ton tai va duy nhéat nghiem tren R). Gid st rang p(z), q(z), f(z) la cdc ham
56 cho trudc lién tuc trén R, (xq,y0) € R? cho trudce. Khi dé bai todn Cauchy (2.54) c¢6 duy nhit nghiem
tréen J = R. -

Chitng minh Dinh 1y 3. Ta c6 R = |J [k, k], vi zg € R. Do d6 ton tai kg € N, sao cho

k=1

xo € [—ko, ko]. Xét doan Jy = [k, k] v6i k € N tuy ¥ > ko. Theo Dinh 1y 2, bai toan Cauchy (2.54) c6
duy nhat nghiem Y}, trén Jj.

Ta xét ham s6 y = y(z), xac dinh trén R nhu sau.

Coi x € R, vay ton tai k € N, k > kg sao cho x € J, = [k, k|, ta dat
y(z) = Yy ().
Gia tri ham y(z) khong phu thudc vao su chon lua gia tri Yy (z). That vay, gid st x € Ji = [k, k],
vax € Jy = [—K K], v6i k, k' > kg. Tuong ting trén Ji va Jp ta c6 hai nghiém duy nhat ciia bai toan

Cauchy (2.54) 1a Yj(x) va Yjs (). Do tinh duy nhéat nghiém ctia bai toan (2.54), ta c6
Yi(z) =Yy (z) Vo € Jpy N Jy = Jg,, k1 = min{k, k/}.

Dé dang thit lai rang y = y(z) 1a nghiém duy nhat trén R clia bai toan (2.54).
Dinh ly 3 dugc chitng minh.H




Chuong 3

So lugc vé phuong trinh vi phan tuyén
tinh cap cao va hé phuong trinh vi phan

Phan nay dé cap mot it vé phuong trinh vi phan tuyén tinh cip cao va bién ddi né vé mot hée phuong
trinh vi phan tuyén tinh cap 1. Mot vai két qua vé ton tai va duy nhat nghiém ciing duge trinh bay. Ta
ciing ky hiéu I 1a mot khodng lién thong trong R, tic la I 1a mot trong cac tap sau [a,b], (a,b), [a,b),
(a,b], [a,+00), (a,+00), (—00,b], (—00,b), (—o0, +00) = R.

3.1 Phuong trinh vi phan tuyén tinh cip cao

3.1.1 Mot vai khai niém lién quan

Dinh nghia. Phuwong trinh vi phan tuyén tinh cap n la phuong trinh vi phan cip n c6 dang
y™ 41 (@) + o)y + po(2)y = f(2), z €, (3.1)

trong d6 po(z), p1(z), prn_1(z), f(z) 1& cac ham s cho trude lien tuc trong khoang 1.
Néu f(z) =0, phuong trinh

y(”) + pn,l(m)y(n_l) +...+pi(@)y +po(x)y=0, z €1, (3.2)

duge goi 1a vi phan tuyén tinh cap n thuan nhat tuong ing véi phuong trinh (3.1).
Ky higu vé trai ctia (3.1) 1a L(y), tic la

Ly) = y™ 4+ po_1(@)y™ Y + ..+ pi(a)y + po(x)y.

Ta kiém tra dé& dang ring L la mot anh xa tuyén tinh. Tit tinh chat nay ta thay ring, néu y;(x),
y2(x), ..., ym(x) 12 nghiem ctia phuong trinh thuan nhat (3.2) thi Ciy; + Coys + ... + Cpym cing la
nghiém ctia phuong trinh thuan nhat (3.2), trong d6 Cy, Cs, ..., Cy, 1a cic hing so tuy y. Tuong ty, ta
cling ¢6 nguyén 1y chong chat nghiem sau day

Dinh 1y 1. (Nguyén ly chong chat nghiém). Gid st y1(), ya(x), ..., ym(x) lan lugt la nghiém
riéng cia hai phuong trinh sau

Y™ 4 (@)Y 4 )y +po(x)y = fi(x),
Y™ 4+ po1(@)y" Y i)y +po(e)y = fa(z),
Y™ 4 p 1 @)y @)y o)y = fml@).

Khi dé, vdi hai hang so (thuc hodc phic) Cy, Ca, ..., Chn, thy y = >0 Ciyi(x) la nghiém riéng cia
phuong trinh

Y 4 paca @)y 4+ pr(@)y +po()y =Y Cifi(z) M
i=1

72
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Mic khac, ta cing ¢6 (xem Dinh 1y 7).
Dinh Iy 2. (su ton tai v duy nhat nghiém). Néu cic ham s6 po(z), p1(x), pn_1(z), f(z) lién

tuc trong I, thi vdi moi (wo,yg,y(’), . ,y(()n 1)) € I x R"™ cho trudc, bai toan Cauchy

Y™ + pp_1(2)y™ Y + L+ pr(2)y + polz)y = f(2), v €T,

y(w0) = vo, ¥ (m0) =l y™ D(me) =",

c6 mot nghiém duy nhat.l
Dinh nghia.
(i) Cac ham s6 y1(x), y2(z),. .., yn(z) duge goi l1a doc lap tuyén tinh trong I, néu

VCy,Co,...,Cn €R, Y Cigi(w) =0, Ve €= Cy=Cy=...=C, =0.
=1

(ii) Cac ham 6 y1(z), y2(),...,yn(z) duge goi 1a phu thudc lap tuyén tinh trong I, néu yi(z),
y2(z), ..., yn(x) khong doc 1ap tuyén tinh trong I.

DPinh nghia.

Cho n ham s6 y1 (), y2(x),...,yn(z) c6 dao ham dén cap n — 1 trén I. Khi d6 ham s

y1() ya(z) Yn ()
vi(@ volz) o (@)
W(z) = Wlyi,y2,-. -, yn] = det : : : ’
n—1 n—1 n—1
W) @) )
dugc goi la Wronski cia cac ham yi(x), y2(x), ..., yn(z).

Dinh 1y 3. Cho n ham s6 y1(z), y2(x), ..., yn(x) c6 dao ham dén cap n — 1 trén I. Khi doé
Y1,Y2, - - -, Yn phu thudc tuyén tinh trong I = W (x) = Wy1,y2,...,yn] =0, Vz € I.

Chaing minh. Gia st ton tai xg € (a,b) sao cho W (xg) # 0 va
ZClyZ(x) =0, Vxel.

Lan lugt 14y dao ham, ta dugc
[ Yini Ciyi(x) =0, Vzel,

Yo Ciyf(x) =0, Vrel,

e (Dig)—0, Vael.
Cho z = ¢ ta dugc hé phuong trinh dai s6 tuyén tinh véi cac an Cq, Co,..., Cy, :
> i1 Cigi(wo) =0,

2 i1 Ciyi (o) =

| S, Gy V(o) = 0.

He nay c6 dinh thic W(xg) # 0, vay hé nay c¢6 duy nhat nghiém tam thuong C; = Co = ... = C,, = 0,
tie 14, y1,¥y2, . . ., yn doc 1ap tuyén tinh.
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Dinh ly 3 dugc chiing minh. W
Dinh 1y 4. Gid st y1, y2, . - ., Yn la n nghiém cia phuong trinh vi phan thuan nhat (3.2). Khi dé

Y1, Y2, - - -, Yn doc lap tuyén tinh trong I <= 3xg € I : Wly1,y2, ..., yn](x0) # 0.0

Dinh 1y 5. Cho cdc ham s6 po(x), p1(x), pu_1(x) lién tuc trong I, va y1, Yo, ..., Yyn la n nghiem cia
phuong trinh vi phan thuan nhat (3.2).
Néu y1,%2, ..., yn doc lap tuyén tinh trong I, thi nghiém tong quat cia phuwong trinh (3.2) la

y=Y_ Ciyi(z), (3.4)
=1

vdi C1,Ca,...,Cy la cdc hang so6 tuy 1.

Chitng minh. Hién nhién ham s6 c6 dang (3.4) 14 nghiém ctia phuong trinh (3.2) v6i moi hing s6
C1.Ch,....C.

Ngugc lai, gid sit u = u(x) la nghiém cia bai toan

Y™ + pp_1(2)y" Y + L+ pr(@)y +po(z)y =0, v € I,
(3.5)

y(wo) = u, ¢'(z0) = up, y™ D (m) = uén_l),

V6i (a:o, UQ, Ufyy +vy u(()n_l)) € I x R™ cho truéc. Ta can chitng minh ring, khi d6 ton tai duy nhat mot bo

n s6 thuc (Co1, Co2, ..., Con) sao cho u = Y1 | Coyi(x).
Thay vay, ta xét hé phuong trinh véi an 1a (Cor, Cog, ..., Con)

Yoy Coiyi(xo) = wo,

> i1 Coiyi(zo) = ug,

S Cogt™ V(o) = u Y.

Dinh thic ctia hé phuong trinh nay 1a

y1(wo) y/2($0) y?(xo)
W(x()) = W[yb Y2, ... 7yn]($0) = det yl(:xo yQ(xO) yn(x()) ?é Oa
oy @) v @) o Y (o)

vi cac nghiém y1,y2, ..., y, doc lap tuyén tinh. Vay hé nay c6 mot nghiem (Coy, Co2, ..., Con) duy nhét.
Diéu nay c6 nghia 1a

U= Z Coiyi(x)
i—1

la nghiém ctia bai toan (3.5).1

Chi thich. Cac nghiém rieng y1,y2, . . ., ¥ doc lap tuyén tinh duge goi 1a hai nghiém co bdn (co sd)
ctia phuong trinh vi phan (3.2).

Nhu vay mudn tim nghiém tong quat ctia phuong trinh thuan nhat (3.2), ta chi can tim hai nghiém
rieng doc lap tuyén tinh ctia no, roi lay t6 hop tuyén tinh ciia ching.

Dinh 1y 6. Cho cic ham s6 po(z), p1(z), pa_1(z), f(z) lién tuc trong I. Khi do, nghiem tong qudt
y(z) ciia phuong trinh (3.1) bing tong ciia nghiem tong qudt yi,(x) ciia phuong trinh (3.2) véi mot nghiem
riéng yr(x) cta phuong trinh (3.1):

y(@) = yig(x) + yr(z). M (3.7)
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Vi du 1. Giai phuong trinh vi phan

Y =3y " +3y —y=0. (3.8)
Giai. Ta tim nghiém riéng cta (3.8) dudi dang

y = €, k 1a hing sb. (3.9)
Thay (3.9) vao phuong trinh (3.8), ta dugc

(k* = 3k* + 3k — 1) " =0,
hay
k2 —3k*+3k—1=0. (3.10)

Phuong trinh (3.10) duge goi la phuong trinh dac trung cta (3.8), ma phuong trinh (3.10) tuong
duong véi
(k-1P=0<=k=1.

Vay mot nghiém riéng cia (3.8) 1a
yp = e”.

Ta xét cac ham sb

yo = ze®, y3 = 22e”.

Ta sé nghiém lai rang cac ham nay y1, y2, y3 doc 1ap tuyén tinh. That vay, Gia st, v6i C1, Co, C3 1a
3 hing s6 tity ¥ sao cho
Ciy1(z) + Caya(x) + Cays(z) = 0, Yz € R.

Khi d6 ta c6
(01 + Coz + ngQ) et = 0, Vx € R,

hay
Cy + Cox 4 C32® =0, Yz € R.

Vay
Cp=Cy=C3=0.

Do d6, y1, 2, y3 doc lap tuyén tinh. Vay, nghiém tong quét ciia phuong trinh (3.8) 13
y(x) = C1e® + Coze® + Cax?e”,

véi Cl, CQ, Cg Ia 3 héng Sé tfly 5/‘

3.2 Hé phuong trinh vi phan tuyén tinh cap 1
3.2.1 Dinh nghia.
Heé phuong trinh vi phan tuyén tinh cap 1 14 mot hé phuong trinh vi phan c6 dang sau

yi = an1(z)y1 + ar2(@)y2 + . .. + awn()yn + f1(2),

y/2 = a9 (:B)yl + azz(;r;)yg 4+ ...+ a2n(l’)yn + f2($)a (311)

y;z = an1(2)y1 + an2(2)y2 + . .. 4 apn(T)yn + fu(z), v €1,

trong d6 a;j(x), fi(z), 1 <4, j <nla cac ham sb cho trude lien tuc trong khoang I.
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Néu fi(x) = fa(x) = ... = fn(xz) =0, thi hé phuong trinh

/

y) = a11(x)y1 + a2(x)y2 + . . . + a1 () Yn,

/
Yo = a21(T)y1 + a22(T)y2 + . . . + a2n(X)Yn,
2 (z) (z) n(T)Yn (3.12)

yh, = an1(2)y1 + an2(x)y2 + ... + ann(T)yn, © € 1,

duge goi 1a hé phuong trinh vi phan tuyén tinh cap 1 thuan nhdt tuong ing véi he (3.12). Nguoc lai hé
(3.11) dugc goi 1a hé khong thuan nhat. Cac ham a;j(x), 1 <4, j < n dudc goi la cdc ham he s6 cla he.
Sau day chung ta sé dua hé trén day thanh dang vécto.

3.2.2 Dang vécto ctia hé phuong trinh vi phan tuyén tinh cap 1.

Trude hét, véi mdi x € I, ta xét ma tran A(x) cap n sau day

ain(z) aa(z) -+ a(x)
A(z) = am:(:E) am:(x) . .:' agn:(:c) . (3.13)
an1(z) an2(z) - ann(x)

Nhu vay, ta ¢6 anh xa o — A(z) xac dinh trén I nhan gia tri trong tap 9, cac ma tran cap n. Ham
nay con goi 1a ham ma tran, hay ma tran ham xéac dinh trén I.
Ta xét ham vécto (vecto cot) sau

y(x) = : = (11(2), y2(2), -, yn (@) . (3.14)
Yn(z)

Thay vi viét thanh vecto cot, nguoi thuong viét chuyén vi ctia mot vécts dong. Diéu nay cling lam
cho viéc trinh bay biéu thiic toan hoc dd phai bi choan ché.

Ham z — y(z) xac dinh trén I nhan gia tri trong tap R"™. Ham nay con goi la ham vécto xac dinh
trén I.

Ta ciing dinh nghia dao ham ctia ham vécto x — y(x) nhu sau

vy ()
v@=| | 2 @@ @) (3.15)
yé'(x)
Tuwong ty cho ham
fi(z)
e B = | 2| 2 (@) o) ) (3.16)
fula)
Nhu vay, ta sé lan lugt viét lai cac he (3.11) va (3.12) thanh cac dang vécto nhu sau
J(z) = Alz)y(z) + F(z), z €1, (3.17)

y'(z) = A(x)y(x), xz € 1. (3.18)
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3.2.3 Bién d6i phuong trinh vi phan tuyén tinh cip cao vé hé phuong trinh vi phan
tuyén tinh cap 1
Trong phan nay chiing ta sé bién déi mot phuong trinh vi phan tuyén tinh cip cao (3.3) vé mot hé

phuong trinh vi phan tuyén tinh cap 1.
Ta dat y1 =y, yo = ¥'s ..., yn = ¥y Y. Khi d6 phuong trinh vi phan (3.3) dugc viét lai nhu sau

:’-/i = Y2,
Yy = Y3,
o (3.19)
yn—l - ynu
Y = —po(@)y1 —p1(x)y2 — . — D1 (X)yn + f(2), z €1,
y1(zo) = yo, y2(z0) = Y4, - Yn(x0) = y[()n_l)7
hay ) ) ) o _ ) _
(| 4 0 1 0 0 Y1 0
Y3 0 1 0 Y2 0
- 0 0 0 0 + ,
: : : : 1 : :
LY ] L —po(z) —pi(z) —pa(x) o —pa-i(@) | [ ye | [ flz)
(o) | [ w0 ]
y2(z0) Yo
L B yn(fEO) | | yén_l) |
hay
Y (z) = A(2)y(z) + F(z), z€l,
. (3.20)
y(zo) = Yo,
trong do
Y1 0 Yo
Y2 0 Yo
y)=| : |, Fl@)=| |, Yo= : : (3.21)
L Yn | f(2) | Ly
va ~ _
0 1 0 0
0 0 1 0
A(z) = 0 0 0 0 (3.22)
: : : 1
| —po(z) —pi(z) —p2(z) -+ —pu1(z) |

Vi du 2. Dé hinh dung ra ma tran A(z) ta lay 2 vi du tng véi n = 3, n = 4.
Véin=3:
0 1 0
Az) = 0 0 1
—po(z) —pi(z) —pa(x)
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Véin=4:
0 1 0 0
0 0 1 0
Alz) 0 0 0 1
—po(z) —pi(z) —p2(x) —p3(o)

3.2.4 Dinh 1y ton tai va duy nhéat nghiém

Dinh 1y 7. (su ton tai va duy nhét_nghiém). Gid st ham ma tran A(z) va ham vécto F(x) zdc
dinh lién tuc trén I. Khi dé, vdi moi (:1:0, Yo) € I x R"™ cho trudc, bai toan Cauchy
y' (@) = A(@)y(z) + F(z), v €1,
- (3.23)
y(wo) = Yo,

c6 mot nghiém duy nhat tren 1.1
Ching minh Dinh 1y 7. Chitng minh tuong tu nhu truong hgp n = 2 ctia Dinh 1y 2, phan 2.52 cla
chuong 2.




BAI TAP CHUONG I

1. Giai cac phuong trinh vi phan tach bién

anydr — zInxzdy = 0,

t
(cosz)y’ =y,

)
)
(c) \/mfifjJrlS - ﬁtfy,’
)
)
)

3x+3y—1 2
= — gg—gfy) , théa y(0) = 2,

Yy 2
p) y'tgr =y, thoa y(§) = 1.

2. Giai cac phuong trinh vi phan ding cap cap 1

(i) (zy —z)dy + ydx = 0, thoéa y(1) = 1,

)
(h) zy/ =yln¥, théa y(1) =1,
) (
G) (y+ 22 + y2)dz — xdy = 0, théa y(1) = 0.

3. Giai cac phuong trinh vi phan tuyén tinh cap 1 sau

(a) 3 +ay =€, (a+0b+#0),
(b) o — 22y =1 — 222,
c) y = L2y + ze® — 2e%),

¥y =z
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(d) z(1+22)y +y = arctg.
4. Tim nghiém riéng clia cic phuong trinh vi phan tuyén tinh cap 1 sau

(a) ¥’ +ycosz = sinx cosz, théa y(0) =0,
(b) 4'v/1 — 22 4+ y = arcsin z, théa y(0) = 0,
(c) ¥+ 2y = 7%, théa y(1) =0,
(d) ¥ =2y +e® — z, thda y(0) = 1,

)

(e y _m,thoay()zl

5. Giai cac phuong trinh vi phan Bernoulli sau

(a) y/ 1— 12 - l’f

(b) 2y’ —y(2ylnz —1) =0,
(c) '+ % =a?y",

(

d

)
(e) ¥ =y(y’ cosx +tgz),
(f) 2292y +2y® = 1.

6. Tim nghiém riéng ctia cac phuong trinh vi phan Bernoulli sau

— ytgz + y?sinx = 0,

) ¥+ x3§+yl =9%(2® + 1)sinz, thoa y(0) =

b) 3dy + (1 + 3y3)y sinzdx = 0, thoa y(g) =1,
) (y% + 2y + 22y + 22 = 0, thoa y(1) =

) ydz + (z — 23y)dy = 0, théa y(3) = 1.

7. Giéi cac phuong trinh vi phan dang 3" = f(x) sau

(a) ¥ = 22 + ze® +1,
(b) " = 2sinz cos? x — sin® z,

(c) y" = e ", théa, y(0) =1, y'(0) = 1.

8. Giai cac phuong trinh vi phan dang " = f(z,y)

(a) zy” =y'In (%) ,

(b) " — L5 =a(z — 1), théa y(2) = 1, y/(2) = -1,
(c) y' =YL+,

) (") =y.

)

) 1 (y’)2 =yy",
(©) wy" — (v/)* = y*Iny,

)

)

10. Phuong trinh vi phan tuyén tinh cap 2 c6 hé s6 hing. Gidi cdc phuong trinh vi phan thuan nhat
sau
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(b) v —4y' +4y =0,

(e) ¥ +y=0,
(f) 4y” — 20y’ + 25y = 0.

11. Gidi cac phuong trinh vi phan tuyén tinh khong thuan nhat sau

y" — 4y = —1222 — 62 — 4,
Yy’ — 4y + 3y = €7, théa y(0) = 3, y'(0) =9,
y// _ gyl + 20y — x2€4x7

(g y — 3y =3 — 18z,

(1 y" + 4y = sin 2z + 1, thda Z/(O) = iv y'(0) =0,

12. Cho truéc ham f lién tuc trén [0, 400) va cac hing s6 thuc w > 0, p, q, Yo, y1. Giai cac bai toan
Cauchy cho phuong trinh vi phan tuyén tinh khong thuan nhat sau:

(a) ¥" = f(x), z >0, va théa y(0) = yo, ¥'(0) = y;

(b) ¥ +w?y = f(x), x> 0, va théa y(0) = yo, ¥'(0) = y1;

(c) ¥ —w?y = f(x), x > 0, va théa y(0) = yo, ¥'(0) = y1;

(d) ¥" +py +qy = f(2), x>0, va théa y(0) = yo, ¥'(0) = y1.
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